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Let D be a domain in the complex plane C, i.e., a connected open subset of
C, and let µ : D → C be a measurable function with |µ(z)| < 1 a.e. (almost
everywhere) in D. A Beltrami equation in D is an equation of the form

(1) fz̄ = µ(z)fz

where fz̄ = ∂̄f = (fx + ify)/2, fz = ∂f = (fx − ify)/2, z = x + iy, and fx and fy
are partial derivatives of f in x and y, correspondingly. The function µ is called

the complex coefficient and Kµ(z) = 1+|µ(z)|
1−|µ(z)| the dilatation quotient of the

equation (1). The equation (1) is said to be degenerate if esssupKµ(z) = ∞.
The Riemann-Hilbert problem for the Beltrami equation (1) in a Jordan

domain D in C, is the problem on the existence of a continuous function f : D → C
having partial derivatives of the first order a.e. in D, satisfying (1) a.e. and such
that

(2) Re[λ(z)f(z)] = γ(z) ∀z ∈ ∂D

with continuous functions γ : ∂D → R and λ : ∂D → C such that |λ(z)| ≡ 1 on
∂D. In particular, if λ(z) ≡ 1, then we have the Dirichlet problem, see, e.g., [1]-[2].

A regular (pseudoregular) solution of the Riemann-Hilbert problem, under
γ(z) ̸≡ const, is a continuous in C (C), discrete and open mapping f : D → C in

the class W 1,1
loc (outside of isolated poles) with the Jacobian Jf (z) = |fz|2−|fz̄|2 ̸= 0

a.e. satisfying (1) a.e. and the condition (2).
Further, the integer κ = 1

2π ∆∂D arg λ◦ω denotes the index of the Riemann-
Hilbert problem where ω : D → D is the Riemann conformal mapping from
the unit disk D onto D and ∆∂D arg λ ◦ ω(t) is the increment of argument of the
function λ ◦ ω(t) as the point t runs through ∂D one time with D from the left.

Theorem 1. Let D be a Jordan domain in C and µ : D → C be a measurable
function such that |µ(z)| < 1 a.e., and

(3) lim
ε→0

1

|B(z0, ε)|

∫
B(z0,ε)

Kµ(z) dm(z) < ∞ ∀z0 ∈ D.

If κ ≥ 0, then the problem (2) for the equation (1) has a regular solution under
every continuous function γ : ∂D → R, γ(z) ̸≡ const; otherwise, if κ < 0, then the
problem has a pseudoregular solution with poles at −κ prescribed points in D.

In (3) we assume that Kµ is extended by zero outside of the domain D.
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