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DENSITY OF SIMPLE PARTIAL FRACTIONS
IN FUNCTION SPACES

A simple partial fraction is a rational function of the form

r(z) =
n∑

k=1

1

z − ak
,

where ak are complex numbers.
Let K be a compact subset of the complex plane. The set SPF (C\K) of simple

partial fractions with poles outside K is dense in the space AC(K) of functions that
are continuous on K and analytic within K iff K has connected complement [1].
Moreover, if the set SPF (E) of simple partial fractions with poles in some compact

set E ⊂ C \K is dense in AC(K), then the difference Ê \K is finite [5] (this can
also be deduced from the results of [2]). Thus arises the

Problem. Let K be a compact set with connected complement. Also let E be

a compact set, which is disjoint from K and is such that Ê ⊃ K. Is it true that
SPF (E) is dense in AC(K)?

In the case when K lies in a single connected component of the set Ê \ E, the
positive solvability of this problem is a consequence of the main result of [2]. The
problem is also positively solved in case when E contains mutually exterior closed
Jordan rectifiable contours Γ1, . . . ,Γn such that K ⊂ ∪n

j=1IntΓj [5].
Besides that, the density of simple partial fractions has been examined in var-

ious spaces of functions defined on unbounded subsets of the complex plane. For
example, it was proved [3] that SPF (C \ R) is dense in the space C0(R) = {f :
R → C, f ∈ C(R), f(x) → 0 asx → ∞}, equipped with uniform norm, but is not
dense in Lp(R) (p > 1). As for the semiaxis R+, the set SPF (C \ R+) is dense in
Lp(R+) iff p ≥ 2 [4].
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