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Teopist quHaMiYHUX CHCTEM € OCHOBHUM MaTeMaTUYHUM iHCTPYMEHTOM Cy-
JacHol HemiHiitHol nuaaMiku. [loerannsg BHyTPIIHBOTO GaraTcTBa i Kpacu pe-
3yJIbTATIB 3 BUHSATKOBUM IPUKJIAIHUM 3HAUEHHSIM CIIPUSIE 3aJIyUeHHIO BCe O1/1b-
1oro 4ncja gpaxibIliB 3 pisHUX 00JIacTeil 10 JOCIIXKeHHsT IMHAMIUHIX CUCTEM.

B Ykpaini TpaJauiiiino mpuaiigeThbcd 3HaUHa yBara pisHUM aclleKTaM HeJTi-
HIHOI IMHAMIKH 1, B TOMY YHUCJIi, PO3BUTKY Teopil AuHaMITHUX cucteM. Barkin-
BOIO CKJIAJIOBOIO € YMCJIEHH]I KOH(EPEHIIil Ta MaTeMaTHIHI TITKOJIU, 1110 PeryJisp-
HO TIPOBOJIATHCS YKPAIHCBKUMUI MaTeMaTUKaMHU.

[Tponos:kytoun mi Tpaguiil, [ncruryTt maremarukn HAH Ykpaiau 16-18 Tpas-
Hea 2012 poky mpoBonuTh KoHdepeHIiio «/luHamMivni cucTeMu Ta X 3aCTOCYBa-
HHs1». OCHOBHEMU HallpsiMKaMi POOOTH KOHQEPEHIIil € TOIOoJIOriuHa JIMHaAMIKa,
Teopist aTpaKTOpiB, KOMOIHATOpPHA Ta CUMBOJIbHA JIMHAMIKa, Teopisd (ppakTaJIis,
Teopist OidypKaliit Ta Teopis CTifiKoCTi.

Baxk/inBuM 3aBgaHHAM KOH(MEPEHIIT € MOMyJIsapu3allis cy4acHUX J0CSITHEHb
Teopil AMHAMIYHUX CUCTEM, OCOOJIMBO B Tajiy3i OCBITH. 3 II€I0 METOIO B IIPOI'Da-
My KOH(QEepEHIIT BKJOUEHI SIK JIONOBIJII PO pe3yJbTaTH OPUIiHAJBHUX JTOCIi-

JIZKEeHb, TaK 1 OIVISJIOBI JIOMOBIII, AKI MOYXKYTh OyTH IIKaBl MUPOKIiil ayuTopii.
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IIPO OJINH KJIAC ®YHKIIIN, IIOB’I3AHUX 3 PSITAMMU
OCTPOTPAJICBKOT'O

C. ANMBBEBEPIO!, O. BAPAHOBCBHKUI?>?, 0. KOHAPATHEBR?*, M. IIPALILOBUTHIT*?

L Inemumym npuraadnoi mamemamuxu Bonncokozo ynisepcumemy, Bown, Himevwwuna,
e-mail: albeverio@uni-bonn.de
2 Inemumym mamemamuru HAH Yrpainu, Kuis, Yxpaina,
e-mail: baranovskyi@imath.kiev.ua
3 @axyavmem mamemamuru Biregeavicvrozo ynisepcumemy, Binredeand, Himewwuna,
e-mail: kondrat@mathematik.uni-bielefeld.de
4 Dizuko-mamemamununud imemumym Hayionaabrozo nedazo2iviozo yHisepcumemsy imeni
Muzatina pazomarnosa, Kuis, Yrpaina,
e-mail: prats4Qyandex.Tu

oo
Hexait (p;) — mocaigoBHicTs aificHux duced, mo Mae BiaactuBocti: 1) Y p; = 1,2) |pi] <1
i=1

k
st Beix 1 €N, 3) By =1—> p; >0 musascix k€N 1 §; = 1.
i=1
Cucrema (pyHKIIOHAJBHIX PiBHAHD

f(OY() =B, €N,
f((:)1<i7g17g27 s ;gn>> = 6@ _pif<01(g_17927 st 7gn))7 (1)
f(ol(iagbg% vy Gn,y - )) = /B’L _pif(01(91792a vy Gny - ))

y KJaci oomerkennx pusnadenux Ha (0, 1] dyHKIil Mae €Mt po3B 30K

F(@) =+ Y0 [T o ©)

k>2

ne gr = ge(x) € k-m O'-cumBosiom [1] wmena z, i Bupas (2) € HeCKIHUEHHHM, SKIIO T €
IppalliloHAJILHUM YUCJIOM, 1 CKIHYeHHUM — Y IPOTHUJIECZKHOMY BUIIQJIKY.

Teopema 1 Sxwo py, # 0 das 6ydv-sxozo k € N i ceped waenis nocaidosrocmi (py,) ichyromo
wucaa py ¢ p; makt, wo prp; < 0, mo dynxuyia F ne mae orcodnozo ax 30620010 Man020
ITHMEPBANY MOHOMOHHOCTIA.

Teopema 2 fxwo pr, > 0 dar 6ydv-axozo k € N, mo pynxuia F e cuneyaraproro gynryiero
P03N0JiAY 6UNAOK0GOT GeAUNUNY € 3 HE3ANEAHCHUMU 001aK060 Po3nodirenumu O -cumscoramu
M, WO Habysaroms 3navenv 1,2, ... 1, ... 3 UMOBIPHOCTAMY P1, P2, - - -, Pi, - - . 610N0610HO.

[1] S. Albeverio, O. Baranovskyi, M. Pratsiovytyi, and G. Torbin, The Ostrogradsky series
and related Cantor-like sets, Acta Arith., 130, no. 3 (2007), p. 215-230.
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JIUHAMIYHI CUCTEMU, IIOB’I3AHI 3 30BPAXKEHHSIM
YUCEJI PAOJAMU EHT'EJIA TA CIJIBBECTEPA

O. M. BapaHOBCBHKUI!, B. I. PTETbMAH?, M. B. 3AJHIIIPSIHNIT?

L Inemumym mamemamusu HAH Yepainu, Kuis, Yxpaina,
2 Haugonanvruti nedazozivnuti yrwisepcumem imeni M. I1. Jpazomanosa, Kuis, Yxpaina,
e-mail: zadnipryanyi.maksim@gmail.com
I: zad ksim@ l

Teopema 1 (Ciaveecmep, 1880 p). /s dosisvrozo diticrozo wucaa x € (0,1] ichye eduna
nocaidosHicmy (qy) HAMYPANLHUT YUCes, MaKka, Wo q1 > 2, qni1 = (g — 1) + 14

r=q¢ gt gt (1)

. L, . S
Pisrocts (1) mokHa 3ammcaru B 3pydHimiiit popmi z = Agggn s € G =q —1, g1 =
Qk+1 — qr(qr — 1), sika HA3UBAETHCS S-300padiceHHAM TUCTA T.

Teopema 2 (Eneesv-Temoman-Ipayvosumudi). Jas dosiavrozo diticnozo wucaa x € (0,1]
icnye eduna nocaidoswicmyw (dy) € No = {0,1,2,...} , maka, wo

1 1 1
= + +
24d, 2+d)2+di+dy) (2+d)(2+d +do)(2+dy +dy+ds

x )—i- (2)

. . . ~E .
PiBnicts (2) cumBostiano 300pazkaTuMemo y Burisiai @ = A AKAN HA3UBATUMEMO
didsa...dp...?

E-306pastcernnam aucna x.

T 3 @ a: A —r S y=A
eopeMa YHKULA: Dy 0o o =T Y =244 4. a,. €HENEPEPEHOIO, CMPO0 3POCMA-

104010 CuHYAAPHONO PynKyiero poanodiay wa [0, 1].

Teopema 4 Pisnannsa F(x) = T Ma€ 3AMEHHY MHOHCURY PALIOHAAOHUT KOPEHIS T HCOOH020
1PPAYLOHANBHO20.

SHaiijieHo psa PYHKIIOHAJBHUX CIIBBIIHONIIEHD, SKi 3a/I0BOJIbHSAE JlaHa (DYHKILiA; OIu-
cano i1 gudepenIiajibhi, inTerpasbhi, KBazicamoadinui Ta ppakTaabHi BJIACTUBOCTI, TAKOXK
3HAIEHO 1T eKBiBaJIeHTHE O3HAYEHHS B TepMiHaX (DYHKITIOHAJIHHUX PIBHAHD.

BazHaINMO, 10 AHAJIOTIYHI BJIACTUBOCTI Ma€ (DyHKIIis, IKa MePEBOUTEH (POPMAJIbHE PI3HU-
1ieBe 300paxkenusd psgomMm OcTporpajchbKoro 1-ro BIAy y Take 2K 300paxkeHus psagom OcTpo-
rpaJicbkoro 2-ro sy (nus. [2]).

[1] Mpanposuruit M. B., Terbman B. 1. Paau Enresns ta 1x 3acrocysanns, Haykosul a-
conuc HIIY imeni M.II. /pazomanosa. Cepia 1. @isurxo-mamemamuini nayxu. Kuis:
HITY im. M.IL. paromanosa, 2006, Ne7, ¢. 105-116.

[2] Bapanoecokuit O. M., ITpanposura I. M., Ilpanpsosuruit M. B. Ilpo oxny dynkiio,
oB’sa3aHy 3 pagamu Octporpajicbkoro 1-ro ta 2-ro Buais Hayxosut waconuc HITY im.
M.I1. Jlpaeomanosa. Cepia 1. Dizuxo-mamemamuuni vayxu. Kuis: HITY im. MLIL. JIpa-
romanona, 2009, Ne10, c. 40-48.
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MOJIEJIIOBAHHSI BIJIKOBUX B3AEMO/IN 3A JIOIIOMOI'OIO
AKTUBHUX YACTHMHOK

b. O. BUIEIbKUI

Inemumym xibepremuru HAH Yrpainu, Kuis, Yxpaina,
e-mail: borys.biletskyy@gmail.com

B mokai 3amporonoBaHO METO/T MO/IE/TIOBAHHSI O1JTIKOBIUX B3a€MO/Ii 3a JIOITOMOTOI0 aKTHUB-
Hux JactuHoK|1]. KoxkHiit yacTuHIi cTaBUTHCA y BIIIOBITHICTH BUIIAIKOBE T0JI€ 3 JIOKAJIBLHOTO
B3a€EMO/II€10; TIepe10adeH0 MOXKJINBICTh KOMIIO3UII] YACTUHOK JJIsi OTPUMAaHHS CKJIaeHUX Ta-
CTUHOK, SIK1 € HOCISIMU TTOJIB 3 OLIBIN CKIAJIHUMI XapaKTePUCTUKAME. 3aIlPOITOHOBAHO Me-
XaHi3M KOJLyBaHHs CTPYKTYPU YaCTUHOK (& TaKOXK MOB’A3aHUX 3 HEIO BUIIAJKOBUX TOJIB) 3a
JIOIIOMOT OO JIIHIHOT TIOCJIJOBHOCTI CHMBOJIIB 13 JIESIKOTO CKiHYEHHOTO aJIhaBiTy.

JInnamika JIOCJIIZKYBaHUX CUCTEM MOJIEJIIOETHCS 3a JOTOMOTOI0 CTOXACTUIHOI ITPOIIETy-
pu, B sAKiil BuUKOpucToByeThCst MeTosi Merpomnodica-Tacrinrcal2| st mobymoBu MapKiBCbKOTO
IIpoTiecy 3a Halepes 3aJaHuM IHBapiaHTHUM PO3IIOJILIOM.

Po3pobsiennit meTos 6y10 3acTOCOBAHO I JOCJIPKEHHS HU3KUA MOJIEJIBHUX ITPOIECIB,
30KpeMa IpoIecy MeMOPAHHOIO TPAHCIOPTY PEYOBHH Y KJITHHI Ta aBTOKOJUBAJBLHOI pea-
kiil Tuny binoycosa-zKaboruncbkoro. Cumyiisiiii H0C/iIKyBaHIX TPOIECIB peaJsiizoBaHi y
Burysii Java/Scala-amreris 1 gocrynui ommaita (http://b-squared.org.ua/exampleBz.html,
http://b-squared.org.ua/exampleMembraneTransport.html).

[1] B. A. Biletskiy, Modeling of Multicomponent Systems, Journal of Automation and In-
formation Sciences, 1 (2011), p. 72-84.

[2] G. O. Roberts, A. Gelman, W. R. Gilks, Weak convergence and optimal scaling of
random walk Metropolis algorithm, Ann. Appl. Probab., 1 (1997), p. 110-120.
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JAVNHAMUKA TPEX OJHOHAIIPABJIEHHO CBfA3AHHBIX
CUHI'VJIAPHO BOSMYLUIEHHDBIX VPABHEHUMN
C BAITIAS/IBIBAHVNEM

A. C. Bosok!, C. JI. I'/1bI3H?

Hpocarascruti 2ocydapemeennviti yrusepcumem um. 111 Hemudosa, Hdpocarasav, Poccus
e-mail: Lalbonemo@gmail.com, 2 glyzin@uniyar.ac.ru

PaCCManI/IBaeTCH JUHaMHKa CHCTEMbl TpeX OJJHOHAIIPAaBJIEHHO CBA3aHHBLIX CHUHIYJIAPHO
BO3MYIIECHHLIX OCHUJIJIATOPOB C ABYMA 3alla3/IbIBaHUAMMN

Efuj = [(CL + 1)f(u](t — €h)) —a — bg(uj(t — 1)) — du]',ﬂu]', j = 1, 2, 3, Ug =— U3 (1)

BOBHUKAIOIIEH B HEpOIMHAMUKE. 3/16Ch uj(t) > (0 — MeMmOpaHHBIE TTOTEHITUAJIBI B3aUMO,Ieii-
CTBYIOIIUX HEPBHBIX KJIETOK; HMapamerp 1/e > 0, XapaKTepusyoluii CKOpOCTh MPOTEKAHUST
[POIECCOB B CHCTEME, BEJIUK; TOJIOXKUTEJbHbIE TTapaMeTpbl h, a,b MMeoT MOpSAIOK eMHU-
b, apamerp casu d > 0 maur; gocrarodno ruaakue dbyskimn f(u) u g(u) TaKoBbI, UTO
f(0) =1, ¢g(0) =0, flu) > 0, g(u) = 1 upu v — +00, U YJIOBIETBOPSIOT HEKOTOPHIM
yesoBusiM (THIIA OOIIHOCTH IIOJIOXKEHHUs ), W3 KOTOPBIX BBITEKACT HATMYIHE Yy KayKJOrO OT-
JIeJILHOTO OCTIUJLISITOPa CUCTeMBI (1) eIMHCTBEHHOTO COCTOSTHUS paBHOBecUs. B okpecTHOCTH
9TOTO cocTosiHus cucrema (1) mpuBoAUTCS K BUIY

ev; = —[(% - >vj(t —ch) + <% +,u>vj(t — 1) + Ay (vy(t — h), )+

+ Ag(vj(t —1),p) — VUj—l] (1+v)), 7=1,2,3, vo=v3, (2)

riae Ag(v, 1) (k= 1,2) — HemuHeiinble 110 v DYHKIMI MOPsijiKa Bbliie mepBoro. B 3amade 06
YCTOWYIMBOCTH HYJIEBOTO pellleHust jijist cucreMbl (2) npu € = p = v = ( peanusyercs cu-
Tyalusi 6eCKOHETHOMEPHOTO BhIpoxkKieHus (cM. [1]). s jokaapHOro aHaausa 1moJry YeHHoil
cHUCTeMBl IPH YCIOBHH, UTO i = foet, h = 1 4 hoe?, v = 1ye? crpoutcsa KpasmHOpMAIL-
Hasi popMa, IIPeJICTABJIsIONIas COO0I CIETHYIO CUCTEMY OOBIKHOBEHHBIX JIn(depeHITnaIbHBIX
ypaBHEHU. DKCIOHEHIIMAILHO YCTONUINBBIM COCTOSHUAM PABHOBECUS MOy I€HHON CHCTEMBbI
COOTBETCTBYIOT IIMKJIBI CHCTeMBI (2) Toil e ycroitunsoctu. OKazagioch, 9T0 IPU HOIXOJIsI-
mIeM BBIOOPE IIapaMeTpoB [y, Yy, Ng 3Ta CHCTeMa MOXKET MMETh JI000e Halepe] 3aJaHHoe
KOHEYHOE YHCJIO YCTOWUNBBIX COCTOSHUI PABHOBECH, UTO FAPAHTUPYET CYIIECTBOBAHKE IIPU
JOCTATOTHO MAJIOM € TAKOTO K€ YHCJIa YCTONUNBBIX MUKJIOB CHCTEMBI (2), & 3HAYHT U CUCTe-
Mol (1).

Hakannmpanmue ycTOMYMBBIX PE;KUMOB BIIOJIHE €CTECTBEHHO JJIsi HEHPOHHBIX CHCTEM; Ha
UX OCHOBE, 10 BCEHl BEPOATHOCTH, PEATU3yeTcs acCOIMaTUBHASA NaMaTh. BecbMa mHTEpecHo,
YTO JOOUTHCHA HAJIMYU TAKOTO CBOWCTBA yIAJIOCH B OTHOCUTEILHO IIPOCTON CUCTEME U3 TPEX
CBSI3aHHBIX OCIUJIIATOPOB C JIBYMsl 3alla3/bIBAaHUSIMHU.

[1] C. . Tnezun, A. FO. Kosecos, H. X. Pozos, fenenne 6ydeprocru B HelipojnHaMuke,
JIAH, 443, Ne 2 (2012), c. 168-172.
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KOMIIBIOTEPHAA I'PA®PUKA N BU3VYAJINSAIINA —
NMHCTPYMEHOT /1JId NCCJIEJOBAHNA HEJIMHEMHBIX
KPAEBBIX 3AJAY

M. B. BEPEKUHA

Hrnemumym mamemamuru HAH Yipaunu, Kues, Yrpauna,
e-mail: vereitk@imath.kiev.ua

Uccnemyercst quHamMuka pelieHnil HeJIMHeHHBIX KPaeBbiX 3a1a4 1], peaynupyeMbix K Ko-
COMY TIPOU3BEJIEHUIO 0TOOpakeHuil nuTepBaioB. PaccMarpuBaercs ypaBHeHHE

(925 _ai%a = 1727 (1)

r€G=][0,1],t € R", ay,ay > 0, ¢ HEJIMHEHHBIMU TPDAHUIHBIME YCJIOBUAMHE

Hi<u17 u2)|x€8G = 07 mpn te R+7 L= ]-7 27 (2)
1 HaYaJIbHBIMN YCHOBI/IHMI/I
u;i(z,0) = @i(x), = €][0,1], i=1,2, (3)

e H; € CY(I, L), p; € C'(]0,1],R) — nekoropsle 3ajannble byHKIUH, TPUYEM XOTs Obl
omua uz H; nemuneiina; u; € C1([0,1] x RT, R) — meussecrubie dbynxuuu; [; C R — 3amxmy-
Thie uHTEPBAJIDLL, [ = [} X I3, 1 =1, 2.

st mecneioBanust pasimIHbIX TUIOB aCHMITOTUYECKOIO ITIOBEJIEHUsT pelleHuii 3a1aun
(1)-(3) npeiozkeHbl HEKOTOPBIE XapaKTEePUCTUKK, MCIIOJIL3YIONIUE BOZMOKHOCTH KOMIIBIO-
repHoit rpaduku. OCHOBHBIM 00HEKTOM BH3YAIU3AIUH SBJISIETCS BEKTOPHOE I10J1e, 00pasye-
Moe perrenusamu 3a1ad (1)-(3).

MeToapKa UCCIeI0BAHUS MOXKET OBITH IPEJCTABICHA C IOMOIILIO CXCMBL:

’HeHHHeﬁHaﬂ KpaeBas 3aj1a4a,

!

’Haqam)HaH 3aJda4va JJid pa3HOCTHOI'O ypaBHeHHH‘

!

’TpaeKTOpI/IH ,HI/ICerTHOI';I ,HI/IHaMI/I‘IGCKOﬁ CI/ICTGMI)I‘

!

’ CaoiicTBa pemeHHﬁ‘

l

’BI/ISyaJH/ISaLLI/IH CBOIICTB pemeHHﬁ‘

[1] M. B. Bepeiikuna, HenmHeittble KpaeBbie 3aaun: Teoprsi 1 KOMIIbIOTepHasi rpaduka,
Bicwurx KHY im. T.Ilesuenka, 5 (2001), c. 17-31.
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PEJIAKCAIIMOHHBIE ITNKJIbI HNEITOYEK OCIUJIJIATOPOB
C 3AITA3/IbIBAHUEM

C. . I'tbi3un

SHpocaascruti eocydapemeennviti ynusepcumem um. 111, emudosa, Spocarasas, Poccus
e-mail: glyzinQ@Quniyar.ac.ru

PaccMarpuBaercs cucreMma muddepeHnaibHO-pa3HOCTHBIX ypaBHEHHI BUIA
;= d (wjyr — 2uj +uj_1) + A[f(ui(t —h)) — g(u;(t —1)]u;, j=1,...,m, (1)

MOJIEJTUPYIOIIAsl JIEKTPUIECKYIO AKTUBHOCTD HEIOUKN (Ug = Ui, U1 = Uy,) HEPBHBIX KJle-
ToK [1]. 31mech u(t) — memOpamnnsiit morennumar, Gyuxmun f(u) u g(u) orBedaroT 3a IPOBO-
JIIMOCTH KaJIHEBBIX ¥ HATPHEBBIX MOHHBIX KAHAJIOB, €IMHUIEH N3MepeHHst BpeMeHH BbIODa-
HO 3ala3jiblBaHue B KaJneBoM Kanaje, 0 < h < 1 — 3anasjplBaHne B HATPUEBOM KaHAJe,
napameTp A, IPOIOPIMOHAJIbHBI CKOPOCTH IIPOTEKAHUsI IIPOIECCOB B KileTKe, Besnk. OTHO-
curenbio dynkiumit f(u), g(u) € C*(Ry), Ry = {u € R : u > 0} Gyjuem upejmogarath,
aro f(0) =1, g(0) = 0; f(u) = —ag + O(u™"), g(u) = bo+O(u™"), uf'(u), ug'(u), u?f"(u),
u?¢"(u) = O(1/u) npu u — +o0.

B nporecce npumenenns MeToja GOJIBIIONO HapaMeTpa OCHOBHON MPOOJIEMON siBJISeTCsE
BBIGOD OJXOJIAIIETO MPEJETbHOI0 00bEKTa, JOCTATOYHO CJIOXKHOTO JJIsl TOrO, YTO0bI MMETh
OTHOCHTEJIbHO GOraTyo JIMHAMUKY M, BMECTE C T€M, OTHOCHTEJLHO MPOCTOTO U JOCTYITHOIO
st anasausa. [lepeiiem B cucreme (1) K HOBBIM TI€PEMEHHBIM T, Y1, ..., YN_1, DI U] =

7j—1

exp(z/e), u; = exp (m/e—i— > yk>, j = 2,m, 9T0 103BoJIsgeT UpH £ — () MOJYyUINTHL B KA4eCTBe
k=1

IPEIEIBHOr0 00BEKTa CICLYIONLYIO 3a/1ady ¢ UMIIYJIbCHBIM BO3/eiiCTBIEM:

y; = dlexpyjy1 +exp(—y;) —expy; —exp(—y;—1)], j=1,...,m—1, yo = ym = 0;
yj(h+kTo +0) =y;(h+ KTy — 0) — (1 4+ ao)y;(KTy), y;(to +h+EkTy +0) =
=y;(to+h+KkTy —0) — (14 1/ag)y,(to + k1p), y;(1 + kTy+0) = y;(1 + KTy — 0)—
—boy; (K1o), y;(1+to + KTy +0) = y;(1 4+ to + KTy — 0) — (bo/ao)y;(to + kTp),

k=0,1,...,n, 7=1,...,m—1, (yl,...,ym_1)| = (21, Zm-1);

t=—o09p
rjae TO — JJIMHa BCILJIECKA, T — 9YUCJIO BCIIJIECKOB Ha II€pUOIE, T* — [HEpuo/1 nuKJIa OAUHOIHOI'O

y?(tu Z)7 ce 7y9n—1(t7 Z)) ‘t:T*—ag’ I!eﬁCTByIO-
mero m3 R™~! 5 R™~!, cnpaseymso ciemyionee yTBep:KIeHHIE.

ocumigropa. st orobpaxenust z — D(z) o (

Teopema 1 J10601 nenodsusicroti mouke omobpasicenun P(z2), sxcnonenyuarvro ycmot-
YuB0TU UAU AUTOMOMUNHOU, NPU 8cex docmamouno marvx € > 0 coomeememeyem peaakca-
yuonnuil yuka cucmemsv (1) ¢ memu orce ceoticmeamu Yycmotuugocmu.

[1] C. 1. Tiezun, A. FO. Kosecos, H. X. Poszos, /luckpertbie aBTOBOJIHBI B HEHPOHHBIX

cucreMax // 2Kypnaa SulMUCAUMEAOLHOT MAMEMAMUKY U MAMEMAMUYECKoT Guaury,
52, Ne5 (2012), c. 840-858.
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ON MAIN SCENARIOS FOR APPEARANCE OF STRANGE
HOMOCLINIC ATTRACTORS IN THREE-DIMENSIONAL MAPS

S. V. GONCHENKO

Institute of Applied Mathematics and Cybernetics, Nizhny Novgorod, Russia,
e-mail: gonchenko@pochta.ru

We study questions of chaotic dynamics in three-dimensional dissipative, smooth and
orientable maps (diffeomorphisms). We show that there exist two main scenarios of chaos
developing from a stable fixed point to strange homoclinic attractors of the following types:
a Shilnikov (spiral) attractor, a Lorenz-like attractor and a “figure-8” attractor. Note that
after some (local) bifurcations the stable fixed point becomes saddle and we say that an
appearing strange attractor is homoclinic if it contains this saddle fixed point.

We show that the scenario type depends on the first bifurcation of the fixed point. If this
bifurcation is an Andronov-Hopf one, then the homoclinic attractor is spiral, in general: it
contains the fixed point that is a saddle-focus with the two-dimensional unstable manifold.
If the bifurcation is a period doubling one, then the homoclinic attractor is either a Lorenz-
like or “figure-8” strange attractor: it contains the fixed point which has one (negative)
unstable multiplier and two real stable multipliers of opposite sings. If the negative (resp.,
positive) stable multiplier is strong stable, then the homoclinic attractor mimics a Lorenz-like
one (resp., a “figure-8” one). We give a qualitative description of these attractors and define
certain conditions when they can be genuine ones (pseudo-hyperbolic strange attractors). We
also give the corresponding results of numerical analysis of attractors for three-dimensional
quadratic (Hénon) maps.
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BJIACTUBOCTI ABOX IMHAMIYHUX CUCTEM IIOB’A3AHUX
3 IIPEJICTABJIEHHAM YUCEJI PAJTAMUAU CIJIBBECTEPA

M. B. 3agumpsauit!, I. M. JINCEHKO?

Hauionarvruti nedazozivnuts yrisepcumem imeni M. 1. Jpazomanosa, Kuis, Yxpaina,
e-mail: ' zadnipryanyi.maksim@gmail.com, 2ira72005@yandex.™u

Teopema 1 (Cinbecrep, 1880 p.) Jasa 6ydv-axoeo diticnozo wucaa x € (0, 1] icnye eduna
nocaidosnicms (qy) HAMYPAALHUT YUCes, Maka, Wo ¢ > 2, ¢ui1 > qulgn — 1) +1 4

11 1 1
r=—+—4... +—+...= —. (1)
@1 G2 dn I

Pisuicte (1) ckopodeHo (CHMBOJIIYHO) HO3HAYATUMEMO Uepe3 & = Ay 4 ... 1 HA3UBATH-
MeMo so6pasicernam wucaa & padom Cisveecmepa. 1it MOxKHa MaTy oI, GLIbLIT 3pyHHuil
B 6araThoX MUTaHHAX, (hopMasbHUil Bupa3 (iHie 300paKeHHs) & = Zgl Grgno M€ 91 = q1—1,
k11 = Qk+1— qr(qr — 1), k € N, gxuit HazuBaTuMeMo foro S-3o6pasicernam. [Ipu npomy an-
clo g = gr(x) HasuBaeThes k-Tum S-cumBosiom umcaa . Y S-3o0paxkensi uncia x € (0, 1]
cuMBOI (YMCIIA) g MOXKYTh HabyBaTH, HE3aJI€XKHO OJHE BiJ OJHOrO, BCIX HATYpaIbHUX
3HadeHb. OTiKe, adaBiTOM /IS TAKOIO 300pakKeHHsI € MHOYKMHA BCIX HATYPAJbHUX UHCE,
a S-300parkeHHs € KOJ[yBaHHSIM 9HCJIa T 3& JOTIOMOTOI0 CUMBOJIIB HECKIHIEHHOTO ajihasiTy.

Posrngpatorbes Bl qunamiudi cucremu 3 dazosum npocropom X = (0, 1], ase pisauvun
Bi/IOOpazKCHHAMMU:

-5 -5
1) f(Aalag...an...) - A((11—l—az)ag,...an...;
S —S

2) ¢(Za1az...an...) =A a1-a2)as...an..."

Kopekrricrs oznavens puaamivanx cucreM (X, f, B, A) i (X, ¢, B, \), ne B — o-anre6pa
6opesieBcbkux MuOKUH 3 (0, 1], a A(-) — mipa JleGera, BUIIMBAE 3 €IMHOCTI TPeICTABICHHST
qnciia pgajgom CiibBectepa.

Jlunamiku, mopojizkeHi BigoOpaxkeHHsMu f i ¢, MaloTh mpuHIKNOB Bigminnocti. [lepire
BiJIOOpazKeHHs He Ma€ IHBapiaHTHUX TOYOK, & aTPAKTOPOM JIMHAMIYHOI CHUCTEMU € TOYKa
x = 0. Bimobpaxkennsa ¢ mae 06e3/14 iHBapiaHTHUX TOYOK, a aTPAKTOP JUHAMIYHOI CHCTEMU
Mag€ 3HAYHO CKJIAJHINTY CTPYKTYDY.

st 060X quHAMIYHEX CHCTEM HAC IIKABUTDH MOBEJIHKA (MMOTOYKOBA, Mail?Ke CKPi3b y pPo-
syminmi mipu Jlebera) Bimpomenns u,v, !, ne u, = v"(ug), v, = v"(vo), ne v € {f, ¢}

[Ipu po3B’s3anni 33,109 METPUIHOI TEOPIl YnCes Ta epProJIndHol Teopil JMHAMIYHUX CUCTEM,
OB’ sI3aHUX 3 300parkeHHsM [uce 1 psgavu CiibBecTepa, BaXK/JIMBUMU € HACTYITHI TTOHSTTS.
Lunaindpom parzy m 3 0cHOB0N G1Qs3 . . . Gy HASUBAETHCT MHOXKHUHA Ay ) 4, BCiXx x € (0, 1],
skl y poskiai B psi CisbBecrepa MaloTh ¢; () = a;, @ = 1,2, ..., m. Bignomenns giamerpis
BKJIAJIEHUX IIMJIIHJIPIB HA3BUBAECTHCA OCHOSHUM MEMPUYHUM SL0OHOULEHHAM.

11
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IN®PY3MOHHBIN XAOC B BO3BYAMMBIX CPEJIAX

T. B. KAPAMBIIIIEBA

HUnemumym Cucmemnozo Ananusza PAH, Mocksa, Poccuas,
e-mail: taisia.karamysheva@gmail.com

Paccmorpena peakiins KaTajnTudeckoro okucsenns: Mosiekya1 CO Ha MOBEPXHOCTH ILIa-
tuabl Pt(1 1 0), a1 KOTOPOit 9KCIEPUMEHTBI BBISIBUJIH OOJIBIIOE Pa3HOOOpa3ue MpOCTPAaHC-
TBEHHO-BPEMEHHBIX CTPYKTYP Ha IMOBEPXHOCTU KATAIN3ATOPA, TAKUX KAK UMITYJIbChI, CIIUPa-
JI U XuUMudecKasi TypOyaeHTHOCTh (auddysnonnblii xaoc). Mojesb j1jist Takoit peakiuu B
OJIHOMEPHOM CJIyYae OIMCBHIBACTCH JIBYXKOMIIOHEHTHOM CHCTEMOI ypaBHEHUN peakIius-Tud-

byszus [1]:

ou 1 b+ v 0%u
EZ A e vl
(1)
ov
E - f(U) -,

e f(u) — 9KCIIepUMEHTaJIbHad 3aBUCUMOCTDL CKOPOCTU U3MEHCHUA CTPYKTYPbI IIOBEPXHOCTHU:

0, 0 <u<1/3,
flu)=4¢1—-6.75u(u—1)% 1/3<u<l,
17 1< u,

a u — HOKpbITHE (IIOBEPXHOCTHAs KOHIEHTpaIws) ajgcopbuposannoro CO, v — BeauduHa,
XapaKTepU3yoIas COCTOsTHAE MOBEPXHOCTHU. [lapamMeTpbl Mojie/ i y0BIETBOPSIOT YCJIOBUSIM
0<a<1l b>0wue>0u xapakTepusylOT COOTBETCTBEHHO TapluajbHble gaBjienns O u
CO u remueparypy. Ananus pemennii cucrembl (1) MoxKeT GBITH IPOBEJIEH 3aMEHOI mepe-
MEHHOI £ = T — ¢t U TIepexo/IOM K TPEXMEPHOil cucreMe 0ObIKHOBEHHBIX JTndh depeHIraTbHbIX
YPaBHCHUNA.

B pabore nokasano, uto cucrema ypapuaenuii (1) ¢ puKcnpoBaHHBIME 3HAUCHUSIMUA Hapa-
METPOB UMeeT CeMefiCTBO aBTOBOJIHOBBIX PEIIeHuil, OEryIux B0 b TPOCTPAHCTBEHHOM OCH €
PA3INIHBIMUA CKOPOCTSIMU. DTHU PEIIEHUS OIMUCHIBAIOTCH HEKOTOPBIME CHHTYJISTPHBIMU aTTpa-
KTOpaMU U TPEIETbHBIMEI [UKJIAMI COOTBETCTBYIOIIETO TEPUOo/Ia MCCIeyeMON TpeXMEepHOi
cucTeMbl OOBIKHOBEHHBIX JhhepeHIMabHbIX YpaBHe il (B 3aBUCUMOCTH OT GuYpKaIu-
OHHOTI'O TIapaMeTpa ¢).

[1] M. G. Zimmermann, S. O. Firle, M. A. Natiello, M. Hildebrand, M. Eiswirth, M. Bér,
A. Bangia und I. G. Kevrekidis, Pulse bifurcation and transition to spatiotemporal
chaos in an excitable reaction-diffusion model, Physica D, 110 (1997), p. 92-104.

[2] H. A. Maraunkuit, C. B. Cunopos, Hoguie memodo, xaomuveckot dunamuru, M.: Exn-
topuan YPCC, 2004, 320 c.
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ICHYBAHHS LHUKJITYHUX TPAEKTOPIN ¥V 2n-BUMIPHOI
,Z[I/IHAMI‘{HOT CUCTEMUN KOH®JIIKTY

T.B. KAPATAEBA!, B.JI. KOIIMAHEHKO?

Inemumym mamemamuxu HAH Yxpainu, Kuis, Yxpaina,
e-mail: ' karat@imath.kiev.ua, >koshman63@googlemail.com

Y 1poCTOpi Iap CTOXaCTHIHHUX BeKTOpiB p,r € R, n > 2, posrisnaerbes HesliHiiiHe Bifl-
obpaxennst (p° = p,r’ =r):

N Ny ¥ N+1 N+
R? x R% > {p", 7V} = {pV T " eRE X RE,N =0, 1, ... (1)
SIK€ BU3HAYAETHCS B TEPMIHAX KOOPIUMHAT HACTYITHUMU (DOPMYJIAMHU:

N+1 _ ﬁfv(l_rfv) PN+ sz(l_pfv>

D; ~ , T =, i=1,..,n, (2)
c) ch
Jie cj,v , cN — HopMmytoui 3HAMeHHUKH, K] 3a0e311eUyI0Th CTOXaCTUIHICTh BekTopis p’* T, rV 1
a
~N N N+1 ~N _ N
p; =p; ts; 0, T, =1 +h (3)
ge st =8N mpu 1 <i<mn, sV =5V asV0 = (s1,...,8,),h = (h, ..., hy) — bikcosani
Bekropu 3 R’. Bimobpazkennst % 3rimuo dopmyn (2) Mae iHTepIpeTariio aabTepHATUBHOI
KOHMIIKTHOT B3aeMOIiiT MizK maporo (hisHaHIX cHCTeM, dAKi 3HaxoaaThesd B cranax p'v, YV B

MoMeHTH juckpernoro yacy N = 1,2, .... [Ipu nbomy KoKHa 3 CICTEM OTPUMYE CUCTEMATUIHE
30BHIINHE “mi/KuBIeHHs, 3a/1ane dhopmymtamu (3).

B po6ori 1ocaiKyeTbes aCHMIITOTHYHA [TOBEIIHKA TPAEKTOPIiil nuHaMivnol cucremn (1).
SokpeMa, IpH MEBHUX YMOBaX Ha BEKTODPH S, h Ta p, 7 BCTAHOBJIEHO iICHYBAHHS W-TDAHUIHIX
[EPIOJINIHUX TPAEKTOPIil, dKi € arpakTopamu. [leit pe3yabrar € baraTOBUMIpHIM aHAJIOIOM
Bimomol reopemu [lyankape-Bensikcona (aus., nanpukiai, [1]) i € nacaigkom aBox dhaxTis:
icnyBanHs (muB. |2]|) HEpyXOMOI TOUYKM y JUMHAMIUHOI cucTeMu, 3ajaHol dopmymamu (2) 3
pN = pN PN = r¥ Ta KonmuBanILHUM XapaKTepOM DPIBHOMIPHO OOMEXKEHOTrO 30BHINIHBOTO
“mijpkuBiienad’. [Ipu mpoMy IpPUITYCKaeThCs, M0 BCI KOOPJIMHATH BEKTOPIB p, 1 Ta s, h 3ajaHi
PAIIOHAJILHUMU YUCIAMU.

[1] J.M. Epstein, Nonlinear dynamics, mathematical biology, and social science, Addison-
Wisley Publ.Com., 1997.

[2] V. Koshmanenko, The Theorem of Conflict for Probability Measures, Math. Methods
of Operations Research, 59:2 (2004), p. 303-313.
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HOMEOMORPHIC MEASURES ON CANTOR SETS

O. M. KARPEL

Institute for Low Temperature Physics, Kharkiv, Ukraine,
e-mail: helen.karpel@gmail. com

Two (finite or infinite) measures p and v defined on Borel subsets of a topological space
X are called homeomorphic if there exists a self-homeomorphism h of X such that y =voh,
ie. u(E) = v(h(FE)) for every Borel subset E of X. The problem of classification of Borel
measures with respect to a homeomorphism has a long history. For instance, Oxtoby and
Ulam [4] gave a criterion when the Borel probability measure on the finite-dimensional cube
is homeomorphic to the Lebesgue measure.

For Cantor sets the situation is much more difficult than for connected spaces. It is
possible to construct uncountably many full (the measure of every non-empty open set is
positive) non-atomic measures on the Cantor set X which are pairwise non-homeomorphic.
The clopen values set S(p) is the set of finite values of a measure p on all clopen subsets of X.
This set provides an invariant for homeomorphic measures, although it is not a complete
invariant. For the class of the so called good probability measures, S(u) is a complete
invariant (see [1]). A full non-atomic probability measure p is good if whenever U, V are
clopen sets with u(U) < u(V'), there exists a clopen subset W of V such that u(W) = u(U).
In [2], infinite Borel measures on Cantor sets were considered. In [3], the notions and results
concerning good measures are extended to the case when X is a non-compact locally compact
Cantor set. For an infinite Borel measure p on a (either compact or non-compact) Cantor
set X, we denote by 9, the set of all points in X whose compact open neighbourhoods
have only infinite measures. The full non-atomic measures p such that p(9%,) = 0 are called
non-defective.

Theorem 1 Let X, Y be locally compact Cantor sets; p and v be good non-defective mea-
sures on X and Y, respectively; S(u) = S(v), and 9 be the defective set for p and N be the
defective set for v. Assume that there is a homeomorphism h: 9 — 9T where the sets M and
N are endowed with the induced topologies. Then there exists a homeomorphism h: X —'Y
which extends h such that = v o h.

Conversely, if p and v are good homeomorphic measures then S(u) = S(v) and there is a
homeomorphism h: 9t — N.

[1] E. Akin, Good measures on Cantor space, Trans. Amer. Math. Soc., 357 (2005),
p. 2681-2722.

[2] O. Karpel, Infinite measures on Cantor spaces, J Difference Equ. Appl., 18 (2012),
p. 703-720.

[3] O. Karpel, Good measures on locally compact Cantor sets, arXiv:1204.0027v1.

[4] J.C.Oxtoby, S. M. Ulam, Measure preserving homeomorphisms and metrical transitiv-
ity, Ann. Math., 42 (1941), p. 874-920.
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ABSTRACT PLATE MODELS
WITH A DISPLACEMENT-DEPENDENT DAMPING

S. A. KOLBASIN

Kharkiv National University of V.N. Karazin, Kharkiv, Ukraine,
e-mail: StasKolbasin@gmail.com

The talk is devoted to the asymptotical behaviour of the dynamical systems generated by
variations on the following problem in an abstract Hilbert space H:

u + D(u,up) + Au+ F(u) =0, u(0) =ug, u(0) = uy. (1)

Here A, F', and D(u,u,;) (for each v € H) are operators densely defined on H, A is
self-adjoint and positive. The situations being studied are described below. In each case the
existence of a finite-dimensional compact global attractor is established.

(i) Abstract plate equation with a subcritical damping coefficient K (u):
u + K(uw)ug + Au+ F(u) =0, u(0) =wug, u(0)=1uy. (2)
For example, with A = A? the generalized equation (2) covers different plate models
in a domain Q@ C R" (n < 3):
uy + o(w)u, + A*u+ F(u) =0, 2€Q, t>0,
o(u) being a real-valued function. Depending on the structure of F(u), this may be

the Kirchhoff, Berger or von Karman model.

(ii) Plate model with a strong damping. Let D(u,u;) in (1) map D(AY?) x D(A?) into
D(A7%) (with 0 < 6 < 1/2). E.g., for the plate models a damping of this type may
look like —Auy; + o (u)uy.

(iii) The quasi-static limit of plate models. Suppose we add a mass density coefficient into
the plate equation (2) (that is, replace uy with pug, 1> 0). After (formally) passing
to the limit with ;4 — 0, we get a parabolic-like equation

K(u)us + Au+ F(u) = 0. (3)

It appears that the dynamical systems (and their attractors) generated by (2) (with
the coefficient p) converge in the certain sense to the ones of (3) as u — 0.

The talk is partially based on the results of joint articles [2] and [3] with I.D. Chueshov.

[1] Kolbasin S., Attractors for Kirchhoff’s equation with a nonlinear damping coefficient,
Nonlinear Analysis, 71, p. 2361-2371.

[2] Chueshov I. and Kolbasin S., Plate models with state-dependent damping coefficient
and their quasi-static limits, Nonlinear Analysis, 73, p. 1626-1644.

[3] Chueshov I. and Kolbasin S., Long-time dynamics in plate models with strong nonlinear
damping, Communications on Pure and Applied Analysis, 11, p. 659-674.
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EHTPOIIIA ®YHKIIOHAJIBHUX OBOJIOHOK

C. ®@. Konsagal, 10. C. CEMIKIHA?

L Inemumym mamemamuru HAH Yrpainu, Kuis, Yxpaina,
e-mail: skolyada@imath.kiev.ua
2 Kuiscokuts nauionarvruts yrisepcumem imeni Tapaca Hlesuenxa, Kuis, Yxpaina,
e-mail: julia.semikina@gmail.com

Hexait (X, f) — nuaamiuna cucrema, je X — MeTpUUHHIA MPOCTIp 3 MeTpUKOIO d, a f :
X — X — menepepsue Binobpaxkennsi. Hajiam BBaxkatumemo, 1o npoctip X KOMITAKTHU.
Hexait S(X) = C(X, X) me MHOXKHIHA YCiX HermepepBHUX BigobpazkeHb npocropy X B cebe.
Mu 6yemo posruisiiaru Ha MHOKIHI S (X ) piBHOMIpHY Ta raycaopdoBy MeTpukn (Biamosiaai
MeTpudHi pocropu nosHadarumemo Sy (X) Ta Sy (X)).

QyHKIIOHATBHOIO 060JI0HKOWO JuHaMigHOl cuctemu (X, f) Mu OyeMO HA3WUBATH JIHHAMI-
uny cucremy (S(X), Fy), ae Bimobpaskenns Fy @ S(X) — S(X) Busnadeno cruiBBigHoImenHsM
Fy(p) = fop, p € S(X).

[Ipupo/iHe 3anuTaHHs, 110 BUHUKAE IPU BUBYCHHI (DYHKITIOHAJIHLHUX O00JIOHOK: SIKUiT 3B’ s~
30K MiK JUHAMIYHUMH BJIACTUBOCTAMH BioOpazkeHb f Ta [y, 30KpeMa MizK TOIIOJIOriYHIME
earporriamu h(f) ta h(Fy).

Teopema 1 Hezat I = [0,1] 3 eskaidosoro mempukoro, f: 1 — I — nenepepsne sidbpasice-
nua. Todi edunumu moorcausumu snavennamu oan h(Fy) e {0,00}.

Teopema 2 Hexati K — xanmoposa mmnoosrcuna 3 eskaidosoro mempuxoro, f: K — K —
nenepepene eidopasicernna. Todi edunumu moocaueumu snavernamu oas h(Fy) e {0,00}.

TakoK MM JaMO CBOE O3HAUYEHHS €HTPOIIl Jil I'Pyu BigoOparKeHb Ha METPUUHOMY IIPO-
CTOPI Ta JIOBEJIEMO JIIXOTOMIIO TaKOI il JijId JedKUX TPYIIL.
Hexait H(X) C S(X) e mpocrip Bcix romeomopdizmis mpocropy X.

Teopema 3 rxuwpo G < H(X), mo edunumu modrcausumu snavernamts 0aa haet(G) € {0, 00}

Teopema 4 Hezxat X xomnaxmnui mempuynut npocmip. Poseaanemo Y = H(X) ax me-
mpusnut npocmip 3 piehomiproro mempuroro ma G = H(X) ax epyny, wo die na Y. Todi
axwo Y = H(X) xomnaxmmuut, mo hy(G) = 0.

[1] J. Auslander, S. Kolyada and L. Snoha, Functional envelope of a dynamical system,
Nonlinearity, 20, no. 9 (2007), p. 2245-2269.

[2] R. Bowen, Topological entropy for noncompact sets, Trans. Amer. Math. Soc. 184
(1973), p. 125-136.

[3] C. Komsina, Tonoaoziuna dunamira. Minimarvnicmo, enmponis ma xaoc, Monorpadis,
[pamni incruryTy Mmaremaruku HAH Ykpaiau, Tom 89.

[4] M. Matviichuk, Entropy of induced maps for one-dimensional dynamics, Iteration theory
(ECIT '08), Grazer Math. Ber., 354 (2009), p. 180-185.
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PEIITEHUE 3AJAYN OJOITYCTUMOI'O 1N OIITUMAJIBHOI'O
CUHTE3A

B. 1. KoOrPOBOB

Xapovrosckull nayuonaronul ynusepcumem umeny B. H. Kapasuna
e-mail: vkorobov@univer.kharkov.ua

OjiHO#t M3 MEHTPAJIBHBIX 33/a4 MATEeMaTUIeCKOW TEOPUH YIPABJICHUS SBJISETCH 3a/1a4da
ONTUMAaJILHOTO CUHTE3A.

Ora 3asava g ynpasiagemoit cucrembl & = f(x,u), x € R", u € R, f(0,0) = 0 ¢
OrpaHWYeHUsMHN Ha ympaBienue u € () C R cocTrouT B MOCTPOEHUU yIPABJIEHUS B BUJE
u = u(z), yJIOBJIETBOPSIONIErO 33/ JaHHOMY OTPAHMYEHUIO, TAKOI'O YTO TPACKTOPUS CHCTEMBI
& = f(x,u(x)), HaunHAOIASACSI B MPOU3BOJLHOM TOYKE Ty U3 OKPECTHOCTH HAYaja KOOP-
JIMHAT, OKAHIUBAETCs B HyJle B KOHEeUHBII MoMmeHT BpeMmenu 1'(xq). Pemenne sroit 3amatim
OCHOBAHO Ha MeTojie (PYHKIINH yIPaBIsaeMoCTH [1], sBIAONerocs MaabHEAIM pa3BUTHEM
merosa dyukimn A. M. Jlanynosa.

Permenne 3aa1n onTuMaIbHOIO CUHTE3a OCHOBAHO Ha min-mipobjieme MoMeHToB A. A. Map-
KoBa 2] .

PaccmarpuBaercst Kiiace HEJTMHEHHBIX yIIPABIAEMbIX CUCTEM [3], KOTOpbIe MOXKHO 0TOOpa-
3UTH Ha CUCTEMBI DOJIee MPOCTOro BUIa. TakKe pacCMaTpPUBAETCs PEIleHre 3a/1a9H JIOTYCTH-
MOI'O CHHTE3a JIJIsl KJIACCa HeJIMHEIHBIX CHCTEeM ¢ Pa3pbIBHOI MpaBoil YacTbio [4].

[1] B.U. Kopobos. Memod gyrryuu ynpasasemocmu, Vxesck: PXJI, 2007, 576 c.

[2] B. . Kopo6os, I'. M. Ckisp, OurumaibHoe OBICTPOJIEHCTBIE U CTEleHHAsT Mpob/ieMa
MomeHTOB, Mamemamuueckut coopruk, 134, Ne 2 (1987).

[3] B. I. Kopo6os, Ckisip K. B., Ckopuk B. O., BijobpaxysaHicTh HeJiHITHUX cHCTEM Ha
CHCTEMU CIIEIAJLHOIO BUIJISIIY Ta 1X KepoBaHicTb, /onosidi HAH Yxpainu, 8 (2010),
c. 14-19.

[4] V.I. Korobov, Y. V. Korotyayeva. Feedback Control Design for Systems with x-
Discontinuous Right-Hand Side, Journal of Optimization Theory and Applications, 149,
No 3 (2011), p. 494-512.
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OSCILLATION OF PERIODIC NETWORKS AND LATTICES

A. S. KryLovA, G. V. SANDRAKOV

Ky National Taras Shevchenko University, Ky, Ukraine,
e-mail: sandrako@mail.ru

Oscillation of periodic networks and lattices will be discussed. The corresponding os-
cillation problems are reduced to spectral problems. Thus, homogenization of the spectral
problems on small-periodic networks and lattices with periodic boundary conditions will be
also discussed. This problem for a network has the following form

2 d*u. (z)
dz?

= Nus(z), z€G.NQ, (1)

—&

() =u(x +1;), ul(z)=ullx+1l), ze€G.NIQ,

£

where G, is a small-periodic network, € = [0, 1] x [0, (] is a rectangle with the boundary 0f2,
[y =1, Iy = and ¢ is a small parameter. The similar networks were considered in [1]. This
problem for lattices has the form that is similar to (1).

According to homogenization principles [2], we construct asymptotic expansions that are
homogenized solutions of problem (1). For an eigenfunction u. and an eigenvalue A. one has
corresponding asymptotic expansions

g (1, E) = uo(z, E) + euy (z, z) + 2y (z, E), Ao = Ao + €%,
€ 5 € €
where \q is a eigenvalue of a mesh problem, which has been solved in [3], and A, is a eigenvalue
of a homogenization problem. The constructed asymptotic is justified for a eigenvalue A] of
the problem (1) in the following theorem.

Theorem. For fized \g and Ay there are an eigenvalue A: of the problem (1) and a

constant C' independent on €, such that the inequality is satisfied

|>\‘;_9 — )\0 — 52)\2‘ < 083.

The forms and justification of asymptotic expansions for other eigenvalues and eigenfunc-
tions will be also presented.

[1] V.G. Maz’ya, A.S. Slutskii, Homogenization of a differential operator on a fine periodic
curvilinear mesh, Math. Nachr., 133 (1986), p. 107-133.

[2] G. V. Sandrakov, Homogenization principles for eguations with rapidly oscillatory co-
efficients, Sbornik: Math., 180 (1989), p. 1634-1679.

[3] A.S. Krylova, G. V. Sandrakov, Study of eigenvalues and eigenfunctions for arbi-
trary fragments of networks, J. Comp. and Applied Math., 101 (2010), p. 81-96. (in
Ukrainian)
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NONLINEAR ANALYSIS OF ANALOG PHASE-LOCKED LOOP

N. V. KuzNETSOvV!2, G. A. LEoNOV!, M. V. YULDASHEV!™?, R. V. YULDASHEV!?

LSt Petersburg State University, St.Petersburg, Russia,
e-mail: leonov@math.spbu.ru
2 University of Jyviskyld, Jyviskyld, Finland,
e-mail: nkuznetsov239@gmail.com

Phase-locked loop (PLL) systems were invented in the 1930s-1940s and were used in
radio and television (demodulation and recovery, synchronization and frequency synthesis).
Nowadays PLL can be produced in the form of single integrated circuit. There are several
types of PLL (classical PLL, ADPLL, DPLL, and others) and its various modifications
(Costas loop, PLL with square, and others) which are used in a great amount of modern
electronic applications (radio, telecommunications, computers and others).

Various methods for analysis of phase-locked loops are well developed by engineers, but
the problems of construction of adequate nonlinear models and nonlinear analysis of such
models are still far from being resolved [1] and require using special methods of qualitative
theory of differential, difference, integral, and integro-differential equations [2-13].

In this survey, it is described the general approach to nonlinear analysis and design of
analog phase synchronization system, which are based on the construction of nonlinear math-
ematical models in signal and phase space and applying the methods of nonlinear analysis
of high-frequency oscillations.

[1] D. Abramovitch, Phase-locked loops: A control centric tutorial, In Proceedings of the
American Control Conference, 1 (2002), p. 1-15 (plenary lecture)

[2] G. A. Leonov, N.V. Kuznetsov, M. V. Yuldashev, R. V. Yuldashev, Nonlinear models
of Costas loop, Doklady Mathematics, 2012 (in print)

[3] G. A. Leonov, N. V. Kuznetsov, M. V. Yuldashev, and R. V. Yuldashev, Computation of
phase detector characteristics in synchronization systems, Doklady Mathematics, 84(1),
2011, p. 586-590

[4] N. V. Kuznetsov, G. A. Leonov, M. V. Yuldashev, R. V. Yuldashev, Analytical methods
for computation of phase-detector characteristics and pll design. In: IEEE ISSCS 2011 —

International Symposium on Signals, Circuits and Systems, Proceedings, 2011, p. 7-10
(doi: 10.1109/ISSCS.2011.5978639)

[5] N.V.Kuznetsov, P.Neittaanméki, G.A.Leonov, M.V.Yuldashev, R.V.Yuldashev,
High-frequency analysis of phase-locked loop and phase detector characteristic computa-
tion. In: ICINCO 2011 — Proceedings of the 8th International Conference on Informatics
in Control, Automation and Robotics, 1, p. 272-278 (doi: 10.5220/ 0003522502720278)

6] G. A. Leonov, S. M. Seledzhi, N. V. Kuznetsov, P. Neittaanmaki, Asymptotic anal-
ysis of phase control system for clocks in multiprocessor arrays, In: ICINCO 2010 —
Proceedings of the 7th International Conference on Informatics in Control, Automation
and Robotics, 3 (2010), p. 99-102 (doi: 10.5220/0002938200990102)
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[7]

8]

[9]

[10]

[11]

[12]

[13]

G. A. Leonov, N. V. Kuznetsov, S. M. Seledzhi, Nonlinear Analysis and Design of Phase-
Locked Loops. p. 89-114. In: Automation control — Theory and Practice, A. D. Rodic
(ed.), In-Tech, 2009.

N. V. Kuznetsov, G. A. Leonov, S. M. Seledzhi, Nonlinear analysis of the Costas loop and
phase-locked loop with squarer. In: Proceedings of the IASTED International Conference
on Signal and Image Processing, SIP 2009, 2009, p. 1-7.

N. V. Kuznetsov, G. A. Leonov, S. M. Seledzhi, P. Neittaanméki, Analysis and design
of computer architecture circuits with controllable delay line. In: ICINCO 2009 - 6th

International Conference on Informatics in Control, Automation and Robotics, Proceed-
ings, 3 SPSMC (2009), p. 221-224 (doi:10.5220,/0002205002210224).

N. V. Kuznetsov, G. A. Leonov, S. M. Seledzhi, Phase locked loops design and
analysis. In: ICINCO 2008 - 5th International Conference on Informatics in
Control, Automation and Robotics, Proceedings, SPSMC (2008), p. 114-118
(doi:10.5220,/0001485401140118)

G. Leonov, Computation of phase detector characteristics in phase-locked loops for clock
synchronization, Doklady Mathematics, 78(1), (2008), p. 643-645

N. V. Kuznetsov, G. A. Leonov, S. M. Seledzhi, Analysis of phase-locked systems
with discontinuous characteristics of the phase detectors, IFAC Proceedings Volumes
(IFAC-PapersOnline), 1 (PART 1) (2006), p. 107-112 (doi:10.3182/20060628-3-FR-
3903.00021)

G. A. Leonov, Phase-Locked Loops. Theory and Application. Automation and remote
control, 10 (2006), p. 47-55
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MOAEJIOBAHHSA CNJIbBHUX AHTHCHHAHIﬁHHX CUCTEM
3A JOIIOMOI'OO KJIACTEPHUX OBYUCJIEHD

C. B. JIABAPEHKO

Hauionanvrut mexnivnutd ynisepcumem Yxpainu “KI117, HHK “IIICA”, Kuis, Yxpaina,
e-mail: LazarenkoSerg7@mail.ru

Pobora npucssiuena JJ0CUTH HOBOMY PO3JILIY MATEMATUIHOIO MOJIE/IOBAHHSA — OOYUC/TIO-
BaJILHUM aHTUCUTIAIINHUX cucTemMaM. /lanmit HAITPAM TOXOJIUTH BiJI BUBHAYEHHS aHTUCHUIIA-
niiinol cucremu Pobepra Poszena [1|. Snaunmii BKIa1 y JOCTIIZKEHHST TAKOTO POJLY OOUHCITIO-
BaJbHUX CHCTEM OCTaHHI pokn BHecsn TakoxK Mapk Bropk, /1. Trobya [2, 3] Ta in. Sokpema,
PO3IJIAIAETHCA aHTUCUIIAIIIHA CUCTeMa 3 CUJIbHOIO aHTUCHUIIAIEID, TOOTO Taka, IO PeKyp-
CHBHO 3aJIe2KUTh He Bij CBOET IMPOrHO3HOI Mojesti (OIiHKK MaiOyTHIX cTaHiB), a HAIPSIMY
BKJIIOYaE MaitOyTHi crtanu. J[ocaipKyioThed HEPYXOMi TOUYKH TAaKOTO BiJIOOpaKeHHs Ta MPO-
CTOpI IMapaMeTpiB TaKol CHCTEMH — OYJIYIOTHCA KapTH JUHAMIUYHUX PEXKUMIB Ta MOKA3HUKA
Jlamnynosa (omHoBUMIpHHiT Buiaiok ). OcobmBa yBara Ipuiiaaacs o0JIacTsM 3 TilepiHKyp-
ciero. JlociizKeHHsT TPOBOIMINCA 32 JIOTIOMOI0I0 pO3PO0JIEHOIO IIPOTrPAMHOI0 3abe31eueHH s
Ha OCHOBI KJIacTepHOI apxiTeKTypu. Takoro pojy o0unc/roBaaIbHi CUCTEMH 3HARIILIN IITUPOKE
3aCTOCYBAHHS [IPU MOJICTIOBAHHS COIaJbHUX [4, 5|, €eKOHOMIUYHIX Ta MOJITHIHUX CHCTEM, Y
1100OY/I0Bi aBTOHOMHMX areHTiB TOIIIO.

[1] Rosen Robert, Anticipatory Systems - Philosophical, Mathematical and Methodological
Foundations, Pergamon Press, 1985.

[2] Burke M. E, Properties of Derived Scalar Anticipatory Systems, Computing Anticipatory
Systems: CASYS’01 — Fifth International Conference. Edited by Daniel M. Dubois,
2001.

[3] Dubois Daniel M., Computing Anticipatory Systems with Incursion and Hyperincursion,
Computing Anticipatory Systems: CASYS’97 — First International Conference. Edited
by Daniel M. Dubois, The American Institute of Physics, AIP Conference Proceedings,
437 (1998), p. 3-29.

[4] Loet Leydesdorff, Anticipatory Systems and the Processing of Meaning: A Simulation
Study Inspired by Luhmann’s Theory of Social Systems, Journal of Artificial Societies
and Social Simulation, 8(2), Paper 7 (2005).

[5] Loet Leydesdorff and Dubois D. M., Anticipation in Social Systems, Internation Journal
of Computing Anticipatory Systems, 14 (2004), p. 203-216.
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HIDDEN ATTRACTORS IN DYNAMICAL SYSTEMS

G. A. LEoNov!, N. V. KUzZNETSOV!?

LSt Petersburg State University, St.Petersburg, Russia,
e-mail: leonov@math.spbu.ru
2 University of Jyviskyld, Jyviskyld, Finland,
e-mail: nkuznetsov239@gmail.com

Plenary lecture is devoted to analytical-numerical methods for hidden attractors localiza-
tion and its application to well-known problems and models.

From computation point of view, in nonlinear dynamical systems the attractors can be
regarded as self-exciting and hidden attractors. Self-exciting attractors can be localized
numerically by the following standard computational procedure: after transient process a
trajectory, started from a point of unstable manifold in a small neighborhood of unstable
equilibrium, reaches an attractor and computes it.

In contrast, hidden attractor is an attractor, a basin of attraction of which does not contain
neighborhoods of equilibria. Numerical localization, computation and analytical investigation
of such attractors are much more difficult problems since such attractors cannot be computed
with the help of the above standard computational procedure.

In well-known Van der Pol, Beluosov-Zhabotinsky, Lorenz, Chua, and many others dy-
namical systems classical attractors are self-exiting attractors and can be obtained numer-
ically by the standard computational procedure. In contrast, for localization of hidden
attractors it is necessary to develop special analytical-numerical methods, in which at the
first step the initial data are chosen analytically in basin of attraction and then the numerical
localization (visualization) of attractor can be performed.

The simplest examples of hidden attractors are nested limit cycles in two-dimensional
systems (see, e.g., the results concerning the second part of 16th Hilbert’s problem). Other
examples of hidden oscillations are counterexamples to Aizerman’s conjecture and Kalman’s
conjecture on absolute stability in the automatic control theory.

In 2010, for the first time, a chaotic hidden attractor was computed first by the authors in
generalized Chua’s circuit and then one chaotic hidden attractor was discovered in classical
Chua’s circuit.

In this survey an attempt is made here to reflect the current trends in the synthesis of an-
alytical and numerical methods [1-12]. Efficient analytical-numerical methods for searching
hidden oscillations, based on harmonic linearization, applied bifurcation theory and numer-
ical methods, are considered.

[1] G. A. Leonov, N. V. Kuznetsov, Hidden oscillations in dynamical systems: 16 Hilbert’s
problem, Aizerman’s and Kalman’s conjectures, hidden attractors in Chua’s circuits,
Journal of Mathematical Sciences, 2012 (in print)

[2] N. V. Kuznetsov, O. A. Kuznetsova, G. A. Leonov, Visualization of four normal size
limit cycles in two-dimensional polynomial quadratic system, Differential Equations and
Dynamical Systems, 2012 (in print)
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3]

4]

[10]

[11]

[12]

G. A. Leonov, N. V. Kuznetsov, Vagaitsev V.I., Localization of hidden Chua’s
attractors, Physics Letters, Section A, 375(23), 2011, p. 2230-2233 (doi:10.1016/
j-physleta.2011.04.037)

V. O. Bragin, V. I. Vagaitsev, N. V. Kuznetsov, G. A. Leonov, Algorithms for Finding
Hidden Oscillations in Nonlinear Systems. The Aizerman and Kalman Conjectures and

Chua’s Circuits, Journal of Computer and Systems Sciences International, 50(4), 2011,
p. 511-543 (doi:10.1134/S106423071104006X)

G. A. Leonov, Four normal size limit cycle in two-dimensional quadratic system, Inter-
nation journal of Bifurcation and Chaos, 21(2), 2011, p. 425-429

G. A. Leonov, N. V. Kuznetsov, Algorithms for Searching for Hidden Oscillations in
the Aizerman and Kalman Problems, Doklady Mathematics, 8(1), 2011, p. 475-481
(doi:10.1134/S1064562411040120)

G. A. Leonov, N. V. Kuznetsov, and E. V. Kudryashova, A Direct Method for Calcu-
lating Lyapunov Quantities of Two-Dimensional Dynamical Systems, Proceedings of the
Steklov Institute of Mathematics, 272(Supplement 1), 2011, p. S119-S127 (doi:10.1134/
S008154381102009X)

G. A. Leonov, O. A. Kuznetsova, Lyapunov quantities and limit cycles of two-
dimensional dynamical systems. Analytical methods and symbolic computation, Regu-
lar and chaotic dynamics, 15(2-3), 2010, p. 354-377

G. A. Leonov, V. I. Vagaitsev, N. V. Kuznetsov, Algorithm for localizing Chua attractors
based on the harmonic linearization method, Doklady Mathematics, 82(1), 2010, p. 663—
666 (doi:10.1134/S1064562410040411)

G. A. Leonov, V. O. Bragin, N. V. Kuznetsov, Algorithm for Constructing Coun-
terexamples to the Kalman Problem, Doklady Mathematics, 82(1), 2010, p. 540-542
(doi:10.1134/S1064562410040101)

G. A. Leonov, N. V. Kuznetsov, Limit Cycles of Quadratic Systems with a Perturbed
Weak Focus of Order 3 and a Saddle Equilibrium at Infinity, Doklady Mathematics,
82(2), 2010, p. 693-696 (doi:10.1134/S1064562410050042)

G. A. Leonov, Efficient methods in the search for periodic oscillations in dynamical
systems. Applied mathematics and mechanics, 1 (2010), p. 24-50
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O oIIIM CHEHAPUN IIEPEXOJA K TYPBYJIEHTHOCTU
B PASJ/INMYHBIX TUJIPOANHAMWYECKNUX N1 MI'/T TEHEHNAX

H. A. Maranukuii!, H. M. EBcTurauees?, O. 1. PIBKOB?

Unemumym cucmemmozo anasuda PAH, Mockea, Poccuas,
e-mail: 'nmag@isa.ru, % evstigneevnm@yandex.ru, 3oleg.ryabkov.87@gmail.com

Borpoc o Tom, 1To mipeicrapisieT coboii TypOy/IeHTHOE TeUeHNe KUIKOCTH, U KaK IIPOUCXO0-
JIAT JIAMIHAPHO-TYPOYIEHTHBIN 1Tepexo/1, ObLT ITOCTAaB/IEH eIle 0 MOABIeHNs MONTHbIX DBM.
Paszimanble BapuanThl (ClieHapun) ObLTH TPeJIOZKeHbI (busuKaMu erre B cepennae XX BeKa.
Hamnpuwmep, crienapuit Jlannay-Xonda |1]. Hackoabko usBecTHO aBTOpam, IpsMOe YUCIEHHOe
MOJIEJINPOBaHNUE JIJIs pa3pelleHus JaHHON 3a/1a9u He TIPUMEHsIIOCh 10 paborel 2. TTosogom
JIJISE IPOBEJIEHHsI OJI00HOT0 YUCJICHHOTO SKCIIEPUMEHTA MOCIYKIIa cepust pabot [3], Bbis-
BUBIIIas HEKUI YHUBEPCAJILHBIA CIieHapuil IIepexoa K XaoCy B Pa3/IMYHbIX MaJIOPa3MEPHBIX
JIMTHAMIYECKUX CUCTEMaX, U IIPEJIIIOJIO?KEHIE O TOM, YTO B 33/1a9€ JIJAMIHAPHO-TYPOYJICHTHOTO
IIepexo/ia MOYKET PeaM30BbIBATHCS aHAJIOTMIHBIN CIIeHADHI.

B pabore ucciieioan psiji HadaiabHo-kpaesbix 3a1ad (HK3) mis ypasuennit Hapbe-Crokca
JIUIsT HeCoKMMaeMoil ykukoctn (a takxke Heckumaemoit MI/T):

ov; ov; Op 1 0%y, , Ov;
E—i_vj%:_%—i_@W’ﬂHHl:l”S? —]:O, (1)
i 7

B pabote mocTpoen YMCIEHHBIN METO/I pelleHnsl YKa3aHHbIX YPABHEHUN BBICOKOTO MOPSIKA
alIPOKCUMAIIUN, TIO3BOJISIIONINI pa3peniaTh HeCTAIlMOHAPHBIE aTTPAKTOPHI, BOSHUKAIOIINE B
cUCTeMe IpH u3MeHneHnn 4ncia Peitnosnbiaca. ObnapyKeHnblil ClieHapuil CymecTBEHHO 3aBH-
CUT OT HaYaIbHO-KPAEBBIX yCJIOBHil 3ajaun. Kak mpaBmiio, HagaJIbHbIE CTa/INN COBIAIAIOT C
HAYAJIbHBIMU CTa usiMu crieHapust Jlangay (cepust 6udypranuit Augporosa-Xorida ¢ obpa-
30BaHMEM KBa3UIEPUOJNIECKUX DeIleHnii Bo3pacrarolieii pasmeproctu). Tem He Menee, BO
BCEX 3a/lavax Ha OIIPeJIeJIEHHOI CTa/Iun yCJI02KHEeHNe HAUnHaeT IPOUCXO/IUTh B COOTBETCTBUU
¢ KackajoM yiapoennit Pefirendayma, a JiJid HEKOTOPBIX 33184 MOy YeHbI TEPUOTUIECKUE U
KBa3UIIEpUOJINYCCKUE DEIIeHNd HEYEeTHBIX OTHOCUTEJbHBIX IEPUOJIOB, YKJaJbIBAIOIIUecd B
nopsiok [Tlapkosckoro.

[1] JI. . Jaunay, E. M. JTudmmn, Teopemuueckasn gusura. Tom VI. Nudpodunamura, M.:
Hayxka, 1982.

[2] N. M. Evstigneev, N. A. Magnitskii, S. V. Sidorov, On the nature of turbulence in
a problem on the motion of a fluid behind a ledge, Differential Fquations, 45, No 1
(2009).

[3] H. A. Maraumkuit , C. B. Cunopos Hosue memodv xaomuseckot dunamuru, M.: Eau-

topuas YPCC, 2004.
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EMERGENT DYNAMICS OF COUPLED OSCILLATORS

YURI MAISTRENKO

Institute of Mathematics and Centre for Medical and Biotechnical Research,
National Academy of Sciences of Ukraine,
e-mail: y.maistrenko@biomed.kiev.ua

Coupled oscillators serve as paradigmatic models of dynamical networks in physics, bi-
ology, many other fields. Even if the oscillators are identical and the coupling scheme is
symmetric, they can demonstrate surprising variety of complex collective behavior — from
phase and frequency clustering to developed space-temporal chaos. A characteristic exam-
ple is given by chimera states for non-globally coupled Kuramoto-type model. We report
two examples of this type emergent behavior in coupled oscillator systems, obtained when
varying the coupling topology and its shape.

First, we analyze a two-group network of globally coupled phase oscillators including
attractive and repelling interactions as prototypes of excitatory and inhibitory connections
in neuronal networks of the brain. If the excitation is stronger, the network dynamics tend to
ensure complete synchronization. In the opposite case when the inhibition is predominant,
highly asymmetric phase clusters arise in which one or more oscillators split up from the
others synchronized. A special interest is offered by a solitary state with the only one splitting
oscillator staying in anti-phase to the major cluster. We find analytically parameter regions
for stability of the states and show that phenomenon is typical for more general networks of
coupled oscillators.

Our second example is given by a network of non-locally coupled logistic maps. In the pa-
rameter space, we find regions of coherence and show how they demonstrate period adding
cascade in space and period-doubling cascade in time. We discuss loss of spatial coher-
ence in the coupled system and uncover a dynamical bifurcation scenario for the coherence-
incoherence transition occurring when coupling strength or coupling radius decreases. The
transition starts with the appearance of narrow layers of incoherence occupying eventually
the whole space as a sign of “dry turbulence” [1]. Our findings for coupled logistic maps
as well as for time-continuous Rossler and Lorentz systems reveal that intermediate, par-
tially coherent states represent characteristic spatiotemporal patterns at the transition from
coherence to incoherence [2,3].

[1] A.H.IITapkosckuii, FO.JT.Maiicrpenko, E.FO.Pomanenko, Pasnocmnuvie ypasrerus u ux
npumenernue, Haykoa Jlymka, Kues, 1986, 280 c.

[2] 1. Omelchenko, Yu. Maistrenko, P. Hoevel, and E. Schoell, Loss of coherence in dynam-
ical networks: spatial chaos and chimera states, Phys.Rev.Lett., 106, 234102 (2011).

[3] I. Omelchenko, B. Riemenschneider, P. Hoevel, Yu. Maistrenko, and E. Schoell, Tran-
sition from spatial coherence to incoherence in coupled chaotic systems, Phys. Rev. E.,
85, 026212 (2012).

25



Junamivni cucmemu ma i 3aCmMocysarHA 16-18 Tpasus 2012 p., Kuis

STRONG ANTICIPATORY SYSTEMS
AS A SOURCE OF MATHEMATICAL PROBLEMS

A. S. MAKARENKO

Institute for Applied System Analysis, NAS of Ukraine and NTUU KPI’, Kyiv, Ukraine,
e-mail: makalex@i.com.ua

Dynamical systems and their properties (bifurcations, deterministic chaos, stability, etc.)
are usually considered for discrete systems of recursive type and for ordinary differential
equations.

A number of recent studies have shown that systems with delay treated as dynamical
systems have very interesting properties. Moreover, some present-day applications require
the investigation of such advanced models just as mathematical objects. The first results in
this direction proved to be very intriguing.

The talk is devoted to a particular subclass of advanced systems, namely, strong antici-
patory systems (by D.Dubois).

First we give the examples of different kind of such systems: Incursive discrete equations,
neural networks, cellular automata. Thereupon we present our results (in collaboration
with S.Lazarenko) on an advanced analog of the logistic equation. We consider also some
distributed systems with strong anticipation.

Finally some further new mathematical problems are proposed, in particular:

— the limiting behavior and properties of sequences of multi-valued functions;

— the chaotic properties of advanced equations with continuous argument;

— the non-homogeneous behavior and structure formation in branching multi-valued
functions;

— the development of approximate methods, etc.
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JIUHAMIYHI CUCTEMMU, IIOB’S3AHI
3 Z[BII;’IKOBO—‘IETBIPKOBI/IM SOBPAKEHHAM ﬂIﬁCHMX
YUCEJI

O. II. MAKAPYVK

Hauyionanvnuti nedazozivnut ynwisepcumem imeri Muxatiaa paecomanosa, Kuis, Yxpaina,
e-mail: makolpet@gmail.com

3B’SI30K eproaudHol Teopil 1 MeTpuvaHOI Teopil Ynces BioMuil JaBHO, OJHUM 3 (opM Ta-
KOI'0 3B’43Ky € apudMeTHIHUil pO3KJaJ, SKUil BUHUKAE 31 CIIEMia/ibHOI CHMBOJIIYHOI pea-
mizamil guHaMmiveaux cucreM. g posiibHOro uncia x € [0; 1] posrigHeMo HOCTiIOBHICTD
a, € {0,1,2,3} ¥n € N Taky, mo

> «
_Z_j_ 2
T = 2j - Aalaz...an...'
J=1

OcranHio piBHICTD HA3BEMO JBIHKOBO-YETBIPKOBUM IPEJICTABICHHAM UUCIA L.
Hexait £ — 1oc/1iIoBHICTh He3a/Ie2KHUX BUIAIKOBUX BEJIUYNH, sKi HAOYBaIOTH 3HaYeHb (),
[o.¢]
1, 2, 3 3 fiMmoBipHOCTAMY Po, P1, P2, P3 BiANOBLIHO. Bunajkosa Bejmauna £ = » £:27% nazn-

k=1
BA€TbHCsI BUIAIKOBOIO BEJIMIUHOIO, 300parkeHOI0 JIBIIKOBUM JIPOOOM 3 JIBOMA Ha/ IJIMIITKOBUMUI

nudpamu 2 i 3, gKi MalOTh OJIHAKOBUI PO3ITOIIJ.

BunajikoBa Bestmunna £ € MPUPOJHUM y3araJbHEHHsIM HECKIHYEHHUX 3rOPTOK bepHysuii,
sIKi BUBYAJIACS 3 YUCTO HMOBIPHICHOI TOUKH 30PY, & TAKOXK 3 MOIVISLY (DPaKTaIbHOIO aHATI3Y
i Teopil juHaMiuHEX cucreM 3.

Teopema 1 (|2]). Bunadxosa seaununa & mae wucmull po3dnodia, npuiomy

1) duckpemnutli & = max p; = 1;
) D Pmax = ax pi = 1,

po—p1+p2—ps#0,
2) (po—p2)*+ (P —p3)* #0, = CUHLYAAPHULL;
Pimax = 108X p; # 1
3) (po—p2)?+ (p1 —p3)>=0 = abcomomno nenepepsrufi.
Posp’sizana nmpobisiema THITY PO3IO/ILTY BUIAIKOBOI BEIMINHU & JJI BUIAJKY Py — P1 +

py — p3 = 0, g9xa TpuBaJMil Yac 3ajHUIIAIaCh HEPO3B SI3aHOI. AHAJIZYIOTHCS BIACTUBOCTI
byHKIT po3noiay £ y BUIAJIKY, KOJIU OCTaHHs € abCOIIOTHO HEIIEPEPBHOIO.

[1] M. B. IIpauposuruit, @parmanrvhuts nidxid y 00CAIOHCEHHAT CUHLYAAPHULT PO3NOJIAIS,
Bug-so HITY imeni M. II. /Iparomanosa, Kuis, 1998.

[2] M. B. Ilpamposurnii, Posnosinu cym BunakoBux creneneBux psiais, Jon. HAH Ykpa-
inu, 1996, Ne 5, c. 32-37.

[3] Y. Peres, W. Schlag, B. Solomyak, Sixty years of Bernoulli convolutions, Fractal Geom-
etry and Stochastics II. Progress in Probability, 46 (2000), p. 39-65.
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OEHTP IHAYKOBAHNX CUCTEM TA 110T0 TJIMBUHA

M. FO. MATBIITUYK!?2

L Inemumym mamemamusu HAH Yepainu, Kuis, Yxpaina,
2 Kuiscoruti nayionarvruti yrieepcumem imeni Tapaca Ilesvwenxa, Kuis, Yxpaina,
e-mail: mykola.matviichuk@gmail. com

Hexait f : I — I — nenepepsHe Bimobpaxkenus Binpisky I = [0, 1] B cebe. Mu BuBuac-
MO IHJYKOBaHy CHCTeMy Ha MHOXKWHI BCix Binpiskis {[a,b] C I}. Mu moBoaumo, 1110 TEHTD
Bipkroda Takol pjuHaMigHOl cucTeMu 30ira€ThCs 3 3aMUKAHHAM YCiX MTepIOIUIHNAX BiJIPI3KiB,
i mo rimmbuHa MEeHTpy He nepeBuiilye 2. TakKuM UUHOM, CHTyallisd JIjId iHIyKOBAHOI CUCTEMU
aHaJIorivHa JI0 3BUYAHOrO OJIHOBUMIDHOrO BUTa Ky [1].

Takoxk, PO3IISTAETbC 1HAYKOBAHA CHCTEMa HA MHOXKWHI yCiX HemepepBHUX (QyHKITi
{¢ : I — I} 3 merpuxroio laycnopda (ska 3acrocoByerbes 0 rpadikis dynkmiit) [2]. His
TaKOI CUCTEMH, 3 JJOTIOMOTOI0 OTPUMAHUX PaHiITe Pe3y/IbTaTiB, BCTAHOBIIOETHCA aHAJIOTIIHA
TeopeMa. ToOTO, TEHTp — Iie 3aMUKAHHS YCiX Mepioandnnx (pyHKIIH i itoro riaunbuna < 2.

[1] O.M. [TapkoBchkuit, Hebirykarodi TOYKHM i MEHTP HENepepBHOTO BiIoOparKeHHs MPsiMOT

B cebe, Jon. Axad. Hayx Yrpaincoxoi CCP, Cepia A, 1964, Ne 7, 865-868.

[2] J. Auslander, S. Kolyada and L. Snoha, Functional envelope of a dynamical system,
Nonlinearity, 20, No 9 (2007), 2245-2269.
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CYIHIECTBOBAHUE JIMHEMHOW II0IKOBBI
Y HEINIPEPBIBHBIX OTOBPAXKEHUN OEHIPUTOB

E. H. MAXPOBA

Huotcezopodexuti 2ocydapemeennoiti yrusepcumem um. H.H.Jlobavescrozo, H.Hoszopod, Poccus
e-mail: elena_ makhrova@inbox.ru

[Tycts X — KoMIIakTHOE MeTpudecKoe mpoctpancTso, f : X — X — HenpepbiBHOE 0TOODA-
)kernue. Bynem roBoputhb,ato f : X — X uMeeT MOIKOBY, €CJU CYIIECTBYIOT HEIIEPECEKAIO-
muecst moaKoHTUHYyMbl A, B C X Takwne, 910

f(ANf(B) D AUB.

Hannyto mogroBy Oymem obozHadarh depes (A, B).

XO0poIIo U3BECTHO, YTO €C/IM HEKOTOpas urepaiius " UMeeT MOJKOBY, TO TOIOJIOTHIeCKast
SHTPOIHA 0TOOpazkeHus f MOJOKUTEIbHA.

[Iycts X — pmenppur (JIOKAJIBHO CBS3HBI KOHTHHYYM, HE COJEDIKAINUN ITOJMHOYKECTB,
roMeoMopdHBIX OKPY’KHOCTH) Wik rpad u HempepbiBHOEe orobpaxkenue [ : X — X umeer
nogkoBy (A, B).

Ecau A u B romeomopdubt orpesky [0, 1] Ha geiicTBuTesibHO psiMoii, TO GyieM TOBOPUTH,
qTO0 f MMeeT JIMHEWHYIO ITOJKOBY.

Ecmun xoutunyym X gBisercs rpadoM, TO MOJOKUTEIHHOCTH TOIMOJIOTMIECKOH SHPOIUU
orobpaxkernus f : X — X sKBHBaJIeHTHA CYIIECTBOBAHUIO JIMHEITHON TOJKOBBI /1T HEKOTO-
poit ureparmu f™ (cm. [1]). B [2] nocrpoen npumep menapurta X u HempepslBHOTO 0TOGpa-
xeausa f: X — X ¢ MOJTOKATENTBHON TOMOJIOITYECKO SHTPOINEl, Y KOTOPOTro MPH JII0OOM
HaTypajabHOM 1 f" He UMeeT JIMHEHHON MO/IKOBBDI.

[Tycts HenpepoiBHOE oTobpazkenue f: X — X genjpura X nmeer mogxosy (A, B). B na-
CTOSITIEM JTOKJIAJIE U3YUIAeTCsI CTPYKTYypa MHOXKeCTB A, B, OTHOCUTE/IbHO KOTOPOW HEKOTOpast
ureparus " uMeeT JTUHEHHYIO MOIKOBY.

[1] J. Libre, M. Misiurewicz, Horseshoes, entropy and periods for graph maps, Topology,
32 (2003), p. 649-664.

[2] E.H. Maxposa ['oOMOK/IMHIYECKIE TOYKH ¥ TOMOJOIMMYECKAsi SHTPOIIHsI HEIPEPBIBHOTO
orobpaxkenus jienjpura, Jornal of math. sciences. N. Y. 158 (2009), p. 241-248.
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BNOYPKAIINN B MAKPOSKOHOMMUYECKON AVNHAMUWUKE

I'. C. OCUIIEHKO

Cesacmonoaverud uHcmumym 6aHKo8cKo20 deaq
e-mail: george.osipenko@mail.ru

Uccnenyercsa muaaMuka MaKpPOIKOHOMUYECKOM CUCTEMBI, B KOTOPOil B3aNMO/IeICTBYIOT Ha-
IIMOHAJIBHBIN JI0XOJ], CTABKA ITPOIEHTa U YPOBEHbD IeH. Takoe B3anMO/IeICTBIE MOJIEIMPYETCs
JINCKPETHOMN JINHAMUYECKOI CHCTEMO#T B TpeXMepHOM IIpocTpancTBe. CnucremMa nMeeT KPUBYIO,
3aII0JIHEHHYIO HEIIOABUKHBIMU TOYKaMU, KOTOPBIE OIMCLIBAIOT PaBHOBECHU: Ha PBLIHKE JIeHEr,
ToBapoB M ycJayr. [lokazaHo, UTO CyIIecTByeT CjIO€HWe, TpaHCBepCAJbHOE K JIAaHHOW KpH-
BO#1, KayKJIbIil CJIOH KOTOPOTO SIBJISETCS MHBAPUAHTHBIM Jijisi cucteMbl. CYIIECTBYIOT CJIOH,
Ha KOTODPBIX COCTOSIHUE PABHOBECUS ABJACTCA KaK YCTOMYMBBIM, TaK U HEYCTONYUBLIM 110
nepomy tpubsmkenno. OT cjiog K CJI0I0 JMHAMUKA cucTeMbl MeHseTcsd. [Ipu srom cyre-
cTByeT JsiBa MapripyTta oudypkamuii. [lepBblit IyTh MPOUCXOMUT IO CXEME: HENOBUXKHAs
TOYKA TepsieT YCTONINBOCTD, POXKIAETCs YCTOWINBbI HHBapUAHTHBI dsutuiic (Ondypkarms
Heitmapka-Cakkepa), Ha 3JUIMICE HOSIBJISIIOTCS TI€PUOJNIECKIe TUIIEPOOJINIeCKIe OPOUTHI,
KOTODPBIE IIOPOZKJIAIOT Xa0C dYepe3 TpaHCBepcalbHOe IIepecedeHe yCTORINBOro U HeyCTONYn-
BOro MHOr00Opazuii. JIpyroit myTh NpuBOUT K Xaocy depe3 OudypKaIio yIBOCHUs EPUOJIA.

PaccmoTpenbl Mastple cirydaifHble BO3MYIIEHUSI CHCTEMbI, KOTOPBIE €CTECTBEHHO MOJIE/IN-
PYIOT BO3JIefiCTBHEe BHEINIHEN cpeipl. B 3TOM cirydae cucreMa He COXpPAHSET COCTOSHUS PaB-
HOBECHS U MHBAPUAHTHOCTDH CJIOEB, YTO TOPOXKIaeT Oojiee CIOKHYIO JTMHAMUKY.

Yuciennble pacyeThbl MPOBOMINCH COTJIACHO aJTOPUTMOB, Pa3pabOTaHHBIX U OOOCHOBAH-
HBIX aBTOpoM |1, 2.

[1] Ocunenko I'. C., Ammmnosa H. B. Beedenue 6 cumsoruveckuti anaiud ounamuseckus
cucmem, C.-Ilerepbyprckuit yuusepcuret, 2005, 240 c.

[2] Osipenko G. Dynamical systems, Graphs, and Algorithms, Lect. Notes in Math.,
Vol. 1889, Springer, 2007, 283 pp.
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O IIOBEJIEHNUN HEIIPEPBIBHDBIX PEIIIEHUN
CUCTEM HEJIMHENHBIX PABHOCTHBIX YPABHEHUMN

I'. II. TIE/IIOX

Hnemumym mamemamuxy HAH YVipaunw, Kues, Yxpauna,
e-mail: grygor@imath.kiev.ua

Uccnemyrorest BOpochl CyMIECTBOBAHUS U aCUMIITOTUYECKOTO TIOBEJEHUST HENPEPBIBHBIX
peleHuil cucTeMbl HEJIMHEMHBIX Pa3HOCTHBIX ypaBHEHUN BUJIA

z(t+1) = Ax(t) + f(t,z(t)), (1)

rjae t € RT, A — nocrosunas Bemecrsennast (n X n)-marpuna, f : RT x R™ — R™. IIpu sTom
Hac IpexKJie BCero nHTepecyeT CyIeCTBOBaHUE ITOJIMHOMUAIbHO-TI0KA3aTe/IbHOT'O aCUMIITOTH-
YEeCKOI0 PABHOBECHS CHCTeMbl ypaBHeHuil (1), KoTopoe urpaeT BasKHYI0 POJIb IPU U3y YeHUH
ACUMIITOTUYECCKNX CBOUCTB €€ PEICHUMN.

Ounpenesienne. Byjiem roopurh, 4to cucrema ypasrenuil (1) mMeer moJMHOMHAIBHO-
IIOKa3aTeJbHOe aCUMIITOTUYECKOEe PaBHOBECHE, €CJIN

a) JUIsl KayKJI0r0 HEIPEPbIBHOIO U orpaxmdeHHoro npu t > T > 0 perrenns z(t) cyime-
CTByeT HelpepbiBHAsI W orpaHudeHHas mnpu ¢ > T > 0 Bexrop dyukus 7(t) Takas, 9To
BBIIIOJIHAIOTCA COOTHOIIICHUA

x(t) =~(t) +o(l), t— +oo, (2)

V({4 1) = Ay(1); (3)
6) 1st KazKJI0T0 HEIPEPBIBHOIO M OTPAHIYeHHOro 1pu ¢ > T > () peleHus: CucTeMbl ypas-
HeHWit (3) cylecTByeT HelpepblBHOE M orpaHmdeHHoe npu t > T > 0 pereHne CUCTEMBI
ypasHenwuit (1), yaoBieTBopsitoree ycaosuio (2).
Teopema. IIycmv 6bnmoAHAIOMCA YCAOBUA:

1. detA#£0, |Al<1;

2. eexmop-pymnxyusa f(t, x) asasemea nenpepwenot nput > T, f(t,0) = 0 u ydosaemso-
PAEM, COOMHOWEHUIO

ede | f| = max \fil, t > T, z,y € R", p(t) — Hexomopas HENPEPHIBHAA HEOMPUUAMEN-

nas Pynkyus, 0aa Komopot pad
O(t) = > AT p(t +1)
i=0

pasromepro cxodumes npu ecex t > T u $(t) < 6 < 1.

Toeda cucmema prLGHeHU’lj (1) umeem noAUHOMUAADHO-TIOKA3ATNEADHOE ACUMNIMNOMUYE-
CKO€ pasHoeeCcue.
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BI®YPKAIIISI TBOTOYKOBOI KPAMOBOI 3ATAYI
B I'l/IbBEPTOBOMY ITPOCTOPI

0. O. ITokyTHUM

Inemumym mamemamuxu HAH Yxpainu, Kuis, Yxpaina,
e-mail: lenasas@gmail.com

JlonoBinb npucssivena teopil Oidypkariiit /s KpaitoBol 3a/ad4i
j(t) + Ty(t) =0, (1)

y(0) —y(w) = a1, §(0) = y(w) = as, (2)
je T — J10JJaTHBO-BU3HAYEHUT CAMOCIIPSIKEHUI O1IepaTop, 110 Ji€ B TiIb6EPTOBOMY IIPOCTO-
pi H ; Bekrop-byskiis y(-) : [0,w] = H, aj,ay € H.

PosruisinyBrm HoBHit riibbepTiB IpocTip H = D(T %) D D(T%) 3 BHYTPIIIHIM 100y TKOM
(Cwv><uv>)y, = (Tzu, T2u) + (T2, T2v) i Bekrop ¢ = (21, 22)T (§(t) = @1(¢)),

sagady (1), (2) Ha cnapeHoMy TIPOCTOPI H_ 1 nepenuiiemo y BUryis

p(t) = Ap(t), (3)

p(0) — p(w) = o, (4)

Jie orepaTop A Mae BULJIS,

A 0 7z\ (T2 0 01\ [ 0 I\({Tz 0
“\-1z 0 ) \ oT:)\~-T0) \~I0 0 T3 )

a = (ag,ay)T. Tpunycerumo, mo ejeMenT o Takuii, 1o oneparopHa cucrema (3), (4) me
poss’asna. B gonosigl Oyae HokaszaHo, SKMM YUHOM Tpeba 30ypHUTH ONEpaTOpPHY CHUCTEMY
(3), (4), mob 30ypena cucrema

p(t) = Ap(t) +eAr(t)e(t), ()

p(0) — p(w) = o, (6)

masta po3B’a3ku. B cucremi (5),(6) omeparop A;(t) obmexenuit nmpu koxkuHOMY t € [0;w].
JloBesieHHsT OCHOBHUX TBEDXKJIEHb CIIMPAEThCsI Ha pesysbraT poborn [1].

[1] B. A. Biletskyi, A. A. Boichuk, A. A. Pokutnyi, Periodic Problems of Difference Equa-
tions and Ergodic Theory, Abstract and Applied Analysis (2011), Article ID 928587,
12 p., http://www.hindawi.com /journals/aaa/2011/928587/.
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STABILITY IN THE SENSE OF LYAPUNOV

E. PoLULYAKH!, V. SHARKO?, I. VLASENKO?

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine,
e-mail: “polulyah@imath.kiev.ua, sharko@imath.kiev.ua, 3vlasenko@imath.kiev.ua,

Denote by M™ an n-dimentional C"-smooth manifold.

Definition. Let g € M™. Let U be an open neighbourhood of zy in M™. A closed
connected hypersurface H*~! C U, i.e. a smooth compact submanifold without boundary of
dimension n — 1 is said to bound the point xo in U if zo ¢ H" ' and H"! is the boundary
of a compact set K C U such that zy € K.

Definition. Let zo € M™. Let H' C M", i € N, be a sequence of hypersurfaces that
bound zg in M™.
A sequence of hypersurfaces H'"' is said to be a sequence of nested hypersurfaces that
converge to xo in M™ if the following conditions hold:
i) hypersurfaces H" ' are mutually disjoint;
ii) each H' ' bounds the compact set K; such that
a) K; D K; 3 xy when i < j;

b) ﬂz K; = {$0}-

The theorem below shows how to build sequences of nested hypersurfaces converging to
a point using a smooth function on M™.

Theorem 1 Suppose xog € M™. Let f: M™ — R be a C™-smooth function such that xq be a
connected component of the level set f=1(f(x)).

Then there exists a sequence {H]" '}ien of nested hypersurfaces that converge to xo in
M™ with the property that for each i there exists a reqular value a; € R, © € N, such that

H' ' C f~Hay).

Let us consider an autonomous system of differential equations

—

dx/dt = f(x) (1)

defined in a neighbourhood G of the origin and such that f| (x) is at least C*-smooth.
By (H™') denote a sequence of nested hypersurfaces that converge to origin. Let N(x)
be the vector field of unit length on each H?' such that vectors of N(x) are orthogonal to

H~! and direct into interior of K;. By S(x) denote the scalar product < N (x), f(x) >. S(x)
is defined for each hypersurface H' ! and shows how integral trajectories of the system (1)
intersect H ',

Theorem 2 If there exists (H?™') such that for all x € H'' we have S(x) > 0 then the
origin is stable in the sense of Lyapunov for the system (1).
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®PAKTAJIbHI BJIACTUBOCTI JIJMHAMIYHUX CUCTEM,
IIOB’I3AHUX 3 JIBOCUMBOJIbHUM KOJIYBAHHSIM
JINCHUX YMCEJI

M. B. ITPALILOBUTU

Hauionanvruti nedazozivunuts ynisepcumem imeni M.11. pazomanosa,
Inemumym mamemamury HAH Yxpainu, Kuie, Yrpaina,
e-mail: prats{@Qyandex.Tu

Hexait X C [0,1], F — o-anrebpa miIMHOXKUH, ( — WMOBIpHiCHa Mipa, 30Kpema, Mipa
Jlebera A, f — Bimobpaxkenns X B X, H* — a-mipna mipa Xaycinopda [1]. Posrisnaersbes
quHamiuna cucrema (X, f, F, u, HY).

Hexait A = {0,1} — andasit aBOCHMBOIBLHOI cucTeMu 300pazkeHHs JIHCHOrO 4uCIIA,
L = A*. Ilix deocumseosvhoro cucmemoro kK00ysaris, tUCHUL HUCEA 3 HYADOBOI HAOAUULKO-
81CMI0 MU PO3YMIEMO BigoOparkeHHS

(an) LSz €0,1]: x=A ap € A,

Ol

Take, o mutinapu AY = {zx: x = A} a; = ¢;, i = 1,m} MaloTh BJIACTUBOCTI:

1) Azl...cm = Azl...cmo U Azl...cml;

2) sup Azl...cmo = inf Azl.“cml;

3) |AY ..ol = 0 (m — o0) nna mosinbHol MocizoBHOCTI (Cy) € L.

Ilig ¢paxmarvrumu eracmusocmamu QUHAMIYHOT cucmemy MU Ppo3yMieMo (bpakTabHi
BaactuBocti: 1) dasosoro mpocropy X, 2) Bigobpazxenusi [ (BIacTUBOCTI PIBHIB, MHOKUHE
imBapianTHIX TOYOK Ta rpadika yHkuil y = f(x)), 3) fimoBipaicuol Mipu u (crekTpa, HO-
cist, CyTTEBOrO HOCIsA MILTBHOCTI, MIHIMAIBLHOTO PO3MIPHICHOTO HOCIsI TOIIO), 4) iHBapiaHTHUX
MHOXKWH, aTTpakTopa, perejiepa JJMHAMITHOI CUCTEMH Ta iH.

Y JIONOBi/II TPOMOHYIOTHCA PE3YJIHLTATU JOCTIIZKEHHS BJIACTUBOCTEN JTUHAMIYHUX CHUCTEM,
iHIlyKOBaHUX PI3HUME BiToOpaskeHHsIMU (OIIepaToOpaMiu B IPOCTOPI 300payKeHb ), JJIst IPUH-
[IUIIOBO PI3HUX CHCTEM KOJyBaHHsI JIHCHUX dncest (MeTpu3arliiil mpocTopy moctiqoBHocTed L).
Ile — Q- Ta Q3-300parkeHHs1, Me/llaHTHe, MAPKOBCHKE, IIJIIHPUYHE 300parkKeHH s, 300parke-
HHsI 9ucest JiaHioropumu apobavu Jlamxkya ta As-apobaMu, HEOBHUMHU CyMaM# 301KHIX
PSAJIIB, TOITIO.

Posriigiaiorbed guHaMivHi CUCTEMH, Y AKUX:

1) f € onmepaTopoM 3cyBY CHMBOJIIB 300pazkeHHsI (Ta HOro y3arajabHEHHS);

2) f — dinbrpyrounii oneparop abo perero;

3) f — yHapna omnepairiist Ha [ 300pazKeHHsIM;

4) f — dyHKIist pO3MO/IiTy BUNAIKOBOI BEJIMIMHE, IO BIAMOBiIa€ Mipi ft TOIIIO.

AHami3yoThes 3aIPOIIOHOBAH] Ta CTaHIAPTHI JIMHAMIKY HA IPEIMET Xa0THIHOCTI y Pi3HUX
METPUYHHUX MPOCTOPAX MOC/IOBHOCTEN HYJIIB Ta OJIMHUIIb.

1--Ofnn)

[1] Tpanposuruit M. B. @paxmasvrut niorid y 00CAIONCEHHAT CUHRYAAPHUL DO3NOAINIE.
Kwuis: Bua-Bo HITY imeni M. I1. /Iparomanoa, 1998, 296 c.
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EPTOIUYHA TEOPIA JIAHIIIOTOBUX Ag-IPOBIB

M. B. ITraniboBuTmit!, /1. B. KIoP4YEB?

U Hayionanrvruti nedazozivnuti ynisepcumem imeni M. I1. JIpazomanosa, Kuis, Yxpaina,
e-mail: prats)@Qyandez.ru
2 Incmumym mamemamuxy HAH Yrpainu, Kuis, Yxpaina,
e-mail: d_ kyurchev@ukr.net

Hexait Ay = {1, qg, ..., s} — Muoxkuna gificaux auces, e 0 < a < ... < ag 1§ > 2
IPUIOMY YUCTIA (¢ 1 (g 38 I0BOJILHAIOTH YMOBY

(s —1)?
S 1
a1 B ( )
Hexait
Vaia? +daya, — ajag Vaia? +daya, — ajag
Bl - L ! ! ) 62 - L ! - 9 (2)
20 20

a1 =a;+ (fo—P1),i=1,5—2.

Teopema 1 Mmnootcura Ly, 6Cix HeCKinueHHUT AaHU102068UT 0pobI6 6UdY

1
— = (a1, a9, ..., ap, ...], (3)
a; +
as + ...
CAEMEHMU Ay, AKUT HAAEHCAMB MHOMCun Ag, n= 1,2, ..., e eidpiskom [By, [Fa].

Jlanmiorosi gpobu Buy (3) HaZUBATHMEMO AGHU0206UMU As-Opobamu.

Teopema 2 3aiuenna mmoscuna wucen 6idpisxa [[1, B2] mae dea 306pasicerna AaHy02068UM
Ag-dpobom, pewma wucen Uubo2o 610pi3Kka Mae €QUHE 300PaIHCEHHA.

Mu IpomoHyeMO METPUIHY TEOPifo 300paskeHHs JIHCHUX IUCEeT JIAHITIONOBUME A ;- TpobamMmu
1 pe3y/IbTaTu JOC/I2KEHHST ePrOANIHAX BJIACTUBOCTEN 1IHOI'0 300parkKeHHsI, 30KpeMa [1epeTBO-
PEHHSI «3CyBY CUMBOJIIB 300pazKeHHST » :

T(x) =ag,...,an,...], 1e © € [a1,a2,...,ay,...] € La,. (4)

Takok BUBYAETHCH MUTAHHS ICHYBAHHA iHBapiaHTHOI Mipu, sika Oysia 6 abCOIOTHO Herre-
pepBHOIO BijiHOCHO Mipu Jlebera.

[1] M. Pratsiovytyi and D. Kyurchev, On As-continued fraction expansion, Voronoi’s Im-
pact on Modern Science, Book 4, Vol.1: Proceedings of the Fourth International Con-
ference on Analytic Number Theory and Spatial Tessellations, Drahomanov National
Pedagogical University, Institute of Mathematics of National Academy of Sciences of
Ukraine, Kyiv, 2008, p. 181-190.

[2] M. Pratsiovytyi, D. Kyurchev, Properties of the distribution of the random vari-
able defined by As-continued fraction with independent elements, Random Opera-
tors / Stochastic Eqs. 17 (2009), No. 1, p. 91-101.
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BJIACTUBOCTI PO3B’SI3KIB ITAPABOJITYHUX PIBHAHD
I3 BAIIIBHEHHAM, IO 3AJIE2ZKUATDH BIJI CTAHY

O. B. PE3YHEHKO

Xapxiscokuti nayionasvnul yrwieepcumem imeni B.H. Kapasina, Xapxie, Yrpaina
e-mail: rezounenko@univer.kharkov.ua

Jocmi Ky oThest TMTaHHs KOPEKTHOT pO3B’3HOCTI oYaTKoBO-Kpaiiool 3amadi (ITK3) y
YJACTUHHUX IIOXITHUX i3 3alli3HEeHHSIM

%u(t) + Au(t) + du(t) = F(u), t > 0; uli—p = ¢ € C = C([-r,0]; L*(Q), (1)
ne A e camocnpsikenuit oaTHii JiniitHuIil oneparop 3 obacrTio Buznavenust D(A) C L2(€2)
Ta KOMIIAKTHOIO Pe30/IbBeHTOoI0 Tak, o A : D(A) — L?(£2) nopo/pKye aHa iTHIHY MBIPYILY,
Q) € rasika obmezkena obactb y R™, d > 0, uy = uy(0) = u(t+0) nua 6 € [—r, 0]. Heniniiinwit
wien F @ C — L*(Q) mae sursan F(p) = B(p(—n(p))), ne (meniniiine) Bimobpakenus
B : L*(Q) — L*(Q) e summunesum. 3armisHeHHs 1) 3a/1€XKUTh BijJl CTaHy CUCTEMHU, TOOTO €
dbyumiero 1 : C — [0,7]. Mu BuBuaemo cjaabki po3s’a3ki.

Hobpe Bimomo, 1m0 (30cepeizkene) 3amisHeHHs], 3aJeKHe BiJl CTAHY CHCTEMH, Y 3arajbHO-
My BHIIAJIKy MPU3BOJUTH JI0 HEKOPEKTHOCTI 3a1a4i (1) y mpocropi Henepepsaux dbyHkiii C
(HaBITH y IPOCTINIOMY BUNAJIKY 3BUYaiiHux judepeniianbaux pisugnb [1]). TIpuanna mos-
rae B TOMYy, IO 3a Oy/b-gKOI IVIaJKOCTI Bijjobpaxkenb B Ta 1) BimoOpaxkenus F' He € HaBiTb
JIOKAJILHO JIMIIIHUIEeBUM Ha mpoctopi C.

[Ipomonytorbes miaxonn (2, 3|, mo go3BossoTs KopekTHo crauti [1K3. Bynyernes Bij-
HOBi/IHA TMHAMIYHA CHCTEMa Ta, JOCIZKYEThCsI 11 aCUMIITOTHYIHA [TOBEIiHKa, (JI0BEJIEHO 1CHY-
BaHHS TJI00ATBHOTO aTPAKTOPa).

[1] F. Hartung, T. Krisztin, H.-O. Walther, J. Wu, Functional differential equations with
state-dependent delay: theory and applications. In: Handbook of Differential Equations,
Ordinary Differential Equations, Canada, A., Drabek, P., Fonda, A., (eds.) , 3, p. 435—
545; Elsevier, Amsterdam, 2006.

[2] A.V.Rezounenko, Non-linear partial differential equations with discrete state-dependent
delays in a metric space, Nonlinear Analysis, 73 (2010), p. 1707-1714.

[3] A.V. Rezounenko, A condition on delay for differential equations with discrete state-
dependent delay, Journal of Mathematical Analysis and Applications, 385 (2012),
p. 506-516.
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ON THE w-LIMIT SETS OF THE INDUCED TRIANGULAR MAPS

DAMOON ROBATIAN

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine,
e-mail: damoon_ math@yahoo.com

Let f: I — I be a continuous map from a compact interval I into itself. The structure of
w-limit sets of continuous self-maps of the closed interval and also of some other classes of
(non-continuous) maps I — I has been studied in detail. On the other hand, characterization
of a closed set which can be an w-limit set for a continuous map in R¥, where k > 2, is quite
difficult. To this end, a natural approach is to study w-limit sets in the dimension two and
consider only continuous maps of some special forms. Triangular maps of the square I? into
itself happen to be good examples to begin with. A map F : I? — I? is called triangular if
F(z,y) = (f(z),9(z,y)), for any (x,y) € I* and is continuous if and only if f : I — I and
g : I? — I are continuous. The set of all continuous triangular maps from I? into I? will
be denoted by Sa(I?). Since the triangular map F splits the square I? into one-dimensional
fibres ({x} x I, where x € I) such that each fibre is mapped by F into a fibre, one may
expect that the triangular dynamical system (1%, F') is close, in its dynamical properties, to
one-dimensional dynamical systems. In some aspects it is true. Nevertheless, they prove
to have some essential differences if compared with continuous one-dimensional maps (see
1), [2]).

As it was proved in [3], any closed set located on a fixed fibre can be an w-limit set for
some triangular map from I? into itself, unless it has got a specific form. We introduce
and study the w-limit sets of a certain class of induced continuous triangular maps (from
I x C(I) into itself, where C([I) is the space of subintervals of I with the Hausdorff metric).
In particular, we generalize the above mentioned results from [3] for such maps.

This talk is based on a joint work with S. Kolyada

[1] S.F. Kolyada and A.N. Sharkovsky, On topological dynamics of triangular maps of
the plane, Furopean Conference on Iteration Theory (ECIT 89) (Ch. Mira, N. Netzer,
C. Simo and Gy. Targonski, eds.), World Scientific Publishing Co., Singapore, 1991,
p. 177-183.

[2] S.F. Kolyada, On dynamics of triangular maps of the square, Ergodic Theory & Dy-
namical Systems, 12 (1992), p. 749-768, MR 93m:58036.

[3] S.F.Kolyada and L. Snoha, On w-limit sets of triangular maps, Real Analysis Exchange,
18 (1992-93), p. 115-130, MR 94b:58057.
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XAOTNYECKAA JNUHAMUKA PA3BHOCTHbBIX VPABHEHUMN
C HEIIPEPBIBHBIM BPEMEHEM

E. FO. POMAHEHKO

HUnemumym mamemamuru HAH Yxpauno, Kues, Yxpauna,
e-mail: eromanenko@bigmir.net

Hens mokmaga — gaTh oblee mpejacTapiieHne 00 aCUMITOTUIECKON AUHAMUKE HeJIMHel-
HBIX PA3HOCTHBIX ypaBHeHuil ¢ HerpepbiBHbIM BpemeneMm (HPY) Buia

s(t+1) = f(z(t)), teRY. (1)

Otu ypastenus Oosiee 30-u jieT ucciaegayorced B OTaesne Teopun JuHaMUIecKux cucrem M-
cruryta Matemaruku HAH Vipawnbl. Xorsi ocHOBHBIE Ujen ObLIN OIyOJUKOBAHBI €IE B
1986 r., HEKOTOPBIE TPUHITUIINAIbHBIE IITAr'd OCYIIECTBIEHBI COBCEM HEIABHO U Ceidac MOYKHO
TOBOPUTH O 3aBEPIIEHUN OIPEJICJIEHHOTO dTalla B MIOCTPOCHUN KavdecTBeHHO# Teopun HPY.

Ananus ypasaenus (1) ocHOBaH Ha repexo/ie K 6eCKOHETHOMEPHO{T IMHAMIYIECKOi cHeTeMe
casuros (/1C), mopoxkiaemoii ypaBHeHHEeM Ha MPOCTPAHCTBE HAYAJBHBIX COCTOSHUN. DTOT
METOJI, CyTh KOTOPOTO OTParKaeT CXeMa

HPY — JC — arrpakrop AC — acumnroruka permrennit HPY,

OTHOCUTCS K TPAIUIIMOHHBIM METOJ[aM COBPEMEHHON TeopHuu SBOJIIOIMOHHBIX 3a/ad. B naH-
HOM CJIydae ero IpuMeHeHne HATATKIUBACTCS HA OJTHO MIPEMsITCTBAE — B TUIMUIHBIX CATYAIH-
ax JIC we mmeer arrpakTopa B dhazoBoM mpocTpancTse. [Ipeomosenne 3Toro mpensiTcTBUsA
[IO3BOJIMJIO BBISIBUTDH Psifi criernuduueckux ocobennocreii ypapaenus: (1), roBopsimx o ape-
3BbIUAHON XaoTuzamnuu pernennii. Hanbosiee “BecoMbiMu” SBIISIOTCS:

o  Dpaxmanvrvla 2eoMeMpPuUA pewenul, Korja rpaduk pereHnst — peryiaspHas (BO3Mo-
JKHO, JIa’Ke CKOJIb YTOJHO TIaJjiKas) KPUBasg — aCHMITOTHYECKH CTPEMUTCS K JIOKAJIBHO Ca-
MOIIOJIOOHOMY (PPAKTAIHLHOMY MHOYKECTBY.

e [lonadanue pewenuti 3a 20puU30HM NPEICKA3YEMOCNU, KOTJA IUCTOBbIC 3HAYEHUS De-
IIeHnsT Ha OOJIBIITIX BpEeMEeHaX HEBO3MOYKHO YKA3aTh JIOCTOBEPHO.

o feaenue asmocmoracmuuHOCMy — HaJMYRe HelpPeJICKa3yeMblX DeIeHHii, CBOWCTBa
KOTOPBIX Ha OOJIBITUX BPEMEHAX OIMUCHIBAIOTCS CJIYIANHBIMU ITPOIIECCAMI.

[t 6osee rory6okoro o3HakoMiIeHns cM. |[1]-[3] u mpuBeneHHbIE TAM HCTOYHUKL.

[1] A. H. Ilapkosckwuii, FO. JI. Maiicrpenko, E. FO. Pomanenko, Pasnocmuvie ypasrerus
u ux npuaoscernus, Haykosa aymka, Kues, 1986 (ITepeBox na anri.: A. N. Sharkovsky,
Yu. L. Maistrenko, E. Yu. Romanenko, Difference equations and their applications, Ser.
Math. and Appl., Kluwer Acad. Publ., Dordrecht, 1993).

[2] E. IO. Pomanenko, A. H. Illapkosckwuit, PasnocTable ypaBHeHUs U JUHAMIICCKAE CHCTE-
MBI, TIOPOKIaeMble HEKOTOPBIMHI KJIacCaMi KPaeBbIX 3a1ad, 1pydve Mamemamuecrozo
un-ma um. B.A.Cmexnosa, 244 (2004), c. 281-296.

[3] E. Yu. Romanenko, Randomness in deterministic continuous time difference equations,
Int. J. Difference Equations and Appl., 16, Ne 2-3 (2010), p. 243-268.
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KIJIbKICHUN MIIXIJI JI0 YYTJIUBOCTI
AUHAMIUHUX CUCTEM

O. B. Pubsak

Inemumym mamemamuxu HAH Yxpainu, Kuis, Yxpaina,
e-mail: semperfiQukr.net

Posrigiaiorbed meBHi KiJIbKICHI XapaKTEPUCTUKU YYTIAUBOCTI JTMHAMIYHUX CHCTEM.

Jlunamiunoro cucmemoro BBazkaerbes mapa (X, f), ne X — meskwuit mpocrip, a f — dyH-
KIlisl, 110 BimoOpazkae Januii npoctip y cebe. [Ipu 1iboMy OCHOBHUM IIpeJIMETOM BUBYEHHS €
nocigosnocti Burasany {z, f(x), f>(z),...}, ne x — nesaxka Touka mpocropy X, a f" mo3Ha-
1qae n-Hy iteparito dyukmil f. JomarkoBo mpuiyctumo, mo y npoctopi X BBeJeHa METPUKA
d(x,y), BimHOCHO siKOI f HemepepBHA, a X KOMIIAKTHUIL.

JlmnaMidHa crcTeMa HA3WBAETHCS YYMAUB010, KO icHye Take € > (), Mo J71d Oy/Ib- KOl
BiKpuTOl Hermopoxkubol mamuokuan U C X suaiigerses Take n € N, mo giamerp f"(U)
nepesuiiye € [2]. 3 npakTUIHOT TOUKH Ie 03HAYAE HACTYIHE. 3 KO0 O HEHYJIbOBOIO MOXUO-
KOI0O MU OM He BU3HAYAJIU MOYATKOBY TOUKY X, IIOXMOKA IIPU PO3PAXYHKY JIEAKUX €JIEMEHTIB
nocaigosnocti {x, f(z), f*(z), ...} nepesumysatume . Ha ocHOBI 11bOro o3HavYeHHS BBejle-
MO IIeBHY KUIBKICHY XapakTepucTuky dytimsocti. Hexait O(X) — cim’sa Beix HeEMOpoxKHIX
BIIKPUTHUX MIMHOXKWH TTpocTopy X . Tosil nexair

gp =sup{e| VU € O(X) : dz,y e Uyn € N d(f"(x), f"(y)) > €}

Anajiorivno MoKHa BBECTH JIEK1JIbKa IHITNX KOHCTAHT, K1, HAIIPUKJIAI, [IOKA3yIOTh 'PAHUIHY
MOBEJIHKY MOXUOOK Y TOC/IIIOBHOCTI iTepariiii:

g9 =sup{e| YU € O(X) : Jz,y € U : limsupd(f"(x), f"(y)) > €},

eg=sup{e| VU € O(X),z € U :Jy e Un e N:d(f"(x), ["(y)) > e},
eg =sup{e| YU € O(X),x € U : Jy € U : limsupd(f"(z), ["(y)) > ¢}.

n—oo

3 pesysbraris poboru [1] cimye, 1m0 10AaTHICTD Gy/Ib-KOT0 3 YOTUPBOX &; TATHE 38 CO00I0
JIOJIATHICTE yCixX iHMuX. ABTOp JIOMOBI oOTprMaB TouHimI pe3yabratu. Cepes HUX HACTYIIHI.

Teopema 1 /Jlaa 6ydv-axux i, € {1,2,3,4} eipno ¢; < 2¢;.

Teopema 2 V sunadxy, xoru cucmema € mparH3umueHo, BUKOHYEMBLCA PIBHICMD €1 = £3.
JIAs MIHIMAADHUT cCuCmem MaKodic €3 = £y.

Teopema 3 ‘xwo cucmema 001HOUACHO € CAGOKO 3MIUYION010 MA MIHIMAADHOIO, O €] =

E9 — &3 = &4.

[1] E. Akin, S. Kolyada, Li-Yorke sensitivity, Nonlinearity, 16 (2003), p. 1421-1433.

[2] J. Auslander, J. A. Yorke, Interval maps, factors of maps and chaos, Tohoku Math. J.,
32 (1980), no. 2, p. 177-188.
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HEIIEPEPBHI PO3B’I3KU HEPIBHOCTI f(xy) < f(x)f(y)
3 TOYKAMU CIPAXKEHHS

B. I. CAMOUIEHKO!, T. B. TUyk?

Kuiscoruti nayionarvruti ynisepcumem im. Tapaca Hlesvwenxa, Kuis, Yxpaina,
e-mail: Yvsam@univ.kiev.ua, >tetyana.tyshchuk@gmail.com

Teopis dbyHKIIIOHATBFHUX PIBHIHB Ta HepiBHOCTEN |1, 2| Mae BaK/MBe 3HAYEHHS JIJIsI PO3-
BUTKY Cy4YacHOI MATEMATUKM, &JI2Ke Pe3y/IbTATU IIPO ICHYBAHHS Ta BUTJISI]T PO3B’A3KIB PI3HUX
GYHKITIOHAIHLHUX PIBHAHD 1 HEPIBHOCTEH 3HAXO/IATH BasKJIMBE 3aCTOCYBaHHS B PI3HOMAHITHIX
po3aiIax MaTeMaTHKU, 30KpeMa, B Teopil CcTIKOCTI, HAIIPUKJIaI, IIPU JIOBEJIeHHI TBEPIKEeHb
PO iCHYBaHHS 1 €IMHICTDb PO3B’A3KIB Ta aHaJIi31 1X CTIHKOCTI.

Posrisiaerbes nuranns npo HenepepBHi po3s’a3ku dyHKIOHAIBHOT HEpiBHOCTI f(TYy) <
f(z)f(y), ne f(xz) >0, f(0) = 0, 0 BUHUKa€E PN BUBYCHHI JESKUX 3a7a4 Teopil JudepeHtii-
aJIbHUX PIBHSIHB 3 IMITYJILCHOIO Jii€to [3]. OTpuMaHo jgocTaTHi yMOBHU iCHYBAHHS HEIIEPEPBHUX
PO3B’sI3KIB mi€l 3a/a4i, HEOOXiMHY yMOBYy Toro, 1Mo dyHKIis f(z) € po3B’a3koM 3ajadi, Ta
JIOCTATHIO YMOBY, IIPY BUKOHAHHI IKOI PO3B’A30K € HellepepBHUM. /{oBe/IeHO TBEPI2KEHHS TTPO
3araJIbHUIl BUTJIS]] HEIIEPEPBHUX PO3B’SI3KiB JIAHOI (DYHKIIOHAJIBLHOI HEPIBHOCTI, 30KpeMa, 3
JIEK1JIbKOMa TOYKAMU CIIPSIZKEeHHS.

Bceranosyieno jjocraTHi yMOBU iCHYBAHHS HENEPEPBHUX PO3B’A3KiB Ii€l 3a/1a4i, 30KpeMa,
THX, M0 MICTATH JIEKIJIbKA TOYOK CIPsKEHHs Ta HeOOXiJTHYy YMOBY TOro, IO (YHKIS €
po3B’sa3KOoM 3aj1a4i. OTpUMaHO JOCTATHIO YMOBY, IIPH BUKOHAHHI SKOT PO3B’SI30K € HellepepB-
HUM.

Takok mpoaHai30BAHO BUITAI0K CTPOrOl HEPIBHOCTI Ta 3’SCOBAHO BUIJISLT 11 HEIIEPEPBHUX
PO3B’sI3KiB 1 socTaTHi yMOBH IX icHyBaHHS |4, 5.

[1] Pl. Kannappan, Functional Equations and Inequalities with Applications, Springer
Monographs in Mathematics, 2009.

[2] M. Kuczma, An Introduction to the Theory of Functional Equations and Inequalities.
Cauchy’s Equation and Jensen’s Inequality. Second FEdition, Birkhauser Verlag, 2008.

[3] C.. Bopucenko, A.M. Cawmoitnenko, /Ixx. Maraparo, P. Tockano, B.B. fcincekuii,
Hugpeperuyianvri modeni. Cmitikicmo, K.: Buma mkosa, 2000.

[4] B. Tumyx, Hemepepeui poss’sisku wepisrocti f(zy) < f(z)f(y), Bichux Kuiscokozo
HAULOHAAbHO20 YHisepcumemy iment Tapaca [lleseunka. Mamemamuxa. Mexawirxa, 22
(2009), c. 6-8.

[5] B. Camoiinenko, T. Tumyk, Henepepsui poss’askn nepisnocti f(xy) < f(z)f(y) 3 To-
ukaMu cipsizkerns, Mamemamuunut éicrux Hayxosozo mosapucmea im. T. Ilesuenka,
7 (2010), c. 215-226.
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ASYMPTOTIC SOLUTIONS TO SINGULARLY PERTURBED
KORTEWEG-DE VRIES EQUATION

Yu. I. SAMOYLENKO

Kyiv National Taras Shevchenko University, Kyiv, Ukraine,
e-mail: yusam@Quniv.kiev.ua

Korteweg-de Vries equation is known one of the most interesting object of modern physics
and mathematics because it can be used for simulation of different phenomena and processes
in physics, hydrodynamics, plasma, solid body theory and so on.

While studying the equation many different interest phenomena were discovered, in par-
ticular it should be mentioned so called solitons describing solitary waves in liquid.

Moreover studying the equation promoted appearing the inverse scattering theory being
new field of modern mathematical physics successful development of which was based on
achievements in many fields of current mathematics.

The inverse scattering theory can be fruitfully applied for constructing different kinds of
exact solutions to many nonlinear partial differential equations such as modified Korteweg-de
Vries equation, Shrodinger equation, sin-Gordon equation and so on.

On the other hand while studying processes with small dispersion a problem of considering
a partial differential equation with small parameter and variable coefficients arises [1]. For
researching the problem asymptotic methods can be successfully used.

We study Korteweg-de Vries equation with small parameter and variable
coefficients of the following form

ST a(x,t,e)u; + b(z, t, €)uu, (1)

where functions a(x,t,¢), b(x,t,e) can be represented as asymptotic series in small parame-
ters € > 0 with infinitely differentiable coefficients.

We develop technique for constructing asymptotic one phase soliton type solutions as well
as asymptotic many phase soliton type solutions to equation (1) [2]. Asymptotic one phase
soliton type solution of Cauchy problem to equation (1) is also obtained [3].

[1] V.P. Maslov, G.A. Omel’yanov, Geometric Asymptotics for Nonlinear PDE. I, AMS,
202 (2001).

[2] V.Hr. Samoylenko, Yul.I. Samoylenko, Asymptotic two phase soliton type solution to
singurly perturbed Korteweg-de Vries equation with variable coefficients, Ukrainian
math. journal, 60, No 3 (2008), p. 378-387.

[3] V.Hr. Samoylenko, Yul.l. Samoylenko, Asymptotic solution to Cauchy problem for
Korteweg-de Vries equation with varying coefficients, Computer Algebra Systems in
Teaching and Research, 2007, p. 272-280.
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BIFURCATIONS AND STABILITY OF SOME SOLUTIONS OF
STOKES AND NAVIER-STOKES EQUATIONS

G. V. SANDRAKOV

Kyiv National Taras Shevchenko University, Kyiv, Ukraine,
e-mail: sandrako@mail.ru

Bifurcations and stability of some solutions of nonstationary Stokes and Navier-Stokes
equations with periodic rapidly oscillating data and the vanishing viscosity will be discussed.
We give homogenized (limit) equations whose solutions determine approximations (leading
terms of the asymptotics) of the solutions of the equations under consideration and estimate
the accuracy of the approximations. These approximations and estimates shed light on the
following interesting property of the solutions of the equations. When the viscosity is not
too small, the approximations contain no rapidly oscillating terms, and the equations under
consideration asymptotically smooth the rapid oscillations of the data; thus, the equations
are asymptotically parabolic. If the viscosity is very small, the approximations can contain
rapidly oscillating terms, and the equations are asymptotically hyperbolic. In a sense, these
are examples of stability and bifurcations of the solutions, where the equations are considered
as ones for dynamical systems in appropriate infinite-dimensional spaces

Asymptotic and homogenization methods are used to prove of the results. Similar results
for cases of nonstationary linearized equations of hydrodynamics and Navier-Stokes equations
were presented in [1] and [2]. In particular, the results are applicable to some Kolmogorov
flows.

[1] G. V. Sandrakov, The influence of viscosity on oscillations in some linearized problems
of hydrodynamics, Izvestiya: Math., 71 (2007), p. 97-148.

[2] G. V. Sandrakov, On some properties of solutions of Navier-Stokes equations with os-
cillating data, J. Math. Sciences, 143 (2007), p. 3377-3385.
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TOIIOJIOTO-METPUYHI I ®PAKTAJIbHI BJIACTUBOCTI
MHO2KVH 3 KJIACY, ITOPOJ2KEHOI'O OZHIECIO MHO2KVNHOIO
3 BUKOPUCTAHHAM S-KOBOI'O 3OBPAKEHHZ

C. O. CEPBEHIOK

Inemumym mamemamury HAH Yxpainu, Kuie, Yrpaina,
e-mail: simon6@Qukr.net

Hexaﬁ s — dikcoBaHe HaTypaJIibHE IUCJI0, OLIbINe 2, 1 Hexail MaeMo (hiKCOBAHY MHOXKHHY
N, ={1,2,..,s—1} c A={0,1,2,...,s — 1} Ta npocrip nocigosrocreit L = (N} > =
(Ny_y) x (Nsl—l) X (Ng_q) X ..

OszHaunmo MHOXKHUHY S HaCTYIITHUM YMHOM:

{ i gontag+...+an v(a”) € L}’

n=1

Posrisinemo y3arajibHeHHSI TAKOl MHOYKIHU.
Hexait {V,,} — bikcoBana nocmigoBuicTs MuHOKHMH Taka, mo V, € NI | C A Vn € N,
tozi MuOKIHOW M Sy, |, sKa HaJIeXKUTh Kaacy Sy, MHOXKHUHE S, HA3BEMO MHOKHUHY BHUJLY

n=1

M[SVJE{%ZSC_Z%,V(OQJEL,@TLGVTL VnEN}

Ouesuno, 1o koo 6 He Gya nocaigosuicts {V,}, Bianosiana iit muoxuna M|[Sy, | €
miIMHOZKUHOIO MEOZKUHEA S, 1yig akoi Vn € NV, = N |

Teopema 1 Jlas 6yov-axoi nocaidosnocmi muosicun {V, } mruootcuna M[Sy, | € nide ne wgino-
HOM10 MHOACUHOI HYAb0B0T Mipu Jlebeza.

Muoxuna M|[Sy,| we mis koxkuoi mocaimosrocti {V,,} € camononibuono dpakTaabHOO
MHOZKHHOIO.

Teopema 2 Muwnoowcuna M[Sy,] € camonodiornum gparmanom modi i miavku modi, Koiu
{dy,dy,d3,....dp,}=Vi=Vo=Va=..=V,=....de dp, GNl Ll<m<s—1meN.

IIpuromy, posmipricmv Xaycdopga- Besurosuua ag(M[Sy,]) mroorcuru M|[Sy,| 3adoeorn-

HAE PIBHAHHA:
m 1 djao
E - =1.
: S
Jj=1
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O INHAMUKE ,Z[POBHO—HHHEﬁHbIX PASHOCTHBIX
VPABHEHUI1 BTOPOTO ITOPATKA

A. T'. CUBAK

Hrnemumym mamemamuru HAH Yrpaunu, Kues, Yrpauna,
e-mail: sivak@imath.kiev.ua

PaccmarpuBatores Kracchl TOIOJIOTMYECKON COIPS?KEHHOCTU JIPOOHO-JIMHEHHBIX Pa3HO-
CTHBIX YPaBHEHUN BTOPOTO IOPAJIKA!

o+ ﬁxn + YTn-1
A+ Bz, +Cz,_’

Lptl = n:O,l,..., (1)
¢ geiictBurenbHbIME Koddbdummentamu «, 3,7, A, B,C' 1 Ha9aJIbHBIMU yCIOBUAMU Tg, T_1,
IIPX KOTOPbIX 3HaMeHaTeJ/Ib (].) HHUKOI'/Ta HE 06paLLLaeTC5{ B HYJIb. MCHOJILSyeTCH METO/, CBeE-
JIEHUST TAKUX YPABHEHUI K OTOOPAKEHUIO ILJIOCKOCTH

T Yy
T:()—> a+py+yzr |, (2)
Y A+ By+Cx

HO3TOMY IIOBEACHUE PEIICHUNA PACCMATPUBACMBIX PA3HOCTHLIX YPABHEHUHA 3aBUCUT OT JIU-
HaMUKH COOTBETCTBYIONUX oToOparkeHuit. [lokazano, 4To mcxojiHoe 4ucaIo mapaMeTpoB, OT
KOTOPBIX 3aBHUCHUT JUHAMHUKA OTOOPArKEHHsS, MOXKHO YMEHBIIUTh, €CJIU PacCMOTPETh KJrac-
Cbl TOIOJIOTMYECKON COIPSAXKEHHOCTH OTHOCUTEJILHO IOMEOMOP(MU3MOB IMOIXOIAIIEr0 BUIA.
JI71s1 cCOOTBETCTBYIONMIUX OTOOPaAYKEHUN IJIOCKOCTU yKa3aHbl (POPMYJIbI, CBA3BIBAIOIINE TTapa-
MEeTPhI UCXOJIHOI'O U PEIYIIUPOBAHHOIO cemeiicTB. [IpuBosgTes Takke IpuMepbl Pa3JInIHOIO
HOBEJICHUS PEMICHUN COOTBETCTBYIOIMEH TMHAMAYECKON CUCTEMBI B 3aBUCUMOCTU OT 3HAYCHUN
napaMeTpoB.
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ABCOJIFOTHO CTINKI AVNHAMIYHI CUCTEMMUA 3 ITICJIAIIETO
TA IX 3ACTOCYBAHHS

B. I0. C/IIOCAPUYVYK

Hauionarvruts ynisepcumem 6odnozo 2ocnodapcmea ma npupodokopucmyearts, Pisne, Yxpaina
e-mail: V. Ye.Slyusarchuk@QNUWM.rv.ua

st nudepeniiiaabHO-PI3HUTIEBUX PiBHAHD

d'z(t) = AT e, diz(t— 1)
dtr +)_ dt* 22 b T
k=0 k=0 j=1

du(t) iAkM = Box(t) + inﬂf(t — ),

dt dt
k=1 k=1
ae ag, k= 1,n—1,1 by, k = 1,n, j = 1,m, — xiiicai abo KOMILIEKCHI 4HCIa, Tj, j =
1,m, — meBin'emui umcna, Ay, k=1,m, 1 B;, j = 0, m, — ninHiiiHi HemepepBHi oneparopw,
mo JifoTh y 6amaxoBoMy mpocropi E, i d;, hj, j = 1,m, — meBin’emni umcia, a TaKox

JIUIST aHAJIOTTYHUX JTpepeHIiaabHO-PI3HATIEBUX PIBHAHD 3 MAJIUMU HEJIHHIHHUME 30y PEHHAMM
OTPUMAHO HEOOXIIHI Ta JO0CTaTHI YMOBU ACHMIITOTUIHOI CTIHKOCTI PO3B’3KIB IIPU JIOBIIBHAX
HeBi'eMHuX i cramux 75, 0; 1 hj, j = 1,m.

Hageieno 3acrocyBants yMOB aOCOTIOTHOL 10 BIJTHOIIEHHIO JIO BIIXUJIEHb APT'YMEHTY aCuM-
IITOTUIHOI CTIMKOCTI PO3B’4A3KiB fudepeHItialbHO-PI3HAIIEBUX PIBHSIHD JI0 JTOCIiI?KeHHsT CTiii-
KOCTI KOJTMBaHb HAITPYTHU Ta CTPYMY B JIiHII JOBIIHHOI JIOBXKWUHA 3 TYHEJIHLHUM J110/I0M, CTIHKO-
CTl KOJIMBaHb Bi3Ka IMacl JiTaka MPU PYcCli 110 TPYHTOBOMY aepoJIpoOMy 31 CTAJIOI0 MIBUIKICTIO
Ta CTIMKOCTI IIpolecy pi3aHHd 1IPU TOYIHHI 3a CJIIOM.

OcHOBHI pe3y/IbTaTn J0C/IKeHb BUKIaACHO B [1].

[1] B. IO. Cutocapuyxk, Abcoaromna cmitikicmo dunamivnux cucmem i3 nicasdiero, YKpa-
THCHKUII JIEpK. YH-T BOJI. TOCII-Ba Ta MpUpogoKopucTyBanug, Pisue, 2003.
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ON SPECTRAL MULTIPLICITIES FOR ERGODIC ACTIONS

A. V. SOLOMKO

Institute for Low Temperature Physics and Engineering of NAS of Ukraine, Kharkiv, Ukraine
e-mail: solomko.anton@gmail.com

Let G be a l.c.s.c. Abelian group and let (7}),e¢ be a measure preserving action of G on a
standard probability space (X, ). The corresponding Koopman unitary representation Ur
of G in L3(X,p) := L*(X, ) © C is defined by Ur(g)f := foT-,. Let M(T) stand for the
set of essential values of the spectral multiplicity function of Ur. We are interested in the
following spectral multiplicity problem:

Which subsets E C N are realizable as E = M(T) for an ergodic (or weakly mizing)
G-action T?

This problem was studied by a number of authors mainly in the case G = Z (see the
recent survey [1] and the references therein).

Theorem 1 ([2]). Let G be either a discrete countable Abelian group or R™, n > 1, or the
product of such groups. For any p € N there exists a weakly mizing probability preserving
G-action T with M(T) = {p}.

To establish this result we use the method of auxiliary group actions.
Given E,F C N, let F o F := EU F U EF. In this notation, {p} ¢ {q¢} = {p, ¢, pq},

{p}o{a} o {r} ={p,q,r,pq, pr,qr, pqr}, etc.

Theorem 2 ([3]). Let G be either a discrete countable Abelian group or R™, n > 1, or the
product of such groups. Given a (finite or infinite) sequence of positive integers py,pa, .. .,
there exists a rigid weakly mizing probability preserving G-action T' such that M(T) = {p1} ¢
{p2}o---.

In particular, any multiplicative (and hence any additive) subsemigroup of N is realizable
as M(T) for a weakly mizing G-action T

We obtain the required action as the product T} x T; x - - -, where T; is a weakly mixing G-
action with homogeneous spectrum of multiplicity p;. To ‘control’ the spectral multiplicities
of Cartesian products of such actions, we furnish 7; with certain asymptotical operator
properties in spirit of [4].

[1] A. I. Danilenko, A survey on spectral multiplicities of ergodic actions, Ergod. Th. &
Dyn. Syst., to appear.

[2] A. I Danilenko, A. V. Solomko, Ergodic Abelian actions with homogeneous spectrum,
Contemp. Math., AMS, Providence, R.I., Vol. 532 (2010), p. 137-148.

[3] A.V.Solomko, New spectral multiplicities for ergodic actions, Studia Math., 208 (2012),
p. 229-247.

[4] V. V. Ryzhikov, Spectral multiplicities and asymptotic operator properties of actions
with invariant measure, Sb. Math., 200 (2009), p. 1833-1845.
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OIHOBUMIPHI I'OMOKJITHIKN

B. B. ®EJOPEHKO

Inemumym mamemamuru HAH Yxpainu, Kuis, Ykpaina,
e-mail: vfedor@imath.kiev.ua

Posrngmyro nutannsg coiBiCHyBaHHSA IUKJIIB Ta TOMOKJIHIYHUX TPACKTOPIM JUHAMITHUX
cucreM. TpaekTopito JUHAMIYHOI cUCTEMU, BIIMIHHY BiJI I€piOJMYHOI, HA3UBAIOTH TOMOKJIi-
HIYHOIO, FAKINO 11 Q-TpaHUYHA Ta w-TPAHUYHA MHOXKWHU CHIBIaaI0Th 1 IPEJICTABIISAIOTH
coboro mukJI. IIpupomHo, 1m0 Kjaacudikalliss TOMOKJIIHIYHUX TPaEKTOpiil TicHO 1OB’sd3aHa 3
KJtacuiKaIliero MUKJIB, sIKi € IX w-TPAaHUIHIMHA MHOXKHHAMH.

SIKIO MUKJIM AUHAMIYHOI CHCTEMH, IO ITOPO/KeHa HellepepBHUM BigoOparKeHHSIM iHTep-
BaJIy B cebe, XapaKTepU3yBaTH 3a MePioJlaMu, TO CIIBICHYBaHHS NOMOKJIIHIYHUX TPAECKTOPIi
JI0 IUKJIIB PI3HUX TEPIOIB ONUCYETHCS 3a JOIOMOI'0OI0 HACTYITHOI'O JIHITHOTO MOPSJIKY B MHO-
JKUHI HATypaJbHUX quces [1]:

1305709 ...02-1>2-3>25p> ...>22.11>22.3p> 22.501>

Hukm HenepepBHUX BiJ0OparKeHb 1HTEPBAJIY TAKOYXK OLIBII JIETAJIbHO KJIACU(DIKYIOTHCT
3a THUIAMU, TOOTO IUKJITHUMHU MIEPECTAHOBKAMH, IO IMOPOJIZKYIOTHCA 0OMEXKEeHHAM BijtoOpa-
JKEHHs Ha IUKJI. [CHYIOTH BiJIoOparkeHHs, 110 MAIOTh IUKJI JAETKOro THILY, ajie He MalOTh I'O-
MOK/TIHITHUX TPAEKTOPI 710 UKJIIB 11boro Triry. [le Mae mictie To/1i 1 TIABKY TO/Ii, KOJIM KT
abo € HEPYXOMOIO TOYKOIO, ab0 Ma€ THUIl T JIOBXKUHU 2n, n > 1, Takwuii, mo 7 (27 — 1) = 214,
m™(24) = 2i—1, i = 1,2,...,n. Orxe, Oy/JIp-siKe BiIOOparKeHHS Pa30M 3 IUKJIOM THITY O,
JKWIT He Ma€ BKa3aHOl BJIACTUBOCTI, Ma€ 1 TOMOKJ/IHIYHY TPAE€KTOPIIO 0 JTEIKOTO IUKIY O.
Kpim Toro, roMmok IiHiuHI TpaeKTOPIl 0 IUKJIY PO3PI3HAIOTLCH IIe i TUM, U1 BCi TOYKHU TPa-
€KTOPIl JIe2KaTh MiXK MiHIMaJBHOIO Ta MAKCUMAJIbHOIO TOUYKAMU IHOTO IMUKJIY YU Hi, IO JIA€
MOXKJIMBICTH OTPUMATH JOJIATKOBI IIKaBl BJIaCTUBOCTI BiobpaykeHHst [2].

PosriisinyTo Tako BJIACTHBOCTI TOMOKJIIHIYHUX TPAEKTOPIN JIJId JIEIKUX KJIaciB OaraToBu-
MIpHUX JUHAMIYHIX CUCTEM, JIOCIIIZKEHH IKIX PEIYKYIOTHCS 0 JTOCTIZKeHHS HETlepEPBHIX
Bijo6pazkensb inTepsady [3].

[1] B.B. ®emopenko, A.H. IllapkoBckuii, YCTOHYUBOCTD CBOWCTBA JIUHAMUYECKO CHCTe-
MbI UMETh TOMOKJTMHUIECKYIO TPAEKTOPHIO, 6 KH: OCUUAMAUUA U YCMOTHUBOCTND petue-

nutl dudgepenyuanvro-gynryuonasvrur ypasuenutd, laproscrui A. H. (ped.), Kues:
Nu-v maremaruku AH YCCP, 1982, c. 111-113.

[2] B. B. ®enopenko, A. H. ITlapkosckuii, O cocyiecTBOBAaHUN TOMOKJINHUIECKUX U TI€PU-
ofmIecKuxX Tpaekropuit, Heaunetinas dunamura, 6 (2010), c¢. 207-217.

[3] V. V. Fedorenko, A. N. Sharkovsky, Homoclinic trajectories in one-dimensional dynam-
ics, Journal of Difference Equations and Applications, 18 (2012), p. 579-588.
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IIPO CTIMKICTH HEUYITKNX ANHAMIYHNX CUCTEM,
SAJAHNUX PIBHAHHAM 3 ITPOUHECOM HEYITKOI'O
BJIIYKAHHA

. 1. Xycainos!, O. C. BU4KoB?

Kuiscorutl nauytonarvrul ynisepcumem iment Tapaca Llesuwenxa, Kuis, Yxpaina,
e-mail: khusainov@unicyb.kiev.ua, 2bos.knu@gmail.com

Posrignemo wveditky aunamiuny cucremy (H/IC), 3amany piBHSHHIM i3 CKAISPHUM IPO-
niecom Hewitkoro Giaykanns (ITHB) w(t) [1, 2]:

dy(yo; t; 2) = g(y(yo; t; x))dt + h(y(yo; t; x))dw(t, v); y(yo; 05 ) = yo (1)

[Ipumnycrumo, 1mo:

1) g, h — HenepepsHi dYHKIIT, M0 38/10B0IbHAIOTH YMOBY Jlinmuis i g(0) = h(0) = 0;

2) misg Beix * € Xy iyo € B(y) (me v > 0 — gesike unciio) icuye eaunHa (DYHKINS —
po3B’s30K t +— y(yo; t; x) piBasguus (1) B cenci Kapareomopi (3], Busnauena npu Beix ¢ > 0 i
Taka, mo y(yo; t;x) € B(y) npu t > 0.

Osnadenns. Poss’sa30k y(Yo,t, T) HewdiTKOI nuHamMivHOl cucremu y(yo,t, &) HAZHBAETHCS
crifikum 3 piBHeM a(g), sKimo juis Oyab-gakoro € > 0, a(e) < 11 icaye d(¢) > 0, rake, 1o
taki, mo upu ||yo — yo|| < J, x € X, Buxonyerncs ||y(yo,t, z) — y(Yo,t, T)|| < €.

[Tokmamemo ¥ (p) = inf{e > 0la(e) < p}.

Teopema 1 (IIpo criiikicTh HYJIBOBOT TPAEKTOPIT HEUITKOT JMHAMIYHOT CUCTEMH, 33[aHOT PiB-
uauaam 3 [THB).

ITpunycmumo, wo icuye dugepenuitiosane eidobpascenns V 'Y — R i nenepepsne
sidobpaoicenna [ : RT™ — RT, maxi, wo

1) f e monomonno spocmarouoro gynxuicro, f(0) =01 f(||lyl]) < V(y) dan scizxy € Y;

2) %S’)g(y) < —y e Hp) ‘%?Sy)h(y)’ ons scix y € B(y) i p € (0,1], maxuzx, wo ¥ (p)
susnaueno i V(y) > f(¥(p)).

Todi nyavose noaoocenwns pienosaeu HIIC y(yo; t; x) cmitike 3 pishem c.

[1] Buukos O.C. Ilo6ymosa interpary 3a mporecom reditkoro baykanns // Bicauk Knis-
cwkoro yHiepcurery. Cepist: diz.-mar.naykn, 2005, Ne 4, ¢. 125-133

[2] Benos 10.A., Buukos O.C., Mepkyp’es M.T., Uyniukos O.1. IIpo ogun mijaxin g0 Moe-
JIIOBaHHs HediTKOl quHaMikn, Jlonosidi HAH Yxpainu, 2006, Ne 10, ¢. 14-19

[3] Buukor O.C., Mepkyp’eB M.I'. IcuyBaHHs Ta €AuHICTb PO3B’sI3KiB HEUITKOTO AudepeH-
iaJIbHOTO piBHAHHS, Bichuk Kuiscvkozo ynisepcumemy. Cepia: ¢is.-mam.nayku, 2006,
Ne 1, c. 131-135
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QUASI-STABLE INFINITE DIMENSIONAL SYSTEMS:
THEORY AND APPLICATIONS

I. D. CHUESHOV

Department of Mechanics and Mathematics, Kharkov National University, Ukraine,
e-mail: chueshov@univer.kharkov.ua

We present the recently developed method (see [1, 2] for some preliminary details) of
quasi-stability estimates in the study of long-time dynamics of a class infinite dimensional
dissipative systems. As examples we consider the systems generated by nonlinear PDEs
arising in wave dynamics, plasma physics, thermoelasticity of plates and fluid-structure

interaction models.

[1] 1. Chueshov, I. Lasiecka, Long-Time Behavior of Second Order Evolution Equations with
Nonlinear Damping, Memoirs of AMS 912, AMS, Providence, 2008.

[2] 1. Chueshov, I. Lasiecka, Von Karman Evolution Equations, Springer, New York, 2010.
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S1-INVARIANT VECTOR FIELDS ON MANIFOLDS
WITH SEMI-FREE CIRCLE ACTION

V. SHARKO

Institute of Mathematics, Kyiv, Ukraine,
e-mail: sharko@imath.kiev.ua

Let W?2" be a compact closed manifold of dimension at least 6 with semi-free circle action
which has finitely many fixed points. We study the S'-invariant Morse-Smale vector fields
on W?". The aim of this report is to describe the exact values of minimal numbers of closed
orbits of some indices of an S'-invariant Morse-Smale vector field on W?2".

Definition 1. A smooth S'-invariant vector field V on W™ is called S'-invariant Morse-
Smale if: 1) each connected component of the nonwandering set of V' is either a non-
degenerated fixed point or a non-degenerated circle, and ii) the stable and unstable manifolds
of critical elements of V are S'-transversal.

Definition 2. Let V be an S'-invariant Morse-Smale vector field on W?" for a smooth
semi-free circle action f with isolated fixed points py, ..., pox on W?*. Let \; be the index of
the singular point p; of f. The state Sty (\;) of V is the collection of numbers A\j, Ag, . .., Ao

Theorem 1. For every smooth semi-free circle action on W?2" with fized points pi, ..., Dok
and any collection numbers Ay, Ao, ..., Aok, such that 0 < XN, < 2n, there exists
an S'-invariant Morse-Smale vector field V- on W2 with the state Sty ();).

Definition 3. The S*'-equivariant Morse number MY, (W?", St(\;)) of index v for the state
St(\;) of W* is the minimum number of circles of index v taken over all S'-invariant
Morse-Smale vector fields on W2 with the state St(\;).

Theorem 2. Let W?" (2n > 8) be a closed smooth manifold that admits a smooth semi-free

circle action with isolated fived points pi,...,par. Then for W2 with the state
St(0,...,0,2n,...,2n) = St(0,r,2n)
—— ——

r Zk—r
Mg (W2 St(0,7,2n)) = DMW?" /S py, ..., py) + §(’\2)(W2"/Slp1, ey Dp)F

+S(>\2';'1(W2n/51’p1’ “"ﬂPT’) + dlmN(Z[W])(H(AQ)(WQn/Slvplv "“aprvz>>7
for3 < A <2n—4.
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K ICTOPUN OJHOMEPHOM XAOTUYECKON TVMHAMUNKU

A. H. HIAPKOBCKUN

Hnemumym mamemamuru HAH Yrpaunu, Kues, Yxpauna,
e-mail: asharkov@imath.kiev.ua

B nokazie paccMaTpuBaOTCH HEKOTOPBIE STAIBI B PA3BUTUU OJHOMEDPHOI XaOTHIECKOM
JINTHAMUKH, B YaCTHOCTH, IMOHATUS Xaoca B “JI0Xa0COBYIO 310Xy’ . B ocnoBHOM, pedb ujer o
pesyabratax asropa 1960-x ro0B, 06 aTTpakTopax TPaeKTOPHil, MX CBONCTBAX, O CTPYKTYPE
OacceffHOB 9TUX ATTPAKTOPOB, a TAKYKe O CErOIHSAIITHEM UCIOIL30BAHUU OJITHOMEPHBIX JTNHA~

MHYECKUX CHUCTEM B HMCCJIeJOBaHMMN HEKOTOPLIX KJIaCCOB 6eCKOHeqHOMeprIX JMHAMUYICCKUX
CHCTEM.
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VARIABILITY AND UNITY OF SCENARIOS OF TRANSITION
TO DETERMINISTIC CHAOS

A. Yu. SavETS!, V. A. SIRENKO?

NTUU “Kyiv Polytechnic Institute”, Kyiv, Ukraine,
e-mail: ' alex.shvets@bigmir.net, 2sir_vasiliy@ukr.net

Despite the infinite variety of the dynamic systems, it is possible to divide all scenarios
of transitions to deteministic chaos into three basic groups. To the first group belongs
Feigenbaum scenario of transition to chaos through an infinite cascade of period-doubling
bifurcations of limit cycles. To the second group of scenarios belong transitions to chaos
through an intermittency by Pomeau—Manneville of various types. At last, to the third
group of scenarios belong transitions to chaos through destruction of quasiperiodic attractors
(invariant toruses) [1].

For non-ideal dynamic systems (in sense of Sommerfeld-Kononenko) it is described the
new scenarios of transitions “regular regime — chaos” and “chaos — chaos”, which are the
generalisation of some scenarios of the first and second groups. In particular, new types
of intermittency, which are termed the generalised intermittency, are described. Interesting
variations of the Feigenbaum scenario, which are characterized by the symmetry of limit
cycles arising at bifurcations of a period-doubling and the symmetry of appearing chaotic
attractors are described [2].

At last, the scenario of transition to chaos which unites typical features of Feigenbaum
scenario and the generalised intermittency is detected. The first phases of scenario is typical
for cascade of bifurcations of period-doubling, but the finishing phases remind of generalised
intermittency [3].

[1] T. S. Krasnopolskaya, A. Yu. Shvets, Regular and chaotic dynamics of systems with
limited excitation, R&C Dynamics, Moskow-Izhevsk, 2008.

[2] T. S. Krasnopolskaya, A. Yu. Shvets, Dynamical chaos for a limited power supply os-
cillations in cylindrical tanks, Journal of Sound and Vibration, 322 (2009), p. 532-553.

[3] A. Shvets, V. Sirenko, Variety of scenarios of transition to deterministic chaos in non-
ideal hydrodynamic systems, Dynamical Systems, Analitycal/Numerical Metods, Stabil-
ity, Bifurcation and Chaos, Poland, 2011, p. 191-196.
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