ATTRACTING AND ATTRACTED SETS

A. N. SArxovsxil

Let T be a continuous single-valued transformation of 2 compact space E into itself. Every
point = € £ generates an iterating sequence ITix!;"_o. If =, Tx, -++, T% 1z are pairwise distinct and
TE=l:_ z, then z, Tx, ++-, 75" 1x form a cycle of order k.

The point y is called an w-limit point of the sequence | Tix|, if for cach ncighborhood U of y
and every n> 0 there exists an m > n such that 7™x € U, We denote the ser of all w-limit points of
1 T7x] by Q.

1. The set O« Q_ is closed and TN} = £). The following two theorems characterize the wransiorma-
tion T on 0,

Theorem 1. If U is an open set in Q, such that U £ Q, then the closure of TU is not contained
in U,

The following two corollaries follow from Theorem 1:

Corollary 1. If Q' CQ is such that TN' = Q, then Q' can not be both closed and open in Q.

Corollacy 2, If Q is finite then the points of Q form a cycle.

Corollary 3. If Q is infinite then every point of a cycle contained in ) is a limit point of points
of .

Theotem 2. If Q is infinite and TIx €Q for j> Jor then Q is the derived set of U?'O TiU for
every set U which is open in 0.

If Q hes interior points in E, then there olways exists a j, such that TI=€Q for j> ior

Theorems 1 and 2 characterize the transformation on {1, By this remark we mean the following,

A. If T is a continuous transformation of E into itself such that every closed set  with 70 = )
satisf{ies the assertion of Theorem 2, then there exists a point x € {1 such that ﬂx = (],

B. If & closed set () does not have interior points in E, ) does not contain isolated points of E
and T is givenon {) so that TN} = 1 and Theotem ] is satisfied, then the transformation T can be
extended to a closed set E', QC E'C E in such a way that T is coatinuous on E' and there exists a
point x € E' such that @_« Q.

The problem of the structure of @-limit sets of an iterating sequence reduces to the following:
what is the structure of a closed set 1 C E if one can define a continuous transformation on {1 such
thar 71} =) and such thar Theorems 1 and 2 hold for (2.

One may mention the following result: If the compact space E is locally connected and {1 has in-
terior points in E, then () = U*_,n(ﬁ, 1<k <o, where QD) oo, Q%) are connected closed sets
which are mutually disjoint and 7O = QUL j= 1,2, 000, k=1, TOW) - (D),

2. Ve shall say thar the point x € E is attracted to the set 11, if 0 is the set of w-limit points
of the sequence. The sct of points of the compactum which are attracted to a given ser ) will be de-
noted by P (1), From now on we shall depote by the letter ) those and only those scts (with indices
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or without indices) for which P(Q}) is pot empty.

Theotem 3. Uiy o PR') is o set of type Gy .

Let £ be a system of open scts 0, i=1,2,+++, suchthat: 1) o; NN FAOQ, i=1,2,¢++; 2) for
every neighborhood U of a point x € () there exists a g € £ which is coatained in U, For every
0; € X we construct an open set S(o;), consisting of all inverse images of g;: = € S(o;) if and only
if there exists an integer k> 0 such that TFzx €g;. Then 7L, Slo) = Unra P(Q"). Indeed, if
x € P(Q), whete Q'3 Q, then =€ S(5)), i=1,2,---. If x € P(Q") and 0 does not contain Q,
i.e., if there exists a point y €} which does pot belong to 0%, then there exists o), 3 y which does
not contain any of the points of the sequence lTixli_o. Hence x € S(o;+) and =€ Ugn PQ").

Theorem 4. Uqicq P(Q') is a set of type F 3

Indeed, if F is an arbitrary closed set, then the set p(F) consisting of the points x € £ such thar
TIx€F for j> jo Ujp depends on x) is a scr of type F . Let us consider a sequence of open sets
U,>U,> Uy +++ such that N7, U; =0 andlet F; be the closure of U;. Let us construct p(F),
i=1,2,+++. Then 07, p(F) is also the set Ug.gnf’(ﬂ'). Indeed, if x € P(Q'), 2'CQ, then
=€p(F), i=1,2,+++. If x € P(0Q") and there exists a point y € Q" which does not belong to 0,
then there exists an i) such that y € F‘o and then x € p(F)), i2i,.

Corollary. P(Q) is a-set of type F_;.

If Q N P(Q) is not empry, thea it follows from Theorem 3 that P(Q) is a setin 0 of type G of
second category,

The problem arises as to whether there exist transformations for which the sec P({2) is a set of
type Gy or F_; but is not a set of a simpler type. The theorems formulated below give an affirmative
answer to this question.

3. Let us consider the case when E is a segment of the real line,

Theotem S. If Q is infinite, then P(Q) is a set of class > 1 in the Baire-de la Vallée-Poussin
clessification.

Corollary. If Q is infinite and there does not exist a set Q'D 0 then P(Q) is e Gy set but not
an F_ set,

Theorem S follows from Lemma 1.

Lemma 1. If the conditions of Theorem 5 are fulfilled then 1) in cvery neighborkood of each point
X € P(Q) there is an x' <x, 2" € P(), (if x is not the left end point of E) ead an x" > x, =" € P(})
(if = is not the right end point of E); 2) if the interval (a, b) C P(Q), then also o, b € P(Q).

Theorem 6. If ) contsins o cycle and there exists an Q' D Q, then Uasa P(Q") is a sct of
second closs.,

The proof of Theorem 6 depends on Lemmas 1 and 2.

Lemma 2. If (q, b) C Unro P(Q)') and Q contains a cycle, then there exists an Q' such that
(e, b) C P(Q'),

Lemma 2 is probably also valid even if {} does pot contain cycles.

Theotem 7. If Q1 contcins a cycle and 1) there exists an ' D> Q; 2) in each neighborkood U of
0 there existson x €P(Q), €N, TIxEU, j=0,1,2,+++, then P(Q) is o set of third class in
the Baire-de la Vallée-Poussin classification.

Thus P(Q) is (under the conditions of the theorem) an F_; set sndnot a Gy, set.
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For instance, if the wansformation is T'x « x = xain (1/x) defined on [0, 1] then the set of points
x such that T/x— 0 as j— w is cxactly an F_, set,

If Q is infinite and contains at least one isolated point (and hence also a denumerable number of
isolated points), then condition 2) of the theorem holds,

The following is the summary of the proof of Theotem 7: 1) We chopse a subset J of the set

Un.20 P()") which is homecomorphic to the set of irrational points [1]; 2) we prove thaz P(Q) ) J
can be obtained by the same means and from the same clements as o Baire sec of third class [2],

We obtain Theotem 8 as a corollary of Theotems 6 and 7.
Theorem 8. If the conditions of Theorem 7 are fulfilled then \Jq, cn PQ') is a set of third class,
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