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Abstract
An algorithm for solutions of one problem of automatic control is suggested for the
case of an interval containing turning points.
Let us consider an equation of the form

t

2 d*z(t,€) + b(r,€)a(t, €) = eh() / Gt —t,7)z(t'e)dt’, (1)

dt?

dx(t,e)
+ ea(T,e)—2
a(,¢) o
where ¢ is a small parameter, ¢ € (0;¢¢], e0 < 1, 7 = et, t € [0, L]. The left-hand side of
the equation defines automatic control, where G(t —t’, 7’) is the impulse transfer function

of a regulator. Functions a(7,¢), b(7,e) admit the following decomposition:

a(r,e) =Y cai(r),  b(r.e) =) e'bi(r). (2)
=0 =0

In papers [1-2], automatic control systems described by equation (1) were studied in detail,
but turning points were not considered. It was assumed that the characteristic equation,
i.e., the equation

MN2(7) 4 ag(T)Mo(T) + bo(T) = 0, (3)

has two roots for all 7 € [0,eL].
For the case where equation (1) is considered on the interval [, ], which does not
contain any turning points, the following theorem is true:

Theorem 1. If functions a;(7), bi(T) are continuous and differentiable infinite number of
times on [ea, e8] and a3(T) — 4bo(T) # 0, then, on the interval [o, (3], equation (1) has two
linearly independent formal solutions of the form

t

[await ). ane =3 ), ()
=0
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l’Q(L 5) = €xp

m | =

[erait ). aalne = e, (5)
o =0
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where ¢1;(T), ©2(T) are continuous and infinitely differentiable on [ec, £f].

An algorithm for determination of functions ¢1;(7), ¢2i(7) is adduced in [2].
Along with equation (1), we consider also the following auxiliary equation

d*z(&, ) dz(&p) |~

Tg?Jra(n’“) T +b(n, w)z(&, 1) =

N ; (6)
= ph(n, 1) / G ((€ =&y, p1Pto+ pn') z(€, pyde,

where € € [a; 8], 1 € (05 o), 1 = Ep?, to € op; By, and functions a(n, p), b(n, u), h(n, p)
admit the following decomposititon:

al,p) =Y waim), b)) =D wbi(n),  hnp) = uhi(n).
i=0 i 1=0

Theorem 2. If functions a;(n), gi(n), Tzl(n) are infinitely differentiable on the interval
[ Bp?) and a2 (n) — 4bo(n) # 0, then, on the interval [o, (8], equation (6) has two linearly
independent formal solutions of the form

13

z1(§, 1) = exp /Al(n’,u)dﬁ’ c M) = H (),
2 i=0
¢ -

22(€, 1) = exp /A2(n’,u)d£’ c da(mp) = (),
=0

«

where \i;(T), Aoi (1) are infinitely differentiable functions on [u?c, u? 3.

The proof of this theorem is similar to that of Theorem 1.

Let us go back to the consideration of equation (1) under condition of the existence of
a zero turning point. Let functions ag(7), bo(7) have the form ag = Ta19(7), by = 72b10(7).
Then roots of the characteristic equation have the form

Ma(r) = —37 (mo(f) £\ fay(r) - 4b10(7)> | (7)

If a2, (1) — 4b1o(7) # 0 Vt € (0; L], then t = 0 is a zero turning point.

Let us consider the Cauchy problem for equation (1) with the initial conditions
dx
dt lt=8/z
where 3 is a real number, y19 and y9g are quantities which do not depend on .

First using Theorem 1 for the case t € [3/¢, L], we construct the m-approximation for
a general solution of equation (1) using the formula

2@ (t,¢) = a2 () w1m(t, &) + a$? (€)zam(e),

z(Bve, €) = yro, = Y20, (8)
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where

¢
1 <
22 (t, ) = exp B / <§ Elgokl-(v')> dt' |, k=1,2,

BvE

a,(f)( ), k = 1,2 are arbitrary constants which are determined from condition (8).

Finally we construct a solution of equation (1) within the vicinity of a turning point or
when ¢ € [0, B/€].

After the substitution ¢t = &/ (¢ € [0,/)) using the notations p = /2, £u? =
x = z(&, p) equation (1) takes the form

d?z(¢, N o dz(€,
TG | pasolmn) + 3 w2 ay (o) ZE 1)
ds i=1 ds
+ <n2b10(nu) +> bi(nu)/ﬁ”) 26 ) = ()
i=1
&
= ph(np) / G (€= &)p,n'n) (€, p)de’.
Let us assume that the coefficients a10(7), b1o(7), ai(7),b;(7), i = 1,...,8, and function

h(7) can be decomposed into a Taylor series within the neighbourhood of the point 7 = 0.
Then

® oo (4)
010(0) ; a7 (0) -
aio(nu) = a10(0) E :/‘ NT()"% a;(nu) = a;(0) + g u]—j!( )773,

i=1 j=1
o (e} [e.e] a
Z“2Z laz(ﬁM)ZZZM%ﬂ 1% ) J_ZN
i=1 i=1 j=0
whence
nao () + Zuz’ La; () = naio(0) + Zu (10)
=1
Similarly, we get
(0.9} ) (0.9} -
MPbio(nu) + > p¥2bi(np) = bio(0)n® + Y _ 'bi(n) + b1 (0). (11)
i=1 i=1

Finally, for h(nu), we have

o

(%) o -
S = 3Tt (12)

=1
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Substituting (10)—(12) into (9), we get

dz(
d§2 +<na10 +Z” )Zim

+ <blo(0)772 +b1(0) + Z u@-(n)> z(&p) = (13)
i=1
. ¢
=y p'hi(n) / G (&= &)o' ) 2(€, p)de'.
i=1 e

If V€ € [0,8) n?(a2,(0)—4b1(0))—4b1(0) # 0, then, according to Theorem 2, equation (13)
has the general solution, the m-approximation of which can be constructed using the
formula

2D (t,e) = aV(©2) (t,6) + V()b (t,e),  te[0,8VE],

where

t
x,&?@(t,e) = exp / ( ) at' |, k=1,2,
BvE

() S ()

=m
The constants agl) (), ag) (¢) are determined as solutions of the system x%)(ﬂ\/g, ) = Y10,

dx%)) e = y90. Thus, for equation (1) with a zero turning point, we have constructed
=0/

a continuous (together with its derivative) m-approximation of the solution

i (te), tel0,Bve,

which satisfies the initial conditions (8).
Asymptotic character of the solution obtained (as defined in [3]) is established by using
the methods suggested in [4].
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