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Ïåðåäìîâà

21�24 ãðóäíÿ 2018 ðîêó â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ Óêðà¨íè
ïðîõîäèâ ìiæíàðîäíèé ñåìiíàð �Ñèìåòðiÿ òà iíòåãðîâíiñòü ðiâíÿíü
ìàòåìàòè÷íî¨ ôiçèêè� ç íàãîäè 40-¨ ði÷íèöi ñòâîðåííÿ âiääiëó ïðè-
êëàäíèõ äîñëiäæåíü (ç 2016 ðîêó � âiääië ìàòåìàòè÷íî¨ ôiçèêè),
äèâ. https://www.imath.kiev.ua/�appmath/conf2018. Ñåìiíàð òðàäè-
öiéíî ïðîâîäèòüñÿ ó ãðóäíi â ïàì'ÿòü ïðî çàñíîâíèêà âiääiëó, âèäàò-
íîãî óêðà¨íñüêîãî â÷åíîãî Â.I. Ôóùè÷à (18.12.1936�07.04.1997).

Ìåòà çóñòði÷i � îáìií äóìêàìè â÷åíèõ, ùî ïðàöþþòü ó ãàëóçi
ãðóïîâîãî àíàëiçó äèôåðåíöiàëüíèõ ðiâíÿíü, iíòåãðîâíîñòi òà ìàòå-
ìàòè÷íîãî ìîäåëþâàííÿ. Ãîëîâíèìè òåìàìè ñåìiíàðó áóëè çàñòîñó-
âàííÿ ãðóïîâèõ ìåòîäiâ äî äîñëiäæåííÿ ìîäåëåé, ùî îïèñóþòü ïðî-
öåñè ðåàëüíîãî ñâiòó, òåîðiÿ iíòåãðîâíîñòi, ñó÷àñíà òåîðiÿ àëãåáð Ëi
âêëþ÷íî ç êîíòðàêöiÿìè òà iíâàðiàíòàìè òàêèõ àëãåáð. Ó ñåìiíàði
âçÿëè ó÷àñòü 33 ó÷àñíèêà ç Óêðà¨íè, Ïîëüùi, Êiïðó, Àâñòði¨, Iòàëi¨,
Êàíàäè òà Íiìå÷÷èíè.

Öåé çáiðíèê ìiñòèòü ñòàòòi ó÷àñíèêiâ ñåìiíàðó. Äî íüîãî óâiéøëè
16 ñòàòåé, ùî áóäóòü êîðèñíèìè àñïiðàíòàì òà íàóêîâèì ñïiâðîáiò-
íèêàì, ÿêi öiêàâÿòüñÿ ãðóïîâèì àíàëiçîì äèôåðåíöiàëüíèõ ðiâíÿíü
òà òåîði¹þ iíòåãðîâíîñòi.

Ðåäàêòîðè
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Òî÷íi ðîçâ'ÿçêè íåëiíiéíîãî

ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut = (F (u)ux)x +H(u)
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Çàïðîïîíîâàíî ìåòîä ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ íåëiíiéíîãî ðiâíÿí-
íÿ òåïëîïðîâiäíîñòi ut = (F (u)ux)x +H(u), ÿêèé  ðóíòó¹òüñÿ íà âèêî-
ðèñòàííi ïiäñòàíîâêè p(x) = w1(t)ϕ(u), äå ôóíêöiÿ p(x) ¹ ðîçâ'ÿçêîì
îäíîãî ç ðiâíÿíü (p′)2 = Ap2 +B, (p′)2 = Ap4 +Bp2 +C, à ôóíêöi¨ w1(t)
i ϕ(u) çíàõîäÿòüñÿ ç óìîâè, ùî öÿ ïiäñòàíîâêà ðåäóêó¹ ðiâíÿííÿ äî
çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç íåâiäîìîþ ôóíêöi¹þ w1(t).

A method for construction of exact solutions to nonlinear heat equation
ut = (F (u)ux)x + H(u) which is based on ans�atz p(x) = w1(t)ϕ(u) is
proposed. Here the function p(x) is a solution to one of the equations
(p′)2 = Ap2 +B, (p′)2 = Ap4 +Bp2 +C, and the functions w1(t) and ϕ(u)
can be found from the condition that this ansatz reduces the equation to
an ordinary di�erential equation with unknown function w1(t).

1. Âñòóï. Ðîáîòà ïðèñâÿ÷åíà ïîáóäîâi òî÷íèõ ðîçâ'ÿçêiâ íåëiíié-
íîãî ðiâíÿííÿ òåïëîïðîâiäíîñòi

ut = (F (u)ux)x +H(u), (1)

ÿêå îïèñó¹ íåñòàöiîíàðíó òåïëîïðîâiäíiñòü â íåðóõîìîìó ñåðåäîâè-
ùi, ÿêùî êîåôiöi¹íò òåïëîïðîâiäíîñòi i øâèäêiñòü ðåàêöi¨ ¹ äîâiëü-
íèìè ôóíêöiÿìè òåìïåðàòóðè. Ãðóïîâà êëàñèôiêàöiÿ ðiâíÿíü öüîãî
âèäó, à òàêîæ òî÷íi ðîçâ'ÿçêè äëÿ ðiçíèõ ôóíêöié F (u) i H(u) îïè-
ñàíî â ðîáîòàõ (äèâ. [1, 2, 3] i öèòîâàíó òàì ëiòåðàòóðó).
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Ó öié ñòàòòi ìè âèêîðèñòîâó¹ìî ìåòîä ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ
ðiâíÿííÿ (1), ÿêèé  ðóíòó¹òüñÿ íà êëàñè÷íîìó ìåòîäi âiäîêðåìëåííÿ
çìiííèõ òà éîãî óçàãàëüíåííi, à òàêîæ ìåòîäi ðåäóêöi¨, ùî ëåæèòü â
îñíîâi ñèìåòðiéíîãî ìåòîäó Ñ. Ëi. Äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ
ðiâíÿííÿ (1) çàñòîñîâó¹òüñÿ ïiäñòàíîâêà

p(x) = w1(t)ϕ(u), (2)

ÿêà ìiñòèòü äâi íåâiäîìi ôóíêöi¨ w1(t) i ϕ(u), à òàêîæ ôóíêöiþ p(x),
ÿêà çàäà¹òüñÿ àïðiîðíî. Äåòàëüíî ðîçãëÿäàþòüñÿ âèïàäêè, êîëè p(x)
¹ ðîçâ'ÿçêîì îäíîãî ç òàêèõ ðiâíÿíü:

(p′)2 = Ap2 +B,

(p′)2 = Ap4 +Bp2 + C,

äå A, B, C � ñòàëi. Ïðè òàêîìó âèáîði ôóíêöi¨ p(x) íåâiäîìi ôóíê-
öi¨ w1(t) i ϕ(u) âèçíà÷àþòüñÿ ç óìîâè, ùî ïiäñòàíîâêà (2) ðåäóêó¹
ðiâíÿííÿ (1) äî çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ç íåâiäîìîþ
ôóíêöi¹þ w1(t).

Âiäìiòèìî, ùî òàêèé ïiäõiä áóâ âèêîðèñòàíèé äëÿ ïîáóäîâè òî÷-
íèõ ðîçâ'ÿçêiâ ðiâíÿííÿ òèïó Êîðòåâåãà�äå Ôðiçà â [4, 5] i íåëiíiéíîãî
ðiâíÿííÿ

utt = F (u)uxx + F ′(u)u2
x.

2. Ðîçâ'ÿçêè ðiâíÿííÿ (1), ùî âèðàæàþòüñÿ ÷åðåç òðèãî-
íîìåòðè÷íi ôóíêöi¨. Ââåäåìî îçíà÷åííÿ

Îçíà÷åííÿ 1. Áóäåìî ãîâîðèòè, ùî ðiâíÿííÿ (1) äîïóñêà¹ ïiäñòà-
íîâêó (2), ÿêùî âîíà ðåäóêó¹ ðiâíÿííÿ (1) äî çâè÷àéíîãî äèôåðåí-
öiàëüíîãî ðiâíÿííÿ íà ôóíêöiþ ω1(t).

Äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (1) âèêîðèñòîâó¹òüñÿ
ïiäñòàíîâêà

p(x) = w1(t)ϕ(u), (3)

äå p(x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(p′)2 = Ap2 +B, A 6= 0, B 6= 0.
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Ïiäñòàâèìî (3) â ðiâíÿííÿ (1):

−w
′
1

w1

ϕ

ϕ′
=

1

w2
1

(
−FB ϕ′′

(ϕ′)3
+ F ′B

1

(ϕ′)2

)
+

(
−FAϕ

2ϕ′′

(ϕ′)3
+ F ′A

ϕ2

(ϕ′)2
+ FA

ϕ

ϕ′
+H

)
. (4)

Äëÿ âèçíà÷åííÿ ôóíêöié F (u) i ϕ(u) îòðèìà¹ìî òàêó ñèñòåìó ðiâ-
íÿíü:

−F ϕ′′

(ϕ′)3
+ F ′

1

(ϕ′)2
= λ1

ϕ

ϕ′
, (5)

−FAϕ
2ϕ′′

(ϕ′)3
+ F ′A

ϕ2

(ϕ′)2
+ FA

ϕ

ϕ′
+H = λ2

ϕ

ϕ′
, (6)

äå λ1, λ2 ∈ R. Íåõàé F ′(u) 6= 0. Iíòåãðóþ÷è ðiâíÿííÿ (5), ÿêå ¹ ëiíié-
íèì âiäíîñíî ôóíêöi¨ F = F (u), çíàõîäèìî

F =

(
λ1

∫
ϕdu+ C1

)
ϕ, (7)

äå òóò i äàëi C,C1, C2, . . . � äîâiëüíi ñòàëi iíòåãðóâàííÿ. Ïiäñòàâèâ-
øè (5), (6) â ðiâíÿííÿ (4), îòðèìó¹ìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ ôóí-
êöi¨ w1(t):

w′1
w1

+ λ1B
1

w2
1

+ λ2 = 0. (8)

Ç ðiâíÿíü (5), (6) çíàõîäèìî

H =
1

ϕ′
(−λ1Aϕ

3 −AFϕ+ λ2ϕ). (9)

Ó ïiäñóìêó îòðèìà¹ìî òàêó òåîðåìó:

Òåîðåìà 1. ßêùî ðiâíÿííÿ (1) äîïóñêà¹ ïiäñòàíîâêó âèãëÿäó (3)
i F ′(u) 6= 0, òî ôóíêöi¨ F (u) i H(u) âèçíà÷àþòüñÿ ôîðìóëàìè (7)
i (9) âiäïîâiäíî, à ôóíêöiÿ w1(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (8).

Îòðèìàíi ðîçâ'ÿçêè ðiâíÿííÿ (1) ìîæíà óçàãàëüíèòè, âèêîðèñòî-
âóþ÷è ïiäñòàíîâêè:

ϕ(u) = w1(t) ch(k (x+ C3)) + w2(t) sh(k (x+ C3)), (10)
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ÿêùî A = k2 > 0,

ϕ(u) = w1(t) cos(k (x+ C3)) + w2(t) sin(k (x+ C3)), (11)

ÿêùî A = −k2 < 0.
Ðîçãëÿíåìî, íàïðèêëàä, ïiäñòàíîâêó (10). ßêùî ôóíêöi¨ F (u) i

H(u) âèçíà÷àþòüñÿ çà ôîðìóëàìè (7) i (9) âiäïîâiäíî i A = k2 > 0,
òî ïiäñòàíîâêà (10) ðåäóêó¹ ðiâíÿííÿ (1) äî ñèñòåìè

w′1 =
(
−λ1k

2w2
1 + λ1k

2w2
2

)
w1 + λ2w1, (12)

w′2 =
(
−λ1k

2w2
1 + λ1k

2w2
2

)
w2 + λ2w2. (13)

Íåõàé w1 6= 0. Ç ðiâíÿíü (12), (13) âèïëèâà¹, ùî w2 = Cw1. Ðiâíÿííÿ
(12) íàáóâà¹ âèãëÿäó

w′1 = λ1k
2
(
C2 − 1

)
w3

1 + λ2w1. (14)

ßêùî λ2 6= 0, òî ðîçâ'ÿçêîì ðiâíÿííÿ (14) ¹ ôóíêöiÿ

w2
1 =

(
C2

λ2
exp(−2λ2t)−

λ1

λ2
k2
(
C2 − 1

))−1

,

äå C2 6= 0. Ìà¹ìî òàêèé ðîçâ'ÿçîê ðiâíÿííÿ (1):

ϕ(u) = ±
(
C2

λ2
exp(−2λ2t)−

λ1

λ2
k2
(
C2 − 1

))−1/2

× [ch(k (x+ C3)) + w2(t) sh(k (x+ C3))].

ßêùî λ2 = 0, òî ðîçâ'ÿçêîì ðiâíÿííÿ (14) ¹ ôóíêöiÿ

w2
1 = [−2λ1k

2
(
C2 − 1

)
t+ C2]−1, λ2 6= 0.

Ó ïiäñóìêó îòðèìó¹ìî òàêèé ðîçâ'ÿçîê ðiâíÿííÿ (1):

ϕ(u) = [−2λ1k
2
(
C2 − 1

)
t+ C2]−1/2

× [ch(k(x+ C3)) + w2(t) sh(k(x+ C3))].

Âèïàäîê w1 = 0 çâîäèòüñÿ äî iíòåãðóâàííÿ ðiâíÿííÿ

w′2 = λ1k
2w3

2 + λ2w2.
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Îòæå, ÿêùî λ2 6= 0, òî ìà¹ìî òàêèé ðîçâ'ÿçîê ðiâíÿííÿ (1):

ϕ(u) =

(
C2

λ2
exp(−2λ2t)−

λ1

λ2
k2

)−1/2

sh(k(x+ C3)),

äå C2 6= 0, à ó âèïàäêó λ2 = 0 � ðîçâ'ÿçîê

ϕ(u) =
(
−2λ1k

2
(
C2 − 1

)
t+ C2

)−1/2
sh(k (x+ C3)).

Àíàëîãi÷íî, ïiäñòàíîâêà (11) ðåäóêó¹ ðiâíÿííÿ (1) äî ñèñòåìè

w′1 = (λ2
1k

2w2
1 + λ2

1k
2w2

2)w1 + λ2w1, (15)

w′2 = (λ2
1k

2w2
1 + λ2

1k
2w2

2)w2 + λ2w2. (16)

Ïðîiíòåãðóâàâøè (15), (16), îòðèìó¹ìî òàêi ðîçâ'ÿçêè ðiâíÿííÿ (1):

ϕ(u) =

(
C2

λ2
exp(−2λ2t)−

λ1

λ2
k2
(
1 + C2

))−1/2

× [cos(k (x+ C3)) + C sin(k (x+ C3))],

äå C2 6= 0, λ2 6= 0;

ϕ(u) = (−2λ1k
2
(
C2 + 1

)
t+ C2)−1/2

× [cos(k(x+ C3)) + C sin(k(x+ C3))], λ1 6= 0,

äå λ1 6= 0, λ2 = 0;

ϕ(u) =

(
C2

λ2
exp(−2λ2t)−

λ1

λ2
k2

)−1/2

sin(k (x+ C3)),

äå C2 6= 0, λ2 6= 0;

ϕ(u) = (−2λ1k
2t+ C2)−1/2 sin(k(x+ C3)),

äå λ1 6= 0, λ2 = 0.
3. Ðîçâ'ÿçêè ðiâíÿííÿ (1), ùî âèðàæàþòüñÿ ÷åðåç åëiï-

òè÷íi ôóíêöi¨ ßêîái. Îïèøåìî ðiâíÿííÿ âèäó (1) i ¨õ òî÷íi ðîç-
â'ÿçêè, ÿêi äîïóñêàþòü ïiäñòàíîâêó

p(x) = w1(t)ϕ(u), (17)
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äå p(x) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(p′)2 = Ap4 +Bp2 + C, A 6= 0, C 6= 0. (18)

Ïiäñòàâèâøè â ðiâíÿííÿ (1), îòðèìó¹ìî

−w
′
1

w1

ϕ

ϕ′
= w2

1

(
2AF

ϕ3

ϕ′
−AF ϕ

4ϕ′′

(ϕ′)3
+AF ′

ϕ4

(ϕ′)2

)
+

1

w2
1

(
−CF ϕ′′

(ϕ′)3
+ CF ′

1

(ϕ′)2

)
(19)

+

(
−BF ϕ

2ϕ′′

ϕ′3
+BF ′

ϕ2

ϕ′2
+BF

ϕ

ϕ′
+H(u)

)
.

Ç ðiâíÿííÿ (19) îòðèìó¹ìî ñèñòåìó

−F ϕ′′

(ϕ′)3
+ F ′

1

(ϕ′)2
= λ1

ϕ

ϕ′
, (20)

2AF
ϕ3

ϕ′
+Aϕ4

(
−F ϕ′′

ϕ′3
+ F ′

1

(ϕ′)2

)
= λ2

ϕ

ϕ′
, (21)

−BF ϕ
2ϕ′′

(ϕ′)3
+BF ′

ϕ2

(ϕ′)2
+BF

ϕ

ϕ′
+H(u) = λ3

ϕ

ϕ′
, (22)

äå λ1, λ2, λ3 ∈ R. Ïiäñòàâèâøè (20) â (21), çíàõîäèìî

F =
λ2

2A

1

ϕ2
− λ1

2
ϕ2. (23)

Ç ðiâíÿííÿ (22)

H = −Bϕ2

(
−F ϕ′′

ϕ′3
+ F ′

1

(ϕ′)2

)
−BF ϕ

ϕ′
+ λ3

ϕ

ϕ′
,

à òîìó íà ïiäñòàâi (20) i (23):

H(u) = −λ1B

2

ϕ3

ϕ′
+ λ3

ϕ

ϕ′
− λ2B

2A

1

ϕϕ′
. (24)

Ïiäñòàâèâøè (23) â (20), çíàõîäèìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ ôóíêöi¨
ϕ = ϕ(u):

ϕ′′ =

(
λ2

A
+ 2λ1ϕ

4

)(
λ1

2
ϕ5 − λ2

2A
ϕ

)−1

(ϕ′)2. (25)
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Ïiäñòàâèâøè (20)�(22) â (19), îòðèìó¹ìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ
ôóíêöi¨ w1 = w1(t):

w′1
w1

+ λ2w
2
1 +

λ1C

w2
1

+ λ3 = 0. (26)

Ó ïiäñóìêó îòðèìà¹ìî òàêó òåîðåìó:

Òåîðåìà 2. ßêùî ðiâíÿííÿ (1) äîïóñêà¹ ïiäñòàíîâêó (17), òî ôóíê-
öi¨ F (u) i H(u) âèçíà÷àþòüñÿ ôîðìóëàìè (23) i (24) âiäïîâiäíî,

à ôóíêöi¨ ϕ òà w1(t) ¹ ðîçâ'ÿçêàìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-

íÿíü (25) òà (26).

Òàêèì ÷èíîì, ïîáóäîâó òî÷íèõ ðîçâ'ÿçêiâ âèäó (17) ðiâíÿííÿ (1)
çâåäåíî äî iíòåãðóâàííÿ ðiâíÿíü (25), (26).

Ðîçãëÿíåìî äâà âèïàäêè.
I) Âèïàäîê λ2 = 0. Ðiâíÿííÿ (25) íàáóâà¹ âèãëÿäó

ϕ′′ =
4

ϕ
(ϕ′)2. (27)

Iíòåãðóþ÷è ðiâíÿííÿ (27), çíàõîäèìî

ϕ = (C1u+ C2)−1/3,

C1 6= 0, i íà ïiäñòàâi (23), (25)

F = −λ1

2
(C1u+ C2)−2/3,

H =
3λ1B

2C1
(C1u+ C2)1/3 − 3λ3

C1
(C1u+ C2).

Ðiâíÿííÿ (1) íàáóâà¹ âèãëÿäó

ut =

(
−λ1

2
(C1u+ C2)−2/3ux

)
x

+
3λ1B

2C1
(C1u+ C2)1/3

− 3λ3

C1
(C1u+ C2), (28)

i ïiäñòàíîâêîþ

v = ϕ(u) = (C1u+ C2)−1/3
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çâîäèòüñÿ äî âèäó

vt = −λ1

2
v2vxx + λ1v(vx)2 − λ1

2
Bv3 + λ3v. (29)

Iíòåãðóþ÷è ðiâíÿííÿ (26) ó âèïàäêó λ2 = 0, çíàõîäèìî

w2
1 = C3 exp(−2λ3t)−

λ1

λ3
C, C3 6= 0, ÿêùî λ3 6= 0,

w2
1 = −2λ1Ct+ C3, ÿêùî λ3 = 0.

Ó ïiäñóìêó îòðèìó¹ìî òàêi ðîçâ'ÿçêè ðiâíÿíü (28), (29):
à) ßêùî A = k2, B = −

(
1 + k2

)
, C = 1, òî

v = ϕ(u) =

(
C3 exp(−2λ3t)−

λ1

λ3

)−1/2

sn(x; k), λ3 6= 0,

v = ϕ(u) = (−2λ1t+ C3)
−1/2

sn(x; k), λ3 = 0.

á) ßêùî A = −k2, B = 2k2 − 1, C = 1− k2, òî

v = ϕ(u) =

(
C3 exp(−2λ3t)− (1− k2)

λ1

λ3

)−1/2

cn(x; k), λ3 6= 0,

v = ϕ(u) =
(
−2λ1

(
1− k2

)
t+ C3

)−1/2
cn(x; k), λ3 = 0.

â) ßêùî A = −1, B = 2− k2, C = −1 + k2, òî

v = ϕ(u) =

(
C3 exp(−2λ3t)− (−1 + k2)

λ1

λ3

)−1/2

dn(x; k), λ3 6= 0,

v = ϕ(u) =
(
−2λ1(−1 + k2)t+ C3

)−1/2
dn(x; k), λ3 = 0.

II) Âèïàäîê λ1 = 0. Ðiâíÿííÿ (25) íàáóâà¹ âèãëÿäó

ϕ′′ = − 2

ϕ
(ϕ′)2. (30)

Iíòåãðóþ÷è ðiâíÿííÿ (30), çíàõîäèìî

ϕ = (C1u+ C2)1/3,

äå C1 6= 0, i íà ïiäñòàâi (23), (25)

F =
λ2

2A
(C1u+ C2)−2/3,
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H =
3λ3

2A
(C1u+ C2)− 3λ2B

2AC1
(C1u+ C2)1/3.

Ðiâíÿííÿ (1) íàáóâà¹ âèãëÿäó

ut =

(
λ2

2A
(C1u+ C2)−2/3ux

)
x

+
3λ3

C1
(C1u+ C2)

− 3λ2B

2AC1
(C1u+ C2)1/3, (31)

i ïiäñòàíîâêîþ

v = ϕ(u) = (C1u+ C2)1/3

çâîäèòüñÿ äî âèäó

vt =
λ2

2A
v−2vxx + λ3v −

λ2B

2A

1

v
. (32)

Ïiäñòàâèâøè (20)�(22) â (19), îòðèìó¹ìî ðiâíÿííÿ äëÿ âèçíà÷åííÿ
ôóíêöi¨ w1 = w1(u):

w′1
w1

+ λ2w
2
1 + λ3 = 0. (33)

Iíòåãðóþ÷è ðiâíÿííÿ (33), çíàõîäèìî

w−2
1 = C3 exp(2λ3t)−

λ2

λ3
, C3 6= 0, ÿêùî λ3 6= 0;

w−2
1 = 2λ2t+ C3, ÿêùî λ3 = 0.

Ó ïiäñóìêó îòðèìó¹ìî òàêi ðîçâ'ÿçêè ðiâíÿíü (31), (32):
à) ßêùî A = k2, B = −

(
1 + k2

)
, C = 1, òî ðiâíÿííÿ (32) ìà¹

âèãëÿä

vt =
λ2

2k2
v−2vxx + λ3v +

λ2

(
1 + k2

)
2k2

1

v
. (34)

Ðîçâ'ÿçêè ðiâíÿííÿ (34):

v =

(
C3 exp(2λ3t)−

λ2

λ3

)1/2

sn(x; k), ÿêùî λ3 6= 0;
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v = (2λ2t+ C3)1/2 sn(x; k), ÿêùî λ3 = 0.

á) ßêùî A = −k2, B = 2k2 − 1, C = 1− k2, òî ðiâíÿííÿ (32) ìà¹
âèãëÿä

vt = − λ2

2k2
v−2vxx + λ3v +

λ2(2k2 − 1)

2k2

1

v
. (35)

Ðîçâ'ÿçêè ðiâíÿííÿ (35):

v =

(
C3 exp(2λ3t)−

λ2

λ3

)1/2

cn(x; k), ÿêùî λ3 6= 0;

v = (2λ2t+ C3)1/2 cn(x; k), ÿêùî λ3 = 0.

â) ßêùî A = −1, B = 2 − k2, C = −1 + k2, òî ðiâíÿííÿ (32) ìà¹
âèãëÿä

vt = −λ2

2
v−2vxx + λ3v +

λ2(2− k2)

2

1

v
. (36)

Ðîçâ'ÿçêè ðiâíÿííÿ (36):

v =

(
C3 exp(2λ3t)−

λ2

λ3

)1/2

dn(x; k), ÿêùî λ3 6= 0;

v = (2λ2t+ C3)1/2 dn(x; k), ÿêùî λ3 = 0.
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Çíàéäåíî ÿâíèé âèãëÿä ïåðåòâîðåíü, ùî ïîâ'ÿçóþòü íåëiíiéíi (1+1)-âè-
ìiðíi åâîëþöiéíi ðiâíÿííÿ äðóãîãî ïîðÿäêó ç ìàêñèìàëüíèìè ñåìèâè-
ìiðíèìè àëãåáðàìè ëi¨âñüêèõ ñèìåòðié.

We have established the explicit forms of the transformations that connect
nonlinear (1+1)-dimensional evolution equations of the second order with
maximal seven-dimensional Lie symmetry algebras.

Ðîçãëÿíåìî êëàñ (1+1)-âèìiðíèõ åâîëþöiéíèõ ðiâíÿíü ïîðÿäêó n

ut = F (t, x, u, u1, . . . , un), (1)

äå ut = ∂u
∂t , ui = ∂iu

∂xi , i = 0, . . . , n, u0 ≡ u, n ≥ 2, F � äîâiëüíà ãëàäêà
ôóíêöiÿ. Òàêîæ áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ ux, uxx, . . . äëÿ
ïîõiäíèõ çà çìiííîþ x.

Ñèìåòðiéíèì âëàñòèâîñòÿì ðiâíÿíü ç êëàñó (1) ïðèñâÿ÷åíî áà-
ãàòî äîñëiäæåíü. Êðiì òîãî, ó áàãàòüîõ âèïàäêiâ ñàìå åâîëþöiéíi
ðiâíÿííÿ ç êëàñó (1), ÿê ïðàâèëî, âèñòóïàþòü áàçîâèìè ïðèêëàäàìè
â ñèìåòðiéíîìó àíàëiçi äèôåðåíöiàëüíèõ ðiâíÿíü (äèâ., íàïðèêëàä,
ìîíîãðàôi¨ [6, 9, 15, 17]).

Âiäïîâiäíî äî ðåçóëüòàòiâ Â.Â. Ñîêîëîâà [18, p. 173] òà Á.À. Ìà-
ãàä¹¹âà [12, p. 346] (äèâ. òàêîæ ñòàòòþ Ð.Ç. Æäàíîâà [19]) êîíòàêòíi
ïåðåòâîðåííÿ, ÿêi çáåðiãàþòü âèãëÿä åâîëþöiéíèõ ðiâíÿíü (1), âè÷åð-
ïóþòüñÿ ïåðåòâîðåííÿìè

t̃ = κ(t), x̃ = φ(t, x, u, ux), ũ = ψ(t, x, u, ux),
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äå ôóíêöi¨ φ òà ψ çàäîâîëüíÿþòü óìîâó êîíòàêòíîñòi

φux(uxψu + ψx) = ψux(uxφu + φx).

Á.À. Ìàãàä¹¹âèì [12, òåîðåìà 0.1] äîâåäåíî, ùî ðîçìiðíiñòü àë-
ãåáðè êîíòàêòíèõ ñèìåòðié (Cont) (1+1)-âèìiðíèõ åâîëþöiéíèõ ðiâ-
íÿíü (1) íå ïåðåâèùó¹ n+ 5 àáî äîðiâíþ¹ ∞. Â îñòàííüîìó âèïàäêó
åâîëþöiéíi ðiâíÿííÿ çâîäÿòüñÿ äî ëiíiéíèõ çà äîïîìîãîþ êîíòàêòíèõ
ïåðåòâîðåíü. Ó öié æå ðîáîòi àâòîðîì îòðèìàíî ïîâíèé ïåðåëiê àë-
ãåáð ñêií÷åííîâèìiðíèõ êîíòàêòíèõ ñèìåòðié åâîëþöiéíèõ ðiâíÿíü
òà ïîêàçàíî, ÿê îïèñàòè åâîëþöiéíi ðiâíÿííÿ, ÿêi äîïóñêàþòü çàäà-
íó àëãåáðó êîíòàêòíî¨ ñèìåòði¨.

Çîêðåìà, çãiäíî ç [12, òåîðåìà 3.5], áóäü-ÿêå ðiâíÿííÿ ç êëàñó (1)
ç ìàêñèìàëüíîþ (n + 5)-âèìiðíîþ àëãåáðîþ êîíòàêòíèõ ñèìåòðié,
åêâiâàëåíòíå ðiâíÿííþ

ut = u
1−n
1+n
n .

Ïðè öüîìó âiäïîâiäíà àëãåáðà êîíòàêòíèõ ñèìåòðié ìà¹ âèãëÿä [12,
äèâ. äîâåäåííÿ òåîðåìè 3.5 òà äîäàòîê]:

gM1 =
〈
1, x, . . . , xk, ux, −n−1

2 u+ xux, x
2ux − (n− 1)xu,

ut, tut + λu
〉
, (2)

äå k = 1, . . . , n−1, λ 6= 0, λ = −n+1
2n , ϕ = {1, x, . . . , tut+λu} � (n+5)-

êîìïîíåíòíà ãåíåðóþ÷à ôóíêöiÿ iíôiíiòåçèìàëüíîãî îïåðàòîðà

Q = τ(t)∂t + ξ(t, x, u, ux)∂x + η(t, x, u, ux)∂u

+ ζ(t, x, u, ux)∂ut + ρ(t, x, u, ux)∂ux

ç êîåôiöi¹íòàìè τ , ξ, η, ζ, ρ, ÿêi âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì
[11, 19]:

τ = −φut , ξ = −φux , η = φ− utφut − uxφux ,
ζ = φt + utφu, ρ = φx + uxφu.

Äëÿ äîâiëüíîãî n ≥ 2 âñi áàçèñíi åëåìåíòè àëåáðè (2) ¹ ïðîäîâæåí-
íÿìè âiäïîâiäíèõ ëi¨âñüêèõ ñèìåòðié (òîáòî àëåáðà (2) ¹ òðèâiàëüíîþ
àëãåáðîþ êîíòàêòíèõ ñèìåòðié). Çîêðåìà, äëÿ n = 2 öÿ àëãåáðà ìà¹
âèãëÿä

gn=2 = 〈∂t, ∂x, ∂u, 2x∂x + u∂u + ut∂ut − ux∂ux ,
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x∂u + ∂ux , 4t∂t + 3u∂u − ut∂ut + 3ux∂ux ,

x2∂x + xu∂u + xut∂ut − xux∂ux〉

i ¹ ïðîäîâæåííÿì àëãåáðè ëi¨âñüêèõ (òî÷êîâèõ) ñèìåòðié ðiâíÿííÿ

ut = u
−1/3
xx (äèâ. ðåàëiçàöiþ (5) íèæ÷å). Óìîâè íà ôóíêöiþ F , ïðè

ÿêèõ êëàñ (1) äîïóñêà¹ ëèøå òðèâiàëüíi êîíòàêòíi ïåðåòâîðåííÿ,
îòðèìàíî â ðîáîòi [13].

Ó ðîáîòi [19] Ð.Ç. Æäàíîâèì âñòàíîâëåíî çâ'ÿçîê ìiæ ïîòåíöiàëü-
íèìè òà êîíòàêòíèìè ñèìåòðiÿìè åâîëþöiéíèõ ðiâíÿíü (1), à òàêîæ
çàïðîïîíîâàíî ïiäõiä äî êëàñèôiêàöi¨ òàêèõ ðiâíÿíü.

Ñâiæèé îãëÿä òà îñòàííi ðåçóëüòàòè ùîäî íåêëàñè÷íèõ ñèìåòðié
åâîëþöiéíèõ ðiâíÿíü ìîæíà çíàéòè â ðîáîòi [8].

Çíà÷íå ìiñöå â ëiòåðàòóði ïðèäiëÿ¹òüñÿ çíàõîäæåííþ ëi¨âñüêèõ
ñèìåòðié åâîëþöiéíèõ ðiâíÿíü. Êðiì òîãî, âèâ÷àþòüñÿ ñèìåòðiéíi
âëàñòèâîñòi ðiçíîìàíiòíèõ ïiäêëàñiâ êëàñó (1) ïðè n = 2, 3. Ó ðîáî-
òi [5], I.Ø. Àõàòîâ, Ð.Ê. Ãàçiçîâ òà Í.Õ. Iáðàãiìîâ ðîçãëÿíóëè ëî-
êàëüíi òà íåëîêàëüíi ñèìåòði¨ äëÿ äåÿêèõ êëàñiâ åâîëþöiéíèõ ðiâíÿíü
äðóãîãî ïîðÿäêó, à ñàìå äëÿ ðiâíÿíü íåëiíiéíî¨ òåïëîïðîâiäíîñòi, íå-
ëiíiéíî¨ ôiëüòðàöi¨ òà ãàçîâî¨ äèíàìiêè. Çîêðåìà, ó öié ðîáîòi çíàéäå-
íî ãðóïó åêâiâàëåíòíîñòi òà âèêîíàíî ïîâíó ãðóïîâó êëàñèôiêàöiþ
êëàñó ut = H(uxx). ßêùî âèêëþ÷èòè ç ðîçãëÿäó ëiíiéíèé âèïàäîê,
òî ïðè äîâiëüíié ôóíêöi¨ H öåé êëàñ äîïóñêà¹ ï'ÿòèâèìiðíó àëãå-
áðó ëi¨âñüêèõ ñèìåòðié. Êðiì òîãî, iñíó¹ 5 íååêâiâàëåíòíèõ âèïàäêiâ
ðîçøèðåííÿ öi¹¨ ï'ÿòèâèìiðíî¨ àëãåáðè. Ó âèïàäêó ñòåïåíåâî¨, ëîãà-
ðèôìi÷íî¨ òà åêñïîíåíöiàëüíî¨ íåëiíiéíîñòi, àëãåáðà iíâàðiàíòíîñ-
òi � øåñòèâèìiðíà, à ñåìèâèìiðíó àëãåáðó äîïóñêàþòü äâà íàñòóïíi
ðiâíÿííÿ [5]:

ut = u−1/3
xx , (3)

ut = u1/3
xx . (4)

Çãiäíî ç [5], ìàêñèìàëüíi ëi¨âñüêi àëãåáðè iíâàðiàíòíîñòi ðiâíÿíü (3)
òà (4) íàñòóïíi:

gAGI1 = 〈∂t, ∂x, ∂u, 2t∂t + x∂x + 2u∂u, x∂u, 4t∂t + 3u∂u,

x2∂x + xu∂u〉, (5)

gAGI2 = 〈∂t, ∂x, ∂u, 2t∂t + x∂x + 2u∂u, x∂u,

2t∂t + 3u∂u, u∂x〉. (6)
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Ó ðîáîòàõ [4, 7] âèâ÷åíî ñèìåòðiéíi âëàñòèâîñòi êëàñó

ut + uux = F (un).

Çîêðåìà, ïîêàçàíî, ùî ðiâíÿííÿ

ut + uux = u1/3
xx (7)

äîïóñêà¹ ñåìèâèìiðíó àëãåáðó Ëi

gBF = 〈∂t, ∂x, t∂x + ∂u, 4t∂t + 5x∂x + u∂u,

u∂x, (2t− x)∂x + u∂u, (tu− x)(t∂x + ∂u)〉. (8)

Ó ðîáîòàõ [1, 2] çà äîïîìîãîþ òåõíiêè ðîçãàëóæåíîãî ðîçùåïëåí-
íÿ âèêîíàíî ïîâíó ãðóïîâó êëàñèôiêàöiþ ëi¨ñüêèõ ñèìåòðié ïiäêëàñiâ
ut+uux = H(un) òà ut = H(un) âiäïîâiäíî, äå n ≥ 3. Äèâ. [16] òà ñïè-
ñîê ëiòåðàòóðè â öié ðîáîòi ùîäî ìåòîäó ðîçãàëóæåíîãî ðîçùåïëåí-
íÿ òà iíøèõ ñó÷àñíèõ àëãåáðà¨÷íèõ òåõíiê ñèìåòðiéíî¨ êëàñèôiêàöi¨
äèôåðåíöiàëüíèõ ðiâíÿíü.

Îñêiëüêè, çãiäíî ç ðåçóëüòàòîì Á.À. Ìàãàä¹¹âà [12], iñíó¹ ¹äèíå ç
òî÷íiñòþ äî êîíòàêòíèõ ïåðåòâîðåíü åêâiâàëåíòíîñòi (1+1)-âèìiðíå
åâîëþöiéíå ðiâíÿííÿ äðóãîãî ïîðÿäêó ç ñåìèâèìiðíîþ ìàêñèìàëü-
íîþ àëãåáðîþ êîíòàêòíèõ ñèìåòðié, òî îñíîâíà ìåòà öi¹¨ ðîáîòè ïî-
ëÿãà¹ â íàñòóïíîìó: çíàéòè ïåðåòâîðåííÿ, ùî ïîâ'ÿçóþòü íåëiíiéíi
(1+1)-âèìiðíi åâîëþöiéíi ðiâíÿííÿ (3), (4) òà (7).

Âiäîìî, ùî ðiâíÿííÿ (4) çâîäèòüñÿ äî ðiâíÿííÿ (3) çà äîïîìîãîþ
êîíòàêòíîãî ïåðåòâîðåííÿ (äèâ. [10, 14])

t = −t̃, x = ũx̃, u = x̃ũx̃ − ũ, ut = ũt̃, uxx =
1

ũx̃x̃
, (9)

äå ũ � íîâà çàëåæíà çìiííà òà t̃, x̃ � íîâi íåçàëåæíi çìiííi.
Çàóâàæèìî, ùî ðiâíÿííÿ (4) iíâàðiàíòíå ùîäî ïåðåòâîðåííÿ ãî-

äîãðàôà [3, c. 409]

t = t̃, x = ũ(t̃, x̃), u(t, x) = x̃, ut = −ũt̃, uxx = − 1

ũx̃x̃
.

Òàêèì ÷èíîì, ðiâíÿííÿ íåëiíiéíî¨ òåïëîïðîâiäíîñòi (4) � ùå îäèí
ïðèêëàä ãîäîãðàô-iíâàðiàíòíîãî åâîëþöiéíîãî ðiâíÿííÿ äðóãîãî ïî-
ðÿäêó ïîðÿä ç ðiâíÿííÿìè øâèäêî¨ äèôóçi¨ ut = uxxu

−1
x òà ôiëüòðàöi¨

ut = uxx
(
1 + u2

x

)−1
.
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Íàìè çíàéäåíî ìîäèôiêîâàíå ïåðåòâîðåííÿ ãîäîãðàôà

t = t̃, x = ũ(t̃, x̃) + x̃t̃, u(t, x) = x̃,

ut = − ũx̃ + x̃

ũx̃ + t̃
, ux =

1

ũx̃ + t̃
, uxx = − ũx̃x̃

(ũx̃ + t̃)3
, (10)

ÿêå çâîäèòü ðiâíÿííÿ (7) äî ðiâíÿííÿ (4).
Îòæå, íåëiíiéíi ðiâíÿííÿ (4) òà (7) ç ñåìèâèìiðíèìè ìàêñèìàëü-

íèìè àëãåáðàìè iíâàðiàíòíîñòi çâîäÿòüñÿ äî íåëiíiéíîãî ðiâíÿííÿ
òåïëîðîâiäíîñòi (3) ç êëàñèôiêàöi¨ Á.À. Ìàãàä¹¹âà çà äîïîìîãîþ êîí-
òàêòíîãî ïåðåòâîðåííÿ (9) òà óçàãàëüíåíîãî ïåðåòâîðåííÿ ãîäîãðà-
ôà (10), à âiäïîâiäíi àëãåáðè (6) òà (8) içîìîðôíi ç òî÷íiñòþ äî êîí-
òàêòíèõ ïåðåòâîðåíü àëãåáði (5).
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Ìîðôiçì F = {Fn, n > 1}, ùî çàáåçïå÷ó¹ âëàñòèâiñòü ôîðìàëüíîñ-
òi àëãåáð â äåôîðìàöiéíîìó êâàíòóâàííi çà Êîíöåâè÷åì, çàäàíî íà-
áîðîì âiäîáðàæåíü òåíçîðíèõ ñòåïåíåé äèôåðåíöiàëüíî¨ ãðàäóéîâàíî¨
àëãåáðè Ëi (dgLa) ìóëüòèâåêòîðíèõ ïîëiâ â dgLa ïîëiäèôåðåíöiàëüíèõ
îïåðàòîðiâ íà ñêií÷åííîâèìiðíèõ àôiííèõ ìíîãîâèäàõ. Õî÷à ïåðøèé
÷ëåí F1 ñàì ïî ñîái íå ¹ ìîðôiçìîì àëãåáð Ëi, ïîñëiäîâíiñòü F â öiëî-
ìó ¹ L∞-ìîðôiçìîì. Íà éîãî îñíîâi áóäó¹òüñÿ âiäîáðàæåííÿ åëåìåíòiâ
Ìàóðåðà�Êàðòàíà, ÿêå ñòàâèòü ó âiäïîâiäíiñòü ïóàñîíîâèì áiâåêòîðàì
äåôîðìàöi¨ µA 7→ ?A[[~]], ùî äîáóäîâóþòü çâè÷àéíå ìíîæåííÿ ôóíêöié
äî àñîöiàòèâíèõ íåêîìóòàòèâíèõ ?-äîáóòêiâ íà ïðîñòîði ñòåïåíåâèõ ðÿ-
äiâ ïî ~. Ïðè öüîìó àñîöèàòèâíiñòü ?-äîáóòêiâ çàáåçïå÷åíî � íà ìî-
âi ãðàôiâ Êîíöåâè÷à, ùî ïðåäñòàâëÿþòü ïîëiäèôåðåíöiàëüíi îïåðàòî-
ðè, � äèôåðåíöiàëüíèìè íàñëiäêàìè òîòîæíîñòi ßêîái. Ìåòà ðîáîòè �
ïðîiëþñòðóâàòè öåé àëãåáðà¨÷íèé ìåõàíiçì äëÿ ?-äîáóòêiâ Êîíöåâè÷à
(çîêðåìà, ç ãàðìîíi÷íèìè ïðîïàãàòîðàìè).

The formality morphism F = {Fn, n > 1} in Kontsevich's deformation
quantization is a collection of maps from tensor powers of the di�eren-
tial graded Lie algebra (dgLa) of multivector �elds to the dgLa of polydif-
ferential operators on �nite-dimensional a�ne manifolds. Not a Lie algebra
morphism by its term F1 alone, the entire set F is an L∞-morphism
instead. It induces a map of the Maurer�Cartan elements, taking Pois-
son bi-vectors to deformations µA 7→ ?A[[~]] of the usual multiplication
of functions into associative noncommutative ?-products of power series
in ~. The associativity of ?-products is then realized, in terms of the
Kontsevich graphs which encode polydi�erential operators, by di�erential
consequences of the Jacobi identity. The aim of this paper is to illustrate
the work of this algebraic mechanism for the Kontsevich ?-products (in
particular, with harmonic propagators).
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1. Introduction. The Kontsevich formality morphism F relates
two differential graded Lie algebras (dgLa). Its domain of definition is

the shifted-graded vector space T
↓[1]
poly(Mr) of multivectors on an affine

real finite-dimensional manifold Mr; the graded Lie algebra structure is
the Schouten bracket [[ , ]] and the differential is set to (the bracket with)
zero by definition. On the other hand, the target space of the formality

morphism F is the graded vector space D
↓[1]
poly(Mr) of polydifferential

operators on Mr; the graded Lie algebra structure is the Gerstenhaber
bracket [ , ]G and the differential dH = [µA, ·] is induced by using the
multiplication µA in the algebra A := C∞(Mr) of functions on Mr.
It is readily seen that w.r.t. the above notation, Poisson bi-vectors P
satisfying the Jacobi identity [[P,P]] = 0 on Mr are the Maurer–Cartan
elements (indeed, (d ≡ 0)(P) + 1

2 [[P,P]] = 0). Likewise, for a (non)com-
mutative star-product ? = µA[[~]] + 〈tail =: B〉, which deforms the usual
multiplication µ = µA[[~]] in A[[~]] = C∞(Mr)⊗RR[[~]] by a tail B w.r.t.
a formal parameter ~, the requirement that ? be associative again is the
Maurer–Cartan equation,

[µ,B]G + 1
2 [B,B]G = 0 ⇐⇒ 1

2 [µ+B,µ+B]G = 0.

Here, the leading order equality [µ, µ]G = 0 expresses the given associa-
tivity of the product µ itself.

The Kontsevich formality mapping F = {Fn : T⊗npoly → Dpoly, n > 1}
in [15, 16] is an L∞-morphism which induces a map that takes Maurer–
Cartan elements P, i.e., formal Poisson bi-vectors P̃ = ~P+ ō(~) on Mr,
to Maurer–Cartan elements1, i.e., the tails B in solutions ? of the asso-
ciativity equation on A[[~]].

The theory required to build the Kontsevich map F is standard, well
reflected in the literature (see [15, 16], as well as [9, 11] and references
therein); a proper choice of signs is analysed in [2, 20]. The framework of
homotopy Lie algebras and L∞-morphisms, introduced by Schlessinger–
Stasheff [19], is available from [17], cf. [10] in the context of present
paper.

So, the general fact of (existence of) factorization,

Assoc(?)(P)(f, g, h) = 3
(
P, [[P,P]]

)
(f, g, h), f, g, h ∈ A[[~]], (1)

is known to the expert community. Indeed, this factorization is im-
mediate from the construction of L∞-morphism in [16, Section 6.4].

1In fact, the morphism F is a quasi-isomorphism (see [16, Theorem 6.3]), inducing
a bijection between the sets of gauge-equivalence classes of Maurer–Cartan elements.
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We shall inspect how this mechanism works in practice, i.e., how pre-
cisely the ?-product is made associative in its perturbative expansion
whenever the bi-vector P is Poisson, thus satisfying the Jacobi identity
Jac(P) := 1

2 [[P,P]] = 0. To the same extent as our paper [6] justifies
a similar factorization, [[P,Q(P)]] = 3

(
P, [[P,P]]

)
, of the Poisson cocycle

condition for universal deformations Ṗ = Q(P) of Poisson structures,2

we presently motivate the findings in [5] for ? mod ō
(
~3
)
, proceeding

to the next order ? mod ō
(
~4
)

from [7] (and higher orders, recently
available from [3]).3 Let us emphasize that the theoretical constructions
and algorithms (contained in the computer-assisted proof scheme under
study and in the tools for graph weight calculation) would still work at
arbitrarily high orders of expansion ? mod ō

(
~k
)

as k → ∞. Explicit

factorization (1) up to ō
(
~k
)

helps us build the star-product ? mod ō
(
~k
)

by using a self-starting iterative process, because the Jacobi identity
for P is the only obstruction to the associativity of ?. Specifically, the
Kontsevich weights of graphs on fewer vertices (yet with a number of
edges such that they do not show up in the perturbative expansion of ?)
dictate the coefficients of Leibniz orgraphs in operator 3 at higher orders
in ~. These weights in the r.h.s. of (1) constrain the higher-order weights
of the Kontsevich orgraphs in the expansion of ?-product itself. This is
important also in the context of a number-theoretic open problem about
the (ir)rational value (const ∈ Q\{0})·ζ(3)2/π6 +(const ∈ Q) of a graph
weight at ~7 in ? (see [12] and [3]).

Our paper is structured as follows. First, we fix notation and recall
some basic facts from relevant theory. Secondly, we provide three examp-
les which illustrate the work of formality morphism in solving Eq. (1).
Specifically, we read the operators 3k = 3 mod ō

(
~k
)

satisfying

Assoc(?)(P)(f, g, h) mod ō
(
~k
)

= 3k

(
P, [[P,P]]

)
(f, g, h) (1′)

at k = 2, 3, and 4. This corresponds to the expansions ? mod ō
(
~k
)

in [16], [5], and [7], respectively. One can then continue with k = 5, 6;
these expansions are in [3]. Independently, one can probe such factor-
izations using other stable formality morphisms: for instance, the ones

2Universal w.r.t. all Poisson brackets on all finite-dimensional affine manifolds,
such infinitesimal deformations were pioneered in [15]; explicit examples of these
flows Ṗ = Q(P) are given in [4, 6, 8].

3Note that both the approaches – to noncommutative associative ?-products and
deformations of Poisson structures – rely on the same calculus of oriented graphs by
Kontsevich [13, 14, 15, 16].
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which correspond to a different star-product, the weights in which are
determined by a logarithmic propagator instead of the harmonic one
(see [1, 18]).

2. Two differential graded Lie algebra structures. Let Mr

be an r-dimensional affine real manifold (we set k = R for simplici-
ty). In the algebra A := C∞(Mr) of smooth functions, denote by µA
(or equivalently, by the dot ·) the usual commutative, associative, bi-
linear multiplication. The space of formal power series in ~ over A will
be A[[~]] and the ~-linear multiplication in it is µ (instead of µA[[~]]).
Consider two differential graded Lie algebra structures. First, we have

that the shifted-graded space T
↓[1]
poly(Mr) of multivector fields on Mr

is equipped with the shifted-graded skew-symmetric Schouten bracket
[[ , ]] (itself bi-linear by construction and satisfying the shifted-graded
Jacobi identity); the differential is set to zero. Secondly, the vector

space D
↓[1]
poly(Mr) of polydifferential operators (linear in each argument

but not necessarily skew over the set of arguments or a derivation in any
of them) is graded by using the number of arguments m: by definition,
let deg(θ(m arguments)) := m− 1. For instance, deg(µA) = 1. The Lie

algebra structure on D
↓[1]
poly(Mr) is the Gerstenhaber bracket [ , ]G; for

two homogeneous operators Φ1 and Φ2 it equals [Φ1,Φ2]G = Φ1 ~◦ Φ2 −
(−1)deg Φ1·deg Φ2Φ2 ~◦ Φ1, where the directed, non-associative insertion
product is, by definition

(Φ1 ~◦ Φ2)(a0, . . . , ak1+k2) =

k1∑
i=0

(−1)ik2Φ1

(
a0 ⊗ · · · ⊗ ai−1

⊗ Φ2(ai ⊗ · · · ⊗ ai+k2
)⊗ ai+k2+1 ⊗ · · · ⊗ ak1+k2

)
.

In the above, Φi : A
⊗(ki+1) → A so that aj ∈ A.

Example 1. The associativity of the product µA in the algebra of func-
tions A = C∞(Mr) is the statement that

µ
(1)
A

(
µ

(2)
A (a0, a1), a2

)
+ (−1)(i=1)·(deg µA=1)µ

(1)
A

(
a0, µ

(2)
A (a1, a2)

)
− (−1)(deg µ

(1)
A =1)·(deg µ

(2)
A =1)

{
µ

(1)
A

(
µ

(1)
A (a0, a1), a2

)
−µ(2)

A

(
a0, µ

(1)
A (a1, a2)

)}
= 2
{

(a0 · a1) · a2− a0 · (a1 · a2)
}

= 0.

So, the associator Assoc(µA)(a0, a1, a2) = 1
2 [µA, µA]G (a0, a1, a2) = 0 for

any aj ∈ A.
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Like [[·, ·]], the Gerstenhaber bracket satisfies the shifted-graded Ja-

cobi identity. The Hochshild differential on D
↓[1]
poly(Mr) is dH = [µA, ·]G;

indeed, its square vanishes, d2
H = 0, due to the Jacobi identity for [ , ]G

into which one plugs the equality [µA, µA]G = 0.
3. The Maurer–Cartan elements. In every differential graded

Lie algebra with a Lie bracket [ , ], the Maurer–Cartan (MC) elements
are solutions of degree 1 for the Maurer–Cartan equation

dα+ 1
2 [α, α] = 0, (2)

where d is the differential (equal, we recall, to dH =[µA, ·]G onD
↓[1]
poly(Mr)

and zero identically on T
↓[1]
poly(Mr). Likewise, the Lie algebra structure

[·, ·] is the Gerstenhaber bracket [·, ·]G and the Schouten bracket [[·, ·]],
respectively.)

Now tensor the degree-one parts of both dgLa structures with ~·k[[~]],
i.e., with formal power series starting at ~1, and, preserving the nota-
tion (that is, extending the brackets and the differentials by ~-linearity),
consider the same Maurer–Cartan equation (2). Let us study its formal
power series solutions α = ~1α1 + · · · .

So far, in the Poisson world we have that the Maurer–Cartan bi-
vectors are formal Poisson structures 0+~P1 + ō(~) satisfying (2), which
is [[~P1 + ō(~), ~P1 + ō(~)]] = 0 with zero differential. In the world of
associative structures, the Maurer–Cartan elements are the tails B in
expansions ? = µ + B, so that the associativity equation [?, ?]G = 0
reads (for [µ, µ]G = 0)

[µ,B]G + 1
2 [B,B]G = 0,

which is again (2).
4. The L∞-morphisms. Our goal is to have (and use) a morphism

T
↓[1]
poly(Mr)→ D

↓[1]
poly(Mr) which would induce a map that takes Maurer–

Cartan elements in the Poisson world to Maurer–Cartan elements in the
associative world.

The leading term F1, i.e., the first approximation to the morphism
which we consider, is the Hochschild–Kostant–Rosenberg (HKR) map
(obviously, extended by linearity),

F : ξ1 ∧ · · · ∧ ξm 7→
1

m!

∑
σ∈Sm

(−1)σξσ(1) ⊗ · · · ⊗ ξσ(m),
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which takes a split multi-vector to a polydifferential operator (in fact,
an m-vector). More explicitly, we have that

F1 : (ξ1 ∧ · · · ∧ ξm)

7→
(
a1 ⊗ · · · ⊗ am 7→

1

m!

∑
σ∈Sm

(−1)σ
m∏
i=1

ξσ(i)(ai)

)
, (3)

here aj ∈A :=C∞(Mr). For zero-vectors h ∈ A, one has F1 : h 7→(1 7→h).

Claim 1 ([16, Section 4.6.2]). The leading term, map F1, is not a Lie
algebra morphism (which, if it were, would take the Schouten bracket of
multivectors to the Gerstenhaber bracket of polydifferential operators).

Proof (by counterexample). Take two bi-vectors; their Schouten bracket
is a tri-vector, but the Gerstenhaber bracket of two bi-vectors is a differ-
ential operator which has homogeneous components of differential orders
(2,1,1) and (1,1,2). And in general, those components do not vanish.

The construction of not a single map F1 but of an entire collection
F = {Fn, n > 1} of maps does nevertheless yield a well-defined map-
ping of the Maurer–Cartan elements from the two differential graded Lie
algebras.4

Theorem 2 ([16, Main Theorem]). There exists a collection of linear

maps F =
{
Fn : T

↓[1]
poly(Mr)⊗n → D

↓[1]
poly(Mr), n > 1

}
such that F1 is

the HKR map (3) and F is an L∞-morphism of the two differential

graded Lie algebras:
(
T
↓[1]
poly(Mr), [[·, ·]], d = 0

)
→
(
D
↓[1]
poly(Mr), [·, ·]G,

dH = [µA, ·]G
)
. Namely,

(1) each component Fn is homogeneous of own grading 1− n,

(2) each morphism Fn is graded skew-symmetric, i.e.,

Fn(. . . , ξ, η, . . . ) = −(−1)deg(ξ)·deg(η)Fn(. . . , η, ξ, . . . )

for ξ, η homogeneous,

4The name ‘formality’ for the collection F of maps is motivated by Theorem 4.10
in [16] and by the main theorem in loc. cit.
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(3) for each n > 1 and (homogeneous) multivectors ξ1, . . . , ξn ∈
T
↓[1]
poly(Mr), we have that (cf. [11, Section 3.6])

dH(Fn(ξ1, . . . , ξn))−(−1)n−1
n∑
i=1

(−1)uFn(ξ1, . . . , dξi, . . . , ξn)

+ 1
2

∑
p+q=n
p,q>0

∑
σ∈Sp,q

(−1)pn+t
[
Fp(ξσ(1), . . . , ξσ(p)), (4)

Fq(ξσ(p+1), . . . , ξσ(n))
]
G

= (−1)n
∑
i<j

(−1)sFn−1

(
[ξi, ξj ], ξ1, . . . , ξ̂i, . . . , ξ̂j , . . . , ξn

)
. (5)

In the above formula, σ runs through the set of (p, q)-shuffles, i.e.,
all permutations σ ∈ Sn such that σ(1) < · · ·< σ(p) and indepen-
dently σ(p+1) < · · ·< σ(n); the exponents t and s are the numbers
of transpositions of odd elements which we count when passing (t)
from (Fp,Fq, ξ1, . . ., ξn) to (Fp,ξσ(1),. . .,ξσ(p),Fq,ξσ(p+1), . . .,ξσ(n)),

and (s) from (ξ1,. . .,ξn) to (ξi,ξj ,ξ1,. . .,ξ̂1,. . .,ξ̂j ,. . .,ξn).5

Remark 1. Let n := 1, then equality (5) in Theorem 2 is

dH ◦ F1 − (−1)1−1 · (−1)u=0 from (d,ξ1)7→(d,ξ1)F1 ◦ d = 0

⇐⇒ dH ◦ F1 = F1 ◦ d,

whence F1 is a morphism of complexes.
• Let n := 2, then for any homogeneous multivectors ξ1 and ξ2,

F1

(
[[ξ1, ξ2]]

)
−
[
F1(ξ1),F1(ξ2)

]
G

= dH
(
F2(ξ1, ξ2)

)
+ F2

(
(d = 0)(ξ1), ξ2

)
+ (−1)deg ξ1F2

(
ξ1, (d = 0)(ξ2)

)
,

so that in our case F1 is “almost” a Lie algebra morphism but for the
discrepancy which is controlled by the differential of the (value of the)
succeeding map F2 in the sequence F = {Fn, n > 1}. Big formula (5)
shows in precisely which sense this is also the case for higher homoto-
pies Fn, n > 2 in the L∞-morphism F . Indeed, an L∞-morphism is
a map between dgLas which, in every term, almost preserves the bracket
up to a homotopy dH ◦ {. . . } provided by the next term.

5The exponent u is not essential for us now because the differential d on T
↓[1]
poly(Mr)

is set equal to zero identically, so that the entire term with u does not contribute
(recall Fn is linear).
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Even though neither F1 nor the entire collection F = {Fn, n > 1} is
a dgLa morphism, their defining property (5) guarantees that F gives us
a well defined mapping of the Maurer–Cartan elements (which, we recall,
are formal Poisson bi-vectors and tails B of associative (non)commutati-
ve multiplcations ? = µ+B on A[[~]], respectively).

Corollary 3. The natural ~-linear extension of F , now acting on the

space of formal power series in ~ with coefficients in T
↓[1]
poly(Mr) and with

zero free term by the rule

ξ 7→
∑
n>1

1

n!
Fn(ξ, . . . , ξ),

takes the Maurer–Cartan elements P̃ = ~P+ ō(~) to the Maurer–Cartan
elements B =

∑
n>1

1
n!Fn(P̃, . . . , P̃) = ~P̃ + ō(~). (Note that the HKR

map F1, extended by ~-linearity, still is an identity mapping on multi-
vectors, now viewed as special polydifferential operators.)

In plain terms, for a bivector P itself Poisson, formal Poisson struc-
tures P̃ = ~P + ō(~) satisfying [[P̃, P̃]] = 0 are mapped by F to the tails
B = ~P + ō(~) such that ? = µ+ B is associative and its leading order
deformation term is a given Poisson structure P.

Proof of Corollary 3. Let us presently consider the restricted case when
P̃ = ~P, without any higher order tail ō(~). The Maurer–Cartan equa-

tion in D
↓[1]
poly(Mr)⊗ ~k[[~]] is [µ,B]G + 1

2 [B,B]G = 0, where

B =
∑
n>1

1

n!
Fn
(
P̃, . . . , P̃

)
and we let P̃ = ~P, so that B =

∑
n>1

~n
n! Fn(P, . . . , P). Let us plug

this formal power series in the l.h.s. of the above equation. Equating the
coefficients at powers ~n and multiplying by n!, we obtain the expression

[µ,Fn(P, . . . ,P)]G + 1
2

∑
p+q=n
p,q>0

n!

p!q!

[
Fp(P, . . . ,P),Fq(P, . . . ,P)

]
G
.

It is readily seen that now the sum
∑
σ∈Sp,q in (5) over the set of (p, q)-

shuffles of n = p+q identical copies of an object P just counts the number
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of ways to pick p copies going first in an ordered string of length n.
To balance the signs, we note at once that by item (2) in Theorem 2,
see above, Fp(. . . ,P(α),P(α+1), . . . ) = Fp(. . . ,P(α+1),P(α), . . . ) because
bi-vector’s shifted degree is +1, so that no (p, q)-shuffles of (P, . . . ,P)
contribute with any sign factor. The only sign contribution that remains
stems from the symbol Fq of grading 1 − q transported along p copies
of odd-degree bi-vector P; this yields t = (1 − q) · p and (−1)pn+t =
(−1)p·(p+q) · (−1)(1−q)·p = (−1)p·(p+1) = +.

The left-hand side of the Maurer–Cartan equation (2) is, by the
above, expressed by the left-hand side of (5) which the L∞-morphism
F satisfies. In the right-hand side of (5), we now obtain (with, actually,
whatever sign factors) the values of linear mappings Fn−1 at twice the
Jacobiator [[P̃, P̃]] as one of the arguments. All these values are therefore
zero, which implies that the right-hand side of the Maurer–Cartan equa-
tion (2) vanishes, so that the tail B indeed is a Maurer–Cartan element
in the Hochschild cochain complex (in other words, the star-product
? = µ+B is associative).

This completes the proof in the restricted case when P̃ = ~P. For-
mal power series bi-vectors P̃ = ~P + ō(~) refer to the same count of
signs as above, yet the calculation of multiplicities at ~n (for all possible
lexicographically ordered p- and q-tuples of n arguments) is an extensive
exercise in combinatorics.

Corollary 4. Because the right-hand side of (2) in the above reaso-
ning is determined by the right-hand side of (5), we read off an explicit
formula of the operator 3 that solves the factorization problem

Assoc(?)(P)(f, g, h) = 3
(
P, [[P,P]]

)
(f, g, h), f, g, h ∈ A[[~]]. (1)

Indeed, the operator is

3 = 2 ·
∑
n>1

~n

n!
· cn · Fn−1

(
[[P,P]],P, . . . ,P

)
. (6)

But what are the coefficients cn ∈ R equal to? Let us find it out.
5. Explicit construction of the formality morphism F . The

first explicit formula for the formality morphism F which we study in
this paper was discovered by Kontsevich in [16, Section 6.4], providing
an expansion of every term Fn using weighted decorated graphs:

F =
{
Fn =

∑
m>0

∑
Γ∈Gn,m

WΓ · UΓ

}
.
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Here Γ belongs to the set Gn,m of oriented graphs on n internal vertices
(i.e., arrowtails), m sinks (from which no arrows start), and 2n+m−2 >
0 edges, such that at every internal vertex there is an ordering of outgoing
edges. By decorating each edge with a summation index that runs from 1
to r, by viewing each edge as a derivation ∂/∂xα of the arrowhead vertex
content, by placing n multivectors from an ordered tuple of arguments
of Fn into the respective vertices, now taking the sum over all indices of
the resulting products of the content of vertices, and skew-symmetrizing
over the n-tuple of (shifted-)graded multivectors, we realize each graph

at hand as a polydifferential operator T
↓[1]
poly(Mr)⊗n → D

↓[1]
poly(Mr) whose

arguments are multivectors. Note that the value Fn(ξ1, . . . , ξn) itself is,
by construction, a differential operator w.r.t. the contents of sinks of the
graph Γ. All of this is discussed in detail in [13, 14, 15, 16] or [4, 5, 7].

The formula for the harmonic weights WΓ ∈ R is given in [16, Sec-
tion 6.2]; it is

WΓ =

(
n∏
k=1

1

#Star(k)!

)
· 1

(2π)2n+m−2

∫
C̄+
n,m

∧
e∈EΓ

dφe,

where # Star(k) is the number of edges starting from vertex k, dϕe is the
“harmonic angle” differential 1-form associated to the edge e, and the
integration domain C̄+

n,m is the connected component of C̄n,m which is
the closure of configurations where points qj , 1 6 j 6 m on R are placed
in increasing order: q1 < · · · < qm. For convenience, let us also define

wΓ =

( n∏
k=1

#Star(k)!

)
·WΓ.

The convenience is that by summing over labelled graphs Γ, we actu-
ally sum over the equivalence classes [Γ] (i.e., over unlabeled graphs)
with multiplicities (wΓ/WΓ) · n!/#Aut(Γ). The division by the volume
#Aut(Γ) of the symmetry group eliminates the repetitions of graphs
which differ only by a labeling of vertices but, modulo such, do not dif-
fer by the labeling of ordered edge tuples (issued from the vertices which
are matched by a symmetry).

Let us remember that the integrand in the formula of WΓ is defined
in terms of the harmonic propagator; other propagators (e.g., logarith-
mic, or other members of the family interpolating between harmonic and
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logarithmic [1, 18]) would give other formality morphisms. A path inte-
gral realization of the ?-product itself and of the components Fn in the
formality morphism is proposed in [10].

To calculate the graph weights WΓ in practice, we employ methods
which were outlined in [7], as well as [12, Appendix E] (about the cyclic
weight relations), and [3] that puts those real values in the context of
Riemann multiple zeta functions and polylogarithms.6 Examples of such
decorated oriented graphs Γ and their weights WΓ will be given in the
next section.

5.1. Sum over equivalence classes. The sum in Kontsevich’s
formula is over labeled graphs: internal vertices are numbered from 1
to n, and the edges starting from each internal vertex k are numbered
from 1 to #Star(k). Under a re-labeling σ : Γ 7→ Γσ of internal vertices
and edges it is seen from the definitions that the operator UΓ and the
weight WΓ enjoy the same skew-symmetry property (as remarked in [16,
Section 6.5]), whence WΓ · UΓ = WΓσ · UΓσ . It follows that the sum over
labeled graphs can be replaced by a sum over equivalence classes [Γ] of
graphs, modulo labeling of internal vertices and edges. For this it re-
mains to count the size of an equivalence class: the edges can be labeled
in
∏n
k=1 #Star(k)! ways, while the n internal vertices can be labeled in

n!/#Aut(Γ) ways.

Example 2. The double wedge on two ground vertices has only one
possible labeling of vertices, due to the automorphism that interchanges
the wedges.

We denote by MΓ =
(∏n

k=1 #Star(k)!
)
·n!/#Aut(Γ) the multiplicity

of the graph Γ, and let Ḡn,m be the set of equivalence classes [Γ] modulo
labeling of Γ ∈ Gn,m. The formula for the formality morphism can then
be rewritten as

F =
{
Fn =

∑
m>0

∑
[Γ]∈Ḡn,m

MΓ ·WΓ · UΓ

}
;

here the Γ in MΓ ·WΓ · UΓ is any representative of [Γ]. Any ambiguity
in signs (due to the choice of representative) in the latter two factors
is cancelled in their product. Note that the factor

(∏n
k=1 #Star(k)!

)
in

MΓ kills the corresponding factor in WΓ, as remarked in [16, Section 6.5].

6It is the values wΓ instead of WΓ which are calculated by software [3].
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5.2. The coefficient of a graph in the ?-product. The ?-product
associated with a Poisson structure P is given by Corollary 3:

? = µ+
∑
n>1

~n

n!
Fn(P, . . . ,P)

= µ+
∑
n>1

~n

n!

∑
[Γ]∈Ḡn,2

MΓ ·WΓ · UΓ(P, . . . ,P).

For a graph Γ ∈ Gn,2 such that each internal vertex has two outgoing
edges (these are the only graphs that contribute, because we insert bi-
vectors) we have MΓ = 2n · n!/#Aut(Γ). In total, the coefficient of
UΓ(P, . . . ,P) at ~n is 2n/#Aut(Γ) ·WΓ = wΓ/#Aut(Γ). The skew-sym-
metrization without prefactor of bi-vector coefficients in UΓ(P, . . . ,P)
provides an extra factor 2n.

Example 3 (at ~1). The coefficient of the wedge graph is 1/2 and the
operator is 2P, hence we recover P.

5.3. The coefficient of a Leibniz graph in the associator. The
factorizing operator 3 for Assoc(?) is given by Corollary 4:

3 = 2 ·
∑
n>1

~n

n!
· cn · Fn−1

(
[[P,P]],P, . . . ,P

)
= 2 ·

∑
n>1

~n

n!
· cn ·

∑
[Γ]∈Ḡn−1,3

MΓ ·WΓ · UΓ

(
[[P,P]],P, . . . ,P

)
.

For a graph Γ ∈ Gn−1,3 where one internal vertex has three outgoing
edges and the rest have two, we have MΓ = 3! · 2n−2 · (n− 1)!/#Aut(Γ).
In total, the coefficient of UΓ([[P,P]],P, . . . ,P) at ~n is[

2 · 1

n!
· cn · 3! · 2n−2 · (n− 1)!

]
· WΓ

#Aut(Γ)
=

[
2 · cn

n

]
· wΓ

#Aut(Γ)
.

The skew-symmetrization without prefactor of bi- and tri-vector coef-
ficients in the operator UΓ([[P,P]],P, . . . ,P) provides an extra factor
3! · 2n−2.

Example 4 (at ~2). The coefficient of the tripod graph is c2 · 1
3! and

the operator is 3! · [[P,P]], hence we recover c2[[P,P]] = 2
3 Jac(P). (The

right-hand side is known from the associator, e.g., from [5].) This yields
c2 = 1/3. In addition, we see that the HKR map F1 acts here by the
identity on [[P,P]].
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In the next section, we shall find that at ~n, the coefficients of our
Leibniz graphs (with Jac(P) inserted instead of [[P,P]]) are

[[P, P ]]

Jac(P)
·
[
3! · 2n−2

]
·
[
2 · cn

n

]
· wΓ

#Aut(Γ)
= 2n · wΓ

#Aut(Γ)
,

so 3! · 2n · cnn = 2n. We deduce that cn = n/3! = n/6 in all our experi-
ments.

Conjecture. For all n > 2, the coefficients in (6) are cn = n/3! = n/6
(hence, the coefficients of markers Γ for equivalence classes [Γ] of the
Leibniz graphs in (6) are 2n · wΓ/#Aut(Γ)), although it still remains to
be explained how exactly this follows from the L∞ condition (5).

6. Examples. Let P be a Poisson bi-vector on an affine man-
ifold Mr. We inspect the associativity of the star-product ? = µ +∑
n>1

~n
n! Fn(P, . . . , P) given by Corollary 3 by illustrating the work of

the factorization mechanism from Corollary 4. The powers of deforma-
tion parameter ~ provide a natural filtration ~2 ·A(2)+~3 ·A(3)+~4 ·A(4)+
ō
(
~4
)

so that we verify the vanishing of Assoc(?)(P)(·, ·, ·) mod ō
(
~4
)

for ? mod ō
(
~4
)

order by order.
At ~0 there is nothing to do (indeed, the usual multiplication is asso-

ciative). All contribution to the associator of ? at ~1 cancels out because
the leading deformation term ~P in the star-product ? = µ+~P+ ō(~) is
a bi-derivation. The order ~2 was discussed in Example 4 in Section 5.3.

Remark 2. In all our reasoning at any order ~n>2, the Jacobiator in
Leibniz graphs is expanded (w.r.t. the three cyclic permutations of its
arguments) into the Kontsevich graphs, built of wedges, in such a way
that the internal edge, connecting two Poisson bi-vectors in Jac(P), is
proclaimed Left by construction. Specifically, the algorithm to expand
each Leibniz graphs is as follows:

1. Split the trivalent vertex with ordered targets (a, b, c) into two
wedges: the first wedge stands on a and b (in that order), and the
second wedge stands on the first wedge-top and c (in that order), so
that the internal edge of the Jacobiator is marked Left, preceding
the Right edge towards c.

2. Re-direct the edges (if any) which had the tri-valent vertex as their
target, to one of the wedge-tops; take the sum over all possible
combinations (this is the iterated Leibniz rule).
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3. Take the sum over cyclic permutations of the targets of the edges
which (initially) have (a, b, c) as their targets (this is the expansion
of the Jacobiator).

6.1. The order ~3. To factorize the next order expansion of the
associator, Assoc(?)(P) mod ō

(
~3
)

= ~2 ·A(2) +~3 ·A(3) + ō
(
~3
)
, at ~3 in

the operator 3 in the right-hand side of (1), we use graphs on n− 1 = 2
vertices, m = 3 sinks, and 2(n− 1) +m− 2 = 5 edges.

At ~3, two internal vertices in the Leibniz graphs in the r.h.s. of
factorization (1) are manifestly different: one vertex, containg the bi-
vector P, is a source of two outgoing edges, and the other, with [[P,P]],
of three. Therefore, the automorphism groups of such Leibniz graphs
(under relabellings of internal vertices of the same valency but with
the sinks fixed) can only be trivial, i.e., one-element. (This will not
necessarily be the case of Leibniz graphs on (n− 2) + 1 internal vertices
at ~>4: compare Examples 8 vs 9 on p. 39 below, where the weight of a
graph is divided further by the size of its automorphism group.)

The coefficient of ~3 in the factorizing operator 3,

coeff
(
3, ~3

)
= 2 · 1

3!
· c3 ·

∑
[Γ]∈Ḡ2,3

MΓ ·WΓ · UΓ

(
[[P,P]],P, . . . ,P

)
,

expands into a sum of 6 24 admissible oriented graphs. Indeed, there are
six essentially different oriented graph topologies, filtered by the number
of sinks on which the tri-vector [[P,P]] and bi-vector P stand; the orde-
ring of sinks in the associator then yields 3 + 3 + 3× 2 + 3× 2 + 3 = 24
oriented graphs. (None of them is a zero orgraph.) As we recall from [5],
only thirteen of them actually occur with nonzero coefficients in the term
A(3) ∼ ~3 in Assoc(?)(P)), the remaining eleven have zero weights.7

The weights of 15 relevant oriented Leibniz graphs from [5] are listed in
Table 1.8

Here we let by definition

If := ∂j
(
Jac(P)(Pij , g, h)

)
∂if

7Yet, these seemingly ‘unnecessary’ graphs can contribute to the cyclic weight
relations (see [12, Appendix E]): zero values of some of such graph weights can simplify
the system of linear relations between nonzero weights.

8To get the values, one uses the software [3] by Banks–Panzer–Pym or, indepen-
dently, exact symbolic or approximate numeric methods from [7], also taking into
account the cyclic weight relations from [12, Appendix E].
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Table 1. Weights wΓ of oriented Leibniz graphs Γ in coeff
(
3, ~3

)
.

(Sf )221 = [01; 012] 1
12 (Sg)122 = [12; 012] 1

12

(If )112 = [02; 312] 1
48 (Ig)112 = [12; 032] 1

48

(Sf )211 = [04; 012] 1
24 (Ig)211 = [10; 032] −1

48

(If )111 = [04; 312] 1
48 (Ih)111 = [24; 013] −1

48

(Sg)111 = [14; 012] 0 (If )121 = [01; 312] 1
24

(Sh)212 = [20; 012] −1
12

(Sh)112 = [24; 012] −1
24

(Ih)211 = [20; 013] −1
48

(Ig)111 = [14; 032] 0

(Ih)121 = [21; 013] −1
24

=
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Likewise, Ig := ∂j
(
Jac(P)(f,Pij , h)

)
·∂ig and Ih := ∂j

(
Jac(P)(f, g,Pij)·

∂ih, respectively.9

We also set

Sf := Pij∂j Jac(P)(∂if, g, h)
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Similarly, we let Sg := Pij∂j Jac(P)(f, ∂ig, h) = 0 and define Sh :=
Pij∂j Jac(P)(f, g, ∂ih) = 0. Note that after all the Leibniz rules are
reworked, each of the six graphs If , . . . , Sh – with the Jacobiator Jac(P)
= 1

2 [[P,P]] at the tri-valent vertex – splits into several homogeneous com-
ponents, like (If )111 or (Sh)212; taken alone, each of the components
encodes a zero polydifferential operator of respective orders.

9In [5], the indices i and j were interchanged in the definitions of both Ig and Ih
(compare the expression of If ); that typo is now corrected in the above formulae.
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Claim 5. Multiplied by a common factor
(
[[P,P]]/ Jac(P)

)
· 2k−1 =

2 · 4 = 8, the Leibniz graph weights from Table 1 at ~3 fully reproduce
the factorization which was found in the main Claim in [5], namely:

A
(3)
221 = 2

3 (Sf )221, A
(3)
122 = 2

3 (Sg)122, A
(3)
212 = − 2

3 (Sh)212,

A
(3)
111 = 1

6 (If − Ih)111, A
(3)
112 =

(
1
6If + 1

6Ig −
1
3Sh

)
112
,

A
(3)
121 = 1

3 (If − Ih)121, A
(3)
211 =

(
1
3Sf −

1
6Ig −

1
6Ih
)

211
.

Otherwise speaking, the sum of these Leibniz oriented graphs with
these weights (times 2·4 = 8), when expanded into the sum of 39 weighted
Kontsevich graphs (built only of wedges), equals identically the ~3-
proportional term in the associator Assoc(?)(P)(f, g, h).

Proof scheme. The encodings of weighted Kontsevich-graph expansions
of the homogeneous components of the weighted Leibniz graphs If , . . . ,
Sh, which show up in the associator at ~3 and which are processed ac-
cording to the algorithm in Remark 2, are listed in Appendix A. Re-
ducing that collection modulo skew symmetry at internal vertices, we
reproduce, as desired, the entire term A(3) in the expansion ~2 · A(2) +
~3 · A(3) + ō

(
~3
)

of the associator Assoc(?)(P) mod ō
(
~3
)
.

Three examples, corresponding to the leftmost column of equalities
in Claim 5, illustrate this scheme at order ~3. The three cases differ

in that for A
(3)
221 in Example 5, there is just one Leibniz graph without

any arrows acting on the Jacobiator vertex. In the other Example 6

for A
(3)
121, there are two Leibniz graphs still without Leibniz-rule actions

on the Jacobiators in them, so that we aim to show how similar terms

are collected.10 Finally, in Example 7 about A
(3)
111 there are two Leibniz

graphs with one Leibniz rule action per either graph: an arrow targets
the two internal vertices in the Jacobiator.

Example 5. Take the Leibniz graph (Sf )221 = [01; 012]. Its weight is
1/12. Multiplying the Leibniz graph by 8 times its weight and expanding

10To collect and compare the Kontsevich orgraphs (built of wedges, i.e., ordered
edge pairs issued from internal vertices), we can bring every such graph to its normal
form, that is, represent it using the minimal base-(# sinks + # internal vertices)
number, encoding the graph as the list of ordered pairs of target vertices, by running
over all the relabellings of internal vertices. (The labelling of ordered sinks is always
0 ≺ 1 ≺ · · · ≺ m− 1.)
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the Jacobiator (there are no Leibniz rules to expand) yields the sum of
three Kontsevich graphs: 2

3

(
[01; 01; 42] + [01; 12; 40] + [01; 20; 41]

)
. This

is identically equal to the differential order (2, 2, 1) homogeneous part

A
(3)
221 of Assoc(?)(P) at ~3. For instance, these terms are listed in [7,

Appendix D].

Example 6. Take the Leibniz graphs (If )121 = [01; 312] and (Ih)121 =
[21; 013]. Their weights are 1/24 and −1/24, respectively; multiply them
by 8. Expanding the Jacobiator in the linear combination 1

3 (If − Ih)121

yields the sum of Kontsevich graphs 1
3

(
[01; 31; 42] + [01; 12; 43] + [01; 23;

41] − [21; 01; 43] − [21; 13; 40] − [21; 30; 41]
)
. The two Leibniz graphs

have a Kontsevich graph in common: [01; 12; 43] = [21; 01; 43] (recall
that internal vertex labels can be permuted at no cost and the swap
L� R at a wedge costs a minus sign). This gives one cancellation; the

remaining four terms equal A
(3)
121 as listed in [7, Appendix D].

Example 7. Take the Leibniz graphs (If )111 = [04; 312] and (Ih)111 =
[24; 013]. Their weights are 1/48 and −1/48, respectively; multiply them
by 8. Expanding the Jacobiator and the Leibniz rule in the linear com-
bination 1

6 (If − Ih)111 yields the sum of Kontsevich graphs:

1
6

(
[04; 31; 42] + [04; 12; 43] + [04; 23; 41] + [05; 31; 42]

+ [05; 12; 43] + [05; 23; 41]− [24; 01; 43]− [24; 13; 40]

− [24; 30; 41]− [25; 01; 43]− [25; 13; 40]− [25; 30; 41]
)
.

Two pairs of graphs cancel; namely [05; 31; 42] = [25; 30; 41] and the pair

[05; 23; 41] = [25; 13; 40]. The remaining eight terms equal A
(3)
111 as listed

in [7, Appendix D].

6.2. The order ~4. Let us proceed with the term A(4) at ~4

in Assoc(?)(P)(·, ·, ·) mod ō
(
~4
)
. The numbers of Kontsevich oriented

graphs in the star-product expansion grow as fast as

? = ~0 · (#graphs = 1) + ~1 · (# = 1) + ~2 · (# = 4) + ~3 · (# = 13)

+ ~4 · (# = 247) + ~5 · (# = 2356) + ~6 · (# = 66041) + ō
(
~6
)
;

here we report the count of all nonzero-weight Kontsevich oriented
graphs. Counting them modulo automorphisms (which may also swap
the sinks), Banks, Panzer, and Pym obtain the numbers (~0 : 1, ~1 : 1,
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~2 : 3, ~3 : 8, ~4 : 133, ~5 : 1209, ~6 : 33268). This shows that at
orders ~k>4, the use of graph-processing software is indispensible in the
task of verifying factorization (1) using weighted graph expansion (6) of
the operator 3.

Specifically, the number of Kontsevich oriented graphs at ~k in the
left-hand side of the factorization problem Assoc(?)(P)(·, ·, ·) = 3

(
P,

[[P,P]]
)
(·, ·, ·), and the number of Leibniz graphs which assemble with

nonzero coefficients to a solution 3 in the right-hand side is presented
in Table 2. At ~4, the expansion of Assoc(?)(P) mod ō

(
~4
)

requires 241

Table 2. Number of graphs in either side of the factorization.

k 2 3 4 5 6

LHS: # K. orgraphs 3 (Jac) 39 740 12464 290305
RHS: # L. orgraphs, 1 (Jac) 13 241 ? ?

coeff 6= 0 ︸ ︷︷ ︸
Reference §5.3, [16] §6.1, [5] §6.2, [7] [3]

nonzero coefficients of Leibniz graphs on 3 sinks, 2 = n − 1 internal
vertices for bi-vectors P and one internal vertex for the tri-vector [[P,P]],
and therefore, 2(n− 1) + 3 = 2n+ 3− 2 = 7 oriented edges.

Remark 3. Again, this set of Leibniz graphs is well structured. Indeed,
it is a disjoint union of homogeneous differential operators arranged ac-
cording to their differential orders w.r.t. the sinks, e.g., (1, 1, 1), (2, 1, 1),
(1, 2, 1), (1, 1, 2), etc., up to (3, 3, 1).

Example 8. The Leibniz graph L331 := [01; 01; 012] of differential orders
(3, 3, 1) has the weight 1/24 according to [3]. Multiplied by a universal
(for all graphs at ~4) factor 24 = 16 and the factor 1/(# Aut(L331)) =
1/2 due to this graph’s symmetry (3� 4), it expands to 1

3

(
[01; 01; 01; 52]

+ [01; 01; 12; 50] + [01; 01; 20; 51]
)

by the definition of Jacobi’s identity.

This sum of three weighted Kontsevich orgraphs reproduces exactly A
(4)
331,

which is known from [7, Table 8 in Appendix D].

Example 9. The Leibniz graph L322 := [01; 02; 012] of differential orders
(3, 2, 2) has the weight 1/24 according to [3]. Multiplied now by a univer-
sal (for all graphs at ~4) factor 24 = 16 and the factor 1/(# Aut(L322))
= 1, it expands to 2

3

(
[01; 02; 01; 52] + [01; 02; 12; 50] + [01; 02; 20; 51]

)
.

This sum reproduces A
(4)
322 (again, see [7, Table 8 in Appendix D]).
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Example 10. Consider at the differential order (1, 3, 2) at ~4 the three

Leibniz graphs L
(1)
132 := [12; 13; 012], L

(2)
132 := [12; 12; 014], and L

(3)
132 :=

[12; 01; 412]. They have no symmetries, i.e., their automorphism groups

are one-element, and their weights are W
(
L

(1)
132

)
= 1/72, W

(
L

(2)
132

)
=

1/48, and W
(
L

(3)
132

)
= 1/48, respectively. Pre-multiplied by their weights

and universal factor 24 = 16, these Leibniz graphs expand to

2
9

(
[12; 13; 01; 52] + [12; 13; 12; 50] + [12; 13; 20; 51]

)
+ 1

3

(
[12; 12; 01; 54] + [12; 12; 14; 50] + [12; 12; 40; 51]

)
+ 1

3

(
[12; 01; 41; 52] + [12; 01; 12; 54] + [12; 01; 24; 51]

)
.

There is one cancellation, since [12; 01; 12; 54] = −[12; 12; 01; 54]. The

remaining seven terms reproduce exactly A
(4)
132; that component is known

from [7, Table 8 in Appendix D]. Actually, there was another Leibniz

graph at this homogeneity order, L
(4)
132 := [12; 15; 012], but its weight is

zero and hence it does not contribute. (Indeed, we get an independent
verification of this by having already balanced the entire homogeneous
component at differential orders (1, 3, 2) in the associator.)

Intermediate conclusion. We have experimentally found the con-
stants ck in Corollary 4 which balance the Kontsevich graph expansion of
the ~k-term A(k) in the associator against an expansion of the respective
term at ~k in the r.h.s. of (1) using the weighted Leibniz graphs. Namely,
we conjecture ck = k/6 in Section 5.3. The origin of these constants, in
particular how they arise from the sum over i < j in the L∞ condition (5)
(perhaps, in combination with different normalizations of the objects
which we consider) still remains to be explained, similar to the reasoning
in [2, 20] where the signs are fixed. Note that both in the associator,
which is quadratic w.r.t. the weights of Kontsevich graphs in ?, and
in the operator 3, which is linear in the Kontsevich weights of Leibniz
graphs, the weight values are provided simultaneously, by using identical
techniques (for instance, from [3]). Indeed, the weights are provided by
the integral formula which is universal with respect to all the graphs
under study [16].

A. Encodings of weighted Kontsevich-graph expansions for
(p, q, r)-homogeneous components (If , . . . , Sh)pqr.

# 2/3 (S_f)_{221}

3 3 1 0 1 0 1 4 2 2/3
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3 3 1 0 1 1 2 4 0 2/3

3 3 1 0 1 2 0 4 1 2/3

# 2/3 (S_g)_{122}

3 3 1 1 2 0 1 4 2 2/3

3 3 1 1 2 1 2 4 0 2/3

3 3 1 1 2 2 0 4 1 2/3

# -2/3 (S_h)_{212}

3 3 1 2 0 0 1 4 2 -2/3

3 3 1 2 0 1 2 4 0 -2/3

3 3 1 2 0 2 0 4 1 -2/3

# 1/6 (I_f)_{111}

3 3 1 0 4 3 1 4 2 1/6

3 3 1 0 4 1 2 4 3 1/6

3 3 1 0 4 2 3 4 1 1/6

3 3 1 0 5 3 1 4 2 1/6

3 3 1 0 5 1 2 4 3 1/6

3 3 1 0 5 2 3 4 1 1/6

# -1/6 (I_h)_{111}

3 3 1 2 4 0 1 4 3 -1/6

3 3 1 2 4 1 3 4 0 -1/6

3 3 1 2 4 3 0 4 1 -1/6

3 3 1 2 5 0 1 4 3 -1/6

3 3 1 2 5 1 3 4 0 -1/6

3 3 1 2 5 3 0 4 1 -1/6

# 1/6 (I_f)_{112}

3 3 1 0 2 3 1 4 2 1/6

3 3 1 0 2 1 2 4 3 1/6

3 3 1 0 2 2 3 4 1 1/6

# 1/6 (I_g)_{112}

3 3 1 1 2 0 3 4 2 1/6

3 3 1 1 2 3 2 4 0 1/6

3 3 1 1 2 2 0 4 3 1/6

# -1/3 (S_h)_{112}

3 3 1 2 4 0 1 4 2 -1/3

3 3 1 2 4 1 2 4 0 -1/3

3 3 1 2 4 2 0 4 1 -1/3

3 3 1 2 5 0 1 4 2 -1/3

3 3 1 2 5 1 2 4 0 -1/3

3 3 1 2 5 2 0 4 1 -1/3
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# 1/3 (I_f)_{121}

3 3 1 0 1 3 1 4 2 1/3

3 3 1 0 1 1 2 4 3 1/3

3 3 1 0 1 2 3 4 1 1/3

# -1/3 (I_h)_{121}

3 3 1 2 1 0 1 4 3 -1/3

3 3 1 2 1 1 3 4 0 -1/3

3 3 1 2 1 3 0 4 1 -1/3

# 1/3 (S_f)_{211}

3 3 1 0 4 0 1 4 2 1/3

3 3 1 0 4 1 2 4 0 1/3

3 3 1 0 4 2 0 4 1 1/3

3 3 1 0 5 0 1 4 2 1/3

3 3 1 0 5 1 2 4 0 1/3

3 3 1 0 5 2 0 4 1 1/3

# -1/6 (I_g)_{211}

3 3 1 1 0 0 3 4 2 -1/6

3 3 1 1 0 3 2 4 0 -1/6

3 3 1 1 0 2 0 4 3 -1/6

# -1/6 (I_h)_{211}

3 3 1 2 0 0 1 4 3 -1/6

3 3 1 2 0 1 3 4 0 -1/6

3 3 1 2 0 3 0 4 1 -1/6
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Òî÷íi ðîçâ'ÿçêè ðiâíÿíü Ôiøåðà
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Ìåòîä åêâiâàëåíòíîñòi, à òàêîæ ìåòîä ïåðåòâîðåíü ìiæ êëàñàìè äèôå-
ðåíöiàëüíèõ ðiâíÿíü, çàïðîïîíîâàíèé ó ðîáîòi [O. Vaneeva et al. Acta
Appl. Math. 106 (2009), 1�46], çàñòîñîâàíî äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿç-
êiâ ðiâíÿíü Ôiøåðà ç êîåôiöi¹íòàìè, ùî çàëåæàòü âiä ÷àñîâî¨ çìiííî¨.

The equivalence method and the method of mapping between classes of
di�erential equations proposed in [O. Vaneeva et al. Acta Appl. Math. 106
(2009), 1�46] are used for construction of exact solutions for Fisher equa-
tions with time-dependent coe�cients.

Ðiâíÿííÿ Ôiøåðà,

ut = kuxx +mu(1− u), km 6= 0, (1)

çàïðîïîíîâàíå Ð.Å. Ôiøåðîì ó 1937 ðîöi [5], ¹ êëàñè÷íîþ äåòåðìiíiñ-
òè÷íîþ ìîäåëëþ ïîïóëÿöiéíî¨ ãåíåòèêè, ùî îïèñó¹ äèíàìiêó ÷àñòîòè
ïîÿâè ìóòàíòíîãî ãåíó ó ïîïóëÿöi¨, ÿêèé âîëîäi¹ ñåëåêòèâíîþ ïåðå-
âàãîþ. Çàëåæíà çìiííà u � ÷àñòîòà ïîÿâè ìóòàíòíîãî ãåíó ó ïîïóëÿ-
öi¨, ùî îäíîðiäíî ðîçòàøîâàíà ó ëiíiéíîìó ñåðåäîâèùi ïðîæèâàííÿ,
íàïðèêëàä, íà áåðåãîâié ëiíi¨, ñòàëà m � iíòåíñèâíiñòü ñåëåêöi¨ íà
ïåðåâàãó ìóòàíòíîãî ãåíó, k � êîåôiöi¹íò äèôóçi¨. Ìàêñèìàëüíà àë-
ãåáðà ëi¨âñüêî¨ iíâàðiàíòíîñòi ðiâíÿííÿ (1) ¹ äâîâèìiðíîþ. Áàçèñíè-
ìè îïåðàòîðàìè öi¹¨ àëãåáðè ¹ îïåðàòîðè çñóâiâ çà ÷àñîâîþ òà ïðî-
ñòîðîâîþ çìiííîþ ∂t òà ∂x, ùî äîçâîëÿ¹ ïîáóäóâàòè äëÿ öüîãî ðiâ-
íÿííÿ ðîçâ'ÿçêè òèïó áiæó÷î¨ õâèëi. Òàêi ðîçâ'ÿçêè áóëî ïîáóäîâàíî
ó ðîáîòàõ [1, 3, 4, 8, 9]. Òåîðåìè iñíóâàííÿ òà ¹äèíîñòi îáìåæåíèõ
ðîçâ'ÿçêiâ áiëüø çàãàëüíîãî êëàñó ðiâíÿíü ut = uxx +F (t, x, u) äîâå-
äåíî À.Ì. Êîìîãîðîâèì, I.Ã. Ïåòðîâñüêèì òà Ì.Ñ. Ïiñêóíîâèì [7].
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Ïiçíiøå áóëî çàïðîïîíîâàíî ðîçãëÿíóòè óçàãàëüíåíó ìîäåëü âè-
ãëÿäó

ut = g(t)uxx + f(t)u(1− u), gf 6= 0, (2)

äå äèôóçiéíèé êîåôiöi¹íò g i êîåôiöi¹íò ñåëåêòèâíî¨ ïåðåâàãè f çàëå-
æàòü âiä ÷àñîâî¨ çìiííî¨ [6, 11]. Çàâäÿêè òàêèì êîåôiöi¹íòàì ìîæíà
âçÿòè äî óâàãè âïëèâ äîâãîòåðìiíîâî¨ çìiíè êëiìàòó àáî êîðîòêî-
ñòðîêîâî¨ ñåçîííîñòi.

Ãðóïîâó êëàñèôiêàöiþ ðiâíÿíü (2) áóëî âèêîíàíî ó ðîáîòi [17],
îäíàê çàäà÷à ïîøóêó òî÷íèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü òàì íå ðîç-
ãëÿäàëàñÿ. Ó öié ðîáîòi äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ ðiâíÿíü Ôi-
øåðà çi çìiííèìè êîåôiöi¹íòàìè çàñòîñîâàíî ìåòîäè, ùî áàçóþòüñÿ
íà âèêîðèñòàííi íåâèðîäæåíèõ òî÷êîâèõ ïåðåòâîðåíü, à ñàìå ìåòîä
åêâiâàëåíòíîñòi òà ìåòîä ïåðåòâîðåíü ìiæ êëàñàìè äèôåðåíöiàëüíèõ
ðiâíÿíü. Ó ðåçóëüòàòi ïîáóäîâàíî äåêiëüêà ñiìåé òî÷íèõ ðîçâ'ÿçêiâ
äëÿ ïåâíèõ ïiäêëàñiâ êëàñó (2).

Ìåòîä åêâiâàëåíòíîñòi. Ïiä ìåòîäîì åêâiâàëåíòíîñòi äëÿ ïî-
áóäîâè òî÷íèõ ðîçâ'ÿçêiâ ìè ðîçóìi¹ìî âèêîðèñòàííÿ íåâèðîäæåíèõ
òî÷êîâèõ ïåðåòâîðåíü ç ãðóïè åêâiâàëåíòíîñòi çàäàíîãî êëàñó òà òî÷-
íèõ ðîçâ'ÿçêiâ, ùî ¹ âiäîìèìè äëÿ äåÿêèõ ðiâíÿíü ç öüîãî êëàñó.
ßêùî äâà ðiâíÿííÿ ïîâ'ÿçàíi ìiæ ñîáîþ íåâèðîäæåíèì òî÷êîâèì
ïåðåòâîðåííÿì, òî, çà òåðìiíîëîãi¹þ Ë.Â. Îâñÿííiêîâà, âîíè íàçèâà-
þòüñÿ ïîäiáíèìè [10]. Òîäi ïîäiáíèìè âiäíîñíî öüîãî æ ïåðåòâîðåííÿ
¹ i âiäïîâiäíi íàáîðè òî÷íèõ ðîçâ'ÿçêiâ, ñèìåòðié, çàêîíiâ çáåðåæåííÿ
öèõ ðiâíÿíü. Äëÿ êëàñiâ çi çìiííèìè êîåôiöi¹íòàìè íàéáiëüø åôåê-
òèâíå âèêîðèñòàííÿ ìåòîäó åêâiâàëåíòíîñòi ïîëÿãà¹ ó çâåäåííi ïåâ-
íîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè ç äîñëiäæóâàíîãî êëàñó äî
ðiâíÿííÿ çi ñòàëèìè êîåôiöi¹íòàìè ç òîãî æ êëàñó. Íàñòóïíèì êðî-
êîì ¹ ïîáóäîâà òî÷íèõ ðîçâ'ÿçêiâ äëÿ ïåðøîãî ç öèõ ðiâíÿíü øëÿõîì
ðîçìíîæåííÿ âiäîìèõ ðîçâ'ÿçêiâ äðóãîãî ðiâíÿííÿ ïåðåòâîðåííÿìè
åêâiâàëåíòíîñòi.

Ó ðîáîòi [17] îòðèìàíî êðèòåðié çâiäíîñòi ðiâíÿíü çi çìiííèìè
êîåôiöi¹íòàìè ç êëàñó (2) äî ðiâíÿííÿ Ôiøåðà çi ñòàëèìè êîåôiöi¹í-
òàìè (1). Ðiâíÿííÿ ç êëàñó (2) ìîæíà çâåñòè äî ðiâíÿííÿ âèãëÿäó (1)
òîäi i òiëüêè òîäi, êîëè äëÿ äåÿêî¨ äîäàòíî¨ ñòàëî¨ λ êîåôiöi¹íòè f
i g çàäîâîëüíÿþòü óìîâó

λg2 − 2
gtt
g

+ 3
g2
t

g2
= f2 − 2

ftt
f

+ 3
f2
t

f2
. (3)
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Óìîâà (3) âèêîíó¹òüñÿ òîäi i òiëüêè òîäi, êîëè ôóíêöiþ g ìîæíà
âèðàçèòè ÷åðåç ôóíêöiþ f çà ôîðìóëîþ:

g(t) =
λ∆f(t)e

∫
f(t) dt(

αe
∫
f(t) dt + β

)(
γe

∫
f(t) dt + δ

) ,
äå λ � äîäàòíà ñòàëà, à ïàðè ñòàëèõ (α, β) i (γ, δ) âèçíà÷åíî ç òî÷íiñ-
òþ äî íåíóëüîâîãî ñòàëîãî ìíîæíèêà, ïðè öüîìó ∆ = αδ − βγ 6= 0.
Äëÿ êîìïàêòíîñòi çàïèñó ââåäåìî ïîçíà÷åííÿ h(t) = e

∫
f(t) dt.

Îòæå, êëàñ ðiâíÿíü Ôiøåðà çi çìiííèìè êîåôiöi¹íòàìè âèãëÿäó

ut =
λ∆f(t)h(t)

(αh(t) + β)(γh(t) + δ)
uxx + f(t)u(1− u), (4)

ùî ¹ ïiäêëàñîì êëàñó (2), çâîäèòüñÿ òî÷êîâèìè ïåðåòâîðåííÿìè äî
êëàñè÷íîãî ðiâíÿííÿ Ôiøåðà çi ñòàëèìè êîåôiöi¹íòàìè,

ut = uxx + u(1− u). (5)

Äëÿ òîãî, ùîá çíàéòè òî÷êîâi ïåðåòâîðåííÿ, ùî ðåàëiçóþòü ïî-
äiáíiñòü ðiâíÿíü (4) òà (5), çíàéäåìî ñïî÷àòêó ãðóïó åêâiâàëåíòíîñòi.

Òåîðåìà 1. Ðåïàðàìåòðèçîâàíèé êëàñ (2) ç íîâèì äîâiëüíèì åëå-

ìåíòîì h(t), ùî çàäîâîëüíÿ¹ ðiâíÿííÿ ht = fh, ¹ íîðìàëiçîâàíèì
âiäíîñíî ñâî¹¨ óçàãàëüíåíî¨ ãðóïè åêâiâàëåíòíîñòi Ĝ∼. Ãðóïà Ĝ∼

ñêëàäà¹òüñÿ ç ïåðåòâîðåíü

t̃ = T (t), x̃ = δ1x+ δ2, ũ =
(αh+ β)(γh+ δ)

h∆
u− γ αh+ β

∆
,

f̃ =
h∆

Tt(αh+ β)(γh+ δ)
f, g̃ =

δ1
2

Tt
g, h̃ =

αh+ β

γh+ δ
,

äå T (t) � äîâiëüíà ãëàäêà ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâó Tt 6= 0,
δ1 i δ2 � äîâiëüíi ñòàëi, ïðè÷îìó δ1 6= 0, ïàðè ñòàëèõ (α, β) i (γ, δ)
¹ âèçíà÷åíèìè ç òî÷íiñòþ äî íåíóëüîâîãî ñòàëîãî ìíîæíèêà i ∆ =
αδ − βγ 6= 0.

Óçàãàëüíåíà ãðóïà åêâiâàëåíòíîñòi Ĝ∼ äëÿ ðåïàðàìåòðèçîâàíî-
ãî êëàñó (2), íàáið äîâiëüíèõ åëåìåíòiâ ÿêîãî ôîðìàëüíî ìiñòèòü
ôóíêöiþ h(t), ¹ ðîçøèðåíîþ óçàãàëüíåíîþ ãðóïîþ åêâiâàëåíòíîñòi
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äëÿ âèõiäíîãî êëàñó (2). Îçíà÷åííÿ óçàãàëüíåíî¨ òà ðîçøèðåíî¨ óçà-
ãàëüíåíî¨ ãðóï åêâiâàëåíòíîñòi i íîðìàëiçîâàíîñòi êëàñó íàâåäåíî,
çîêðåìà, ó [13, 14].

Ç òåîðåìè 1 çíàõîäèìî ïåðåòâîðåííÿ, ùî âiäîáðàæàþòü ðiâíÿí-
íÿ (4) ó ðiâíÿííÿ (5). Òàêi ïåðåòâîðåííÿ ìàþòü âèãëÿä

t̃ = ln
αh(t) + β

γh(t) + δ
+ c1, x̃ =

x√
λ

+ c2, (6)

ũ =
(αh(t) + β)(γh(t) + δ)

h(t)∆
u− γ αh(t) + β

∆
,

äå c1, c2 � äîâiëüíi ñòàëi. Ç äîïîìîãîþ öèõ ïåðåòâîðåíü îòðèìó¹-
ìî ðîçâ'ÿçêè ðiâíÿííÿ (4) ç âiäîìèõ ðîçâ'ÿçêiâ êëàñè÷íîãî ðiâíÿííÿ
Ôiøåðà (5). Ïîáóäîâàíî ñiì'þ òî÷íèõ ðîçâ'ÿçêiâ ðiâíÿíü (4):

u =
h∆ exp

(
5
3 t̃+

√
6

3 x̃
)
℘
(

exp
(

5
6 t̃+

√
6

6 x̃
)

+ C̃, 0, Ĉ
)

(αh+ β)(γh+ δ)
+

γh

γh+ δ
,

÷àñòèííèé âèïàäêîì ÿêî¨ â åëåìåíòàðíèõ ôóíêöiÿõ ¹

u =
h∆

(αh+ β)(γh+ δ)

1(
C exp

(√
6

6 x̃−
5
6 t̃
)
± 1
)2 +

γh

γh+ δ
.

Â îòðèìàíèõ ðîçâ'ÿçêàõ t̃ òà x̃ âèçíà÷åíî ó (6), ℘(z, k1, k2) � åëiï-
òè÷íà ôóíêöiÿ Âåé¹ðøòðàñà, c1, c2, C, C̃, Ĉ � äîâiëüíi ñòàëi, C 6= 0.

Îñêiëüêè ðiâíÿííÿ Ôiøåðà äîïóñêàþòü äèñêðåòíå ïåðåòâîðåííÿ
ñèìåòði¨ x 7→ −x, âñi îòðèìàíi ðîçâ'ÿçêè ç ïðîòèëåæíèìè çíàêàìè x
òàêîæ çàäîâîëüíÿþòü ðiâíÿííÿ (4). Ùå îäíå ïåðåòâîðåííÿ ñèìåòði¨
u 7→ 1−u òàêîæ äîçâîëÿ¹ äîäàòêîâî ðîçìíîæèòè çíàéäåíi ðîçâ'ÿçêè.

Ìåòîä ïåðåòâîðåíü ìiæ êëàñàìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü. Îêðiì ïåðåòâîðåíü åêâiâàëåíòíîñòi, ùî íå çìiíþþòü ñòðóêòó-
ðó êëàñó äèôåðåíöiàëüíèõ ðiâíÿíü, à ëèøå ïåðåâîäÿòü îäíå ðiâíÿííÿ
ç êëàñó â iíøå ðiâíÿííÿ ç öüîãî æ êëàñó, ìîæëèâî òàêîæ ðîçãëÿíó-
òè íåâèðîäæåíi òî÷êîâi ïåðåòâîðåííÿ ìiæ êëàñàìè äèôåðåíöiàëüíèõ
ðiâíÿíü. Öåé ìåòîä áóëî çàïðîïîíîâàíî ó ðîáîòi [16] äëÿ âèêîíàííÿ
ãðóïîâî¨ êëàñèôiêàöi¨ êâàçiëiíiéíèõ ðiâíÿíü ðåàêöi¨-äèôóçi¨ çi çìií-
íèìè êîåôiöi¹íòàìè òà ñòåïåíåâîþ íåëiíiéíiñòþ. Ïiçíiøå öèì ìåòî-
äîì áóëî äîñëiäæåíî ç ñèìåòðiéíî¨ òî÷êè çîðó é iíøi êëàñè ðiâíÿíü
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(äèâ., [15], à òàêîæ [18] òà íàâåäåíi òàì ïîñèëàííÿ). Ó öié ðîáîòi ìå-
òîä ïåðåòâîðåíü ìiæ êëàñàìè äèôåðåíöiàëüíèõ ðiâíÿíü çàñòîñîâàíî
äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ.

Äîâåäåíî, ùî ñiì'ÿ òî÷êîâèõ ïåðåòâîðåíü, ïàðàìåòðèçîâàíèõ äî-
âiëüíèì åëåìåíòîì f(t) êëàñó (2),

t̃ =

∫
f(t)e

∫
f(t)dtdt, x̃ = x, ũ = −e−

∫
f(t)dtu, (7)

âiäîáðàæà¹ êëàñ (2) ó êëàñ êâàçiëiíiéíèõ ðiâíÿíü ðåàêöi¨�äèôóçi¨
ç êâàäðàòè÷íîþ íåëiíiéíiñòþ òà îäíèì äîâiëüíèì åëåìåíòîì, ùî çà-
ëåæèòü âiä çìiííî¨ ÷àñó:

ũt̃ = g̃(t̃)ũx̃x̃ + ũ2, g̃ 6= 0. (8)

Äîâiëüíi åëåìåíòè êëàñiâ (2) òà (8) ïîâ'ÿçàíi ôîðìóëîþ

g̃ =
g(t)

f(t)
e−

∫
f(t)dt.

Äëÿ ðiâíÿííÿ ut = uxx + u2 âiäîìi äåêiëüêà òî÷íèõ ðîçâ'ÿçêiâ
(äèâ. [2, 9] òà [12, ñ. 157]). Âèêîðèñòîâóþ÷è ¨õ òà ïåðåòâîðåííÿ (7),
çíàõîäèìî íîâi òî÷íi ðîçâ'ÿçêè ðiâíÿííÿ Ôiøåðà çi çìiííèìè êîåôi-
öi¹íòàìè

ut = f(t)e
∫
f(t)dtuxx + f(t)u(1− u) :

u =
12
(
4±
√

6
)
x(x+ c1) + 120(12± 5

√
6)Θ + 12

(
2±
√

6
)
c2 + 6c21

e−
∫
f(t)dt

(
x2 + c1x+ 10(3±

√
6)Θ + c2

)2 ,

u = e
∫
f(t)dt℘

(
x√
6
, 0, Ĉ

)
,

äå Θ =
∫
f(t)e

∫
f(t)dtdt, c1, c2, Ĉ � äîâiëüíi ñòàëi.
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Çíàéäåíî ïîâíó ãðóïó åêâiâàëåíòíîñòi êëàñó (1+1)-âèìiðíèõ åâîëþöié-
íèõ ðiâíÿíü äðóãîãî ïîðÿäêó, ÿêà âèÿâèëàñÿ íåñêií÷åííîâèìiðíîþ. Ìå-
òîäîëîãiþ åêâiâàðiàíòíèõ ðóõîìèõ ðåïåðiâ çàñòîñîâàíî ó ðåãóëÿðíîìó
âèïàäêó ïðîöåäóðè íîðìàëiçàöi¨ äî ïîáóäîâè ðóõîìîãî ðåïåðà ãðóïè,
ïîâ'ÿçàíî¨ ç ãðóïîþ åêâiâàëåíòíîñòi â êîíòåêñòi ïåðåòâîðåíü åêâiâà-
ëåíòíîñòi ìiæ ðiâíÿííÿìè êëàñó. Çà äîïîìîãîþ ïîáóäîâàíîãî ðóõîìîãî
ðåïåðà îïèñàíî àëãåáðó äèôåðåíöiàëüíèõ iíâàðiàíòiâ öi¹¨ ãðóïè ÷åðåç
îòðèìàííÿ ìiíiìàëüíî¨ ãåíåðóþ÷î¨ ìíîæèíè äèôåðåíöiàëüíèõ iíâàði-
àíòiâ i ïîâíî¨ ìíîæèíè îïåðàòîðiâ iíâàðiàíòíîãî äèôåðåíöiþâàííÿ.

We �nd the complete equivalence group of a class of (1+1)-dimensional
second-order evolution equations, which is in�nite-dimensional. The equi-
variant moving frame methodology is invoked to construct, in the regular
case of the normalization procedure, a moving frame for a group related
to the equivalence group in the context of equivalence transformations
among equations of the class under consideration. Using the moving frame
constructed, we describe the algebra of di�erential invariants of the former
group by obtaining a minimum generating set of di�erential invariants and
a complete set of independent operators of invariant di�erentiation.

1. Introduction. Invariants and differential invariants of transfor-
mation groups, in particular, point symmetry groups admitted by sys-
tems of differential equations have a wide range of applications and are
therefore an intensively investigated subject. Differential invariants play
a central role in the invariant parameterization problem [1, 2, 30] and in
the problem of invariant discretization [3, 5, 7]. They are also used to
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construct invariant differential equations and invariant variational prob-
lems [22, 23], as well as in computer vision, integrable systems, classical
invariant theory and the calculus of variations [6, 22, 24].

Rather recently, finding differential invariants in problems related to
group classification became a research topic of interest. The idea is to
compute the differential invariants not for the point symmetry group of
a single system of differential equations but for the equivalence group
admitted by a class of such systems. The primary motivation for such
a survey is to study the equivalence of systems of differential equations.
Exploring equivalence, it is possible to explicitly determine point trans-
formations among systems from a class [28]. Such a mapping between
two systems of differential equations is especially helpful if wide sets
of exact solutions are known for one of the systems involved. These
solutions then can be mapped to solutions of the equivalent system. An-
other case of particular interest is the mapping between nonlinear and
linear elements of a class of systems of differential equations [19]. For
the solution of the equivalence problem, finding differential invariants
for the equivalence group is a main ingredient. There are a number of
papers where some low-order differential invariants of the equivalence
groups of various physically relevant classes of systems of differential
equations were computed using the Lie infinitesimal method; see, e.g.,
[11, 12, 13, 14, 15, 17, 32, 33, 34, 35] and references therein.

In the present paper we will be concerned with differential invariants
for a group1 related to the equivalence group of the class of diffusion
equations

ut = uxx + f(u, ux) (1)

in the context of equivalence transformations among equations of this
class. This subject was originally considered in [32], using the infinitesi-
mal method and restricting the order of differential invariants up to two.
We revisit the construction of differential invariants for the class (1)
from the very beginning, analyzing differential invariants of which group
should be found. Then, we apply the method of equivariant moving
frames in the formulation originally proposed and formulated by Fels
and Olver [9, 10], which was later generalized to infinite-dimensional
Lie (pseudo)groups in [6, 25, 26], and this is the setting that is needed

1In fact, this object and the “equivalence group” of the class (1) are Lie pseu-
dogroups of locally defined point transformations. We use the term “group” for
brevity since this does not lead to any confusion.
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to study differential invariants for the class (1). The advantage of mo-
ving frames is that they allow for a canonical process of invariantization,
which associates to each object, such as functions, differential functions,
differential forms and total differentiation operators, its invariant coun-
terpart. For the problem of finding differential invariants of a Lie trans-
formation (pseudo)group, this property is especially convenient. The
invariantization of the jet-space coordinate functions yields the so-called
normalized differential invariants. The invariantized coordinate func-
tions whose transformed counterparts were involved in the construction
of the corresponding moving frame via the normalization procedure are
equal to the respective constants chosen in the course of normalization.
This is why these objects are called phantom normalized differential in-
variants. The non-phantom normalized differential invariants constitute
a complete set of functionally independent differential invariants. As
a further asset, the method of moving frames also permits to study the
algebra of differential invariants by deriving relations, called syzygies,
between invariant derivatives of non-phantom normalized differential in-
variants. Finding syzygies can aid in the establishment of a minimum
generating set of differential invariants. See e.g. [6, 8, 22, 25, 26] for
more details and an extensive discussion on the computation of differen-
tial invariants for both finite-dimensional Lie symmetry groups and for
infinite-dimensional Lie (pseudo)groups using moving frames.

The further organization of this paper is as follows. In Section 2
we compute the equivalence group and the equivalence algebra of the
class (1). Section 3 is devoted to the selection of a group to be consid-
ered and a preliminary analysis of equivariant moving frames associated
with this group. The structure of the algebra of differential invariants
is determined in the main Section 4. This includes a description of a
minimum generating set of differential invariants and a complete set of
independent operators of invariant differentiation, which serve to ex-
haustively describe the set of differential invariants. Moreover, for each
k ∈ N0 we explicitly present a functional basis of differential invariants
of order not greater than k.

2. The equivalence group. The auxiliary system for the class (1),
which is satisfied by the arbitrary element f , is ft = fx = fut = futt =
futx = fuxx = 0. By definition [27, 28, 29, 31], the (usual) equiva-
lence group G∼ of the class (1) consists of the point transformations in
the space with coordinates (t, x, u, ut, ux, utt, utx, uxx, f) that have the
following properties:
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• they are projectable to the space with the coordinates (t, x, u),

• their components for derivatives of u are found by prolongation
using the chain rule, and

• they map every equation from the class (1) to an equation from
the same class.

To begin finding the group G∼, we fix an arbitrary equation of the
class (1), ut = uxx + f(u, ux), and aim to find point transformations in
the space with coordinates (t, x, u),

t̃ = T (t, x, u), x̃ = X(t, x, u), ũ = U(t, x, u), (2)

that transform the fixed equation to an equation of the same class,

ũt̃ = ũx̃x̃ + f̃(ũ, ũx̃). (3)

A preliminary simplification is obtained from noting that the class (1)
is a subclass of the class of second-order (1+1)-dimensional semi-linear
evolution equations. Any point transformation between two equations
from the latter class satisfies the constraints Tx = Tu = Xu = 0, i.e.,
t̃ = T (t), x̃ = X(t, x), and TtXxUu 6= 0. See [16, 18, 21] for further
details. After taking into account the above constraints, the required
transformed derivatives read

ũt̃ =
1

Tt

(
DtU −

Xt

Xx
DxU

)
, ũx̃ =

1

Xx
DxU,

ũx̃x̃ =

(
1

Xx
Dx

)2

U,

where Dt and Dx are the usual total derivative operators with respect
to t and x, respectively. Substituting these expressions and ut = uxx+f
into Eq. (3), we split the resulting equation with respect to uxx yielding
Tt = X 2

x . The remaining equation is

f =
Tt
Uu

f̃ − Ut +
Xt

Xx
(Ux + Uuux) + Uxx + 2Uxuux + Uuuu

2
x. (4)

The differential consequences of Eq. (4) that are obtained by separate
differentiations with respect to t and x can be split with respect to
derivatives of f̃ since they are regarded as independent for equivalence
transformations. This yields the equations

Ttt = Xxt = Xtt = Ut = Ux = 0.
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The equation (4) itself gives the f -component of equivalence transfor-
mations.

The arbitrary element f in fact depends only on u and ux. The space
with coordinates (t, x, u, ux, f) is preserved by all elements of G∼. This
is why we can assume this space as the underlying space for G∼ and
present merely the transformation components for its coordinates.

As a result, we have proved the following theorem.

Theorem 1. The equivalence group G∼ of the class (1) is constituted
by the transformations

t̃ = C2
1 t+ C0, x̃ = C1x+ C1C2t+ C3, ũ = ϕ(u),

ũx̃ = C−1
1 ϕ′ux, f̃ = C−2

1

(
ϕ′f − C2ϕ

′ux − ϕ′′u2
x

)
,

(5)

where C0, C1, C2, C3 ∈ R, ϕ is an arbitrary smooth function of u and
C1ϕ

′ 6= 0.

The infinitesimal generators of one-parameter subgroups of G∼, which
constitute the equivalence algebra g∼ of the class (1), can be derived
from (5) by differentiation, cf. the proof of Corollary 11 in [20] or the
proof of Corollary 6 in [4]. These generators coincide with those de-
termined in [32]. As we will later need them for the description of the
algebra of differential invariants of a group related to G∼ in the context
of the G∼-equivalence among equations of the class (1), we present them
here. The general element of g∼ is

Q = τ∂t + ξ∂x + φ∂u + η∂ux + θ∂f ,

where the components are of the form

τ = 2c1t+ c0, ξ = c1x+ c2t+ c3, φ = φ(u),

η = (φ′ − c1)ux, θ = (φ′ − 2c1)f − c2ux − φ′′u2
x,

in which c0, c1, c2 and c3 are arbitrary real constants, and φ is an arbi-
trary smooth function of u. In other words, the equivalence algebra g∼

of the class (1) is spanned by the vector fields

∂t, 2t∂t + x∂x − ux∂ux − 2f∂f , t∂x − ux∂f ,
φ∂u + φ′ux∂ux + (φ′f − φ′′u2

x)∂f ,

where φ runs through the set of smooth functions of u.
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3. Preliminary analysis of moving frames. Let us first clar-
ify the space of independent and dependent variables to be used and
the group to be considered. While formally the arbitrary element f
is a smooth function on the second-order jet space with coordinates
(t, x, u, ut, ux, utt, utx, uxx), practically it explicitly depends only on u
and ux. This is why subsequently we will only consider the projection of
the equivalence transformations to the space with coordinates (u, ux, f).
As a shorthand, we denote v := ux and ṽ := ũx̃ = V (u, v) := C−1

1 ϕ′(u)v.
In other words, we will in fact study differential invariants of the pro-
jection G1 of G∼ to the space with coordinates (u, v, f), where u and v
are the independent variables and f is the dependent variable. The in-
finitesimal counterpart of G1 is the projection g1 of g∼ to the space with
coordinates (u, v, f).

In order to describe the algebra of differential invariants of the group
G1, we now construct a moving frame for this group. Since it is infinite-
dimensional, we have to use the machinery developed for Lie pseudo-
groups, see [6, 25] for an extensive description of this subject.

The first step in the construction of the moving frame is the com-
putation of the lifted horizontal coframe, the dual of which yields the
implicit total differentiation operators Dũ and Dṽ. For the equivalence
transformations (5), the lifted horizontal coframe is

dhũ = (DuU) du+ (DvU) dv = ϕ′ du,

dhṽ = (DuV ) du+ (DvV ) dv =
ϕ′′

C1
v du+

ϕ′

C1
dv.

Computing the dual, we derive that

Dũ =
1

ϕ′
Du −

ϕ′′

(ϕ′)2
vDv, Dṽ =

C1

ϕ′
Dv (6)

are the required implicit differentiation operators. Acting with them on
the transformation component for f , we find that

f̃ij =
∂i+j f̃

∂ũi∂ṽj
= D i

ũD j
ṽ F,

where i, j ∈ N0 := N ∪ {0} and

f̃00 = f̃ = F :=
1

C2
1

(ϕ′f − C2ϕ
′v − ϕ′′v2)
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is the f -component of equivalence transformations. In particular, the
derivatives up to order 2 are exhausted by

f̃10 =
1

C2
1ϕ
′

(
ϕ′fu + ϕ′′(f − vfv)− ϕ′′′v2 + 2

(ϕ′′)2

ϕ′
v2

)
,

f̃01 =
1

C1ϕ′
(ϕ′fv − C2ϕ

′ − 2ϕ′′v) ,

f̃20 =
1

C2
1ϕ
′

(
fuu −

ϕ′′

ϕ′
(fu−2vfuv) +

(
ϕ′′

ϕ′

)2

v2fvv

+

(
ϕ′′

ϕ′

)′
(f−vfv)− (ϕ′)2

(
1

ϕ′

(
1

ϕ′

)′′)′
v2

)
,

f̃11 =
1

C1ϕ′2

(
ϕ′fuv − ϕ′′vfvv − 2ϕ′′′v + 4

ϕ′′2

ϕ′
v

)
,

f̃02 =
1

ϕ′2
(ϕ′fvv − 2ϕ′′).

There are a relative invariant and a relative conditional invariant
which play a significant role in the following consideration. By taking
the difference f̃00 − ṽf̃01 we exclude the inessential constant C2, which
only arises in f̃00 and f̃01,

f̃00 − ṽf̃01 =
1

C2
1

(
ϕ′(f − vfv) + ϕ′′v2

)
.

Combining further 2(f̃00 − ṽf̃01) + ṽ2f̃02 to exclude ϕ′′, we obtain

W̃ =
1

C2
1

W, where
W = 2f − 2vfv + v2fvv,

W̃ = 2f̃ − 2ṽf̃ṽ + ṽ2f̃ṽṽ,

i.e., W is a relative invariant of G1. In other words, the condition W = 0
is preserved by any equivalence transformation in the class (1). Analo-
gously, the combination 2f̃10 − vf̃11 gives

S̃ =
1

C2
1

S +
1

C2
1

ϕ′′

ϕ′
W, where

S = 2fu − vfuv,

S̃ = 2f̃ũ − ṽf̃ũṽ.
(7)

This means that S is a relative invariant of G1 if the condition W = 0 is
satisfied. Values of the differential functions W and S determine which
normalization conditions should be chosen.
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We next find appropriate normalization conditions, which form the
basis for the construction of an equivariant moving frame. As ϕ arises
only in U , we can set U to any value including zero. The value of V
can be set to any constant excluding zero, and all these possibilities are
equivalent. We find it convenient to put V = 1 and express ϕ′ = C1/v.
The constraint W = 0 singles out the singular case for the moving
frame construction, which has to be investigated separately. Within
this singular case, there is the ultra-singular subcase associated with the
constraint S = 0. Indeed, under the constraint W = 0 the equation (7)
can be solved for C1 if and only if S 6= 0.

4. Differential invariants for the regular case. In this paper, we
only consider the regular case for moving frames of G1, where W 6= 0.
In this case, the following normalization conditions can be used to de-
termine a complete moving frame

ũ = 0, ṽ = 1, f̃ = 1, f̃01 = 0, f̃02 = 0,

f̃i0 = −v
2ϕ(i+2)

C 2
1 (ϕ′)i

+
1

C 2
1

i∑
i′=0

(
i

i′

)
1

(ϕ′)i′

(
ϕ′′

(ϕ′)2

)i−i′
fi′,i−i′

+ · · · = 0, i ∈ N.

(8)

In the expression for f̃i0, we presented only the summands with the
highest-order derivatives of ϕ and f , which are ϕ(i+2) and fi′,i−i′ , i

′ =
0, . . . , i, respectively. We solve the first five equations with respect to C1,
C2, ϕ, ϕ′ and ϕ′′ and substitute the obtained expressions into the other
equations. For each fixed i ∈ N, we solve the modified equation f̃i0 = 0
in view of the similar equations with lower values of i and thus find an
expression for ϕ(i+2), the explicit form of which is essential for further
consideration only for i = 3. This yields the following complete moving
frame:

C1 =
W

2v
, C2 = fv − vfvv,

ϕ = 0, ϕ′ =
W

2v2
, ϕ′′ =

W

4v2
fvv,

ϕ′′′ =
W

4v4

(
2fu + (f − vfv + v2fvv)fvv

)
,

ϕ(i+2) =
W

2v1

i∑
i′=0

(
i

i′

)(
v2

W

)i−i′
fi′,i−i′ + · · · , i = 2, 3, . . . .

(9)
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In the expression for ϕ(i+2), we presented only the summands with the
highest-order derivatives fi′,i−i′ , i

′ = 0, . . . , i. The invariantization Iij =

ι(fij) of the derivatives fij of f̃ that are not involved in the normalization
conditions (8) gives rise to a complete set of functionally independent
differential invariants of G1. The lowest-order non-phantom normalized
differential invariant is I11, and it reads

I11 = −2v2 4fu − 2vfuv + (2f − 2vfv + v2fvv)fvv
(2f − 2vfv + v2fvv)2

.

This differential invariant is of second order. For each tuple (i, j) with
i + j > 3 and j 6= 0, the maximal orders of derivatives of f and ϕ
appearing in the expression for f̃ij are i+ j and i+ 2, respectively. This

is why the maximal order of derivatives of f in the expression for f̃ij
cannot be lowered in the course of the invariantization, i.e., the order
of the normalized differential invariant Iij is i+ j. Therefore, there are
precisely 1

2k(k+1)−2 functionally independent differential G1-invariants
of order not greater than k > 2. They are given by the functions I11

and Iij with 3 6 i+ j 6 k and j 6= 0.
Apart from finding the complete set of functionally independent dif-

ferential invariants of G1 for each fixed order by successively invarianti-
zing all the derivatives fij , the moving frame (9) can be used to deter-
mine the operators of invariant differentiation. They are found upon
invariantizing the operators of total differentiation (6) and read

Di
u =

2v2

2f − 2vfv + v2fvv

(
Du −

1

2
vfvvDv

)
, Di

v = vDv. (10)

We now aim to investigate the structure of the algebra of differential
invariants of G1. The starting point for this investigation is the uni-
versal recurrence relation, which relates the differentiated invariantized
differential functions or differential forms with the invariantization of
the respective differentiated objects. This universal recurrence relation
reads [25]

dι(Ω) = ι
(
dΩ +Q(∞)(Ω)

)
. (11)

The first step in our study is the evaluation of (11) for the independent
variables u and v and the derivatives fij , i, j ∈ N0,

dhι(u) = ω1 + ι(φ), dhι(v) = ω2 + ι(η),
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dhI
ij = dhι(fij) = ι(fi+1,jdu+ fi,j+1dv + θij)

= Ii+1,jω1 + Ii,j+1ω2 + ι(θij),

where ω1 = ι(du), ω2 = ι(dv), and

θij = D i
uD j

v (θ − φf10 − ηf01) + φfi+1,j + ηfi,j+1

= (j − 2)c1fij − (j − 1)

i∑
i′=0

(
i

i′

)
φ(i′+1)fi−i′,j

−
i∑

i′=1

(
i

i′

)(
φ(i′)fi−i′+1,j + vφ(i′+1)fi−i′,j+1

)
− c2δ0i(δ0jv + δ1j)− φ(i+2)(δ0jv

2 + 2δ1jv + 2δ2j)

is the fij-component of the infinite prolongation of the vector field φ∂u+
η∂v + θ∂f . Here δij is the Kronecker delta. The respective recurrence
relations then split into two kinds, the first being the so-called phantom
recurrence relations. For a well-defined moving frame cross-section, they
can be uniquely solved for the invariantized Maurer–Cartan forms, which
arise due to the presence of the correction term ι

(
Q(∞)(Ω)

)
in (11).

Then, plugging these invariantized Maurer–Cartan forms into the second
kind of recurrence relations, the non-phantom ones, gives a complete
description of the relation between the normalized and differentiated
differential invariants, see [6, 25] for more details. For the chosen cross-
section (8), the phantom recurrence relations read

0 = dhι(u) = ω1 + ι(φ) = ω1 + φ̂,

0 = dhι(v) = ω2 + ι(η) = ω2 + φ̂′ − ĉ1,

0 = dhI
00 = ι(θ) = φ̂′ − 2ĉ1 − ĉ2 − φ̂′′,

0 = dhI
01 = I11ω1 + ι(θ01) = I11ω1 − ĉ2 − 2φ̂′′,

0 = dhI
02 = I12ω1 + I03ω2 + ι(θ02) = I12ω1 + I03ω2 − 2φ̂′′,

0 = dhI
i0 = Ii1ω2 + ι(θi0)

= Ii1ω2 + φ̂(i+1) − φ̂(i+2) −
i−1∑
i′=1

(
i

i′

)
Ii−i

′,1φ̂(i′+1), i ∈ N,

where the forms ĉ1, ĉ2 and φ̂(i), i ∈ N0, are the invariantizations of the
parameters c1, c2 and φ(i) of the infinitely prolonged general element of
the algebra g1, respectively, ĉ1 = ι(c1), ĉ2 = ι(c2) and φ̂(i) = ι(φ(i)).
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More rigorously, here the parameters c1, c2 and φ(i), i ∈ N0, are in-
terpreted as the coordinate functions on the infinite prolongation of g1.
Recall that under the prolongation we consider u and v to be the indepen-
dent variables and f to be the dependent variable. In other words, these
coefficients are first-order differential forms in the jet space J∞(u, v| f).
Hence their invariantizations are also forms, which are called invari-
antized Maurer–Cartan forms.

The above system can be solved to yield the following invariantized
Maurer–Cartan forms

ĉ1 =

(
1

2
I12 − I11

)
ω1 +

(
1

2
I03 − 1

)
ω2,

ĉ2 = (I11 − I12)ω1 − I03ω2,

φ̂ = −ω1, φ̂′ =

(
1

2
I12 − I11

)
ω1 +

(
1

2
I03 − 2

)
ω2,

φ̂′′ =
1

2
I12ω1 +

1

2
I03ω2,

φ̂(i+2) = φ̂(i+1) −
i−1∑
i′=1

(
i

i′

)
Ii−i

′,1φ̂(i′+1) + Ii1ω2, i ∈ N.

(12)

The explicit expression for the invariantized form φ̂(i+2), i ∈ N, as a
combination of ω1 and ω2 with coefficients being polynomials of normal-
ized differential invariants is obtained by expanding the above expression
when successively going over the values of i. In particular,

φ̂′′′ =
1

2
I12ω1 +

(
I11 +

1

2
I03

)
ω2,

φ̂(4) =

(
1

2
I12 − I11I12

)
ω1 +

(
I11 +

1

2
I03 + I21 − I11I03

)
ω2.

For i > 3, the greatest value of i′ + j′ for the normalized differential
invariants Ii

′j′ that are involved in φ̂(i+2) is i+ 1, and Ii1ω2 is the only
summand with this value.

The non-phantom recurrence relations are

dhI
11 = I21ω1 + I12ω2 + ι(θ11)

=
(
I21 + 2(I11)2 − I11I12 − I12

)
ω1

+
(
I12 − I11I03 + I11 − I03

)
ω2,
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dhI
ij = Ii+1,jω1 + Ii,j+1ω2 + ι(θij), i+ j > 3, j 6= 0,

with

ι(θij) = (j − 2)Iij ĉ1 − (j − 1)

i∑
i′=0

(
i

i′

)
Ii−i

′,j φ̂(i′+1)

−
i∑

i′=1

(
i

i′

)(
Ii−i

′+1,j φ̂(i′) + Ii−i
′,j+1φ̂(i′+1)

)
− δ0i(δ0j + δ1j)ĉ2 − (δ0j + 2δ1j + 2δ2j)φ̂

(i+2).

The first non-phantom recurrence relation splits into

Di
uI

11 = I21 + 2(I11)2 − I11I12 − I12,

Di
vI

11 = I12 − I11I03 + I11 − I03.

Therefore, the normalized differential invariants I12 and I21 are ex-
pressed in terms of invariant derivatives of I11 and I03,

I12 = Di
vI

11 + I11I03 − I11 + I03,

I21 = Di
uI

11 − 2(I11)2

+ (I11 + 1)(Di
vI

11 + I11I03 − I11 + I03).

(13)

In view of the above discussion on the invariantize forms φ̂(i′), i ∈ N, the
expression for ι(θij) with i + j > 3 and j 6= 0 implies that the greatest
value of i′ + j′ for Ii

′j′ involved in ι(θij) is i + j. Hence splitting the
recurrence relation with dhI

ij leads to expressions for Ii+1,j and Ii,j+1

in terms of invariant derivatives of Ii
′j′ with i′+ j′ 6 i+ j. For example,

from the non-phantom recurrence relation

dhI
03 = I13ω1 + I04ω2 + ι(θ03)

=

(
I13 + I11I03 − I12I03

2

)
ω1 +

(
I04 + I03 − (I03)2

2

)
ω2

we derive

Di
uI

03 = I13 + I11I03 − 1

2
I12I03,

Di
vI

03 = I04 − 1

2
(I03)2 + I03.
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This implies by induction, where the expressions (13) for I12 and I21 give
the base case, that any non-phantom normalized differential invariant
can be expressed in terms of invariant derivatives of I11 and I03.

To find a minimum generating set of differential invariants for the
projected group G1, we should additionally check whether I03 can be
expressed in terms of invariant derivatives of I11. We use (11) to compute
the commutator between the operators of invariant differentiation. This
is done upon evaluating (11) for the basis horizontal forms du and dv,

dhι(du) = ι(φ′du) = ι(φ′) ∧ ι(du)

=

(
2− 1

2
I03

)
ω1 ∧ ω2 = −Y 1

12 ω
1 ∧ ω2,

dhι(dv) = ι
(
φ′′vdu+ (φ′ − c1)dv

)
= ι(φ′′v) ∧ ι(du) = −1

2
I03ω1 ∧ ω2 = −Y 2

12 ω
1 ∧ ω2.

The commutation relation then evaluates as

[Di
u,D

i
v] = Y 1

12Di
u + Y 2

12Di
v =

(
1

2
I03 − 2

)
Di
u +

1

2
I03Di

v,

see [25] for details of the technique applied. Evaluating [Di
u,D

i
v]I

11, we
can derive the following expression for I03:

I03 :=
2v3fvvv

2f − 2vfv + v2fvv
= 2

2Di
uI

11 + [Di
u,D

i
v]I

11

Di
uI

11 + Di
vI

11
.

As a result, we have proved the following theorem.

Theorem 2. The algebra of differential invariants of the group G1,
which is the projection of the equivalence group G∼ of the class of diffu-
sion equations (1) to the space with coordinates (u, v, f), is generated by
the single differential invariant

I11 = −2v2 4fu − 2vfuv + (2f − 2vfv + v2fvv)fvv
(2f − 2vfv + v2fvv)2

along with the two operators of invariant differentiation

Di
u =

2v2

2f − 2vfv + v2fvv

(
Du −

1

2
vfvvDv

)
, Di

v = vDv.

All other differential invariants are functions of I11 and invariant deriva-
tives thereof.
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Corollary 1. A functional basis of differential invariants of order not
greater than k ∈ N0 in terms of invariant derivatives of non-phantom
normalized differential invariants is exhausted by(

Di
u

)i(
Di
v

)j
I11, i+ j 6 k − 2,

(
Di
v

)j′
I03, j′ 6 k − 3.
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Ðîçâ'ÿçêè ñèñòåìè ïîâ'ÿçàíèõ

ðiâíÿíü åéêîíàëó

I.À. �ãîð÷åíêî

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â

E-mail: iyegorch@imath.kiev.ua

Íàâåäåíî êîðîòêèé îãëÿä ìåòîäó îòðèìàííÿ çàãàëüíîãî ðîçâ'ÿçêó ñè-
ñòåìè ïîâ'ÿçàíèõ ðiâíÿíü åéêîíàëó, ùî áàçó¹òüñÿ íà âèêîðèñòàííi ïå-
ðåòâîðåíü ãîäîãðàôà òà êîíòàêòíèõ ïåðåòâîðåíü. Âèêîðèñòàíà ïðîöå-
äóðà äîçâîëèëà òàêîæ çíàéòè çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü åé-
êîíàëó òà Ãàìiëüòîíà�ßêîái.

We review the approach to obtaining the general solution for a coupled
system of eikonal equations that based on using hodograph and contact
transformations of the initial system. The procedure used allowed also
�nding of the general solution for a coupled system of the eikonal and
Hamilton�Jacobi equation.

1. Âñòóï. Ìè ðîçãëÿäà¹ìî ïåðåâèçíà÷åíó ñèñòåìó, ÿêà ñêëàäà¹òüñÿ
ç äâîõ ðiâíÿíü åéêîíàëó äëÿ äâîõ ôóíêöié âiä (1 + n) íåçàëåæíèõ
çìiííèõ, òà ùå îäíîãî ðiâíÿííÿ, ùî ïîâ'ÿçó¹ öi äâi ôóíêöi¨:

uµuµ = 0, vµvµ = 0, uµvµ = 1, (1)

äå u = u(x0, x1, . . . , xn), v = v(x0, x1, . . . , xn).
ßêùî íå çàçíà÷åíî iíøå, iíäåêñè ó íåçàëåæíèõ çìiííèõ xµ ìî-

æóòü ïðèéìàòè çíà÷åííÿ âiä 0 äî n, µ = 0, 1, . . . , n; íèæíi iíäåêñè
ó çàëåæíèõ çìiííèõ îçíà÷àþòü ïîõiäíi çà âiäïîâiäíèìè çìiííèìè xµ,
i ïàðà iíäåêñiâ, ùî ïîâòîðþþòüñÿ, îçíà÷à¹ ïiäñóìîâóâàííÿ çà öèìè
iíäåêñàìè âiä 0 äî n â ïðîñòîði Ìiíêîâñüêîãî:

xµxµ = x0x0 − x1x1 − · · · − xnxn.

Ìè òàêîæ áóäåìî ââàæàòè, ùî âñi ôóíêöi¨, ÿêi ìè ðîçãëÿäà¹ìî, ¹
äîñòàòíüî ãëàäêèìè äëÿ iñíóâàííÿ òà íåïåðåðâíîñòi âñiõ ïîòðiáíèõ
ïîõiäíèõ, òà ùî âñi çàëåæíi òà íåçàëåæíi çìiííi ïðèéìàþòü çíà÷åííÿ
ó ïðîñòîði äiéñíèõ ÷èñåë.
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Âiäçíà÷èìî, ùî ñèñòåìà (1) ¹ ñïåöiàëüíèì âèïàäêîì áiëüø çà-
ãàëüíî¨ ñèñòåìè ïîâ'ÿçàíèõ ðiâíÿíü åéêîíàëó

uµuµ = 0, vµvµ = 0, uµvµ = h(u, v) (2)

ç äîâiëüíîþ ôóíêöi¹þ h(u, v).
Ñèñòåìà (2) ìîæå áóòè îòðèìàíà â ðåçóëüòàòi ëîêàëüíèõ ïåðåòâî-

ðåíü ñèñòåìè

uµuµ = ρ(u, v), vµvµ = σ(u, v), uµvµ = τ(u, v) (3)

ç äîâiëüíèìè ôóíêöiÿìè ρ, σ òà τ , äå ρσ − τ2 < 0. Òàêà ñèñòåìà
âèíèêëà â íàøié ðîáîòi [5] ÿê ÷àñòèíà óìîâ ðåäóêöi¨ áàãàòîâèìiðíîãî
íåëiíiéíîãî õâèëüîâîãî ðiâíÿííÿ 2φ = F (φ) ç çàñòîñóâàííÿì àíçàöó
ç äâîìà íîâèìè íåçàëåæíèìè çìiííèìè φ = φ(ω1, ω2).

Çàãàëüíèé âèãëÿä ñèñòåìè òèïó (3), ÿêà ìîæå áóòè ðåäóêîâàíà äî
ñèñòåìè âèãëÿäó (1), ¹ íàñòóïíèì

uµuµ = 2Aa(a, b)Ab(a, b),

vµvµ = 2Ba(a, b)Bb(a, b),

uµvµ = Aa(a, b)Bb(a, b) +Ba(a, b)Ab(a, b),

äå a = a(u, v), b = b(u, v) � öå äîâiëüíi äîñòàòíüî ãëàäêi ôóíêöi¨.
Ïðèêëàäîì ñèñòåìè òàêîãî âèãëÿäó ¹

uµuµ = 1, vµvµ = −1, uµvµ = 0.

Ïðîòå, ñèñòåìè ïîâ'ÿçàíèõ ðiâíÿíü åéêîíàëó ¹ öiêàâèìè i ç òî÷-
êè çîðó áåçïîñåðåäíüîãî ïðàêòè÷íîãî çàñòîñóâàííÿ ó ãåîìåòðè÷íié
îïòèöi, ðîçïiçíàâàííi îáðàçiâ, ìåõàíiöi ñóöiëüíîãî ñåðåäîâèùà òà ií-
øèõ ãàëóçÿõ.

Íàéìåíøà ðîçìiðíiñòü, êîëè äëÿ ñèñòåìè (1) ìîæíà îòðèìàòè
íåòðèâiàëüíi ðîçâ'ÿçêè � öå n = 2, òîáòî öå áóäå ñèñòåìà ç îäíi¹þ
÷àñîâîþ òà äâîìà ïðîñòîðîâèìè çìiííèìè. Ó âèïàäêó îäíi¹¨ ïðî-
ñòîðîâî¨ çìiííî¨ ìè ìàòèìåìî ëèøå òðèâiàëüíèé ëiíiéíèé ðîçâ'ÿçîê
u = a(x0±x1)+ c1, v = 1/2a(x0∓x1)+ c2, äå a = const 6= 0, c1 òà c2 �
äîâiëüíi äiéñíi ñòàëi.

Ó ðîáîòi [7] íàìè áóâ çíàéäåíèé ïàðàìåòðè÷íèé çàãàëüíèé ðîç-
â'ÿçîê äëÿ ñèñòåìè (1) òà äâîõ ïðîñòîðîâèõ çìiííèõ (ìè âèêëþ÷àëè
ñïåöiàëüíi âèïàäêè â ïðîöåñi çíàõîäæåííÿ)

u =
x1 + x2z√

1−z2
− k′(z)

g′(z)
,
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v =
gx2√
1− z2

+
p(z)

g′(z)

[
x1 +

x2z√
1− z2

− k′(z)
]

+ r(z),

0 = x0 − x1z + x2

√
1− z2

+
g(z)

g′(z)

(
x1 +

x2z√
1− z2

− k′(z)
)
− k(z).

Òóò

r′ = −k′′
(
zg + (1− z2)g′

)
, p = 1

2

(
−g′2 + (g − zg′)2

)
.

Ìåòîä, ÿêèé ìè âèêîðèñòîâó¹ìî, áóâ ðîçðîáëåíèé íà îñíîâi iäåé,
ïðåäñòàâëåíèõ â ðîáîòàõ Ð.Ç. Æäàíîâà, I.Â. Ðåâåíêà òà Â.I. Ôóùè÷à
[3, 4] ùîäî çàãàëüíîãî ðîçâ'ÿçêó ñèñòåìè ä'Àëàìáåðà�Ãàìiëüòîíà.

2. Çàñòîñóâàííÿ ïåðåòâîðåíü ãîäîãðàôà òà êîíòàêòíèõ ïå-
ðåòâîðåíü. Ó öüîìó ïàðàãðàôi ðîçãëÿíåìî ëèøå ÷àñòêîâèé âèïàäîê
n = 2, i ôóíêöi¨

u = u(x0, x1, x2), v = v(x0, x1, x2) (4)

òà áóäåìî ââàæàòè, ùî ux0 6= 0 (â iíøîìó âèïàäêó ïåðøå ðiâíÿííÿ
ñèñòåìè (1) ìàòèìå ëèøå ñòàëi ðîçâ'ÿçêè).

Ìè ïåðåõîäèìî âiä ïî÷àòêîâî¨ ïàðè (4) äî íîâî¨ ïàðè çàëåæíèõ
çìiííèõ w òà v, òà íîâèõ íåçàëåæíèõ çìiííèõ y0, y1, y2:

u = y0, x0 = w, x1 = y1, x2 = y2. (5)

Âèðàçè äëÿ ïîõiäíèõ ïî÷àòêîâî¨ ïàðè ôóíêöié:

ux0
=

1

wy0

, ux1
= −wy1

wy0

, ux2
= −wy2

wy0

,

vx0 =
vy0

wy0

, vx1
= vy1

− vy0

wy1

wy0

, vx2
= vy2

− vy0

wy2

wy0

. (6)

Çàçíà÷èìî, ùî ó íîâèõ ðiâíÿííÿõ, îòðèìàíèõ ïiñëÿ çàñòîñóâàííÿ ïå-
ðåòâîðåííÿ ãîäîãðàôà, ìè áóäåìî ïîçíà÷àòè ïîõiäíi çà çìiííèìè yµ
ÿê vyµ òà wyµ .

Ïiäñòàíîâêà ôîðìóë äëÿ ïîõiäíèõ (6) äî ïåðøîãî ðiâíÿííÿ ñèñòå-
ìè (1) äà¹ íàñòóïíi âèðàçè:

−
w2
y1

w2
y0

−
w2
y2

w2
y0

+
1

w2
y0

= 0.
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Ìè âèêîðèñòîâó¹ìî ïðèïóùåííÿ wy0
6= 0, i òîìó çíàéäåíå ðiâíÿííÿ

¹ åêâiâàëåíòíèì íàñòóïíîìó:

w2
y1

+ w2
y2

= 1.

Ïiäñòàíîâêà ôîðìóë äëÿ ïîõiäíèõ äî äðóãîãî ðiâíÿííÿ ñèñòåìè (1)
äà¹

v2
y1

+ v2
y0

w2
y1

w2
y0

− 2
vy0

vy1
wy1

wy0

+ v2
y2

+ v2
y0

w2
y2

w2
y0

− 2
vy0

vy2
wy2

wy0

=
v2
y0

w2
y0

,

i â ðåçóëüòàòi îòðèìó¹ìî

v2
y1

+ v2
y2
− 2(vy1wy1 + vy2w2)

vy0

wy0

= 0. (7)

Ïiäñòàíîâêà äî òðåòüîãî ðiâíÿííÿ (1) äà¹

vy0

w2
y0

+
wy1

wy0

(
vy1

+ vy0

wy1

wy0

)
+
wy2

wy0

(
vy2

+ vy0

wy2

wy0

)
= 1.

Âðàõîâóþ÷è, ùî wy0 6= 0, ìè ïðèõîäèìî äî âèðàçó

vy1wy1 + vy2wy2 = wy0 .

Ðiâíÿííÿ (7) ïåðåòâîðþ¹òüñÿ íà íàñòóïíå:

v2
y1

+ v2
y2

= 2vy0 .

Ó ðåçóëüòàòi ïåðåòâîðåíü îòðèìó¹ìî òàêó ñèñòåìó ðiâíÿíü:

w2
y1

+ w2
y2

= 1,

v2
y1

+ v2
y2

= 2vy0 ,

vy1
wy1

+ vy2
wy2

= wy0
. (8)

Çàçíà÷èìî, ùî ñèñòåìà (8) âêëþ÷à¹ ðiâíÿííÿ åéêîíàëó òà ðiâíÿííÿ
Ãàìiëüòîíà�ßêîái, ïîäiáíi äî óìîâ ðåäóêöi¨ äëÿ ðiâíÿííÿ Øðüîäií-
ãåðà, ÿêi ðîçãëÿäàëèñü â ðîáîòi [6].

Äëÿ çàñòîñóâàííÿ êîíòàêòíèõ ïåðåòâîðåíü, ðîçãëÿäà¹ìî íàñòóï-
íèé íàáið íîâèõ íåçàëåæíèõ çìiííèõ z0 = y0, z1 = wy1

, z2 = y2.
Ðîçãëÿíåìî íîâi çàëåæíi çìiííi

H(z0, z1, z2) = y1wy1
− w, v = v(z0, z1, z2) (9)
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òà âèïèøåìî ñïiââiäíîøåííÿ äëÿ ïîõiäíèõ çà íîâèìè íåçàëåæíèìè
çìiííèìè:

Hz0 = −wy0 , Hz1 = y1, Hz2 = −wy2 ,

vy0 = vz0 + vz1wy0y1 , vy1 = vz1 + wy1y1 , vy2 = vz2 + vz1wy1y2 ,

wy1y1
=

1

Hz1z1

, wy1y2
= −Hz1z2

Hz1z1

, wy0y1
= −Hz0z1

Hz1z1

,

wy0y2
= −

∣∣∣∣Hz1z1 Hz1z2

Hz0z1 Hz0z2

∣∣∣∣
Hz1z1

. (10)

Ïiñëÿ âiäïîâiäíî¨ ïiäñòàíîâêè ó ñèñòåìó (8) ïðèõîäèìî äî íàñòóïíî¨
ñèñòåìè ðiâíÿíü:

z2
1 +H2

z2 = 1, (11)(
vz1
Hz1z1

)2

+

(
vz2 − vz1

Hz1z2

Hz1z1

)2

= 2

(
vz0 − vz1

Hz1z2

Hz1z1

)
, (12)

vz1
z1

Hz1z1

−Hz2

(
vz2 − vz1

Hz1z2

Hz1z1

)
= −Hz0 . (13)

Ïåðøå ðiâíÿííÿ (11) öi¹¨ ñèñòåìè ìà¹ çàãàëüíèé ðîçâ'ÿçîê äëÿ ôóíê-
öi¨ H:

H = z2

√
1− z2

1 +G(z0, z1), (14)

äå G � ôóíêöiÿ ñâî¨õ àðãóìåíòiâ, ÿâíèé âèãëÿä ÿêî¨ ìè çíàéäåìî
íèæ÷å ç iíøèõ ðiâíÿíü öi¹¨ ñèñòåìè.

Âèïàäîê

z1 = wy1
= −ux1

ux0

= ±1

� öå ñïåöiàëüíèé âèïàäîê, ÿêèé äà¹ òðèâiàëüíèé ðîçâ'ÿçîê, i ìè áó-
äåìî éîãî ðîçãëÿäàòè îêðåìî.

Ç âèðàçó äëÿ ôóíêöi¨ H (14) ìè îòðèìó¹ìî, ùî

Hz0 = Gz0 , Hz1 = − z1z2√
1− z2

1

, Hz2 =
√

1− z2
1 ,

Hz0z1 = Gz0z1 , Hz1z2 = − z1√
1− z2

1

, (15)
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Hz1z1 = − z2√
1− z2

1

− z2
1z2(

1− z2
1

) 3
2

+Gz1z1 = − z2(
1− z2

1

) 3
2

+Gz1z1 .

Äàëi, ïiäñòàíîâêà âèðàçó äëÿ êîíòàêòíèõ ïåðåòâîðåíü (15) òà âè-
ðàçó äëÿ ïîõiäíèõ ôóíêöi¨ H ó ðiâíÿííÿ (12) äà¹

vz1z1 +

Gz1z1 − z2(
1− z2

1

) 3
2

(Gz0 − vz2√1− z2
1

)

+ vz1

√
1− z2

1)

(
− z1√

1− z2
1

)

=

Gz1z1 − z2(
1− z2

1

) 3
2

(Gz0 − vz2√1− z2
1

)
= 0.

Âðàõîâóþ÷è, ùî

Gz1z1 −
z2(

1− z2
1

) 3
2

6= 0,

îòðèìó¹ìî

Gz0 − vz2
√

1− z2
1 = 0,

ùî äà¹ íàì âèðàç äëÿ ôóíêöi¨ v:

v =
Gz0z2√
1− z2

1

+ P (z0, z1), (16)

äå P (z0, z1) � öå äåÿêà ôóíêöiÿ âiä ñâî¨õ àðãóìåíòiâ, ÿêà ìà¹ áóòè
çíàéäåíà íèæ÷å.

Ç (16) ìè îá÷èñëþ¹ìî âèðàçè äëÿ ïîõiäíèõ ôóíêöi¨ v:

vz0 =
Gz0z0z2√

1− z2
1

+ Pz0 , vz1 =
Gz0z1z2√

1− z2
1

+
Gz0z1z2(
1− z2

1

) 3
2

+ Pz1 ,

vz2 =
Gz0√
1− z2

1

. (17)

Ïiäñòàíîâêà (15), (16), (17) ó (12) äà¹

v2
z1 + (vz2Hz1z1 − vz1Hz1z2)2 = 2Hz1z1(vz0Hz1z1 − vz1Hz0z1),
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Gz0z1z2√
1− z2

1

+
Gz0z1z2(
1− z2

1

) 3
2

Pz1

2

+

 Gz0√
1− z2

1

Gz1z1 − z2(
1− z2

1

) 3
2


+

z1√
1− z2

1

Pz1 +
Gz0z1z2√

1− z2
1

+
Gz0z1z2(
1− z2

1

) 3
2

2

= 2

Gz1z1 − z2(
1− z2

1

) 3
2


×

Gz1z1 − z2(
1− z2

1

) 3
2

( Gz0z0z2√
1− z2

1

+ Pz0

)

−Gz0z1

 Gz0z1z2√
1− z2

1

+
Gz0z1z2(
1− z2

1

) 3
2

+ Pz1

 . (18)

Äàëi ìè ìîæåìî ðîçêëàñòè öi âèðàçè çà ñòåïåíÿìè çìiííî¨ z2. Ç âè-
ìîãè ðiâíîñòi íóëþ ñóìè êîåôiöi¹íòiâ ïðè z3

2 ìè îòðèìó¹ìî óìîâó

−2
Gz0z0(

1− z2
1

) 7
2

= 0, (19)

çâiäêè ìîæíà çðîáèòè âèñíîâîê, ùî Gz0z0 = 0. Ç âèìîãè ðiâíîñòi
íóëþ ñóìè êîåôiöi¹íòiâ ïðè z2

2 ìè îòðèìó¹ìî óìîâè Gz0z1√
1− z2

1

+
Gz0z1(

1− z2
1

) 3
2

2

+

(
− Gz0(

1− z2
1

)2 +
Gz0z1z1

1− z2
1

+
Gz0z

2
1(

1− z2
1

)2
)2

= − 2(
1− z2

1

) 3
2

− Pz0(
1− z2

1

) 3
2

−Gz0z1

 Gz0z1√
1− z2

1

+
Gz0z

2
1(

1− z2
1

) 3
2

 ,

G2
z0z1

(
1− z2

1

)2
+ 2Gz0z1Gz0z1

(
1− z2

1

)
+G2

z0z
2
1

+
(
1− z2

1

)
(z2

1G
2
z0z1 − 2z1Gz0z1Gz0 +G2

z0)

= 2(Pz0 +G2
z0z1

(
1− z2

1

)
+Gz0z1Gz0z1),
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(Gz0 − z1Gz0z1)2 = 2Pz0 +G2
z0z1 . (20)

Ç âèìîãè ðiâíîñòi íóëþ ñóìè êîåôiöi¹íòiâ ïðè z2 ìè îòðèìó¹ìî óìîâè

Pz1

 Gz0z1√
1− z2

1

+
Gz0z1(

1− z2
1

) 3
2

+

(
Gz0Gz1z1 + z1Pz1√

1− z2
1

)

×

(
− Gz0(

1− z2
1

)2 +
Gz0z1z1

1− z2
1

+
Gz0z

2
1(

1− z2
1

)2
)

= Gz1z1

−Pz0 +Gz0z1Gz0z1(
1− z2

1

) 3
2

−
G2
z0z1√

1− z2
1


− Pz0Gz1z1 −Gz0z1Pz1(

1− z2
1

) 3
2

,

Pz1
(
Gz0z1

(
1− z2

1

)
+Gz0z1

)
+ (Gz0Gz1z1 + z1Pz1)(Gz0z1z1 −Gz0)

+Gz1z1G
2
z0z1

(
1− z2

1

)
+Gz1z1(Pz0 +Gz0z1Gz0z1) + Pz0Gz1z1

−Gz0z1Pz1 = 0,

Gz1z1(Gz0(Gz0z1z1 −Gz0) +G2
z0z1

(
1− z2

1

)
+ 2Pz0 +Gz0z1Gz0z1) = 0. (21)

Ç óìîâè (21) çíàõîäèìî, ùî

Gz1z1
[
2Pz0 +G2

z0z1 − (Gz0 −Gz0z1z1)2
]

= 0. (22)

Ðiâíiñòü íóëþ âèðàçó ó êâàäðàòíèõ äóæêàõ ðiâíÿííÿ (22) åêâiâàëåíò-
íà óìîâi, ÿêà áóëà âèçíà÷åíà â ðåçóëüòàòi çáèðàííÿ êîåôiöi¹íòiâ ïðè
z2

2 (20). Òàêèì ÷èíîì, ç êîåôiöi¹íòiâ ïðè z2 ìè íå îòðèìàëè íiÿêèõ
íîâèõ óìîâ.

Ç âèìîãè ðiâíîñòi íóëþ ñóìè êîåôiöi¹íòiâ ïðè z0
2 îòðèìó¹ìî

P 2
z1 +

(Gz0Gz1z1 + z1Pz1)2

1− z2
1

= 2Gz1z1(Pz0Gz1z1 −Gz0z1Pz1),

P 2
z1

(
1− z2

1

)
+
(
G2
z0G

2
z1z1 + 2z1Pz1Gz0Gz1z1 + z2

1P
2
z1

)
= 2Gz1z1(Pz0Gz1z1 −Gz0z1Pz1) (23)

− 2z2
1

(
Pz0G

2
z1z1 −Gz0z1Gz1z1Pz1

)
,

P 2
z1 +G2

z0G
2
z1z1 + 2z1Pz1Gz0Gz1z1
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= 2
(
1− z2

1

)
Gz1z1(Pz0Gz1z1 − Pz1Gz0z1). (24)

Ç (18) âèïëèâà¹, ùî Gz0z0 = 0, ç (20) ðîáèìî âèñíîâîê, ùî Pz0z0 = 0.
Òàêèì ÷èíîì, øóêàíi ôóíêöi¨ G òà P ïîâèííi ìàòè íàñòóïíó ôîð-

ìó

G = g(z1)z0 + k(z1), P = p(z1)z0 + r(z1), (25)

äå g, k, p, r � ïåâíi ôóíêöi¨ âiä çìiííî¨ z1, óìîâè íà ÿêi áóäóòü
çíàéäåíi äàëi.

Ïiñëÿ ïiäñòàíîâêè (25) ó (20) ìè îòðèìàëè

2p+ g′2 = (g − z1g
′)2. (26)

Ïiñëÿ ïiäñòàíîâêè (25) ó (24) ìè ïðèõîäèìî äî ðiâíÿííÿ

(p′z0 + r′)2 + g2(g′′z0 + k′′)2 + 2z1(p′z0 + r′)g(g′′z0 + k′′)

= 2
(
1− z2

1

)
(g′′z0 + k′′)(p(g′′z0 + k′′)− g′(p′z0 + r′)). (27)

Äàëi ìè ãðóïó¹ìî êîåôiöi¹íòè áiëÿ ñòåïåíiâ z0. Ïðè z
2
0 îòðèìó¹ìî

p′2 + g2g′′2 + 2z1p
′gg′′ = 2

(
1− z2

1

)(
g′′2p− g′′g′p′

)
. (28)

Ç ðiâíÿííÿ (26) ìè ìîæåìî çíàéòè âèðàç äëÿ ôóíêöi¨ p ÷åðåç ôóíê-
öiþ g:

p = 1
2

(
g2 − 2z1gg

′ +
(
z2

1 − 1
)
g′2
)
. (29)

Çâiäñè

p′ = g′′
((
z2

1 − 1
)
g′ − z1g

)
. (30)

Ïiñëÿ ïiäñòàíîâêè âèðàçiâ äëÿ p òà p′ äî (28) ìè îòðèìó¹ìî, ùî

g′′2
[((

z2
1 − 1

)
g′ − z1g

)2
+ g2g′′2 + 2z1g

((
z2

1 − 1
)
g′ − z1g

)
−
(
1− z2

1

)((
g2 − 2z1gg

′ +
(
z2

1 − 1
)
g′2
)

− g′
((
z2

1 − 1
)
g′ − z1g

))]
= 0. (31)

Ó êâàäðàòíèõ äóæêàõ ðiâíÿííÿ (31) ìè ìà¹ìî òîòîæíèé íóëü, òîìó
íîâi óìîâè íà ôóíêöi¨ G òà P ìîæíà çíàéòè ëèøå ç êîåôiöi¹íòiâ
ïðè z2

0 .
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Ãðóïóâàííÿ êîåôiöi¹íòiâ ïðè z0 äà¹ íàñòóïíó óìîâó:

2p′r′ + 2g2g′′k′′ + 2z1g(p′k′′ + r′g′′)

= 2
(
1− z2

1

)
(g′′(pk′′ − r′g′) + k′′(pg′′ − p′g′)).

Ïiäñòàíîâêà âèðàçiâ (29) òà (30) äëÿ p òà p′ ïðèçâîäèòü äî âèðàçiâ

2g′′
[
(r′ + z1gk

′′)
((
z2

1 − 1
)
g′ − z1g

)
+
(
r′z1g + k′′g2

)]
= 2
(
1− z2

1

)
g′′
[
k′′
(
g2 − 2z1gg

′ +
(
z2

1 − 1
)
g′2
)
− r′g′

− k′′g′
((
z2

1 − 1
)
g′ − z1g

)]
,

ÿêi äàþòü òîòîæíó ðiâíiñòü, òîáòî ìè çíîâó íå îòðèìó¹ìî íîâèõ óìîâ
ïîðiâíÿíî çi çíàéäåíèìè ðàíiøå.

Ç âèìîãè ðiâíîñòi íóëþ ñóìè êîåôiöi¹íòiâ ïðè z0
0 ìè ìà¹ìî, ùî

r′2 + g2k′′2 + 2z1r
′gk′′ − 2

(
1− z2

1

)
k′′(pk′′ − g′r′)

=
(
r′ − k′′

((
z2

1 − 1
)
g′ − z1g

))2
= 0, (32)

òà ç (32) âèïëèâà¹, ùî

r′ = k′′
((
z2

1 − 1
)
g′ − z1g

)
,

i òîäi, ÿêùî g′′ 6= 0, öå áóäå åêâiâàëåíòíå óìîâi

r′g′′ − p′k′′ = 0.

Òàêèì ÷èíîì, ìè çíàéøëè ÿâíèé âèãëÿä ôóíêöié G òà P :

G = g(z1)z0 + k(z1), P = p(z1)z0 + r(z1), (33)

äå

p = 1
2

(
g2 − 2z1gg

′ +
(
z2

1 − 1
)
g′2
)
,

r′ = k′′
((
z2

1 − 1
)
g′ − z1g

)
. (34)

3. Çàñòîñóâàííÿ îáåðíåíèõ êîíòàêòíèõ ïåðåòâîðåíü òà ïå-
ðåòâîðåíü ãîäîãðàôà. Ôóíêöiÿ H ìà¹ âèãëÿä

H = z2

√
1− z2

1 +G(z0, z1),
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äå G(z0, z1) ìà¹ âèãëÿä (33) ç äîâiëüíèìè g òà k, òà

v =
Gz0z2√
1− z2

1

+ P (z0, z1),

äå P (z0, z1) ìà¹ âèãëÿä (33), äå ôóíêöi¨ p òà r çíàõîäÿòüñÿ ó âiäïî-
âiäíîñòi äî (34).

Ôóíêöiÿ w ìîæå áóòè âèçíà÷åíà ç âèðàçó äëÿ H øëÿõîì âèêîðè-
ñòàííÿ ïåðåòâîðåíü, îáåðíåíèõ äî (5) òà (6):

w = z1Hz1 −H.

Äàëi ìè ìîæåìî çíîâó ïåðåïîçíà÷èòè z1 ÿê z, òàêèì ÷èíîì, ìè îòðè-
ìó¹ìî ïàðàìåòðè÷íèé çàãàëüíèé ðîçâ'ÿçîê äëÿ ñèñòåìè (8), n = 2:

v =
Gz0z2√
1− z2

+ p(z)z0 + r(z),

w = y1z − y2

√
1− z2 − g(z)y0 − k(z),

0 = y1 +
y2z√
1− z2

− g′(z)y0 − k′(z).

Çàñòîñóâàííÿ ïåðåòâîðåíü, îáåðíåíèõ äî (5) òà (6), äà¹ ìîæëèâiñòü
çíàéòè ïàðàìåòðè÷íèé çàãàëüíèé ðîçâ'ÿçîê äëÿ ñèñòåìè ïîâ'ÿçàíèõ
ðiâíÿíü åéêîíàëó (1) äëÿ ïî÷àòêîâèõ ôóíêöié u òà v òà n = 2:

u =
x1 + x2z√

1−z2
− k′(z)

g′(z)
,

v =
gx2√
1− z2

+
p(z)

g′(z)

[
x1 +

x2z√
1− z2

− k′(z)
]

+ r(z),

0 = x0 − x1z + x2

√
1− z2

+
g(z)

g′(z)

{
x1 +

x2z√
1− z2

− k′(z)
}
− k(z),

äå

r′ = −k′′
(
zg +

(
1− z2

)
g′
)
, p = 1

2

(
−g′2 + (g − zg′)2

)
,

äå g òà k � äîâiëüíi ôóíêöi¨.
4. Îñîáëèâi âèïàäêè. Ìè ðîçãëÿäàëè çíàõîäæåííÿ çàãàëüíîãî

ïàðàìåòðè÷íîãî ðîçâ'ÿçêó ñèñòåìè (1) äëÿ n = 2 ç ïðèïóùåííÿìè,
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ùî u0 6= 0, v0 6= 0, wy0
6= 0. Îñòàííÿ óìîâà ó âiäïîâiäíîñòi äî âè-

çíà÷åííÿ çìiííèõ (5) áóäå âèêîíóâàòèñÿ çàâæäè i íå ñòàíîâèòèìå
ñïåöiàëüíîãî âèïàäêó äëÿ ïî÷àòêîâî¨ ñèñòåìè.

Ó âèïàäêó, ÿêùî u0 = 0, ïåðøå ðiâíÿííÿ ñèñòåìè (1) ìàòèìå
âèãëÿä −u2

1 − u2
2 = 0, çâiäêè u1 = u2 = 0, òîáòî òîäi ôóíêöiÿ u áóäå

ñòàëîþ, à âiäïîâiäíèé ðîçâ'ÿçîê ñèñòåìè (1) áóäå òðèâiàëüíèì.
Ùå îäèí îñîáëèâèé âèïàäîê

z1 = wy1
= −ux1

ux0

= ±1,

òîáòî ux1
± 1ux0

= 0, u = u(x0 ± x1, x2), i ïî÷àòêîâà ñèñòåìà çâî-
äèòüñÿ äî ñèñòåìè ç äâîìà íåçàëåæíèìè çìiííèìè òà òðèâiàëüíèìè
ðîçâ'ÿçêàìè.

5. Âèñíîâêè. Ó öié ñòàòòi ìè íàâåëè îãëÿä ïðîöåäóðè, ÿêà äî-
çâîëÿ¹ ïîáóäóâàòè çàãàëüíi ðîçâ'ÿçêè ñèñòåìè (1) äëÿ çàãàëüíîãî òà
îñîáëèâèõ âèïàäêiâ. Öi ðåçóëüòàòè äîçâîëÿòü, çîêðåìà, îïèñàòè âñi
àíçàöè, ÿêi ðåäóêóþòü áàãàòîâèìiðíå ðiâíÿííÿ åéêîíàëó äî ðiâíÿíü
ç ìåíøèì ÷èñëîì ïðîñòîðîâèõ çìiííèõ, ùî äàñòü ìîæëèâiñòü óçà-
ãàëüíèòè ðåçóëüòàòè, îòðèìàíi â ðîáîòàõ [1] òà [2].
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Ìåòîä âiäîêðåìëåííÿ çìiííèõ çàñòîñîâàíî äî çàäà÷i âèçíà÷åííÿ òî÷íî-
ðîçâ'ÿçíèõ ìîäåëåé ãiäðîäèíàìi÷íî¨ ñòiéêîñòi. Ç ìàòåìàòè÷íî¨ òî÷êè
çîðó ïðîáëåìà âèçíà÷åííÿ ñòiéêîñòi äàíî¨ òå÷i¨ ïðåäñòàâëÿ¹ ñîáîþ
ðîçâ'ÿçóâàííÿ ñèñòåìè ðiâíÿíü, ùî îòðèìàíi ç ðiâíÿíü Íàâ'¹�Ñòîêñà
ëiíåàðiçàöi¹þ çà îñíîâíèìè òå÷iÿìè òà çíàõîäæåííÿ ìíîæèíè âñiõ ¨¨
ìîæëèâèõ ðîçâ'ÿçêiâ, ÿêi äîçâîëÿþòü ðîçùåïëåííÿ çáóðåíü íà íîð-
ìàëüíi ìîäè. Ïîâíiñòþ ðîçãëÿíóòî âèïàäîê öèëiíäðè÷íèõ êîîðäèíàò.

The method of separation of variables is applied to the problem of determi-
ning exactly solvable models of hydrodynamic stability. From a mathemati-
cal point of view, the problem of determining the stability of a �ow is the
solving of a system of equations derived from Navier�Stokes equations by
linearization along the main �ows and �nding a set of all possible soluti-
ons that allow splitting of perturbations into normal modes. The case of
cylindrical coordinates is completely considered.

Êëàñè÷íà òåîðiÿ ëiíiéíî¨ ñòiéêîñòi â'ÿçêèõ íåñòèñëèâèõ ïîòîêiâ
ïîâ'ÿçàíà ç ðîçâèòêîì ó ïðîñòîði òà ÷àñi íåñêií÷åííî ìàëèõ çáóðåíü
íàâêîëî çàäàíîãî îñíîâíîãî ïîòîêó [1, 2, 3]. Ñôîðìóëþ¹ìî çàäà÷ó
ãiäðîäèíàìi÷íî¨ ñòiéêîñòi, áàçóþ÷èñü íà ðiâíÿííi Íàâ'¹�Ñòîêñà â öè-
ëiíäðè÷íèõ êîîðäèíàòàõ (r, ϕ, z). ßê öå çâè÷àéíî ðîáëÿòü ó òåîði¨
ñòiéêîñòi, ðîçùåïèìî ïîëÿ øâèäêîñòi i òèñêó (v̂r, v̂ϕ, v̂z, p̂) íà 2 ñêëà-
äîâi: îñíîâíî¨ òå÷i¨ (Vr, Vϕ, Vz, P ) i çáóðåíî¨ (vr, vϕ, vz, p),

v̂r = Vr + vr, v̂ϕ = Vϕ + vϕ, v̂z = Vz + vz, p̂ = P + p. (1)

Ïiäñòàâëÿþ÷è (1) â ðiâíÿííÿ Íàâ'¹�Ñòîêñà, çàïèñàíå â òåðìiíàõ çìií-
íèõ (v̂r, v̂ϕ, v̂z, p̂), i iãíîðóþ÷è âñi äîäàíêè, ùî ìiñòÿòü êâàäðàò çáó-
ðåíî¨ àìïëiòóäè, à òàêîæ íàêëàäàþ÷è óìîâó, ùîá çìiííi îñíîâíî¨
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òå÷i¨ (Vr, Vϕ, Vz, P ) ñàìi çàäîâîëüíÿëè ðiâíÿííÿ Íàâ'¹�Ñòîêñà, ìè
îòðèìó¹ìî íàñòóïíó ñèñòåìó ëiíåàðèçîâàíèõ ðiâíÿíü ãiäðîäèíàìi÷-
íî¨ ñòiéêîñòi â öèëiíäðè÷íèõ êîîðäèíàòàõ:

∂vr
∂t

+ Vr
∂vr
∂r

+ vr
∂Vr
∂r

+
Vϕ
r

∂vr
∂ϕ

+
vϕ
r

∂Vr
∂ϕ

+ Vz
∂vr
∂z

+ vz
∂Vr
∂z
− 2

Vϕvϕ
r

= −1

ρ

∂p

∂r

+ ν

(
∂2vr
∂r2

+
1

r2

∂2vr
∂ϕ2

+
∂2vr
∂z2

+
1

r

∂vr
∂r
− 2

r2

∂vϕ
∂ϕ
− vr
r2

)
,

∂vϕ
∂t

+ Vr
∂vϕ
∂r

+ vr
∂Vϕ
∂r

+
Vϕ
r

∂vϕ
∂ϕ

+
vϕ
r

∂Vϕ
∂ϕ

+ Vz
∂vϕ
∂z

+ vz
∂Vϕ
∂z

+
Vrvϕ
r

+
vrVϕ
r

= − 1

ρr

∂p

∂ϕ

+ ν

(
∂2vϕ
∂r2

+
1

r2

∂2vϕ
∂ϕ2

+
∂2vϕ
∂z2

+
1

r

∂vϕ
∂r

+
2

r2

∂vr
∂ϕ
− vϕ
r2

)
,

∂vz
∂t

+ Vr
∂vz
∂r

+ vr
∂Vz
∂r

+
Vϕ
r

∂vz
∂ϕ

+
vϕ
r

∂Vz
∂ϕ

+ Vz
∂vz
∂z

+ vz
∂Vz
∂z

= −1

ρ

∂p

∂z
+ ν

(
∂2vz
∂r2

+
1

r2

∂2vz
∂ϕ2

+
∂2vz
∂z2

+
1

r

∂vz
∂r

)
,

∂vr
∂r

+
1

r

∂vϕ
∂ϕ

+
∂vz
∂z

+
vr
r

= 0. (2)

Ââåäåìî íîâó ñèñòåìó êîîðäèíàò t, ξ = ξ(t, r), γ = γ(t, ϕ), η =
η(t, z).

Êàçàòèìåìî, ùî ñèñòåìà (2) äîïóñêà¹ âiäîêðåìëåííÿ çìiííèõ â
íåñòàöiîíàðíié öèëiíäðè÷íié ñèñòåìi êîîðäèíàò ξ, γ, η, ÿêùî àíçàö

vr = T (t) exp(aη +mγ + sS(t))f(ξ),

vϕ = T (t) exp(aη +mγ + sS(t))g(ξ),

vz = T (t) exp(aη +mγ + sS(t))h(ξ),

p = T1(t) exp(aη +mγ + sS(t))π(ξ) (3)

çâîäèòü ñèñòåìó ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè (2) äî ñèñòåìè 3-õ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó é îäíîãî çâè-
÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ ïåðøîãî ïîðÿäêó äëÿ 4-õ ôóíê-
öié f(ξ), g(ξ), h(ξ), π(ξ) íàñòóïíîãî âèãëÿäó:

h′′(ξ) = U11g
′(ξ) + U12h

′(ξ) + U13π
′(ξ)
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+ U14f(ξ) + U15g(ξ) + U16h(ξ) + U17π(ξ),

f ′′(ξ) = U21g
′(ξ) + U22h

′(ξ) + U23π
′(ξ)

+ U24f(ξ) + U25g(ξ) + U26h(ξ) + U27π(ξ),

g′′(ξ) = U31g
′(ξ) + U32h

′(ξ) + U33π
′(ξ)

+ U34f(ξ) + U35g(ξ) + U36h(ξ) + U37π(ξ),

f ′(ξ) = U41f(ξ) + U42g(ξ) + U43h(ξ) + U44π(ξ). (4)

Òóò Uij � öå ïîëiíîìè äðóãîãî ïîðÿäêó âiäíîñíî ñïåêòðàëüíèõ ïà-
ðàìåòðiâ a, s, m ç êîåôiöi¹íòàìè, ÿêi ñàìi ¹ ãëàäêèìè ôóíêöiÿìè
âiä ξ.

Îñíîâíi êðîêè ïðîöåäóðè âiäîêðåìëåííÿ çìiííèõ â ñèñòåìi (2) ¹
íàñòóïíèìè:

1. Ïiäñòàâëÿ¹ìî àíçàö (3) â ðiâíÿííÿ (2) i çàïèñó¹ìî ïîõiäíi f ′′(ξ),
g′′(ξ), h′′(ξ), f ′(ξ) â òåðìiíàõ ôóíêöié g′(ξ), h′(ξ), π′(ξ), f(ξ),
g(ξ), h(ξ), π(ξ), âèêîðèñòîâóþ÷è ðiâíÿííÿ (4).

2. Äàëi ðîçãëÿäà¹ìî g′(ξ), h′(ξ), π′(ξ), f(ξ), g(ξ), h(ξ), π(ξ) ÿê íîâi
íåçàëåæíi çìiííi. Îñêiëüêè ôóíêöi¨ ξ(t, r), γ(t, ϕ), η(t, z), T (t),
T1(t), S(t), îñíîâíi òå÷i¨ Vr, Vϕ, Vz i êîåôiöi¹íòè Uij (ÿêi ñà-
ìi ¹ ãëàäêèìè ôóíêöiÿìè âiä ξ) ¹ íåçàëåæíèìè âiäíîñíî öèõ
çìiííèõ, ìè âèìàãàòèìåìî, ùîá îòðèìàíà ðiâíèñòü ïåðåòâîðþ-
âàëàñü ó òîòîæíiñòü ïðè äîâiëüíèõ g′(ξ), h′(ξ), π′(ξ), f(ξ), g(ξ),
h(ξ), π(ξ). Iíøèìè ñëîâàìè, ìè ìà¹ìî ðîçùåïèòè öþ ðiâíiñòü
âiäíîñíî öèõ çìiííèõ. Ïiñëÿ ðîçùåïëåííÿ ìè îòðèìà¹ìî ïå-
ðåâèçíà÷åíó ñèñòåìó íåëiíiéíèõ ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ
äëÿ íåâiäîìèõ ôóíêöié ξ(t, r), γ(t, ϕ), η(t, z), T (t), T1(t), S(t),
îñíîâíèõ òå÷ié Vr, Vϕ, Vz i êîåôiöi¹íòiâ ïîëiíîìiâ Uij .

3. Ïiñëÿ ðîçâ'ÿçàííÿ âèùåîòðèìàíî¨ ñèñòåìè ìè îòðèìà¹ìî âè-
÷åðïíèé îïèñ êîîðäèíàòíèõ ñèñòåì, â ÿêèõ ñèñòåìà ðiâíÿíü (2)
äîïóñêà¹ âiäîêðåìëåííÿ çìiííèõ â ðàìêàõ íàøîãî îçíà÷åííÿ.

Îòæå, ïðîáëåìà âiäîêðåìëåííÿ çìiííèõ â ñèñòåìi ðiâíÿíü (2) çâî-
äèòüñÿ äî iíòåãðóâàííÿ ïåðåâèçíà÷åíî¨ ñèñòåìè ðiâíÿíü ç ÷àñòèí-
íèìè ïîõiäíèìè äëÿ íåâiäîìèõ ôóíêöié ξ(t, r), γ(t, ϕ), η(t, z), T (t),
T1(t), S(t), îñíîâíèõ òå÷ié Vr, Vϕ, Vz i êîåôiöi¹íòiâ ïîëiíîìiâ Uij .

Íèæ÷å íàâîäèìî ðåçóëüòàòè. Äëÿ íàÿâíîñòi ôiçè÷íîãî çìiñòó ìè
íàêëàëè äîäàòêîâó óìîâó, ùîá îñíîâíi òå÷i¨ ñàìi òî÷íî çàäîâîëüíÿëè
ðiâíÿííÿ Íàâ'¹�Ñòîêñà.
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Òðèâèìiðíi çáóðåííÿ. Çàãàëüíà ôîðìà çáóðåíü vr, vϕ, vz i p ¹
òàêîþ:

vr = T (t) exp

(
aη +mϕ+ s

∫
T (t)2 dt

)
f(ξ),

vϕ = T (t) exp

(
aη +mϕ+ s

∫
T (t)2 dt

)
g(ξ),

vz = T (t) exp

(
aη +mϕ+ s

∫
T (t)2 dt

)
h(ξ),

p = ρT (t)2 exp

(
aη +mϕ+ s

∫
T (t)2 dt

)
π(ξ), (5)

äå

ξ = T (t)r, η = T (t)z + c(t).

Öèì çáóðåííÿì âiäïîâiäàþòü äâà êëàñè îñíîâíèõ òå÷ié, ùî çàäî-
âîëüíÿþòü ðiâíÿííÿ Íàâ'¹�Ñòîêñà. Ïîëÿ øâèäêîñòåé äëÿ îáîõ êëàñiâ
âèçíà÷åíî íàñòóïíèì ÷èíîì:

Vz = A(ξ)T (t)− zT ′(t)

T (t)
− β(t), β(t) =

c′(t)

T (t)
,

Vr = B(ξ)T (t)− rT
′(t)

T (t)
, Vϕ = C(ξ)T (t),

äå ôóíêöi¨ T (t) i B(ξ) âèçíà÷àþòüñÿ ðiçíèì ÷èíîì äëÿ êîæíîãî ç
öèõ äâîõ êëàñiâ:

Class I : T (t) =
1√
t
, B(ξ) = −3ξ

4
+
k

ξ
,

äå ôóíêöi¨ A(ξ) i C(ξ) çàäîâîëüíÿþòü ðiâíÿííÿ

(4k + 3ξ2− 4ν)A′(ξ) + ξ(−4k + 3ξ2+ 4ν)A′′(ξ) + 4ξ2νA′′′(ξ) = 0,

−4νk0ξ + (−4k + 3ξ2 − 4ν)C(ξ)

+ ξ(−4k + 3ξ2 + 4ν)C ′(ξ) + 4νξ2C ′′(ξ) = 0 (6)

i ðîçïîäië òèñêiâ äàíî íàñòóïíèì ÷èíîì:

P

ρ
=
νk0ϕ

t
+
x2

8t2
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+ x

[
β′(t) +

β(t)

2t
+ t−3/2

(
νA′′(ξ)− 4k − 3ξ2 − 4ν

4ξ
A′(ξ)

)]
+

1

t

∫
16k2 − 5ξ2 + 16ξ2C2(ξ)

16ξ3
dξ + p0(t).

ÇÄÐ (6) ìîæóòü áóòè ÿâíèì ÷èíîì ðîçâ'ÿçàíi â òåðìiíàõ íåïîâíèõ
ãàììà-ôóíêöié.

Class II : T (t) = 1, B(ξ) =
k

ξ
,

äå A(ξ) i C(ξ) çàäîâîëüíÿþòü ðiâíÿííÿ

(k − ν)A′(ξ) + ξ(ν − k)A′′(ξ) + ξ2νA′′′(ξ) = 0,

νk0ξ + (k + ν)C(ξ) + ξ(k − ν)C ′(ξ)− ξ2νC ′′(ξ) = 0 (7)

i âiäïîâiäíèé ðîçïîäië òèñêiâ äàíî íàñòóïíèì ÷èíîì:

P

ρ
= νk0ϕ+ x

(
β′(t) + νA′′(ξ) +

ν − k
ξ

A′(ξ)

)
+

∫
k2 + ξ2C2(ξ)

ξ3
dξ + p0(t).

ÇÄÐ (7) ìîæóòü áóòè ÿâíèì ÷èíîì ðîçâ'ÿçàíi â åëåìåíòàðíèõ ôóíê-
öiÿõ.

Ðiâíÿííÿ ç âiäîêðåìëåíèìè çìiííèìè ìîæóòü áóòè çàïèñàíi äëÿ
îáîõ êëàñiâ òàêèì ÷èíîì:

f(ξ)
(
ξ2s+ ν −m2ν − a2ξ2ν + aξ2A(ξ) +mξC(ξ) + ξ2B′(ξ)

)
+ 2(mν − ξC(ξ))g(ξ) + ξ((−ν + ξB(ξ))f ′(ξ)

+ ξ(π′(ξ)− νf ′′(ξ))) = 0,(
ξ2s+ ν −m2ν − a2ξ2ν + aξ2A(ξ) + ξB(ξ) +mξC(ξ)

)
g(ξ)

+ f(ξ)
(
−2mν + ξC(ξ) + ξ2C ′(ξ)

)
+ ξ(mπ(ξ) + (−ν + ξB(ξ))g′(ξ)− ξνg′′(ξ)) = 0,(

ξ2s−m2ν − a2ξ2ν + aξ2A(ξ) +mξC(ξ)
)
h(ξ)

+ ξ(aξπ(ξ) + ξf(ξ)A′(ξ)− νh′(ξ) + ξB(ξ)h′(ξ)− ξνh′′(ξ)) = 0,

f(ξ) +mg(ξ) + ξ(ah(ξ) + f ′(ξ)) = 0.
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Äâîâèìiðíi çáóðåííÿ. Çàãàëüíà ôîðìà çáóðåíü ¹ òàêîþ:

vr = T (t) exp

(
mϕ+ s

∫
T (t)2 dt

)
f(ξ),

vϕ = T (t) exp

(
mϕ+ s

∫
T (t)2 dt

)
g(ξ), vz = 0,

p = ρT (t)2 exp

(
mϕ+ s

∫
T (t)2 dt

)
π(ξ), ξ = T (t)r,

ÿêà ¹ ÷àñòèííèì âèïàäêîì (5) äëÿ a = 0.
Öèì çáóðåííÿì âiäïîâiäà¹, çîêðåìà, òàêà îñíîâíà òå÷iÿ:

Vz = −kz + β(t), Vr = kr/2 + q/r, Vϕ = νB(ξ)T (t),

P

ρ
= −1

2
k2x2 + x (kβ(t)− β′(t))− 4q2 + k2r4

8r2

+ T 2(t)

(
ν2

∫
B2(ξ)

ξ
dξ − 1

2
νk0ϕ

)
+ p0(t),

äå ôóíêöi¨ T (t) i B(ξ) çàäîâîëüíÿþòü ñèñòåìó ðiâíÿíü

T ′(t)− 1

2

(
QT 3(t)− kT (t)

)
= 0,

k0ξ −
(
2q + 2ν +Qξ2

)
B(ξ)− ξ

(
2q − 2ν +Qξ2

)
B′(ξ)

+ 2νξ2B′′(ξ) = 0,

ÿêà ïðèâîäèòü äî íàñòóïíèõ âèïàäêiâ

T (t) =
1√

ekt + 1

(
Q

k
= 1

)
, T (t) =

1√
ekt − 1

(
Q

k
= −1

)
,

T (t) = 1

(
Q

k
= 1

)
, T (t) = e−kt/2 (Q = 0) .
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Ðîçãëÿäàþòüñÿ àëãåáðà Ãåéçåíáåðãà h3 òà òðèâèìiðíà àëãåáðà Ëi g ç íå-
íóëüîâèìè êîìóòàöiéíèìè ñïiââiäíîøåííÿìè [e1, e2] = e1 (= −[e2, e1]).
Îïèñàíî àëãåáðà¨÷íi ìíîæèíè, ùî ¹ çàìèêàííÿì îðáiò âåêòîðiâ ñòðóê-
òóðíèõ ñòàëèõ, ùî âiäïîâiäàþòü h3 i g, à ñàìå: ó êîæíîìó ç âèïàäêiâ
ïîáóäîâàíî íàáið ïîëiíîìiâ, òàêèõ, ùî ìíîæèíà ¨õ ñïiëüíèõ íóëiâ ¹
çàìèêàííÿì îðáiòè âåêòîðà ñòðóêòóðíèõ ñòàëèõ. Òàêèé îïèñ äîçâîëÿ¹
íàäàòè àëüòåðíàòèâíèé ïiäõiä äî çíàõîäæåííÿ âñiõ ìîæëèâèõ âèðîä-
æåíü h3 òà g ó äîâiëüíîìó íåñêií÷åííîìó ïîëi çà äîïîìîãîþ îçíà÷åííÿ
íåçâiäíî¨ àëãåáðà¨÷íî¨ ìíîæèíè.

Let h3 be the Heisenberg algebra and let g be the 3-dimensional Lie algebra
having [e1, e2] = e1 (= −[e2, e1]) as its only non-zero commutation rela-
tions. We describe the closure of the orbit of a vector of structure constants
corresponding to h3 and g respectively as an algebraic set giving in each
case a set of polynomials for which the orbit closure is the set of common
zeros. Working over an arbitrary in�nite �eld, this description enables us
to give an alternative way, using the de�nition of an irreducible algebraic
set, of obtaining all degenerations of h3 and g (the degeneration from g
to h3 being one of them).

1. Introduction. In the second half of the twentieth century a
lot of works appeared on the study of different types of limit processes
between various physical or geometrical theories. Such limit processes
naturally lead to the notion of contraction (or degeneration). Possibly
the first work in this direction was Segal [11] who studied a limit process
of a family of some physically important isomorphic Lie groups. The
claim is that if two physical theories are related by a limit process, then
the associated invariance groups (and invariance algebras) should also
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be related by some limit process. This led to a wide investigation of
contractions of Lie algebras from the physical point of view. Possibly, the
three most famous physical examples of contractions are the following.

• Contraction of relativistic mechanics to classical mechanics was
studied in works by Inönü and Wigner [6, 7]. Considering the phys-
ical limit process c → ∞ in special relativity theory they showed
how the symmetry group of relativistic mechanics (the Poincaré
group) contracts to the Galilean group which is the symmetry
group of classical mechanics.

• The relation between classical and quantum mechanics can also be
expressed in terms of a limit process or, in other words, a contrac-
tion [5]. Thus, one can consider classical mechanics as the limit of
quantum mechanics under the contraction h → a, where h is the
Weyl–Heisenberg algebra and a is the abelian Lie algebra of the
same dimension. Under this contraction the quantum mechanical
commutator [x, p] = i} (corresponding to the Heisenberg uncer-
tainty principle) maps to the Abelian case (that is, the classical
mechanics limit) under }→ 0.

• The porous medium equation ut = m−1∆(um− 1) can be contrac-
ted [13] (as m→ 0) to the equation ut = ∆ lnu, which is equivalent
to the equation defining the Ricci flow on R2.

In these (and many other publications) it is shown, in particular,
how some basic properties of the “contracted theories” can be recon-
structed from the corresponding properties of the “original” theories.
In an attempt to unify such observations, Zaitsev [14], independently
of Inönü and Wigner, suggested constructing “the theory of physical
theories” based on group limits of physical theories. This amounts to
including in a uniform system several physical theories being connected
together via certain relations. Recently, different types of contractions
have been widely used in elementary particle theory, analysis of differen-
tial equations and other areas of mathematical and theoretical physics.

Working over C or R, the statement “Lie algebra h1 is a contraction
of Lie algebra h2” can be rephrased as “h1 lies in the closure, in the
metric topology, of the orbit of h2 under the ‘change of basis’ action of
the group of invertible linear transformations”. In [4] the authors show
that over C the orbit closure in the metric topology coincides with the
orbit closure in the Zariski topology. Orbit closures with respect to the
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Zariski topology are called degenerations. The notion of degeneration is
well-defined not only over the fields C and R but also over an arbitrary
ground field. In fact, this concept of orbit closure under the action of
various groups arises naturally in many areas of mathematics (see, for
example, [10]).

In [8] we explored the possibility of investigating degenerations over
an arbitrary field using elementary algebraic techniques. For this we
needed to extend or modify techniques already used over the fields C, R
(for example contractions obtained as limit points resulting from the
action of diagonal matrices, also known as generalized Inönü–Wigner
contractions) in a way so that they can be applied to the case of dege-
nerations over an arbitrary field. In this paper, although we continue
our study of degenerations via an elementary algebraic approach, we
take a slightly different path and consider the possibility of obtaining all
degenerations (for certain examples of Lie algebras) ‘from first principles’
by direct application of the definition of an algebraic (Zariski-closed) set.
This involves obtaining explicit descriptions of the orbit closures under
consideration using polynomial equations.

The paper is organized as follows. In Section 2 we give some neces-
sary background, the setup being over an arbitrary infinite field F. In
particular, in Section 2.1 we recall some basic definitions and results on
irreducible algebraic sets and regular maps while in Section 2.2 we recall
the definition of degeneration together with some basic facts on Lie alge-
bra structure vectors and their orbits under the ‘change of basis’ action
of the general linear group. In Section 3 we perform some explicit com-
putations concerning the orbits (and their closure in the Zariski topol-
ogy) of certain given Lie algebra structure vectors corresponding to h3

and g2 ⊕ a1 respectively, where h3 denotes the Heisenberg algebra, g2

denotes the 2-dimensional non-Abelian Lie algebra and a1 denotes the
1-dimensional Abelian Lie algebra. This enables us to give a descrip-
tion of the orbit closures of these structure vectors as algebraic sets via
polynomial equations and, as a consequence, determine in an alterna-
tive way all degenerations of h3 and g2 ⊕ a1 over F. We also obtain
descriptions of the particular orbits described above as the intersection
of a Zariski-closed set with a Zariski-open set.

2. Preliminaries and generalities. We begin this section by recal-
ling some basic facts on irreducible algebraic sets. We refer the reader
to Geck [2] for more details and for proofs of the main results from the
theory we will be using.
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2.1. Algebraic sets. Fix F to be an arbitrary infinite field and
let m be a positive integer. We consider the ring F [X] = F[X1, . . . , Xm]
of polynomials in the indeterminates X1, . . . , Xm over F. For each α =
(α1, . . . , αm) ∈ Fm there exists a unique F-algebra homomorphism evα :
F[X1, . . . , Xm] → F such that evα(Xi) = αi for all i. Given α =
(α1, . . . , αm) ∈ Fm and f ∈ F[X1, . . . , Xm] we will be writing more
simply f(α) = f(α1, . . . , αm) = evα(f).

Definition. Let S be any subset of F[X1, . . . , Xm]. The algebraic set
V(S) determined by S is defined by

V(S) = {α ∈ Fm : f(α) = 0 for all f ∈ S}.

A subset of Fm is called algebraic if it is of the form V(S) for some
subset S ⊆ F[X1, . . . , Xm]. For any subset V ⊆ Fm, the vanishing ideal
I(V ) of V is defined by

I(V ) = {f ∈ F[X1, . . . , Xm] : f(α) = 0 for all α ∈ V }.

It is immediate from the above definition that if S1, S2 are sub-
sets of F[X1, . . . , Xm] with S1 ⊆ S2, then V(S2) ⊆ V(S1) (see [2, Re-
mark 1.1.4]).

It can be shown (see, for example, [2, Remark 1.1.4 and Lemma 1.1.5])
that arbitrary intersections and finite unions of algebraic sets in Fm are
again algebraic. The empty set ∅ and Fm itself are clearly algebraic.
Thus, the algebraic sets in Fm form the closed sets of a topology in Fm,
which is called the Zariski topology. A subset X ⊆ Fm is open if its
complement Fm \X is algebraic (closed).

We will denote by V the closure of a subset V of Fm in the Zariski
topology.

An essential role in our investigation is played by the notion of irre-
ducibility of algebraic sets.

Definition. Let Z ⊆ Fm be a nonempty algebraic set. We say that Z is
reducible if we can write Z = Z1 ∪ Z2, where Z1, Z2 ⊆ Z are nonempty
algebraic subsets with Z1 6= Z and Z2 6= Z. Otherwise, we say that Z is
irreducible.

Remark 1 (see [2, Example 1.1.13]). Our assumption that F is infinite
ensures that Fm is irreducible.
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Definition. Let s, r be positive integers and let V ⊆ Fs and W ⊆
Fr be nonempty algebraic sets. We say that Φ: V → W is a reg-
ular map if there exist f1, . . . , fr ∈ F[X1, . . . , Xs] such that Φ(α) =
(f1(α), . . . , fr(α)) for all α ∈ V .

One can then observe (see [2, p. 23]) that regular maps are continuous
in the Zariski topology.

Remark 2 (see [2, Remark 1.3.2]). Let V , W be as in the definition
above and let Φ: V →W be a regular map. Assume that V is irreducible.
Then the Zariski closure Φ(V ) ⊆W is also irreducible.

2.2. Degenerations of Lie algebras. We keep the setup of the
previous subsection. In particular F denotes an arbitrary infinite field
but now we assume further that m = n3 for some integer n ≥ 2 we have
fixed. Also let G be the general linear group GL(n,F).

Now let α = (α1, . . . , αm) ∈ Fm be given. For the rest of our dis-
cussion, it will be convenient to relabel the components of α as fol-
lows. For 1 ≤ r ≤ m relabel αr as αi(r),j(r),k(r) where i(r), j(r),
k(r) are the unique integers with 1 ≤ i(r), j(r), k(r) ≤ n satisfying
r− 1 = (i(r)− 1)n2 + (j(r)− 1)n+ (k(r)− 1). We will write α = (αi,j,k)
or α = (αijk) for short. For example, in the case n = 2 (m = 8) we have
for α ∈ Fm,

α = (α1, α2, α3, α4, α5, α6, α7, α8)

= (α111, α112, α121, α122, α211, α212, α221, α222).

(The above ordering in fact amounts to writing α = (αijk) ∈ Fn3

where
the triples (i, j, k) are placed in lexicographic order.)

In a similar manner we relabel the indeterminates X1, . . . , Xm in
F[X1, . . . , Xm] and we write F[X] (= F[X1, . . . , Xm]) = F[Xijk : 1 ≤
i, j, k ≤ n].

Definition. An element λ = (λijk) ∈ Fm is called a Lie algebra struc-
ture vector if there exists an n-dimensional Lie algebra g over F and an
ordered F-basis b̂ = (b1, . . . , bn) of g such that [bi, bj ] =

∑n
k=1 λijkbk for

1 ≤ i, j ≤ n. In such a case we call λ = (λijk) the structure vector

of g relative to b̂. We denote by Ln(F) the subset of Fm consisting of
precisely those elements of Fm which are Lie algebra structure vectors.

We refer the reader to [9] for the basic definitions and properties of
Lie algebras.
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The properties of the Lie bracket ensure that Ln(F) is an algebraic
subset of Fm. This is because Ln(F) = V(S) where S is the union of the
following three subsets of F[Xijk : 1 ≤ i, j, k ≤ n] (see, for example, [9,
pp. 4–5] for a proof of this fact):

{Xiik : 1 ≤ i, k ≤ n}, {Xijk +Xjik : 1 ≤ i, j, k ≤ n},{∑
k

(XijkXklr +XjlkXkir +XlikXkjr) : 1 ≤ i, j, l, r ≤ n
}
.

Remark 3. We have the following natural action of G = GL(n,F) on
Ln(F) by ‘change of basis’. Let g = (gij) ∈ G and let λ = (λijk) ∈ Ln(F).

Also let g be an n-dimensional Lie algebra over F and b̂ = (b1, . . . , bn)
be an ordered F-basis of g such that λ = (λijk) is the structure vector

of g relative to b̂. Now let b̂′ = (b′1, . . . , b
′
n) be the basis of g defined

by b′j =
∑n
i=1 gijbi for 1 ≤ j ≤ n. Also let λ′ = (λ′ijk) ∈ Fm be the

structure vector of g relative to b̂′ (so we have [b′i, b
′
j ] =

∑n
k=1 λ

′
ijkb
′
k for

1 ≤ i, j ≤ n). We will write λ′ = λg (clearly, λ′ ∈ Ln(F)). We call g the

transition matrix from basis b̂ to basis b̂′ of g.
It is well known and easy to check, that the above process describes

a well-defined (right) action of G on Ln(F). (See, for example, [8, Re-
mark 2.6] where some details of such a check are given.)

Observe that the orbits relative to the action defined in the preceding
remark correspond precisely to the isomorphism classes of n-dimensional
Lie algebras over F. We denote by O(µ) the orbit of the Lie algebra
structure vector µ ∈ Ln(F) under the action of GL(n,F) described above.

Example. It is immediate that the zero vector 0 = (0F, . . . , 0F) of Fn3

belongs to Ln(F) as it corresponds to the n-dimensional Abelian Lie
algebra over F (under any choice of basis). Its orbit consists of precisely
one point and hence it is Zariski-closed.

Remark 4. (i) For each g ∈ GL(n,F), making use of the action de-
scribed in Remark 3, we define a function Φg : Ln(F)→ Ln(F): µ 7→ µg,
(µ ∈ Ln(F)). Then Φg is a regular map and hence continuous in the
Zariski topology. (To see this we fix g ∈ GL(n,F). It follows from
the change of basis process that for each µ ∈ Ln(F) we get Φg(µ) =
(evµ(f1), . . . , evµ(fn3)) where, for 1 ≤ i ≤ n3, fi is polynomial in F[X]
which only depends on g.)
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(ii) In view of item (i), one can give an elementary proof of the
fact that the closure of an orbit in Ln(F) is a union of orbits (see, for
example, [8, Lemma 3.1]).

Definition. Let g1, g2 be n-dimensional Lie algebras over F. We say
that g1 degenerates to g2 (respectively, g1 properly degenerates to g2) if
there exist structure vectors λ1 of g1 and λ2 of g2, relative to some bases
of g1 and g2, such that λ2 ∈ O(λ1) (respectively, λ2 ∈ O(λ1) \O(λ1)).

It is immediate from Remark 4(ii) that if λ ∈ O(µ) and ν ∈ O(λ),
then ν ∈ O(µ), (λ,µ,ν ∈ Ln(F)). In other words, the transitivity
property holds in the case of degenerations.

Finally for this subsection we remark that there are no proper dege-
nerations over finite fields as finite subsets of Fm are closed in the Zariski
topology.

3. Lie algebra orbit closures via polynomial equations. We
continue with our assumption that F is an arbitrary infinite field.

Below, h3 will denote the Heisenberg (Lie) algebra, g2 will denote the
2-dimensional non-Abelian Lie algebra and ak, for k ≥ 1, the Abelian
Lie algebra of dimension k.

We will make use of the action of G = GL(n,F) on Ln(F) described
in Remark 3 in order to perform some explicit computations concerning
the orbits (and their closure in the Zariski topology) of certain given
Lie algebra structure vectors corresponding to h3 and g2 ⊕ a1 respec-
tively. This will allow us to give descriptions of the orbit closures of
these structure vectors as algebraic sets (via polynomial equations) and,
in addition, obtain descriptions of the particular orbits we investigate
here as intersections of a Zariski-closed with a Zariski-open set.

We will also show how these explicit descriptions of the orbits enable
us to provide an alternative way of obtaining all degenerations of h3 and
g2 ⊕ a1 over F.

3.1. The Heisenberg algebra. We consider the Heisenberg alge-
bra h3. This (3-dimensional) algebra has an F-basis ê = (e1, e2, e3)
relative to which the only non-zero products (commutation relations) are
[e2, e3] = e1 = −[e3, e2]. The structure vector of h3 relative to ê is η =
(ηijk) ∈ F27 where η231 and η321 (with η231 = 1, η321 = −1) are the only
nonzero components of η. First we determine O(η) as a subset of F27.
For this, let g = (gij) ∈ GL(3,F) and suppose that Mij (i, j = 1, 2, 3) is
the determinant of the matrix obtained from g by deleting its i-th row
and j-th column. Assume further that g is the transition matrix from
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basis (e1, e2, e3) to the basis (e′1, e
′
2, e
′
3) of h3. (So (e′1, e

′
2, e
′
3) is the basis

of h3 given by e′j =
∑3
i=1 gijei for 1 ≤ j ≤ 3.) An easy computation then

shows that, relative to this new basis, the multiplication in h3 is given by

[e′1, e
′
2] = (det g)−1M13(M11e

′
1 −M12e

′
2 +M13e

′
3),

[e′1, e
′
3] = (det g)−1M12(M11e

′
1 −M12e

′
2 +M13e

′
3),

[e′2, e
′
3] = (det g)−1M11(M11e

′
1 −M12e

′
2 +M13e

′
3).

It follows that there exist α, β, γ, δ ∈ F such that

[e′1, e
′
2] = γδ(αe′1 − βe′2 + γe′3),

[e′1, e
′
3] = βδ(αe′1 − βe′2 + γe′3),

[e′2, e
′
3] = αδ(αe′1 − βe′2 + γe′3).

The above relations motivate the following definition. For α, β, γ, δ ∈ F,
let η′(α, β, γ, δ) ∈ F27 be defined by η′(α, β, γ, δ) = (0, 0, 0, αγδ,−βγδ,
γ2δ, αβδ,−β2δ, βγδ,−αγδ, βγδ,−γ2δ, 0, 0, 0, α2δ,−αβδ, αγδ,−αβδ, β2δ,
−βγδ,−α2δ, αβδ,−αγδ, 0, 0, 0).

We aim to show that the subset V of F27 defined by

V =
{
η′(α, β, γ, δ) ∈ F27 : α, β, γ, δ ∈ F

}
is in fact the (disjoint) union of O(η) and O(0) (recall that 0, the zero
vector of F27, is the unique structure vector corresponding to the 3-
dimensional Abelian Lie algebra). It is clear from the above discussion
that O(η) ⊆ V , hence it suffices to show that any nonzero vector v ∈ V
belongs to O(η). For this, it will be convenient to consider the decom-
position V = V1 ∪ V2 ∪ V3 where the subsets V1, V2, V3 of V are defined
as follows: First, for µ, ν, λ, σ, τ, κ ∈ F, define the elements η1(µ, ν, λ),
η2(τ, σ) and η3(κ) of F27 by

η1(µ, ν, λ) = (0, 0, 0, νλ,−µνλ, ν2λ, µλ,−µ2λ, µνλ,−νλ, µνλ,
− ν2λ, 0, 0, 0, λ,−µλ, νλ,−µλ, µ2λ,−µνλ,−λ, µλ,
− νλ, 0, 0, 0),

η2(τ, σ) = (0, 0, 0, 0, στ,−στ2, 0, σ,−στ, 0,−στ, στ2, 0, 0, 0, 0,

0, 0, 0,−σ, στ, 0, 0, 0, 0, 0, 0),

η3(κ) = (0, 0, 0, 0, 0, κ, 0, 0, 0, 0, 0,−κ, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0).
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We then let V1 = {η1(µ, ν, λ) : µ, ν, λ ∈ F}, V2 = {η2(τ, σ) : τ, σ ∈ F}
and V3 = {η3(κ) : κ ∈ F}.

In order to establish that V is indeed the union of the three sets
above, it suffices to verify that V1 = {η′(α, β, γ, δ) ∈ V : α 6= 0}, V2 =
{η′(α, β, γ, δ) ∈ V : α = 0 and β 6= 0} and V3 = {η′(α, β, γ, δ) ∈ V : α =
0 and β = 0}. That the above equalities of sets in fact hold is immedia-
te from the relations η′(1, µ, ν, λ) = η1(µ, ν, λ), η1(βα−1, γα−1, δα2) =
η′(α, β, γ, δ) (for α 6= 0), η′(0, 1, τ,−σ) = η2(τ, σ), η2(γβ−1,−δβ2) =
η′(0, β, γ, δ) (for β 6= 0) and η′(0, 0, 1, κ) = η3(κ), η3(δγ2)=η′(0, 0, γ, δ).

Since V = V1 ∪ V2 ∪ V3, we can see that any nonzero element of V
has one of the following forms: η1(µ, ν, λ) (with λ 6= 0), η2(τ, σ) (with
σ 6= 0) or η3(κ) (with κ 6= 0).

Moreover, for λ 6= 0 we have ηg1(µ, ν, λ) = η1(µ, ν, λ), for σ 6= 0 we
have ηg2(τ, σ) = η2(τ, σ) and finally for κ 6= 0 we have ηg3(κ) = η3(κ)
where, for λ 6= 0, σ 6= 0, κ 6= 0 respectively, the matrices

g1(µ, ν, λ) =

λ−1 0 0
µ 1 0
−ν 0 1

 , g2(τ, σ) =

0 σ−1 0
1 0 0
0 τ 1

 ,
g3(κ) =

0 0 κ−1

1 0 0
0 1 0


all belong to G = GL(3,F). This establishes that V \ {0} = O(η).

Our next aim is to show that V is an irreducible algebraic set. For
this, let S = S1 ∪ S2 ∪ S3 where S1, S2, S3 are the following subsets of
F[Xijk : 1 ≤ i, j, k ≤ 3]:

S1 = {Xiik : 1 ≤ i, k ≤ 3}, S2 = {Xijk +Xjik : 1 ≤ i, j, k ≤ 3},
S3 = {X121 −X233, X131 +X232, X122 +X133, X

2
122 +X123X132,

X2
121−X123X231, X

2
131+X132X231, X121X131 +X122X231}.

Observe that S ⊆ I(V ). We claim that V = V(S). It is clear that
V ⊆ V(S). To establish the reverse inclusion V(S) ⊆ V , let γ =
(γijk) ∈ F27 be a common zero of the elements of S. Since γ is a com-
mon zero of the elements of S1 ∪ S2, we see that the shape of γ is
determined once we determine the shape of the auxiliary vector γ̂ =
(γ121, γ122, γ123, γ131, γ132, γ133, γ231, γ232, γ233) ∈ F9. Invoking now the
fact that γ is a common zero of the polynomials of degree 1 in S3 we
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see that in fact γ̂ has shape (γ121, γ122, γ123, γ131, γ132,−γ122, γ231,−γ131,
γ121). We will consider the cases γ231 6= 0 and γ231 = 0 separately. If
λ = γ231 6= 0 we can set µ = γ131λ

−1 and ν = γ121λ
−1 from which we can

deduce that γ123 = ν2λ (since γ2
121 − γ123γ231 = 0), γ132 = −µ2λ (since

γ2
131 + γ132γ231 = 0) and γ122 = −µνλ (since γ121γ131 + γ122γ231 = 0).

Hence γ ∈ V1 whenever γ231 6= 0.

For the case γ231 = 0, by similar argument, one can show that if
γ132 6= 0, then γ ∈ V2 and if γ132 = 0 then γ ∈ V3. We conclude that
V = V(S) and hence V is an algebraic set.

Next, we consider the map Φ: F4 → F27: (α, β, γ, δ) 7→ η′(α, β, γ, δ).
Clearly Φ is a regular map having V as its image. Thus, Φ(F4) = V =
V . Invoking Remarks 1 and 2, we see that V is irreducible. It follows
that O(η) is not closed in the Zariski topology. (Note that if O(η)
were Zariski-closed this would imply that V = O(η) ∪ {0} is reducible,
being the union of two nonempty closed sets.) Hence, O(η) is properly
contained in O(η). Also O(η) ⊆ V since O(η) ⊆ V and V is an algebraic
set. We conclude that O(η) = V = O(η) ∪ {0}. In other words, over
an arbitrary infinite field, the only proper degeneration of h3 is to the
Abelian Lie algebra a3. We remark here that this is a well-known fact
and has been proved using different methods over various fields, see for
example [1, 3, 8, 12]. In the discussion above we presented an alternative
way of obtaining it, based on the definition of an irreducible algebraic
set.

3.2. The algebra g2 ⊕ a1. In this subsection we perform a similar
investigation for the algebra g = g2 ⊕ a1. Note that this algebra has an
F-basis b̂ = (b1, b2, b3) relative to which the only non-zero commutation
relations are given by [b1, b2] = b1 = −[b2, b1]. Let ρ = (ρijk) ∈ F27 be

the structure vector of g relative to the basis b̂. Suppose now that g ∈
G = GL(3,F) is the transition matrix from b̂ to the basis b̂′ = (b′1, b

′
2, b
′
3)

of g. It is then easy to show that

[b′1, b
′
2] = (det g)−1M33(M11b

′
1 −M12b

′
2 +M13b

′
3),

[b′1, b
′
3] = (det g)−1M32(M11b

′
1 −M12b

′
2 +M13b

′
3),

[b′2, b
′
3] = (det g)−1M31(M11b

′
1 −M12b

′
2 +M13b

′
3),

where, as before, Mij denotes the determinant of the matrix obtained
from g by deleting its i-th row and j-th column (in particular, theMij are
elements of our field F). It follows that there exist χ1, ψ1, ω1, χ2, ψ2, ω2, δ
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∈ F such that

[b′1, b
′
2] = δχ2(χ1b

′
1 − ψ1b

′
2 + ω1b

′
3),

[b′1, b
′
3] = δψ2(χ1b

′
1 − ψ1b

′
2 + ω1b

′
3),

[b′2, b
′
3] = δω2(χ1b

′
1 − ψ1b

′
2 + ω1b

′
3).

This prompts us to define ρ′(χ1, ψ1, ω1, χ2, ψ2, ω2, δ) ∈ F27 by

ρ′(χ1, ψ1, ω1, χ2, ψ2, ω2, δ) = (0, 0, 0, χ1χ2δ,−ψ1χ2δ, ω1χ2δ,

χ1ψ2δ,−ψ1ψ2δ, ω1ψ2δ,−χ1χ2δ, ψ1χ2δ,−ω1χ2δ, 0, 0, 0,

χ1ω2δ,−ψ1ω2δ, ω1ω2δ,−χ1ψ2δ, ψ1ψ2δ,−ω1ψ2δ,−χ1ω2δ, ψ1ω2δ,

−ω1ω2δ, 0, 0, 0),

and the subset U of F27 by U = {ρ′(χ1, ψ1, ω1, χ2, ψ2, ω2, δ) : χ1, ψ1, ω1,
χ2, ψ2, ω2, δ ∈ F}.

It is then clear that O(ρ) ⊆ U . We want to show that U is an
algebraic set containing V = O(η) ∪ {0} (we keep the notation for V ,
η, η′ and also for S, S1, S2, S3 introduced in the previous subsection).
The inclusion V ⊆ U is immediate from the fact that η′(α, β, γ, δ) =
ρ′(α, β, γ, γ, β, α, δ).

Next, we define the subset T of I(U) by T = S1 ∪ S2 ∪ T3 where

T3 = {X121X132 −X122X131, X121X232 −X122X231,

X131X232 −X132X231, X121X133 −X123X131,

X121X233 −X123X231, X232X123 −X122X233,

X122X133 −X123X132, X132X233 −X133X232,

X233X131 −X133X231}

(recall the definition of S1 and S2 in Section 3.1).
Now let S′ = T ∪{X121−X233, X131 +X232, X122 +X133} ⊆ T ∪S3.

It is easy to check that V ⊆ V(S′). We also have V(S′) = V(T ∪ S3).
To see this last equality of sets, note first that V(T ∪ S3) ⊆ V(S′) since
S′ ⊆ T ∪ S3. On the other hand, any ν ∈ V(S′) is a common zero of
every polynomial in T ∪ S3. Hence, we also have V(S′) ⊆ V(T ∪ S3).
Since V ⊆ V(S′), we get V ⊆ V(T∪S3). But T∪S3 ⊇ S, so V(T∪S3) ⊆
V(S) = V . We conclude that V (= V(S)) = V(T ∪ S3) = V(S′).

We aim to show that U = V(T ). This would imply that U is an
algebraic set (and also provide an alternative way of seeing that V ⊆ U
in view of the observation above).
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Clearly, U ⊆ V(T ). In order to establish the reverse inclusion, it
will be convenient to decompose U as a union of three subsets which
contain among them all elements of V(T ). With α, β, γ, µ, ν, φ, ρ, σ, τ ,
ζ, θ, ξ, κ ∈ F, define the elements ρ1(α, β, γ, µ, ν, φ), ρ2(σ, τ, ρ, ζ) and
ρ3(θ, ξ, κ) ∈ F27 by

ρ1(α, β, γ, µ, ν, φ) = (0, 0, 0, µα,−µβ, µγ, να,−νβ, νγ,−µα, µβ,
− µγ, 0, 0, 0, φα,−φβ, φγ,−να, νβ,−νγ,
− φα, φβ,−φγ, 0, 0, 0),

ρ2(σ, τ, ρ, ζ) = (0, 0, 0, 0, σ,−σζ, 0, τ,−τζ, 0,−σ, σζ, 0, 0, 0, 0, ρ,
− ρζ, 0,−τ, τζ, 0,−ρ, ρζ, 0, 0, 0),

ρ3(θ, ξ, κ) = (0, 0, 0, 0, 0, θ, 0, 0, ξ, 0, 0,−θ, 0, 0, 0, 0, 0, κ, 0, 0,−ξ,
0, 0,−κ, 0, 0, 0).

Also define the subsets U1, U2 and U3 of F27 by U1 = {ρ1(α, β, γ, µ, ν, φ) :
α, β, γ, µ, ν, φ ∈ F and α 6= 0}, U2 = {ρ2(σ, τ, ρ, ζ) : σ, τ, ρ, ζ ∈ F} and
U3 = {ρ3(θ, ξ, κ) : θ, ξ, κ ∈ F}.

It is then immediate from the relations ρ1(α, β, γ, µ, ν, φ) = ρ′(χ1 =
α, ψ1 = β, ω1 = γ, χ2 = µ, ψ2 = ν, ω2 = φ, δ = 1), ρ2(σ, τ, ρ, ζ) =
ρ′(χ1 = 0, ψ1 = −1, ω1 = −ζ, χ2 = σ, ψ2 = τ, ω2 = ρ, δ = 1) and
ρ3(θ, ξ, κ) = ρ′(χ1 = 0, ψ1 = 0, ω1 = 1, χ2 = θ, ψ2 = ξ, ω2 = κ, δ = 1)
that Ui ⊆ U for i = 1, 2, 3.

We now show that V(T ) ⊆ U1 ∪ U2 ∪ U3. Let γ = (γijk) ∈ F27

be a common zero of all polynomials in T . As T ⊇ S1 ∪ S2, similarly
to the Heisenberg algebra case, we will work with the auxiliary vector
γ̂ = (γ121, γ122, γ123, γ131, γ132, γ133, γ231, γ232, γ233) ∈ F9. Again, we will
need to consider different subcases. We begin by considering the case
γ121 6= 0. Since γ ∈ V(T ), we get γ̂ = (γ121, γ122, γ123, γ131, γ122γ131γ

−1
121,

γ123γ131γ
−1
121, γ231, γ122γ231γ

−1
121, γ123γ231γ

−1
121). For example, to see that

γ132 = γ122γ131γ
−1
121, note that γ is a zero of the polynomial X121X132 −

X122X131 which belongs to T . On setting µ = 1, ν = γ131γ
−1
121, φ =

γ231γ
−1
121, α = γ121 (6= 0), β = −γ122, γ = γ123, we see that γ =

ρ1(α, β, γ, µ, ν, φ) where α 6= 0, so γ ∈ U1. Next we consider the case
γ121 = 0. We split this case into the subcases γ122 6= 0 (where, by similar
argument as above, we can show that γ ∈ U2) and γ122 = 0. It remains to
consider the case when both γ121 and γ122 are equal to zero and the next
step is to split this case into subcases according to whether γ123 6= 0 (we
can show then that γ ∈ U3) or γ123 = 0. Continuing in a similar fashion,
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we finally deduce that V(T ) is indeed a subset of U1∪U2∪U3. Summing
up the above discussion, we see that U ⊆ V(T ) ⊆ U1∪U2∪U3 ⊆ U . This
forces U = U1 ∪U2 ∪U3 = V(T ). Recall now that V = O(η)∪{0} ⊆ U .
In order to show that U = O(ρ)∪O(η)∪{0}, we find, for each δ ∈ U \V ,
an invertible matrix g(δ) ∈ G such that δ = ρg(δ).

In the table below we summarize the results of this computation,
listing also the corresponding matrices g = g(δ). We first split into
subcases according to whether δ ∈ U \V is of the form ρ1 (with α 6= 0),
ρ2 or ρ3 and as it turns out, depending on the values of the elements of
F involved, we need to split into further subcases.

It is now useful to recall that V = V(S′) where S′ = T ∪ {X121 −
X233, X131 + X232, X122 + X133} ⊆ T ∪ S3. Let ρ′ = (ρ′ijk) ∈ U . It
follows that ρ′ ∈ V if, and only if all three conditions ρ′121 − ρ′233 = 0,
ρ′131 + ρ′232 = 0 and ρ′122 + ρ′133 = 0 are satisfied. In particular, in the
case ρ′ = ρ1(α, β, γ, µ, ν, φ), we have ρ′ ∈ V if, and only if, all of the
conditions µα − φγ = 0, να − φβ = 0 and −µβ + νγ = 0 are satisfied.
For ρ1 to be an element of U1 we have the restriction α 6= 0, so in
this case, the third of the last three conditions follows from the other
two (this is because the conditions µα − φγ = 0 and να − φβ = 0 are
equivalent to the conditions µ = φγα−1 and ν = φβα−1 if α 6= 0). For
simplicity, in the table below we will write A1 = µα−φγ, A2 = να−φβ.
Similar observations can be made in the cases ρ′ has form ρ2 or ρ3 (as
it can also be seen from the table). Moreover, in the table below, vector
ρ1 = ρ1(α, β, γ, µ, ν, φ) will always be considered under the restriction
α 6= 0, compare with the definition of set U1.

ρi conditions transition matrix g det g

ρ1 A1 6= 0, A2 6= 0

 ν φ 0
µβ − νγ A1 A2

−γ 0 α

 A1A2

ρ1
A1 = 0, A2 6= 0,
φγ 6= 0

 β α αφ−1γ−1A2

−γα−1A2 0 A2

φβα−1 φ 0

 −A2
2

ρ1

A1 = 0, A2 6= 0,
φ = 0
(⇒ µ = 0, ν 6= 0)

 1 0 0
−γν 0 αν
−γ + β α α

 −α2ν

ρ1

A1 = 0, A2 6= 0,
φ 6= 0, γ = 0
(⇒ µ = 0)

 ν φ 0
0 0 A2

β α 0

 −A2
2
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ρ1
A1 6= 0, A2 = 0,
β 6= 0, γ 6= 0

 0 α2µγ αγφβ
α−1βA1 A1 0
−α−1A1 0 γ−1A1

 −βA3
1

ρ1
A1 6= 0, A2 = 0,
γ = 0 (⇒ µ 6= 0)

 −µ 0 φ
βµ µα 0
β α 1

 −µ2α

ρ1
A1 6= 0, A2 = 0,
β = 0 (⇒ ν = 0)

 µ 0 −φ
0 A1 0
−γ 0 α

 A2
1

ρ1 A1 = 0, A2 = 0 ρ1 ∈ O(η) —

ρ2 ρ 6= 0, τζ − σ 6= 0

 0 −σ −τ
τζ − σ ρζ ρ
1 0 0

 ρ(τζ − σ)

ρ2 ρ 6= 0, τζ − σ = 0

 τ ρ 0
0 ρζ ρ
1 0 0

 ρ2

ρ2 ρ = 0, τζ − σ 6= 0

 0 σ τ
τζ − σ 0 0
0 ζ 1

 (τζ − σ)2

ρ2 ρ = 0, τζ − σ = 0 ρ2 ∈ O(η) —

ρ3 κ 6= 0, ξ 6= 0

 1 ξ−1(κ+ θ) 1
−ξ −κ 0
1 0 0

 κ

ρ3 κ 6= 0, ξ = 0

 −θκ−1 0 1
0 −κ 0
1 0 0

 κ

ρ3 κ = 0, ξ 6= 0

 0 θξ−1 1
−ξ 0 0
0 1 0

 −ξ

ρ3 κ = 0, ξ = 0 ρ3 ∈ O(η) —

The computation above establishes that U = O(ρ)∪O(η)∪{0}. Now
recall that U (= V(T )) is Zariski-closed. In fact, by similar argument as
in the case of the set V , we can show that U is irreducible, considering
now the regular map Φ: F7 → U = Ū ⊆ F 27: (χ1, ψ1, ω1, χ2, ψ2, ω2, δ) 7→
(0, 0, 0, χ1χ2δ, −ψ1χ2δ, ω1χ2δ, χ1ψ2δ, −ψ1ψ2δ, ω1ψ2δ, −χ1χ2δ, ψ1χ2δ,
−ω1χ2δ, 0, 0, 0, χ1ω2δ,−ψ1ω2δ, ω1ω2δ,−χ1ψ2δ, ψ1ψ2δ,−ω1ψ2δ,−χ1ω2δ,
ψ1ω2δ, −ω1ω2δ, 0, 0, 0) = ρ′(χ1, ψ1, ω1, χ2, ψ2, ω2, δ).

Since U is Zariski-closed and O(ρ) ⊆ U , we get O(ρ) ⊆ U . Invoking
the fact that U = O(ρ) ∪ O(η) ∪ {0} we can deduce that h3 and a3
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are the only possible Lie algebras which g2⊕ a1 can properly degenerate
to. In order to establish that g2 ⊕ a1 in fact degenerates to both h3

and a3 it suffices to show that O(ρ) = U . Since U is irreducible and
O(η) = O(η)∪{0} we get that O(ρ) is not Zariski-closed. It follows that
O(ρ) is properly contained in O(ρ). If η 6∈ O(ρ), then O(η)∩O(ρ) = ∅
since O(ρ) is a union of orbits (see Remark 4(ii)). It would then follow
that O(ρ) = O(ρ) ∪ {0}, contradicting the fact that U is irreducible.
We conclude that η ∈ O(ρ). It follows that O(η) ⊆ O(ρ) and hence
O(η) ⊆ O(ρ). Since 0 ∈ O(η), we get that 0 ∈ O(ρ). Summing up, we
have shown O(ρ) ⊆ U = O(ρ) ∪ O(η) ∪ {0} ⊆ O(ρ). Hence, U = O(ρ)
as required.

We remark here that it is well-known that, over an infinite field, any
Lie algebra degenerates to the abelian Lie algebra of the same dimension.
Also note that already in [1] it is shown that g degenerates to h3 in the
case the ground field is R. In view of [8, Lemma 3.9] the technique
used in [1] can be extended to obtain a degeneration from g to h3 now
over an arbitrary infinite field. In the discussion above we provided an
alternative way of obtaining this particular degeneration using the notion
of an irreducible algebraic set.

We close this subsection with some general comments regarding our
sets above. First, we can observe that O(ρ) = U \ O(η) = O(ρ) \ O(η)
so O(ρ) is open in its closure (compare [2, Proposition 2.5.2] for the
case of an algebraically closed field). Now let W be the union of the

three principal open sets {α ∈ Fn3

: fi(α) 6= 0} for i = 1, 2, 3 where
f1 = X121 − X233, f2 = X131 + X232 and f3 = X122 + X133. Since
O(ρ) = V(T ) and O(η) = V(S′) where S′ = T ∪{f1, f2, f3}, we see that
O(ρ) = V(T ) ∩W . This in fact verifies that O(ρ) consists of precisely
those points in U (= O(ρ)) which do not correspond to unimodular Lie
algebras (compare, for example, with [8, Remark 4.12]).
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New generic realizations of conformal Lie algebra and two de Sitter algebras
are obtained. Deformation of the Poincar�e algebra to the de Sitter ones is
constructed.

1. Introduction. Each well-established physical theory has its own
certain fundamental invariance group and, therefore, realizations (repre-
sentations by first-order differential operators) of their Lie algebras are
effectively used for reduction, integration, differential invariants, etc., see
e.g. [1, 2, 3, 5, 8].

In this work we consider three types of conformal groups: standard
conformal group C(3, 1) and two conformal groups of pseudoeuclidian
spaces C(3, 0) and C(2, 1). For the respective Lie algebras c(3, 1), c(3, 0)
and c(2, 1) we construct the maximal possible (generic) realizations using
the algebraic approach proposed in [7]. Some covariant realizations of the
conformal and de Sitter algebras are well known, but we first represent
realizations in fifteen and ten essential variables respectively. Realiza-
tions in smaller number of variables can be obtained from the given ones
by means of projection with respect a subalgebra.

The paper is arranged as follows. Fist we outline the algorithm for
construction of realizations and define the conformal Lie algebra. Then
we obtain it’s generic realization and we do the same for the both de
Sitter Lie algebras so(4, 1) and so(3, 2). And, finally, we include naturally
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the contraction parameters to de Sitter algebras in such a way, that
contraction results are the Poincaré algebra.

2. Definitions and conventions.Let V be an n-dimensional vector
space over the field of real numbers. Consider a Lie algebra g on V
spanned by a basis {e1, e2, . . . , en} with the structure constants Ckij ∈ R,
here and below i, j, k = 1, 2, . . . , n. We denote an open domain of Rm
as M and Vect(M) is the Lie algebra of smooth vector fields on M with
the Lie product defined as commutator (i.e., the Lie algebra of first-order
linear differential operators with analytical function coefficients).

A realization of a Lie algebra g in vector fields on M is a homomor-
phism R(g) = R : g → Vect(M). The realization is called faithful if
kerR = {0} and unfaithful otherwise.

In Lie theory realizations are considered locally at some neighborhood
Ux ⊂M ⊂ Rm of a point x ∈M and in most of the cases without loss of
generality the realization can be considered in a neighborhood of a zero
point x = 0.

Denote local coordinates of a point x ∈ M as (x1, . . . , xm), then in
coordinate form a realization R(g) is performed by the images Ξi(x) of
the basis elements ei of a general form

Ξi(x) = R(ei) =

m∑
l=1

ξil(x1, x2, . . . , xm)∂l, (1)

hereafter ∂l = ∂
∂xl

and the coefficients ξil(x1, x2, . . . , xm) are smooth

(analytic) functions.
Let us fix a point x ∈ M and let Rx be a realization of g at this

point. Consider the linear map Rx : g → Vect(M)(x) that transforms
a vector v ∈ g to it’s image R(v(x)) at x. The matrix that corresponds
to this linear map is the n by m matrix ξ formed by the coefficients of
the realization (1)

ξ(x) =


ξ11(x) ξ12(x) . . . ξ1m(x)
ξ21(x) ξ22(x) . . . ξ2m(x)

...
...

. . .
...

ξn1(x) ξn2(x) . . . ξnm(x)

 .

The rank of the linear map Rx, or, equivalently, the rank of the
matrix ξ(x) at a point x is called a rank of realization R at point x
and is denoted rankRx. The realization rank value possess the obvious
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inequality 0 ≤ rankRx ≤ n, where n is the dimension of a Lie algebra g.
The second inequality is dictated by the number of rows in matrix ξ,
which is equal to the number of basis vector fields of g.

A realization R of a Lie algebra g is called transitive if the action of
the local Lie group corresponding to R is transitive. Or, equivalently
(see [4]), a realization R of a Lie algebra g is called transitive if rank
Rp = m for all p ∈M .

For many practical applications it is necessary to decide if two given
sets of first order differential operators (with the isomorphic commuta-
tion relations) can be transformed to each other or not. This task is
rather complicated even in the case of small number of operators and
variables.

Roughly speaking, two realizations are equivalent, if they can be
transformed to the identical form by means of non-singular automorphic
basis changes (ei 7→ ẽi) and 1 to 1 changes of variables (xl 7→ yl = ϕl(x))
with non-zero Jacobi determinant.

Let us have a diffeomorphism of M such that for the corresponding
x, y ∈ M we have y1 = ϕ1(x1, . . . , xm), y2 = ϕ2(x1, . . . , xm), . . . , ym =
ϕm(x1, . . . , xm). Then the realization of the form (1) transforms to the
following:

R̃(ei) =

m∑
l=1

ξ̃il(y)∂yl =

m∑
l=1

(
m∑
l′=1

ξ̃il′(x)
∂ϕl(x)

∂xl′

)
∂yl .

Note, that the coefficients ξ̃il(y) are written in terms of y using the
inverse transformation ϕ−1.

It is obvious that application of transformations from Aut(g) to the
realization R does not change the rank of R, and none of diffeomorphisms
of M can change the realization rank either. Therefore the equivalent
realizations have the same ranks.

Let a realization R(x) : g → Vect(M) has a rank r = rankR < m at
a regular point x ∈ M , where m = dimM . Then there exists a locally
equivalent realization R̃(y) : g→ Vect(M) at a regular point y ∈M such
that the coefficients of basic vector fields ξ̃il(y) = 0 for all i = 1, . . . , n,
l = r + 1, . . . ,m. To prove this let us construct the desired diffeo-
morphism. Since the realization rank is equal to r it is known from
the theory of invariants [9] that there are m − r functionally indepen-
dent invariants J1(x1, . . . , xm), . . . , Jm−r(x1, . . . , xm) of the realization
R. The diffeomorphism of the form ya = xa, a = 1, . . . , r; yr+b = Jb,
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b = 1, . . . ,m− r gives the following zero coefficients of the realization R̃:
ξ̃i(r+b)(y) = R(ei)(Jb) = 0 for all i = 1, . . . , n, b = 1, . . . ,m− r.

The above variables y1, . . . , yr are called essential and the rest of
non-zero variables from yr+1, . . . , ym are called additional.

Example 1. Consider two-dimensional abelian Lie algebra 2A1. It is
well-known that the basis elements of this algebra can be realized by two
operators of translations

R1(e1) = ∂1, R1(e2) = ∂2.

It was shown in [10] that there are exactly two inequivalent realiza-
tions of 2A1, and the second one is

R2(e1) = ∂1, R2(e2) = x2∂1.

In these cases rankR1 = 2 and rankR2 = 1.
Consider the formal sum of these realizations R3 = R1 +R2 (R1 for

the variables (x1, x2) and R2 for the variables (x3, x4)), namely

R3(e1) = ∂1 + ∂3, R3(e2) = ∂2 + x4∂3.

As far as [∂1 + ∂3, ∂2 + x4∂3] = 0, then R3 do realize the Lie algebra
2A1 in the space of four variables (x1, x2, x3, x4) and rankR3 = 2, what
means that the number of essential variables is equal to 2.

Indeed, the diffeomorphism ϕ given by the non-singular functions

ϕ1(x1, . . . , x4) = x1, ϕ2(x1, . . . , x4) = x2,

ϕ3(x1, . . . , x4) = x1 − x3 + x2x4, ϕ4(x1, . . . , x4) = x4

transforms the realization R3 to the equivalent realization R1 in 2 essen-
tial variables.

In case of transitive realizations all variables are essential and, since
rankR ≤ n, any transitive realization of a Lie algebra is realized in not
more then n variables.

A recent paper [7] establishes the one-to-one correspondence between
inequivalent transitive realizations of a Lie algebra g and Int-inequivalent
subalgebras of g. Moreover, this relation was extended to the non-tran-
sitive case as well, see [4].
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The coefficients ξik(x) of the generic realization

Ξi =

n∑
k=1

ξik(x)
∂

∂xk
, i = 1, 2, . . . , n,

can be recovered from the left-invariant differential one-forms

Ωi=

n∑
l=1

ωli(x)dxl

using the duality ωli(x)ξik(x) = δlk and the coefficients ωli(x) of the dif-
ferential one-forms are constructed as follows:

ωli(x) =
(
A(1)

(
x1
)
A(2)

(
x2
)
· · ·A(i−1)

(
xi−1

))l
i
,

where i = 2, 3, . . . , n, l = 1, 2, . . . , n, ωl1 = δl1, and the matrices A(p),
p = 1, 2, . . . , n, are the exponential solutions of the system

Ȧ(p)(t) = − adep A
(p)(t), A(p)(0) = I.

All the rest of transitive realizations of a fixed Lie algebra are cons-
tructed by means of projection of the generic realization using the known
set of Aut(g)-inequivalent subalgebras and the following rule.

Let h = 〈em+1, . . . , en〉 be a subalgebra of g = 〈e1, . . . , en〉 with
a complementary space {e1, . . . , em}, then, using the above approach and
the shortcut ∂i = ∂

∂xi
, we will obtain the realization of basis elements in

the form

R(ei) = ξ1
i (x1, x2, . . . , xm)∂1 + · · ·+ ξmi (x1, x2, . . . , xm)∂m

+ ξm+1
i (x1, x2, . . . , xn)∂m+1 + · · ·+ ξni (x1, x2, . . . , xn)∂n.

The realization projected on the coordinates x1, x2, . . . , xm is well
defined and has the form

prhR(ei) = ξ1
i (x1, x2, . . . , xm)∂1 + · · ·+ ξmi (x1, x2, . . . , xm)∂m.

The subalgebra that corresponds to the given realization is the kernel
of its linear map at the origin of coordinates. In other words at the point
x = 0 ∈ Rm the realization vectors that form a basis of corresponding
subalgebra are identically equal to zero.



Generic realizations of conformal and de Sitter algebras 105

Example 2. Consider the realizations

R1 : e1 = ∂1, e2 = x2∂1, e3 = x1∂1 + 2x2∂2,

R2 : e1 = ∂1, e2 = x1∂1 − x2∂2, e3 = ∂2.

At the origin of coordinates x = 0 their basis vectors have the form

R1(x = 0): e1 = ∂1, e2 = 0, e3 = 0,

R2(x = 0): e1 = ∂1, e2 = 0, e3 = ∂2.

Therefore the realization R1 corresponds to the subalgebra 〈e2, e3〉
and R2 corresponds to 〈e2〉.

The structure of realizations constructed by means of the algebraic
method reminds a tree diagram, namely: a realization corresponding to
a subalgebra h1 can be constructed by means of projection from a real-
ization corresponding to a subalgebra h2 if h2 ⊂ h1.

Note that all inequivalent realizations of a fixed Lie algebra can be
obtained by the above method, as far as any realization corresponds
to a quotient group G/H that acts effectively on some subspace M ,
where H is a subgroup that corresponds to some subalgebra h.

In this paper we use the above method to construct the realizations
of three conformal Lie algebras in maximal possible number of essen-
tial variables, that is we construct realizations that correspond to zero
subalgebras.

3. Conformal Lie algebra. First of all we consider a conformal
group and it’s 15-dimensional Lie algebra c(3, 1). The conformal Lie
group C(3, 1) = SO(4, 2) = SU(2, 2) of the Minkowski space is the max-
imal invariance group of the Maxwell equations in the flat space-time.
This group in many aspects unite all physical groups. It is generated by
10 Poincaré generators Pµ, Jµν , dilatation generator D and generators of
special conformal transformations Kµ, hereafter µ, ν = 1, 2, . . . , 4. The
non-zero commutation relations of the Lie algebra are

[Jµν , Jρσ] = gµρJνσ − gνρJµσ + gµσJρν − gνσJρµ, (2)

[Jµν , Pρ] = gµρPν − gνρPµ, (3)

[Jµν ,Kρ] = gµρKν − gνρKµ, (4)

[Pµ,Kν ] = 2(gµνD + Jµν), (5)

[Pµ, D] = Pµ, (6)
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[Kµ, D] = −Kµ. (7)

Here gµν is the metric tensor of the Minkowski space g11 = g22 = g33 =
−g44 = 1.

It is possible to consider conformal groups C(p, q) of the pseudoeu-
clidian spaces with metric tensors

g11 = g22 = · · · = gpp = −gp+1,p+1 = · · · = −gp+q,p+q = 1 (8)

and µ, ν = 1, . . . , p+ q = n.
Consider the group SO(p + 1, q + 1) = span{Iab}, Iab = −Iba with

the commutators

[Iab, Icd] = gacIbd − gbcIad + gadIcb − gbdIca,

where gab are from (8) and gn+1,n+1 = −gn+2,n+2 = 1. Then matching

Jµν = Iµν , Pµ = Iµ,n+1 − Iµ,n+2, Kµ = Iµ,n+1 + Iµ,n+2,

D = In+1,n+2

we get the isomorphism C(p, q) ' SO(p+ 1, q + 1). Therefore a number
of well-known groups (like de Sitter groups) are conformal groups of
pseudoeuclidian spaces. Consider the well-known realization of the con-
formal group

Pµ = ∂µ, Jµν = xν∂µ − xµ∂ν , D = xν∂ν ,

Kµ = 2xµxν∂ν − x2∂µ;

hereafter the summation with respect to the repeated indices is implied
and x2 = x2

1 + · · ·+ x2
n.

Let us define the subalgebra that corresponds to the given realiza-
tion. To do this we study the realization at the point x = (0, 0, 0, 0)
and see that the kernel of this linear map coincides with the subalgebra
span{Jµν , D,Kµ}. Indeed, this is proven by the construction and projec-
tion of the generic realization of c(3, 1) with the following complemen-
tary part {Pµ, Jµν ,Kµ, D} taken in the lexicographical order. To make
formula more readable we have introduced the shortcuts:

sinxi = si, cosxi = ci, tanxi = ti, sinhxi = shi,

coshxi = chi, tanhxi = thi, i = 1, 10.
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Rgeneric(c(3, 1)) :

P1 = ∂1, P2 = ∂2, P3 = ∂3, P4 = ∂4,

J12 = x2∂1 − x1∂x2 + ∂5,

J13 = x3∂1 − x1∂3 − th6s5∂5 + c5∂6 + 2
s5

ch6
∂8,

J14 = −x4∂1 − x1∂4 + 2
t7s5

ch6
∂5 + t7s6c5∂6 + c5c6∂7

+
s9s6c5c8 + th6s7c9s5 + s9s8s5

c7c9
∂8

− c5s6s8 − s5c8

c7
∂9 +

s5s8 + c5s6c8

c7c9
∂10,

J23 = x3∂2 − x2∂3 +−th6c5∂5 − s5∂6 +
c5

ch6
∂8,

J24 = −x4∂2 − x2∂4 +
t7c5

c7ch6
∂5 − t7s5s6∂6 − s5c6∂7

+
th6s7c9c5 − s9s6c8s5 + s9c5s8

c7c9
∂8

+
c5c8 + s5s6s8

c7
∂9 −

s5s6c8 − c5s8

c7c9
∂10,

J34 = −x4∂3 − x3∂4 + c6t7∂6 − s6∂7 +
t9c8c6

c7
∂8

− s8c6

c7
∂9 +

c6c8

c7c9
∂10,

K1 =
(
x2

1 − x2
2 − x2

3 + x2
4

)
∂1 + 2x1x2∂2 + 2x1x3∂3 + 2x1x4∂4

− 2

(
x2 +

x4t7s5

ch6
− x3th6s5

)
∂5

− 2(x4t7s6 + x3)c5∂6 − 2x4c5c6∂7

− 2

(
x4t9s6c5c8

c7
+ x4t7th6s5 +

x3s5

ch6
+
x4t9s5s8

c7

)
∂8

+ 2
(c5s6s8 − s5c8)x4

c7
∂9

− 2
(s5s8 + c5s6c8)x4

c7c9
∂10 − (2x1x11 − ch7c5c6)∂11

+ (sh7sh9c5c6 + ch9(s5c8 − s6s8c5)− 2x1x12)∂12

+ (sh9sh10(s5c8 − c5s6s8) + ch10(s6c8c5 + s5s8)
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+ sh7ch9sh10c5c6 − 2x1x13)∂13

+ (sh9ch10(s5c8 + c5s6s8) + sh10(s6c8c5 + s5s8)

+ sh7ch9ch10c5c6 − 2x1x14)∂14 + 2x1∂15,

K2 = 2x1x2∂1 +
(
−x1

2 + x2
2 − x3

2 + x4
2
)
∂x2

+ 2x2x3∂3

+ 2x2x4∂4 + 2

(
x4c5t7

ch6
− x1 − x3c5th6

)
∂5

+ 2(x3 + x4t7s6)s5∂6 + 2x4s5c6∂7

+ 2

(
x4t9

c7
(s6c8s5 − c5s8)− x4th7c5 −

x3c5

ch6

)
∂8

− 2
(c5c8 + s5s6s8)x4

c7
∂9 + 2

(s5s6c8 − c5s8)x4

c7c9
∂10

− (2x2x11 + ch7s5c6)∂11 +
(
ch9(c5c8 + s5s6s8)

− sh7sh9s5c6 − 2x2x12

)
∂12 +

(
sh9ch10c5c8

+ ch10c5s8 − sh7sh10ch9s5c6 − ch10s5s6c8

+ sh9sh10s5s6s8 − 2x2x13

)
∂13

+
(
sh9ch10(c5c8 + s5s6c8) + sh10(s8c5 − s5s6c8)

− sh7ch9ch10s5c6 − 2x2x14

)
∂14 + 2x2∂15,

K3 = 2x1x3∂1 + 2x2x3∂x2
+
(
−x2

1 − x2
2 + x2

3 + x2
4

)
∂3 + 2x3x4∂4

− 2th6(x1s5 + x2c5)∂5 − 2(x4t7c6 − x1c5 + x2s5)∂6

+ 2x4s6∂7 +

(
x1s5 + x2c5

ch6
− 2

x4t9c6c8

c7

)
∂8

+ 2
s8c6x4

c7
∂9 − 2

c6c8x4

c7c9
∂10 − (ch7s6 + 2x3x11)∂11

− (ch9c6s8 + 2x3x12 + sh7sh9s6)∂12

+
(
ch10c6c8 − sh9sh10c6s8 − sh7ch9sh10s6

− 2x3x13

)
∂13 +

(
ch10c6c8 − sh9ch10c6s8

− sh7ch9ch10s6 − 2x3x14

)
∂14 + 2x3∂15,

K4 = −2x1x4∂1 − 2x2x4∂x2
− 2x4x3∂3 −

(
x2

1 + x2
2 + x2

3 + x2
4

)
∂4

+ 2
t7(x1s5 + x2c5)

ch6
∂5 + 2t7(x1s6c5 − x2s6s5 + x3c6)∂6

− 2(x2c6s5 − x1c6c5 + x3s6)∂7
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+ 2

(
t9

c7
(x2s5s6c8 − x1s6c5c8 − x3c6c8 − x1s5s8

− x2s8c5)− th6t7(x1s5 + x2c5)

)
∂8

− 2

c7
(x2 − s5s6s8 + x1c5s6s8 + x3c6s8 − x1s5c8

− x2c5c8)∂9 +
2

c7c9
(x1c5s6c8 − x2s5s6c8 + x3c6c8

+ x1s5s8 + x2c5s8)∂10 + (2x4x11 + sh7)∂11

+ (2x4x12 + ch7sh9)∂12 + (2x4x13 + ch7ch9sh10)∂13

+ (2x4x14 + ch7ch9ch10)∂14 − 2x4∂15,

D = x1∂1 + x2∂2 + x3∂3 + x4∂4 − x11∂11 − x12∂12 − x13∂13

− x14∂14 + ∂15.

4. De Sitter Lie algebras. Consider de Sitter groups SO(4, 1)
and SO(3,2) that are the groups of isometry transformations of pseu-
doeuclidean spaces with metric forms x2

1 + x2
2 + x2

3 − x2
4 + x2

5 and x2
1 +

x2
2 + x2

3 − x2
4 − x2

5 respectively. Them are the movement groups of 4-
dimensional Riemann spaces of a constant curvature (de Sitter spaces).
Both de Sitter spaces describe the expanding Universe, where the ra-
dial velocities of galaxies are approximately proportional to distances
from any space point. For the de Sitter Lie algebras we can use the
isomorphisms c(3, 0) ∼ so(4, 1) and c(2, 1) ∼ so(3, 2) with the conformal
commutation relations (2)–(7) for the metric tensors g11 = g22 = g33 = 1
and g11 = g22 = −g33 = 1 respectively. Then, constructing the generic
realization by the method given in second section (with the complemen-
tary part {Pµ, Jµν ,Kµ, D} taken in the lexicographical order), we have
got two following realizations. Note that it is possible to construct one
realization for both de Sitter algebras (putting the parameter to the
commutation relations that changes the tensor sign), but this essentially
complicates calculations and appearance of realizations.
Rgeneric(c(3, 0)) :

P1 = ∂1, P2 = ∂2, P3 = ∂3, J12 = x2∂1 − x1∂2 + ∂4,

J13 = x3∂1 − x1∂3 − th5s4∂4 + c4∂5 +
s4

ch5
∂6,

J23 = x3∂2 − x2∂3 − th5c4∂4 − s4∂5 +
c4

ch5
∂6,
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K1 =
(
x2

1 − x2
2 − x2

3

)
∂1 + 2x1x2∂2 + 2x1x3∂3

+ 2(x3s4th5 − x2)∂4 − 2x3c4∂5 − 2
x3s4

ch5
∂6

+ (c4c5 − 2x1x7)∂7 + (s4ch6 − c4sh5sh6 − 2x1x8)∂8

+ (c4s5c6 + s4s6 − 2x1x9)∂9 + 2x1∂10,

K2 = 2x1x2∂1 +
(
x2

2 − x2
1 − x2

3

)
∂2 + 2x2x3∂3

+ 2(x1 + x3c4th5)∂4 + 2x3s4∂5 − 2
x3c4

ch5
∂6

− (s4c5 + 2x2x7)∂7 + (s4s5s6 + c4c6 − 2x8x2)∂8

+ (c4s6 − s4s5c6 − 2x2x9)∂9 + 2x2∂10,

K3 = 2x1x3∂1 + 2x2x3∂2 +
(
x2

3 − x2
1 − x2

2

)
∂3

− 2(x1s4 + x2c4)th5∂4 + 2(x1c4 − x2s4)∂5

+ 2
x1s4 + x2c4

ch5
∂6 − (s5 + 2x3x7)∂7

− (c5s6 + 2x8x3)∂8 + (c5c6 − 2x9x3)∂9 + 2x3∂10,

D = x1∂1 + x2∂2 + x3∂3 − x7∂7 − x8∂8 − x9∂9 + ∂10.

Rgeneric(c(2, 1)) :

P1 = ∂1, P2 = ∂2, P3 = ∂3, J12 = x2∂1 − x1∂2 + ∂4,

J13 = −x3∂1 − x1∂3 + s4t5∂4 + c4∂5 +
s4

c5
∂6,

J23 = −x3∂2 − x2∂3 + c4t5∂4 − s4∂5 +
c4

c5
∂6,

K1 =
(
x2

1 − x2
2 + x2

3

)
∂1 + 2x1x2∂2 + 2x1x3∂3

− 2(x2 + x3s4t5)∂4 − 2x3c4∂5 − 2
x3s4

c5
∂6

+ (c4ch5 − 2x1x7)∂7 + (s4ch6 + c4sh5sh6 − 2x1x8)∂8

+ (s4sh6 + c4sh5ch6 − 2x1x9)∂9 + 2x1∂10,

K2 = 2x1x2∂1 +
(
x2

2 + x2
3 − x2

1

)
∂2 + 2x2x3∂3

− 2(x3c4t5 − x1)∂4 + 2x3s4∂5 − 2
x3c4

c5
∂6

− (2x2x7 + s4ch5)∂7 + (c4ch6 − s4sh5sh6 − 2x2x8)∂8

+ (c4sh6 − s4sh5ch6 − 2x2x9)∂9 + 2x2∂10,

K3 = −2x1x3∂1 − 2x2x3∂2 −
(
x2

1 + x2
2 + x2

3

)
∂3
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+ 2(t5(x1s4 + x2c4)∂4 + 2(x1c4 − x2s4)∂5

+ 2
x1s4 + x2c4

c5
∂6 + (2x3x7 + sh5)∂7

+ (ch5sh6 + 2x3x8)∂8 + (ch5ch6 + 2x3x9)∂9 − 2x3∂10,

D = x1∂1 + x2∂2 + x3∂3 − x7∂7 − x8∂8 − x9∂9 + ∂10.

5. Connection to the Poincaré Lie algebra. Classical Poincaré
algebra p(1, 3) is ten-dimensional and formed by the operators {Pµ, Jµν}
with the commutation relations (2) and (3). Extending this set of com-
mutation relations by the following ones

[Pν , Pµ] = τJµν , τ ∈ R (9)

we get the well-defined 10-dimensional Lie algebra which is the deforma-
tion pτ (1, 3) of p(1, 3) to the both de Sitter algebras at the same time.
Indeed, for τ = 0 pτ (1, 3) coincides with the Poincaré algebra, for τ ≥ 0
pτ (1, 3) ∼ so(4, 1) and for τ ≤ 0 pτ (1, 3) ∼ so(3, 2). So, one can construct
uniform realizations for the both de Sitter and Poincaré algebras apply-
ing the algebraic method to the structure constants from the deformed
relations (2), (3) and (9). The inverse connection between de Sitter and
Poincaré algebras is provided by standard Inönü–Wigner contraction [6]
with respect to the six-dimensional subalgebra so(3, 1).

The result of the paper can be used for construction of differential
invariants and respective invariant differential equations [9].
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[4] Gromada D., Pošta S., On classification of Lie algebra realizations,
arXiv:1703.00808.
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Ïîêàçàíî, ùî óñi ðiâíÿííÿ Øðüîäiíãåðà çi çìiííèì ïàðàìåòðîì ìàñè,
ÿêi äîïóñêàþòü àëãåáðè iíâàðiàíòíîñòi ðîçìiðíîñòi áiëüøå ï'ÿòè (ïîâ-
íèé ñïèñîê òàêèõ ðiâíÿíü íàâåäåíî ó ðîáîòi [J. Math. Phys. 58 (2017),
083508, 16 pp.], ¹ òî÷íî ðîçâ'ÿçíèìè. Çíàéäåíî ó ÿâíîìó âèãëÿäi âiäïî-
âiäíi ðîçâ'ÿçêè òà ïîêàçàíî ¨õ ñóïåðñèìåòðè÷íó ïðèðîäó.

It is shown that all PDM Schr�odinger equations admitting more than �ve-
dimensional Lie symmetry algebras (whose completed list can be found in
paper [J. Math. Phys. 58 (2017), 083508, 16 pp.] are exactly solvable. The
corresponding exact solutions are presented. The supersymmetric aspects
of the exactly solvable systems are discussed.

1. Introduction. Group classification of differential equations con-
sists in the specification of non-equivalent classes of such equations which
possess the same symmetry groups. It is a rather attractive research field
which has both fundamental and application values.

A perfect example of group classification of fundamental equations
of mathematical physics was presented by Boyer [3] who had specified
all inequivalent Schrödinger equations with time independent potentials
admitting symmetries with respect to Lie groups, see also [1, 7, 10],
where particular important symmetries were discussed, and [14], where
the Boyer results were corrected. These old results have a big impact
since include a priori information about all symmetry groups which can
be admitted by the fundamental equation of quantum mechanics. Let
us mention also that the nonlinear Schrödinger equation as well as the
generalized Ginsburg–Landau quasilinear equations have been classified
also [11, 15] as well as symmetries of more general systems of reaction-
diffusion equations [16, 17].

In contrary, the group classification of Schrödinger equations with
position dependent mass (PDM) was waited for a very long time. There
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were many papers devoted to PDM Schrödinger equations with particu-
lar symmetries, see, e.g., [5, 8, 20, 21]. But the complete group classifica-
tion of these equations appears only recently in [18] and [13, 19] for the
stationary and time dependent equations correspondingly. A system-
atic search for the higher order symmetries if the PDM systems started
in [12]. So late making of such important job have to cause the blame for
experts in group analysis of differential equations, taking into account
the fundamental role played by such equations in modern theoretical
physics!

Let us remind that the PDM Schrödinger equations are requested for
the description of various condensed-matter systems such as semicon-
ductors, quantum liquids, and metal clusters, quantum wells, wires and
dots, super-lattice band structures, etc.

It happens that the number of PDM systems with different Lie sym-
metries is rather extended. Namely, in [13] seventy classes of such sys-
tems are specified. Twenty of them are defined up to arbitrary parame-
ters, the remaining fifty systems include arbitrary functions.

The knowledge of all Lie groups which can be admitted by the PDM
Schrödinger equations has both fundamental and application values. In
particular, when construct the models with a priory requested symme-
tries we can use the complete lists of inequivalent PDM systems pre-
sented in [19] for d = 2 and [13] for d = 3. Moreover, in many cases
a sufficiently extended symmetry induces integrability or exact solvabil-
ity of the system, and just this aspect will be discussed in the present
paper.

It will be shown that all PDM systems admitting six parametric Lie
groups of symmetries or more extended symmetries are exactly solvable.
Moreover, the complete sets of solutions of the corresponding stationary
PDM Schrödinger equations will be presented explicitly.

There exist a tight connection between the complete solvability and
various types of higher symmetries and supersymmetries. We will see
that extended Lie symmetries also can cause the exact solvability. More-
over, the systems admitting extended Lie symmetries in many cases are
supersymmetric and superintegrable.

2. PDM Schrödinger equations with extended Lie symmet-
ries. In [13] we present the group classification of PDM Schrödinger
equations

Lψ ≡
(

i
∂

∂t
−H

)
ψ = 0, (1)
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where H is the PDM Hamiltonian of the following generic form

H = 1
4

(
mαpam

βpam
γ +mγpam

βpam
α
)

+ V̂ , pa = −i
∂

∂xa
. (2)

Here m = m(x) and V̂ = V̂ (x) are the mass and potential depending
on spatial variables x = (x1, x2, x3), and summation with respect to the
repeating indices a is imposed over the values a = 1, 2, 3. In addition, α,
β and γ are the ambiguity parameters satisfying the condition α+β+γ =
−1.

The choice of values of the ambiguity parameters can be motivated
by physical reasons, see a short discussion of this point in [13].

Hamiltonian (2) can be rewritten in the following more compact form

H = 1
2pafpa + V, (3)

where

V = V̂ + 1
4 (α+ γ)faa + αγ

fafa
2f

(4)

with f = 1
m , fa = ∂f

∂xa
and faa = ∆f = ∂fa

∂xa
.

In the following text representation (4) will be used.
In accordance with [13] there is a big variety of Hamiltonians (4)

generating non-equivalent continuous point symmetries of equation (2).
The corresponding potential and mass terms are defined up to arbitrary
parameters or even up to arbitrary functions.

In the present paper we consider the PDM systems defined up to
arbitrary parameters. Only such systems admit the most extended Lie
symmetries. Using the classification results presented in [13, 18] we
enumerate these systems in the following Table 1, where ϕ = arctan x2

x1

and the other Greek letters denote arbitrary constants parameters, which
are supposed not to be zero simultaneously. Moreover, λ and ω are either
real or imaginary, the remaining parameters are real.

The symmetry operators presented in column 4 of the table are given
by the following formulae

Pi = pi = −i
∂

∂xi
, D = xnpn − 3i

2 ,

Mij = xipj − xjpj , M0i = 1
2

(
Ki + Pi

)
, M4i = 1

2

(
Ki + Pi

)
,
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B1
1 = λ sin(λt)M12

(
λ2ϕ+ ν

)
cos(λt), B1

2 =
∂

∂t
B1

1 ,

B2
1 = sin(λt)D − cos(λt)

(
λ ln(r) + ν

λ

)
, B2

2 =
∂

∂t
B2

1 ,

N1
1 = ω cos(ωσt)L3 − sin(ωσt)

(
i∂t − ω2e−σΘ

)
, N1

2 =
∂

∂t
N1

1 ,

N2
1 = ω cos(ωσt)D + sin(ωσt)

(
i∂t − ω2r−σ

)
, N2

2 =
∂

∂t
N1

1 , (5)

where Ki = xnxnpi − 2xiD and indices i, j, k, n take the values 1, 2, 3.
Rather surprisingly, all systems (except ones given in items 4 and 5)

presented in Table 1 are exactly solvable. In the following sections we
present their exact solutions. To obtain these solutions we use some
nice properties of the considered systems like superintegrability and su-
persymmetry with shape invariance. Let us remind that the quantum
mechanical system is called superintegrable if it admits more integrals
of motion than its number of degrees of freedom.

In accordance with Table 1 we can indicate 11 inequivalent PDM
systems which are defined up to arbitrary parameters and admit Lie
symmetry algebras of dimension five or higher. Notice that the systems
fixed in items 4 and 5 admit five dimension symmetry algebras while the
remaining systems admit more extended symmetries.

3. Systems with fixed mass and potentials. Firstly we consider
those systems whose mass and potential terms are fixed, i.e., do not
include arbitrary parameters. These systems are presented in items 1, 2
of Table 1 and others provided the mass does not depends on parameters
and parameters of the potential are trivial.

3.1. System invariant with respect to algebra so(4). Consider
Hamiltonian (3) with functions f and V presented in item 1 of Table 1:

H = 1
2pa
(
1 + r2

)2
pa − 3r2. (6)

The eigenvalue problem for this Hamiltonian can be written in the fol-
lowing form

Hψ = 2Eψ, (7)

where E are yet unknown numbers.
Equation (7) admits six integrals of motion MAB , A,B = 1, 2, 3, 4,

presented in equation (5). Let us write them explicitly

Mab = xapb − xbpa, M4a = 1
2

(
r2 − 1

)
pa − xaxbpb + 3i

2 x
a. (8)
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Table 4. PDM systems with extended Lie symmetries.

no.
inverse
mass f

potential V symmetries

1
(
r2 + 1

)2 −3r2 M41,M42,M43,
M21,M31,M32

2
(
r2 − 1

)2 −3r2 M01,M02,M03,
M21,M31,M32

3 x2
3 ν ln(x3) P1, P2, M12, D + νt

4 r̃3 κx3 + λr̃ P3 + κt, D + it∂t, M12

5 x3
1 λx1 + κx3 P3 + κt, P2, D + it∂t

6 xσ+2
3 κxσ3

P1, P2, M12, D + iσt∂t,
σ 6= 0, 1,−2

7 r̃σ+2eλϕ κr̃σeλϕ
M12 + iλt∂t, P3,
D + iσt∂t, σ 6= 0

8 r̃2 λ2

2 ϕ
2 + µϕ+ ν ln(r̃) B1

1 , B
1
2 , D + νt, P3

9 r̃2eσϕ κeσϕ + ω2

2 e−σϕ N1
1 , N

1
2 , P3, D, K3

10 r2 ν ln(r) + λ2

2 ln(r)2 B2
1 , B

2
2 , L1, L2, L3

11 r2+σ κrσ + ω2

2 r
−σ N2

1 , N
2
2 , L1, L2, L3

Operators (8) form a basis of algebra so(4). Moreover, the first
Casimir operator of this algebra is proportional to Hamiltonian (6) up
to the constant shift

C1 = 1
2MABMAB = 1

2 (H − 9),

while the second Casimir operator C2 = εABCDMABMCD appears to be
zero.

Thus like the Hydrogen atom system (7) admits six integrals of mo-
tion belonging to algebra so(4) and is maximally superintegrable.

Using our knowledge of unitary representations of algebra so(4) is
possible to find eigenvalues E algebraically

E = 4n2 + 5, (9)

where n = 0, 1, 2, . . . are natural numbers.
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To find the eigenvectors of Hamiltonian (6) corresponding to eigen-
values (9) we use the rotation invariance of (7) and separate variables.
Introducing spherical variables and expanding solutions via spherical
functions

ψ =
1

r

∑
l,m

φlm(r)Y lm, (10)

we come to the following equations for radial functions(
−
(
r2 + 1

)2( ∂2

∂r2
− l(l + 1)

r2

)
− 4r

(
r2 + 1

) ∂
∂r
− 2r2

)
ϕlm

=
(
4n2 + 1

)
ϕlm,

where l = 0, 1, 2, . . . are parameters numerating eigenvalues of the squa-
red orbital momentum. The square integrable solutions of these equa-
tions are

ϕlm = Cnlm
(
r2 + 1

)−n− 1
2 rl+1F

(
[A,B], [C]− r2

)
, (11)

where

A = −n+ l + 1, B = −n+ 1
2 , C = l + 3

2 .

F(· · · ) is the hypergeometric function and Cnlm are integration constants.
Solutions (11) tend to zero at infinity provided n is a natural number
and l ≤ n− 1.

Thus the system (7) is maximally superintegrable and exactly sol-
vable.

3.2. System invariant with respect to algebra so(1, 3). The
next Hamiltonian we consider corresponds to functions f and V pre-
sented in item 2 of Table 1. The related eigenvalue problem includes the
following equation

Hψ ≡ − 1
2

(
∂a
(
1− r2

)2
∂a + 6r2

)
ψ = Eψ. (12)

Equation (12) admits six integrals of motion Mµν , µ, ν = 0, 1, 2, 3, given
by equation (5), which can be written explicitly in the following form

Mab = xapb − xbpa,
M0a = 1

2

(
r2 + 1

)
pa − xaxbpb + 3i

2 x
a, a, b = 1, 2, 3. (13)
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These operators form a basis of algebra so(1, 3), i.e., the Lie algebra of
Lorentz group.

As in the previous section, the corresponding first Casimir operator
is expressed via the Hamiltonian, namely

C1 = 1
2M

abMab −M0aM0a = 1
2 (H + 9), (14)

while the second one appears to be zero.
Using our knowledge of irreducible unitary representations of Lorentz

group we find eigenvalues of C1 and C2 in the form [2, 9]:

c1 = 1− j2
0 − j2

1 , c2 = 2ij0j1,

where j0 and j1 are quantum numbers labeling irreducible representa-
tions. Since the second Casimir operator C2 is trivial, we have c1 = j0 =
0. So there are two possibilities [9]: either j1 is an arbitrary imaginary
number, and the corresponding representation belongs to the principal
series, or j1 is a real number satisfying |j1| ≤ 1, and we come to the
subsidiary series of IRs. So

j1 = iλ, c1 = 1− j2
1 = λ2 + 1, (15)

where λ is an arbitrary real number, or, alternatively,

0 ≤ j1 ≤ 1, c1 = 1− j2
1 . (16)

In accordance with (14) the related eigenvalues E in (12) are

E = −5− j2
1 . (17)

In view of the rotational invariance of equation (12) it is convenient
to represent solutions in form (10). As a result we obtain the following
radial equations(

−
(
r2 − 1

)2( ∂2

∂r2
− l(l + 1)

r2

)
− 4r

(
r2 − 1

) ∂
∂r
− 2r2

)
ϕlm

= (Ẽ + 4)ϕlm. (18)

The general solution of (18) is

ϕlm =
(
1− r2

)− 1
2−k(Cklmrl+1F

(
[A,B], [C], r2

)
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+ C̃klmr
−lF

(
[Ã, B̃], [C̃], r2

))
, (19)

where

A = −k + l + 1, B = −k + 1
2 , C = l + 3

2 ,

Ã = −k − l, B̃ = −k + 1
2 , C̃ = 1

2 − l, k = 1
2

√
−Ẽ − 5

and is singular at r = 1. However, for C̃klm = 0 and k = j1 the solutions
are normalizable in some specific metric [18].

Thus the system presented in item 7 of Table 1 is exactly solvable too.
The corresponding eigenvalues and eigenvectors are given by equations
(15), (16), (17) and (19), respectively.

3.3. Scale invariant systems. Consider one more PDM system
which is presented in item 3 of the table and includes the following
Hamiltonian: Let us note that the free fall effective potential appears also
one more system specified in Table 1. Thus, considering the inverse mass
and potential specified in item 3 we come to the following Hamiltonian

H = −1

2

(
x3

∂

∂x3
x3

∂

∂x3
+ x3

∂

∂x3
+ x2

3

(
∂2

∂x2
1

+
∂2

∂x2
2

))
+ ν ln(x3). (20)

Equation (12) with Hamiltonian given in (20) can be easily solved by
separation of variables in Cartesian coordinates. Expanding the wave
function ψ via eigenfunctions of integrals of motion P1 and P2:

ψ = exp(−i(k1x1 + k2x2))Φ(k1, k2, x3) (21)

and introducing new variable y = ln(x3) we come to the following equa-
tion for Φ = Φ(k1, k2, x3):

−∂
2Φ

∂y2
+
((
k2

1 + k2
2

)
exp(2y) + 2νy

)
Φ = ẼΦ, (22)

where Ẽ = 2E − 1
4 .

Here we consider the simplest version of equation (22) when parame-
ter ν is trivial

−∂
2Φ

∂y2
+
(
k2

1 + k2
2

)
exp(2y)Φ = ẼΦ. (23)
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This equation is scale invariant and can be easily solved. Its square
integrable solutions are given by Bessel functions

Ψ = CEk1k2
K

i
√
Ẽ

(√
k2

1 + k2
2 ln(x3)

)
,

where CEk1k2
are integration constants and Ẽ are arbitrary real parame-

ters.
It is interesting to note that there are rather non-trivial relations

between the results given in the present and previous sections. Equa-
tion (23) admits six integrals of motion which are nothing but the fol-
lowing operators

P1, P2, K1, K2, M12, D, (24)

which are presented in equations (5).
Like operators (13) integrals of motion (24) form a basis of the Lie

algebra of Lorentz group, and we again can find the eigenvalues of Hamil-
tonian (23) algebraically by direct analogy with the above. We will not
present this routine procedure since there exist strong equivalence rela-
tions between Hamiltonians (23) with zero ν and (6). To find them we
note that basis (24) is equivalent to the following linear combinations of
the basis elements

M01, M02,M04, M41 M42, M12, (25)

whose expressions via operators (24) are given by equation (5). To re-
duce (25) to the set (13) it is sufficient to change subindices 4 to 3, i.e.,
to make the rotation in the plane 43. The infinitesimal operator for such
rotation is given by the following operator

M43 = 1
2 (K3 + P3) = 1

2

(
r2 − 1

)
p3 − x3xbpb + 3i

2 x3,

which belongs to the equivalence group of equations. Solving the cor-
responding Lie equations and choosing the group parameter be equal π2
we easily find the requested equivalence transformations.

One more scale invariant system is presented in item 8 where all pa-
rameters of potential are zero. The relation Hamiltonian looks as follows

H = −r̃ ∂

∂xα
r̃
∂

∂xα
− xα

∂

∂xα
− r̃2 ∂

2

∂x2
3

, α = 1, 2. (26)
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Considering the eigenvalue problem for (26) it is convenient to use the
cylindrical variables

r̃ =
√
x2

1 + x2
2, ϕ = arctan

x2

x1
, x3 = z (27)

and expand solutions via eigenfunctions of M12 and P3 = −i ∂∂z :

Ψ = exp[i(κϕ+ ωz)]Φκω(r̃), κ = 0,±1,±2, . . . , −∞ < ω <∞.

As a result we come to the following equations for radial functions Φ =
Φκω(r̃):

−
(
r̃
∂

∂r̃
r̃
∂

∂r̃
+ r̃

∂

∂r̃
+ ω2

)
Φ =

(
Ẽ − κ2

)
Φ.

Square integrable (with the weight r̃) solutions of this equation are

Φκω =
1

r̃
Jα(ωr̃), α = κ2 + 1− Ẽ, (28)

where Jα(ωr̃) is Bessel function of the first kind. Functions (28) are
normalizable and disappear at r̃ = 0 provided α ≤ 0. The rescaled
energies Ẽ continuously take the values κ2 ≤ Ẽ ≤ ∞.

The last scale invariant system which we have to consider is fixed in
item 10 where ν = λ = 0. We will do it later in the end of the following
section.

4. Systems defined up to arbitrary parameters. In previous
section we present exact solutions for systems with fixed potential and
mass terms. In the following we deal with the systems defined up to
arbitrary parameters.

4.1. The system with oscillator effective potential. Let us
consider equation (1) with f and V are functions fixed in item 10 of
Table 1, i.e.,

i
∂ψ

∂t
=

(
−1

2

∂

∂xa
r2 ∂

∂xa
+ ν ln(r) +

λ2

2
ln(r)2

)
ψ.

These equations admit extended Lie symmetries (whose generators
are indicated in the table) being invariant with respect to six-parametri-
cal Lie group. Let us show that they also admit hidden supersymmetries.
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In view of the rotational invariance and symmetry of the considered
equations with respect to shifts of time variable, it is reasonable to search
for their solutions in spherical variables, i.e., in the following form

Ψ = e−iEtRlm(r)Ylm(ϕ, θ), (29)

where ϕ and θ are angular variables and Ylm(ϕ,ϕ) are spherical func-
tions, i.e., eigenvectors of L2 = L2

1 + L2
2 +M2

12 and M12. As a result we
come to the following radial equations(

−r ∂Rlm
∂r

r
∂Rlm
∂r

− r ∂Rlm
∂r

+ l(l + 1) + ν ln(r) +
λ2

2
ln(r)2

)
Rlm = 2ERlm. (30)

Introducing new variable y =
√

2 ln(r) we can rewrite equation (30)
in the following form(

− ∂2

∂y2
+ l(l + 1) + νy +

λ2

2
y2

)
Rlm(y) = ẼRlm(y), (31)

where Ẽ = E − 1
4 .

Let λ 6= 0 then equation (31) is reduced to the 1D harmonic oscillator
up to the additional term l(l+1). The admissible eigenvalues Ẽ are given
by the following formula

Ẽ = n+ l(l + 1),

where n is a natural number. The corresponding eigenfunctions are
well known and we will not presented them here. The same is true for
supersymmetric aspects of the considered system.

If parameter λ is equal to zero then (31) reduces to equation with free
fall potential slightly modified by the term l(l + 1). The corresponding
solutions can be found in textbooks devoted to quantum mechanics. If
both parameters ν and λ are zero, equation (31) is solved by trigono-
metric or hyperbolic functions. The corresponding PDM Schrödinger
equation is scale invariant, i.e., belongs to the class considered in the
previous section.

4.2. The systems with potentials equivalent to 3d oscilla-
tor. Consider now the system represented in item 11 of the table. The
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corresponding equation (1) takes the following form

i
∂ψ

∂t
=

(
−1

2
∂ar

σ+2∂a + κr2σ +
ω2

r2σ

)
ψ. (32)

Like in previous section we represent the wave function in the form given
in (29) and came to the following radial equation

−r2σ+2 ∂
2Rlm
∂r2

− (2σ + 4)r2σ+1 ∂Rlm
∂r

+
(
r2σ(l(l + 1) + κ) + ω2r−2σ

)
Rlm = 2ERlm. (33)

Using the Liouville transform

r → z = r−σ, Rlm → R̃lm = z
σ+3
2σ Rlm,

we reduce (33) to the following form

−σ2 ∂
2R̃lm
∂z2

+

(
l(l + 1) + δ

z2
+ ω2z2

)
R̃lm = 2ER̃lm, (34)

where δ = 3
4 (σ + 1)(σ + 3) + 2κ.

Equation (34) describes a deformed 3d harmonic oscillator including
two deformation parameters, namely, σ and κ.

Let

2κ = −σ2 − 3σ − 2,

then equation (34) is reduced to the following form

HlR̃lm ≡
(
−σ2 ∂

2

∂z2
+

(2l + 1)2−σ2

4z2
+ ω2z2

)
R̃lm = 2ER̃lm. (35)

Equation (35) is shape invariant. Hamiltonian Hr can be factorized

Hl = a+
l al − Cl, (36)

where

a = −σ ∂

∂z
+W, a+ = σ

∂

∂z
+W,

W =
2l + 1 + σ

2z
+ ωz, Cl = ω(2l + 2σ + 1).
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The superpartner Ĥl of Hamiltonian (36) has the following property

Ĥl ≡ ala+
l + Cl = Hl+σ + Cl.

Thus our Hamiltonian is shape invariant.
Thus to solve equation (35) we can use the standard tools of SUSY

quantum mechanics and find the admissible eigenvalues in the following
form

En = ω
(
2nσ + l + σ + 1

2

)
= ω

(
2n+ l + 3

2

)
+ δω(2n+ 1), (37)

where δ = σ − 1.
Equation (37) represents the spectrum of 3d isotropic harmonic os-

cillator deformed by the term proportional to δ.
For equation (34) we obtain in the analogous way

En =
ω

2

(
σ(2n+ 1) +

√
(2l + 1)2 + κ̃

)
, (38)

where κ̃ = 8(κ + 1) + σ(σ + 3). The related eigenvectors are expressed
via the confluent hypergeometric functions F :

Rn = e−
ωrσ

2σ rσn−
En
ω F

(
−n, En

σω
− n, ω

σ
r−σ

)
,

where n is integer and En is eigenvalue (38).
4.3. System with angular oscillator potential. The next system

which we consider is specified by the inverse mass and potential presented
in item 8 of the table. The corresponding Hamiltonian is

H = par
2pa +

λ2

2
ϕ2 + σϕ+ ν ln(r̃).

The corresponding eigenvalue equation is separable in cylindrical vari-
ables, thus it is reasonable to represent the wave function as follows

ψ = Ψ(r̃)Φ(ϕ) exp(−ikx3). (39)

As a result we obtain the following equations for radial and angular
variables(

−r̃∂r̃ r̃∂r̃ − r̃∂r̃ + ν ln(r̃) + k2r̃2 − µ
)

Ψ(r̃) = 0 (40)
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and (
− ∂2

∂ϕ2
+
λ2

2
ϕ2 + σϕ− µ

)
Φ(ϕ) = 0, (41)

where µ is a separation constant.
For λ nonzero equation (41) is equivalent to the Harmonic oscillator.

The specificity of this system is that, in contrast with (31), it includes
angular variable ϕ whose origin is

0 ≤ ϕ ≤ 2π. (42)

For trivial λ our equation (41) is reduced to equation with free fall
potential, but again for the angular variable satisfying (42).

The radial equation (40) is simple solvable too. In the case k = 0 we
again come to the free fall potential.

4.4. Systems with Morse effective potential. The next system
we consider is specified by the inverse mass and potentials represented
in item 9 of Table 1. The corresponding Hamiltonian is

H = − ∂

∂xa
r̃2eσϕ

∂

∂xa
+ κeσϕ +

ω2

2
e−σϕ.

Introducing again the cylindric variables and representing the wave
function in the form (39) we come to the following equations for the
radial and angular variables(

−
(
∂2

∂y2
+

∂

∂y

)
+ µ+ k2e2y

)
Ψ(r̃) = µΨ(r̃)

and (
−eσϕ

(
∂2

∂ϕ2
+ κ− µ

)
+
ω2

2
e−σϕ

)
Φ(ϕ) = ẼΦ(ϕ). (43)

Dividing all terms in (43) by exp(σϕ) we obtain the following equation(
−
(
∂2

∂ϕ2
+ κ− µ

)
+
ω2

2
e−2σϕ

)
Φ(ϕ) = e−σϕẼΦ(ϕ).

or (
−
(
∂2

∂ϕ2

)
+
ω2

2
e−2σϕ − Ẽe−σϕ

)
Φ(ϕ) = ÊΦ(ϕ), (44)

where we denote Ê = µ− κ.
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Formula (44) represents the Schrödinger equation with Morse poten-
tial. This equation is shape invariant and also can be solved using tools
of SUSY quantum mechanics. We demonstrate this procedure using
another system.

Considering the mass and potential presented in item 6 of Table 1 we
come to the following Hamiltonian

H = 1
2pax

σ+2
3 pa + κxσ3 .

Equation (12) with Hamiltonian (20) can be solved by separation of
variables in Cartesian coordinates. Expanding the wave function ψ via
eigenfunctions of integrals of motion P1 and P2 in the form (21) and in-
troducing new variable y = ln(x3) we reduce the problem to the following
equation for Φ(k1, k2, x3):(

− ∂

∂x3
xσ+2

3

∂

∂x3
+ xσ+2

3 k2 + 2κxσ3

)
Φ = 2EΦ, (45)

where k2 = k2
1 + k2

2.
Dividing all terms in (45) by xσ3 we can rewrite it in the following

form (
− ∂2

∂y2
− (σ + 1)

∂

∂y
− 2E exp(−σy) + k2 exp(2y) + 2κ

)
Φ = 0.

In the particular case σ = 2 we again come to the equation with
Morse effective potential.

One more system which can be related to Morse potential is repre-
sented in item 7 and include the following Hamiltonian

H = 1
2pa exp(λϕ)r̃σ+2pa + ν exp(λϕ)r̃σ.

The corresponding equation (12) is separable in the cylindrical vari-
ables (27) provided σ · λ = 0 and again includes the Morse effective
potential.

Let us return to equation (33) and solve it using approach analogous
to the presented above. In other words, we will change the roles of
eigenvalues and coupling constants.

First we divide all terms in (33) by r2σ and obtain

−r2 ∂
2Rlm
∂r2

− (2σ + 4)r
∂Rlm
∂r



128 A.G. Nikitin

+
(
ω2r−4σ + µr−2σ

)
Rlm = εRlm, (46)

where

ε = −l(l + 1)− 2κ, µ = −2E. (47)

Applying the Liouville transform

r → ρ = ln(r), Rlm → R̃lm = e−
σ+3

2 Rlm

we reduce (46) to a more compact form

HνR̃lm ≡
(
− ∂2

∂ρ2
+ ω2e−2σρ + (2ων + ωσ)e−σρ

)
R̃lm = ε̂R̃lm,(48)

where

ε̂ = ε−
(
σ + 3

2

)2

, ν =
µ

2ω
− σ

2
. (49)

Like (44) equation (48) includes the familiar Morse potential and
so is shape invariant. Indeed, denoting µ = 2ω(ν + σ

2 ) we can factorize
Hamiltonian Hν like it was done in (36) where index l should be changed
to ν and

W = ν − ωe−aρ, Cν = ν2

and the shape invariance is easy recognized.
To find the admissible eigenvalues ε and the corresponding eigen-

vectors we can directly use the results presented in [4], see item 4 of
Table 4.1 there

ε̂ = ε̂n = −(ν − nσ)2,
(
R̃lm

)
n

= y
ν
σ−ne−

y
2L

2( νσ−n)
n (y),

where y = 2ω
σ r
−σ.

Thus we find the admissible values of ε̂n. Using definitions (47)
and (49) we can find the corresponding values of E which are in per-
fect accordance with (38).

Discussion. The results presented above in Section 2 include the
complete list of continuous symmetries which can be admitted by PDM
Schrödinger equations, provided these equations are defined up to arbi-
trary parameters. All such systems appear to be exactly solvable.
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It is important to note that the list of symmetries presented in the
fourth column of the table is valid only for the case of nonzero parameters
defined the potential and mass terms. If some (or all) of these parameters
are trivial, the corresponding PDM Schrödinger equation can have more
extended set of symmetries. For example, it is the case for the potential
and PDM presented in item 3 of the table, compare the list of symmetries
presented in column 4 with (24). The completed list of non-equivalent
symmetries can be found in [13] which generalizes the Boyer results [3] to
the case of PDM Schrödinger equations. As other extensions of results
of [3] we can mention the group classification of the nonlinear Schrödinger
equations [15] and the analysis of its conditional symmetries [6].

Thanks to their extended symmetries the majority of the presented
systems is exactly solvable. In Sections 3 and 4 we present the cor-
responding solutions explicitly and discuss supersymmetric aspects of
some of them. However, two of the presented systems (whose mass and
potential are presented in items 4 and 5 of Table 1) are not separable, if
both arbitrary parameters κ and λ are nonzero. And just these systems
have the most small symmetry. On the other hand, all systems admit-
ting six- or higher-dimensional Lie symmetry algebras are separable and
exactly solvable.

In addition to the symmetry under the six parameter Lie group, equa-
tion (32) (which we call deformed 3d isotropic harmonic oscillator) pos-
sesses a hidden dynamical symmetry with respect to group SO(1, 2).
The effective radial Hamiltonian is shape invariant, and its eigenvalues
can be found algebraically. In spite on the qualitative difference of its
spectra (37) and (38) of the standard 3d oscillator, it keeps the main
supersymmetric properties of the latter. We show that the shape invari-
ance of PDM problems usually attends their extended symmetries.
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Îïèñàíî ãðóïî¨ä åêâiâàëåíòíîñòi êëàñó çàãàëüíèõ ðiâíÿíü Áþðãåðñà�
Êîðòåâåãà�äå Ôðiçà ç ïðîñòîðîâèìè êîåôiöi¹íòàìè. Ïîêàçàíî, ùî öåé
êëàñ çâîäèòüñÿ ñiì'¹þ ïåðåòâîðåíü åêâiâàëåíòíîñòi äî ñâîãî ïiäêëàñó
ç ÷îòèðèâèìiðíîþ çâè÷àéíîþ ãðóïîþ åêâiâàëåíòíîñòi. Ïðîêëàñèôiêî-
âàíî äîïóñòèìi ïåðåòâîðåííÿ öüîãî ïiäêëàñó òà âèîêðåìëåíi ïiäêëà-
ñè, ùî äîïóñêàþòü ìàêñèìàëüíi íåòðèâiàëüíi óìîâíi ãðóïè åêâiâàëåíò-
íîñòi. Âèÿâëÿ¹òüñÿ, ùî âñi âîíè ìàþòü ðîçìiðíiñòü áiëüøó çà ÷îòèðè.
Çîêðåìà, çíàéäåíî äåêiëüêà íîâèõ êëàñiâ äèôåðåíöiàëüíèõ ðiâíÿíü,
íîðìàëiçîâàíèõ â óçàãàëüíåíîìó ñåíñi. Æîäåí ç íèõ íå äîïóñêà¹ ¹äèíó
åôåêòèâíó óçàãàëüíåíó ãðóïó åêâiâàëåíòíîñòi.

We describe the equivalence groupoid of the class of general Burgers�
Korteweg�de Vries equations with space-dependent coe�cients. This class
is shown to reduce by a family of equivalence transformations to a subclass
with a four-dimensional usual equivalence group. Classi�ed are admissible
transformations of this subclass and singled out its subclasses admitting
maximal nontrivial conditional equivalence groups. All of them turn out to
have dimension higher than four. In particular, few new examples of nontri-
vial cases of normalization in the generalized sense of classes of di�erential
equations appeared this way. Neither of classes discussed possesses a unique
e�ective generalized equivalence group.

1. Introduction. A number of evolution equations that are impor-
tant in mathematical physics are of the general form

ut + C(t, x)uux =

r∑
k=0

Ak(t, x)uk +B(t, x). (1)
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In particular, this includes Burgers, Korteweg–de Vries (KdV), Kuramo-
to–Sivashinsky, Kawahara, and generalized Burgers–KdV equations.

Here and in the following the integer parameter r is fixed, and r > 2.
We require the condition CAr 6= 0 guaranteeing that equations from the
class (1) are nonlinear and of genuine order r. Throughout the paper we
use the standard index derivative notation ut = ∂u/∂t, uk = ∂ku/∂xk.

The class (1) and its various subclasses were subject to studying from
the symmetry analysis point of view, see [6] for an extensive list of refer-
ences. Recently, the class (1) became a source of examples of nontrivial
equivalence groups [6]. In fact, the first examples of classes with gener-
alized and extended generalized equivalence groups are of the form (1)
(with some additional restrictions). Moreover, detailed studying thereof
allowed the authors to introduce the concept of an effective generalized
equivalence group of a class of differential equations. Furthermore, the
structure of this class is so flexible, that a “reasonable” singled out sub-
class thereof is likely to possess normalization properties in some sense.
Nonetheless, it is not the case for a subclass F̄ of equations with the
arbitrary elements being time-independent,

ut + C(x)uux =

r∑
k=0

Ak(x)uk +B(x), where ArC 6= 0. (2)

The aim of this paper is to thoroughly study admissible transformations
of the class F̄ . In a nutshell, the results of this paper comprise the
following four facts. Any equation in F̄ is mapped by an equivalence
transformation of F̄ to an equation in the subclass F of reduced general
Burgers–Korteweg–de Vries equations with space-dependent coefficients,
singled out by conditions C = 1 and A1 = 0. The subclass F is not nor-
malized in any sense, and its usual equivalence group is four-dimensional.
Classified are admissible transformations of the class F and singled out
are its subclasses admitting maximal nontrivial conditional equivalence
subgroups of the equivalence group of F ,

F̂I,1 : ut + uux =

(
α+ 2

a01
b1 + a01|x+ β|α

)
u

+ (x+ β)

(
b2|x+ β|2α + b1|x+ β|α − b21(α+ 1)

a2
01

)
+

r∑
j=2

aj(x+ β)j |x+ β|αuj with αara01 6= 0,
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F̂I,01 : ut + uux =

r∑
j=2

aj(x+ β)j |x+ β|αuj + a00u

+ (x+ β)

(
b2|x+ β|2α − α+ 1

(α+ 2)2
a2

00

)
with (α+ 2)ar 6= 0,

F̂I,00 : ut + uux =

r∑
j=2

aj(x+ β)j−2uj + b0(x+ β)

+ b2(x+ β)−5 with ar 6= 0,

F̂II,0 : ut + uux =

r∑
j=2

aj(x+ β)juj + a00u+ b0 with ar 6= 0,

F̂II,1 : ut + uux =

r∑
j=2

aj(x+ β)juj + (a01 ln |x+ β|+ a00)u

+(x+ β)

(
−a

2
01

4
ln2 |x+ β|+

(
a2

01

4
− a00a01

2

)
ln |x+ β|+ b0

)
with ara01 6= 0,

FIII : ut + uux =

r∑
j=2

aje
αxuj + (a01e

αx + a00)u+ b2e
2αx

− a00a01

α
eαx − a2

00 + a00

2α
with αar 6= 0,

FIV,1 : ut + uux =

r∑
j=2

ajuj + a0u+ b1x+ b0

with αar

r−1∑
j=2

|aj | 6= 0,

Fr>2
IV,0 : ut + uux = arur + a0u+

r − 1

(r − 2)2
a2

0x+ b0

with αar 6= 0, r > 2,

Fr=2
IV,0 : ut + uux = a2u2 + b1x+ b0 with αar 6= 0.

All these subclasses but F̂II,0 are normalized in the generalized sense.

The class F̂II,0 is normalized in the usual sense.
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The main result of the paper is described in the following theorem.

Theorem 1. The usual equivalence group of the class F of reduced
general Burgers–Korteweg–de Vries equations with space-dependent co-
efficients is four-dimensional. The list of maximal nontrivial conditional
equivalence subgroups is exhausted by the generalized equivalence groups
of the normalized subclasses F̂I,1, F̂I,01, F̂I,00, F̂II,1, FIII, FIV,1, Fr>2

IV,0,

Fr=2
IV,0 and the usual equivalence group of the normalized subclass F̂II,0.

The equivalence groupoid of the class F is generated by its usual equiv-
alence group and the equivalence groups of the above subclasses.

For all classes normalized in the generalized sense, we can take their
effective generalized equivalence subgroups as maximal conditional equiv-
alence groups. Denote by F0 the complement to the union of the above
subclasses in the class F . It is a normalized class in the usual sense, and
its equivalence group coincides with that of F .

Corollary 2. The class F is a union of the normalized (in either the
generalized or the usual sense) classes F̂I,1, F̂I,01, F̂I,00, F̂II,1, F̂II,0, FIII,
FIV,1, Fr>2

IV,0, Fr=2
IV,0 and F0.

The structure of this paper is as follows. Firstly, we remind in Sec-
tion 2 theoretical foundations related to equivalence within classes of
differential equations. Following [6] in Section 3 we recall the structure
of the equivalence groupoids of the superclass of general Burgers–Korte-
weg–de Vries equations, its subclass of equations with time-independent
coefficients and gauging of these classes to the corresponding subclasses
of reduced equations. In Section 4 we give the complete classification of
admissible transformations of the class F of reduced general Burgers–
KdV equations with space-dependent coefficients. In [6] there were found
subclasses of the class F possessing admissible transformations that are
not generated by the equivalence transformations of F . But the ques-
tion of a structure of equivalence groupoids of these subgroups was not
addressed there. Here we fill this gap by comprehensive description of all
these subclasses and their equivalence groups (for subclasses normalized
in the generalized sense we present either the entire generalized equiv-
alence group, or its effective generalized equivalence group or both of
them). By partitioning if necessary these subclasses we achieve a nor-
malization of “subsubclasses” in either usual or generalized sense. Thus
we present the superclass F as a union of normalized classes of differential
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equations described in Theorem 1. For the two normalized subclasses to
be able to have a closed form of group transformations we apply a non-
standard approach, the technical crux of which is as follows. First we
gauge the class under consideration by a family of equivalence transfor-
mations thereof to a nice normalized subclass. Then every equivalence
transformation in the class under consideration would be a composition
of the gauging mapping, an equivalence transformation within the nice
subclass and the inverse of a (not the same as before because we con-
sider not symmetry but equivalence transformations of the superclass)
gauging mapping. This procedure may explain an appearance of gener-
alized equivalence groups for most of the considered subclasses. In fact,
the determining systems of ODEs are exactly solvable for all but the
two equivalence groups and this procedure is only lurking in the back-
ground, but we could use it almost everywhere. In this case, even if
a nice underlying subclass is normalized in the usual sense, we compose
its equivalence transformations with transformations from the families
parameterized by arbitrary elements of the superclass, and thus para-
meterize the equivalence transformations thereof by arbitrary elements,
making them generalized.

2. Equivalence of classes of differential equations. We recall
the essential notions for the present paper only. See [6, 8, 9] for more
details. Let Lθ denote a system of differential equations of the form

L
(
x, u(r), θ

(
x, u(r)

))
= 0,

where x = (x1, . . . , xn) is the n independent variables, u = (u1, . . . , um)
is the m dependent variables, and L is a tuple of differential functions
in u. We use the standard short-hand notation u(r) to denote the tuple
of derivatives of u with respect to x up to order r, which also includes u
as the derivatives of order zero. The system Lθ is parameterized by the
tuple of functions θ = (θ1(x, u(r)), . . . , θk(x, u(r))), called the arbitrary
elements running through the solution set S of an auxiliary system of
differential relations in θ. Thus, the class of (systems of) differential
equations L|S is the parameterized family of systems Lθ, such that θ lies
in S.

Equivalence of classes of differential equations is based on studying
how equations from a given class are mapped to each other. The notion
of admissible transformations, which constitute the equivalence groupoid
of the class L|S , formalizes this study. An admissible transformation is
a triple (θ, θ̃, ϕ), where θ, θ̃ ∈ S are arbitrary-element tuples associated
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with equations Lθ and Lθ̃ from the class LS that are similar, and ϕ is a
point transformation in the space of (x, u) that maps Lθ to Lθ̃.

A related notion of relevance in the group classification of differen-
tial equations is that of equivalence transformations. Usual equivalence
transformations are point transformations in the joint space of indepen-
dent variables, derivatives of u up to order r and arbitrary elements that
are projectable to the space of (x, u(r′)) for each r′ = 0, . . . , r, with re-
spect the contact structure of the rth order jet space coordinatized by
the r-jets (x, u(r)) and map every system from the class L|S to a system
from the same class. The Lie (pseudo)group constituted by the equiva-
lence transformations of L|S is called the usual equivalence group of this
class and denoted by G∼.

Each equivalence transformation T ∈ G∼ generates a family of admis-
sible transformations parameterized by θ,

G∼ 3 T →
{

(θ, T θ, π∗T ) | θ ∈ S
}
⊂ G∼,

and therefore the usual equivalence group G∼ gives rise to a subgroupoid
of the equivalence groupoid G∼. The function π is the projection of the
space of (x, u(r), θ) to the space of equation variables only, π(x, u(r), θ) =
(x, u). The pushforward π∗T of T by π is then just the restriction of T
to the space of (x, u).

The projectability property for equivalence transformations can be
neglected. Then these equivalence transformations constitute a Lie pse-
udogroup Ḡ∼ called the generalized equivalence group of the class. See
the first discussion of this notion in [3, 4] and the further development
in [8, 9]. When the generalized equivalence group coincides with the
usual one the situation is considered to be trivial. Similarly to usual
equivalence transformations, each element of Ḡ∼ generates a family of
admissible transformations parameterized by θ,

Ḡ∼ 3 T →
{

(θ′, T θ′, π∗(T |θ=θ′(x,u))) | θ′ ∈ S
}
⊂ G∼,

and thus the generalized equivalence group Ḡ∼ also generates a sub-
groupoid H̄ of the equivalence groupoid G∼.

Definition 3. Any minimal subgroup of Ḡ∼ that generates the same
subgroupoid of G∼ as the entire group Ḡ∼ does is called an effective
generalized equivalence group of the class L|S .

If the entire group Ḡ∼ is effective itself, then its uniqueness is ev-
ident. At the same time, there exist classes of differential equations,
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where effective generalized equivalence groups are proper subgroups of
the corresponding generalized equivalence groups that are even not nor-
mal. Hence each of these effective generalized equivalence groups is not
unique since it differs from some of subgroups non-identically similar to
it, and all of these subgroups are also effective generalized equivalence
groups of the same class.

The class of differential equations L|S is normalized in the usual (resp.
generalized) sense if the subgroupoid induced by its usual (resp. generali-
zed) equivalence group coincides with the entire equivalence groupoid G∼
of L|S . The normalization of L|S in the usual sense is equivalent to the
following conditions. The transformational part ϕ of each admissib-
le transformation (θ′, θ′′, ϕ) ∈ G∼ does not depend on the fixed initial
value θ′ of the arbitrary-element tuple θ and, therefore, is appropriate
for any initial value of θ.

The normalization properties of the class L|S are usually established
via computing its equivalence groupoid G∼, which is realized using the
direct method. Here one fixes two arbitrary systems from the class,
Lθ : L(x, u(r), θ(x, u(r))) = 0 and Lθ̃ : L(x̃, ũ(r), θ̃(x̃, ũ(r))) = 0, and aims
to find the (nondegenerate) point transformations, ϕ: x̃i = Xi(x, u),
ũa = Ua(x, u), i = 1, . . . , n, a = 1, . . . ,m, connecting them. For this,
one changes the variables in the system Lθ̃ by expressing the derivatives
ũ(r) in terms of u(r) and derivatives of the functions Xi and Ua as well as
by substituting Xi and Ua for x̃i and ũa, respectively. The requirement
that the resulting transformed system has to be satisfied identically for
solutions of Lθ leads to the system of determining equations for the
components of the transformation ϕ.

Imposing additional constraints on arbitrary elements of the class,
we may single out its subclass whose equivalence group is not contained
in the equivalence group of the entire class. Let L|S′ be the subclass of
the class L|S , which is constrained by the additional system of equations
S ′(x, u(r), θ(q′)) = 0 and inequalities Σ′(x, u(r), θ(q′)) 6= 0 with respect to
the arbitrary elements θ = θ(x, u(r)). Here S ′ ⊂ S is the set of solutions
of the united system S = 0, Σ 6= 0, S ′ = 0, Σ′ 6= 0. We assume that the
united system is compatible for the subclass L|S′ to be nonempty.

Definition 4. The equivalence group G∼(L|S′) of the subclass L|S′ is
called a conditional equivalence group of the entire class L|S under the
conditions S ′ = 0, Σ′ 6= 0. The conditional equivalence group is called
nontrivial if it is not a subgroup of G∼(L|S).
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Conditional equivalence groups may be trivial not with respect to the
equivalence group of the entire class but with respect to other conditional
equivalence groups. Indeed, if S ′ ⊂ S ′′ and G∼(L|S′) ⊂ G∼(L|S′′) then
the subclass L|S′ is not interesting from the conditional symmetry point
of view. Therefore, the set of additional conditions on the arbitrary
elements can be reduced substantially.

Definition 5. The conditional equivalence group G∼L|S′
of the class L|S

under the additional conditions S ′ = 0, Σ′ 6= 0 is called maximal if for
any subclass L|S′′ of the class L|S containing the subclass L|S′ we have
G∼L|S′

6⊂ G∼L|S′′ .

3. Preliminary analysis of equivalence groupoid. We start
studying admissible transformations of the class F by presenting the
equivalence groupoid of its superclass (1) and then descend therefrom to
the class under study.

Proposition 6. The class (1) is normalized in the usual sense. Its usual
equivalence group G∼(1) consists of the transformations in the joint space
of (t, x, u, θ) whose (t, x, u)-components are of the form

t̃ = T (t), x̃ = X(t, x), ũ = U1(t)u+ U0(t, x),

where T = T (t), X = X(t, x), U1 = U1(t) and U0 = U0(t, x) are
arbitrary smooth functions of their arguments such that TtXxU

1 6= 0.

Following [6] we can gauge the arbitrary elements C = 1 and A1 = 0
by a family of equivalence transformations of the class (1) and obtain
the class of reduced general Burgers–KdV equations

ut + uux =

r∑
j=2

Aj(t, x)uj +A0(t, x)u+B(t, x). (3)

As before, the arbitrary elements run through the set of smooth functions
of (t, x) with ArC 6= 0.

Theorem 7. The class of reduced (1+1)-dimensional general rth order
Burgers–KdV equations (3) is normalized in the usual sense. Its usual
equivalence group G∼ consists of the transformations of the form

t̃ = T (t), x̃ = X1(t)x+X0(t), ũ =
X1

Tt
u+

X1
t

Tt
x+

X0
t

Tt
, (4)
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Ãj =
(X1)j

Tt
Aj , Ã0 =

1

Tt

(
A0 + 2

X1
t

X1
− Ttt
Tt

)
, (5)

B̃ =
X1

(Tt)2
B +

1

Tt

(
X1
t

Tt

)
t

x+
1

Tt

(
X0
t

Tt

)
t

−
(
X1
t

Tt
x+

X0
t

Tt

)
Ã0, (6)

where j = 2, . . . , r, and T = T (t), X1 = X1(t) and X0 = X0(t) are
arbitrary smooth functions of their arguments with TtX

1 6= 0.

The subclass F̄ of general Burgers–KdV equations with space-depen-
dent coefficients is singled out from the class (1) by the constraints
Akt = 0, k = 0, . . . , r, Bt = 0 and Ct = 0. Therefore, its usual equiv-
alence group G∼F̄ is a subgroup of G∼(1) that consists of transformations
preserving the above constraints.

Proposition 8. The usual equivalence group G∼F̄ of the class F̄ of
general Burgers–Korteweg–de Vries equations with space-dependent co-
efficients consists of the transformations in the joint space of (t, x, u, θ)
whose (t, x, u)-components are of the form

t̃ = c1t+ c2, x̃ = X(x), ũ = c′3u+ U0(x),

where c1, c2 and c′3 are arbitrary constants and X = X(x) and U0 =
U0(x) are arbitrary smooth functions of x such that c1Xxc

′
3 6= 0.

The existence of classifying conditions [6]

Tt
(Xx)r

XtÃ
r
x̃ +

(
Tt

(Xx)r

)
t

Ãr = 0,
TtU

1

Xx
XtC̃x̃ +

(
TtU

1

Xx

)
t

C̃ = 0,

for admissible transformations of the class F̄ implies that it is definitely
not normalized in any sense. At the same time, we can gauge the arbi-
trary elements C and A1 again by means of equivalence transformations
of the class F̄ and produce the class F of reduced general Burgers–KdV
equations with space-dependent coefficients,

ut + uux =

r∑
j=2

Aj(x)uj +A0(x)u+B(x).

Proposition 9. The usual equivalence group G∼F of the class F is four-
dimensional and consists of transformations of the form

t̃ = c1t+ c2, x̃ = c3x+ c4, ũ =
c3
c1
u,
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Ãj =
(c3)j

c1
Aj , Ã0 =

1

c1
A0, B̃ =

c3
(c1)2

B,

where j = 2, . . . , r, and c’s are arbitrary constants with c1c3 6= 0.

Nor the class F neither its superclass F̄ are normalized in any sense.
Thus, the problem of describing the equivalence groupoid G∼F of the
class F should be considered as the classification of admissible trans-
formations up to G∼F -equivalence, see [9, Sections 2.6 and 3.4]. The
class F is a subclass of the class (3), whence G∼F is a subgroupoid of the
equivalence groupoid of the class (3), and the results of Theorem 7 are
valid here, although they should be further specified. This is achieved by
differentiating the relations (5)–(6), solved with respect to the source ar-
bitrary elements, with respect to t. This gives the classifying conditions
for admissible transformations,(

X1
t x+X0

t

)
Ãjx̃ +

(
Ttt
Tt
− jX

1
t

X1

)
Ãj = 0, (7)

(
X1
t x+X0

t

)
Ã0
x̃ +

Ttt
Tt
Ã0 =

1

Tt

(
2
X1
t

X1
− Ttt
Tt

)
t

, (8)

(
X1
t x+X0

t

)
B̃x̃ +

(
2
Ttt
Tt
− X1

t

X1

)
B̃ = − Tt

X1

(
X1
t x+X0

t

)2
Ã0
x̃

− X1

T 2
t

(
Tt
X1
t x+X0

t

X1

)
t

Ã0 +
X1

T 2
t

(
Tt
X1

(
X1
t x+X0

t

Tt

)
t

)
t

, (9)

where the initial space variable x should be substituted, after expanding
all derivatives, by its expression via x̃, x = (x̃ − X0)/X1. Note that
admissible transformations with Ttt = X0

t = X1
t = 0 are generated by

the usual equivalence group G∼F .
4. Nontrivial conditional equivalence subgroups. In [6] with

a help of the method of furcate splitting, cf. [5, 7] the classifying condi-
tions (7)–(9) for admissible transformations of the class F were solved,
but the obtained admissible transformations were presented superficially.
More precisely, they were parameterized by solutions of some ODEs.
Here we study the question in more depth and present explicit forms
of group parameters of the nontrivial conditional equivalence groups.
Besides, following [6] for simplicity we consider only subclasses of the
classes FI and FII, defined below, admitting proper subgroups of maxi-
mal conditional equivalence groups. In fact, these subgroups are the quo-
tients thereof by the space-translations. Note that given in Theorem 1
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are the subclasses admitting maximal nontrivial conditional equivalence
subgroups.

I. The class FI of equations

ut + uux =

r∑
j=2

ajx
j |x|αuj +

(
a00 + a01|x|α

)
u

+ x
(
b0 + b1|x|α + b2|x|2α

)
with αar 6= 0 naturally partitions into two G∼FI

-invariant subclasses FI,0

and FI,1 singled out by the conditions a01 = 0 and a01 6= 0, respectively,
since the arbitrary element a01 is easily shown to be transformed by the
rule ã01 = c4a01 under admissible transformations of the class, c4 6= 0.
The class FI,1 admits additional admissible transformations if and only if
a00 = (α+2)b1/a01 and b0 = −b21(1+α)/a2

01, so we reduce the arbitrary-
elements tuple of the class by a00 and b0 and denote the subclass obtained
again by FI,1.

Proposition 10. The class FI,1 is normalized in the generalized sense.
Its generalized equivalence group consists of the point transformations in
the relevant space, which are of the form

t̃ = T̄ , x̃ = X̄1x, ũ =
X̄1

T̄t
u− X̄1

t

T̄t
x,

α̃ = α, ãj = c̄4aj , ã01 = c̄4a01, b̃2 = c̄24b2, b̃1 = c̄5,

where T̄ is a smooth function of t and the arbitrary elements θ,

T̄ (t, θ) =
1

c̄5
ln

∣∣∣∣c̄5(c1 e−b1αt/a01 − 1

−b1α/a01
+ c2

)
+ 1

∣∣∣∣ ,
θ = (α, aj , a01, b2, b1),

taking the form at the singular points

T̄ (t, θ) = c̄1
e−b1αt/a01 − 1

−b1α/a01
+ c̄2 if c̄5 = 0 and b1 6= 0,

T̄ (t, θ) =
1

c̄5
ln
∣∣c̄5(c̄1t+ c̄2)

∣∣ if c̄5 6= 0 and b1 = 0,

T̄ (t, θ) = c̄1t+ c̄2 if (c̄5, b1) = (0, 0),
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c̄’s are arbitrary functions of θ with c̄1c̄4
∂(ã2,...,ãr,ã01,b̃1,b̃2)
∂(a2,...,ar,a01,b1,b2) 6= 0 as well

as X̄1(t, θ) = (c̄4T̄t)
−1/α if α is odd or rational in the reduced form with

an odd numerator and X̄1(t) = ε|c̄4T̄t|−1/α with ε = ±1 and c̄4T̄t > 0
otherwise.

Remark 11. The function T is a solution of an ODE smoothly depen-
ding on parameters, so it is a smooth function of these parameters and
initial conditions [1, Corollary 6, p. 97] (α, b1 and a01 are the parameters
of the equation in this case, c’s are the initial conditions). This argu-
mentation is valid for the group parameters in the equivalence groups
below, where appropriate, as well. In fact, in these cases it follows from
the transformation for Ã0 (the equation (5)) that the function T satisfies
the equation

γ = δ
1

Tt
+

(
1

Tt

)
t

= 0

for some constants γ and δ, having the general solution

T (t) =
1

γ
ln

∣∣∣∣γ (c1 eδt − 1

δ
+ c2

)
+ 1

∣∣∣∣ .
The continuity of this function is evident and at the singular points the
function takes the form

T (t) = c1
eδt − 1

δ
+ c2 if γ = 0 and δ 6= 0,

T (t) =
1

γ
ln |γ(c1t+ c2) + 1| if γ 6= 0 and δ = 0,

T (t) = c1t+ c2 if (γ, δ) = (0, 0).

The transformations in Proposition 10 indeed form a group, which is
straightforward to show. Therefore the equivalence group of the class FI,1

is a local Lie group of transformations (all equivalence group here and
below in the paper are finite-dimensional so we do not need to talk about
Lie pseudogroups). If the function T is of the form 1

γ ln |γ(c1t+ c2) + 1|
and γc2 = −1, then T (t) degenerates into an affine function. To avoid
this, in all such situations thereafter we implicitly assume otherwise.

The notation ∂(·,...,·)
∂(·,...,·) stands for the determinant of the corresponding

Jacobian matrix. Thereafter, we will not call attention to these facts.
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Since the arbitrary element α is invariant under admissible trans-
formations, it is convenient to consider the two subclasses FI,00 and FI,01

of FI,0 singled out by conditions α = −2 and α 6= −2, respectively. To
achieve an extension of a number of admissible transformations in the
latter class we need to consider its subclass (denoted again FI,01) singled
out by the conditions b1 = 0 and b0 = −(α+ 1)a2

00/(α+ 2)2.

Proposition 12. The class FI,01 is normalized in the generalized sense.
Its generalized equivalence group consists of the point transformations of
the form

t̃ = T̄ (t), x̃ = X̄1(t)x, ũ =
X̄1

T̄t
u− X̄1

t

T̄t
x,

α̃ = α, ãj = c̄4aj , ã00 = c̄5, b̃2 = c̄24b2,

where T̄ is a smooth function of t and the arbitrary elements θ,

T̄ (t, θ) =
1

c̄5
ln

∣∣∣∣c̄5(c̄1 ea00αt/(α+2) − 1

a00α/(α+ 2)
+ c̄2

)
+ 1

∣∣∣∣ .
The function T̄ takes at the singular points the following forms

T̄ (t, θ) = c̄1
ea00αt/(α+2) − 1

a00α/(α+ 2)
+ c̄2 if c̄5 = 0 and a00 6= 0,

T̄ (t, θ) =
1

c̄5
ln |c̄5(c̄1t+ c̄2) + 1| if c̄5 6= 0 and a00 = 0,

T̄ (t, θ) = c̄1t+ c̄2 if (c̄5, a00) = (0, 0).

Here c̄’s are arbitrary functions of θ with c̄1c̄4
∂(ã2,...,ãr,ã00,b̃2)
∂(a2,...ar,a00,b2) 6= 0 as well

as X̄1(t, θ) = (c̄4T̄t)
−1/α if α is odd or rational in the reduced form with

an odd numerator and X̄1(t, θ) = ε|c̄4T̄t|−1/α with ε = ±1 and c̄4T̄t > 0
otherwise.

A description of the equivalence group of the class FI,00 is more com-
plicated and we present its equivalence groupoid first. In accordance
with our standard approach we consider its subclass singled out by the
conditions a00 = b1 = 0.

Proposition 13. A point transformation connects the two equations in
the class FI,00 if and only if its components are of the form

t̃ = T (t), x̃ = X1(t)x, ũ =
X1

Tt
u− X1

t

Tt
x,
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where (X1(t))2 = c4Tt and the smooth function T of t satisfies the equa-
tion (

Ttt
Tt

)
t

− 1

2

(
Ttt
Tt

)2

= 2b̃0T
2
t − 2b0.

Here c4 is an arbitrary constant and c4Tt > 0.

The last equation is an autonomous ordinary differential equation
on T which can be integrated in quadratures with standard techniques,
but proceeding this way one can write an explicit form of the general
solution only for specific values of parameters. On the other hand,
for any equation in FI,00 there is an equivalent one to it in the sub-

class Fb0=0
I,00 singled out by the condition b0 = 0. The corresponding point

transformation is t̃ = T (t), x̃ =
√
Ttx, ũ = u/

√
Tt − Tttx/(2

√
(Tt)3),

where a smooth function T of t is a solution of the equation (Ttt/Tt)t −
1
2 (Ttt/Tt)

2
+2b0 = 0, for which the general solution can be found explic-

itly, although a particular solution will suffice for our purposes. Thus, if
b0 = b2 > 0, then T (t) = e2bt is a particular solution; if b0 = −b2 < 0,
then T (t) = tan(bt) is a particular solution, b > 0 in both cases.

Proposition 14. The class Fb0=0
I,00 is normalized in the usual sense. Its

usual equivalence group is constituted by the point transformations of the
form

t̃ = T (t), x̃ = X1(t)x, ũ =
X1

Tt
u− X1

t

Tt
x,

ã2 = c4a2, b̃2 = c24b2,

where X1(t) = ε
√
c4Tt with ε = ±1, T = (c1t + c2)/(c3t + c0) and c’s

are arbitrary constants, with δ = c1c0 − c2c3 6= 0 and c0, c1, c2 and c3
being defined up to a nonzero constant, and c4δ > 0.

On the other hand, any admissible transformation of the class FI,00

can be represented as a composition of an admissible transformation with
a source equation in FI,00 and a target equation in Fb0=0

I,00 , an admissi-

ble transformation generated by an equivalence transformation in Fb0=0
I,00

and an admissible transformation back. In this way we avoid implicit
quadrature expressions arising in a previous approach. Note that the
parameter-function T is defined as a solution of a third-order ODE pa-
rameterized by b0 and b̃0 and thus should be parameterized by three
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constants to agree with the Picard–Lindelöf theorem. This is indeed the
case.

Proposition 15. The class FI,00 is normalized in the generalized sense.
Its effective generalized equivalence group is constituted by the point
transformations of the form

t̃ = P 2(T (P 1(t))), x̃ =
√
P 2
t̄ P

1
t X

1(t̂)x,

ũ =
1

P 2
t̄

(
X1

Tt̂P
1
t

u−

(
X1P 1

tt

2Tt̂(P
1
t )3/2

+
X1
t̂

√
P 1
t

Tt̂
+
P 2
t̄t̄X

1
√
P 1
t

2P 2
t̄

)
x

)
,

ãj = c4aj , b̃2 = c24b2,

b̃0 =
1

(P 2
t̄ )2

(
1

(P 1
t )2

(
b0 −

(
P 1
tt

2P 1
t

)2

+
1

2

(
P 1
tt

P 1
t

)
t

)

−
(
P 2
t̄t̄

2P 2
t̄

)2

+
1

2

(
P 2
t̄t̄

P 2
t̄

)
t̄

)
,

where t̂ = P 1(t), t̄ = T (t̂), t̃ = P 2(t̄), X1(t̂) = ε(c4Tt̂)
1/2, T = (c1t̂ +

c2)/(c3t̂+ c0), with δ = c1c0 − c2c3 6= 0, c’s are arbitrary constants,

P 1(t) =


t if b0 = 0,

tan(
√
−b0t) if b0 < 0,

e2
√
b0t if b0 > 0;

P 2(t̄) runs through the set of smooth functions
{
t̄, 1
c5

ln |t̄|, 1
2c5

arctan t̄
}

,
with c4δ > 0, ci, i = 0, 1, 2, 3, are defined up to a nonzero constant, and
P 2
t̄ > 0 and ε = ±1.

The arbitrary element b̃0 of the target equation takes the value of c25
if P 2(y) = 1

c5
ln |y|, of −c25 if P 2(y) = 1

2c5
arctan y and of 0 otherwise.

The functions P 2(T (P 1(t))) give a three-parameter family of solutions
to the nonlinear third-order equation on T above parameterized by b0
and b̃0.

Remark 16. The point transformations in Proposition 15 form a group
by construction, and thus constitute an effective generalized equivalence
group of the class FI,00. To obtain the entire generalized equivalence
group thereof one allows c’s to vary through the set of arbitrary smooth
functions of the arbitrary elements of the class.
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II. A class FII of differential equations of the form

ut + uux =

r∑
j=2

ajx
juj + (a01 ln |x|+ a00)u

+ x

(
−a

2
01

4
ln2 |x|+

(
a2

01

4
− a00a01

2

)
ln |x|+ b0

)
is partitioned into two subclasses FII,0 and FII,1 that are singled out by
conditions a01 = 0 and a01 6= 0, respectively, and invariant under the
admissible transformations of the class FII.

Proposition 17. The class FII,0 is normalized in the usual sense. Its
equivalence group is constituted by the point transformations of the form

t̃ = c1t+ c2, x̃ = c4e
c3tx, ũ =

c4e
c3t

c1
(u+ c3x),

ãj =
aj
c1
, ã00 =

a00 + 2c3
c1

, b̃0 =
b0 − c23
(c1)2

,

where c’s are arbitrary constants with c1c4 6= 0.

The class FII,0 is the only owner of a conditional group normalized
in the usual sense.

Proposition 18. The class FII,1 is normalized in the generalized sense.
Its generalized equivalence group Ḡ∼II,1 is constituted by the point trans-
formations of the form

t̃ = c̄1t+ c̄2, x̃ = X̄1x, ũ =
X̄1

c̄1

(
u+

c̄4a01

2
ea01t/2x

)
,

ãj =
aj
c̄1
, ã01 =

a01

c̄1
, ã00 =

1

c̄1
(a00 − a01c̄3),

b̃0 =
1

4c̄21

(
4b0 − a2

01(c̄23 + c̄3) + 2a00a01c̄3
)
,

where X̄1 := exp
(
c̄3 + c̄4 exp(a01t

2 )
)
, and c̄’s are smooth functions of the

arbitrary elements a00, a01, aj and b0 with c̄1
∂(ã2,...,ãr,ã01,ã00,b̃0)
∂(a2,...,ar,a01,a00,b0) 6= 0.

To extract an effective generalized equivalence group from the genera-
lized equivalence group, we set c̄2 := c2/a01, c̄3 := −c3/a01 and get rid
of the dependence of other c̄’s on the arbitrary elements.
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Proposition 19. An effective generalized equivalence group Ĝ∼II,1 of the
class FII,1 is constituted by the point transformations of the form

t̃ = c1t+
c2
a01

, x̃ = X1(t)x, ũ =
X1(t)

c1

(
u+

c4a01

2
ea01t/2x

)
,

ãj =
aj
c1
, ã01 =

a01

c1
, ã00 =

1

c1
(a00 + c3),

b̃0 =
1

4c21

(
4b0 + (a01 − 2a00)c3 − c23

)
,

where X1(t) := exp
(
− c3
a01

+ c4 exp(a01t
2 )
)

and c’s are arbitrary constants
with c1 6= 0.

The effective generalized equivalence group Ĝ∼II,1 is not a normal sub-

group of Ḡ∼II,1, which is readily seen after writing the time-transformation
out. Therefore, it is not unique as an effective generalized equivalence
group as conjugate subgroups in Ḡ∼II,1 are also effective generalized equiv-
alence groups. Thus, the existence of a class of differential equations with
unique nontrivial (proper) effective generalized equivalence group is still
a question.

III. A class of differential equations of the form

ut + uux =

r∑
j=2

aje
αxuj + (a01e

αx + a00)u+ b2e
2αx

+ b1e
αx + b0 with αar 6= 0

admits additional admissible transformations if and only if

b0 = −a
2
00 + a00

2α
and b1 = −a00a01

α
.

Proposition 20. The class FIII is normalized in the generalized sense.
Its generalized equivalence group is constituted by the point transforma-
tions of the form

t̃ = T̄ , x̃ = c̄5x−
c̄5
α

ln |c̄4T̄t|, ũ =
c̄5
T̄t

(
u− T̄tt

αT̄t

)
,

α̃ =
α

c̄5
, ãj = c̄4c̄

j
5aj , ã01 = c̄4a01, ã00 = c̄3, b̃2 = c̄24c̄5b2,
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where the function T of t and the arbitrary elements θ is defined by

T̄ (t, θ) =
1

c̄3
ln

∣∣∣∣c̄3(c̄1 ea00t − 1

a00
+ c̄2

)
+ 1

∣∣∣∣ ,
and takes the following values at the singular points

T̄ (t, θ) = c̄1
ea00t − 1

a00
+ c̄2 if c̄3 = 0 and a00 6= 0,

T̄ (t, θ) =
1

c̄3
ln |c̄3(c̄1t+ c̄2)| if a00 = 0 and c̄3 6= 0,

T̄ (t, θ) = c̄1t+ c̄2 if (a00, c̄3) = (0, 0),

c̄’s are smooth functions of θ with c̄1c̄4c̄5
∂(ᾱ,ã2,...,ãr,ã00,ã01,b̃2)
∂(α,a2,...,ar,a00,a01,b2) 6= 0.

To find an effective generalized equivalence group of the class FIII we
resort to the following heuristic speculation. The arbitrary element ã00

may take any real value. Thus, it sufficient to parameterize ã00 to be
a00 + c3, c3 ∈ R. We preserve the number of initial conditions parame-
terizing T and guaranteeing the necessary domain for values of ã00. To
satisfy another condition of an effective generalized equivalence group we
drop any dependence of remaining c̄’s on the arbitrary elements. In fact,
we chose a correct parameterization for them already in the theorem.

Proposition 21. An effective generalized equivalence group Ĝ∼III of the
class FIII is constituted by the point transformations of the form

t̃ = T, x̃ = c5x−
c5
α

ln |c4Tt|, ũ =
c5
Tt

(
u− Ttt

αTt

)
, α̃ =

α

c5
,

ãj = c4c
j
5aj , ã01 = c4a01, ã00 = a00 + c3, b̃2 = c24c5b2,

where the function T is equal to

T (t) =
1

a00 + c3
ln

∣∣∣∣(a00 + c3)

(
c1
ea00t − 1

a00
+ c2

)
+ 1

∣∣∣∣ ,
and takes the following values at the singular points

T (t) = c1
ea00t − 1

a00
+ c2 if c3 = −a00 6= 0,

T (t) =
1

c3
ln |c3(c1t+ c2)| if a00 = 0 and c3 6= 0,
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T (t) = c1t+ c2 if (a00, c3) = (0, 0),

and c’s are arbitrary constants with c1c4c5 6= 0.

Guided by the same logic as for the class FII,1, we can show nonuni-
queness of effective generalized equivalence groups for FIII as well.

IV. Finally we discuss the last subclass FIV of F admitting additional
admissible transformations. It consists of equations

ut + uux =

r∑
j=2

ajuj + a0u+ b1x+ b0.

Since the arbitrary elements aj are scaled under the action of the equiv-
alence group of the class, it is reasonable to single out two subclasses of
the class under question: FIV,0 with aj = 0 for all j = 2, . . . , r − 1, and
complementary to it the subclass FIV,1 with at least one aj nonzero.

Proposition 22. The class FIV,1 is normalized in the generalized sense.
Its generalized equivalence group is constituted by the point transforma-
tions of the form

t̃ = T̄ 1t+ T̄ 0, x̃ = X̄1x+ X̄0, ũ =
X̄1

T̄ 1
u+

X̄0
t

T̄ 1
,

ãj =
(X̄1)r

T̄ 1
aj , a0 =

a0

T̄ 1
, b̃1 =

b1
(T̄ 1)2

,

b̃0 =
1

(T̄ 1)2

(
X̄1b0 + c̄3

)
,

where

X̄0(t, θ) =



c̄1e
λ1t + c̄2e

λ2t + c̄3 if λ1 6= 0, D > 0,

c̄1t+ c̄2e
λ2t + c̄3 if λ1 = 0, D > 0,

c̄1e
b1t/2 + c̄2te

b1t/2 + c̄3 if b1 6= 0, D = 0,

c̄1t
2 + c̄2t+ c̄3 if b1 = 0, D = 0,

eb1t/2
(
c̄1 sin(

√
−Dt)

+c̄2 cos(
√
−Dt)

)
+ c̄3 if D < 0,

where D = b21 + 4a0 and λ1,2 = (b1 ±
√
D)/2 with |λ1| < |λ2|, X̄1,

T̄ 0, T̄ 1 and c̄’s run through the set smooth functions of the arbitrary

elements θ = (aj , a0, b1, b0) with X̄1T̄ 1 ∂(ã2,...,ãr,ã0,b̃1,b̃0)
∂(a2,...,ar,a0,b1,b0) 6= 0.
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Here the function X0(t) is a solution of the ordinary differential equa-
tion X0

ttt − b1X
0
tt − a0X

0
t = 0 and thus it smoothly depends on the

parameters b1, a0 and all the initial conditions.

The equivalence groupoid of the class FIV,0 depends essentially on the
order r of equations therein. So we consider both the cases separately.
First assume that r > 2 and denote the class of such equations Fr>2

IV,0.
This class admits additional admissible transformations if and only if
b1 = a2

0(r − 1)/(r − 2)2, so we reduce a tuple of the arbitrary elements
thereof by the element b1.

Proposition 23. The class Fr>2
IV,0 is normalized in the generalized sense.

Its generalized equivalence group is constituted by the point transforma-
tions of the form

t̃ = T̄ , x̃ = X̄1x+ X̄0, ũ =
X̄1

T̄t
u+

X̄1
t

T̄t
x+

X̄0
t

T̄t
,

ãr =
(X̄1)r

T̄t
ar, ã0 = c̄3, b̃0 = c̄5,

where the pair of smooth functions
(
T̄ , X̄0

)
of t and the arbitrary ele-

ments θ equal to

(c̄1t+ c̄2, c̄7t
2 + c̄6t+ c̄5) if a0 = 0 and c̄3 = 0,(

1

c̄3
ln |c̄3(c̄1t+ c̄2)|, c̄5r

2

c̄23(r − 1)
+

c̄6t+ c̄7

|t+ c̄2/(c̄1c̄3)|1/r

− c̄23b0X̄
1

2

(
t+

c̄2
c̄1c̄3

)2)
if a0 = 0 and c̄3 6= 0,

(r − 2

c̄3r
ln

∣∣∣∣ 1

c̄1
e
a0rt
r−2 +

c̄2
c̄1

∣∣∣∣ , c̄5(r − 2)2

c̄23(r − 1)
+

(
c̄6e

a0rt
r−2 + c̄7

)
∣∣∣c̄2/c̄1 + e

a0rt
r−2

∣∣∣1/r
+

(r − 2)2b0
(r − 1)a2

0

X̄1
)

if a0c̄3 6= 0,(
c̄1e

a0rt
r−2 + c̄2,

c̄5c̄
2
1

2
e

2a0rt
r−2 + c̄6e

a0rt
r−2 + c̄7 −

(r − 2)2b0
(r − 1)a2

0

X̄1

)
if a0 6= 0 and c̄3 = 0,



Equivalence groupoid of a class of stationary BKdV equations 151

where c̄’s are arbitrary smooth functions of θ with c̄4T̄t
∂(ãr,ã0,b̃0)
∂(ar,a0,b0) 6= 0 as

well as X̄1(t, θ) = ε(c̄4T̄t)
1/r with ε = ±1 and c̄4T̄t > 0 if r is even and

ε = 1 otherwise.

The function X̄0 in the second pair in the second set gives a general
solution of the linear inhomogeneous equation on X0(t),

c̄5 = b0
X1

Tt2
+

1

Tt

(
X0
t

Tt

)
t

− c̄3
X0
t

Tt
− c̄23(r − 1)

(r − 2)2
X0,

parameterized by the function T in the set and the corresponding X1(t).
Any particular solution of this equation seems impossible to be found
with standard techniques. Here instead, we used a method used for the
class FI,00 with gauging the arbitrary elements a0 and b0 to 0 first and
composing equivalence transformations thereafter.

Due to the above condition on the arbitrary elements b1 and a0, the
class Fr=2

IV,0 admits additional admissible transformations if and only if
a0 = 0. Abusing notations we denote the subclass singled out by this
condition again by Fr=2

IV,0.

Proposition 24. The point transformation of the form

t̃ = T (t), x̃ = X1(t)x+X0(t), ũ =
X1

Tt
u+

X1
t

Tt
x+

X0
t

Tt

connects the source and target equations in the class Fr=2
IV,0 if and only

if (X1)2/Tt = const 6= 0, the parameter function T runs through the
solution set of the system(

Ttt
Tt

)
t

− 1

2

(
Ttt
Tt

)2

= 2b̃1T
2
t − 2b1,

and the parameter function X0 of t satisfies the equation

1

Tt

(
X0
t

Tt

)
t

− b̃1X0 = b̃0 − b0
X1

Tt2
.

The last equation is linear inhomogeneous with respect to X0(T ) for a
given T (t), while the differential equation on T is integrated in quadra-
tures as an autonomous equation on ln |Tt| with standard techniques.
Nonetheless, using the similar trick as was used for the class FI,00, one
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can do better. More precisely, we gauge the arbitrary elements b0 and b1
to zeros by the point transformation of the form

t̃ = T (t), x̃ =
√
Ttx+X0(t), ũ =

u√
Tt

+
Tttx

2(Tt)3/2
+
X0
t

Tt
,

where(
T,X0

)
=
(
e2
√
b1t, 4b0(2

√
b1)3/2e

√
b1t
)

if b1 > 0;(
T,X0

)
=

(
tan(

√
−b1t),

−b0(−b1)3/4

cos
√
−b1t

)
if b1 < 0,

obtaining the subclass Fr=2
IV,00 of Fr=2

IV,0. Thereafter we present the equiv-

alence groupoid of Fr=2
IV,0 by composing an equivalence transformation

within the subclass Fr=2
IV,00 with point transformations mapping equa-

tions in the superclass to equations in the subclass and vice versa.

Proposition 25. The class Fr=2
IV,00 is normalized in the usual sense. Its

usual equivalence group is constituted by point transformations of the
form

t̃ = T (t), x̃ = X1(t)x+X0, ũ =
X1

Tt
u+

X1
t

Tt
x, ã2 = c4a2,

where X1(t) = ε(c4δ)
1/2/(c3t + c0), T = (c1t + c2)/(c3t + c0), X0 and

c’s are arbitrary constants with δ = c1c0 − c2c3 6= 0, c0, c1, c2 and c3
being defined up to a nonzero constant, c4δ > 0 and ε = ±1.

The point transformation TT̃ ,X̃0 which maps an equation in Fr=2
IV,00 to

an equation in Fr=2
IV,0 is of the same form as above,

t = T̃ (t̃), x =

√
|T̃t̃|x̃+ X̃0(t̃), u =

ũ√
|T̃t̃|

+
T̃t̃t̃x̃

2|T̃t̃|3/2
+
X̃0
t̃

T̃t̃
,

where T̃ (T (t)) = t and X̃0(t̃) = −(X0/Tt)(T̃ (t̃)), that is,

(
T̃ , X̃0

)
=

(
ln |t̃|
2
√
b̃1
,
b̃0

b̃1

)
if b̃1 > 0;

(
T̃ , X̃0

)
=

(
arctan(t̃)√
−b̃1

,
b̃0

b̃1

)
if b̃1 < 0.
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Proposition 26. The class Fr=2
IV,0 is normalized in the generalized sense.

Its effective generalized equivalence group is constituted by point trans-
formations of the form

t̃ = P 2(T (P 1(t))),

x̃ =
√
P 2
t̄ P

1
t X

1(t̂)x+
√
P 2
t̄

(
X1R1 +X0

)
+R2,

ũ =
X1u√
P 2
t̄ P

1
t Tt̂

+

 X1P 1
tt

2Tt̂

√
P 2
t̄ (P 1

t )3
+
X1
t̂

√
P 1
t√

P 2
t̄ Tt̂

+
P 2
t̄t̄X

1

2(P 2
t̄ )2
√
P 1
t

x

+
X1R1

t

Tt̂

√
P 2
t̄ P

1
t

+
X1
t̂
R1

Tt̂
+

P 2
t̄t̄

2(P 2
t̄ )3/2

(
X1R1 +X0

)
+
R2
t̄

P 2
t̄

,

ã2 = c4a2, b̃1 =
1

(P 2
t̄ )2

(
1

(P 1
t )2

(
b1 +

1

2

(
P 1
tt

P 1
t

)
t

− 1

4

(
P 1
tt

P 1
t

)2
)

+
1

2

(
P 2
t̄t̄

P 2
t̄

)
t̄

− 1

4

(
P 2
t̄t̄

P 2
t̄

)2
)
,

b̃0 =
1

(P 2
t̄ )3/2

(
b0

(P 1
t )3/2

+
1

P 1
t

(
R1
t

P 1
t

)
t

)
+

1

P 2
t̄

(
R2
t̄

P 2
t̄

)
t̄

− b̃1R2,

where t̂ = P 1(t), t̄ = T (t̂), t̃ = P 2(t̄), X1(t̂) = ε(c4Tt̂)
1/2, T = (c1t̂ +

c2)/(c3t̂+ c0) with δ = c1c0 − c2c3 6= 0;

(P 1(t), R1(t)) =


(t, −b0t2/2) if b1 = 0,

(tan(
√
−b1t), −b0(−b1)3/4/ cos(

√
−b1t)) if b1 < 0,

(e2
√
b1t, 4b0(2

√
b1)−3/2e

√
b1t) if b1 > 0;

X0 and c’s are arbitrary constants and the pair of smooth functions
(P 2(t̄), R2(t̄)) runs through the set{(

t̄,
c6t̄

2

2

)
,

(
ln |t̄|
2c5

,
c6
c25

)
,

(
arctan t̄

c5
, −c6

c25

)}
,

with ci, i = 0, . . . , 3, being defined up to a nonzero constant, c4δ > 0,
P 2
t̄ > 0 and ε = ±1.

In the notation of Proposition 26, the point transformation TP 2,R2

maps an equation in Fr=2
IV,00 to an equation in Fr=2

IV,0 with arbitrary-

element tuples (b0, b1) equal to (c6, 0), (c6, c
2
5) and (c6,−c25), respectively.
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íåëiíiéíîãî ñåðåäîâèùà

ç êîëèâíèìè âêëþ÷åííÿìè
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Ã.Â. Áóêóð, Î.Ì. Ìàñëîâà
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Ó ñòàòòi äîñëiäæóþòüñÿ ïîëiíîìiàëüíi ðîçâ'ÿçêè íåëiíiéíî¨ ñèñòåìè
ÄÐ×Ï, ÿêà îïèñó¹ äèíàìiêó ñêëàäíîãî ñåðåäîâèùà ç êîëèâíèìè âêëþ-
÷åííÿìè. Çîêðåìà ïîêàçàíî, ùî êîåôiöi¹íòè ðîçâ'ÿçêó ïðè ñòàðøèõ ìî-
íîìàõ çàäîâîëüíÿþòü ñóòò¹âî íåëiíiéíó äèíàìi÷íó ñèñòåìó ãàìiëüòî-
íîâîãî òèïó. Ó öié ñèñòåìi ïðè çìiíi êåðóþ÷îãî ïàðàìåòðó ìîäåëi iñíó-
þòü ïåðiîäè÷íi, êâàçiïåðiîäè÷íi òà õàîòè÷íi ðåæèìè, âèâ÷åííÿ ÿêèõ
çäiéñíþâàëîñü íà îñíîâi àíàëiçó ïåðåðiçiâ Ïóàíêàðå òà ñïåêòðó ëÿïó-
íîâñüêèõ ïîêàçíèêiâ.

The paper considers polónomial solutions to a nonlinear system of PDE
describing dynamics of complex medium with oscillating inclusions. In
particular, it is shown that the coe�cients of leading monomials satisfy
a strongly nonlinear dynamical system of Hamiltonian type. This system
may have periodic, quasiperiodic, and chaotic regimes when the model's
control parameter is varied. The observed regimes were studied by means
of analysis of Poincar�e sections and spectra of Lyapunov exponents.

1. Âñòóï. Ç àíàëiçó åêñïåðèìåíòàëüíèõ äàíèõ ñòîñîâíî ïðîòiêàí-
íÿ ôiçè÷íèõ ïðîöåñiâ ó ãåòåðîãåííèõ ñåðåäîâèùàõ âèïëèâà¹ íåîáõiä-
íiñòü óäîñêîíàëåííÿ êëàñè÷íèõ ìîäåëåé ìåõàíiêè ñóöiëüíîãî ñåðåäî-
âèùà øëÿõîì âðàõóâàííÿ âíóòðiøíiõ ÷àñîâî-ïðîñòîðîâèõ ìàñøòàáiâ
òà äîäàòêîâèõ ñòóïåíiâ ñâîáîäè. Òàêà ñèòóàöiÿ, çîêðåìà, ñêëàëàñÿ
ç îïèñîì ïîøèðåííÿ êîðîòêèõ àêóñòè÷íèõ õâèëü ó òâåðäèõ òiëàõ
òà òâåðäèõ ïîëiìåðàõ, ç îïèñîì ïîâåäiíêè ïîëiêðèñòàëi÷íèõ òië òà
ãðàíóëüîâàíèõ ñåðåäîâèù â óìîâàõ ñêëàäíîãî àáî òðèâàëîãî íàâàí-
òàæåííÿ, âèñîêèõ ãðàäi¹íòiâ òîùî [3, 9].
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Íàìàãàííÿ îïèñàòè ïîâåäiíêó ãðàíóëüîâàíèõ ñåðåäîâèù ó êîí-
òèíóàëüíîìó íàáëèæåííi ÷è ïðîöåñè ëîêàëiçàöi¨ äåôîðìàöi¨ ó ãåòå-
ðîãåííèõ ìàòåðiàëàõ ïîêàçàëè íåîáõiäíiñòü óçàãàëüíåííÿ êëàñè÷íèõ
ìîäåëåé ç ìåòîþ âðàõóâàííÿ ìiêðîñòðóêòóðè, äèíàìiêè ñòðóêòóðíèõ
åëåìåíòiâ òà âçà¹ìîäi¨ ìiæ íèìè. Ó öié ðîáîòi ðîçãëÿäàþòüñÿ ìîäåëi,
ÿêi âðàõîâóþòü êîëèâàëüíó äèíàìiêó ñòðóêòóðíèõ åëåìåíòiâ.

2. Âðàõóâàííÿ êîëèâíèõ ñòóïåíiâ ñâîáîäè â ìàòåìàòè÷-
íèõ ìîäåëÿõ ñòðóêòóðîâàíèõ ñåðåäîâèù. ßê çàçíà÷åíî ó ðî-
áîòàõ [9, 10], ñòðóêòóðíi åëåìåíòè ïðèðîäíèõ ãåîñåðåäîâèù ïåðåáó-
âàþòü ó ïîñòiéíîìó êîëèâàëüíîìó ðóñi. Äëÿ âðàõóâàííÿ êîëèâíî¨
äèíàìiêè ñòðóêòóðíèõ åëåìåíòiâ ãåîñåðåäîâèùà â ðàìêàõ òåîði¨ ñó-
öiëüíîãî ñåðåäîâèùà ìîæíà âèêîðèñòàòè óçàãàëüíåíi ðiâíÿííÿ ñòàíó
[14, 15, 16] àáî áåçïîñåðåäíüî îïèñàòè äèíàìiêó êîëèâàíü ó äîäàòêî-
âîìó ðiâíÿííi ðóõó. Äî îñòàííüîãî âèïàäêó íàëåæàòü ìîäåëi ó âè-
ãëÿäi âçà¹ìíî ïðîíèêàþ÷èõ êîíòèíóóìiâ [1, 2, 7, 11, 12, 15, 16, 17, 22]

∂2u

∂t2
=
∂σ

∂x
−m∂2w

∂t2
,

∂2w

∂t2
+ ω2(w − u) = 0,

σ =
E1

ρ

∂u

∂x
+
E2

ρ

(
∂u

∂x

)2

+
E3

ρ

(
∂u

∂x

)3

, (1)

äå u � çìiùåííÿ îñíîâíîãî ñåðåäîâèùà ãóñòèíè ρ, w � çìiùåííÿ
îñöèëþþ÷îãî âêëþ÷åííÿ ãóñòèíè mρ ç âëàñíîþ ÷àñòîòîþ ω.

Îñòàíí¹ ðiâíÿííÿ ¹ ðiâíÿííÿì ñòàíó íåñó÷îãî ñåðåäîâèùà. Âèêî-
íóþ÷è çíåðîçìiðåííÿ ìîäåëi (1) çãiäíî ç ôîðìóëàìè t = τt, x = c0τx,
u = c0u, w = c0w, ω = ωτ , çàïèøåìî ¨¨ ó òàêîìó âèãëÿäi

∂2u

∂t2
=
∂σ

∂x
−m∂2w

∂t2
,

∂2w

∂t2
+ ω2(w − u) = 0,

σ = e1
∂u

∂x
+ e2

(
∂u

∂x

)2

+ e3

(
∂u

∂x

)3

, (2)

äå e1 =
(
c
c0

)2
, e2 = E2

c20τρ
, e3 = E3

c20τ
2ρ
, c2 = E1

ρ .

Çàçíà÷èìî, ùî êóái÷íå ðiâíÿííÿ ñòàíó ¹ äîâîëi ïîøèðåíèì ñåðåä
ìîäåëåé ïðèðîäíèõ ìàòåðiàëiâ. Çîêðåìà, êîåôiöi¹íòè ei ïîâ'ÿçóþòü-
ñÿ ç îñîáëèâîñòÿìè ãðàôiêà ðiâíÿííÿ ñòàíó íàñòóïíèì ÷èíîì [20]:

σ = A1
∂u

∂x
+A2

(
∂u

∂x

)2

+A3

(
∂u

∂x

)3

,
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äå A1 = σ1

ε1
5−n

4 , A2 = σ1

ε21

1+n
2 , A3 = σ1

ε31

3+n
4 , n = σ2

σ1
< 0, ïàðàìåò-

ðè σ1 òà ε1 âèáèðàþòüñÿ iç óìîâè, ùî
∂σ
∂ε = 0 ó òî÷öi ç êîîðäèíàòàìè

(ε1, σ1). Äëÿ áàãàòüîõ ìàòåðiàëiâ |n| ≥ 1.
Âàðòî òàêîæ çàçíà÷èòè, ùî ïîäiáíi ìîäåëi âèíèêàþòü ÿê êîíòè-

íóàëüíi íàáëèæåííÿ äèñêðåòíèõ ëàíöþãiâ ÷àñòèíîê, çâ'ÿçàíèõ ïåâ-
íèìè ñèëàìè âçà¹ìîäi¨ [8, 13]. Òàêîæ òàêi ìîäåëi ó äîâãîõâèëüîâîìó
íàáëèæåííi îïèñóþòü ðîçïîâñþäæåííÿ çáóðåíü ó ñåðåäîâèùàõ ç ïó-
õèðöÿìè ãàçó, ùî íå ðîç÷èíÿ¹òüñÿ [6].

3. Ïîëiíîìiàëüíi ðîçâ'ÿçêè ìîäåëi âçà¹ìíî ïðîíèêàþ÷èõ
êîíòèíóóìiâ. Çàçíà÷èìî, ùî ó ðîáîòàõ [2, 11, 15, 16, 17, 22] äåòàëü-
íî âèâ÷åíî õâèëüîâi ðîçâ'ÿçêè ìîäåëi (1), ÿêi îïèñóþòüñÿ íåëiíié-
íèìè àâòîíîìíèìè çâè÷àéíèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè, ùî
äîçâîëÿ¹ âèêîðèñòàòè ñó÷àñíi äîñÿãíåííÿ â ãàëóçi ÷èñëîâîãî òà ÿêiñ-
íîãî àíàëiçó äèíàìi÷íèõ ñèñòåì. Íàòîìiñòü, iíøi ðîçâ'ÿçêè âêàçàíî¨
ìîäåëi ðåòåëüíî íå äîñëiäæóâàëèñü.

Íàðàçi ðîçãëÿíåìî ïîëiíîìiàëüíi ðîçâ'ÿçêè ìîäåëi (2). Ó öüîìó
âèïàäêó ðîçâ'ÿçîê ñèñòåìè (2) áóäåìî øóêàòè ó íàñòóïíîìó âèãëÿ-
äi [18]

u = a1 + a2x+ a3x
2, w = b1 + b2x+ b3x

2, (3)

äå êîåôiöi¹íòè ai = ai(t) òà bi = bi(t) ¹ ôóíêöiÿìè òiëüêè ÷àñó.
Ïiäñòàâèìî (3) â (2) òà âèïèøåìî êîåôiöi¹íòè ïðè ìîíîìàõ xk.

Ïðè x0:

−2a3e1 − 4a2a3e2 − 6a2
2a3e3 +

d2a1

dt2
+m

d2b1
dt2

= 0,

d2b1
dt2

+ ω2 (b1 − a1) = 0.

Ïðè x1:

−8a2
3e2 − 24a2a

2
3e3 +

d2a2

dt2
+m

d2b2
dt2

= 0,

d2b2
dt2

+ ω2(b2 − a2) = 0.

Ïðè x2:

−24a3
3e3 +

d2a3

dt2
+m

d2b3
dt2

= 0,
d2b3
dt2

+ ω2(b3 − a3) = 0. (4)
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Äëÿ ñïðîùåííÿ ñèñòåìè (4) ïðèéìåìî, ùî 24e3 = −µ < 0, a3 = x,
b3 = y, òà âèêîíà¹ìî íàñòóïíi ìàñøòàáíi ïåðåòâîðåííÿ

t = τ t̄, x =
x̄

q
, y =

ȳ

q
.

ßêùî ïàðàìåòðè τ = 1
ω , q =

√
µ

ω , òî ïðèéäåìî äî òàêî¨ ñèñòåìè
ðiâíÿíü (íåõòóþ÷è ðèñêàìè íàä çìiííèìè):

d2x

dt2
+ x3 = m (y − x) ,

d2y

dt2
+ (y − x) = 0,

ÿêà çàëåæèòü ëèøå âiä îäíîãî ïàðàìåòðó çâ'ÿçêó m.
Ëåãêî ïîêàçàòè, ùî îòðèìàíà ñèñòåìà ¹ ãàìiëüòîíîâîþ. Äiéñíî,

çà äîäàòêîâî¨ çàìiíè çìiííî¨ y = y√
m
ìîæíà îòðèìàòè ñèñòåìó

d2x

dt2
+ x3 = m

(
y√
m
− x
)
,

d2y

dt2
+
√
m

(
y√
m
− x
)

= 0,

ÿêà ìà¹ ïðåäñòàâëåííÿ âèäó

d2x

dt2
= −∂V

∂x
,

d2y

dt2
= −∂V

∂y
,

äå ïîòåíöiàë V = x4

4 + m
2

(
y√
m
− x
)2
, ùî äîçâîëÿ¹ çàïèñàòè ôóíêöiþ

Ãàìiëüòîíà ó âèãëÿäi

H = 1
2p

2
x + 1

2p
2
y + V (x, y), px =

dx

dt
, py =

dy

dt
, (5)

ÿêà íà òðà¹êòîðiÿõ ñèñòåìè íàáóâà¹ ñòàëèõ çíà÷åíü, òîáòî dH
dt = 0,

à îòæå, H = h = const.
Ðîçãëÿíåìî ñòðóêòóðó ôàçîâîãî ïðîñòîðó ñèñòåìè òà ¨¨ çìiíó ïðè

âàðiþâàííÿ ïàðàìåòðiâ ñèñòåìè. Äëÿ öüîãî âèêîðèñòà¹ìî òåõíiêó ïå-
ðåðiçiâ Ïóàíêàðå, à ó ÿêîñòi êåðóþ÷îãî ïàðàìåòðó âèáåðåìî ïàðà-
ìåòð h � åíåðãiÿ ñèñòåìè. Ïî÷àòêîâi óìîâè äëÿ iíòåãðóâàííÿ ñèñòå-
ìè âèáåðåìî òàêèì ÷èíîì ùîá âîíè çàäîâîëüíÿëè ãàìiëüòîíiàí H.

Ðiâíÿííÿ H = h = const ÿâëÿ¹ ñîáîþ ãiïåðïîâåðõíþ â 4-âèìið-
íîìó ôàçîâîìó ïðîñòîði äèíàìi÷íî¨ ñèñòåìè, íà ÿêié iíòåãðàëüíà
òðà¹êòîðiÿ ëèøà¹òüñÿ óâåñü íàñòóïíèé ÷àñ. Öÿ òðà¹êòîðiÿ ôîðìó¹
òðèâèìiðíèé ôàçîâèé ïîðòðåò, ÿêèé ìîæíà âèâ÷àòè çà äîïîìîãîþ
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ïåðåðiçiâ Ïóàíêàðå, íàïðèêëàä, ïëîùèíîþ x = 0. Òîäi ó öié ïëîùèíi
òî÷êè ïåðåòèíó òðà¹êòîði¨ ç ñi÷íîþ ïëîùèíîþ ôîðìóþòü ïåðåðiç
Ïóàíêàðå.

Çàôiêñó¹ìî çíà÷åííÿ ïàðàìåòðó m = 0,01 òà çíà÷åííÿ çìiííî¨ x
ó ïî÷àòêîâèé ìîìåíò ÷àñó x(0) = x0 = 0,45. Iíøi ïî÷àòêîâi óìîâè
âèáåðåìî ó ôîðìi y(0) = dy

dt (0) = 0 òà dx
dt (0) =

√
2h−mx2

0 − x4
0/2.

Ó ÿêîñòi êåðóþ÷îãî ïàðàìåòðà âèáåðåìî h. Ïðè ìàëèõ h êîëèâàí-
íÿ áëèçüêi äî ãàðìîíi÷íèõ, àëå ïðè çðîñòàííi h ¨õ ôîðìà ïî÷èíà¹ óñå
áiëüøå âiäðiçíÿòèñü âiä ãàðìîíi÷íèõ ïiä âïëèâîì íåëiíiéíîñòi. Òèïî-
âèé ïåðåðiç Ïóàíêàðå, ÿêèé âiäïîâiäà¹ êâàçiïåðiîäè÷íié òðà¹êòîði¨,
çîáðàæåíî íà ðèñ. 1a. Ïîäàëüøå çðîñòàííÿ h ñïðè÷èíÿ¹ óñêëàäíåííÿ
ãåîìåòðè÷íî¨ ñòðóêòóðè ïåðåðiçiâ, ùî ñóïðîâîäæó¹òüñÿ ðîçäiëåííÿì
çàìêíóòî¨ êðèâî¨ íà ôðàãìåíòè, óòâîðåííÿ íà ìiñöi öèõ ôðàãìåíòiâ
íîâèõ çàìêíóòèõ êðèâèõ i, íàðåøòi, ïîÿâîþ îáëàñòåé ç õàîòè÷íî çà-
ïîâíåíèìè òî÷êàìè. Çîêðåìà, íà ðèñ. 1á ïðåäñòàâëåíî òàêèé ïåðåðiç
Ïóàíêàðå ç õàîòè÷íîþ îáëàñòþ, ïîáóäîâàíèé ïðè h = 0,79.

(a) (á)

Ðèñ. 1. Ïåðåðiç Ïóàíêàðå ïðè h = 0,705 (à) òà h = 0,79 (á).

4. Àëãîðèòì îá÷èñëåííÿ ÑËÏ. Äëÿ âñòàíîâëåííÿ õàðàêòåðó
âèÿâëåíèõ ðåæèìiâ âèêîðèñòà¹ìî ëÿïóíîâñüêi ïîêàçíèêè [5], ÿêi ¹
óçàãàëüíåííÿì âëàñíèõ çíà÷åíü ñòàöiîíàðíèõ òî÷îê äèíàìi÷íî¨ ñèñ-
òåìè òà ìóëüòèïëiêàòîðiâ ãðàíè÷íèõ öèêëiâ íà âèïàäîê áiëüø çà-
ãàëüíèõ òðà¹êòîðié. Âîíè õàðàêòåðèçóþòü ñòiéêiñòü öi¹¨ òðà¹êòîði¨,
òîáòî ñòðóêòóðó ôàçîâîãî ïðîñòîðó ïîáëèçó âèäiëåíî¨ òðà¹êòîði¨.
Òîìó àíàëiç öi¹¨ ÷àñòèíè ôàçîâîãî ïðîñòîðó ìîæíà ðîáèòè ó ëiíié-
íîìó íàáëèæåííi, ÿêå çàäîâîëüíÿ¹ âàðiàöiéíå ðiâíÿííÿ dΦ

dt = DFΦ.



160 Ñ.I. Ñêóðàòiâñüêèé òà ií.

Çîêðåìà, äëÿ ñòàöiîíàðíî¨ òî÷êè, êîëè òðà¹êòîði¹þ ¹ ñòàëèé ðîç-
â'ÿçîê, ðiâíÿííÿ ó âàðiàöiÿõ ¹ ñèñòåìîþ iç ñòàëèìè êîåôiöi¹íòàìè
ç ðîçâ'ÿçêîì, ùî ¹ ñóïåðïîçèöi¹þ ÷àñòèííèõ ðîçâ'ÿçêiâ mi=exp(λit),
äå λi � âëàñíi çíà÷åííÿ ìàòðèöi ëiíåàðèçàöi¨.

Òîäi ëÿïóíîâñüêèé ïîêàçíèê λi = lim
t→∞

1
t ln(|mi|). Â iíøèõ âèïàä-

êàõ mi(t) íå ¹ ñòðîãî åêñïîíåíöiéíîþ ôóíêöi¹þ, àëå çàâäÿêè îñåðåä-
íåííþ çà âåëèêèé ïðîìiæîê ÷àñó öÿ âåëè÷èíà çáiãà¹òüñÿ äî åêñïî-
íåíöiéíî¨ ìàéæå çàâæäè (äëÿ ìàéæå âñiõ ïî÷àòêîâèõ óìîâ).

Çàçíà÷èìî, ùî âèçíà÷åííÿ ïîêàçíèêiâ Ëÿïóíîâà çiøòîâõó¹òüñÿ
iç ïðîáëåìàìè ÷èñëîâîãî õàðàêòåðó [21], îñêiëüêè íå çáåðiãà¹òüñÿ ëi-
íiéíà íåçàëåæíiñòü ïðè ÷èñëîâîìó iíòåãðóâàííi. Äëÿ âèðiøåííÿ öi¹¨
ïðîáëåìè âèêîðèñòîâóþòü ïðîöåäóðó îðòîãîíàëiçàöi¨ Ãðàìà�Øìiä-
òà [21]. Ó ÿêîñòi ïåðåâiðêè ïðàâèëüíîñòi îá÷èñëåííÿ ïîêàçíèêiâ âè-
êîðèñòà¹ìî òîé ôàêò, ùî ñóìà ïîêàçíèêiâ äîðiâíþ¹ ñåðåäíüîìó çà
÷àñîì çíà÷åííþ ñëiäó ìàòðèöi ëiíåàðèçàöi¨.

Çîêðåìà, âèáåðåìî çíà÷åííÿ ïàðàìåòðà h = 0,705 òà ïî÷àòêîâó
òî÷êó {0,45; 0; 1,1779; 0} íà ïðîôiëi äîñëiäæóâàíî¨ òðà¹êòîði¨, ôàçî-
âèé ïîðòðåò ÿêî¨ çîáðàæåíî íà ðèñ. 1(à). Ó ðåçóëüòàòi ðîáîòè ïðî-
ãðàìè îòðèìà¹ìî ñïåêòð λ =

{
±3 · 10−4;±5 · 10−4

}
.

Îñêiëüêè ñèñòåìà ãàìiëüòîíîâà, òî ñóìà ïîêàçíèêiâ ïîâèííà áóòè
íóëüîâîþ, ùî äëÿ öi¹¨ ñèñòåìè çàáåçïå÷ó¹òüñÿ ç òî÷íiñòþ ∼10−6.

Äëÿ òðà¹êòîði¨ ðèñ. 1(á), ïîáóäîâàíî¨ ïðè çíà÷åííi ïàðàìåòðà
h = 0,79 ç ïî÷àòêîâî¨ òî÷êè {0,45; 0; 1,2479; 0}, ñïåêòð ïîêàçíèêiâ
Ëÿïóíîâà λ =

{
±0,0176;±7 · 10−4

}
. Íàÿâíiñòü äîäàòíîãî ïîêàçíèêà

âêàçó¹ íà íåñòiéêiñòü òðà¹êòîði¨, ùî ñóïðîâîäæó¹òüñÿ ïîÿâîþ õàî-
òè÷íîãî ïåðåðiçó Ïóàíêàðå.

5. Âèïàäîê ñëàáêî çâ'ÿçàíî¨ ñèñòåìè. Ðîçãëÿíåìî äåòàëüíî
âèïàäîê ñèñòåìè, êîëè ïàðàìåòð m = εm� 1 ìàëèé i ñèñòåìó

d2x

dt2
+ x3 = mε(y − x),

d2y

dt2
+ (y − x) = 0 (6)

ìîæíà ââàæàòè ñëàáêî çâ'ÿçàíîþ.
Äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ òàêî¨ ñèñòåìè âèêîðèñòà¹ìî ðåçóëü-

òàòè ðîáiò [19, 23]. Âèêîíà¹ìî ó ñèñòåìi (6) íàñòóïíó çàìiíó çìiííèõ

ψ1 = ẋ+ ix, ψ2 = ẏ + iy,

ψ?1 = ẋ− ix, ψ?2 = ẏ − iy, i =
√
−1.
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Ó íîâèõ çìiííèõ ñèñòåìà íàáóäå âèãëÿäó

ψ̇1 − i
2 (ψ1 + ψ?1) + i

8 (ψ1 − ψ?1)
3

+mε i
2 (ψ2 − ψ?2 − ψ1 + ψ?1) = 0,

ψ̇2 − iψ2 + i
2 (ψ1 − ψ?1) = 0.

Íàáëèæåíèé ðîçâ'ÿçîê îòðèìàíî¨ ñèñòåìè øóêàòèìåìî ó âèãëÿäi

ψ1 = ϕ1eit, ψ2 = ϕ2eit,

ÿêèé îïèñó¹ ðåçîíàíñíèé âèïàäîê êîëèâàíü ïîáëèçó âiäïîâiäíî¨ ÷àñ-
òîòè. Ó ðåçóëüòàòi îñåðåäíåííÿ çà øâèäêîþ çìiííîþ îòðèìà¹ìî àì-
ïëiòóäíå ðiâíÿííÿ

ϕ̇1 + i
2 (1−mε)ϕ1 − 3i

8 |ϕ1|2ϕ1 + i
2mεϕ2 = 0,

ϕ̇?1 − i
2 (1−mε)ϕ?1 + 3i

8 |ϕ1|2ϕ?1 − i
2mεϕ

?
2 = 0,

ϕ̇2 + i
2ϕ1 = 0, ϕ̇?2 − i

2ϕ
?
1 = 0. (7)

Ëåãêî ïåðåêîíàòèñü, ùî îòðèìàíà ñèñòåìà ìà¹ ïåðøèé iíòåãðàë

|ϕ1|2 +mε|ϕ2|2 = N = const.

Öå äîçâîëÿ¹ ââåñòè íîâi çìiííi çãiäíî iç ñïiââiäíîøåííÿìè

ϕ1 = N sin θeiδ1 , ϕ2 =
N√
mε

sin θeiδ2 ,

ïiäñòàíîâêà ÿêèõ ó (7) ïðèâîäèòü äî ñèñòåìè âiäíîñíî θ òà δ:

θ̇ + 1
2 (1−mε)− 3

8N
2 sin2 θ +

√
mε ctg 2θ cos δ = 0,

δ̇ + 1
2

√
mε sin δ = 0. (8)

Îòðèìàíà ñèñòåìà ìà¹ ñòàöiîíàðíi òî÷êè ç êîîðäèíàòàìè δ = 0 òà θ,
ùî çàäîâîëüíÿ¹ ðiâíÿííÿ

G(θ) ≡ 1
2 (1−mε)− 3

8N
2 sin2 θ +

√
mε ctg 2θ = 0.

Àíàëiçóþ÷è ãðàôiêè ôóíêöi¨ G(θ) (ðèñ. 2) ïðîòÿãîì ¨¨ ïåðiîäó π
ìîæíà ïåðåêîíàòèñü, ùî êiëüêiñòü ñòàöiîíàðíèõ òî÷îê i ¨õ òèï çà-
ëåæàòü âiä âåëè÷èíè N . Äiéñíî, ïðè N = 1,1 ôóíêöiÿ G(θ) ìà¹
äâà êîðåíi, ÿêi ¹ öåíòðàìè, îòî÷åíèìè çàìêíóòèìè òðà¹êòîðiÿìè
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Ðèñ. 2. Ãðàôiêè ôóíêöi¨ G(θ) ïðè N = 1,1 (ïóíêòèðíà ëiíiÿ) òà
N = 1,5 (ñóöiëüíà êðèâà).

ñèñòåìè (8). Ïðè çðîñòàííi N ñïîñòåðiãà¹òüñÿ äåôîðìóâàííÿ ãðà-
ôiêà, ùî ñïðè÷èíþ¹ ïîÿâó äîäàòêîâèõ äâîõ êîðåíiâ. Êîðiíü, â ÿêî-
ìó ïîõiäíà G′θ(θ) > 0, âiäïîâiäà¹ ñiäëîâié ñòàöiîíàðíié òî÷öi, ÷åðåç
ÿêó ïðîõîäÿòü ¨¨ ñåïàðàòðèñè. Íàÿâíiñòü ó ôàçîâîìó ïðîñòîði ñèñòå-
ìè (8) ñiäëîâî¨ òî÷êè ñëóæèòü îçíàêîþ òîãî, ùî â ñèñòåìi (6) ìîæóòü
ðåàëiçóâàòèñü õàîòè÷íi ðåæèìè, ùî âèíèêàþòü óíàñëiäîê óòâîðåííÿ
ñòîõàñòè÷íîãî øàðó [4].

6. Âèñíîâêè. Òàêèì ÷èíîì, ó ðîáîòi ïîêàçàíî, ùî ìîäåëü ñêëà-
äíîãî ñåðåäîâèùà ìà¹ ïîëiíîìiàëüíi ðîçâ'ÿçêè, ïîâåäiíêà ÿêèõ ó ÷à-
ñi ìîæå áóòè ÿê ïåðiîäè÷íîþ, êâiçiïåðiîäè÷íîþ òàê i õàîòè÷íîþ.
Õàîòè÷íi ðåæèìè ïîâ'ÿçàíi ç óòâîðåííÿì ñòîõàñòè÷íîãî øàðó â îêî-
ëi ñåïàðàòðèñíèõ êîíòóðiâ ñiäëîâèõ òî÷îê ñèñòåìè.
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Âèêîðèñòîâóþ÷è êëàñè÷íèé ìåòîä Ëi�Îâñÿííiêîâà, çíàéäåíî ìàêñè-
ìàëüíó àëãåáðó iíâàðiàíòíîñòi ðiâíÿííÿ, ÿêå âèïëèâà¹ ç ðiâíÿííÿ öi-
íîóòâîðåííÿ àçiéñüêèõ îïöiîíiâ. Çà äîïîìîãîþ îïåðàòîðiâ öi¹¨ àëãå-
áðè ïðîâåäåíî ñèìåòðiéíó ðåäóêöiþ é ïîáóäîâàíî iíâàðiàíòíi òî÷íi
ðîçâ'ÿçêè ÿê öüîãî ðiâíÿííÿ, òàê i, âiäïîâiäíî, ðiâíÿííÿ öiíîóòâîðåííÿ
àçiéñüêèõ îïöiîíiâ.

Using the classical Lie�Ovsyannikov method, a maximal invariance algebra
was found for a equation that follows from the pricing equation of Asian
options. Using the operators of that algebra symmetric reduction is carried
out and invariant exact solutions are constructed for this equation, as well
as for the pricing equation of Asian options, respectively.

1. Âñòóï. Òðàäèöiéíîþ ìîäåëëþ â òåîði¨ ôiíàíñîâèõ ðèíêiâ ¹
ìîäåëü Áëåêà�Øîóëçà, ÿêà îïèñó¹òüñÿ ëiíiéíèì äèôåðåíöiàëüíèì
ðiâíÿííÿì â ÷àñòèííèõ ïîõiäíèõ äðóãîãî ïîðÿäêó ç äâîìà íåçàëå-
æíèìè çìiííèìè [8]. Îäíàê ïðàêòè÷íi äîñëiäæåííÿ âêàçóþòü íà òå,
ùî öÿ ìîäåëü âiäïîâiäíî äî çðîáëåíèõ ïðèïóùåíü äàëåêà âiä àäåêâà-
òíîñòi ðåàëüíèì ïðîöåñàì, ÿêi âiäáóâàþòüñÿ íà ôiíàíñîâèõ ðèíêàõ.
Òîìó â îñòàííi äåñÿòèëiòòÿ äîñëiäíèêè ïåðåéøëè äî áiëüø ñêëàäíèõ
ìîäåëåé äèíàìiêè ôiíàíñîâèõ ðèíêiâ, ÿêi îïèñóþòüñÿ ðiâíÿííÿìè ç
áiëüøîþ êiëüêiñòþ íåçàëåæíèõ çìiííèõ àáî íåëiíiéíèìè ðiâíÿííÿ-
ìè. Ìåòîäè äîñëiäæåííÿ òàêèõ ìîäåëåé äîñèòü ðiçíi, çîêðåìà ÷àñòî
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âèêîðèñòîâóþòü ÷èñåëüíi ìåòîäè [10]. ßê çàâæäè, êîëè ìîâà éäå ïðî
ïðîöåñè, ùî ìîäåëþþòüñÿ äèôåðåíöiàëüíèìè ðiâíÿííÿìè, âàæëèâî
ìàòè òî÷íi ðîçâ'ÿçêè òàêèõ ðiâíÿíü. Îäíèì ç íàéáiëüø åôåêòèâíèõ
ìåòîäiâ, ùî äîçâîëÿþòü çäiéñíèòè ïîøóê ðîçâ'ÿçêiâ, ¹ ìåòîäè ãðóïî-
âîãî àíàëiçó [4, 5]. Ïåðøi äîñëiäæåííÿ ãðóïîâèõ âëàñòèâîñòåé ëiíié-
íîãî ðiâíÿííÿ Áëåêà�Øîóëçà áóëî ïðîâåäåíî â ðîáîòi [12]. Â îñòàííi
ðîêè ìåòîäàìè ñèìåòðiéíîãî àíàëiçó äîñëiäæóþòüñÿ ðiçíi ëiíiéíi òà
íåëiíiéíi ìîäèôiêàöi¨ ðiâíÿííÿ Áëåêà�Øîóëçà [1, 9, 11, 13, 14, 15].

Öÿ ðîáîòà ïðèñâÿ÷åíà ñèìåòðiéíîìó àíàëiçó òà ïîáóäîâi òî÷íèõ
ðîçâ'ÿçêiâ ëiíiéíîãî ðiâíÿííÿ öiíîóòâîðåííÿ àçiéñüêèõ îïöiîíiâ â íå-
ïåðåðâíîìó ÷àñi τ ∈ [0;T ] [7]:

∂V

∂τ
+

1

2
σ2S2 ∂

2V

∂S2
+ rS

∂V

∂S
+ S

∂V

∂A
− rV = 0, (1)

äå T � òåðìií äi¨ êîíòðàêòó; V = V (τ, S,A) � ôóíêöiÿ âàðòîñòi
îïöiîíó; S � âàðòiñòü áàçîâîãî àêòèâó; A � óñåðåäíåíå çíà÷åííÿ
âñiõ íàÿâíèõ öií áàçîâèõ àêòèâiâ S äî ìîìåíòó ÷àñó τ ; r i σ � ñòàëi,
ùî îïèñóþòü áåçðèçèêîâó âiäñîòêîâó ñòàâêó i âîëàòèëüíiñòü àêöi¨
âiäïîâiäíî. Ðiâíÿííÿ (1) çà äîïîìîãîþ çàìiíè

V (τ, S,A) = f(τ, S,A)u(t(τ, S,A), x(τ, S,A), y(τ, S,A)), (2)

äå ôóíêöiÿ f(τ, S,A) i íîâi íåçàëåæíi çìiííi t, x, y âèçíà÷àþòüñÿ,
âiäïîâiäíî, ôîðìóëàìè

f = s−me−
qσ2

2 (T−τ), t =
σ2

2
(T − τ), x = S,

y =
σ2

2
A, m =

r

σ2
, q = m2 +m, (3)

çâîäèòüñÿ äî ðiâíÿííÿ

∂u

∂t
= x2 ∂

2u

∂x2
+ x

∂u

∂y
, (4)

äå u = u(t, x, y).

2. Ñèìåòðiéíi âëàñòèâîñòi. Äëÿ äîñëiäæåííÿ ñèìåòðiéíèõ âëà-
ñòèâîñòåé ðiâíÿííÿ (4) âèêîðèñòà¹ìî êëàñè÷íèé ìåòîä Ëi�Îâñÿííi-
êîâà [4]. Ó ðåçóëüòàòi îòðèìà¹ìî:
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Òåîðåìà 1. Ìàêñèìàëüíà àëãåáðà Ëi iíâàðiàíòíîñòi ðiâíÿííÿ (4)
ãåíåðó¹òüñÿ òàêèìè äèôåðåíöiàëüíèìè îïåðàòîðàìè:

〈X1 = ∂t, X2 = ∂y, X3 = u∂u, X4 = x∂x + y∂y,

X5 = xy∂x +
1

2
y2∂y +

1

2
xu∂u, X∞ = β(t, x, y)∂u〉, (5)

äå ôóíêöiÿ β(t, x, y) ¹ äîâiëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (4).

Äàëi íå âðàõîâóâàòèìåìî îïåðàòîð ñèìåòði¨ X∞ = β(t, x, y)∂u,
ÿêèé ïðèòàìàííèé ëiíiéíèì ðiâíÿííÿì i îáóìîâëþ¹ ïðèíöèï ñóïåð-
ïîçèöi¨. Çàäà÷à îïèñó òàêèõ îïåðàòîðiâ åêâiâàëåíòíà ïîøóêó çàãàëü-
íîãî ðîç'âÿçêó òàêèõ ðiâíÿíü. Çàçíà÷èìî, ùî äèôåðåíöiàëüíi îïåðà-
òîðè ñèìåòði¨ (5) Xi, i = 1, . . . , 5 óòâîðþþòü áàçèñ 5-âèìiðíî¨ àëãåáðè
Ëi L5, ÿêà ¹ ïðÿìîþ ñóìîþ àëãåáð Ëi 〈X1〉, 〈X3〉 i 〈X2, X4, X5〉, òîáòî

L5 = X1 ⊕X3 ⊕ 〈X2, X4, X5〉.

Àëãåáðà L5 içîìîðôíà àëãåáði

A5 = 〈e1, e2, e3, e4, e5〉 = 〈e1, e2, e3〉 ⊕ 〈e4, e5〉 = sl(2,R)⊕ 2A1,

ÿêà ¹ ïðÿìîþ ñóìîþ ïiäàëãåáð 〈e1, e2, e3〉 = sl(2,R) òà 〈e4, e5〉 = 2A1.
Içîìîðôiçì ìiæ àëãåáðàìè L5 i A5 âñòàíîâëþ¹òüñÿ ëiíiéíèìè ïå-

ðåòâîðåííÿìè:

e1 = 2X4 = 2x∂x + 2y∂y,

e2 = −2X5 = −2xy∂x − y2∂y − xu∂u,
e3 = X2 = ∂y, e4 = X1 = ∂t, e5 = X3 = u∂u.

3. Ñèìåòðiéíà ðåäóêöiÿ. Îäíèì iç çàñòîñóâàíü ñèìåòðiéíèõ
âëàñòèâîñòåé äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ¹
ñèìåòðiéíà ðåäóêöiÿ ðiâíÿíü ç íåòðèâiàëüíîþ ñèìåòði¹þ äî ðiâíÿíü
ç ìåíøîþ êiëüêiñòþ íåçàëåæíèõ çìiííèõ. Ìåòîä ðåäóêöi¨ çà îïòè-
ìàëüíîþ ñèñòåìîþ ïiäàëãåáð ìàêñèìàëüíî¨ àëãåáðè Ëi iíâàðiàíòíî-
ñòi äîáðå âiäîìèé i äîñòàòíüî àëãîðèòìi÷íèé (äèâ., íàïð., [3, 4, 5]).

Äëÿ òîãî, ùîá âèêîðèñòàòè ìîæëèâi ðåäóêöi¨ ðiâíÿííÿ (4), íåîá-
õiäíî çíàéòè íååêâiâàëåíòíi ïiäàëãåáðè àëãåáðè A5. Çîêðåìà, îäíî-
âèìiðíèì ïiäàëãåáðàì áóäå âiäïîâiäàòè ðåäóêöiÿ ðiâíÿííÿ (4) äî ðiâ-
íÿííÿ ç ÷àñòèííèìè ïîõiäíèìè âiä äâîõ íåçàëåæíèõ çìiííèõ. Ñèìåò-
ðiéíà ðåäóêöiÿ ðiâíÿííÿ (4) äî çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
ïåðåäáà÷à¹ íàÿâíiñòü ñïèñêó äâîâèìiðíèõ ïiäàëãåáð àëãåáðè A5.
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Ó ðîáîòi [5] íàâåäåíî ìåòîä êëàñèôiêàöi¨ ïiäàëãåáð äiéñíèõ àë-
ãåáð Ëi ç òî÷íiñòþ äî ïåðåòâîðåíü, ÿêi âèçíà÷àþòü ãðóïè âíóòðiøíiõ
àâòîìîðôiçìiâ öèõ àëãåáð Ëi. Çãiäíî ç öèì ìåòîäîì îäíîâèìiðíi ïiä-
àëãåáðè àëãåáðè A5 âè÷åðïóþòüñÿ àëãåáðàìè

〈e4 + αe5〉, 〈e5〉, 〈e1 + αe4 + βe5〉,
〈e2 + αe4 + βe5〉, 〈e2 − e3 + αe4 + βe5〉, (6)

à äâîâèìiðíi ïiäàëãåáðè � òàêèìè àëãåáðàìè:

〈e4, e5〉, 〈e1 + αe5, e4 + βe5〉, 〈e2 + αe5, e4 + βe5〉,
〈e1 + αe4 + βe5, e2〉, 〈e2 − e3 + αe4, e5〉, 〈e2 + αe4, e5〉,
〈e2 − e3 + αe5, e4 + βe5〉, 〈e1 + αe4, e5〉, α, β ∈ R. (7)

Âèêîðèñòà¹ìî îïåðàòîðè (6) i (7) äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ
ðiâíÿííÿ (4). Îäíîâèìiðíèì ïiäàëãåáðàì (6) áóäå âiäïîâiäàòè ðå-
äóêöiÿ ðiâíÿííÿ (4) äî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè âiä äâîõ
íåçàëåæíèõ çìiííèõ. Âèêîðèñòîâóþ÷è ïåðåëiê îäíîâèìiðíèõ ïiäàë-
ãåáð (6), íàñàìïåðåä âiäáèðà¹ìî òi ïiäàëãåáðè, ÿêi çàäîâîëüíÿþòü
íåîáõiäíó óìîâó iñíóâàííÿ ðåäóêöi¨ [3]. Îòæå, òàêèìè ïiäàëãåáðàìè
áóäóòü

〈e4 + αe5〉, 〈e1 + αe4 + βe5〉,
〈e2 + αe4 + βe5〉, 〈e2 − e3 + αe4 + βe5〉. (8)

Äëÿ êîæíî¨ ç îäíîâèìiðíèõ ïiäàëãåáð (8) ïîäàíî, âiäïîâiäíî, àí-
çàö òà ðåäóêîâàíå ðiâíÿííÿ:

1) 〈e4 + αe5〉 : u = eαtf(ω1, ω2), ω1 = x, ω2 = y,

ω2
1fω1ω1

+ ω1fω2
− αf = 0;

2) 〈e1 + αe4 + βe5〉 : ÿêùî α 6= 0, òî u = exp

(
βt

α

)
f(ω1, ω2),

ω1 =
x

y
, ω2 = y exp

(
−2t

α

)
,

ω2
1fω1ω1

+ ω2

(
2

α
+ ω1

)
fω2
− ω2

1fω1
− β

α
f = 0;

ÿêùî α = 0, òî u = yβ/2f(ω1, ω2), ω1 = t, ω2 =
x

y
,
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ω2
2fω2ω2 − ω2

2fω2 − fω1 +
β

2
ω2f = 0;

3) 〈e2 + αe4 + βe5〉 :

u = exp

(
β + x

y

)
f(ω1, ω2), ω1 = t− α

y
, ω2 =

x

y2
,

ω2
2fω2ω2

+ (αω2 − 1)fω1
− βω2f = 0;

4) 〈e2 − e3 + αe4 + βe5〉 :

u = exp

(
−β arctg y +

xy

y2 + 1

)
f(ω1, ω2),

ω1 = t+ α arctg y, ω2 =
x

y2 + 1
,

ω2
2fω2ω2 + (αω2 − 1)fω1 + (ω2 − β)ω2f = 0.

Âèêîðèñòîâóþ÷è iíâàðiàíòè îïåðàòîðiâ ñèìåòðié ðiâíÿííÿ (4), ÿêi
âiäïîâiäàþòü çíàéäåíèì äâîâèìiðíèì ïiäàëãåáðàì, ìîæíà ïðîâåñòè
ðåäóêöiþ öüîãî ðiâíÿííÿ äî çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Äëÿ êîæíî¨ iç äâîâèìiðíèõ ïiäàëãåáð (7), ÿêi çàäîâîëüíÿþòü íå-
îáõiäíié óìîâi iñíóâàííÿ ðåäóêöi¨, ïîäàíî, âiäïîâiäíî, àíçàö òà ðå-
äóêîâàíå ðiâíÿííÿ:

1) 〈e1 + αe5, e4 + βe5〉 : u = yα/2eβtf(ω), ω =
x

y
,

ω2f̈ − ω2ḟ +
(α

2
ω − β

)
f = 0;

2) 〈e2 + αe5, e4 + βe5〉 : u = exp

(
βt+

α+ x

y

)
f(ω), ω =

√
x

y
,

ω2f̈ − ωḟ − 4(αω2 + β)f = 0;

3) 〈e1 + αe4 + βe5, e2〉 :

ÿêùî α 6= 0, òî u = exp

(
βt

α
+
x

y

)
f(ω),

ω =
x

y2
exp

(
2t

α

)
, αω2f̈ − 2ωḟ − βf = 0;

ÿêùî α = 0, òî u =

(
y√
x

)β
exp

(
x

y

)
f(ω), ω = t,

ḟ −
(
β2 + 2β

2

)
f = 0;
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4) 〈e2 − e3 + αe5, e4 + βe5〉 :

u = exp

(
βt− α arctg y +

xy

y2 + 1

)
f(ω), ω =

x

y2 + 1
,

ω2f̈ + (ω2 − αω − β)f = 0,

äå êðàïêà âèçíà÷à¹ äèôåðåíöiþâàííÿ ôóíêöi¨ f çà çìiííîþ ω.
4. Òî÷íi ðîçâ'ÿçêè ëiíiéíîãî ðiâíÿííÿ öiíîóòâîðåííÿ àçié-

ñüêèõ îïöiîíiâ. Ïîáóäó¹ìî iíâàðiàíòíi ðîçâ'ÿçêè ðiâíÿííÿ (4). Ðîç-
ãëÿíåìî îäíîâèìiðíó ïiäàëãåáðó 〈e2 +αe4 +βe5〉, ÿêié âiäïîâiäà¹ ðå-
äóêîâàíå ðiâíÿííÿ

ω2
2fω2ω2

+ (αω2 − 1)fω1
− βω2f = 0.

ßêùî α = β = 0, ðiâíÿííÿ ìà¹ âèãëÿä

ω2
2fω2ω2 − fω1 = 0,

÷àñòèííèìè ðîçâ'ÿçêàìè ÿêîãî áóäóòü ôóíêöi¨ [6]

f(ω1, ω2) = (C1 lnω2 + C2)
√
ω2 exp

(
−ω1

4

)
,

f(ω1, ω2) =
(
2ω1 + ln2 ω2

)√
ω2 exp

(
−ω1

4

)
,

f(ω1, ω2) = ωµ2 exp
((
µ2 − µ

)
ω1

)
,

äå C1, C2, µ ∈ R.
Ïiäñòàâëÿþ÷è öi ôóíêöi¨ ó âiäïîâiäíèé àíçàö äëÿ çàëåæíî¨ çìií-

íî¨ u, îòðèìà¹ìî ðîçâ'ÿçêè ðiâíÿííÿ (4):

u =

(
C1 ln

x

y2
+ C2

) √
x

y
exp

(
x

y
− t

4

)
,

u =

(
2t+ ln2 x

y2

) √
x

y
exp

(
x

y
− t

4

)
, (9)

u =

(
x

y2

)µ
exp

(
x

y
+ (µ2 − µ)t

)
.

Âèêîðèñòîâóþ÷è çàìiíó çìiííèõ (2), (3) äëÿ ôóíêöié (9) îòðèìà-
¹ìî òî÷íi ðîçâ'ÿçêè ðiâíÿííÿ (1):

V (τ, S,A) =

(
C1 ln

4S

σ4A2
+ C2

)
2S−rσ

−2√
S

σ2A
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× exp

(
2S

σ2A
− σ2(T − τ)

8
+
(
r2σ−2 + r

) (τ − T )

2

)
,

V (τ, S,A) =

(
σ2(T − τ) + ln2 4S

σ4A2

)
2S−rσ

−2√
S

σ2A

× exp

(
2S

σ2A
− σ2(T − τ)

8
+
(
r2σ−2 + r

) (τ − T )

2

)
,

V (τ, S,A) = S−rσ
−2

(
4S

σ4A2

)µ
exp

(
2S

σ2A
+
(
µ2 − µ

)σ2(T − τ)

2

+ (r2σ−2 + r)
(τ − T )

2

)
.

Äàëi, ðîçãëÿíåìî äâîâèìiðíó ïiäàëãåáðó 〈e1 + αe4 + βe5, e2〉.
Ó âèïàäêó α = 0 ðåäóêîâàíå ðiâíÿííÿ ìà¹ âèãëÿä ḟ −

(
β2+2β

2

)
f =

0. Ïiäñòàâëÿþ÷è ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ó àíçàö äëÿ çàëåæíî¨ çìií-
íî¨, îòðèìà¹ìî ðîçâ'ÿçîê ðiâíÿííÿ (4):

u = C

(
y√
x

)β
exp

(
x

y
+
β2 + 2β

2
t

)
, (10)

äå C � äîâiëüíà ñòàëà. Ïiñëÿ ïiäñòàíîâêè (10) â (2) îòðèìà¹ìî òî÷íi
ðîçâ'ÿçêè ðiâíÿííÿ (1):

V (τ, S,A) = CS−rσ
−2

(
σ2A

2
√
S

)β
× exp

(
2S

σ2A
+

(
(β2 + β)σ2

4
− r2

σ2
− r
)

(T − τ)

)
.

ßêùî α 6= 0, òîäi äâîâèìiðíié ïiäàëãåáði âiäïîâiäà¹ ðåäóêîâàíå
ðiâíÿííÿ

ω2f̈ − 2ω

α
ḟ − β

α
f = 0. (11)

Ðiâíÿííÿ (11) ¹ ðiâíÿííÿì Åéëåðà i âîíî ìà¹ òàêi ðîçâ'ÿçêè [2]:

a) ÿêùî

(
1 +

2

α

)2

> −4β

α
, òî

f(ω) = ω(α+2)/2α
(
C1ω

µ + C2ω
−µ);
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b) ÿêùî

(
1 +

2

α

)2

= −4β

α
, òî

f(ω) = ω(α+2)/2α(C1 + C2 lnω);

c) ÿêùî

(
1 +

2

α

)2

< −4β

α
, òî

f(ω) = ω(α+2)/2α(C1 sin(µ lnω) + C2 cos(µ lnω)),

äå µ = 1
2

√∣∣∣(1 + 2
α

)2
+ 4β

α

∣∣∣; C1 i C2 � äîâiëüíi ñòàëi.

Íàâåäåìî ÷àñòèíi òî÷íi ðîçâ'ÿçêi, ÿêi âiäïîâiäàþòü âèïàäêàì à),
b), c).

ßêùî α = β = −2 (âèïàäîê à)), ìà¹ìî ðîçâ'ÿçîê

f(ω) = C1ω + C2ω
−1.

Ïiäñòàâëÿþ÷è öþ ôóíêöiþ ó âiäïîâiäíèé àíçàö äëÿ çàëåæíî¨ çìií-
íî¨, îòðèìà¹ìî ðîçâ'ÿçîê ðiâíÿííÿ (4):

u =

(
C1

x

y2et
+ C2

y2et

x

)
exp

(
x

y
+ t

)
. (12)

Ïiñëÿ ïiäñòàíîâêè (12) â (2) îòðèìà¹ìî òî÷íèé ðîçâ'ÿçîê ðiâíÿí-
íÿ (1):

V (τ, S,A) = exp

(
2S

σ2A
+
σ2(T − τ)

2
+
(
r2σ−2 + r

)τ − T
2

)
×
(

4C1S
−rσ−2+1σ−4A−2 exp

(
σ2(τ − T )

2

)
+
C2

4
S−rσ

−2−1σ4A2 exp

(
σ2(T − τ)

2

))
,

äå C1 i C2 � äîâiëüíi ñòàëi.
ßêùî α = 2, β = −2 (âèïàäîê b)), ìà¹ìî ðîçâ'ÿçîê

f(ω) = ω(C1 + C2 lnω).

Ïiäñòàâëÿþ÷è öþ ôóíêöiþ ó âiäïîâiäíèé àíçàö äëÿ çàëåæíî¨ çìií-
íî¨, îòðèìà¹ìî ðîçâ'ÿçîê ðiâíÿííÿ (4):

u =

(
C1 + C2

(
ln

x

y2
+ t

))
x

y2
exp

(
x

y

)
. (13)
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Ïiñëÿ ïiäñòàíîâêè (13) â (2) îòðèìà¹ìî òî÷íèé ðîçâ'ÿçîê ðiâíÿí-
íÿ (1):

V (τ, S,A) = 4σ−4A−2S1−rσ−2

exp

(
2S

σ2A
+
(
r2σ−2 + r

)τ − T
2

)
×
(
C1 + C2 ln

(
4Sσ−4A−2 exp

(
σ2(T − τ)

2

)))
,

äå C1 i C2 � äîâiëüíi ñòàëi.
ßêùî α = −2, β = 2 (âèïàäîê c)), ìà¹ìî ðîçâ'ÿçîê

f(ω) = C1 sin(lnω) + C2 cos(lnω).

Ïiäñòàâëÿþ÷è öþ ôóíêöiþ ó âiäïîâiäíèé àíçàö äëÿ çàëåæíî¨ çìií-
íî¨, îòðèìà¹ìî ðîçâ'ÿçîê ðiâíÿííÿ (4):

u =

(
C1 sin

(
ln

x

y2
− t
)

+ C2 cos

(
ln

x

y2
− t
))

exp

(
x

y
− t
)
. (14)

Ïiñëÿ ïiäñòàíîâêè (14) â (2) îòðèìà¹ìî òî÷íèé ðîçâ'ÿçîê ðiâíÿí-
íÿ (1):

V (τ, S,A) = S−rσ
−2 (

C1 sin
(

ln
(
4Sσ−4A−2

)
+ σ2(τ − T )/2

)
+ C2 cos

(
ln
(
4Sσ−4A−2

)
+ σ2(τ − T )/2

))
× exp

(
2S

σ2A
− σ2(T − τ)

2
+ (r2σ−2 + r)

τ − T
2

)
,

äå C1 i C2 � äîâiëüíi ñòàëi.
Âèñíîâêè. Ó ðîáîòi ëiíiéíå ðiâíÿííÿ öiíîóòâîðåííÿ àçiéñüêèõ

îïöiîíiâ çà äîïîìîãîþ çàìiíè çìiííèõ áóëî çâåäåíî äî ðiâíÿííÿ, ÿêå ¹
ïðîñòiøèì ó âèêîðèñòàííi. Äîñëiäæåíî ñèìåòðiéíi âëàñòèâîñòi îòðè-
ìàíîãî ðiâíÿííÿ. Ñèìåòðiéíi âëàñòèâîñòi âèêîðèñòàíi äëÿ ïîáóäîâè
iíâàðiàíòíèõ àíçàöiâ, ÿêi ðåäóêóþòü ðiâíÿííÿ äî äèôåðåíöiàëüíèõ
ðiâíÿíü âiäíîñíî ìåíøî¨ êiëüêîñòi íåçàëåæíèõ çìiííèõ. Ó ðåçóëü-
òàòi ðîçâ'ÿçóâàííÿ äåÿêèõ ðåäóêîâàíèõ ðiâíÿíü ïîáóäîâàíî òî÷íi
ðîçâ'ÿçêè ðiâíÿííÿ. Âèêîíóþ÷è çâîðîòíó çàìiíó çìiííèõ, îòðèìàíi
òî÷íi ðîçâ'ÿçêè ëiíiéíîãî ðiâíÿííÿ öiíîóòâîðåííÿ àçiéñüêèõ îïöiî-
íiâ. Ó ìàéáóòíüîìó ïëàíó¹òüñÿ áiëüø äåòàëüíî äîñëiäèòè âëàñòè-
âîñòi îòðèìàíèõ ðîçâ'ÿçêiâ ùîäî ¨õ ìîæëèâîãî çàñòîñóâàííÿ.
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Äîñëiäæåíî çàñòîñóâàííÿ îïåðàòîðiâ ñèìåòði¨ Ëi�Áåêëóíäà, ÿêi äîïó-
ñêàþòüñÿ çâè÷àéíèì äèôåðåíöiàëüíèì ðiâíÿííÿì, äëÿ ðåäóêöi¨ äè-
ôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè. Àíçàöè äëÿ çàëåæ-
íî¨ çìiííî¨ ïîáóäîâàíî iíòåãðóâàííÿì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü. Ïîêàçàíî, ùî ìåòîä ìîæíà çàñòîñîâóâàòè äëÿ ðiâíÿíü åâîëþöié-
íîãî i íååâîëþöiéíîãî òèïó. Ó ðàìêàõ öüîãî ïiäõîäó çíàéäåíî ðîâ'ÿçîê,
ùî çàëåæèòü âiä äîâiëüíî¨ ôóíêöi¨ îäíîãî àðãóìåíòó.

The application of Lie�B�acklund symmetry operators admitted by ordi-
nary di�erential equations for reducing partial di�erential equations are
studied. The ansatze for dependent variable are constructed by integrating
ordinary di�erential equations. We show that the method is applicable for
nonlinear evolution and non-evolution types equations. In the framework
of the approach we construct the solution depending on arbitrary smooth
function on one variable.

1. Introduction. It is a known fact that the symmetry groups
of nonlinear PDEs are being used for finding special solutions invariant
with respect to a certain subgroup of the complete symmetry group of
the equation. Invariant solutions are constructed by solving a reduced
equation with smaller number of independent variables than the initial
equation, an ODE in particular. Conditional symmetry is a generaliza-
tion of a classical Lie symmetry of differential equations and substan-
tially extends the possibilities of construction of solutions of nonlinear
PDEs. It must be noted, that the conditional symmetry method can be
effectively used both for integrable (in some sense) and non-integrable
equations. In [1, 5] concept of conditional Lie–Bäcklund symmetry of
evolution equation, which is a generalization of point conditional sym-
metry, is proposed. In the framework of this approach we obtain reduced
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system of ODEs. The relationship of generalized conditional symmetry
of evolution equations to compatibility of systems of differential equa-
tions is studied in [2]. In [3] Svirshchevskii used Lie–Bäcklund symme-
try of linear homogeneous ODEs for reducing evolution equations to a
system of ODEs. To apply this method we have to solve the inverse
symmetry problem, namely to find linear homogeneous ODEs which ad-
mit given Lie–Bäcklund symmetry operator. We study the reduction of
nonlinear generalization of the heat equation and modified Korteweg–de
Vries equation by using Lie–Bäcklund symmetry property of linear and
nonlinear ODEs [4]. It allows us to construct solutions for equations of
evolution and non-evolution types.

2. Application of the symmetry reduction method. In this
section we discuss the relationship between the Lie–Bäcklund symmetry
of ordinary differential and reduction of generalized version of Korte-
weg–de Vries equation and nonlinear heat equation.

Example 1. We show how to apply the Lie–Bäcklund symmetry reduc-
tion using mKdV equation as an example. First step is finding an ODE
or ODEs invariant under the operator K[u] = K

(
x, u, ∂u∂x , . . . ,

∂pu
∂xp

)
, in

which case K[u] is the right-hand side of the mKdV equation. Let p be
a positive integer. Consider the ODE to be of the form uxx+g(u, ux) = 0,
where g is a differentiable function of u and ux. Invariance condition for
such ODE reads as

X∞
(
uxx + g(u, ux)

)∣∣
uxx+g(u,ux)=0

= 0, (1)

where X∞ is a prolongation of the vector field X = (uxxx + upux) ∂
∂u on

the jet space. After necessary substitutions equation (1) becomes

pup−1ux(guxux − 3g)− u3
xguuu

+ 3ux(uxguguux + uxgguuux + gguu)

− 3g(uxguxguux + uxguguxux + uxgguuxux + gguux)

+ g2(3guxguxux + gguxuxux) + p(p− 1)up−2u3
x = 0. (2)

The subscripts u and ux denote differentiation with respect to u and ux.

We assume that g(u, ux) =
k∑
i=j

λi(u)uix for some integers j and k. In that

case the left-hand side of the equation (2) becomes a power series of ux.
For every k ≥ 3 and j ≤ −1 the coefficients for the highest and lowest
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powers of ux are 2k(k−1)(2k−1)λ4
k and 2j(j−1)(2j−1)λ4

j respectively,

which implies λi = 0 for i /∈ {0, 1, 2}, meaning g = λ2(u)u2
x + λ1(u)ux +

λ0(u). The six remaining coefficients in the now power series (2) become
the determining equations. They are

12λ4
2 − 30λ′2λ

2
2 + 6λ′22 + 9λ′′2λ2 − λ′′′2 = 0, (3)

30λ1λ
3
2 − 48λ′2λ1λ2 − 15λ′1λ

2
2

+ 9λ′2λ
′
1 + 9λ′′2λ1 + 6λ′′1λ2 − λ′′′1 = 0, (4)

24λ0λ
3
2 + 23λ2

1λ
2
2 − 42λ′2λ0λ2 − 18λ′2λ

2
1 − 21λ′1λ1λ2

− 6λ′0λ
2
2 + 6λ′2λ

′
0 + 3λ′21 − 9λ′′2λ0 + 6λ′′1λ1 + 3λ′′0λ2

− λ′′′0 − pup−1λ2 + p(p− 1)up−2 = 0, (5)

36λ0λ1λ
2
2 + 6λ3

1λ2 − 30λ′2λ0λ1 − 18λ′1λ0λ2 − 6λ′1λ
2
1

− 6λ′0λ1λ2 + 3λ′1λ
′
0 + 6λ′′1λ0 + 3λ′′0λ1 − 2pup−1λ1 = 0, (6)

12λ2
0λ

2
2 + 12λ0λ

2
1λ2 − 12λ′2λ

2
0 − 9λ1λ

′
1λ0 − 6λ′0λ0λ2

+ 3λ′′0λ0 − 3pup−1λ0 = 0, (7)

6λ2
0λ1λ2 − 3λ2

0λ
′
1 = 0. (8)

Based on equations (3)–(8) we will consider four cases:
Case (i): λ0 = 0, λ2 = ω

u , ω ∈
{
−1,− 1

2 , 0
}

. Because we restricted p
to be a nonzero natural number, any assumptions other than λ1 = λ2 =
0, p = 1 lead to contradictions, therefore a solution exists only for p = 1
and it is λi = 0, which means that the invariant equations is

uxx = 0. (9)

Case (ii): λ2 = 0, λ1 = κ = const. Here κ = 0, λ0 = 1
p+1u

p+1 +
α1u+ α2, αi ∈ R, therefore the invariant equation is

uxx + 1
p+1u

p+1 + α1u+ α2 = 0. (10)

Case (iii): λ2 = − 1
2u , λ1 = κ

u , κ = const. Here κ = 0, λ0 =
1
p+2u

p+1 + β1u+ β2

u , βi ∈ R, therefore the invariant equation is

uxx − u2
x

2u + 1
p+2u

p+1 + β1u+ β2

u = 0. (11)

Case (iv): λ2 = − 1
u , λ1 = κ

u2 , κ = const. Here κ = 0, λ0 =
p

(p+1)(p+2)u
p+1 + γ1 + γ2

u , γi ∈ R, therefore the invariant equation is

uxx − u2
x

u + p
(p+1)(p+2)u

p+1 + γ1 + γ2

u = 0. (12)
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Second step is the variation of the parameters for the solution of the
ODE for time dependence. Outcome of this step is an ansatz for the
PDE, and in this case, the mKdV equation. Equation (9) is the only
linear one and its solution is a trivial ansatz u(x, t) = c1(t)x + c2(t).
Equations (10)–(12) however, are nonlinear and generate implicit an-
satzes (ε = ±1)

ε

∫ u(x,t)

0

da√
c1(t)− α1a2 − 2α2a− 2

(p+1)(p+2)a
p+2

= x+ c2(t),

ε

∫ u(x,t)

0

da√
c1(t)a− 2β1a2 + 2β2 − 2

(p+1)(p+2)a
p+2

= x+ c2(t),

ε

∫ u(x,t)

0

da√
c1(t)a2 + 2γ1a+ γ2 − 2

(p+1)(p+2)a
p+2

= x+ c2(t),

respectively. For certain parameters the ansatzes can be written in an
explicit form. For example when α1 = 0 and p = 1 the equation

uxx + 1
2u

2 + α2 = 0 (13)

produces an explicit ansatz

u(x, t) = −12℘
(
x+ c1(t),− 1

3α2, c2(t)
)
,

where ℘ denotes the Weierstrass function ℘(z, g2, g3).
Third step of the method would be substitution of the ansatz to the

equation we wish to reduce. Let us consider equation (13) with α2 = 0,
meaning

uxx + 1
2u

2 = 0. (14)

It is not linearizable and it admits trivial symmetries ut∂u, (uxxx +
uux)∂u. On the grounds of the aforementioned findings, the solution
to (14) provides an ansatz and a reduction for the KdV equation ut =
uxxx + uux. Before we proceed with the reduction, we can indulge in a
side challenge of finding some other PDEs sharing the same ansatz. For
this purpose we introduce independent variable z. It can identified with
the time variable t or viewed as a second space variable. One can show
the equation (14) is invariant under LBS operators(

u2uxuz + 2uxzu
2
x

)
∂u,

(
u2u2

z + 2uxzuxuz
)
∂u.
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Since a linear combination of symmetry operators is itself a symmetry
operator, we can use the solution of equation (14) to reduce (1+2)-
dimensional equations

ut = uxxx + uux + u2uxuz + 2uxzu
2
x,

ut = uxxx + uux + u2u2
z + 2uxzuxuz,

or a non-evolution equation in one of the forms

εut + u2utux + 2utxu
2
x + uxxx + uux = 0, (15)

εut + u2u2
t + 2utxutux + uxxx + uux = 0, (16)

where ε is an arbitrary constant.
The solution of the ODE (14) is the Weierstrass elliptic function

u(x) = −12℘(x + c1, 0, c2), meaning the ansatz we substitute into the
presented PDEs for reduction is

u(x, t) = −12℘(x+ c1(t), 0, c2(t)).

After such substitution, equation (15) for example, reduces to a system

εc′2 = 0, εc′1 − 144c′2 = 0.

This means that for ε = 0 equation (15) has a class of solutions

u(x, t) = −12℘(x+ c1(t), 0, c2), c2 = const

and for ε 6= 0 there is only a stationary solution

u(x, t) = −12℘(x+ c1, 0, c2), c1, c2 = const.

For equation (16) the reduced equations are

c′1(144c′2 − ε) = 0, c′2(144c′2 − ε) = 0.

The solutions to this system are

c1 = const, c2 = const

or

c1(t) is arbitrary function, c2 = ε
144 t+ c0, c0 = const.
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This means that the equation (16) has a class of solutions

u(x, t) = −12℘
(
x+ c1(t), 0, ε

144 t+ c0
)
, c0 = const

as well as a stationary solution

u(x, t) = −12℘(x+ c1, 0, c2), c1, c2 = const.

Example 2. Equations

ux = 1−u2
√

2
(17)

and

uxx + u− u3 = 0 (18)

share the same kink solution

u = tanh
(
x+c√

2

)
, c = const. (19)

It can be easily shown that both
(
uxx + u − u3

)
∂u and ut∂u are Lie–

Bäcklund symmetry operators of equation (17). It follows that the sub-
stitution

u = tanh
(x+c(t)√

2

)
(20)

reduces equation

ut = uxx + u
(
1− u2

)
(21)

to a first-order differential equation c′(t) = 0, which means that equa-
tion (21) admits a stationary solution

u(x, t) = u(x) = tanh
(
x+c√

2

)
.

The second-order ODE (18) is a differential consequence of equation (17),
therefore the right-hand side of the reduced equation vanishes on the
ansatz solution. To obtain non-stationary solutions using this particular
ansatz and this particular first-order ODE, we can add to the evolutio-
nary equation first-order terms corresponding to the contact symmetries
of (17). Contact symmetry of (17) in general form can be written as

f
(

ux
1−u2 ,

1−u
1+ue

√
2x
)
ux∂u,
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where f is an arbitrary smooth function of two arguments. Substitution
of (20) into

ut = uxx + u
(
1− u2

)
+ f

(
ux

1−u2 ,
1−u
1+ue

√
2x
)
ux (22)

reduces this equation to a simple first-order ODE

c′(t) = f
(

1√
2
, e−
√

2c(t)
)
.

Equation (22) will have a kink solution if ∂f
∂c(t) = 0 and f 6= 0.

3. Conclusion. We show the application of the Lie–Bäcklund sym-
metry method for reducing the generalized version of Korteweg–de Vries
equation of and nonlinear heat equation. We construct the class of or-
dinary differential equations which admit given Lie–Bäcklund symmetry
operator and the corresponding ansatze reducing the equation under
study to the system of two ordinary differential equations. The method
enables us to find solutions which contain arbitrary functions on one
variable for the equations (15), (16) and the solution generalizing the
kink solution for nonlinear heat equation.
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Íàÿâíiñòü îïåðàòîðíî¨ ðiâíîñòi äëÿ ðiâíÿíü, ïîâ'ÿçàíèõ íåëîêàëüíèìè
ïåðåòâîðåííÿìè, äîçâîëèëà çàïðîïîíóâàòè ìåòîä çíàõîäæåííÿ iíøî-
ãî ðîçâ'ÿçêó âèõiäíîãî ðiâíÿííÿ, ÿêèé ïðè¹äíàíèé äî âiäîìîãî éîãî
ðîçâ'ÿçêó. Öåé ïiäõiä çàñòîñîâàíî äëÿ ïîáóäîâè òî÷íèõ ðîçâ'ÿçêiâ ëi-
íåàðèçîâàíîãî ðiâíÿííÿ Êðè÷åâåðà�Íîâiêîâà òà âiäïîâiäíîãî ëiíiéíî-
ãî ðiâíÿííÿ. Âèâåäåíî ôîðìóëó íåëiíiéíî¨ íåëîêàëüíî¨ ñóïåðïîçèöi¨
ðîçâ'ÿçêiâ, ÿêó âèêîðèñòàíî äëÿ ðîçìíîæåííÿ òî÷íèõ ðîçâ'ÿçêiâ öüîãî
íåëiíiéíîãî ðiâíÿííÿ.

Existence of an operator equality for equations connected by nonlocal
transformations allowed us to propose a method of �nding of a new solu-
tion of the initial equation adjoint to its known solution. This approach
is used for construction of exact solutions for the linearizable Krichever�
Novikov equation and for the corresponding linear equation. The formula
of nonlinear nonlocal superposition of solutions for this nonlinear equation
is derived and applied to generation of its solutions.

1. Introduction. A wide range of efficient methods for study of
nonlinear partial differential equations are being developed at the mo-
ment. A considerable part of them are based on a fundamental idea
of symmetry and, in particular, on the group-theoretical method sug-
gested by Lie [6, 14, 16]. The most important generalizations of the ba-
sic symmetry group approach are realized in the concepts of conditional
(nonclassical) symmetries, weak symmetries [5, 9, 15] and nonlocal sym-
metries of differential equations [1, 2, 3, 4, 7, 10, 12, 13, 17, 18, 21, 23, 24].
Therefore, development of other approaches to seek for new symmetries
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and methods for investigation of these equations is of importance and
stays relevant.

Finite nonlocal transformations are efficiently used to study and solve
nonlinear partial differential equations for a long time [8, 10, 21, 23, 24].
In particular, a number of interesting results for nonlinear equations
connected among themselves by means of the nonlocal transformations
of variables were obtained and formulae generating solutions or nonlocal
nonlinear superposition were derived [11, 19, 22, 23].

Let us remind here the main concepts and terminology of the nonlocal
transformations method. Assume that a given nonlocal transformation

T : xi = hi(y, v(k)), uK = HK(y, v(k)),

i = 1, . . . , n, K = 1, . . . ,m, (1)

maps an initial (source) equation

F0(x, u(n)) = 0 (2)

into an equation Φ(y, v(q)) = 0 of order q = n+ k that admits factoriza-
tion to another equation which we call a target equation

F1(y, v(s)) = 0, (3)

i.e.,

Φ(y, v(q)) = λF1(y, v(s)). (4)

Here λ is a differential operator of order n + k − s. This results in
algorithms for finding solutions of (2) via known solutions of (3). Exis-
tence of factorization equation (4) gives rise to a technique of finding of
a special solution to the initial equation (2) from a known solution of
the equation Φ(y, v(q)) = 0. The symbol u(r) denotes the tuple of partial
derivatives of the function u from order zero up to order r. In the case of
two independent variables, we use the special notation of the variables:
x1 = x, x2 = t and thus ut = ∂u/∂t = ∂tu, ux = ∂u/∂x = ∂xu.

The paper is organized as follows. In the next section we begin with
some preliminary remarks on the concept of adjoint solution of the initial
equation. Then we apply it to the linearisable Krichever–Novikov equa-
tion derived from the linear one via the known nonlocal transformation.
In Section 3 this concept is applied to the case of the nonlocal invariance
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of the linearizable Krichever–Novikov equation. Examples of adjoint so-
lutions are constructed.

2. Adjoint solution of the initial equation. This section is
devoted to construction of solutions of the initial equation generated
from known solutions of the appropriate inhomogeneous target equation.
Existence of a factorization equation (4) gives rise to a technique [20] of
construction of the special solution to the initial equation (2). Further
we call it an adjoint solution.

We assume that a given function v = f(y) is not a solution of equa-
tion (3), that is, substituting this function into (3), we get another equa-
tion with discrepancy w(y)

F1(y, v(s)) = w(y). (5)

Suppose, nevertheless, that equation (4) holds and the equation

λ(y, v(s))F1(y, v(s)) = λ(y, v(s))w(y) = 0 (6)

appears to be true. Here w(y) runs through the set of solutions of a linear
equation λ(y, v(s))w(y) = 0 with variable coefficients of spatial form.
Solving (6) with respect to the unknown function w(y, v(k)(y)), one can
find its solution as a function depending on y, v(k)(y)

w = W (y, v(k)). (7)

After substitution of (7) into the equation (5) we obtain an inhomo-
geneous equation for the dependent variable v:

F1(y, v(s)) = W (y, v(k)). (8)

Hence the result of transformation (1) takes a form

Φ(y, v(q)) = λF2(y, v(s)) = λ(F1(y, v(s))−W (y, v(k)). (9)

The function v(y) determined by (9) satisfies the equation T F0(x, u(n))
= Φ(y, v(q)). Therefore, substituting v(y) obtained in this way into the
formulae of nonlocal transformation T , one can find an appropriate so-
lution of the given equation (2). Moreover, having the information on
symmetries of the inhomogeneous equation (8), one can construct a r-
parametrical family of solutions for it and, consequently, find the corre-
sponding parametrical sets of solutions to the initial equation (2). If we
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let in (8) W (y, v(k)) = 0 the equality (9) returns us to the connection
of solutions of the initial equation and (3). That is why further we call
such a special solution an adjoint. In what follows, we illustrate this
approach by some examples.

3. Adjoint solutions constructed via the linearization. In this
section we use the nonlocal transformation that connects the linear equa-
tion and the Krichever–Novikov equation of a special form and illustrate
the proposed approach by some examples.

It is well-known [8] that the Krichever–Novikov equation

ut + 3
4u
−1
x u2

xx − uxxx = 0 (10)

can be obtained by applying the nonlocal transformation

w =
√
ux (11)

to the homogeneous linear third-order partial differential equation

wt − wxxx = 0. (12)

The operator equation (4) connecting these two equations has the form

−4u2
x∂x
(
ut + 3

4u
−1
x u2

xx − uxxx
)

= 0. (13)

Suppose a function S(x, t) (discrepancy) is defined such that the inhomo-
geneous equation

ut + 3
4u
−1
x u2

xx − uxxx = S(x, t)

is satisfied. Then the condition ∂xS(x, t) = 0 follows from (13). In
particular, if we let S(x, t) be a linear function of time, i.e., S(x, t) = ht,
the corresponding equation takes the form

ut + 3
4u
−1
x u2

xx − uxxx = ht. (14)

This equation admits the Lie algebra spanned by the following operators

X1 = ∂x, X2 = ∂t + ht∂u, X3 = ∂u,

X4 = (u− ht)∂u, X5 = 1
3x∂x + t∂t + ht2∂u. (15)

1) We obtain a simple group-invariant solution of equation (14) sol-
ving the characteristic equation generated by the sum of the first two
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operators of the algebra (15), ux + ut − ht = 0. The corresponding Lie
ansatz is

u(x, t) = − 1
2hx

2 + hxt+ f(t− x).

Substituting this expression into (14), we find the reduced ordinary dif-
ferential equation

4f ′′′(hω − f ′) + 3f ′′2 − 6hf ′′ − 4f ′2 + 8hωf ′ − 4h2ω2 + 3h2 = 0,

where ω = t−x. The general solution of this equation allows us to write
down the required solution of (14)

u(x, t) = 1
2ht

2 + 1
16c2 sin 2(t− x+ c1)

+ 1
2c2 sin(t− x+ c1) + 3

8c2(t− x+ c1) + c3,

where c1, c2, c3 are arbitrary constants.
Applying the nonlocal transformation (11) to the obtained solution,

we get the corresponding solution of the linear equation:

w(x, t) = 1
4

√
−2c2 cos 2(t− x+ c1)− 8c2 cos(t− x+ c1)− 6c2.

One can compare the above solution with another solution of (12) being
obtained in the form w(x, t) = f(ct− x) determining a wave of unchan-
ging profile moving at the constant velocity c:

w(x, t) = c̄1 + c̄2 sin(ct− x) + c̄3 cos(ct− x).

2) Another group-invariant solution of the equation (14) correspon-
ding to the operator X5 of the Lie algebra (15) has an implicit form

u(x, t) = 1
2ht

2 +

∫ t/x3

expQ(k) dk + c3,

Q(k) = 2
9

√
3c1B1 − 16

3

√
3B2 + 4

3B3 + 2
9

√
3B4

− 16
3

√
3c1B5 + 4

3c1B6 + c2, (16)

where

B1 =

∫ k Y 2
3

(
1
9

√
3√
b

)
b3/2

(
c1Y− 1

3

(
1
9

√
3√
b

)
+ J− 1

3

(
1
9

√
3√
b

)) db,
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B2 =

∫ k J 2
3

(
1
9

√
3√
b

)
b1/2

(
c1Y− 1

3

(
1
9

√
3√
b

)
+ J− 1

3

(
1
9

√
3√
b

)) db,

B3 =

∫ k 4
√

3bJ 2
3

(
1
9

√
3√
b

)
− J− 1

3

(
1
9

√
3√
b

)
b
(
c1Y− 1

3

(
1
9

√
3√
b

)
+ J− 1

3

(
1
9

√
3√
b

)) db,

B4 =

∫ k J 2
3

(
1
9

√
3√
b

)
b3/2

(
c1Y− 1

3

(
1
9

√
3√
b

)
+ J− 1

3

(
1
9

√
3√
b

)) db,

B5 =

∫ k Y 2
3

(
1
9

√
3√
b

)
b1/2

(
c1Y− 1

3

(
1
9

√
3√
b

)
+ J− 1

3

(
1
9

√
3√
b

)) db,

B6 =

∫ k 4
√

3bY 2
3

(
1
9

√
3√
b

)
− Y− 1

3

(
1
9

√
3√
b

)
b
(
c1Y− 1

3

(
1
9

√
3√
b

)
+ J− 1

3

(
1
9

√
3√
b

)) db,

where c1, c2, c3 are arbitrary constants, Jα(x) and Yα(x) are Bessel
functions of the first and the second kinds respectivelly. Applying the
formula (11) to this solution, we get such nonstationary solution of the
linear equation (12):

w(x, t) = ± 1

x2

√
3te

1
9

√
3c1B̄1− 8

3

√
3B̄2+ 2

3 B̄3+ 1
9

√
3B̄4− 8

3 c1B̄5+ 2
3 c1B̄6+

c2
2 .

B̄i, i = 1, . . . , 6, are the same as introduced above with k = t
x3 .

4. Adjoint solutions found via the nonlocal invariance. Beside
a nonlocal linearization, the Krichever–Novikov equation (10) admits the
auto-Bäcklund transformation [8]:

ux = v−1
x v2

xx, (17)

ut = 2v−1
x vxxvxxxx − 2v−2

x v2
xxvxxx + 5

4v
−3
x v4

xx − v−1
x v2

xxx,

where v(x, t) is another solution of the same equation

vt + 3
4v
−1
x v2

xx − vxxx = 0.

In other words, the equation (10) stays invariant under the nonlocal
transformation (17). This connection is realized by means of the operator
equality(

−4vxxv
2
x∂x + 8v3

x∂xx
)
·
(
vt + 3

4v
−1
x v2

xx − vxxx
)

= 0. (18)
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We assume existence of the function v(x, t) that is a solution of the
inhomogeneous equation

vt + 3
4v
−1
x v2

xx − vxxx = W (x, t). (19)

Solving the partial differential equation generated by (18)

−4vxxv
2
xWx(x, t) + 8v3

xWxx(x, t) = 0

with respect to W (x, t, v, vx, vxx), we obtain the general solution

W (x, t) = f1(t) + f2(t)

∫ √
vx dx. (20)

To exclude an integral term in (20), we differentiate (19) with respect
to x and set for simplicity f1(t) = 0, f2(t) = K in (20), where K is
a constant. So, instead of (19) we consider the equation

∂x
(
vt + 3

4v
−1
x v2

xx − vxxx
)
−K
√
vx = 0. (21)

This inhomogeneous equation admits an infinite-dimensional Lie algebra
spanned by the following operators

X1 = ∂t + F1(t)∂v, X2 = ∂x + F2(t)∂v,

X3 = 1
3∂x + t∂t +

(
7
3v + F3(t)

)
∂v. (22)

Here Fi(t), i = 1, 2, 3, are arbitrary functions of the time variable. This
algebra allows us to get a wide range of group-invariant solutions of the
equation (21). We choose v(x, t) in the traveling wave solution form
v(x, t) = G(ω), ω = x − ht, where h is a fixed constant. Substituting
this expression into (21), we get the reduced equation

4G′(ω)2G′′′′(ω)− 6G′(ω)G′′(ω)G′′′(ω)

+ 3G′′(ω)3 + 4hG′(ω)2G′′(ω) + 4KG′(ω)
5/2

= 0, (23)

which admits a solution

v(x, t) = G(ω) =

∫
Y (ω) dω + c4,

where Y (ω) = Z(ω) + ω + c3 and Z(ω) is the function determined by
the equation∫ Z(ω)

H−1 df = 0. (24)
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H(Z(ω), f) is an implicit solution of any of two equations

∓
(
2
√
f − c2 ∓ Ph

)
h3/2 +Kh arctan

(
Hh+K

√
f√

hfP

)
= 0, (25)

P =

√
−hH

2 + 2
√
fKH − c1f
f

.

To use the formula (17) and to verify a new solution, we need an expres-
sion for ux to be a function of ω = x − ht. First we find a solution of
the equation (10) differentiated with respect to x. We set u(x, t) = L(ω)
and substitute that into the equation

∂x
(
ut + 3

4u
−1
x u2

xx − uxxx
)

= 0. (26)

Implementation of the reduction procedure leads to the ordinary dif-
ferential equation

4L′(ω)2L′′′′(ω)− 6L′(ω)L′′(ω)L′′′(ω)

+ 3L′′(ω)3 + 4hL′(ω)2L′′(ω) = 0. (27)

An implicit solution of this equation is determined by the integral equa-
tion ∫ L(ω)

Q(a)
−1

da− ω − c̄4 = 0,

where function Q(a) is defined by the equations

∓
∫ Q(a) hf√

hf(c̄1 − 4fh2 + 4
√
fh2c̄2 − h2c̄22)

df + a+ c̄3 = 0,

where c̄1, c̄2, c̄3 are arbitrary constants.
Now we apply the formula (17) to the obtained solution of the equa-

tion (23) and find the corresponding expression for ux(x, t):

ux(x, t) = L̂′(ω) = G′(ω)−1G′′(ω)2.

After simplification we get

L̂′(ω) =
B2

Y
, Y (ω) = Z(ω) + ω + c3.
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Here B(ω, Y ) are the implicit functions determined by the equations

∓
(
2
√
Y − c2

)
h5/2 + Th3/2 +Kh arctan

(
Bh+K

√
Y√

hY T

)
= 0,

T =

√
−hB

2 + 2
√
Y KB − c1Y
Y

.

The function Z(ω) was implicitly determined above by equations (24),
(25). Substitution of this solution into the equation (27) takes it to zero.

Knowing the Lie algebra (22) of the inhomogeneous equation (21) we
can construct a wide family of group-invariant solutions, and, therefore,
obtain various solutions of the equation (10). The new solution of the
equation (26) constructed above obviously can be generated via the in-
variance algebra admitted by this equation or by means of its any other
symmetry. The symmetry solutions of the special inhomogeneous target
equation allow us to generate different solutions for the initial equation.
What type of the symmetry of initial equations do we have in this case?
As a target equation is broken by a discrepancy appearance, it seems
naturally to call it a forced symmetry.

5. The superposition formula and generation of solutions.
We return to the homogeneous linear third-order differential equation
(12) and the nonlocal transformation (11), connecting this equation
with (10). We choose a linear superposition principle for (12) setting

wIII(x, t) ≡ w(x, t) = wI(x, t) + wII(x, t).

Here wI(x, t), wII(x, t) are some known solutions of the linear equation.
As equations are connected by the nonlocal transformation (11), the
corresponding principle of nonlinear nonlocal superposition of solutions
for equation (10) can be constructed.

Theorem 1. The nonlinear nonlocal superposition formula of solutions
for equation (10) has the form

u(x, t) = uI(x, t) + uII(x, t)

+ 2

∫ √
uI(x, t)

√
uII(x, t) dx+ s(t), (28)

where the arbitrary function s(t) is defined by the equation

ut = 2

(√
uI(x, t) +

√
uII(x, t)

)
∂2
x

(√
uI(x, t) +

√
uII(x, t)

)
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−
(
∂x

(√
uI(x, t) +

√
uII(x, t)

))2

. (29)

Given solutions uI and uII, the new solution of (10) is found integra-
ting the third term of (28). We get the specialization of the function s(t)
substituting the expression (28) into (29) and solving the equations ob-
tained with respect to s.

We illustrate utilization of the proposed superposition formula for
generation of solutions of the equation (10).

1) It can be easily verified that

uI = 1
1280c1

(
x5 + 5c2x

4 + 10c22x
3 + 10c32x

2 + 5c42x+ c52
)

+ c3,

uII = k1x
5

are time-independent solutions of the equation (10). Applying the formu-
la (28) adduced in Theorem 1 we find a time-dependent solution

uIII = 1
3840c13/2

(
a1x

5 + a2x
4 + a3x

3 + 30
√
c1c

3
2x

2

+ 15
√
c1c

4
2x+ 960c1c

2
2

√
5k1t+ κ

)
,

a1 = 3
√
c1 + 96

√
5k1c1 + 3840k1c1

3/2,

a2 = 15c2
√
c1 + 240

√
5k1c1c2,

a3 = 160
√

5k1c1c
2
2 + 30

√
c1c

2
2,

κ = 3
√
c1c2

5 + 380c
3/2
1 (c3 + c4).

2) Choosing c1 = 0 in (16), we obtain a simpler solution

uI =

∫ y

x3

exp
(
− 16

3

√
3B̃1 + 4

3 B̃2 + 2
9

√
3B̃3 + c2

)
dk + c3,

B̃1 =

∫ k

J 2
3

(
1
9

√
3√
b

)
b−1/2J− 1

3

(
1
9

√
3√
b

)−1
db,

B̃2 =

∫ k 4
√

3bJ 2
3

(
1
9

√
3√
b

)
− J− 1

3

(
1
9

√
3√
b

)
b
(
J− 1

3

(
1
9

√
3√
b

)) db,

B̃3 =

∫ k

J 2
3

(
1
9

√
3√
b

)
b−3/2J− 1

3

(
1
9

√
3√
b

)−1
db. (30)
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Let the second solution be

uII = k1x
5.

Then

uIII
x = −3tx−4 exp

(
− 16

3

√
3B̂1 + 4

3 B̂2 + 2
9

√
3B̂3 + c2

)
+ 5k1x

4

+ 2
√

5
√
k1x4

√
−3tx−4 exp

(
− 16

3

√
3B̂1 + 4

3 B̂2 + 2
9

√
3B̂3 + c2

)
,

where B̂i, i = 1, 2, 3, are the same as those introduced in (30) but k = t
x3 .

One can easily verify that obtained expression satisfies (26). More solu-
tions may be constructed by utilization of the previous theorem and
application of the Lie symmetry transformations or any other formula
generating solutions.

6. Conclusion. The concept of an adjoint solution of the initial
equation was developed in this paper, and used for construction of new
solutions of linearizable Krichever–Novikov equation and for the connec-
ted linear one. Some of them were obtained in an explicit form, while
others have a parametrical representations with functional parameters
given in implicit form. The Lie symmetry solutions of the special inho-
mogeneous target equation allowed us to generate appropriate solutions
for the given initial equation. The superposition formula was derived in
the present paper and applied for the generation of solutions to the equa-
tion (10). All the found solutions can be naturally extended by means of
the Lie symmetry transformations or any other formula generating new
solutions. The results obtained for the equation (10) can be extended to
similar classes of equations.
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Âèâ÷à¹òüñÿ çâ'ÿçîê ìiæ ñòðóêòóðíèìè âëàñòèâîñòÿìè òðèâèìiðíèõ
ïiäàëãåáð àëãåáðè Ïóàíêàðå p(1, 4) i ñèìåòðiéíîþ ðåäóêöi¹þ ðiâíÿí-
íÿ Åéëåðà�Ëàãðàíæà�Áîðíà�Iíôåëüäà. Îñíîâíó óâàãó çîñåðåäæåíî íà
ðåäóêöÿõ çà òðèâèìiðíèìè ïiäàëãåáðàìè, ùî çâîäÿòü ðiâíÿííÿ Åéëå-
ðà�Ëàãðàíæà�Áîðíà�Iíôåëüäà äî ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Connections between structure properties of three-dimensional subalge-
bras of the Poincar�e algebra p(1, 4) and Lie reductions of the Euler�
Lagrange�Born�Infeld equation are studied. We concentrate our attenti-
on on Lie reductions with respect to three-dimensional subalgebras that
reduce the Euler�Lagrange�Born�Infeld equation to linear ordinary di-
�erential equations.

1. Introduction. Symmetry reduction is the most universal tool
for finding exact solutions of partial differential equations (PDEs). We
focus our attention on some applications of the classical Lie method
to investigation of PDEs with non-trivial symmetry groups. In 1895,
Lie [19] considered solutions of PDEs that are invariant with respect to
symmetry groups admitted by these PDEs. It turned out that the prob-
lem of symmetry reduction and construction of independent invariant
solutions for a PDE with a non-trivial symmetry group is reduced to the
algebraic problem of classification of inequivalent subalgebras of the Lie
invariance algebra of this equation [23, 24].
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In 1975, Patera, Winternitz, and Zassenhaus [25] proposed a gene-
ral method for describing inequivalent subalgebras of Lie algebras with
nontrivial ideals. It turned out that reduced equations obtained from
inequivalent subalgebras of the same dimension were of different types.
Grundland, Harnad and Winternitz [17] were the first who pointed out
and studied this phenomenon. Further details can be found in [6, 8, 11,
15, 16, 21, 22]. The results obtained cannot be explained using only the
dimension of subalgebras of Lie invariance algebras.

To explain a difference in properties of reduced equations for PDEs
with nontrivial symmetry groups, we investigate the relation between
structure properties of inequivalent subalgebras of the same dimension of
the Lie invariance algebras of those PDEs and properties of the respective
reduced equations. By now, we have studied this relation for the case
of low-dimensional (dimL ≤ 3) inequivalent subalgebras of the same
dimension of the algebra p(1, 4), which is the Lie algebra of the Poincaré
group P (1, 4), and the eikonal equation [8].

This paper is devoted to the study of the relation between structural
properties of low-dimensional (dimL ≤ 3) inequivalent subalgebras of
the same rank of the algebra p(1, 4) and properties of reduced equa-
tions for the Euler–Lagrange–Born–Infeld (ELBI) equation. By now,
this relation has been investigated for three-dimensional subalgebras.
We obtained the following types of reduced equations: identities, linear
ordinary differential equations, nonlinear ordinary differential equations,
partial differential equations. For some subalgebras, it is impossible to
construct ansatzes that reduce the ELBI equation.

We focus our attention on reduction of the ELBI equation to linear
ODEs. More precisely, we only present the results of symmetry reduction
for those types of subalgebras that provide us reductions to linear ODEs.

2. Lie algebra of the Poincaré group P (1, 4) and its nonequi-
valent subalgebras. The group P (1, 4) is the group of rotations and
translations of the five-dimensional Minkowski space M(1, 4). It is the
minimal group that contains, as subgroups, the extended Galilei group
G̃(1, 3) [12] and the Poincaré group P (1, 3), which are underlying groups
of classical and relativistic physics, respectively.

The Lie algebra p(1, 4) of the group P (1, 4) is spanned by 15 basis
elements Mµν = −Mνµ, µ, ν = 0, 1, 2, 3, 4, and Pµ, µ = 0, 1, 2, 3, 4, which
satisfy the commutation relations

[Pµ, Pν ] = 0, [Mµν , Pσ] = gνσPµ − gµσPν ,
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[Mµν ,Mρσ] = gµσMνρ + gνρMµσ − gµρMνσ − gνσMµρ,

where g00 = −g11 = −g22 = −g33 = −g44 = 1, gµν = 0, if µ 6= ν.
We consider the canonical realization [13, 14] of p(1, 4),

P0 =
∂

∂x0
, P1 = − ∂

∂x1
, P2 = − ∂

∂x2
, P3 = − ∂

∂x3
,

P4 = − ∂

∂u
, Mµν = xµPν − xνPµ, x4 ≡ u.

Hereafter we use the following basis elements

G = M04, L1 = M23, L2 = −M13, L3 = M12,

Pa = Ma4 −M0a, Ca = Ma4 +M0a,

X0 = 1
2 (P0 − P4), Xk = Pk, X4 = 1

2 (P0 + P4), a, k = 1, 2, 3.

Subalgebras of the Lie algebra p(1, 4) were studied up to P (1, 4)-con-
jugation in [4, 5, 10], in particular, the classification of subalgebras of
p(1, 4) of dimensions up to three was given in [7]. Note that the Lie

algebra of the extended Galilei group G̃(1, 3) is spanned by L1, L2, L3,
P1, P2, P3, X0, X1, X2, X3 and X4.

3. Classification of symmetry reductions for the Euler–
Lagrange–Born–Infeld equation. Born–Infeld-like equations arise
in fluid dynamics, theory of continuous medium, general relativity, field
theory, theory of minimal surfaces, nonlinear electrodynamics, etc. [1, 2,
3, 18, 26].

We consider the Euler–Lagrange–Born–Infeld (ELBI) equation

2u (1− uνuν) + uµuνuµν = 0, (1)

where u = u(x), x = (x0, x1, x2, x3) ∈M(1, 3), uµ ≡ ∂u
∂xµ

, uµν ≡ ∂2u
∂xµ∂xν

,

uµ = gµνuν , µ, ν = 0, 1, 2, 3, and 2 is the d’Alembert operator.
In 1984, Fushchych and Serov [13] studied symmetry properties of

the multidimensional nonlinear Euler–Lagrange equation. These results
imply that the Lie invariance algebra of the equation (1) contains, as a
subalgebra, the Poincaré algebra p(1, 4).

We carry out Lie symmetry reductions of the ELBI equation to linear
ODEs using subalgebras of p(1, 4) of the following types: 3A1, A2 ⊕
A1, A3,1, A3,2, A3,3, A3,6. The notation of three-dimensional algebras
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is according to Mubarakzyanov’s classification of low-dimensional Lie
algebras [20].

Among inequivalent subalgebras of the Poincaré algebra p(1, 4) listed
in [7], we select only such subalgebras that do reduce the ELBI equation
to linear ODEs with nonlinear solutions since linear solutions are con-
sidered to be trivial. For each of the selected subalgebras, we construct
an ansatz for u, the corresponding reduced equation, its general solution
and the associated family of invariant solutions of the ELBI equation.

Proposition 1. The Lie algebra p(1, 4) contains 31 three-dimensional
inequivalent subalgebras of the type 3A1.

1. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈X3〉:
the ansatz is x2

0 − x2
1 − x2

2 − u2 = ϕ(ω), ω = x0 + u;
the reduced equation is ω2ϕ′′ − 6ωϕ′ + 6ϕ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω

6 + c2ω;
the solution of the ELBI equation is

x2
0 − x2

1 − x2
2 − u2 = c1(x0 + u)6 + c2(x0 + u).

2. 〈P3〉 ⊕ 〈X1〉 ⊕ 〈X2〉:
the ansatz is x2

0 − x2
3 − u2 = ϕ(ω), ω = x0 + u;

the reduced equation is ω2ϕ′′ − 4ωϕ′ + 4ϕ = 0;
the solution of the reduced equation is ϕ(ω) = c2ω

4 + c1ω;
the solution of the ELBI equation is

x2
0 − x2

3 − u2 = c2(x0 + u)4 + c1(x0 + u).

3. 〈P1〉 ⊕ 〈P2〉 ⊕ 〈P3〉:
the ansatz is x2

0 − x2
1 − x2

2 − x2
3 − u2 = ϕ(ω), ω = x0 + u;

the reduced equation is ω2ϕ′′ − 8ωϕ′ + 8ϕ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω

8 + c2ω;
the solution of the ELBI equation is

x2
0 − x2

1 − x2
2 − x2

3 − u2 = c1(x0 + u)8 + c2(x0 + u).

4. 〈P1〉 ⊕ 〈P2 −X2〉 ⊕ 〈X3〉:
the ansatz is

x2
0−x

2
1−u

2

x0+u − x2
2

x0+u+1 = ϕ(ω), ω = x0 + u;

the reduced equation is (ω+1)5ω5 (ω(ω + 1)ϕ′′−2(2ω + 1)ϕ′) = 0;
the solution of the reduced equation is
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ϕ(ω) = c2ω
3
(
6ω2 + 15ω + 10

)
+ c1;

the solution of the ELBI equation is

x2
0 − x2

1 − u2

x0 + u
− x2

2

x0 + u+ 1
= c2(x0 + u)3

(
6(x0 + u)2

+ 15(x0 + u) + 10
)

+ c1.

5. 〈P1〉 ⊕ 〈P2 − αX2, α > 0〉 ⊕ 〈P3 − γX3, γ 6= 0〉:
the ansatz is 2u+

x2
1

x0+u +
x2

2

x0+u+α +
x2

3

x0+u+γ = ϕ(ω), ω = x0 + u;
the reduced equation is
(ω+γ)5ω5(ω+α)5

[
ω
(
ω2 +(α+γ)ω+αγ

)
ϕ′′−2(3ω2 +2(α+γ)ω+

αγ)(ϕ′ − 1)
]

= 0;
the solution of the reduced equation is
ϕ(ω) = c1

[
1
7ω

4 + 1
3 (α + γ)ω3 + 1

5 (α2 + 4αγ + γ2)ω2 + 1
2αγ(α +

γ)ω + 1
3α

2γ2
]
ω3 + ω + c2;

the solution of the ELBI equation is

2u+
x2

1

x0 + u
+

x2
2

x0 + u+ α
+

x2
3

x0 + u+ γ

= c1
[

1
7 (x0 + u)4 + 1

3 (α+ γ)(x0 + u)3 + 1
5 (α2 + 4αγ + γ2)

× (x0 + u)2 + 1
2αγ(α+ γ)(x0 + u) + 1

3α
2γ2
]

×(x0 + u)3 + x0 + u+ c2.

6. 〈P1〉 ⊕ 〈P2 − αX2, α > 0〉 ⊕ 〈P3〉:
the ansatz is 2u+

x2
1+x2

3

x0+u +
x2

2

x0+u+α = ϕ(ω), ω = x0 + u;
the reduced equation is
(ω + α)5ω5(ω(ω + α)ϕ′′ − 2(3ω + 2α)(ϕ′ − 1)) = 0;
the solution of the reduced equation is

ϕ(ω) = c1
(

1
7ω

2 + α
3ω + α2

5

)
ω5 + ω + c2;

the solution of the ELBI equation is

2u+
x2

1 + x2
3

x0 + u
+

x2
2

x0 + u+ α

= c1

(
1
7 (x0 + u)2 + α

3 (x0 + u) + α2

5

)
(x0 + u)5

+ x0 + u+ c2.

7. 〈P3 − 2X0〉 ⊕ 〈X1〉 ⊕ 〈X2〉:
the ansatz is
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1
6 (x0 + u)3 + x3(x0 + u) + x0 − u = ϕ(ω), ω = (x0 + u)2 + 4x3;
the reduced equation is 2ωϕ′′ − ϕ′ = 0;
the solution of the reduced equation is
ϕ(ω) = c2ω

3/2 + c1;
the solution of the ELBI equation is

1
6 (x0 + u)3 + x3(x0 + u) + x0 − u

= c2
(
(x0 + u)2 + 4x3

)3/2
+ c1.

8. 〈P3 − 2X0〉 ⊕ 〈X1〉 ⊕ 〈X4〉:
the ansatz is (x0 + u)2 + 4x3 = ϕ(ω), ω = x2;
the reduced equation is ϕ′′ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω + c2;
the solution of the ELBI equation is

u = ε(c1x2 − 4x3 + c2)1/2 − x0, ε = ±1.

Proposition 2. The Lie algebra p(1, 4) contains 10 three-dimensional
inequivalent subalgebras of the type A2 ⊕A1.

1. 〈−(G+ αX2), X4, α > 0〉 ⊕ 〈X1〉:
the ansatz is x2 − α ln(x0 + u) = ϕ(ω), ω = x3;
the reduced equation is ϕ′′ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω + c2;
the solution of the ELBI equation is

x2 − α ln(x0 + u) = c1x3 + c2.

Proposition 3. The Lie algebra p(1, 4) contains 17 three-dimensional
inequivalent subalgebras of the type A3,1.

1. 〈2µX4, P3 − 2X0, X1 + µX3, µ > 0〉:
the ansatz is (x0 + u)2 + 4x3 − 4µx1 = ϕ(ω), ω = x2;
the reduced equation is ϕ′′ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω + c2;
the solution of the ELBI equation is

u = ε (4µx1 + c1x2 − 4x3 + c2)
1/2 − x0, ε = ±1.

Proposition 4. The Lie algebra p(1, 4) contains 3 three-dimensional
nonconjugate subalgebras of the type A3,2.
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1. 〈2βX4, P3, G+ αX1 + βX3, α > 0, β > 0〉:
the ansatz is x1 − α ln(x0 + u) = ϕ(ω), ω = x2;
the reduced equation is ϕ′′ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω + c2;
the solution of the ELBI equation is

x1 − α ln(x0 + u) = c1x2 + c2.

Proposition 5. The Lie algebra p(1, 4) contains five three-dimensional
inequivalent subalgebras of the type A3,3.

1. 〈P3, X4, G+ αX1, α > 0〉:
the ansatz is x1 − α ln(x0 + u) = ϕ(ω), ω = x2;
the reduced equation is ϕ′′ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω + c2;
the solution of the ELBI equation is

u = exp

(
x1 − c1x2 − c2

α

)
− x0.

Proposition 6. The Lie algebra p(1, 4) contains 18 three-dimensional
inequivalent subalgebras of the type A3,6.

1. 〈P1 −X1, P2 −X2,−P3 + L3〉:
the ansatz is

x2
1+x2

2

x0+u+1 +
x2

3

x0+u + 2u = ϕ(ω), ω = x0 + u;
the reduced equation is
ω5(ω + 1)5[ω(ω + 1)ϕ′′ − 2(3ω + 1)(ϕ′ − 1)] = 0;
the solution of the reduced equation is
ϕ(ω) = c1

7 ω
7 + 2

3c1ω
6 + 6

5c1ω
5 + c1ω

4 + c1
3 ω

3 + ω + c2;
the solution of the ELBI equation is

x2
1 + x2

2

x0 + u+ 1
+

x2
3

x0 + u
+ 2u = c1

7 (x0 + u)7 + 2
3c1(x0 + u)6

+ 6
5c1(x0 + u)5 + c1(x0 + u)4 + c1

3 (x0 + u)3 + x0 + u+ c2.

2. 〈P1,−P2,− (L3 + αX3) , α > 0〉:
the ansatz is x2

0 − x2
1 − x2

2 − u2 = ϕ(ω), ω = x0 + u;
the reduced equation is ω2ϕ′′ − 6ωϕ′ + 6ϕ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω

6 + c2ω;
the solution of the ELBI equation is

x2
0 − x2

1 − x2
2 − u2 = c1(x0 + u)6 + c2(x0 + u).
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3. 〈X1,−X2, P3 − L3〉:
the ansatz is x2

0 − x2
3 − u2 = ϕ(ω), ω = x0 + u;

the reduced equation is ω2ϕ′′ − 4ωϕ′ + 4ϕ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω

4 + c2ω;
the solution of the ELBI equation is

x2
0 − x2

3 − u2 = c1(x0 + u)4 + c2(x0 + u).

4. 〈P1, P2, L3 − P3〉:
the ansatz is x2

0 − x2
1 − x2

2 − x2
3 − u2 = ϕ(ω), ω = x0 + u;

the reduced equation is ω2ϕ′′ − 8ωϕ′ + 8ϕ = 0;
the solution of the reduced equation is ϕ(ω) = c1ω

8 + c2ω;
the solution of the ELBI equation is

x2
0 − x2

1 − x2
2 − x2

3 − u2 = c1(x0 + u)8 + c2(x0 + u).

5. 〈X1,−X2, P3 − L3 − 2αX0, α > 0〉:
the ansatz is (x0 + u)3 + 6αx3(x0 + u) + 6α2(x0 − u) = ϕ(ω),
ω = (x0 + u)2 + 4αx3;
the reduced equation is 2ωϕ′′ − ϕ′ = 0;
the solution of the reduced equation is ϕ(ω) = c2ω

3/2 + c1;
the solution of the ELBI equation is

(x0 + u)3 + 6αx3(x0 + u) + 6α2(x0 − u)

= c2
(
(x0 + u)2 + 4αx3

)3/2
+ c1.

4. Conclusions. In this paper we focused our attention on Lie
reductions of the ELBI equation to linear ODEs. More precisely, we
presented results for such three-dimensional subalgebras of p(1, 4) that
give reductions of the ELBI equation to linear ODEs with nonlinear
solutions.

It is known [7] that the Lie algebra p(1, 4) contains three-dimensional
inequivalent subalgebras of the following types: 3A1, A2 ⊕ A1, A3,1,
A3,2, A3,3, A3,4, A3,6, Aa3,7, A3,8, A3,9. Results of the paper imply that
all the above Lie reductions of the ELBI equation to linear ODEs can be
obtained using subalgebras of the types 3A1, A2 ⊕ A1, A3,1, A3,2, A3,3

and A3,6. Moreover, all the subalgebras considered in the paper are also

subalgebras of the Lie algebra of the extended Galilei group G̃(1, 3).
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