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OcHOBY 1IbOTO 30ipHMKA CKJI&JIAI0Th IIPAlll HAYKOBIB 1 aclipaHTiB Bij-
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“TeopeTuKo-aJredpandecKue NCCaeI0OBaAHNs B MaTeMaTuIeckoi pusnke”
(1981), “Teopernko-airebpaniecKne MeTOIbI B IIPOBIEMAX MATEMATHIE-
ckoit busuku” (1983), “TeopeTHKO-IPYIIIOBbIE UCC/IEI0BAHNS YPABHEHUI
maremarudeckoit dhusuku”’ (1985), “CuMmMerpus u peneHus HeJTnHeRHbIX
ypaBHenuil Mmaremarudeckoi dbuzuxu”’ (1987), “Cummerpuiiublii anaims
U pellleHusl ypaBHeHuil Maremarnyeckoil dusuku”’ (1988), "Cummerpust
U pelleHusl ypaBHEeHHUH MarTemartudeckoil dusnkn” (1989), “Teoperuko-
anrebpanyecKnii aHan3 ypasHeHnil Maremarndeckoit dusuku’ (1990),
“Symmetry analysis of equations of mathematical physics” (1992).

IIpoBimaa Tema GibIIOCTI cTaTeil — cuMeTpiiiHuil aHATI3 HETIHITHIX
PIBHSIHD CydacHOI MATeMaTUIHO! (Di3UKHU Ta TTOOYI0BA TOTHUX PO3B’I3KiB
TaKuX piBHAHB. 1Ipm ITbOMY BHUKOPUCTOBYIOTBHCS $K KJIACUYIHI METOIN
sampororoBani me Codycom JIi, Tak i HalicydacHIN MeTOIu yMOBHOI,
nmapacyrep- Ta JucKpeTHOI cumeTpiit. Jlociti Ky oThest TaKoXK 1pobJieMu
mo0Oy/T0BU iHBapiaHTIB 1 HEJTIHIHHIX 300pakeHb JESTKUX I'PYI CUMETPII.

Mu crmomiBaemocs, mo 1eit 36ipHUK Oyae KOPUCHUM JIJIsT HAYKOBIIB,
SK1 IIKABJIATHCA 3aCTOCYBAHHAM TEOPETUKO-TPYIIOBUX METO/IIB JI0 33134
MaTeMaTUIHOl (pi3uKw.

A.T. Hikirin
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CumMeTpiiiHi BJIaCTUBOCTI HEJIIHIITHOI cuCcTeMU
PiIBHAHBb MapadoJIiTHOTO TUITY

H.B. AH/IPEEBA

Hoamascoruti mexnivwHul yHisepcumem

3HaiifenHi cucTeMu piBHSIHBb MapabOJIidHOTO THUILY, SIKi MalOTh KOH(MOPMHY
cumerpito. [loOymoBano am3almy i NpoBejieHa PeayKIlis i OJHIEl Takol
CHUCTEMH.

Conformally-invariant nonlinear systems of parabolic-type equations are
found. The conformal algebra is used for construction of Ansétze and for
reduction of a system of this kind.

B po6ori [1] mokazaHo, 1o piBHSAHHS

ug = F(u,u11) (1)
iHBapiaHTHe BIJHOCHO ayredpu

A= {0p,01,D1 = 22101 + ud,, K = z%@l + x1udy) (2)
TOJIi 1 TIJIBKK TOJTi, KOJTM BOHO Ma€ BUTJISI:

F(u,uip) =uf (ugun) , (3)

ne f — moBimbHA TyIagKa QYHKILS.
V3araapaumo pisHsHHsL (1) 10 cucreMu piBHSAHB Jis 1BOX BYyHKIif:
_ rl
up = f*(u,v,u11,v11),
_ r2
vo = f*(u,v,u11,v11).

(4)

IocTaBuMO 334a4y: BH3HAYUTH, IPH SKUX GyHKIiax f1 Ta f2 cucrema
piBusHb (4) iHBapiaHTHA BiTHOCHO ajurebpu

A= <80, 81, D1 = 2.%1(91 + u@u + ’Uav,
K =220, + 21udy + 21v0,).

()
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Jana 3ajada y BUNAJKY CHCTEMH JIBOX KBA3LIIHITHUX DIBHSHDL TENJIO-
upoBinHOCTI po3B’s3ana B [2].

Teopema 1. Cucmema pishsans (4) ineapianmua 6idnocho anzebpu (5)
npu Ymoel
u u
1 1 3 3 2 2 3 3
f =up (E,u Up1,v vn), ff=wvp (;,u Uy1,v vn), (6)
de o ma ©? — 2na0Ki Pyrryii 6iI0NOCIONUT SMIHHUL.

Posruisinemo cucremy, sika € YaCTUHHAM BUIIaJIKOM cucreMu (4) 3 npa-
BUMM YACTHHAMHU, 10 BU3HAYAIOTHCH (popmyaamu (6), a came:

Ug = u21}21)11, Vo = U2U2U11. (7)

Teopema 2. Makcumanvroro aszebporo insapianmmuocmi cucmemu (7) €

anzebpa
g: <607817D0 :2x()80+$181, (8)
Dy = 22101 + udy + v0,, K = 2301 + x1ud, + 1100,).

Bukopucraemo cumerpio cucremu (7) JIsi 3HAXOJIPKEHHS i1 TOTHUX
PO3B’sI3KiB (Hepesik HeeKBiBAJIEHTHUX aH3alliB HaBeJEeHO B Tabimmi 1).

[TobyoBani aH3any Jar0Th 3MOTY 3HAXOIUTU TOYHI PO3B’SI3KU CHC-
remu qudepenniaabaux pisagnb (7). Hanpukia, migcraBuBim moctuii
am3arn 3 Tabuuii 1 B cucremy (7), OTPEMAEMO PeJyKOBAHY CHCTEMY DiB-
HSIHBb

me' = (9')* (¢%)" &,

m? = (1) (¢?)" ¢".
STxcimo npunyeriTi, mo  (9) @

mgl = (p1)43. (10)

BarasnbHuil po3s’si30K piHsHHs (10) Mae BUrIIsL:

L= 2, To onmepxuMO

1
*§W+CQ =

1 4 Clwl +1 C4 201(,01 -1
=————In — — arctg —————,
mCipt 6 1-Cipt +Crpt /3 V3

ne Ci ta Cy — noBUILHI cTaJ.
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Tabaumg 1. [1] Serova M., Andreeva N., Evolution equations invariant under the conformal
algebra // Proceedings of the Second International Conference "Symmetry in
N w (% v Nonlinear Mathematical Physics", Kyiv, 7-13 July 1997. — Kyiv: Institute of
Mathematics, 1997. — Vol.1. — P. 217-221.
1| @ ¢w) ¥*(w) i i i i
[2] Yepnira P.M. Cumerpia Ta To4YHI PO3B’s3KH DIBHAHb TENJIOMACOIEPEHOCY B
9 o 371901 (w) .’1714,02 (w) TepmosiepHiil masmi // Jon. HAH Vkpaiam. — 1995. — Ne 4. — C. 17-21.
1 2 [3] ®ywma B.U., lrenens B.M., Cepos H.M1. Cummerpuiinblii aHaIus u TOYHBIE
3 Zo vI1e (w) vVIL1e (w) pellleHusI ypaBHEHU HeJauHeiHON MaTemarmdeckoil ¢usnuku. — Kues: Hayxk.
MKa, 1989. — 339 c.
4 | x 23 + 1ot (w) 22 + 192 (w) Y ¢
2 1 2 2
5 | xo 7 — 1o (w) 7 — lp*(w)
6 | z1+mao ) 02 (w)
1
7 p + mxg 19t (W) r19% (W)
1
Inxzy + mxg V1t (w) VIT1p% (w)
9 | arctg z1 + mxo 22 + 1ot (w) 2?2 + 1% (w)
10 | arcth 1 + mao 22 — 1ot (w) 7?2 — 1% (w)
_1 _1
11 | 21 + mlnag Ty Lot (w) Ty L% (w)
_1 _1
12 . + mlnxzg Tzt (w) Ty *r10?% (W)
_1 _1
13 | Inzy + mlnzg Ty * /1t (W) Ty */T10% (w)
_1 _1
14 | arctg z1 + mlnzg | 2y *1/22 + 1ot (w) | 7y *1/22 + 1p?(w)
_1 _1
15 | arcth z1 + mInzg | 7y /23 — 1ot (w) | o /23 — 19?(w)

B pesysbrari orpuMyeMo po3B’a30K Hesiniitaol cucremu (7)

1
—g(acl +mx0) +Cy =

1 Ol n C’lu + 1 Cl arct 2C'1u —1
= -  —— ar R
mC1u 6 1 —Clu+02u \/3 & \/§ ’

v =u,

ne m, Ci ta Cy — noBiabHI cTaJI.
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On exact solutions of an equation
of nonlinear acoustics

A.F. BARANNYK 1, 1.I. YURYK 1}

1 Higher Pedagigocal School, Stupsk, Poland
1 Ukranian State University of Food Technologies, Kyiv

IloGymoBani mmpoki KJjacu TOYHUX PO3B’I3KiB O6AraTOBUMIPpHOIO HEJIiHIM-
HOI'O PIBHSIHHS aKyCTHKU Uy = UAU.

New wide classes of exact solutions of the multidimensional nonlinear
acoustics equation ugp = uAu are constructed.

A lot of equations of nonlinear acoustics, theory of nonlinear waves have
the form

Ugo = c(f,u,@lé)Au, (1)
where u = u(Z), T = (20, 21,...,%n ) € Ry pn; c(Z,u,u) is an arbitrary
N—— 1

differentiable function,

0%u - 0?%u 0%u
e Il wn — 22
ox? Or2’ 007 9x2’

Au

u is the set of all possible derivatives of the first order. Group properties

of equation (1) were studied in [1].
If ¢(Z, u, ’tlL) = u, then equation (1) takes the form

Upog = uAu. (2)

P. Olver and Ph. Rosenau [2]| constructed solutions of the one-dimen-
sional acoustics equation (2), that canot be obtained by using S. Lie’s
method. In paper [3|, the conditional symmetry of equation (2) was
investigated. Under the conditional symmetry we mean the symmetry
of some subset of solutions of the given equation. In [1, 3], 12 types
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of nonequivalent conditional symmetry operators of equation (2) we
found, with the help of which wide classes of exact solutions of the given
equation were constructed. Note that in many cases ansatzes correspon-
ding to conditional symmetry operators reduce the initial nonlinear equa-
tion to linear one.

In the present paper, proceeding from reflections different from the
conception of the conditional symmetry, we constructed classes of exact
solutions of equation (2), that are wider than ones in [1, 3]. In construc-
ting these solutions, we essentially used solutions with separated variables
[4]. It’s worth noting that in many cases to construct solutions with
separated variables is essentially easier than to obtain conditional sym-
metry operators.

1. We look for solutions of equation (2) in the form u = a(zg)b(x),
where functions a(zo) and b(x) differ from constants. Substituting into
equation (2) we get a”’b = a?bAb. Here a” means the second derivative of
the function a(x¢) with respect to variable zg. It follows from the latter
equality that functions a” and a? are linearly dependent, i.e. a” = aa?
for some o € R. Also we obtain Ab = «a. If a = pxg+ v, then o = 0, and
a solution of equation (2) is of the form

u = (pwo +v)b(z), (3)

where Ab = 0. 6
If o # 0, then setting a; = %a, by = Eb, we get af = 6a2, Ab; = 6.

Therefore, in the case a # 0 solutions of equation (2) are of the form

- E (xf 4. +xi) +Ga(x1,..-,$n)} p(xo0), (4)
u:E(x§+...+x%)+Ga(x1,...,xn)} x5, (5)

where 1 < k < n; p(xg) is the Weierstrass function with the invariants
go = 0, gs = Cl, AGa =0.

2. The solution
u = (pzo + v)b(x) + b1 (z), (6)

is a generalization of solution (3), where Ab =0, Ab; = 0.
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Solution (4) is a particular case of the more general solution
u = p(x)p(zo) + G(z0, ),
where
o) == (a1 + - +2}) + Galz,..., 7).
Substituting into equation (2) we find
voo = @(x)p(x0)Av + 6p(z0)v + vAw. (7)
If function v depends only on zg, then vgy = 6p(z)v and we have the

following solution of equation (2):

v % (@4 +22) 4 Calen, ... zn)| plzo) + f(z0),  (8)

where f(zg) is the Lamé function [5].

If function v depends on zy and z, then we look for a solution of
equation (7) in the form v = a(xo)b(z), where a(xo) and b(x) differ from
constants. Substituting into equation (7) we get

a”"b = a(xo)p(20)pAb + 6a(zo)p(0)b + a®(z0)bAD. 9)

Equality (9) means functions a”, ap and a? are linearly dependent. If
we assume functions ap and a? are linearly dependent, then a? = aagp,
a € R or a = ap and the solution we are looking for can be presented in
the form u = p(zg)d(x), i.e. we are under conditions of p.1. Hence, we
can suppose functions ap and a? are linearly independent. Therefore,

a" = aa® + Bag. (10)
Substituting into (9) we come to

(ab — bAb)a? + (Bb — Ab — 6b)ap = 0.
Since a? and ap are linearly independent,

ab—bAb =0, Bb — oAb —6b=0. (11)
From system (11) it follows

Ab = a, ap = (0 —6)b.
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If « = 0, then 3 = 6 and we obtain the following exact solution of
equation (2):

3
u = E (l’?‘f""xi) +Ga(x1a~~~7xn) p(l’o)+

+&, (21, ... x0) f(x0),
where 1 <k <n, AG, =0, A®, =0, f”" =6pf is the Lamé function.
If « # 0, then one can assume a = 1. For this reason ¢ = (8 — 6)b,
1
whence Ap = (8 — 6)Ab, i.e. § = 12. This means b = i and we are

under conditions of p.1.
The solution

(12)

3
w= |2 (ad o ad) + Galan, . wa) | 75+

+&, (21, ... ,wn)xa?’,

is a generalization of solution (5), where 1 < k < n, AG, =0, Ad, = 0.

(13)

3. Consider more complicated case, namely, we shall seek for a solution
of equation (2) in the form

u = a(zg)b(x) + c(xo)d(x). (14)

If functions a(xg) and ¢(xg) are linearly dependent, then ¢(xg) = aa(xo),
a € R and therefore v = a(xz)b1(x), where b1(z) = b(z) + ad(z).
This case was the subject of research in p.1. Hence, one can assume
functions a(zo) and c(zo) are linearly independent. For the same reason
functions b(x) and d(z) are also linearly independent. Substituting (14)
into equation (2) we come to

a’b+ c"d = a® (bAD) + ac(bAd) + ac(dAb) + ¢*(dAd). (15)

Equality (15) means functions a?, ac, ¢?, a”, ¢’ are linearly dependent. It
is not easy to show that from linear independence of functions a and c it
follows linear independence of functions a2, ac and ¢2. In fact, if functions
a?, ac and ¢? are linearly dependent, then aa? + Bac + yc? = 0 for some
real numbers «, (3, 7 not being equal simultaneously zero. Assume a = 0,
then Bac+yc? = 0, i.e. ¢(Ba+yc) = 0. From this it follows Ba+~yc = 0 and
functions a and c are linearly dependent, that contradicts the hypothesis.
Therefore, o # 0, hence one can assume a = 1. Since

AN 82
a® + Bac + yc® = (a+§) +<7—Z>c2=0,
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2
we have v — il —62 < 0. In consequence of this

a® + Bac+ v = (a+§c60> (a+§c+6c> =0.

From the latter equality we obtain a+ g —d|c=0ora+ (g + 5) c=

0. This means a and c are linearly dependent and we again come to
contradiction.

Suppose function a?

, ac, ¢? and a” be also linearly independent. Then
" = aa® + Bac + yc* + §a” (16)

for some «, 8,7,9 € R. Substituting (16) into (15) we find coefficient
of a”’. It equals b + éd = 0, i.e. b and d are linearly dependent, that
contradicts assumption. The contradiction obtained proves the system

of functions a2, ac, ¢ and a” is linearly independent.
Let

a’ = aa® + Bac + yc?, " = ara® + Brac + 11, (17)

where «a, 8,7, a1, 51,71 € R. Substituting (17) into (15) and taking into

account the linear independence of functions a?, ac and ¢? we obtain
ab + a1d = bAD,
vb + 11d = dAd, (18)

0b+ 1d = bAd + dAb.

Multiplying both parts of the first equation of system (18) by d?, of the
second equation - by b? and of the third one - by bd, we get

Bb2d + Brbd? = Ab® + v1b%d + abd? + a1 d®. (19)

From the linear independence of functions b and d it follows the linear
independence of functions b%d, bd?, b> and d3. Therefore, from equality
(19) we obtain 8 =1, 81 = a, 7 =0, ay = 0. Hence,

a" = ad® + Bac, ' = aac+ . (20)
1
B

a’ = aa® + acq, ¢l = aacy + 3, Ady = 1.

In system (20) a # 0, 8 # 0. Denote ¢; = ¢, d = —d, then
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This means one can take 8 = 1 in system (20). For this value of 3 system
(20) has the following solution [5]:

a’ = a®(zo) (/ % +a) , c(xg) = a(xo)/%.

As a result, we obtain the following solution of equation (2):

da?o

u = a(xo)b(x) + d(x)a(zo) / Z(zg)’ (21)

where
b(x):%(lf—‘r+xi)+Ga(fE177xn)v
1%

d(x) = 5 (2 + -+ a]) + a1, ... 20),

1<k<n 1<I1<n, AG, =0, AD, = 0 and function a(zg) is a
solution of the equation

a’ = a*(xo) (/%ﬂy).
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CumerpiiiHa peayKIilisi piBHIHHS
I'yeppa-Ilycrepsa 3a migajarebpamu
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Inemumym mamemamuru HAH Yxpainu, Kuis
E-mail: lyuda@apmat.freenet.kiev.ua

Bukonano cumerpiitny pejaykiiifo cucremu piBHsSHL ['yeppa-Ilycrepna mo
CHCTEM 3BUYAMHUX JuEPEHITiaTbHUX PIBHSHD.

Symmetry reduction of the Guerra-Pusterla system of equations to systems
of ordinary differential equations is performed.

B po6orax [1-8] 6ysio 3anporonoBano HesiHifHI y3araJbHEHHs KJIACHY-
woro piBaguus Iproainrepa Burassy

Ou Alu Ulq|u U
i—+Au=|m | ‘+72| ol |a+“/ohl— u, (1)
ot |l |u u*
O|ul )
ne |u| = Vuu*; |ul, = 5 &= 1,...,m; Y0, Y1, V2 — J€dKi KOHCTAHTH;
La

3a iHJEKCaMu, IO MOBTOPIOIOTHCH, MPOBOJUTLC MijcyMOBYyBaHHsA. PiB-
Hsnag Tuiy (1) BUKOPUCTOBYIOTHCS B KBAHTOBiH MeXaHili Jjis OLUCY
edeKTiB po3cigHasa Ta qudys3ii.
OpHuM 3 piBHsIHB, IO HaJIEKUTH 10 Kiacy (1), € piBuanua ['yeppa-

IIycrepna

Ou Alul

i— + Au=y—u, (2)

ot [l

sKe JoCHiKyBaocs B [2, 5, 6]. Henluiituuil wien y upasiit yacruui pis-
HsanHsd (2) Bignosizae 3a edekrTu posciguug y Bakyywmi. B mux poborax
koedinient v (v # 0) NPHUILyCKABCH JIy?Ke MAJIMM, OCKIJIBKH PO3IIISIaJII-
CsI IPOTIECH 3 TPAKTUIHO HE3HAYHUM PO3CIsTHHSIM €HepPTil CHCTEMU.
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B niii po6oti mu gociaigumo pisaguuas (3) upu v = 1 Ta n = 3. Toui
piBusians ['yeppa-Ilycrepria nabyBae BUTTISITY

20 gy Bl

3

o TG 3)

ae u = u(t,zy, 2, x3). Hicas samimn u(t, @) = exp|r(t,Z) + i0(t, )],

ne & = (x1,x9, T3), ONEPKYEMO cUCTEMY JiACHUX JudepeHIiadbHuX PiB-
HAHD

% + VovVe =0,
o (1)
i A +2VrVe =0,

aKy Oyzemo HasmBatu cucmemoro Iyeppa-ITycmepaa.
B [9] BcranosiieHo, 10 MAKCUMAJIBHOIO aJireOpOI0 IHBapIaHTHOCT CUC-
remu ['yeppa-Ilycrepia € npsama cyma anrebp JIi (N) 1 AC(1,4), e
0
N=—
or’

a AC(1,4) e koudopmuO anreGpoio 3 Hazucom

1 0 0 0 1 0 0
Po—m(zwﬁ’ Fo = g P“ﬁ(g&_%)’
0 0 0 0
Jab—xba—xa_xaa—xba J04—t§—9%7
1

0 0 1 0
JOa = E {J}aa =+ (t+29)ax + EQTQ%},

V2 ot oz, 27700
D:—<t§+xaaﬂxa 9%—;%), .
Ko:\/i{(t2+%2>a—+(t+29)xaai%+

+Gf2+292)%—g(t+29)%},
K4\/§{<t2f;)§t+(t29)zaaia+
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ne #2 = x% + 23 + 23; a,b = 1,2, 3, npu mpomy 10 iHJEKcaxX, 10 HOBTO-
PIOIOTHCsI, TPOBOIUTHCS i ICYy MOBYBAHHSI.

3ayBaxKumo, 1o cuMeTpiitHi BiacTuBocTi piBHsHHS (3) HOCITIKYBa~
Jch TakoXK B [10].

Mertoto HaImUX AOCTIIXKEHb € TOOYI0Ba iHBapiaHTHUX PO3B SI3KIiB CHU-
cremu I'yeppa-Ilycrepna (4) 3a 10moMorown cuMmerpiiHOl pemykiii el
CUCTEMU JIO CUCTeM 3BUYAHUX AudepeHIliaJbHIX PIBHSAHD 110 IIiIaJreo-
pax HEeHTPAJILHOro posmupenns Koudopmuol ajrebpu AC(1,4) & (N).

Hns penykuil cucremu (4) 10 cucreM 3BUYaiiHuX JudepeHiiaib-
HUX DPIiBHSHB HEOOXiTHO KJaacuiKyBaTH IIiaareOpu paury 3 aaredbpu
AC(1,4) @ (N) 3 roasicrio s0 C(1,4)-cupsizkerocti. OCKUIBKE PeyKIList
moTpebye He cami miganareOpu, a OCHOBHI iHBapiaHTH WX Higaredp, To
mu 6yzemo onepyBaru [-MakcumasibuuMu mifasrebpamu [12].

Minanre6bpa F anre6pu AC(1,4)®(N) HasubaeTbesi [-MaKCHUMAIb-
HOIO, §IKIIIO BOHA HEe MICTUTBLCA B YKOMHIN iHINNA migaarebpi aarebpu
AC(1,4)®(N) 3 Tumu K caMUMu OCHOBHUMH iHBapianTamu. ITinanrebpa
F' e [-MaxcnMasIbHOIO TOJI 1 TITBKU TOMi, KOJW BOHA MICTHTH BCi TimaJ-
rebpu anrebpu AC(1,4) @ (N), mo maroTh Taki K OCHOBHI iHBapianTH,
dK 1 miganrebpa F'.

Cucrema (4) mae aucKperHi cumerpil, gKi NOPOIZKYIOTH JUCKPETHI
aBTOMODPMIZME Pc, , ey Pes = PesPe, aNredpn AC(1,4), mo 3ama10TbCsA
TAKAM THHOM:

Yoot Po— =Py, Ko— —Ku, Jog — Jog
(a,6=0,1,2,3,4), D — D;
Yoy : P — —P, Ki——-Ki, Joi— —Joi,
Jia = —J1a (@=2,3,4), P,— P,, K,— K,,
Jog — Jap  (0,6=0,2,3,4), D — D;
Peg - P— P, K —Ki, Jo— —Joi,
Jio = —Jia (a=2,3,4), P, — —P,, K,— —K,,
Jog — Jap (,06=0,2,3,4), D — D.
Ha migcrasi ckazamoro mpum kiacudikamil migaaredp asaredpu
AC(1,4) MOXKHA BUKOPUCTOBYBATHU He TLIBLKM BHYTDIIIHI aBroMopdizmu

i€l aarebpu, a i gucKpeTHi aBToMopdizMu, ToOTO miaaredbpu aaredbpu
AC(1,4) posrasimaru 3 Tounictio 1o C(1, 4)-cupsizkenocri [11].
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Teopema 1. Hezati

Cucmema (4) mae X -insapianmuut po3s’sa3ox modi i miavky modi, xoau
B # =1, v=01iA=0, npu yvomy xoorcen X -insapiaHmnut po3e’a30x
cucmemu (4) moorcha nodamu y euzandi

3
-1 1
4 +4 Zajxj—i—C,

26+1) 4B+ 1) & ©)
rzg(Lt—xl,Lt—mLt—wg),
2(8+1) 2(8+1) 2(8+1)

de g(y1,ye2,ys) — desxa dudepernuitiosrna Pynruis i, nasnaru, 0as 6ydb-
axol dupepenuyitiosnoi dynruii g(y1,ys,ys) napa Pdynxyid 0, r, sada-
nux dopmysamu (6), € poss’sasxom cucmemu (4), ineapianmuum 6i0-
nocno X.

Ha mijgcraBi Teopemn 1 MoxkHA 0OMEKUTHUCH [-MaKCUMAJIHLHUME TIi/T-
anrebpamu, npoekiii sskux Ha AC(1,4) He micTsaTh 3 TounicTio 1o C(1, 4)-
cripsizkeHocTi oneparopis Py i Py + Py.

o6 omepkaTu mepemik [-MakcuMaJbHUX —Mmiganaredp  asred-
pu AC(1,4) ® (N), posrisuysanux 3 Tounicrio g0 C(1,4)-cupskenoc-
Ti, Gepemo mepenik miganre6p anrebpm AC(1,4) [11], morim BEKOpPH-
cropyemo KoHCTpykIio JIi-T'ypea [11] aost onmey mimanrebp anrebpu
AC(1,4)® (N) i omHOUACHO BIIOUPAEMO 3 IUX Tiaarebp [-MakcuMaabHi
migaarebpu panry Tpu. B mporieci Bimbopy cnmpaeMocst Ha TaKy BJIACTHU-
BicTh [-MakcmMabHUX Timaarebp: saxmo K € [-MakCcHMaJbHOIO TiaaJ-
rebporo anrebpu AC(1,4) @ (N), To pasoM 3 KOKHOIO Iinaiarebpoio F C
K ninanrebpa K wicruts Oynb-sky minanrebpy F' C AC(1,4) & (N),
[0 MAa€ TaKi »K OCHOBHI iHBapiaHTH, sIK 1 migajarebpa F. 3okpema, sIKIIO
P,, P, € K abo G,,Gp € K, 10 Jyup € K. Ilpu Binbopi I-mMakcuMaIbHIX
mirare6p BPaXOBYEMO TAKOXK PAHTU IMifaiaredp. 3a3HAYUMO, IO PAHTH
niganredp [y = (Ji2 + Jsa, J13 — Jou, J1a + Ja3), Fo = F1 @ (J12 — J34),
Fy = AO(4), Fy = (Jo1, Jo2, J12, D) nopisaotors 3. Panr miganre6pu
<J01, JOQ, J12> ,HOpiBHIOG 2.
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Teopema 2. I-maxcumanrvni nidaszebpu, wo ne micmamv N, paney
3 anzebpu AC(1,4) ® (N), npoexuii axux na AC(1,4) ne micmamo Py,
Py£ Py i ne maromo 6 npocmopi Ry 5 ineapianmrux isomponrux nidnpo-
cmopie, susepnyromoca 3 mownicmio do C(1,4)-cnpastcenocmi maxumu
nidanzebpamu:

(P + Ky + V3(P1 + K1) + 2Jos,
—P3 — K3+ 2Jo2 — 2v/3Jo1, Po + Ko — 4J23);
(Po+ Ko+ a(Ky — Py) + BN) @ (Jia, Jig, Jaz) (@ >0, a # 1);
(Po+ Ko+ aN,Jig + BN, J3a +yYN);
(Py + Ko + aN, Jia, Ji3, J23);
(2J12 + J34, 213 + 2024 — V3(Ky — Py),
2Jo3 — 2J14 + V3(K3 — P3));
(Pr+ K1+ 2Jog, Py + Ko + 2Joa, Ji2 + J34).
Teopema 3. I-makxcumansvri nidasrzebpu, wo ne micmamsv N, paney 3
aneebpu AC(1,4) ® (N), npoexuii axux na AC(1,4) ne micmamov Py,

Py £ Py i € cnpaorcenumu 3 nidanzebpamu anszeopu AP(1,4), euuepny-
romuvea 3 mownicmio do C(1,4)-cnpascernocmi makumy, nidaszebpamu:

i) Ilidanzebpu 3 poswenarsarumu npoekyismu na AP(1,4):

(Ji2 + aN,P3+ N, Py) (o > 0); (Ji2, P1, Py, Ps + N);
(Joa+aN, P, + N, P); (Gi+aN,P,+ N,P3) (a«=0,1);
(J12 + aN, J3q4, P3, Py); (Joa + aN, Jia + BN, Ps + yN);

(Joa + aN, Ja3, Py, P3); (G1 + aN, Jas, Pa, P3) (. =0,1);
(G1, Joa + aN, P; + BN) (a — dogiavre, 3 =0,1);

(J12, J13, Jaz, Py + aN) (a = 0,1); (Ji2, )13, Jaz, P1, Pa, P3);
(Jo1, Joa, J1a, Ps + aN) (a = 0,1); (Gs, Joa + aN, Jia + SN);
(Jo3; Joa, J3a, Ji2 + aN) (@ > 0); (G, G2, Joa + alN, Ji2);
(J12, 13, J23, Joa + aN); (12, J13, J1a, J23, J2a, J34);
(Jo1, Joz, Jos, J12, J13, J23)-
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it) ITidanzebpu 3 neposwenmosarumu npoekyiamu na AP(1,4):
(Ji2+ Py + aN,Ps + SN, Py) (8 > 0);
(Joa + P+ aN, Py, + BN, Ps) (8 > 0);
(Gi1+2T 4+ aN, P, + N, Ps); (Jios+ M+ aN, Ja, P, Py);
(Joa + P1 + aN, Jaoz, Py, P3); (G1+ 2T + aN, Jos, P2, Ps);
(Gi1+aN,Gy + P, + N, P; +yN);
(G1,Jos + Py + aN, P3 + BN) (a — dosiavne, > 0);
(G1,G2, Jos + P34 aN, Ji2).

Teopema 4. [-makcumarvni nidaszebpu paney 3 aszebpu AC(1,4) @
(N), npoexuii axux na AC(1,4) ne micmamo Py, Py £+ Py i € cnpaoice-
HUMU 3 nidanzebpamu arzebpu AP(1,4), ane He € CNPANCEHUMU 3 Nio-
anzebpamu anzebpu AP(1,4), euuepnyromoca 3 mownicmio do C(1,4)-
cnpastcenocmi maxumu nidanzebpamu:

i) Ilidanzebpu 3 POSUWENANBAHUMY NPOEKUIAMU HA AP(1, 4):

(Joa + aN,D + BN, P3); (Ji2 + aJos + BN, D + N, P3) (a > 0);
(Ji2 + aN, J3qs + BN,D + yN);
(Ji2+ aD + BN, J34, P3, Py) (o >0, B — dosiavre);
(Joa +aN, Jiz + BN, D +yN);
(Joa + 1D + B1N, Jia + azD + 32N, P3), de af + a3 # 0;
(Joa + aD + BN, Joz, Py, P3) (v # 0);
(G1,Josa + aD + BN, P3) (a #0); (Jos, Joa, J34, D + aN);
(Jos, Joa, J34, Ji2 + aD + BN) (o > 0);
(J12, J13, J23, Joa + D + BN) (a > 0).
it) ITidaszebpu 3 HEPOSWENAIOBAHUMYU NPOEKUIAMU HA AP(I, 4):
(Joa + D + 2T + aN, Jia + 20T + yN, Ps);
(Joa = D+ M + aN, Jaz, Py, Ps);
(Joa + D + aN, Ji2 + 2T + BN, Ps);
(Joa +2D 4 aN, Gy + 2T, P3); (Joa + D + aN,Gy + Py, P3);
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(Joa — D+ M + aN, Gy, Ps);

(J12 + aN, Jos + 2D + BN, G3 + 2T) (a > 0);
(Joa+ D+ aN,Gy + P3,Ga + P, +vPs)
(B>0,7>0, a— dogiavne);

(12, J13, J23, Joa — D + M + aN).

Teopema 5. I-makcumanvri nidaszebpu paney 3 anzebpu AC(1,4) @
(N), npoexuii axur na AC(1,4) ne micmamo Py, Py £+ Py i € cnpastce-
numu 3 nidaszebpamu anzebpu AG4(3), are ne ¢ cnpasicenumu 3 nio-
anzebpamu anzebpu AP(1,4), eunepnyromuvca 3 mownicmio do C(1,4)-
CNPANCEHOCTNE MaAKUMU Nidas2ebpamu:

(S+T +2J15 +aM + BN,Gy + Py +V2P3,Gy — P — /2G3)
(a=0,£1); (J1o+aN,S+T+[N,Z+~yN);

(Ji2, J13, Jo3, S+ T + aM + BN) (a =0,%1; § — dogiavne);
(S+T+2J15+aZ + BN,Gy + Py +V2P3,Gy — P — \/2G3)
(a#0); (S+T+ Jiz+aN,Z+ N,Gy + Py);
(J12,J13, J23, S + T + aZ + BN) (o # 0).

Hapenemo nekinbka mpukiaiis peaykiii cucremu ['yeppa—Ilycrepita

no Tux miganredpax aarebpu AC(1,4) @ (N), upoekiii sKuX Ha KOH-
dopmnuy anrebpy AC(1,4) € cupsizkeHuMmu 3 migaiaredbpaMu po3IIUPEHOT
asre6pu Ilyankape A]5(1, 4).
Penykuis nmo mimanreGpax anre6pu AP(1,4) @ (N). Jast KoKHOT
migaare6py MOJAEMO BiIMOBIIHMIL i aH3all, peyKOBaHy CHCTeMy, i1 Ja-
CTUHHUN ab0 3araJbHUN pO3B’I30K Ta BIAMOBIAHUIT iHBapiaHTHUN pPO3-
B’g130K cucremu (4).

1. <J12 + aN, J34,P3,P4> (a > 0) Dw = .’t% —i—x%,

1
0=——t+ f(w), r=—aarctan 2 +g(w),
2 1

. 1 . . .
4wf2—§:0, wf+ f42wfg=0.

SarajbHUiT PO3B’SI30K PEIyKOBAHOI CHCTEMMU:

/ 1
f=e¢ %JrCl, g:lenw+C’2, e==I1.
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Binunosinuuit po3s’s30k cucremu (4):

1 22 + 2
b= —tre /T2, o
5 +e 5 + Cq,

1
r = —aarctan -2 — - ln(w? + x%) + Cs.
I 4

2. <J04+04N,J23,P27P3> LW =T,

0= %f(w)7 r=alnl|t| + g(w),
fP=f=0, f+2fi+a=0.

SaranabHUiT PO3B’SI30K PEIyKOBAHOI CHCTEMHU:

(w+C)?

F="—

1
, g:—<a+§>ln|w+01|—|—02.

Posp’a30k cucremu (4):

(x1+ Cl)2

0=—"%

1
, r=alnlt| - (a+§>1n|$1+01|+02~

3. <J12 + 2T + aN, J34,P3,P4> (a > 0) Dow= $% + IE%,

1 1 T2 T2
0 =——t— —arctan — + f(w), 7= —aarctan — + g(w),
3t 5 vetan 2+ f(0) o)
1-— . .. . 2 .
2—w+4wf2=0, 4wf+4f+Q+8wfg':0.
w w

SarasbHnil PO3B’SI30K PETYKOBAHOT CUCTEMMU:

f= % (Vw—1—arctanvVw — 1) + Cy,

1
g:filn|w71\ —acarctanVw — 1+ Cy, € ==+£1.

Binunosinuuit po3s’s30k cucremu (4):

1 1
§ = ——t — — arctan %—i—

2 \/5 X1
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—&—% (\/m%—i—m% — 1 —arctan /2% + 23 —1) + Ch,
] 1 9 2
r= —aarctanx—l - Zln|x1 +a3—1]-

—acarctan /23 + 23 — 1+ Cy, &==1.

Pemykiist mo miganre6pax anre6pu AP(1,4)@ (N), axi He € crpsi-
keHMMU 3 miganreGpamu anredpu AP(1,4) @ (N)

4. <J12+QD+ﬁN,J34,P3,P4> (a>0):

x2
w = ln(ac2 + xg) — 2varctan —
1 2 :E17

1
0 = exp (a arctan ﬁ) flw)—=t, r=g(w)— Parctan %,
,]jl 2 xl

4(1+a2)f2—4a2ff+a2f2—%e“’:O,
41+ f+8(1+a?)fg—402f§+4a(8 — a)f + ala —26)f = 0.

PenyxkoBana cucrema mae po3B’s30K

1 1
=+—ev/? == .
/ ﬁe ) g wte

Binnosinuuit iomy iHBapianTHUil Po3B’d30K cucreMu (4) Mae BULIISLL

x2 + 22 1
9=:ﬁ:\/¥——t,
2 2

1
r=-; In(z7 +23) + (% - ﬂ) arctan i—i + Cy.
5. <J03, Joa, J34, J12 + aD + ﬁN> (a > 0) :

)
w = 2cvarctan — — ln(m% + x%),
L1

2, .2 2
7+ x5 z3 . _ Z2
0= yr (w) + = g(w) — farctan e
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(@ + 1) f? —2ff =0,
B . . 1
(@ +1)f+2(®+1)fg—2fg— (@B+1)f+f+5=0.
3 nepmoro piBHsiHHS ofeprKyeMo, mo f = 0 abo (a? +1)f —2f = 0. B
HEpIIOMy BHIIAJIKY

1

=0, 9:<§+4—é,1>w+02 (C1 #0).

[TroMy po3B’si3Ky peayKOBAHOI CHCTEMHU BiJIITOBIIA€ TAKN PO3B’I30K CHUC-
remu (4):

Ci (23 + 23) + 23

0:
4t ’
r= a—i—i—ﬂ arctanﬁ— 1—&—L ln(w2+x2)—|—0
201 X1 2 401 1 2 2z
B npyromy Bumagxy
2w
[ =Crexp 2+l
208 —a? —3 a?+1 2w
= — C C1 #0).
9= Sy YT R eXp( a2+1>+ 2 (1 70)

Bigmosinauit po3s’s30k cucremu (4) Mae BAIIS:

1 9 9 2w x3
0= EC& (2 + 23) exp (042—+1> +

208—-a? -3  a?+1 ( 2w
= exp [ —

w + —a2—|—1

€2
— Barctan -2 + C:
2002 + 1) 8C > Parctan =+ O,

x
e w = 2a arctan — — ln(asf + :c%)
x1

6. <J047D+M+04N,G1,P3>1 W= —

2

0= 5+ Somlt+ 2 =g+ (=) nfaa.
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. .1 . . . 1
4wf2—wf+ﬁ:o, 4wf+8wfg+(4a—4)f—wg+§:().

PemykoBana cucrema Mae TaKnil 3araJbHUN PO3B’SI30K:
Ay p

+ Ch,

V2
4/2 2 [Y1-22 -1
Fo 1peyf1o V2 ) V2,
8 w o1-a2

gV e T e N e - VR 4 o,
21122 4 1 1

ne e = +x1, a C7, Cy — noBlibHI crai.
Binnosinuuit inBapianTHuii po3B’a30K cucreMu (4) Mae BUIVIAL:

1 2 2 42t
0=—Inlt|+ -1+ 22 [14e/1- \C
2v/2 4t 8t a3

5 |\/73 — 4V/2t — |x4|
—&-%ln 2 +Ch,
\/ 23 — 42t + |24

-1 1
r=2 In |t| — 71n|:c§ - 4\/§t|+
2 4
e} \ 3 — 42t — |22
+7ln +C

2.
\/ 73 — 4V/2t + |24
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CumMeTpiiiHi BJIACTUBOCTI AesIKNX PiBHIHD
riIpoAMHAMIYTHOTO THUITY

B.M. BOUKO

Incmumym mamemamuru HAH Yxpainu, Kuis
E-mail: slava@apmat.freenet.kiev.ua

HocmimkeHO cuMeTpiiiHI BJIACTHBOCTI y3araJibHEHHsI PiBHsHHa BaxHeHKa,
MesdKNX y3arajbHeHb piBHsHHS Broprepca Ta ommiel HesiHINHOI crcTemMu
riIpOIMHAMIYHOTO THITLY.

Symmetry properties of a generalization of the Vakhnenko equation, of
some generalizations of the Burgers equation and of a nonlinear system of
hydrodynamic type are investigated.

1. V3aranbHeHHs piBHsiHHA Baxuenka. B poGori [1] Baxuenko ms
OIACY PO3MOBCIOKEHHSI KOPOTKOXBUJILOBUX 30YPEHb y PEJAKCYIOTOMY
CEpeIOBHUIII 3aIIPONIOHYBAB HACTYIHE HeJIiHiifHE PIBHIHHSI

o [0 0
%<6t+uﬁx)u+u:0. (1)

B it ke pobori moGyoBaHi mesiki comiToHHI po3B’si3ku pisHsHHS (1).
B [2] mocipKena cTifikicTb X PO3B’sI3KiB 1 3alpONOHOBaHA HA3BA PiB-
uganag (1), sk piBasuns Baxsenka. B mamiit poGori Mu gociimkyeMo
cuMeTpiiiHi BJIACTUBOCTI HACTYIIHOIO y3arajibHeHHs piBHsHHg (1):

a% (gt +u5%)u:F(u), (2)

ne F(u) — mosinbHa ruaaka QyHKITsL.

OueBnjiHo, M0 Tpw JIOBibHIA F(u) piBHsiHHA (2) iHBapiaHTHe Bij-
HOCHO JIBOBUMIiPHOI ajreOpu TPAHCIAIIHT 3 0a3ucHuMu oreparopamu Py =
O, P1 = 0,. Ilposesemo cumerpiitny kiacudikario piBusHHs (2) B po-
syminai JIi, To6T0 onmmenmo Bei GyHKIGT F (1), Ipu sIKUX JIOMYCKAETHCS
pO3IIUpeHHsI ajredpu iHBAPIaHTHOCTI.

CumerpiliHi BJIACTUBOCTI JIEIKUX PIBHAHD TiIpOJUHAMIYHOTO TUy 33

Teopema 1. Maxcumarvhoro aszebporo ineapianmmuocmi pieharmns (2)
6 sanesicnocmi 6id F(u) e anzebpu

1. (Py, P1), axwo F(u) — dosiavha.
2. <P07P17 7 ARWO F( ) = G,(U—I—b)p, a7b7p = COHSt, a,p 7£ 0;

o (75

Z),
+ (

. t> 9, — 2 (u +b)d.
p

3. (P, P,
Z =t0; +
4. (Py,D,X), axwo F(u) =1,

axwo F(u) = aexp(u), a = const, a # 0,
x — 2t)0p — 20,

D =20, +udy, X =g(t)0;+ g (t)0u,
g(t) — doginvha 2aadka Pynryis.
5. (Py,D,Dy,A, X), axwo F(u) =0
Dy = t0; — udy, A =120, +txd, + (x — tu)dy.

JoBenennst BCix pe3ysbTaTiB B JaHiit poOOTI MPOBOIUTLCS 3a JIOIO-
mororo aaropurmy JIi [3, 4], Yepe3 rpomizzkicTe MH yIyCcKaeMo BCi J0-
BeJICHHS.

SayBaxkeunsi. [Ipu F(u) = const piBaguus (2) onun pa3 iHTerpyerbes i
3BOJUTHC J10 KBa31IHIIHOrO PIBHAHHS B YACTUHHUX IIOXIMHUX (BUIIAJIKH
4, 5 Teopemu 1).

Cui 3a3HAYNUTH, IO KOXKEH 3 OlEparopiB Y Ta Z MOXKHA IIpejcTa-
BUTH $K JIHIWHY KOMOiHAIIO omepaTopis mwsiatamii Ta [asimes, Tomy
IPYIIOBI IEPETBOPEHHS, MO BINOBIIAIOTH omepaTopaMm Y 1 Z, MOXKHA
iHTepIpeTyBaTH K JedKy KOMIIO3UIIO JUIATAIIIHIX Ta TaJlIeIBCHKIX
neperBopenb (Iepexiz Bij oxHi€el iHepIiajbHOI cucTeMu f10 1HIIO! BiiOy-
BAETHCsl OHOYACHO 3 MACIITAOHIMU [EPETBOPEHHSIMN).

CkiHveHH] TPYIIOBI IIEPETBOPEHHSI, 110 BiJIIOBIIAIOTH omeparopam Y
Ta Z, MaIOTh BUTJISIT:

- -2
Y: t—t=texp(h), r — & =xexp <p—9)—btexp(0),
p

u— 4= (u+b)exp <—29> -
b
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Z: t—t=texp(h), x — & = (x — 20t)exp (0),
u—u=u-—260.

Hageznemo jBa npukiamay peayKuil jyis piBHsHus (2) (g Bunajakis
2 ta 3 teopemu 1). PosriisiHeMo piBHSIHHs

o (0 0

A (ORISR I N

oz (aﬁ“m)“ a(u+b) ®)
Amnsan, mobymoBanmii IO OEpPaTOPy

-2 2 2
D T — _bt) 8w—]—9(u+b)8u,

Y = td, + (
Ma€ BUTJIAT,
u=t"2Pp(w) —b, w = (z + bt)tP/P, (4)

Bin penykye pisastans (3) mo 3BuuaiiHOro mudepeHIiagabHOr0 PiBHSIHHI
BUTJISITY

/

9 _
py" + pr” + () — @' = ap. (5)
IIpu p = 1, a = —1, b = 0 po3p’asku piBHaHHA (D) BU3HAYATUMYTH

po3B’s3KN piBHsAHHs Baxuenka (1).
s piBHAHHS

% (% + u%) u = aexp(u) (6)
aH3ar, no0yI0BAHHIT 110 OIepaTopy

Z =10, + (z — 2t)8, — 20y,
Ma€ BHUIVISAT

u = p(w) —Int?, w= %—i—lnt? (7)

Bin pexykye piBusuus (6) 10 3Buuaiinoro qudepeHiajbHoro piBHAHHS
BUIJISIITY

e + (2 —w)p" + (¢')? — ¢’ = aexp(yp).
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2. ¥YzaraapHeHHsi piBHsaHb Bioprepca ta Kopresera-ge ®piza.
Hwuxxae mu npoBememo cumerpiiiny Kiaacu@ikaliiro HACTYITHUX y3arajib-
HeHnb piBHAHBL Bioprepca ta Kopresera-mae ®piza:

uo + uuy = 01 (F(u1)), (8)
uo + uuy = 01 (F(u11)), (9)
uo + uuy = Oy (F(u)ur), (10)
Je ug = @, Uy = %, F — noBinbHA Tyiajka QYHKILS CBOTO apryMEHTY.

Pozrisan pisusaup (8)—(10) € mpomoOBKEHHAM JTOCHTIZKEHb CHMETPiii-
HUX BJIACTHUBOCTEH HEMIHINHUX y3arajabHeHb PiBHAHD Audy3iiiHOro THITy
[5, 6].

PiBHsiHHS (8) MOXKHA TI€PEINCATH Y BUIJISI
ug +uur = f(ur)u, (11)

ne f(u1) — nosinbHA razka dyskuis. Bunagok f(uq) = const ymyckae-
MO 3 O3Sy, OCKUIbKH Tol pisHstHHsA (11) chiBnajae 3 KiIacuIHEM
piBHsTHHSAM Broprepca.

Teopema 2. Maxcumanrvroto arzebpoio ineapianmmuocmi piehsanms (11)
6 saaeotcnocmi 610 f(uy) e anzebpu

1. (Py, P, G), sxwo f(uy) — dosiavha.
2. (Py, P1, G, D), axwo f(uy) = C(u1)¥, de
D =2t0; + (1 — k)x0, — (k + 1)ud,,
C,k =const, C#0, k#0,-2.
3. Swxwo f(u1) = Cluy)™2, C = const, C # 0, modi anreebpa in-
BAPIAMMHOCTIVE HECKIHYEHHOBUMIPHA 3 BA3UCHUMU ONEPAMOPAMU
X =600 + €10, + 0,
de
€0 = K1t? + Kot + K3,
¢ = (_ Ky o, Ky K

ol Tl 7t+K5> x + q(u,t),

n:%(2K1t+K2)U+K4t+K6, Ky, ..., K¢ = const,
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q(u,t) — dosiavhuli po3e’s30k HeodHOPIOHO20 PIGHANHIA MENAONPOSIOHOC-
mi

K K 7 3
90 — Cquu = 4—01u3 + ﬁuQ + <§K1t+ S 12— K5> u+ Kyt + K.

Posristnemo nerasnbHile BUMIaI0K 3 TeopeMu 2, TOOTO PiBHSIHHS
-2
Ug + uu; = C(Ul) UuU1- (12)

Haspuicts HeckinueHHOBUMIPHOI ajiredbpy BKa3ye HA MOXKJIUBICTH JliHEa-
pusanii 1poro piBHsiHHsA. B piBHsiHHI (12) BUKOHAEMO EPETBOPEHHSI I'O-

norpada
, t=r, x = v(r,w). (13)
ITpu 3amini 3minaux (13) noxijHi HEPETBOPIOIOTHCS HACTYIIHUM YUHOM

1 Ur Vww
Uy = —, U =—"", U1 = — 3-
U U (V)

Bukonapim HeobxiiHi eperBopenHst B pisHsiHi (12), 01ep:KUMO DiBHSH-
He TEMJIOMPOBITHOCTI

vy — CUyy = w. (14)
Akuio B (14) Bukonaru 3aminy
L 5
1 15
V=2 emw (15)

TO MIPUXOJIMMO JIO JIHIHHOTO OTHOPITHOrO PiBHSIHHS TEIJIONPOBiTHOCTI
zr — Czy, = 0. (16)

Taxum unHOM, 3aMinn 3minaux (13), (15) mineapusyrors piBHsHHs (12) 1
3aja4a M0OYI0BY MO0 PO3B’si3KiB 3BOIUTHCS JI0 PO3B’si3aHHS JIHINHOTO
piBHsHHS TerwonposigHocTi (16).

PiusirHs (9) nepenuiiemo y BUIIIsi

uog + uuy = f(u11)u111, (17)

ne f(u11) — mosinbHa rnajaka dyskiig. Bunagok f(u11) = const me pos-
rIsaaeMo, ockinbku (17) y 1IpoMy BHIAAKY € KJIACHIHUM DiBHSHHSIM
Kopresera-yie ®piza.
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Teopema 3. Maxcumanvroto areebpoio ineapianmmocmi piehsnms (17)
8 saaesichocmi 6id f(ui1) € anzebpu

1. (Py, P1,G), axwo f(u11) — dosiavha.

2. (Py, P1, G, D), smwo f(ui1) = Cluiy)*, de
D = (k+3)td + (1 — k)xd, — (2k + 2)ud,,

C,k = const; C, k # 0.

PiBusins (10) nepenmimemo y BAIIsi

up + uur = fu)urr + fulu)(ur)?, (18)

ne f(u) — moBinbaa rnagka yskuis. Bunanok f(u) = const He posriis-
JIAEMO, OCKIJIbKHU y IIbOMY BHUIIQJIKY OJEPKUMO piBHsAHHs Bioprepca.

Teopema 4. Maxcumanvroro arzebpoio ineapianmmuocmi piehsanms (18)
6 3aaeotcnocmi 610 f(u) e anzebpu

1. (Py, P1), axwo f(u) — dosiavna.
2. (P, P1,Y), axwo f(u) = aexp(bu), de

1 1
Y =t0; + <JC+ gt> Oy + gaua

a,b = const, a,b # 0.
SHOBY K TaKW 3a3HAYMMO, IO OIEPATOpP Y MOYKHA MPEJICTABUTH K
JTiHiHY KOoMOiHAIi0 omepaTopiB muratamii Ta [asmites

1 1
Y:tat+a:8x+5(taw+au) :D+5G.

IlepeTBopenHs, Mo BiAMOBIMAIOTL Y, € KOMOIHAIIEIO AUIaTAIlifHUX 1 Ta-
JILJIETBCHKUX MEPETBOPEHb, X04Ya PIBHAHHS HE € iHBapiaHTHUM BIJHOCHO
posiupenol aaredbpu [asies.

3. BararoBumipHa cucrema piBHSHBb TriIpOJUMHAMIYHOIO THILY.
B pobGori [7] 3anponoHoBano HacTylHe y3arajbHeHHs piBHaHHA Hap'e-
Croxkca

MLT + N L(LT) = F (172) 7+ \Vp, (19)
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e

1o} o}
L=—+4+0v—+xA0,1=1,2
8t+08xl+ 34 >737

U= (Ul,vg,v?’), vl =ol(t, %), 1 =1,2,3, p = p(t, ), V — rpazient, A —

oneparop Jlammaca, A1, Ag, Az, Ay — 10BinbHI aiticui mapamerpn, F' (17 2)
. . 2 2 2 . .
— JOBibHA TUIaJiKa QyHKIL, 7? = (vl) + (vz) + (113) . Tyr i manmami
3a iHJIeKcaMH, IO MOBTOPIOIOThCS, e MiACYyMOBYBaHHS.
B naniit po6oti posrisinaerbes pisasiHEA (19) v BUnagxy Az, Ay = 0.
Toni pisusnHs (19) MaTuMe BUIIA

MLT+ A L(LT) = F (172) 7, (20)
e
) )
L= 4o 2
8950 v aIk

Y Bumajky, Koau Ao = 0, F (172) = 0, pisasaHg (20) € cucremon

piBugHb Eitnepa.
Aximo Ag # 0, To cucremy (20) MOXKHA NEPENNUCATH y BUIJIsII

- - 52 -
L(LU)+ ALv=F (v ) o A = const, (21)
ab0 B PO3rOPHYTOMY 3aIICi
vho + 20%0), + vfol + oMok ol +omekl |+
l k,l k, kY,
+/\(v0+v vk) :F(v v )v,
e k,m, [ 3amiriotorbed Bix 1 10 3; BepxHi iHIEKCH BiIOBIIAIOTH KOMIIO-
HEHTAM BEKTOPa IIBUIKOCTI U, & HUXKHI 1HJIEKCH BU3HAYAIOTH JU(epeH-
IIIOBaHHS IO BiMOBiqHiit He3astexuiit aminHiit. [IpoctikoByoun anaso-
rifo 3 cucremo piBHsiHb Eiiiepa, cucremy (21) Gyaemo HasuBaTu ys3a-
raJbHeHHsAM cuctemu Eitnepa.

B [8] BuBUueHO cuMeTpiiiHI BIACTHBOCTI OJHOBUMIDHOTO AHAJIOTY CH-
cremu (21)

L(Lu) + ALu = F(u), A = const, (22)

e u=u(t,x), L =0; + ud,.
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Jlist piBusinns (22) HAMU OJIEpPXKAHO HOBI HeJIHIAHI PO3IMUPEHHS aJl-
rebpu lanines. B [8, 9] mns pisuauns (22) upu F'(u) = const mobyioBano
KJIACH TOYHUX PO3B’sI3KiB, IO MICTATDH JOBLIHHI DYHKIII.

Jami Mu TpoBeIEMO JTOCTIIZKEHHST CUMETPIHHUX BJIACTHBOCTEI CUCTe-
mu (21). Cumerpiita kiuacudikanis (21) nmpoBoAUTHCS 3a JOIOMOIOK
agropurmy JIi B Kitaci qudepeHIiiajbHIX OMePaATOPIB IEPIIOroO MOPSIIKY.
OueBuyHO, MO I JOC/IIKEeHHs cuMeTpil piBaaHHs (21) OPUHIUMIOBO
pisanMu OyayTh Bunagku A = 0 ta A # 0. [Ipu A # 0, BukoHaBIIN
3aMiHy 3MIHHUX, 3aBXK/IM MOXKHA J0ocArTH, 1o A = 1. Tomy mu posris-
HEMO OKpeMo JBa Burajgku A = 0 ta A = 1. HaBogumo Jsmuiie pesysibraTu
cUMeTpIitHOT Kitacudikaliil, yIyCKanIu JOCATh IPOMI3IKI [TOBEIEHHS.

I. Posrsimaemo (21) y Bunagky A = 0, To6TO cucTeMy piBHSIHB
L(L§)=F (62) . (23)
Cumerpiiina knacudikaris cucremu (23) jae 4 IPUHIMIOBO Pi3HUX BU-
TTaJIKH.
Bunanok 1.1. F (17 2) — JOBLJIbHA HEIlePEePBHO-IudEPEHITiioBHA (DYHK-
nig. MakcumaabHo ajrebporo inBapianTHocti cucremu (23) € 7-BuMipHa
anrebpa Eskiina AE(1,3) = (P, Jab), 1€
P, =0y,, Jab = a0y — Tp0s, + 904 — v°0ya,

_ 24
w=0,3; a,b=1,3; a<b. (24)

n
Bunanok 1.2. F' (172> = C’<172) , C,n = const, C # 0, n # 0. Makcu-
MaJILHOIO aJredpoIo iHBapiaHTHOCTI CUCTEMM PiBHSHD

n
—

L(L7) = 0(172) 7 (25)

¢ 8-Bumipna asnrebpa AF;(1,3) = (P, Jab, D) (posmmpena anreGpa Es-
KJIiza), Je

n—1

1
D = 2¢0y, + 0, — E'Ubﬁvb.

Bunanok 1.3. F (172) = C, C = const, C' # 0. Y 1npoMy BUIAJIKY

BHACJIIOK 3aMinu 3MiHHUX MoxKHA nokyacta C' = 1 abo C' = —1, Tomy
MU PO3TJISHEMO ITi BUMAJIKNA OKPEMO.
a) MakcumasibHO0 anrebporo IHBAPIAHTHOCT] CUCTEeMHU PIBHSIHB

L(Lt) =7 (26)
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€ 21-sumipna anrebpa (P, My, Rq, Z,, B1, B2), 1e
My = 2,0y, + 0Oy,
R, =shz¢0;, + chzoOye, Z, =chzo0;, +shxzoOya,
By =shxg0y, + xachx00,, + x48h 200y,
By = ch 290y, + 48h 00y, + z4ch z(0ya.
b) MakcuMaabHO0 aireGporo IHBAPIAHTHOCTI CHCTEMU DIBHSHD
L(Lv)=-7 (27)
€ 21-Bumipna asrebpa (P, Mab,ﬁa, Za,gl, Eg), e

R, =sinzg0,, + cosx90pa, Zg = — o800y, + Sinxg0ya,
By =sinx0y, + x4 €08 200z, — Zq SN X0y,

By = cos 200z, — Xq SiN 200z, — Xq COS ToOya.

Bunanok 1.4. F (17 2) = 0. MakcumasibHOO aarebporo inBapianTHOCTI
CUCTEMU PIBHSHb

L(LT)=0 (28)
e 21-sumipna anredpa (P, May, Do, Ga, Ko, A), Ie

Dy = 200z, — V0pa, Gq = x00y, + Opa,

K, = (wO)Q&Ja + 2200y, A= (xo)Qawo + 2202405, + 2240pa.

I1. Posrusimaemo cucremy (21) y Bumaiaky A # 0 (d4K y2Ke 3a3HAYAII0CH,
MOXKHa BBaxkaTu A = 1), T06TO cucTeMy PiBHIHD

L(LT)+Li=F (52) 7. (29)
Cumerpiiina kinacudikanis cucremu (29) npuBoauTh 10 4 UPUHIUIOBO
PI3HUX BUIAJIKIB.

Bunanok 2.1. F <17 2) — JoBiIbHA HerepepBHO-AMpepeniiioBHa GpyHK-

nig. Makcumanbaoo ajrebporo inBapianTaocti cucremu (29) € 7T-Bumip-
Ha asrebpa Esxmina AE(1,3) = (P, Jab)-

3+1
Bunamok 1.2. F (172> =Cp? - \/_6+ , C = const, C' # 0. Maxkcu-

MaJIbHOIO ajareOporo iHBapiaHTHOCTI cCUCTEMU PiBHSIHD

\/§+1>17
6

L(LG) + L7 = <052 - (30)
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€ 8-Bumipna anrebpa (P, Jo, Q), me

1 1
=exp | —=x Ozy — —=0%0pa | .
Qe (z5m) (on - 7o)
Bunanok 2.3. F (172) = C, C = const, C # 0. MakcumaibHOIO ajred-

pOIO iHBApiaHTHOCTI CUCTEMU PiBHSHb
L(LY)+ LT =CV (31)
¢ 19-sumipna anrebpa (P, My, Yia, Yaq), me
Yia = exp (awo) (Oz, + @0pa), Yaa = exp (B20) (Oz, + B0pe),
_ V3 —V3+i

*=—x T

Bunanok 2.4. F (17 2) = 0. MakcumayipHOO aarebporo inBapianTHOCTI

CHCTEMU PiBHSHD

L(LY)+Lt=0 (32)
e 19-sumipHa anrebpa (P, May, Go, T,), 1e

T, = exp (—xq) (Oz, — Opa) .

Takum anHOM, TIpOBEIEHA MMOBHA CUMETPiiiHa Kracudikallis CucTeMu
piBusab (21), omep:kano HOBI posummpents aiarebp Eskiina i Tamimes
(nus. Bunagaxu 1.3, 1.4, 2.3, 2.4). SayBaxkumo, 1o upu F (172) = const
cucrema (21) jormyckae NOHNKEHHs TOPsLAKY (auB. gerasbHine [9]).

Agprop Bucsosmoe nopgaky APDI] Ykpainu (mpoekt Ne 1.4/356) 3a
4aCTKOBY (DIHAHCOBY HiATPUMKY Ifi€l poboTH.

[1] Vakhnenko V.A. Solitons in a nonlinear model medium // J. Phys. A: Math.
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JlopeHn-iHBapiaHTHI pPiBHAHHSI
HeNepPEePBHOCTI AJIsI €JIEKTPOMAarHiTHOIO
IIOJISI

B.M. BOUKO t, I.M. I[H®PA }

1 Incmumym mamemamuxuy HAH Yxpainu, Kuis
E-mail: slava@apmat.freenet.kiev.ua

T Inecmumym zeodisuxu im. Cybomina HAH Yxpainu, Kuis
E-mail: tsyfra@apmat.freenet.kiev.ua

HoBenena HeoOXifgHA 1 JIOCTATHS YMOBa JIOPEHI-IHBAPIAHTHOCTI PiBHSIHHS
HEIEPEPBHOCTI JIJIsI €JIEKTPOMATHITHOTO OJIsl, B IKOMY I'yCTUHA €Hepril Ta
BekTop lloiiTinra BusnagaoTbes sk GYHKINT BekTopHux noais F, H.

The necessary and sufficient condition for the Lorentz invariance of the
continuity equation for the electromagnetic field, where energy density and
Poyting vectors depend on the vector fields E, H has been proved.

Bigowmo [1, 2], mo 306parkenns anre6pu JlopeHna 3 6a3sucHIMU eJIeMeH-
TaMu

Jab = xaaxb — xbawa + E“@Eb - EbaEa + H“@Hb — HbaHa,

(1)
Joa = xaamo + :cof)% “+ Eabe (Ebch — HbaEc) ,

JI€ €gpe — MOBHICTIO AHTUCUMETPAIHHNA TEH30D TPETHOTO MOPSIKY, Lo = t,
¥ = (21,22, x3), peai3yeThcs Ha MHOXKHHI pO3B’sI3KiB piBHAHL MakcBes-
JIa

— —

E - H _,
88_15 =rotH, 8— = —rotF,

divE =0,  divH =0.

(2)

Tyr i mamani, imaekcu, Mo3HAYEH] JATHHCHKUMU JTITEPAMU, 3MIiHIOIOThH-
ca Big 1 o 3, rpenbkumu — Bijg 0 10 3. Ba iHjgeKcamu, M0 MOBTOPIOIOTHCS
iiJie Ti/ICyMOBYBAHHSI.
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B po6ori [3] samu orpumani Hosi Heiniitni 306pakenus ajrebpu Jlo-
penrma st BeKTopHUX moJiis E, H.
O06’ekTOM JTOCITIIZKEHHS TaHOI PODOTH € PIBHSIHHS HEIIEPEPBHOCTI

ap o o
e po = a—; 7 = (v',v2,0%); p Ta pv* € bynkniavu Bin £, H.
Zo
Briguo Hoittuury, rycruna eneprii Ta Bekrop lloiiriara jmjis ejlekTpo-
MAaTrHITHOTO TOJI BU3HAYAIOTHCS HACTYITHUM THHOM:

Lz | 5o
p=5 (B + 1), ()
pv® = e EPHC.

B po6ori [4] nokasano, mo piBHsiHHs HenepepsHocTi (3), (4), mo Bu-
parkae 3aKOH 30eperKeHHsI eHepril I eJIeKTPOMATHITHOTO TOJIsA, He €
inBapianTHEM BigHocHO anarebpu Jlopenuna (1) B KiacMYHOMY PO3yMiH-
Hi inBapianTHOCTI AudepeHItiaIbHOr0 piBHAHHA. BOHO € Juie yMOBHO
imBapianTHUM BisHOCHO asnrebpu Jlopenna (1), npuaomy sIK JOIATKOBA
YMOBa BUCTYTIA€ cucreMa piBHsiHb Makcsesuia (2).

IlocTae nuranms, SIK MOXKHA BH3HAYUTU T'YCTUHY €HEPril Ta BEKTOD
Ioiiriara, mo6 piBHsiHHS (3) GYJI0 JOpEHII-IHBAPIAHTHUM B KJIACHIHOMY
posywminni JIi.

Hexaii B piBusinui (3) p, pU — meski nesimomi dyHKuil Bif E ta H ,
TOOTO BBAYKAEMO

p:FO(E,ﬁ), pv“:F‘l(E,FI), a=1,3, (5)

e FO, F* — pagxi byHKI, sIKi OHOYACHO HE € TOTOXKHUMU HYJISIMHU.
Iykaemo omepaTopu JIOPEHIIOBUX HOBOPOTIB Jy, y BUIUIA

Joa = a0y + ©00s, +1*0gk + B %0k, (6)

ne n** . 3% — mewinomi dyukiii Big £, H, siki 6y1eM0 BUSHAUATH 3 YMOB

inBapianTHOCTI piBHsAHHS (3), (5) BimHOCHO onepatopis (6).

Ockismbku B (3) p, pU MOJKHA PO3IVIAIATH K YOTUPUBEKTOD, TO MOBY-
JoBa omeparopis cumerpii Jy, (6) miast pisusinas (3), (5) exsiBajeHTHA
3HAXO/YKEHHIO OTePaTopiB J,, BUIY

Joa = a0y, + 100z, + A%p0 + A0 g0 + 0% 0gk + f%0mr  (7)
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JJIdd CUCTEMU

0A° A
Do + . 0, (8)
AW = pr (E ﬁ) . u=03. 9)

OuesuHO, Mo piBHAHEA (8) iHBapiaHTHE BiHOCHO OMEPATOPiB Joq, TOMY
JIOCIIiI7KeHHs! iHBapianTHOCTI cucremn (8), (9) BimHOCHO Oneparopis (7)
3BOJUTHCS JI0 JOCIIJKEeHHsI iHBapianTHOCTI anarebpaivnol cucremu (9).

s Toro, mo6 cucrema (9) Oysa iHBapiaHTHOIO BiIHOCHO IEPETBO-
penb, IO IeHepyIOThCA OnepaTopaMu .Jo,, HeoOXiaHO i J0CTATHBO, MO0
BUKOHYBAJIUCH CITiBBITHOIIIEHH

Ii
e

Tou (A“ _ P (E ﬁ)) (10)

ar = po (B, 1)
3 (10) orpuMyeMo cucTeMy piBHSIHB
Fo =" F, 4+ % F}.,

bapFO = nakng + ﬂakngkv

OF°
0 _
Jie dqp — cumBosa Kporekepa, Fpi. = T
Takum umHOM, 106 3HafTH 7*F, F**, Ham HeoOXimHO PO3B’a3aTH JTi-

Hifiny asrebpaiany cucremy piBHsab (11). OgeBugno, mo (11) moxkua
PO3IIAATH K TPU He3adeIIeHi aaredpaidni cucreMu po3mipHocTi 4 X 6
BigmocHo 7%, 4. Banmmeno (11) B MaTPUIHOMY BHTJIsT

B (Z' ) b7, a=1,3 (12)
ne B = (Fp,., Fli,.) — marpuns $Iko6i dymkmiit F* posmiprocti 4 X 6,

,r]al ﬂal

n=1n" |, =161,
na?) ﬁaS
F! F? F3
Fo 0 0

1 2 _ 3 _

b= 0 ’ b" = FO ’ b= 0

0 0 Fo
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Omxke, my1st 3HAX0KeHHs oniepaTopis Jlopenna (6) nam nmorpi6Ho 3na-
it poss’sizku (n®, 3%) anrebpaiannx cucrem (12). Cucremu (12) cymicui
JINIIE TO/Ti, KOJIM BUKOHYETHCS yMOBA

r(B) = r(B|b*), a=1,3. (13)

YnmoBa (13) — ymoBa piBHOCTI paHTiB OJHOPIIHOI Ta PO3NIUPEHUX CUCTEM.

BayBaxkumo, 1o paHr KoxKHOI 3 cucreM (12) He nepesumye 4 (4 pis-
HsAHHsL, 6 HeBinoMmux), npudomy 7(B) < r(B|b%). OTxe, SKIIO PO3B’sI30K
icHye, TO BiH He €JIWHUIA.

s paHriB OHOPIIHOI 1 PO3IMIUPEHOT CUCTEMU MOXKJIUBHI OJTUH 3
w'stu BapianTiB r = 0;1;2;3;4. Ilpu r < 3 JIerko MEepeKOHATHUCS, IO
asrebpaluni cucremu (12) He MalOTL PO3B’dA3KiB, OCKLIbKE F* He € 0f-
HOYACHO TOTOXKHUMHU HYJISIMU.

Takum gunoM, s cucreM (12) MOXKHA 3HAWTH PO3B’A3KU JIUIIE KOJIU

r(B) = 4. (14)

Ymosa (14) 3abesneuye icHyBanHst po3B’si3Ky cucreM (12), a orxke i iH-
BapiaHTHiCTH cucremu (9) BismHOCHO onepaTopis Jy,. AJe, OCKiIbKY BU-
KOHYIOTHCSI KOMYTAIIIHI CIiBBiIHOIIIEHHST

[Toas Jov| = Tav,

TO it omepaTopn Jg;, € onepaTopamu cuMerpii cucremu (8), (9). A Tomy,

it cucrema (3), (5) € mopenn-inBapianTHOW 3 oneparopamu Jloperra (6),

ne (n®*, 39%) BusHawaroThCs AK MesKuil poss’sa30K cucrenm (12).
TaxuM 9UHOM, JOBEJIEHA TEOPEMA.

Teopema. Pisnsanns nenepepenocmi (3), (5) 6yde insapianmmum 6i0-
Hnocno epynu Jlopenya modi i miavku modi, Koau pane mampuyi dkxo6i,
wo ymeopena Pynryiamu F* dopistioe womupvom.

Terrep HABEIEMO JIEKLIPKA KOHKPETHUX MPUKJAIIB, IO 1LTIOCTPYIOTH
TeopeMy Jjist 3agaHnx FH (HAaBOAMMO B KOKHOMY BUIIQJKY JIAINE OJUH
po3B’a30K 3 ciM’T po3B’a3kis cucremu (12)). fABuuii Bursg onepaTopis
Jyp HE HABOJIMMO, OCKIJIBKHU 1X JIEFKO MOXKHA OTPUMATH 3 KOMYTAIIHHAX
cuissinHOmEeHb [Joq, Jop] = Jap-

1. FO = H', F* = E°. Pisugnns (3) MaTuMe BULJIsL

H} + divE =0,
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a olepaTopu JIOPEHIIOBUX MOBOPOTIB y IbOMY BUIAIKY
Jor = l‘kaxo + l‘oaxk + HlaEk + E’“@Hl.

1/ -
2. Y = 3 (E2 + H2>, F® = F*. Pipusauug (3) Marume BULJIsL]L

E°E§ + H*HY + divE = 0,
a OmepaTopy JOPEHIIOBUX IMOBOPOTIB Y IHOMY BUIAIKY

Ek(1 - F9)

Jox = xkamo + xoaxk + Fank + HF

aHku

oo k He Ma€ IiJICyMOBYBAHHSI.
1/~ = 1 2 2

3. F' = 3 <E2 + Hz), FF = 3 (Ek + H* ) OrnepaTopu JIOPEHIIOBUX
IIOBOPOTIB y I[bOMY BUIAJIKY
F* 4 FO Fk— RO
———— 0k + ——— 0+,

2EF 2H*k
o0 k He Ma€ MiICyMOBYBAHHSI.

V Bcix HaBeleHUX IPUKJIAJax 300pazkenns ajaredpu Jlopenia e ciis-
naarTh 3 anrebporo Jloperna (1), 1o 1omycKaeThes JTiHIRHIME DiBHSIH-
HaMu Makcsesia B BaKyyMi.

B. Boiiko Bucsiosimioe nogsaky PP/ Ykpainu (npoekr Ne 1.4/356)
3a JaCTKOBY (PiHAHCOBY MiATPUMKY ITi€l poObOTH.

Jor = l‘kawo + l‘oai,c +

[1] ®ymwma B.U., Hukurun A.I. Cummerpus ypasaennii Makcsesuta. — Kues: Hayk.
nymka, 1983. — 199 c.

[2] ®ymwma B.U., Hukutua A.I. Cummerpusi ypaBHeHUH KBAHTOBOH MEXaHHKHU. —
M.: Hayka, 1990. — 400 c.

[3] Fushchych W., Tsyfra I., Boyko V. Nonlinear representations for Poincaré and
Galilei algebras and nonlinear equations for electromagnetic fields // J. Nonlin.
Math. Phys. — 1994. — 1, Ne 2. — P. 210-221.

[4] Iudpa I., Boiiko B. ¥YMoBHA cuMeTpist PIBHSHHS HEIIEPEPBHOCTI JIsI €JIEKTPO-
marsitroro mosns // Jon. HAH Vkpaian. — 1995. — Ne 5. — C. 35-36.
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ITpo aBTOXBMJIKOBi iIHBapiaHTHiI PO3B’sA3KN
PIBHSIHb peJIaKCAIIfHO] I'iIpoANHAMIKNI

B.A. BJIAJIIMIPOB

Incmumym eeogpisuru im. C.1. Cybbomina HAH Yxpainu, Kuis
E-mail: vsan@ambernet.kiev.ua

Posrnsimaersesa cucrema nudepeHniagbHUX PIBHSHB, SIKa OIUCYE PO3IIO-
BCIOJIKEHHSI HEJIHIHUX XBUJIb B CEPEJIOBHII, 110 peslakcye. B mupokomMy
Jialla3oHi 3HAYEHb IIapaMeTpPiB HaBeIeHO YMOBH iCHYBaHHS iHBapiaHTHHX
aBTOXBUJILOBUX DO3B’SI3KiB.

A system of partial differencial equations describing nonlinear waves
propagation in relaxing medium is considered. Conditions that guarantee
an existence of invariant autowave solutions are obtained for the wide range
of the parameter values.

o omucy pO3IMOBCIOMKEHHSI JOBIUX XBUJIb B T€TEPOr€HHUX CEPEIOBUINAX
(rpyHTaxX, CKEJbHUX IOPOJAX, Ta30-PIMHANX CyMIIIax, TOIMIO) BUKOPHU-
CTOBYEThCSI CUCTEMA PIBHSIHb TAKOro BUrJsiay [1-3]:

ou n dp oV Ou
i _g - Y
ot Oz ’ ot Oz
Op L x OV K
T—4+————F——==———p
ot vmtl g ym 7
Jie U — MIBUJKICTh, p — TUCK, V = p~ — nuromuii 00’em, m = Iy + 1,
Iy » — xkoedinient I'pronaiizena [4], § — Macosa cuia, T — 9ac peJakcani,
X — 00’eMHa B'SI3KiCTb, K — IMapaMeTp, TPOIOPIITHuiT KBaapaTy piBHO-
BakHOI mBHIKOCTI 3BYKY Cro, (£, ) — Hapa JiarpaHKeBUX KOOD/MHAT,
[OB’sI3aHUX 3 eflIepOBUMHU KOOpAUHATAMU (., T) CHIBBIHOIIEHHAME

=0,
(1)

1

t =t :c:/pda:e. (2)

ITpu nesikux 3HaUeHHsX MapaMerpis cucrema (1) mocaimKyBanach B po-
Gorax [2, 3, 5, 6], B IKMX IIOKAa3aHO ICHYBaHHsI COJITOHHUX PO3B’S3KiB Ta
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PEKUMIB 3 3arOCTPEHHSIM B 3aJa4i PO MOPINEHD [5], & TaKOXkK aBTOXBU-
JILOBUX IHBapiaHTHUX po3B’a3kiB [2, 3, 6]. B uiii poGori npoanaizoBaHo
YMOBU BUHUKHEHHSI iHBapiaHTHUX aBTOXBUJIBOBUX PO3B’SI3KIB B IMUPOKO-
My Jialla30HI 3HaUYeHb IIapaMeTpiB, SIKUil BKJ/IOYa€ BCl BiJloMi HaM BH-
naJku 3acrocyBanHs cucremu (1).

SIKIIO 30BHINIHS CHJIA BHPazKaeThes 3ajexuicTio § = ~V(1—m)/2)
cucrema (1) momyckae TpuBumipHy asre6py JIi, sika MOPOIZKYETbCs Olre-
paTopamu

Pozga plzgv

ot or (3)
g-m*t, o m=-10 o .9
T2 Tor T T2 Yau Vav TMPay

3rizHo 3 BigomMo0 MeTouKoIO [7], cumerpiitai BiaacTusocti cucremu (1)
3aCTOCOBYIOTHCS JIO 3MEHIIEHHS KiMbKOCTI He3aJIeKHUX 3MiHHUX. JIs
LIbOI'0O BUKOPUCTOBY€ETHCS OLIEPATOP

Z =Py +£Q,

Ha iHBapiaHTaX sIKOTO MOXKHA TOOY/IyBaTU aH3aIl
u=(zg — 2)"U(w), V =R(w)(xg—2x)°,
p=(zo—x)"1Il(w),  w=In(zo—z)—¢t,

(4)

ge p=m—1)/(m+1),0=2/(m+1). lincrasasoun (4) B (1), omep-
KUMO CHUCTEMY 3BHYAMHUX JrepeHItiaabHIX PiBHIHDb BiTHOCHO (DyHK-
uiit U(w), R(w) Ta II(w). ¥V Bumagky m = 1 mg cucreMa IPUPOIHIM
YUHOM PO3IIEIIIOETHCS HA JIBI IMJICHCTEMH, OJIHAK, B 3araJIbHOMY BUIIA/I-
Ky 1T posienienns: nemoxkuse. 1licis neskux crangapTHux ajaredbpaid-
HUX [E€PETBOPEHb (DAKTOPU30BAHY CHCTEMY MOYKHA 3aIUCATH Y TAKOMY
BUTJISAT:

(AU =&(xG — H) — (A + x)F,
EAR = 7ER™(¢G — F) — H, (5)
EATT = E{6H + x(F — £G)}
e
A=7&RM —x,  F=~RI"™/2 4 mgll,
G=upU,  H=RIR™— k).
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Puc.1. Bidypkaniiina giarpama cucremu (5) B okoui ocobmusol Touku A(0, 1, k), or-
pumana npu m = 0.9, x = 3, 7 = 0.2, Rp = 1. BukopucroByoTbcs Taki IO3HAYEHHS:
(S)ULC — (critiknuii)uecrifikuit rpannaanit nuks; (S)UF — (crifikuit)uecrifikuit dpokyc.
CyunisnbHOMO JiiHi€0 306pazkena rinka £1(£) KpuBol HEATPAIBLHOI CTIHKOCTI, IyHKTUP-
HOIO — Tlika K2(&).

Cucrema (5) Mae exuHy 0cobauBy TOUKy B disnuHiii obacTi 3HaYEHD
rmapameTpiB. s Touka BU3HAYAETHCS CIiBBITHOIIEHHSIMN

Up=0, I=r/R’  RY% =—mor/y (6)

upu JonarkoBiit ymoBi mok/y < 0. Ocobsumsiit Touni (6) Bigmosinae
inBapianTHUI cTaIiOHAPHUI PO3B’I30K

u =0, V = Ro(zg —z) 7, p =TIz — z)™.

PosrasiHeMo ymoBHu icHyBaHHsI mepioguaHux po3s’si3kie [8] B okoul
i3ospoBaHOl 0cobsUBOT TOukH (6). AHasi3 MOXKHA CIPOCTUTH, BUKODH-
CTOBYIOUHN JIOBIJIBHICTH BUOOPY TPHOX KOHCTAHT, HEOOXITHUX i 00e3-
pPO3MiproBaHHsl BUXITHOI cucTeMy (HAIPUKJIA, XapPAKTEPHOI JOBKUHU
lp, XapaKTEPHOrO Yacy Tog T4 XapaKTePHOI IIiIBHOCTI pg). 3rifHO 3 1uM,
3HAYEHHsT TPHOX MapaMeTpiB MOKHA 3a]iKCyBATH AOBIILHUM TUHOM.

B momanbmomy 6ymemo BBaxKaTh, mo x = 3, Ry = 1, 7 = 0,2. Mar-
puio sineapusanii cucremu (5) B ocobumsiit Trouni Uy = 0, Ry = 1,
Ily = Kk MOXKHa TPEeCTABUTH Y BUTJISI:

Eux  —Emu(l+&ur) —E(1+EmoT)
M= Tué? —mr(l+&éur)  —(1+&mot) |. (7)
—&ux mrg(€+px)  E(§+mox)
Kpusy HeiirpasbHol crifikocti (iHakme, kpusy 6idypxanii Xonda [8])

BU3HAYAEMO K PO3B’SI30K DIBHSIHHS

(A=) (A +92) =det AT = 1|, 02 >0,
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“1.au -0.30

n.zn -0.30 1.20

Puc.2. ®azosi noprperu cucremu (5), OTpUMaHi IpU TAKUX 3HAUYEHHAX [1apAMETPiB:
x=3,7=02 Ro=1,m=09:a) £ =—-34, Kk =2.855; 6) £ = —5, k = 0.84025.

3BijicH OTPUMYEMO CITiBBiTHOIIIEHHSI

ki = (B+ VB2 —4AC) /(24), i=1,2,
Q2 =V (R—Q&) +r; [B(TE*-V)+S5Q — BR], (8)
1 =V + R — Bk,

Jie

A=p*(V+R)-p(5Q+TpE),

B=p(V+R)?— [RSQ+ QTS+ BV(Q+T))],
C=V(V+R)(R—-Q&), V=nuxs& T=upr€, f=m(l+pure),
S=m&(+ ux), R=£&&+moy), Q=1+ E&mor.

TakuM YMHOM, KpHBa HEHTPadbHOI crifikocti Mae nBi rinkm: £ = k1 (&)
ta k = Ko(£). OueBUIHO, IO HAPOIZKEHHS ABTOKOJUBHUX DPO3B A3KIB
MOZKJIHBE Jiuie Tofi, Ko 2 > 0, ge i = 1 abo 2 (na Bimnosimiit riam
[OBUHHA BHKOHYBATHCH yMOBa Kk; > 0 [2, 3]).

Hocmizkennst KpuBol HERTPAIBLHOI CTIHKOCTI TPOBOJIMITUCS 3 BUKOPH-
cranusM nakery nporpam “Mathcad 4.0". [Tapasensuo 3zificHIOBaIOCH
qrcesbHE MojeoBanng cucreMu (5) 3a merogom Jopmana-TIpuana [9)].
IloBeninky cucTemMu B OKOJIi KPUBOI HEMTPAIBLHOI CTIHKOCTI JJTsT 3HAYECHD
m € (0,1) moxkHa oxapakTepusyBaTu Tak. llepionuysi po3s’si3ku peadi-
3ytoTbest Juie npu € < 0. Marpuig Jlineapusariii M wmae apy 4mucTo
VSIBHUX KODEHIB 3a yMoBH, 1o & < &y, e —&1 < € < &y, &1 ~ 3.8725,
&0 < 3 (3mauenus & 3anexxkurb Bin m). Ins sunagky m = 0.9 kpusi neii-
TpasbHOl crifikocti k;(§), i = 1,2, 306paxkeni na puc.l. O6uusi Kpusi
MAalOThb PO3PUB IIEPINOro pPojy B Todumi & = —&;, gKa BU3HAYAE JIHIIO
HEIPOJIOBYKYBaHOCTI posB’askis A = 7¢2RZ — x = 0.

Omnumemo noeezinky cucremu (5) B okousi kpusol k1(£). B obmacri
—&1 < € < & nin kpusow k1 (§) ocobmusa Touka A(0, 1, k) € HecTifiKUM
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Puc.3. Kpusi meiirpasbaoi crifikocri cuctemu (5) B obsacti € > 0 (a) Ta dbazosuit
noprper (6), ofiepKaHuii IpU TaKUX 3HAYEHHsAX Iapamerpis: x = 3, 7 = 0.2, Rg = 1,
m = 2.0, £ =5.0, Kk = 19.23.

dokycom. Hast kpuBoro HedTpaabHOl CTIfiKOCTi icHye HecTifiKuit Tpanmd-
HU UKL, PaJIiyc sSIKOro 3pOcTae B Mipy TOrO, siK TOUKa (€, K) BiIIAIsS€TH-
cs Bix mel. Iluki neit pyfiHyeTbCs BHACTIIOK TOMOKJTIHIUHOT 6idypKaril
(nepiopmuna Tpaekropia cucremu (5), 300paxkeHa Ha pUC.2d, OTPUMAa-
Ha [P 3HAYEHHSX [apaMeTpiB, OiM3bKUX 10 KPUTUIHUX). [licis romo-
KJTiHigHOT OidypKaIiii 0ocob/mBa TOIKA CTAE CTIHKUM (POKYCOM.

B obmacti £ < —&; Huxkue Kpusol k1() ocobiusa Touka A(0,1, k)
€ crifikum GoKycoM; Haj KPUBOIO K1(&) M’SIIKO HAPOIZKYETHCsI CTIAKMI
rpaHngHUil UK (puc.26), pajiyc sSKOro 3pocTae B Mipy Bi/iajeHHsl TOY-
ku (&, k) Bix kpusol. Ilpu mocraraboMy 30LIbIIeHH] i€l BigcTani nepio-
JIMYHA TPAEKTOpist “Bjnnae"B CyCiIHIO TPUTATYIOUY TOYKY, sKa 3HAXO-
JIUTHCS TIPABOPYY Bijl He.

B okoui rinku k2(€), axa 306pazxkena Ha puc.l IyHKTUPHOIO JiHIEO
[MOBEJiHKA CACTEeMH Taka: B obsmacti —& < & < &y HUXKYIE KPUBOI Heii-
TPaJIbHOI CTifiKOCTi 0coOMMBa TOUKA € CTifikuM (HOKycoMm; B JesKiit 00-
JIacTi HaJI KPUBOIO iCHYE CTIMKWil rpanwdHuit nukji. JliBopyd Bix Jrimil
£ = —& y<BHI KopeHi MmaTpuIi M 3aMiHIOIOTHCS B JificHi 1 MPO/IOBXKEHHS
KpUBOI K2(£) Bu3HAUaE B 1iil 06jacTi reOMeTpUYHE MICIIE TOYOK, B SKUX
A(0,1,K) € ciigioM 3 T1IapOI0 OJHAKOBUX BJIACHUX 3HAUEHbD.

IloBeninka KpUBUX HEHTPAJIBHOI CTIMKOCTI mpu m > 1 B IJIOMYy Ta-
KOYXK XapaKTepu3yeThcs yHi(iKoBaHICTIO, OCKLIbKEU it rpadikiB Bimmo-
Bigamx dyukmiit B mianazoni 1,05 < m < 10 He BUIBJIEHO CYTTEBUX
posbixKHOCTEH TPUHARMHI B TUX 00/1aCTsIX, je DYHKIL k;(€) Ta Q? (&) o
HOYacHO pojaTHi (puc.3a). XapakTepHOIO 0COBIMBICTIO CUCTEMU JIJIs IIUX
3HAYEHDb MapaMeTpa 1M € BIACYTHICTD CTIfIKIMX aBTOXBUJILOBUX PO3B’sI3KiB
upu € < 0. Taxi pos3s’si3ku 3'aBiA0THC Ha Tl Ko(€) B obacti, o
JIeXKUTD TIPaBoOpy™ Bi Toukn & &~ 3.8725, B axiit dbynkiis Q3(£) mepexo-
JWTh B BepxHIO niBwionuay. Crifiknii rpannaanit nuka (puc.36) HApoI-
JKYETbCA Il KPUBOIO HeHTpaJsibHOI crifikocTi ko(€). Obmacts icnysan-
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Hsl ABTOKOJIMBHUX PO3B’SI3KIB TATHETHCS JAJIEKO BIIPABO B3J0BXK KPHUBOL
ko(€) — ix HagBHiCTH BimMmiveHo npu 3uadennsx £ > 10. Han kpusoio
HeHTpaJIbHOI CTIHKOCTI 0COO/IMBa TOUYKA € CTIHKUM (DOKYCOM.
JlokanbHUit anasis cucremu (5) MOKa3ye, MO TEOPEMa PO MEHTPATb-
Huit MmHorosus [8] B okouti Touku A(0, 1, k) BUKOHY€ThCsI Jiuiie B 00J1aCTi
|€] < |€1]. Briguo 3 mum, dazosi moprpern mia —&; < £ < & Gyau
OJIePKAHI B PEKMMI J3ePKAJHHOTO BiIOOPAaXKEHHSI PyXY [0 TPAEKTOPIifAX.
3BepHeMo, OlHAK, yBary Ha Te, M0 PO3B’s3Ku cucreMu (5) BU3HAYAIOTH
onHouacHO iHBapianTHI poss’ssku cucremu (1). Tlpm mepexoxi Bin in-
BaplaHTHOI 3MIHHOI w 710 3MiHHOT % (32 yMOBH, IO ¢ = const Take Bijo-
OparkeHHs B3a€MHO OJHO3HAYHE) HAIPAMKU PYXY [0 TPACKTOPIAX JAUHA~
MIYHOI CHCTEMU 3MIHIOIOTHCA HA IPOTHIEXKH] (BlIOBiHOT 3MiHN 3a3HAE
i xapakTep ocobimBux T040K). Takum gunoM, npu Bubopi iHBapianTHUX
IEePIOAUTHNX PO3B’SA3KiB 3a MOYATKOBI yMOBM B pO3B’a3Ky 3ajatdi Korri
Jutst cucremu (1), IX €BOJTIONIsT B ABTOMOJIEJILHOMY peskuMi Oy e HalbiibIi
iMoBipHOIO y BUnaKy, skmo 0 < m < 1, =& < & < &y, a kK > Kk1(£).
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Hageneno pesyapraTu SKicHUX Ta IHCETBHUAX JOCIII2KEHDb CUCTEMH PiBHIHD
riIPOJIMHAMIYHOIO THILY, IO OIHCY€E 6AraTOKOMIIOHEHTHI pesIakCyIodi cepe-
Joswuiia. BcTaHOB/IEHO iCHYBaHHS y 1€l cucTeMu CiM’T iHBapiaHTHUX Tepio-
JIMYHUX PO3B’S3KiB, sIKi pyHHYIOTHCS BHACTIIOK TOMOK/IIHIYHOT OidypKaril.
3a NEBHUX YMOB 30ypPEHHsI, [0 MOJIEJIOIOTh IMITyJIbCHI HABAHTAKEHHSI, BU-
XOJISITh HA ABTOMOJIE/TbHI PEYKUMHU COJTITOHOITOAIOHOTO THITY.

The results of qualitative investigations and numerical simulations of
a hydrodynamic-type system describing multicomponent relaxing media
are presented. This system is shown to possess a family of self-similar
periodic solutions, which are destroyed after the homoclinic bifurcation
takes place. Numerical experiments show that under certain conditions
initial perturbations simulating the pulse loading action tend to the self-
similar soliton-like regimes.

Bukopucranus TeopeTUKO-rpyNnOBUX METOIB B HEJIHIHHIN MaTeMaTmd-
Hiff (isuIl BUIPABIOBYETHCA B 3HATHIN Mipi THM, IO JedKi iHBapianTHI
PO3B’SI3KM €BOJTIONITHUX PIBHIHD CIYKATh MPOMIXKHIUMU aCAMIITOTUKA~
mu 1] suts mmpokoro Kiacy iHIMX po3B’A3KiB B 061aCTi, Jie 1l pO3B’sI3Kn
BXKe He 3ajleXKaTh Bij jierajeil MoYaTKOBO-KPailOBUX yMOB, aJjie CHCTe-
Ma IIe JajieKa BiJ CBOrO MPaHUYHOrO cTaHy (3Bicu Ha3Ba “IpoMiXKHi
acumnroruku"[1]). B po6ori posriisiaorbest BLAOBIAHI BIacTUBOCTI 0J1-
Hi€el ciM’T iHBapiaHTHUX PO3’A3KIB CHCTEME

ou b OV o

ot "oxr ot ox

dp  x OV K

ot Tvior T v P
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KA € JYaCTKOBUM BUIIAIKOM TiIPOJMHAMIYHOI MOJEJi CEepeIOBUIIa, IO
peJIakCye, BUBEIEHOI B [2] Ha ocHOBI (DEHOMEHOJIOTIYHOI TePMOIUHAMIKY
HepiBHOBaXKHUX Hporecis (nuB. Takox [3]).

VY Bunajky, skmo S = 7y = const, cucrema (1) momyckae omHOMApa-
METPUYHY T'PYILY, IKa MOPOJZKYETHCSA OIIEPATOPOM

A 0 0 0 0]

3 dyukuionaabHO He3aMeKHUX IHBapiaHTiB oneparopa (2) MoxkHa 1100Y-
JLyBATH AH3AIT TAKOI'O BUIJISLY:

u=U(w), V = R(w)/(xo — ),

p = (xo — 2)I(w), w=1In(xg — ) — &t.

(3)

IMigcrasasioun (3) B qpyre pisHsiHHS cuctemu (1), 0Jlep:KUMO KBaJIpa-
TYypPYy

U = &R + const (4)
Ta, IBOBUMIDHY JUHAMIYHY CHCTEMY

EAR' = —R[oRIl — k + T{RY],

EAIN = E{SR(RIL — k) + x(IL+ )},
e (1) = d(")/dw, A = T(ER)? — x, 0 = 1 + 7. Y BUIAAKY 3arasb-
HOTO IOJIOXKEeHHs cucreMa (5) Mae 4OTHPH OCOOMBI TOYKH: OCOOJIUBY
touky Ry = 0, IIj = —v, sika JIe?)KuTh Ha OCi OPJAUHAT; OCODJIMBY TOUKY

Ry = —k/v, I = —v axa gexurb Beepeauni dizuanol obaacTi 3Ha4eHb
mapaMerpiB 3a ymoBH, 1o y < 0; mapy ocobsuBHX TOYOK

X k—TEVRo 3
Rog—+ /2L, Tlpy— B TS0M023
28 TE? 29 oRy3

AKi JTeXKaTh Ha JiHil HeImpoJoBKyBaHocTi poss’askis A=T7((R)2— x=0.
OcobawmBiit Touni A1(—k/7y, —y) MOXKHA MOCTABATU y BiANOBIIHICTS
CTAIllOHAPHUI IHBapiaHTHUH pO3B’s30K BUMIsLY (3):

uo = 0, po = +y(r — x0), Vo = &/[v(x — x0)]. (6)

st bOoro po3B’sI3Ky MOXKHA 3/IIMCHUTH B SIBHOMY BUTJISI IT€pexia Bif
JIarpaHKeBOl KOOPJAUHATH & = X, IK& BUKOPUCTOBYEThCA B POOOTI, 110
€el1JIepOBOI KOOD/IMHATH T :

(5)

ze = (K/7) In(xg — ), o — Ty > 0. (7)
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Puc.1. Bminu pexxumis cucremu (5) B okouti ocobausoi Touku A(—k /7y, —7v): a— HecTiii-
Kuil pokyc; 6 — HeCTIHKMIl IPDAHUYHUN LUKJ; 6 — MEeTJIsI TOMOKJIIHIKY; 2 — CTifiknit
dokyc.

Axmo sBecTn napamerp D = k/(&7y), To crarjonapuuii poss’s30k (6)
MOKHA 3aIMCATH TaK:

Upg = 07 Po = K, Po = (Hl/ﬁ) exp(fxe/D),

e po = V;fl. Tum camMum MiK cTarioHapHUMHU iHBapiaHTHUMHU PO3-
B’a3kamu B 306pakennsax Eitrepa [2, 4] ta Jlarpanka BCTaHOBIIOETHCS
OJIHO3HAYHA BiIIOBIAHICTH. 3B’SI30K Iiell He BUILIMBAE 3 3arajibHOI Teo-
pii, OCKIJIbKU TIepexiJ BiJl eMJIepOBUX KOOPJMHAT JIO JIArDAHYKEBUX 3a-
JTIAETbCS HEJIOKAJBHUMU CIIBBIIHOIMEHHSIMU. 3a3HAYUMO, IO, 3TiTHO 3
(7), narpamzkesiit KoopiuHaTi T, = Xo BIIIOBLIAE B efIePOBOMY IIpEJI-
CTaBJIEHH]I TOYKa Ha +00.

ITpoanasisyemMo yMOBH iCHYBaHHsI IEPIOANIHIX PO3B’sI3KiB [5] B oKOII
ocobuuBol Touku Aq (R, 1), ne II; = —y > 0, Ry = —k/7. Sanumenmo
Il IBOro JiiHifiny wactuny cucremu (5) B Koopmaunarax © = R — Ry,
y=11—1I;:

2\ —K —R?%0 T
gA(y T | ke (§R1)21+X§ y )’ ®

Marpurig M, ska cToiTh B npasiii wactuni dbopmysn (8), Oye Maru mapy
YUCTO YSIBHUX KOPEHIB 33 TAKUX yMOB:

(€R1)2 + X§ =K, (9)
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Puc.2. Po3p’s3ku 3ana4ai Komi auist cucremu (1), B sKiii 3a mouaTkosi ymou Bubupa-
sncst: (a) nepioguyHa TpaekTopis Ta (6) roMokiHiuHa TpaekTopisa cucremu (5).

02 = KEA > 0. (10)

Yumona (10) BukonyeThcst, HapUKJIaL, skio < 0, a koopauHara Ry Oy-
Jie po3TaIlloBaHa, JIiBOPYY Bij JiHil HETPOIOBKYBAHOCTI pO3B’sA3KiB R =
X/ (7€2), 106710, sikImo A < 0. Takuii BUGIp Gy/ie €AUHUM 3 TOUKU 30Dy
cTifikocTi pO3B’A3KiB, ockijabku 3 HepiBHOCcTel & > 01 A > 0 BumwIwm-
Bag, IO MIBUIKICTH iHBApiaHTHOI OiKyv0l XBUJII MEHINA 33 PIBHOBAXKHY
mBUAKicTh 3BYyKy Cro = /K. Po3B’s3ytoun pisastaES (9), omepxkuMo, 3
ypaxyBaHHSAM CKa3aHOT'O, KDUTUYHE 3HaYeHHs IapaMeTpa xp:

X+ VX?+H4ARRY (11)

2R2

fxp -

Hocumimkennst moseainku cucremu (5) B okouri ocobamnsoi Toukn A( Ry, 1)
BUSIBUJIN TaKy 3MiHY PEXKUMiB: 0COOJIMBa TOYKA € HECTIHKUM (DOKYCOM,
arkmo & < &xp (puc.la). Bume mporo 3HadeHHs M’SKO HAPOIZKYETHCS
Hecriifikuit rpanuanunii Uk (puc.16), pajiyc sKoro 3pocrae i3 3pocTom
mapamMerpa & J0TH, JOKH BiH He JOCATHE APYTrOro KPUTHUIHOIO 3HAYEHHS
fgw npu SIKOMY BinOyBaeThest roMokITiHiuHa Gidypramnis (puc.1s). Micms
Jpyroi 6idypranil KpuTHIHA TOUKa cTae cTifikum dokycom (puc.lea).
HecrifikicTh rpaHnIHOrO MUKJIY (8 TAKOXK MOMOKJIHIYHOT TPAEKTOPIT)
HEe BUKJIIOYAE MOXKJIMBOCTI CIIOCTEPEXKEHHsI €BOJIIONI] BiJIIMOBITHUX pO3-
B’s13KiB cucremu (1) B aBTOMOMEJILHAX PEKUMAX, OCKIJIBKU IIPU IIE€PEXO7I
w — x (akuil 6yje B3a€MHO OJHO3HAYHUM IpH ¢ = const) TpaekTopil au-
HAMIYHOI CUCTEMU 3MIiHIOIOTH CBOI HAIIPAMKM, OT2Ke, 3MIHIOETHCS 1 XapaK-
Tep 0COBJIMBUX TOUOK (CTIKI PEsKMME CTAIOTh HECTIKMMI, 1 HABIAKH).
B umcenpHuxX ekcnmepmMeHnTax, B SKHX 3aCTOCOBYBaJlach cxeMa, lo-
nynosa [6], iHBapiaHTHI ABTOXBHJIBOBI PO3B’A3KM Ta I'DAHMYHI JI0 HUX
PO3B’sI3KM, AKi BiIMOBIMAIOTH METISIM TOMOKJIIHIK, BUKOPHUCTOBYBAJINCH
JK MMOYATKOBI ymMoBU B 3ajadi Komri. Pesymbratu MojesmioBanHs mpe-
crapjieHi Ha puc.2. [lopiBHsIHHSI YKMCebHUX PO3B’sI3KIB 3 (hopMysIaMu
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Puc.3. 36ypenns, siki BUKOPUCTOBYBAJIUCh B YHCEJILHUX €KCIepuMeHTax (a) Ta rpa-
Gdiky 9acoBOl 3aJI€KHOCTI BiJICTaHI MiXK XBUJILOBUMU MAKETAMH, siKi HOPOKYIOTHCS
MK 30y PEHHSIMHI Ta CiM €10 TOMOKJIHIYHOI TpaekTopil (6) (HaBeIeHO 3HAYEHHS €Hep-
ril CXOIMHOK 3 BIJIIOBIIHUM MApKyBaHHSIM).

AHAJIITUYIHOIO MPOJIOBXKEHHS IHBAPIAHTHUX PO3B’S3KIB JIa€ 3MOrY Iepe-
KOHATHUCS B TOMY, 10, B MEXKaX TOYHOCTI METO/y (3aCTOCOBYBAJIACH Y-
CeJIbHA CXeMa, [IePIIOro MOPSIKY ), HOYaTKOBI 30ypeHHsI eBOIOIIOHYIOTh
B aBTOMOJIEJIBHUX PEKUMAaX.

YucenbHi €KCIIEPUMEHTH TaKOXK IMOKA3YIOTh, 0 XBUJILOBI TTAKETHU BiJ
JIeSIKOTO KJIACY MOYATKOBUX 30yPEHBb 3 IJIMHOM 4Yacy HPSMYIOTh JI0 PO3-
B’sI3Ky, KUl HOPOJKYETHCA TOMOKJIHIYHOIO TpaekTopieto cucremu (5).
IlouarkoBi 30ypeHHs BU3HATAINCT 38 (POPMYIAMI

u=0, V =&/p,
pa2(zo — ), axmo z € (0,a) U (a + 1, z0), (12)
(p2 + p3)(xg — x) + w(xr —a) + h, axkmo x € (a,a + 1),

ne a,l, p3,w, h—~ = po — mapamerpu 30ypeHHb, siKi 33/ 1aBaJIICh Ha (DOHI
cranjionaproro inBapianTaoro po3s’s3ky (6). IIpomixkok | (muupuna 306y-
peHHs ) BUOUPABCs K OLIBIINM, TAK 1 MEHIIIUM BiJl HOCisSl €BOJIIOIIOHY 00T
FOMOKJIHIYHOT TPA€KTODIl (IIOPIBHAHHS IIPOBOJUTHCS B TOH MOMEHT, KO-
Ji GPOHT iHBAPIAHTHOTO TOMOKJIHITHOTO PO3B’SI3KY CIIIBIIAIA€ 3 TPABUM
obmezkeHHsAM 30ypenHst). [TouaTkoBi 30ypeHHs, sIKi BAKOPUCTOBYBAJIIChH
B €KCIEPUMEHTaX, 300pakeni Ha puc.3a. BusaBjisernbcs, 1mo, He3aIe2KHO
BiJI IMUPUHA TOYATKOBOTO 30ypeHHs [, mapamMeTpu ps, w, h MoKHa BHOpa-
TH TAKUM JUHOM (1eil Bubip MOKHA peaJiizyBaru GararbMa Crocobamiu),
1[0 OJIHA 3 TPAEKTOPIiil, yTBOpeHa 3i “cxomuuku", Oy/ie 3 IIMHOM Yacy Ha-
6amkaTick 10 civ’i Bexrop-dymxuiit {Uf_(2)}s0 = [unc(t, ), Vie(t, z),
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Phe(t, x)]i>0, TOPOMMKEHIK TOMOKIIIHIUHOIO TpaeKTopico. Kpurepiem To-
ro, uu Oy/1e HOBOYTBOPEHA XBUJIS MIPSIMYBATH 70 CiM’T TOMOKJTIHIKH, MOXKe
CIIY>KATHU OITIHKA TTIOBHOI eHepril 30ypeHHs:, a TodHime, Tiel i1 yacTunu,
sKa OyJle IepellaHa XBUJIBOBOMY IIaKeTy, IO IpsMye “BHU3", TOOTO, B
HaIpPSAMKY 3MEHINEHHs ITJIbHOCTI cepeJIoBHINa. YIKINO I eHepris mpo-
MOpIIifiHa MMOBHIN eHeprii i He JyKe 3ajeXXKuThb Bix dopmu i po3mipis
30ypeHHsi, TOJIi eHePreTHYHa OIHKA “CXOIMHKHU"MOXKe CJIYXKUTH TpHii-
HATHAM KPHUTEPIEM 3017KHOCTI.

IloBHua eneprisa 36ypennss E CKJIaJa€TbCsd 3 BHYTPIIHBOI Fi,g Ta MO-
TeHianbaol Fo enepriii:

E= Eint + Epot = / [5int + 5pot] dm7

7€ €int, Epot — JIOKAJIbHI 3HAYEHHs BHYTPIIIHLOI Ta MOTEHIaJIbHOI eHep-
riif, BiAMOBIIHO, B MepepaxyHKy Ha OAWHUINO Macu, dm = dz,. Bemu-
YUHY IOTEHIiaJbHOI eHepril BusHauuMo 3 ¢popmysn F = py — gradp =
—Vepot:

Te
Epot = /Epotdm = / / (p_lvp - V)d‘r/e pdx&
supp 2 Ler
Ie x, — efiJIopoBChKa KOOpAMHATA, p Ta p = V ! BupaxKkaroThcs 3a dop-
mystomo (12), supp € — nociii 36ypennsi. Bukopucrosyoun (opmy.iu

1/p0dp/0x. = Op/Ox, dz, = pdx.,
OZIEP>KIMMO, TCJIA B3STTA IHTErpaJia Ta eJIEMEHTAPHUX IIePETBOPEHD
Kl 1+ k
Footr=——||— | In(1+k)—1],
=3 | () e
ae k = [P(a+1) — P(a)]/P(a), P(z) = az + 3, a = w — (p2 + ps3),
B = (p2 + p3)ro — aw.
[IispHicTs BHYTPIMIHBOI eHepril 30ypeHHsT 3HAXOAMMO i3 CIiBBiIHO-
tteHHs (O€in;/0V)s = —p = —k/V:
gt =Cc—KkInV.
Bin mporo Bupasy Tpeba BigHATH MIIIBHICTH €HEPril CTAIIOHAPHOTO HEO I

HOPiHOTO CcTamy €1, siKa J0piBHIOE ¢ — K In V), OT3Ke, OCTATOTHO MAEMO

Ein = / (Eint — Enng ) pdTe = K / InVy/Vdz,.

supp 2 supp 2
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Puc.4. 36ypenns craiioHapHOro HEOAHOPiAHOrO po3B’a3ky (6) Ta moposzKeHi HUMH
XBUJIBOBI Iakern (300pakeHO Ha (POHI €BOJIIOIOHYIOUOI FOMOKJIIHIYHOI TpaeKTopil,
Bi/MIY€HOI IIyHKTUPOM )
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Bukopucrosytoun dopmyiy (12), omepzkumo 3Bincu:

By = K {lln %
L]« B ]}

ne Py(z) = pa(zo — 2). .
Bincranp mizk xBumbosnm 36yperuuaM UL = (twp, Vip, Pwp) (to, )

Ta CiM’€10 TOMOKJIIHIKT {ﬁﬁc(ff)}tzo = [unc(t, ), Vie(t, ), pre(t, )]0,
BU3HAYAJIACH K JIOKAJTHHUN MiHIMyM (DYHKITIOHATY

st (025, 02)] = gt { [ (Iunlton) - pratea+

teOy,
supp Q12

+[Vap (to, ) = Vie(t, 2)]? + [thusp (to, ) — uhc(t7x)}2> dx} X

x{ / ([po(x)—phc(t,fﬂ)]Q‘F

supp 1

+[Vo(x) — Vie(t, z)]* + u;w(t,x)Q) dx}_ ,

(13)

.
e O, — OKiJI MOMEHTY 4acy ti, B AKOMY (PPOHTH OiKyIHX XBHJIb Ufl?p

ta U}, criBniasiaiors, Uy = (po(x)Vo(x),0) — mouarkosa HeomHOpiAHICTS,

sIKa 3a/18€Thest bopmyinomwo (6), supp Q12 — 06’€iHAHHST HOCITB U }tllc Ta U'f,j’p,
supp 1 — HOCIi U fblc

YucesbHI pO3paxyHKH HOKA3yIOTh, IO 00OpaHUil eHEPreTUYHuN Kpu-
Tepiit JocuThb 100pe XapakTepusye 30iKHICTb XBUJTI BiJl 30ypeHHs 710 ciM'T
{(7 } . }+>0 npmHAfiMHI TOAI, KON HOCIH MOYATKOBOrO 30ypeHHs CIiBMIp-
HUIT 3 HOCIEM TOMOKJIIHIKA B MOMEHT IX MMEepeKpUTTs. 30iKHICTH XBU-
JIOBOT'O TTAKeTy /0 ciM’l TOMOKJIIHIKH CriocTepirajach B THX BUIAIKAX,
kosnu E € (43,47). Ha puc.4 upeicraBiena KapTHHA €BOJIONIT XBUJIBO-
BUIX IIAKETIB, TOPOJZKEHUX “CXOAUHKAMU" | JIJIsI SIKUX €HEPrist 3HAXOIUTHCS
B I[bOMY IIPOMIXKKY, Ha (DOHI IHBapiaHTHUX I'OMOKJIIHIYHUX TPAEKTOPIN;
JIIsT TIOPIBHSHHS Ha, pUC.D 300pakeHi XBUJIbOBI TAKETH, OTPUMAHI B THX
Bunaskax, ko E ¢ (43,47). Ha puc.36 nogano Bizcrani, ski omepxKy-
10Thes 3a (opmydioo (13), B dyHKil yacy.

TakuMm 9YuHOM, iCHYE 3a/IEKHICTH MiXK 3HAYEHHSM €eHepril ‘“‘CXoauH-
kn'"Ta 3612KHICTIO TOPO/IXKEHOI Helo XBUJI S0 ciM’T roMok/HIKI. 3acTo-
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Puc.5. EBosionisi XBHIIBOBHX NAKETIB, MOPOKEHNX 30y peHHsAME (JIIBOPY™), s SKAX
E ¢ (43,47) (306pakeno Ha (HbOHI €BOMIOIIOHYIOUO] TOMOKJIHIYHOI TPAa€KTOPil, BimMi-
YeHO! IIYHKTHPOM ).
CYBaHHS YUCEJIHHOI CXEMHU TEPIIOTO MOPSJIKY TOYHOCTI HE JIa€ 3MOTHU OT-
puMaTH KiJbKicHI Kpurepil 3012KHOCTI, O/IHAK, B SKICHOMY BiTHOIIEHHI
BBEJIEHUII €HEePreTUIHNN KPUTEPIiil IJIKOM cebe BUIIPABIOBYE — KOXKEH
pa3, Kouu BeamunHa E (Ipu 3aaHuX Bullle 3HAYEHHSIX [apaMeTpiB Cu-
cremn (1)) cyrreBo Bimxumisinacst Bin inTepsamy (43,47), 36ikHicTb 10
ciM’T roMOKJTiHIKH OyJ1a BiJACYTHBOIO.

36ikHicTb, OTpUMaHa JJjisl XBUJIbOBUX IIAKETIB, NPEJICTABJIEHUX HAa
puc.4, Oyja B IEBHOMY CEHCI MaKCHMAJBHOK — PO3DI2KHOCTI XBUJIBO-
BUX TIAKETIB B “XBOCTOBUX'"JACTHHAX, BUKJIMKAHI CXeMHUMH eheKTaMu
He JTal0Th 3MOTU OJIepKATH OLIBIT TOYHI KiJIbKicHI orinku. IcHye, ofqHak,
inmra cyTTeBa OOCTaBHMHA, KA CTABUTDH IIi/I CYMHIB IPUHITUIIOBY MOXK-
JIMBICTD TIOKPAINEHHs OIiHOK 30ixkHOocTi. [Ipobema mosisirae B TOMY, 11O
ocobsmBiit Touni Ag(Rg,Ils), fika € moYaTKoM i KiHIIEM TOMOKJIHIYHOT
TpaekTopil, Ha BiaMiny Bing Touku Aj(Rp,Ili), He MOXKHA MOCTABUTH Y
BiAuoBigHicTh cTanioHapHuii inBapianTHuii po3s’a30k cucremu (1). Boa-
HOYAC, FOMOKJIIHIYHA TPAEKTOpis € €QMHOI TpaeckTopiero cucremu (5),
K& MOXKe OyTH IpojioBxKeHa HampaBo Bix Jinii A = 0. Ilapamerpu, 1o
BUKOPHUCTOBYBAJINCS B YUCEJIbHUX EKCIIEPUMEHTAX, JOOUPAJIUCH TaK, 100
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MAKCUMAJIbHO CHOBLIbHUTH PyX B OKOJii TouKE Ag(Rg, Ily) nopisasanno
3 iHmuMu obacTsaMu Ha30Bol MIJIOMUHA, OHAK (AKT ICHYBaHHS IIPOJIO-
BYXKEHHS TOMOKJIIHIYHOI TPAE€KTOPil O3HAYAE, IO MBUJIKICTH PYXY B TOYIIL
A (Ry,Tl;) 3amumaersest CKiHUEHHO Npu Oy/Ib-SKUX 3HAYEHHSIX Mapa-
MerpiB. Came depe3 1e MU BXKHUBAEMO JI0 OKPECJIEHHsI aCUMIITOTHYHUX
BJIACTUBOCTEH BiIIIOBITHOTO aBTOMOJEILHOTO PO3B’SI3KY BUXITHOI CHCTe-
MU T€pMiH “OpoMixKHi acuMuToTukn" .
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Heoxnopiani 3aga4di ajis

MoJIinapaboJIiYHOrO oneparopa

, 0.M.>KYKOBCHKWH, B.II. KAPATOJ/IOB

Inemumym mamemamuru HAH Yxpainu, Kuis

JloBenieHO TeopeMy IIpO KOPEKTHICTh HEOJHOPITHOI 3ajadi JJjis moJiinapa-
GOJIIIHOTO PIBHSIHHS 3 MPABOI0 YACTUHOIO, KA HAJIEXKUTH J0 KJIacy obMe-
xkeunx B R"™ dyukniit. HaBemeno Touni dpopMysn Ijisi KOHCTAHT OILIHOK
MMOTEHIIaJIiB 3 TAKUMU IIIJILHOCTSIMU 1 OJE€PXKaHO TOYHI PO3B’SI3KU sl da-
CTUHHHAX BUMNAIKIB.

The theorem establishing the correctness of the inhomogeneous problem
for a polyparabolic equation with the right-hand side belonging to the
set of bounded functions in R™ is proved. Exact formulas for constants
of evaluations for potentials with these densities are presented and exact
solutions for patricular cases are obtained.

Posrnsgremo meomHopimny 3amady A1 JiHITHOTO PIBHAHHSA B TaCTUHHIX
MMOX1THIX

m+1 (as g omTItt o
™= ZO(_I)]CWL—HWV Tu(t,x) = f(t,x), (1)
J:

get € RL, x € R" (n € N), f(t,x) € L (R'"™), V? — oneparop
Jaraca, C7, 11 — Ginomiasbi KoedirienTu.

IIpu m = 0 1e piBHAHHS TEPETBOPIOETHCS B KJIACUYIHE HEOTHOPITHE
PIiBHSIHHS TeruIonposinHocTi. Besakuit poss’s30k piBmsaansa Ty = 0,
BU3HAYMEHUN B JedKiil obiacti mpocropy R™!, masmpaeTnca momikaso-
puunoo dyskuieo [1, 2|, 1 eauaumM duHOM MOXKe Oy TH OJAHUI Y BULIIsI

u(t,x) = uo(t,x) + tug (t,x) + -+ + " up (¢, %), (2)

ze ug(t,X) — cyTb po3B’si3ku piBHsiHHs Tu = 0. 3a3HAYMMO JJIsl IO/
00, IO Ma€ Micie hopmyia

m—+1
Tm+l tk Z 4! CJ Cljetkijmfj#»lu’ (3)

AKa BUBOJUTLCA 3a lHﬂyKHIGIO.
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®yHaMeHTaIbHIH PO3B’a30K onepaTopa T™ 1! 3 mpocropy D' (R1T7)
Ma€ BuIIs [3]

o(t)tm /2 x|
Emn(t,x) = W exp ( o ) (4)

Bin meBix’emunii, obepraerbes B Hysib 1ipu t < 0, HeckKiHueHHO mudepen-
niitoBuuii npu (t,x) # 0 i Mae, OKpiM IHIIUX, TaKi BJIACTUBOCTI:

[ Emnltmarx =" (5)
R?L

8—k£ (+0,x) =0 (0<k<m-—1) a—ms (+0,x) = 1.(6)
315’“ m,n ) - — =m ) Btm m,n bl -

Ockinbku &, € Li (R™™), posp’ssok samaqi (1) MokHA momat y
BUDJIS 3ropTKH [4]

u(t,x) = Emn(t, x) * f(t,x), (7)

sIKa BU3HAYAE OJIKAJIOPUIHUI ToTeHnias 3 uibaicTio f (¢, x). IIpu 1ipo-
My u € L (RY"), aximo

h(t, %) = [Emn(t, %) |[f(t,%)]] € Ligo(R™™). (8)

Hageiena Huk4e Teopema BU3HAYAE OJIMH 3 KJIACIB IIJIBHOCTI, JIJTsT STKO-
ro sroprka (7) icuye. s copomenns dopmys ingeken m i n gaii He
3AMUCYIOTHCA.

Ilosnaganmo wepe3 Ky kiaac QyHKIIH, TePEeTBOPIOETHCSA HA HYJIb IIPHU
t < 01iobmexeni B Kym 0 <t <tg:|f| <Af=supl|f(r,§)] (0<7 <t
EeR).
Teopema. STxwo f(t,x) € Ky, mo noaikaropuunuti nomenuyias U(t,x)

nopadky m ichye 6 Koy, supasicacmocs inmeepaaom (7) i 3adogosvhse
OUTHKY

m+1
< [
U1 < A Gy 0
< (k) pm—k+1
‘5‘t ’ Afap it ; (10)

[VZPU| < Apb®) ¢m=ptL (11)
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de agi)n 7 b(p )n — dodammi cmani, ma NOYAMKOS: YMO8U
U(+0,x) =0, (12)
ok
T o =0(1<k<m), V*U|_  =0(1<p<m), (13)
T°U(H0,x) =0 (1 <s<m). (14)

Hosenenns. 3a reopemoro Py6ini 3 ymosu (5) Biapasy BUILIMBAE, IO

thrl

Ockimpku |U| < h, 7o U = 0 upn t < 0, BUKOHYEThCA ominka (9) i, Takum
quaoM, U € K.

Ckopucrasmmucs $HopMyIIo0 1udepeHIiioBaHHs 3rOPTKY 10 ¢ Ta Bia-
crusocTamu (6), opu ¢ > 0 MaeMo, 1o

t
oFU o*
o ://f(ﬁﬁ)wg(t—T,x—f)d"fdr.

0 Rn

3Bijcu BUIILBAE, 110

orU k=1 .
e By e (15)
R'n
OckiyibKH

gk—1¢g 1 Z dkflfltmfn/Z o _‘4_‘2
—1 Py k—1 i1 g Mo
ot (2y/m)m! & dt ot

a, B CBOIO Yepry,

dkflfltmfn/Q _ I‘(m — % —+ 1) m—2—k+l—1
dph—1-1 Dim—2—-k+1+2) ’

wB_T = t_le_T (_1)J<l _ 1) (l _ )CJ (|£ ) 7
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ne I'(z) — rama-dyskuis [5], To B (15)

L mak 2 T(m—%+1)
/atkl (8,8)d"¢ = (2fnmv§:: T(m—Z—ktl+2)

-1

| €2\ a2
xS (=)= -2)...(1-5)C e e,
(%)

=0

Ate
20—2j _le? n % 2(1— n— 1 —
€% e 4td£— @ /" nE % dp =
n () 0 (16)
(2\/_) 22l 2]1—\ (l _|_ _) tl7j+%’
I'(3) 2
TOMY, HOBEPHYBIIUCH 10 HepisHocTi (15), omepxKyemo oninky (10), B sakiii

(k)

KOHCTaHTA Gy n, 3AJIEJKHA Bl MOPAIKY MOJIKAJOPHIHOTO MOTEHITIAIY,
MTOPSIAKY HOTO TTOXiAHOT 38 IaCOM Ta PO3MIPHOCTI ITPOCTOPY, OOUIUCTIOETH-
€I TOYHO:

T(m—2+1) 2 S8 CL (G201 - 1 — 5)j!
ok — (m—35+1) Z e 1 (G (=G + 5) = 3)j

lF(m—E—k-l-l-l-Q)

I=1 j=0
[IpomoBxkyroun OmiHKH, PO3TJISHEMO
VU = V2 [E(t,x) = f(t,x)] = f(t,x) * VPE(t,x).

Ockinbru f € K, To Mae Miciie HepiBHICTb

¢
|V2PU| < Af//VQPE(T,X)d"xdTZ

t

Ay / _ /2/ 9p _ IxI2
=—J [ mn VPe™ ar d"xdr.
24/m)"m/!
@)y |

Rn

MozkHa J1oBecTH, 1110

N 1)7(24)! C3

2p — X2 2p,, ETk (= J)-“2p ) 2p— 2%
V e 4 =27 ZO j!TQp j I |

=
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tomy B (17)

P (—1)i(2§)! CH

o s (129 O

/V e A d"x =2 E T X
7=0 (18)

Rn )
s _Ixl
x/|x\2p e d"x.
Rn

Tyt inTerpasn B mpasiit wactusi icHye 1 o6uncoeThes 3a hopmystomn (16).
IMixcraBusmm fioro B (18), a pesyabrar — B HepisHicTh (17), omep:xuMO

mykaHy oniaky (11). B wiif mocriitaa bgﬁ?n 06UHCITIOETHCS 33 (POPMYIION0

p® — (2p)! i Llp—j+3)

™ (m—p+ L)mIT(%) 221 (2p — 25)!

§j=0

Orxe, oninku (9)—(11) Teopemu 0OGIrpyHTOBAHO. 3 HUX BUILIUBAIOTDH
novarkoBi ymoBu (12) i (13), sKi 38/ J0BOIbHSE HOIIKAIOPUIHHI TOTEH-
mjas. IToyarkosa ymoBa (14) € HACHIZKOM IIONEPEIHIX, B Y9OMY JIETKO
[EPEKOHATHCH 3a JOMoMOoror dbopmyin (3).

3 Teopemu, 30KpeMa, BUILIUBAE, IO MOPS 3 KJACHIHOIO 3a/[a4er0
Ko gy pisagans (1) Mae ceHC MOCTaHOBKA 3aJa4i 3 HEOJHOPIIHUMY
[IOYATKOBUME YMOBaMu, Kl Bianosinaors ymosam (14):

Tru(+0,%x) = pp(x) (1 <k <m).
Bnaityiemo Touni poss’asku 3agadi (1). Ockimbku |[x — &2 = |x|? +
€12 — 2(x - €), To 3arambHy dopMyly, sKa jJae po3s’a3oK zajgadi (1),
MOXKHa, y Bianosiguocti 3 (7) Ta Teopemoro Py6ini, 3anucaru Tak:

t

1 e
u(t,x) = o= /Tm_"/ze_ﬁdfx
Gvmrm | o)
X /f(t —T1,8)e” e d"€.
R’!L
Bokpema, sxmo f = f(t,|x|), To upu n > 2 i3 (19) omepkyerbes, mwoO

t
Ir|2

1
tr)y= — m=n/20= G dr x
u(t,r) Qn—lﬁr(—”21)/T cTa

™

p? rp
X /p”_le_ﬂf(t—T7p)dp/eﬁc°s“’sin"‘2<pd<p7
0 0
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ner? =2+ a3+ +22. Ane i v > 0
T 1\ /2\"
/eizcos‘psinQVQDdgo: NZ3 N <I/+ 2) (Z) I,(2),
0

ne I,(z) — GeceneBa dyHKIIis ysBHOTO apryMeHTy [5], ToMy Juisi BKa3a-
HOT'O KJIaCy MJIbHOCTEM 1 n > 2

t
1 m—1 _r?
u(t,r) = m T e 1t dr X
o ! (20)
n _p2 rp
X/P2€ 4713—1<§)f(t—7’0)dﬂ~
0

Bupomkenuit Bunaziok n = 1 ne oxoiunoersbest dhopmysion (20), 60 s
HBOTO

t [}
1 m—1 _x2 _&-axe
u(t,x) = W /’T 2 ardr / e 4 f(t -7, g)d& (21)
0 —00

ko posmipricrs npocropy Hemapsa, inTerpan mo p B (16) 3Bo-
JIATHCS JIO iHTerpasiy Bij ejemeHTapHuX (DYHKIH. 30KpeMa, OCKLIbKA
upun =3

/| 2
I%(Z) = EShZ’

i3 (20) omepxkyerncs, 10

1 / 1 r2d
= 2 4T
u(t,r) \/Em!r/T e TX

0 (22)

2
x [ pPe % sh (;_p) ft— 1, p)dp.
T

OxpeMo po3riIsiHeMO BUIAIOK, Kouu f(t,x) — dinitHa dysknia B R™.
Hexait

f(t,x) = Aw(t)F(]x]) O(R* — |x|*) (A, R = const > 0,n > 2).
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It rakol niiyibaocTi i3 (20) Biapady omepKyeThest, Mo

t

Hexait rerep n = 11 f(t,x) = AO(t)0(R — |x|). Jast poro BunaiKy
3 (21) BunswmBae, o

u(t, x) = Qim! O/t o [erf(b;j;() +erf(};—\_ﬁxﬂ dr, (23)

ne erf(z) — inrerpan fimosiprocreii [5]. Ockinbku

fomet(522) =

a 1pu 1poMy |3

[ oom 1 f(ymiyE
g/g 3erf(§)d£—2(m+l){ T ) erfe(€)+

)" / €23 erf(£) de,

2ﬂ

—2m—2 g s sy _ kr(m*kJr%) 2k+1
+ [erf(ﬁ) EED DI o S

k=1

TO MiC/Is HU3KU TI€PETBOPEHD Bif (23) NPUXOAMMO JO TOYHOrO PO3B’SI3KY
At™ R+x R—x

ut,x) = —— [P | —=— | + P | —= | |, 24

029 = e [ (7)) + o (57 2y

( )m+1\/_ 2m 2
I‘(m—i— ) Terfe(z)—

m+1
pL(m—k+ %) 2k+1

1 .
DI e e ¢

e
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HeBaxko mepesiputu, 110 HaBeJeHI TYT YACTHHHI TOYHI PO3B’SI3KH
zazadi (1) mis wiasHOCTEl 3 Kitacy K y3rofzKyioThesl 3 TBEDIXKEHHIMI

JIOBEJIEHOI BUIIE TEOPEMU.
BacTocyeMO OTpUMaHi BUIE pe3yJIbTaTh J0 3aa4l
(sinT)u = f(t,x).
BpaxoByroun po3kiia L jiiBol 9aCTUHY B HECKIHIEHHUN PSJT TA y3arajib-

HeHHs cuiBBinHOmenb (2), (3), momamo dyHIaMEHTAILHUN PO3B’A30K
onepatopa sin T’ 3 pocropy D' (RF") y surnazi psty

(25)

= (~1 MEmm(t,x
Z( ) (t,x) _

Snlt;x) = em+1)!

m=0

(_1)mt2m—n/2

(e 1 o B
CNGE Z 2m)'(2m +1)! (26)

—"‘T —n/2—1
= 0t)e t /ber2fd7'

o abcosrorno 30ikuMit npu ¢ > 0 i Mae HACTYIHI BJIACTUBOCTI:
s (_1)mt2m

/3 (t,x)d X_Z  m)2m 1 1)1

Rn
8k
Dk Sn(+0,x) =0 (k=2p—1),
o (= _
8tk$ n(4+0,%x) = 2p 1) (k = 2p).

Toni poss’azok 3ana4i (25) orpumaemo s f(t,x) € Ko y Burisai

3TOPTKH

U(t,X) = Sn(tvx) * f(t,X), (27)
o Jae anasjoriano (20) i (21) npu n > 2
- 1 & (_1)7n
u(t,r) = 2r31 2 2m)l2m + 1))
t (28)
2m—1 —‘4‘T2 3e —p— In rp _
X/T dT></ Tl (QT)f(t T, p)dp,
0 0
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inpun=1

00 t

2m—3 — i
Z 2\/7? 2m+ 1 '/T “drx
% 0 (29)

x/e ft—m,8)dg.

— 00

Axkmo n = 11 f(t,x) = AO(t)0(R — |x|), To orpuMyeMO TOUHHIA
PO3B’s130K 3asa4i (25) y B

T U RNC

m=0
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ITapacynepanareopa Ilyankape i
napacynepcuMeTpUIHa Teopis I10JIs

O.B. T'AJIKIH

Inemumym mamemamuru HAH Yxpainu, Kuis
E-mail: galkin@apmat.freenet.kiev.ua

Y nmawniit poboTi HaBeIeHA JTiHIHA peaJTi3allis TeHEPATOPiB mapacynepasreo-
pu Ilyankape B TepmiHax maparpaCMaHOBHUX 3MIHHUX, & TAKOXK PO3TJISHYTL
PiBHAHHSA pyXy AJist KipasbHoro napacynepuoss Oy (x,6).

In this paper we present a realization of the Poincaré parasuperalgebra in
terms of the linear operators involving para-Grassmannian variables. We
consider also the equation of motion for the chiral parasuperfield ® (z, 0).

1. Berymn. Bigomo, 1m0 ckanspHe, BEKTOPHE Ta CIIIHOPHE ITOJIs OB’ A3aHi
3 BigmoBigunMu 300paxkenasmu rpynu [Iyamnkape. Ilpu meperBopeHHIX
iz rpynu Ilyankape abo mpu mepeTBOPEHHSIX BHYTPINTHLOI CUMeTpil TeH-
30pHi (6030HHI) i criHOpHI (DepMioHH]) OJIST TEPETBOPIOIOTHCS HE3AIEXK-
HO ojHe Bix omuoro. IIpore, 6ys0 moKa3aHO, O MOXKHA BBECTH OiJIbII
3arajibHy TI'pYILy IIepeTBOPEHb, TaK 3BaHy cyreprpyiy llyamkape, sika
00’emaye 6030HHI Ta epMioHHI MO Tak, MO IPU MEPETBOPEHHSAX i3
niei rpynm 6030HHI Ta depMioHHI IO OyAyTh “IepeMinryBaTucd' Miz
coboro [1]. Teneparopamu cyneprpynu Ilyankape € remepaTopu rpynn
IIyankape, a TakoxK (pepMioHHI TeHEpPATOPH, IO BiJIOBIIAIOTH AHTUKO-
MYTAIIMHIM CIiBBiIHOIIIEHHSIM.

Cymnepcumerpist pobUTh MOXKJIUBUM 00’ €THAHHSI CUMETPil pOCTOpY-
gacy (myaHkape-iHBapianTHiCTb) i3 BHyTpimHiMu cumerpiamu [2] 1 nae
IIICTAaBU CIIO/IBATHUCS, IO HECYIepewInBa KBAHTOBA TeOpis rpasiTariil
Mozke OyTu nobyzosama [3].

Hermmomasuo 0ys10 3apoOHOBAHO y3arajbHEHHSI CyIepCHMeTpii, Tak
3BaHa apacynepcuMerpis. Y pobori [4] saknageno dyuzamenT mapacy-
IepCUMEeTPUIHOI KBAHTOBOI Teopil moss. Il Teopis po3rysmgae mapacra-
TUCTUKH 3aMicThb ctatTucTuk Pepmi i Boze. PiBugnnga mapacynepcumer-
PUIHOI KBAHTOBOI TeOPil oIt MaroTh OyTH iHBapiaHTHI BiIHOCHO mapa-
cyneprpynu Ilyankape. IlapacynepcuMmerpuytHa KBaHTOBA TEOPisi TOJIsT
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€ PEeSTUBICTCHKUM y3arajbHEHHSM IIapacylepCUMEeTPUIHOI KBAHTOBOI
MEXaHIKH, K&, B CBOIO YePry, € y3arajJbHEeHHIM CYIePCUMETPIUIHOI KBAH-
TOBOI MexaHiku [5].

Po6Gota [4] crumyrosana mosiBy poboru [6], B sKkiit mosHicTIO onmcani
Bci He3BinHi 306paxenHst (N = 1) mapacynepanre6bpu Ilyankape, siki
BiirpaioTh BaXkKJIUBY POJIb IIPH MOOYIOBI apacyIepCUMETPUIHIX MOJIe-
Jieii y KBauTOBIit Teopil nosist. IIpu npomy pobora [4] Mae psig HEAOMIKIB.
ITo-meprrte, B 11iit poboOTi HaBeaeHA HeiHilHA peaJi3allis TeHepaTopiB ma-
pacymneprpynu Ilyankape B TepMinax maparpacMaHOBUX 3MiHHUX. By-
Jio 6 baykaHO MaTH JIHIHY peaJi3aliio jiis MOoOYI0BH MapacylepCuMeT-
PUYHOIO y3arajbHeHHs cynepcuMmerpuvHoi Mojeni Becca-3ymino [1, 2].
IIo-xmpyre, raMiabTOHIAH TAPaCcyIepCUMETPUIHOIO XBUJIHOBOIO DiBHSTH-
Hs (6e3 B3aemoil) He KOMyTye i3 napacyuep3apsgamu. Y ganiii pobori
HaBeJIeHa JIiHifiHA peaJti3allis TeHepaTopiB mapacynepasareopu Ilyamnkape
B TepMiHaX IaparpacMaHOBUX 3MIiHHUX. TaKOoXK 3HAieHO PIBHSIHHS PY-
xy Jyuist mapacynepnoust Y (z,6). Y Bunajxy siaMinauX Big 0 KOHCTaHT
B3aeMo/Iil piBHAHHEA 1 P BigmoBimae JarpaHKiaHy, HABEJIEHOMY Y PO-
Gori [4].

2. Peamizauia (N = 1) nmapacynepanre6pu Ilyankape B Tepmi-
Hax naparpacMaHoBux 3miHHux. Ilapacynepanre6pa Ilyankape [4,

6] rerepyerbest ecsitbMa TeHeparopaMu rpymu Ilyankape P, J,,, siKi
3aI0BOJTbHATOTH KOMYTAIiHI CITiBBITHOIITEHHST

[PpuPu] =0, [PM7JVO'] :i(g;wpa_g;urpu)a
[Juvs Jpo] = i(g,wap + 9vpJpo = JupJvo — gwjup)v (1)
Juw = —Jou, wv=0,1,2,3,

a Takox 4 napacyuepsapsagamu Qn, Qo (o = 1,2), 1m0 3a10BOJILHIIOTH
CIIiBBiIHOIIEHHS

[Qom [Qﬁ’ Q‘YH = [Qav [Qﬁ’ Q’YH =0,
[Qa, [Qp, Q4] = —4Qp(0u)an P*, (2)
[[Q_aa [Qﬁa Q"/]] = 4QV(0M)504P“'

1
[J;u/a Qa} = __Z. (Uuu)g Qﬁv [P;u Qa] =0, (3)
[J;wv Qa} = _Q_Z-QB (6uu)§ ) [Pm Qa] =0,
ne o, — marpuni [aymi, a 0, = —0,, = 0,0, (Y niit pobori BuKopucTo-
ByeTbest cirnarypa (+, —, —, —)). Crinopsi ingeken a, 5,7 (o, 8,7 = 1,2)
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OIYCKAIOThCS 1 MiIHIMAIOTHCA 3a JOTOMOIOI0 YHIBEPCAJIBLHOIO CITIHODA
P (e =g =€ =690 = 0,62 =9 =1, = g5 = 1),
Hanpukia, Q% = e*?Qgs.

Bci messinni 306paxkenns napacynepairebpu Ilyankape (1)—(3) onu-
cani B pobori [6]. TyT My HABOAUMO peaJizallilo TeHepaTOPiB Iapacy-
nepasiredpu [lyankape B Tepminax maparpacMaHoBuX 3MiHHEX 01, 0. 111
3MiHHI 3a/I0BOJIBHSIOTE BiJHOIIEHHS [4]

00030 + 0,050, = 0, (4)

(y wiii pobGOTi IPHUILYCKAEThCsI, IO TAPAMETD MAPAKBAHTOBOCTI p = 2).
HudepenmnioBanns 3a MaparpaCMaHOBIMHI 3MiHHUMU MOXKHA, BA3HA-
YUTH, BUKOPUCTOBYIOUN 300pazkents ['pina [5], B sskomy

Oc =p§ o0, 000 =0, [00.65] =0 i#0). ©)

1=

o = 9 ) ) 9

_ E _ () Y _

Mo la 1 - [9,1 ’89(“] 0o ©
+ +

(@)’ (1) 59(4)
= o0l o0y o0 )
0 0 NG
I R (2) _ . .

Tonui, BuxkopucroByoun dopmyau (5)—(7), MOKHa TIEPEBIPUTH, WO Te-
HepaTopn napacynepaiarebpu Ilyankape B TepMiHax maparpacMaHOBHX
3MIHHUX

.0
Fie =P =0
0 0 0 0
o =awp —wapr g (0 g = 5t = O gar + 5t

J13 = w1p3 — x3p1 +

0 0 0 0
Jog = Top3 — x3p2 + — ot — 2 —

Jo1 = wop1 — x1po +

P a0
1_p1 ¥ 2 Y Y n2
a0i’ ~¥ ge2 ¥ gg1 ~ ga1?

a9 a9
2 Y Y p2_ p1 ¥ Zpnl
a0t —a0t0 ¥ ge2 T g2’

Jo2 = zop2 — T2po +

Jog = xop3 — x3po +

N S N S N S N Ty
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0 ~ 1 . 2
Q1:ﬁ5 Q1 = =2 ((ps —po)0’ + (p1 +ip2)6°) ,
(9)
a _ .
Q2 = 202’ Q2 =2 ((p3 + po)0” — (p1 —ip2)0") ,

3a/10BOJIBHAIOTE criBBiHOmerHs (1)—(3). ¥V pobori [4] naBemena nesi-
HifiHa peaJiizaris remepaTopis napacymnepasrebpu [lyankape B Tepminax
aminnux 601, 6. Icnye Takox peasisanist renepatopis Py, Ju., Qa, Qa Yy
TepMiHAX YOTHPLOX maparpacManosux aminmnx 01, 62, 61, 62, Y mpomy
BUIAJIKY MaEMO

Fi =P =0

1 . ] 9
J,LLV = I[;Apu] - Z <(Uuu)aﬁ |:9 ’W} + (O'Ml/)aﬁ |:9 7W:|> 5

.0 . 3 = .0 ,
Qu = iz — i(o)asl P, Qu=io +i0%(0,)5uP". (1)

Temep MOoKHA BU3HAYUTH KOBAPiaHTHI TOXi/THi

— (o) apd® P, Daz—i 0°(0,) pa P (12)

D = =
¢ BRI

20>

TMoxinni (12) MaTh BayKIMBY BIACTHBICTD, sIKa Oy/le BUKOPUCTAHA Ha-
naii, a came: semmaunn L = DD, = [Dy, Do) i L = DD = [Dy, D3]
KOMYTYIOTh 3 leHeparopamu apacyunepairebpu Ilyankape.
Baysakumo, 1mo Burisy reneparopis (10) i (11) moxkHa onepKaTH i3
aHasioriyHux Bupasis s reaeparopis (N = 1) cynepanre6pu Ilyanka-
pe, {FKIIO B HUX CKpi3b BBazkaTw, mo #, — Ie maparpacMaHoBi 3MiHHI,

AKi 3a/I0BOJIbHSIOTH CIiBBiHOmeHHs (4), a Bupasn Tuy 0°0° saminnTn
1o
na 5[0, 07].

3. HesBigue ckasspHe napacynepmodie. Posrisremo dbyskiii (na-
pacymepIos), Bu3Hadeni ua mpocropi smimmux x, 0%, 0°. Hexait & =
®(x,0,0) — ckanspue napacyneprosie. lle mapacyneprose, IIpu PO3K/a-
ai B psi, mictuth 100 kommonenT. OHaK, MOYKHA BU3HAYUTHU CKAJISPHE
rapacyIepIiojie 3 MEeHIIOK KiJIbKICTIO KOMIIOHEHT. JIjist 1iboro 6yaemMo Bu-
maraty, mob ®(z, 6, 0) 3a10B0IBHATO CHIBBiTHOIEHHST

D,®(x,0,0) =0 (13)
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abo
Do®(z,0,0) = 0. (14)

Yepes te, mo (13) i (14) iuBapianTHi BiIHOCHO IIEPETBOPEHD Hapacy-
mepasiredpu [lyankape, TO i CIiBBiIHOIIEHHS BUIUISIOTH 13 IPOCTOPY
ITapacyIeproJib, mo MaloTh 100 KOMIOHEHT, iHBapiaHTHI mimmpocropH,
IO MICTATH NAPACYIIEPIIOJIs 3 MEHIIMM YHCIOM KOMIOHEHT (masi Oye
MOKA3aHO, 10 YncJI0 KOMIIOHeHT jopisaioe 10). ITapacynepnoss, 1o 3a-
JoBosIbHSIOTE (13) 1 (14), € He3BiaHUME.

Hust mocipkennst pipasab (13) 1 (14) mepeiizemo 10 HOBOro 306pa-
JKeHHSI JIJIs TTapacyTIePIIOiB

o (z,0,0) = exp(FQ)®, (15)
ae

1
G = Sh.P", (16)

a hy, mae Burnan hy, = (0,)8a [0%,6°] (11i 306parenms GynemMo Ha3HBATH
+ ma — 300paxennsmu). Oneparopu Ay i A_ B 306paxkenusx + i —
1oB’s13aHi 3 oneparopoM A y BUXizHOMY 300paykeHHi 3riIHO 3 (POPMYJIOI0

Ay = exp(FG)Aexp(£G). (17)

Tonui, Bukopucrosytoun dopmysu (11), (12), (17), MmoxkHa oTpUMATH Te-
ueporopu Q,Q,D,D B + i — 306paxkennsx. KpiM Toro, MoxHa HOKa-
3artn, mo P, He 3amexxuTH Bifg é, a ®_ — Bix 0, 3BiIKM BUILIMBAE, IO
@, (x,0) 6yne matu Bursan (anomoriuno aysa @, ame samicts 0 Gye 0):

Oy (2,0) = Ay () + 0% 0 +0°07Y ap+
H0°0,)0% N5+ (0V)(67)2 B (1)
Y suxigomy 306pazkenni nomo O (z,0) signosixae none @, (z,0,0) =

exp(G)P@ 4 (z,0), mo 3amoBosbhsge piBusunsg D, Py = 0.
Takum 4duHOM, iHBapianTHI HpocTOpH, BUjlleHi piBHanHaMu (13) i

(18)

—~

14), micTaTs 6 He3aMEKHUX MOJIB: 3 Moy i3 crirom 0; 2 mosts 13 crinom
i 1 mose i3 crinom 1 (us., Takox [4, 6]).

Ha 3akindeHHS IIbOTO PO3ILILY PO3IVISHEMO 3aKOH LIEPETBOPEHHS Be-
JmanH A, 9, Yas, Ao, B Ipn mapacynepnepersopenHsax. Bapiamnis mapa-
cynepmons 4 (z,0), sika nOB’s3aHa 3 HECKIHUEHHO MAJIIMHA IIapacyIep-
IIePETBOPEHHAMY, BUBHAYAETHCA (HDOPMYJIO0

6(I)+(xa 9) = Z(gaQ;— + éaQ—i_a)q)-‘ra (19)

(SIS
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e Q1, Q1 — napacynepszapsau B + 300paskenni. Toni omepxyemMo

JA =2, 0B =28%(0,) Pr)g,

6()004 = faX(x) + gﬁw(a,@) + zgﬁ(au)aﬂPMAv

Ox = 269\, + 255(0M)Z‘§P“gpa, (20)

5@/’(@5)) = QEﬁ[(Uu)ﬁaPMSO'y + (Uu)'yapﬂﬂﬁa] - 2§(ﬁ)\a)a

5)\a = 72£QB((£) + gﬁ(gﬂ)agpux - fﬁ(gu)gpuw(a’y)v
TYT Y0 — Yap = X(T)€sa (IHIEKC + HAmATI OYCKAETHCS).
4. ITapacynepcumerpudyHa moaesib Becca-3ymino. ¥V mpoMy pos-
JIJTi M7 3HAMIEMO PIBHAHHS PYXY IS HE3BIIHUX KipaJbHUX HapacyIrep-
nousis @ (z, 0). Ilepm 3a Bee, PO3IVISTHEMO DIBHSIHHST JJIsl BLIBHOIO apa-
cynepuoss P (z,0), TobTo 3a BimcyTHOCTI B3aemouil. BpaxoByiouu Toii
dakT, mo omeparop L, BusHadeHuUit y maparpadi 2, KOMyTy€e 3 reHepa-

TopaMu napacynepajareopu Ilyankape, MOXKHa, 3allMCATH PIBHAHHS /IS
&, (z,0), ske Gyne imBapianTHUM BigHOCHO napacyneprpynu [lyankape

Ltexp(—2G)®7% (z,0) =0, (21)

tryr Lt = [Df, D], D, D% — xosapianrai noximmi B + 306pazemi.
Bepyun no ysarm (15), (16) i (17), omep:kyeMo DIiBHSIHHsI JjIsi KOMIIO-
HEHTHHX HOMB A, Yo, Vag, Ao, B:

(po+Sp)A=0, divA=0,
(po +7p)p =0,

OA =0,

x(z) = B(x) =\ = A2 =0,

e K = (oo —th11, —i(¥az+111), Yr2+121), X(@) = 12— 121, Marpuni

S, MAaiOTh BULJISIT

00 0 0 0 i 0 —i 0
Si=[00 —i|,S%=l0 00],8%=|i0 o0
0 i 0 —i 0 0 00 0

OueBnno, mo cucrema (22) € cucreMoro piBHsHb Makcesta st 6e3-
MacoBoro noJis i3 cuinom 1. Cucrema (23) — 1e cucreMa Jyisi JIBOXKOM-
IIOHEHTHOI'O CIIIHOpa 0€3MacoBOro I0JIsl i3 CIiHOM % Pipustaus (24) —
PIBHSIHHSA JIJIsT 6€3MacoBOro moJid i3 crinom 0.
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Tenep nepeiigeMo 10 posriisiy piBasiaus s nosst Py (x, 0) i3 B3ae-
Mozi€ro (ImapacyepcuMeTpuaHa Mojieib Becca-3yMmino). Y mboMy BULIAI-
Ky napacylepcumerpuyte piBHsaHHs jiist nouist Oy (x, ) moxkHa 3anucaTu
Y BUIJISII:

(f/+)2exp(—2G)<I>i(x, 0) =m®, (z,0)+ g@i(w, 0), (26)

TYT M, § — KOHCTAHTHU B3aeMo/ii. Jlarpam:KiaH, 1o BimoBi1ae piBHIHHIO
(26), Gyze MaTH BUTJIS;

L= (<I>j_exp(2G)<I>+)(91)2(92)2(@1)2(52)2 +

1 1
+ <§m<I>%r + ggq)i) + k.c.,
(01)2(62)2

N aN o\
Je (...)(91)2(92)2(@1)2(@2)2 = <%> (W) (%) (ﬁ) (K.C. — 11e

KOMILJIEKCHE cpsizkenHs ). Jlarpanzxkian (27) cuiBnagae i3 arpamxkianom,
HaBeseHuM y pobori [4].
Aemop edaunuii A. I Hiximiny 3a duckycit, yeazy, niompumxy.

(27)

[1] Becc FO., Berrep [Ix. Cynepcummerpus u cyneprpasuraius. — M.: Mup, 1986.

- 179 c.

[2] Vacr II. Benenune B cynepcuMmerpuio u cyneprpasuranuio. — M.: Mup, 1989.
- 328 c.

[3] Tpun M., IlIsapry JIx., Burren D. Teopus cynepcrpyn. — M.: Mup, 1990. — T. 1
- 512 c.

[4] Beckers J., Debergh N. Poincaré invariance and quantum parasuperfields // Int.
J. Mod. Phys. A —1993. — 8 — P. 5041-5061.

[5] Rubakov V.A. and Spiridonov V.P. On pararelativistic quantum mechanics //
Mod. Phys. Lett. A — 1988. — 3 — P. 1337-1347.

[6] Nikitin A.G., Tretynyk V.V. Irreducible representations of the Poincaré

parasuperalgebra // J. Phys. A: Math. Gen. — 1995. — 28 — P. 1665-1674.
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Ansatzes and exact solutions for nonlinear
Schrodinger and wave equations
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Pozrnsmaersest epekTuBHUI Ta TpOCTHil TiaXim 10 TOOYI0BH aH3aIliB JJIst
HemiftnitHoro piBHsauuga [lpeainrepa Ta HeJIiHINHOTO XBUIHOBOI'O PiBHSIH-
HsI, a TAKOXK YMOBH IX PEIyKINl J0 3BUYAHUX ArepeHIiaJbHuX PiB-
HsHb. [IpescraBieHo noBHuMil onuc an3aiis gesakoro Tuiy. OGroBoOpIOEThCs
3B’SI30K MiXK PO3B’SI3KAMM Ta JIIEBCHKOIO i YMOBHOIO CHUMETPIEI0 IUX PiB-
HSHbB.

We consider construction of ansatzes for nonlinear Schrédinger and wave
equations, and conditions of their reduction to ordinary differential
equations. Complete description of ansatzes of certain types is presented.
The relationship between solutions and both Lie and conditional symmetry
of these equations is discussed.

1. Introduction. We are going to use here a straightforward method for
construction of exact solutions for partial differential equations (PDE)
which sometimes allows to obtain a wider class of exact solutions than
the classical Lie method of similarity reduction [1-3]. The idea of this
approach focuses on a notion of ansatz — a special substitution which
reduces a PDE to another PDE with less number of independent variables
or to an ordinary differential equation (ODE) [1, 4, 5]. The Lie method
provides ansatzes using subalgebras of an invariance algebra of an equa-
tion [1, 2, 3, 6]. We tried to search for ansatzes directly, substituting some
general form of ansatz to an equation and then considering conditions
of its reduction. This technique is used intensively for two-dimensional
equations (see, e.g., [7-13]), and we succeeded to apply it for a four-
dimensional equation. The general idea is obvious but the main diffi-
culties here are investigation of compatibility and solution of reduction
conditions, which present nontrivial problems.
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2. Nonlinear Schrédinger equation. First let us consider the nonli-
near Schrodinger equation

2ius + Au — uF(Jul) = 0. (1)
Here u is a complex-valued function, u = u(t, ), Z is a n-dimensional
vector of space variables, |u| = vuu*, an asterisk designates complex
conjugation, Au = 0?u/0x2, a=1,...,n.

Eq.(1) with an arbitrary function F is invariant under the Galilei
algebra with basis operators

at; aaa Jap = xaab - l’baa, M = Zb(uau - 'U/*au*)a
Gy =104 + iz, (udy — u*0y+), a,b=1,... n.

(2)

Solutions obtained from the algebra (2) by means of the Lie method
are well-known [14-16] and all of them are of the form

u = exp{if (1, )} o (w). (3)

Such form of a substitution is the most general reducing an arbitrary
nonlinear equation (1) to an ODE. The expression (3) where f, w are
some unknown real functions of ¢t and & will be an ansatz for Eq.(1) if its
substitution reduces (1) to an ODE for a complex function depending
on the new variable w only. Whence we get conditions on the functions
f and w:

2ft+fafa:S(w)7 Af:T(w)a

(4)
Wt + fawa = X (), Aw=Y(w), wew,=Z(w),

where S, T, X, Y, Z are arbitrary smooth functions.

For n = 2, n = 3 we had found the general solution of the system (4)
up to equivalency of substitutions (3).

For the purpose of reduction of Eq.(1) it is sufficient to consider
the system (4) only up to equivalence of the ansatzes (3). We shall call
ansatzes equivalent if they lead to the same solutions of the equation.

We deal here with real functions f and w, so Z(w) in (4) must be
nonnegative. Whence we can reduce the equation wow, = Z(w) by local
transformations to the same form with Z(w) =0 or Z(w) = 1.

1) Z(w) = 0. In this case w, = 0, w = w(t) and we can put w = t. The
system (4) can be written as

2ft+fafa:S(t)a Af:T(t)
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It is evident that the ansatzes of form (3) are equivalent up to trans-
formations f — f + r(w), so we can put S(t) = 0. We come to the
system

2ft+fafa:0a Af:T(t)a (5)
and the following theorem gives a necessary condition of its compatibility.

Theorem 1. The system (5) can be compatible only if
T(t) =6'(t)/6(t), 6"+Y =o.

Proof of this theorem can be carried out using differential consequen-
ces of (5) and the Hamilton-Cayley theorem. It is rather cumbersome,
and its complete version can be found in [17].

2) Z(w) = 1. It had been established in [18] that when n = 3, Aw =
N/w, N =0,1,2 (N =0,1 for n = 2). Up to equivalency of ansatzes
we can put X (w) = 0.
Theorem 2. The system of equations

2ft+fafa:S(w)7 Af:T(CU),

fawa +wi =0, wewe =1, Aw=N/w,

(6)

where N = 0,1 with n = 2, N = 0,1, 2 with n = 3 is compatible
iff T(w) = 0; S(w) = ciw +c¢2, N = 0; S(w) = c1/w? +¢ca, N = 1;
S(w) =¢1, N =2; c1, co are arbitrary constants.

Theorem 3. The system (4) is invariant with respect to the operators
Oy Jap = 200y — 1400,  Gq = 10y + 1405 (7)

Thus, we can search for its general solution up to transformations
generated by operators (7):

Tq = QabTp + PBay  Ta — Jat + Zq, (8)

Qaby Ba, go are constants, ageep = dqp (the Kronecker symbol).
Further we adduce all solutions of the system (4), which are nonequi-
valent up to transformations (8).

I. Z(w) =0, w=t:

N I Y
t+ A t+Ay; t+As]’

1) n=3, f=%{
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1 x3 x3
2 =23 == ; 10
) n=23 r=g {2 (10)
2
X
3 =23 = —1
) n t ) 2t+01,

1
4) n=2,3 f=cor1+cs— icgt.

4 .
1) n=2,3, w=xz+ at’, f= —2atx; — gﬂLQt‘3 + bt;
2) n=23 w=(z?+22)"2 f:ctan_lﬂ—i—dt;
)
3) n=3, w=@?+a2+22)? f=et

Here A;, B;, C;, a, b, ¢, d, e are arbitrary constants.
The ansatz (3) reduces Eq.(1) to the following ODE:

—25(w)p +iT(w)p + 2iX (w)p + Y (W) + Z(w)$ = eF(|¢l). (11)

It follows from compatibility conditions of the system (4) that two
types of Eq.(11) are possible:

1) If waw, =Z(w) =0, we take w =t and Eq.(11) will be of the form
i(20 +T(t)p) = eF(l¢l), (12)

m
1
where T = Z T B m may take values from 1 to n; or T' = 0.
i=1 i

Eq.(12) can be easily solved in quadratures: if T # 0 then

. m 2
— v T
(p—rexp2{zt+Bl /F(r)dt},

i=1

r=Cl(t+By)...(t+ By)Y?

1
orif =0, f=cix1 +co — icft then

1 t
@ =cexpi {clxl - §F(c)t + o — 0%5} .
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2) If wow, = Z(w) =1 then Eq.(11) will be of the form

N .
—25(w)e + =@+ ¢ = pF(lpl)- (13)
Eq.(13) in general obviously cannot be solved in quadratures. Some
of its particular solutions were given in [14-16].

3. Nonlinear wave equation. We can apply the results for the Schro-
dinger equation (1) to describe all ansatzes of the form

u=f(z)p(w) (14)
with w = a7, aya, = 0 for a nonlinear wave equation
Ou = Au¥, (15)

where u = u(zo, 1, 2, z3) is a real function; k # 1, A are parameters;
the summation over repeated Greek indices is as follows: z,z, = x3 —
2 _ .2 .2
Further for simplicity of presentation we shall take w = zg + x3. In
this case the ansatz (14) will reduce Eq.(15) to an ODE if f(x) satisfies

the following conditions:

Of = f"TW), 2(fo— f2) = fFY (). (16)

Here Y (w) must not vanish. By means of a substitution of the form
f — y(w)f (ansatzes (14) are equivalent up to such substitutions) we
can get the system (16) with Y = 2/(1 — k). Then from the second
equation of (16) we get
1 1/(1—k)

f=1Pw,z1,22) + 5(:100 —z3) . (17)
Substitution of (17) into the first equation of (16) gives the following
system for the function ®:

Py + Py =T(w)(1 — k), 28, —d? — P2 =0.

Using the results for the system (4) we get solutions for different
T'(w) with which the system (16) can be compatible:

1 x? 1 1
o= d T = ; =1lor2
QZW—FBZ" k—lzw—FBi’ (m o )

i=1 =1

2

B
® = Bjx1+ By + 71w, T = 0; B; are constants.
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2
Now Eq.(15) can be reduced to the ODE go'm +T(w)p = A", which
2

1 1
is solvable i dratures: e.g., let T' = . Th
is solvable in quadratures: e.g., le k—lzgw—i—Bi en

SD\/ﬁ[W/pkzldw}ﬁ, p=(w+ B1)(w+ Ba).

These results can be easily generalized for the cases when w is a
solution of the system Ow = 0, wyw, = 0 (see e.g. [19]) or when u =
w(To, X1y ...y Tp)y > 3.

Reduction and solutions for Eq.(15) when w is a complex function are
considered in [20].

4. Relation between symmetry and reduction of partial diffe-
rential equations. In general an ansatz which reduces a PDE to ano-
ther PDE with less number of independent variables or to an ODE cor-
responds to some @Q-conditional symmetry of that equation. The notion
of conditional symmetry was introduced in [21], and many examples of
such symmetries for considered equations are given in [7-13].

Definition. Let us consider a PDE

F(xl,u,zf,...,u):O, (18)

where x is a vector of independent variables, U is some function, u
k

is a set of k-th order partial derivatives. We shall say that Eq.(18)
is Q-conditionally invariant with respect to a set of operators {Q, =
£ (z,u)0y + n*(z,u)0y } if the system containing Eq.(18) and the addi-
tional conditions

La = gab(gjvu)ub - na(z7u) =0 (19)
is compatible and invariant with respect to these operators.

Operators of conditional invariance can be defined up to an arbitrary
multiplier,and such invariance is essential when (), are not proportional
to some operators of Lie invariance.

It can be proved that in the case of Q-conditional invariance a solution
of the system (19) gives an ansatz which will reduce Eq.(18). Very
often investigation of reduction conditions or @-conditional invariance
gives more ansatzes than the classical Lie method. However, all ansatzes
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described above correspond to Lie symmetry operators of Egs. (1) and
(15). So we proved that ansatzes (3) and (14) yield no essential Q-
conditional invariance for these equations. This fact does not disprove
the idea that the direct method of reduction is more general than the
classical Lie method, though it is usually more difficult to apply.
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Oj1epKaHO BUYEPIHUI ONUC YMOBHUX CUMETPIi, sIKi JOIYCKAIOTHCS OJIHO-
BuMipHMM piBHsiHHaAM Bycinecka. loBeneno, 1o, abo pO3B’SI3KOM BH3HA-
JaJbHUX PIBHSHD JJIs YMOBHUX CHUMETDiil € jiiBcbki cumerpii, abo K mi
piBHSIHHSI eKBiBaJieHTHI piBHsHHIO Bycinecka.

We obtain an exhaustive description of conditional symmetries admitted
by the Boussinesq equation in one spatial dimension. It is proved that
solving the determining equations for the conditional symmetries either
yields classical (Lie symmetries) or is equivalent to solving the Boussinesq
equation itself.

1. Introduction. The first exact solution of the (1+1)-dimensional

nonlinear porous medium equation (called also the Boussinesq equation)

up = %(Uum)m (1)

has been obtained by Boussinesq itself [1]. Here k is the filtration coeffi-
cient, m is the porosity of soil and u = wu(t,z) is the pressure of the
ground water at the time ¢ and at the cross-section measured by the
z-axis.

Boussinesq was looking for a solution in a separated form

u(t,x) = X (x)T(t)
with the following conditions:

w(t,0) =0, uglp=r =0.
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Thus constructed solution reads as

_ HFE

30%kH,,’
o2mL>?

(2)

1+ t

where Hy is a constant, £ = /L and the function F' = F(§) is defined
implicitly

@Ir—l

F 1
e e f 2
) 11—\’ ) 1-X 3 \32)/)°

The above solution characterizes the so-called Boussinesq ordered regi-
me.

The next exact solution of the Boussinesq equation (BE) was found
much later by Barenblatt (the instant source solution) [2]

() ] e e

Note that the paper [2] contained a misprint which had been removed
by Sokolov in [3], where the instant source solution had been presented
in the form (3).

It is easy to become convinced of the fact that both solutions (2), (3)
correspond to the Lie symmetry of the Boussinesq equation. Indeed, the
solution (2) is a particular case of the Ansatz

_ 3b%kH,
T oomiIL?’

= (14 at) "p(x),

that is invariant with respect to the one-parameter Lie transformation
group having the generator

Ql = (1 + at)(“)t — ’U,au7 675 = = 8u = au
Furthermore, the Barenblatt’s solution (3) is invariant with respect to

the one-parameter transformation group generated by the operator

0

Q2 = 3t0; + 20y — U0y, Op = —.
Ox
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The operators @1, Q2 belong to the maximal invariance algebra admitted
by BE [4]

(T=0,, P=0,, Dy=1t0—ud,, Ds=xd,~+2ud,). (4)

Later on a systematic search for invariant solutions within the fra-
mework of the symmetry reduction technique has been undertaken (an
account of the results obtained in this way and the comprehensive list of
relevant references can be found in [5, 6]). As a choice of exact invariant
solutions of BE is very restricted there are was several attempts to utilize
its conditional (non-classical) symmetries for the sake of constructing
new analytical solutions. The notion of non-classical symmetry was first-
ly introduced by Bluman and Cole in the paper [7], where the determining
equations for non-classical symmetries admitted by the linear one-dimen-
sional heat equation had been obtained. An active study of conditional
symmetries of nonlinear partial differential equations (PDEs) has been
initiated by papers [8-12] which yielded a lot of principally new (non-
Lie) exact solutions for a number of nonlinear PDEs (see, e.g., [6, 13] and
references cited there). Note that an overwhelming majority of the papers
devoted to studying conditional symmetries of PDEs consider equations
in two dimensions. Some results on study of conditional symmetries of
multi-dimensional PDEs are given in [14], where we present wide classes
of conditional symmetries admitted by the nonlinear Dirac, wave and
SU(2) Yang-Mills equations.

To the best of our knowledge the first papers devoted to the studying
conditional symmetries of BE appeared in 1988-89 [16, 17], then other
papers followed (see, e.g., [6] and the references therein). However, no
new solutions were found in this way. One obtained new conditional
symmetries that after performing the symmetry reduction routine gave
rise to invariant solutions corresponding to the Lie symmetry of BE.
One of the aims of the present paper is to provide an explanations to
this "experimental data". We prove that the integrating the determining
equations for conditional symmetries of BE either yields classical Lie
symmetries or is equivalent to solving the Boussinesq equation (1). Fur-
thermore, we will prove that a similar assertion holds in part for an
arbitrary evolution type PDE in one dependent and two independent
variables.

2. Conditional symmetries of BE. Denoting the coefficient 7* as A
we represent BE (2) in the form

Up = A (uum + ui) . (5)
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Following the usual procedure for finding conditional symmetries
(see, e.g., [6, 15]) we are looking for a conditional symmetry operator
of the general form

Q=T(t,xz,u)0 + X(t,x,u)0, + U(t,x,u)0,, (6)

where T', X, U are some sufficiently smooth functions. Due to the fact
that, provided @ is a conditional symmetry operator of BE, an operator
f(t, z,u)Q with arbitrary function f is a conditional symmetry operator
of BE as well [14] we can simplify substantially the structure of an
operator to be found. Namely, it is sufficient to consider the two parti-
cular cases of the general formula (6), namely

1. T=1,
2.7T=0, X=1.

Case 1. The system of determining equations for the coefficients of
operator Q = 0, + X (t,x,u)0, + U(t,x,u)d, reads

Uy = Uy +u U2 —2UX,, uXyy — Xy =0,
Xy —u XU 42X X, —2UX, = MNuXzp — 2uUyy, — 2U,),
ANuUpyy + Uy +u=tU) + 2(X Xy — MuX,y) = 0.

A simple computation yields the general solution of the above system.
It splits into two inequivalent classes

X = kllﬂ + k‘g, U= klu; (7)
X = (k1 +t) Ykow + k3), U= (ki +1) 2k — 1)u. (8)

Here k1, ko, k3 are arbitrary real constants.
Now inserting the formulae (7) into (6) under 7' = 1 yields an operator
that is the linear combination of Lie symmetry operators

T=0, P=09,, Ds;=ux0,+2uld,.

Next inserting the formulae (8) into (6) and multiplying by ki + ¢
yield an operator that is a linear combination of Lie symmetry operators

T=0, P=0,, Di=td—ud,, Ds=2x0,+2ud,.
Case 2. BE (5) is conditionally-invariant with respect to the operator

Q = 890 + 77(757 Zz, u)@u, (9)
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iff the following equation holds

L(n) = ne — A (30 + unee + 2unney + 1° (unuy + 2n,)) = 0. (10)

Let us make in the above equation the substitution

n(t,z,u) = ——, (11)

B e Y A
L< wu>_(wu) (w“au w“@x)

2ww w2w
“\u Wy — x ru+ x Wuu )

(12)

Combining equations (10) and (12) we conclude that there exists such
function f(¢,w) that

—Au(wmx— Lollow | Bl )—I—)\&:f(t,w).

Wy, w2 Wey,

Making in the above equation the hodograph transformation

t:y()? T =Y, u:U(y()?yl»yQ)? w=Y2 (13)
yields that the function U(t, z,u) obey the nonlinear PDE
—
U

Y2

Uyo - A (UUywl + Uzi)) = f(y07y2)~

At last, making the change of variables

20="Y0, 2=y, 2= Y,y), V=U (14)
where 2 is a first integral of the first-order PDE
Qyy + f(Y0,92)Qy, =0 (15)

reduces the equation obtained to the Boussinesq equation for the function
V= V(Zo, 21, 222)

Ve =A(VVeps +V2). (16)

Note that the variable z, is parametrical.
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Thus integration of the determining equation for the coefficient of
infinitesimal operator (9) is equivalent to solving the initial Boussinesq
equation. By this very reason, conditional symmetries of the form (9)
obtained by guesswork in [17] yields solutions that are nothing but group-
invariant solutions. Consider an illustrative example. Let us take as
V' (20, 21, 22) a solution of (16) invariant with respect to the displacement
group by the variable 39, namely,

V(Zo, 21,22)2 = Tl(Zg)Zl + 7"2(2’2),

where r1, 79 are arbitrary smooth functions. Making the changes of va-
riables (14) and (13) we rewrite the above expression as follows

u? = ri(w(t, z,u))x + ro(w(t, z,u)). (17)

This equality determines implicitly the function w(t, z,u). Computing
the variables w, and w,, yields the form of n(¢, z,u)

Wy _ rl(w(t,x,u))'

t7 ) = -
n(t,z,u) o, 1

Hence we get the form of the conditional symmetry operator admitted
by the initial Boussinesq equation (5)

oo _ Nwltow)

2u
where w(t, z,u) is given by (17). Evidently, this operator does not belong
to the symmetry algebra of the Boussinesq equation and, consequently, is
a conditional symmetry for (5). However, if we will integrate the equation
for characteristics

_ ri(w(t,z,u))
= ——
2u
we will get a solution that is invariant with respect to the group of
displaysments by x. Indeed, the above equation is equivalent to the
following PDE:

(u2)x =" (w(t7 €, u))

Differentiating it with respect to z yields

T 22Uty
(UQ)zz:TII(wI'i_wuux):T/l <_ 7 : R /> =0.

rix 4Ty 1T+ Ty
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Consequently, the solution corresponding to the conditional symmetry
Q@ belongs to the class

u?(t,z) = Ry (t)x + Ra(t).

Inserting this expression into BE yields that R} = R} = 0, which is the
same as what was to be proved.

As proved in [18] the same assertion holds for the linear heat equation
Ut = Ugz,. Namely, it has been shown that investigating conditional
symmetry within the class of operators (9) is equivalent to solving the
heat equation. In view of this fact one gets suspicious that a statement
of this kind should hold for a more general class of PDEs. It is indeed
the case for for arbitrary order evolution type equations in one spatial
variable

ug = F(t,x,u,ur, ug, ..., up,), (18)
where u; = 0'u/dz, i =1,2,...,n.

Theorem 1. Let an equation of the form (18) be conditionally-invariant
with respect to the operator (9). Then the determining equation for the
function n(t, z,u) is equivalent to the initial equation (18).

Proof. We give here a principal scheme of the proof omitting the se-
condary technical details. The criterion for the equation (18) to be
conditionally invariant with respect to the operator (9) reads

i (19)

Here G = G(t,z,u) is obtained from F' by replacing the derivatives
uy, Ug, ..., U, by their expressions via the function n(t,z,u) and its
derivatives with the use of the side condition u, = 7(t,z,u) and its
differential consequences. The symbols Dy, D, stand for the total deri-
vatives with respect to ¢t and x correspondingly, i.e.,

0 0 0 0
Dt—&—l—ut%, DJB—%—FU,%%

Relation (19) is rewritten to become

0 0
77t+G77u_ (% +UI%>G—0.
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Now we make in the above equation the substitution (11) which yields
the following PDE:

w;2(wzwut - wuwzt) + w;2(wmwuu - wuwmu)H_

b b (20)
— -1 - - —
w,, (wx p Wy, 8u> H=0.

Here H is the function of ¢, z,w and of the derivatives of w obtained
from G via the substitution (11).
Equation (20) is rewritten in the following equivalent form:

0 0
=2 _— —_ =
w, (wm p Wy, 8u> (wy +w, H) =0,

whence we conclude that there exists smooth function f(¢,w) such that
wy + w, H = f(t,w).

Making in the equation obtained the hodograph transformation (13)
yields

Uyo - F(y07y17U7 Ulv .- 7Un) = _f(y07y2)Uy2' (21)

At last, changing the independent variables according to formulae (14),
(15) yields that the function U = U(zo,21,%22) is a solution of the
equation U, — F'(z0,21,U, Uy, ...,U,) = 0 which contains the variable
zo as a parameter. As the last equation up to notations coincides with
the initial equation (9), the theorem is proved.

3. Some conclusions. Thus, an extension of the classical Lie reduction
scheme in order to include into consideration conditional symmetries
is inefficient for the case of BE in one spatial dimension. So there
is an evident need for more general (or simply different) approaches
to constructing its exact solutions. One of the possibilities is utilizing
high-order conditional symmetries of PDEs introduced independently
by Zhdanov and Fushchych [19, 20] and Fokas and Liu [21]. These sym-
metries provide a theoretical background for a procedure of 'nonlinear
separation of variables’ suggested by Galaktionov [22]. As we believe,
in this way it might be possible to construct principally new exact
solutions of BE. For example, using a technique developed in [20] we
have established that the Boussinesq equation with a source

Up = A (uum + ui) + au? + bu + ¢, (22)
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where a, b, ¢ are arbitrary constants is conditionally-invariant with res-
pect to the Lie-Bécklund vector field
0

Q= (iame + L) 2 4

This symmetry can be utilized in order to reduce PDE (22) to three
ordinary differential equations and thus get its new non-Lie solutions.

A principal idea of the iterations of the non-classical (conditional)
symmetries method for constructing higher order non-classical symmet-
ries for evolution-type PDEs (18) suggested by Nucci [23] is studying
non-classical symmetries of the determining equations for (19). The latter
is called G- or heir-equation. Due to Theorem 1 PDE (19) is equivalent to
the initial equation (18) which means that the above method is inefficient
for evolution-type PDEs.

The fact that PDEs under consideration are of parabolic type is
crucial for holding no-go theorems like Theorem 1. Consider a hyperbolic
type equation, say, the nonlinear wave equation

Ut — Uz = F(00). (23)

Let us study its conditional invariance within the class of operators (9).
A simple computation yields that each nonlinear PDE of the form (23)
admitting an operator (9) is equivalent to the weakly nonlinear wave
equation

Upt — Ugy = AU N U. (24)

Furthermore, the conditional symmetry operator admitted by (24)
takes the form Q = 9, — a(x)u, where a(zx) is a solution of the nonlinear
ordinary differential equation

a” +2aa’ + \a = 0. (25)

Note that the above equation is integrable by quadratures. Its particular
solution a(z) = —FA(z + const) gives rise to an invariant solution of (24)

u(t,z) = exp {2 (= (z+ const)Z)} :

All other solutions of (25) yields non-Lie solutions of the wave equation
with the logarithmic nonlinearity (24). These solutions have the form

T

w(t, z) = exp / a(y)dy b (),

Zo
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the function ¢(t) satisfying the nonlinear ordinary differential equation

O =(C+ Anp)p.
xr
Here C = d/(z) + a*(x) + /a(y)dx is the first integral of the ordinary
o
differential equation (25).

So for the hyperbolic type equations the method of conditional sym-
metries is quite efficient and yields new exact solutions. A principal
difference between the cases of hyperbolic and parabolic type PDEs is
that in the case of the latter it is possible to eliminate all derivatives
using the equation, side condition wu, = n(f,z,u) and its differential
consequences. This means that there is nothing to split by and the system
of determining equations reduces to the one PDE. And it is only natural
that this equation is equivalent to solving the initial equation whose
conditional symmetry is investigated. We guess that the same assertion
holds for multi-dimensional evolution type PDEs

ug = F(t,Z,u,u,...,u), (26)
1 N
where Z = (x1,...,x,) and the symbol u stands for the set of kth order
k

derivatives of the function u(t,#) with respect to the spatial variables
Z1,...,Ty. Namely, the problem of describing conditional symmetries of
PDE (26) within the class of operators

Qi:aﬁlﬁi_ni(tafau)v izla"'an

is equivalent to integrating (26).
Note that the problem of symmetry reduction of the three-dimensio-
nal BE

Uy = AA (Uz)

has been completely solved in [24]. We intend to devote one of our
future publications to investigating conditional symmetries of BE in
three spatial dimensions.

R.Z. Zhdanov is grateful to the DFFD of Ukraine (project Ne 1.4/356)
for partial financial support.
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OTpumano 3aranbuuii Bursasag norenmiany V (¢, £1, T2), s AKOTO € MOKJIH-
BUM BioKpemieHHs 3MiHHUX B (142)-BuMipHomy pisusuui Iprozinrepa.
3 BUKOPUCTaHHSIM I[[bOTO PE3YIBTATY TOOYIOBAHO YOTUPHU KJIACH CUCTEM KO-
opamHaT, B skux cucrema [lIpromiarepa-Makcsesia moxxe OyTu po3B’s3ana
METO/IOM BiJIOKpEMJIEHHS 3MiHHUX.

We obtain the most general time-dependent potential V' (¢, 21, x2) enabling
separation of variables in the (1+42)-dimensional Schrédinger equation.
With the use of this result the four classes of separable Schrodinger-
Maxwell equations are constructed.

3acTocoByIOUH TiAXiT IO PO3B’sI3aHHS MPOOJIEMHI BiIIOKPEMJICHHST 3MiH-
HuX y JaudpepeHiaabHuX PIBHSHHSX 3 YaCTMHHUMM ITOXIJHUME, 3aIIpo-
noHosauuii B [1, 2], mu npoknacudikyemo pisasuns [peoainrepa (PIIT)

i"/’t + wanm + wmzmz = V(ta L1, 56'2)’(/J7 (1)

SIK1 JIOITYCKAIOTh BIJIOKPEMJIEHHSI 3MIHHUAX. 3ayBaXKUMO, 110 11eii Kiaac PIIT
Mae uucseHHi disnmuni 3acrocysanHs (nuB., HAOD., [3, 4].

B pesynbrari orpuMaeMo MOBHUI TEepeJIiK MOTEHIHaMB V' Takux, 1Mo
piBusiang (1) nomyckae Bimokpemienns 3minnux. Haknagaoau qogaTko-
Be 0OMeXKeHHs Ha BUOID MOTEHIAIIB, TOOTO BHMAramo4n, mod BOHU 3a-
JIOBOJIBHSLIN cucTeMy MakcBesuta y BakyyMi 6e3 CTPYMiB, MU OJIEP2KIMO
YOTUPHU CHCTEMH KOODJIHMHAT, /I SKUX cucreMa piBHAHB lIprominrepa-
MaxkcBeJuta MoxKe OyTu po3B’si3aHa METOJIOM BiJOKPEMJIEHHS] 3MIHHUX.
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Brigno 3 [2], mykaemo poss’szok PIII 3 BigokpemsieHUME 3MIHHUMEA
V BUTJISATL

Y = Q(t, w1, 22) 00 (1)1 (w1 (t, 21, 72) ) p2(wa(t, 21, T2)). (2)

3Bijcu oTpuMyeMO cucTeMy HeTiHIHUX TudepeHIiaJbHIX PIBHIHD 3 Ya-
CTUHHUMUY TTOXITHUMU JIJIs 3HAXO/KeHHs MYHKIHI (), w1, wa:

W1z, W2z, + Wiz, W2z, = O» (3)
Bla(wl) (wicl + w%,’]}z) =+ BQ(I(WQ) (ngl =+ ngz) + Ra(t) = Oa (4)
Q(Waxl Qxl + wa:ch:cg) + Q(iwat + Waziz, + Wa;czzcg) =0, (5)

(301(w1) (wis, +wis,) + Boa(ws) (w3, + wgmg))Q +iQu+
+Qf€1f€1 + szmz + Ro(t)Q - V(tv T, I'Q)Q = 0»
ne Big, Bag, Ro, R, — tmaaki ¢dyHKIil cBoiX aprymenTis, a = 1, 2.

BaraapHuUiT po3B’s130K cucTeMu piBHSHB (3)—(5) mobymosauo y [2]. Bin
POBIIEILTIOEThCA Ha TaKi YOTUPHU HEEKBIBAJIEHTHI KJIACHU:

1. w1 = A(t)xl + W1 (t), Wy = B(t)l’g + WQ(t),
i [A B’ i [W] wj
Q(t7$1,$2)=eXp{—Z [Zl'% + §$§:| 3 [Tlfl + §2$2:|}§

II. z = W(t)e* sinwy + Wi(t),
x2 = W (t)e¥! coswy + Wa(t),
Q(t,x1,22) = exp{iR(t, z1,22) };

L. 2, = %W(t) (W} —w3) + Wi(t),
To = W(t)wlwg + Wg(t), (7>
Q(t, 1, 22) = exp{iR(t, x1,22) };

IV. x; = W(t)coshw; cosws + Wy(t),
xo = W (t) sinhw; sinwy + Wa(t),
Q(t, z1,x2) = exp{iR(t, 1, 22)}.
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Tyt A, B, W, W1, Wy— nosuibni rnaaxi dyukuii, dynkuis R= R(t, x1, z2)
3a7aHa POPMYJIOIO

/

w
R =
4w

Mincrasnsoun ui popmysu y pisasaus (6), 04epKyEMO YOTUPH KJla-
cu morertiaimis V (¢, €1, x2), 1Uist SKUX MOXKJIMBE BLIOKPEMJIEHHS 3MIHHIAX

B PIII (1):
I V(t 21,20) = Fo(t) + A% Fy (w1) + B2 Fy(we)+

[ AR [E B

1
((z1 = W1)2 + (22 — Wa)?) + 3 (Wixy + Waas) .

4B  2B?

AW WY BW, WY
T2 T o4 ) " \"B T a9B )

II. V(t,l‘l,l'g) = Fg(t) + 672“’1W’2[F1(w1) + FQ((.UQ)]*

WI/ 9 5 W1W// Wll/
4W(x1+x2)+$1( ow 2 )7

o WaW" Wy
2\ o 2 )’

[F1(w1) + Fo(w2)]
III. V(¢ = Fyp(t —
( axlvg:Q) 0( )+ (w%—i—w%) W2
W// W1W// W{/
T (m%-ﬁ-m%)—i—xl( TR >+

WWI/ WI/
(1)

2W 2

Fi(wr) + Fo(wa)
w2 (sinh2 wy + sin? wg)

IV. V(t,xl, fEQ) = Fo(t) +

"

W W// W//
o WaW" Wy
2\ Tow 2 )

ne byHKIIT w1, wo 3aaaHi Bianosiganvmu upasamu -1V B (7), Fo, Fi, Fy —
JIOBLIbHI (DYHKIIIT.
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Dopmyin (8)—(11) 3amarTh 3aranpHuil BUMIsL moteHmianis V = V (¢,
x1,x2) Takux, mo Bignosixume PIII moxe GyTu po3s’szane 3a IOIOMO-
rofo BijloKpeMJjeHHsT 3MiHHUX. [IpoTe 3naitneni moTeHIiam MOXKYTh Oy-
TH CyTTEBO CIPOIIEH], SIKIO MU Bi3bMeMO 70 yBaru, 1o pipusiHHs (1)
iHBapiaHTHI BiJITHOCHO TAKUX MEPETBOPEHb 3MIHHUX:

1) izt, 12'1 =1 +a(t), 12'2 :l'g-l-b(t),

- i 12
P (t,fjﬁl, fg) = (t, z1,T2) exp {5 [al(t)lj + b’(t)xg]} : ( )
2) 2?: T(t), .i‘l = C(f).]?l, 532 = C(t)xg,

(13)

QZ; ({7£1;£2) = 7/1(t,LE1,SC2) exp { 4C(t) (SC% +I§)} )

3) t~=t, Ty =1, T2= T2,
P (t,&1,22) = (t,z1, z2) exp{id(t)}.

Tyt a(t),b(t), c(t),d(t) — moBinbHi rnaaki GyHkIHl, a dyaknis T'(t) Bu-
sHauaeThes 3 piBusaus d1'/dt = ¢2(t). BukopucroByioun i epeTBopen-
He, Mu Moxkemo tokjactu Wi =0, Wo =0, B=1, W = 1 i onepxkatu
Taki BuUpa3u Jrsd V.

(14)

L V(t,z1,22) = A’Fi(w1) + Fa(wa) + 273 {f—; - (;41;)22} ;. (15)
2. V(t,a1,22) = e ' [Fy(w1) + Fa(w2)], (16)
3. V(tan,wa) = (W +wd)” [Fi(wn) + Falws)), (17)

4. V(t,z,29) = (sinh?wy +sin®wy) " [Fi(w1) + Faws)],  (18)

ge byukiil Fy, Fy € moBiibauMu, MYHKIN w1, ws 33JaI0THCA BiIIOBII-
HUMH CITiBBITHOIIIEHHSIMU:

1
Ty = Zwl, T2 = Wy;
2. 1 =eY'sinwsy, X3 =e“! cosws;
3 1o 2 _ .
. X1 = = (wl — w2) s Ty = WiWw2a;

2
4. x1 = coshwjcoswy, xo = sinhw; sinws;
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A = A(t) — po3B’430K HeJIHIHHOrO 3BUYAHOrO nudepeHIiajlbHOro piB-
HSTHHS

(4A)71A" — (24)2(A )+ CLA+Cy =0
3 poBinbanME crajmyu C1, Co.

Baysaxkumo, mo pisasuHs [[Iproninrepa 3 morenmjamamm (8)—(11)
ta (15)—(18), Gy/yun eKBiBAJIEHTHIME 3 TOYKHA 30Dy CTAHIAPTHOI TEOPIl
JudepeHIiaJbHIX PIBHSIHb 3 YACTUHHUMU ITOXITHUMU, € HEeKBiBAJIEHT-
HUMHJ B KOHTEKCTI KBaHTOBOI MexaHiku. [Ipmdumoio € Te, 1o mepeTBo-
penns (12)—(14) sumintoors Besmuuny |(t, x1,x2)|, AKa PO3TIAIAETHCS
y KBaHTOBIII MeXaHiIll K I'yCTHHA HMOBIPHOCTI.

Tenep, nijcrasssitoun Bekrop-niorernian A = (V(¢,x1,22),0,0,0) y
piBuguus MakcBesuia y BakyyMmi 6€3 cTpyMiB, oTpuMyeMo, 10 (hyHKILis
V' 3amoBoNbHSIE PIBHIHHSA

VZC1$1 + V$2$2 = 0, ‘/t;ca = 0, a = 1, 2.

3Bigcu Mu oTpumyemo obmexkenHs Ha Bubip dyukmiit Fy, Fy. Po3p’s3as-
A 1X, MAEMO

L. V=0 (2f — 23) 4 Coxy + Ciaa, (19)
2. V=(a1+ at%)f2 [Cy (2] — 23) + Cazrmo] +
+O3 IH(ZL’% + .T%),

1 /
3. V:Clxl—kﬁ Cy \/x%—i-x%—l—xl—!—
]+ T

2

+C031/ /22 + 23 — 21 |,

(20)

(21)

2
4. V = # (Cy + Charcsinh f) f/1+ f2+
3
(22)
5 2
+ <C’3 + (7 arcsin %) @ ,

e

2

C1,C5,C3 € crajumu iHTErpyBaHHSI.

1
PoglBrad-1e @26t -a) ).
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PIIT 3 norenuiasom (19) po3alIgeThCsl B JIEKAPTOBUX KOOPIUHATAX
Ha JIBa OJHOBUMIpHHUX cTarioHapuux piBusnaga [IIprominrepa mjs rap-
MOHIYHOI'O OCHUJISITOPA, & OTKe, MOXKe OyTu TouHo poss’szane. PIIT (1)
3 norenrianom (20), (22) npu C7 = 0, po3iiIseThcs Ha PiBHSAHHS Xisia
i Marbe. 3Bigcu Mu poOMMO BUCHOBOK, IO OO PO3B’SI3KHM MOXKYTb OyTH
MOJIAHUMU Y BUTJISL JIOOYTKY BUPOJZKEHOI TimepreoMerpudHol (byHKIHT
i dynkuii Maree [5]. Hapemrri, PIII 3 norenniamom (21) po3ziiserses B
mapaboTiIHIX KOOPANHATAX Ha, ABa OJHOBUMIPHI CTAIIOHADHI PiBHSIHHS
IIIprominrepa, siki € KBa3i-rouno po3s’s3unmu. Ile o3naqdae, 110 CKiHIeH-
Ha YACTUHA CIIEKTPY OIepaTopa

—A + V(Il, 5(,‘2)

Mozke Byt obunciaeHa cyTo aarebpaidHuMu MeTogamu (Bl JeTajabHO
PO KBa3i-TOYHO PO3B’SI3HI MOJE KBAHTOBOI MEXaHIKN JIMBUCH, HAIIPH-
kia, [6]).

[1] Zhdanov R.Z., Revenko I1.V., Fushchych W.I., On the new approarh to
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dimensions // J. Math. Phys. — 1995. — 36, Ne 2. — P. 5506-5521.

[2] Zhdanov R.Z. Separation of variables in (142)-dimensional Shrédinger equa-
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[3] Eberly J.H., Javanainen J., Rzazewski K. Above-threshold ionization // Phys.
Rep. — 1991. — 204, Ne 5. — P. 331-383.

[4] Keldysh L. V. // Soviet. Phys. JETR. — 1965. — 20. — P. 1307.

[5] Kamke E. Differentialgleichungen Losungmethoden und Lésungen. — Leipzig:
Akademische Verlagsgesellschaft, 1976.

[6] Ushveridze A.G. Quasi-exactly solvable models in quantum mechanics. —
Bristol: IOP Publ., 1993.
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TepmonpykHuii cTaH HEOJHOPiAHOTO
aJMa3HOIr0 BiApPi3HOTO KpyTa IpU pPi3aHHi
3 OXOJIOJ>KEHHSIM

O.M. >)KXYKOBCBHKHH {, B.A. MEUYHHK i

T Incmumym mamemamurxuy HAH Yxpainu, Kuis
E-mail: nonlin@apmat.freenet.kiev.ua

T Inecmumym nadmeepdux mamepianic HAH Yxpainu, Kuis

Orpumano po3B’sI30K KBazicTarioHapHOT 3a/1a41 TEPMOIPYKHOCT] JIjIsl TPH-
IIapOBOr'0 AJIMA3HOTO BiJpPi3HOrO Kpyra Ipu DPi3aHHI 3 OXOJIOJZKEHHSM.
KomvmnorenTn Hanpy:keHb 3HAMIEHO y BUIVIAAL CYMH JOJAHKIB, IO BHpa-
2KAIOTHhCS BIAIOBIIHO Yepe3 TepMONpy KHMI moTeHiaa Ta dyHkiio Eipi.

Solution of a quasi-static problem for a three-ply diamond wheel cutting
with cooling is obtained. Stress components are determined in form of sum
of terms which are expressed via the coresponding thermoelastic potential
and Airy function respectively.

Hana poboTa € JIOTIYHUM TIPOJIOBYKEHHAM JTOC/IZKEeHb TEPMOIIPYKHOTO
CTaHy aJMAa3HOrO BiJpPi3HOro Kpyra, mo uposeieni B pobori [1]. B pano-
My BHUITQJIKy BBaXKa€MO, 110 TEMIIEpaTypa He € MEePioanIHOI0 (DYHKITIEI0
Hi yacy, HI KyTOBOI KOOpIMHATH [2], & B 30HI KOHTAKTY JuCKa (B3a€MOIis
Kpyra Ta 00pOoBIIOBAILHOIO MaTepiasy) 3ajaHl 3HAUEHHsI eKCIIePUMEH-
TaJbHO OTPUMAHUX HAIPYKEHbD.

Tak gk TOBIIMHA JIUCKA MaJia B MOPIBHIAHHI 3 HOTr0 pajiiycoM, a TOp-
nesi (60KOBI) MOBEPXHi BUILHI B 30BHIMIHIX CUII, TO 3MIHOIO PAIiAIBLHOTO
Ta TAHTEHIAJIHHOTO HAMPYXKEHb IO TOBIIWHI JMCKa MOYKHA 3HEXTYBaTH.
Toni st amMa3HOTO IMCKa MOXKHA PO3IVISIATHA B KBa3iCTaTHIHIN MocTa-
HOBIII 33J1a4y PO IIJIOCKUI HAIIPYKEHUI CTaH.

KOMHOHGHTI/I TEeMIIEPATYPHUX HANPYKEHb B KOXKHIl 3 YaCTUH KPyTra

mgﬁ), 052)7 009 , k =1, 3, 3pyuno 306pazutu y Burasi cymu [3]

Ky (k) k
Uz(j)zaz(j)"‘ Z(J), (1)
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Jie JOJAHOK 3 OIHIEI0 PUCKOK BUPAXKAETHCS U€PE3 TEPMOIPYKHUN IMO-
rerrian Py [1], a qomanok 3 gBoMa puckamu — depes byukiio Eipi Uy.
I'panuyni yMOBH Jyisi HAIPY?KEHb B DyXOMiii cucremi koopiausar (p, @),
Je p = 0 — wt, MarTh BUTJISII;

(2)

T’I‘

@ @ <3>p p{P”’ 0< -2 < @0,
3

T lp=ps 0, o <p-—2mj<2m,
(3) S0 o _ )P 09 =21 <o,
Orr g + 0.9 - . (3)
p=prs p=prs 0, o <¢—2mj<2m,

ne P, ta P, — BiIIoBiTHO KOMIIOHEHTH Pa/iaJIbHOTO 1 TAHT€HI1aJIEHOIO
THUCKY, j — Take Iije aucio, mo 0 < ¢ — 2mj < 27, a yMOBH i/1€eaTbHOTO
TEPMOMEXAHITHOTO KOHTAKTY —

1 2
o = 6@, W =@, =@ mpu p=p; (4)
o) =0, u® =u®, @ =0v® mpun p=p,. (5)

BukopucroByioun poskiaz B psag @yp’e o 3minHiil ¢, criBBigHOIIEH-
H (2) i (3) MOXKHA 3amuCcaTH y BUTIIAIL

o0
o\P|,_ = do+ Y di(t)cosrd + di(t) sinr, (6)
k=1
o8 |yepy= Jo+ 3 S50 conr0-+ fi)sinre, (7)
e
_ PnQOO 7'500
do = o fo= o

L(t) = f:—n(sin k(po + wt) — sin kwt),
71'

P,
k_; (cos kwt — cos k(po + wt)),

Py
() = k—(sin k(po + wt) — sin kwt),
T

L (t) = kP—T(COS kwt — cos k(pg + wt)),
7T
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VMoBH PIBHOBArW Jijis IUIOCKOI'O HANPYKEHOrO CTaHy (G,r,0.6,000)
JIUCKa, 110 00epTaeThesd, MOXKHA nogaTu y dhopwmi [4]

0o, 1009  Orp —0go
- +0(p)w’pRE =

dp  p 00 p
Ore + = J00 + Ore _ 07
dp  p 00 P
ne 6(p) = 6, j = 1,3, — rycruna, a OCTAHHI{l WIEH B EPIIOMY DiBHSH-

Hi (8) mpejcrasisie coboro 06’eMuy cuity (cuity iHepIi).
PiusiHHs piBHOBarm (8) 3a70BOJILHSIFOTHCSI, SKIINO NOKJIACTH

10U 10%U 1

rr— 8 _ 5 Aano _5 R 5

(9)
_ v o (1w
0gg = ap2 ) Org = ap P 90 )

a dyukmig U 3a/10BOIbHSE DIBHIHHS

2 10 192\ 2 2 52
(a—p2+;6_p+ﬁﬁ) U= =3 B3ulp) +1)d(p)w” Ry (10)

Posp’a30k piBugnHs (10) 3HAXOIUTHCS Y BUIVISL CyMH 3arajibHOIO 1
JaCTUHHOTO PO3B’I3KiB:

. 1
U(J) (J)0+ b(])p2+ a(])p081n9+ b(J) cos O+

1 1
+2clp00059 + J91P 3sinf — —(3u( ) + 1)5(p)w2R1p4—|—

o (4) (4) (11)
ag k by k42 )
+Z{[k(k—1)p TRk’ ]COS +

) )
Ck P Ik )pk+2] sin kﬁ},

kk—1)" T k(k+1

aeag (), af’ (1), .. b5 (1), 57 (0, ... (), &5 (), gt (1), 57 (1),

.., 3HAXONATHCA 3 IPAHUYHUX YMOB JUI HAIPYKeHb Ha pobGOYiil mmo-
BepXHI Kpyra B pyxoMmiit cucremi xoopguaar (6)—(7) i ymMoB imeanbHOrO
TepMOMeXaHITHOro KOHTakTy (4)—(5).
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Bignosigai Hanpyxenus 0bpaxoByeMo 3a dhopMysraMu

EOEEOM (ag)p_l ) ) cos 6+ ( () _ ) o= 1) sin O—
_Z{[(J)k2+b(J — }cosk@—l—
f=2
_ k9 1
+ {cg)pk_z + g,(f)—k pk} sin k@} - g(ﬂj + 3)3;w? Rip?,
oD =l p2 — g9 peos 0+ b9 psin 60—

M8°’

{[ (4) o 2+bk p}smkz@—{(]) k— 2+g(J) k}cosk:@}.

W‘

=2

3pobuMO KOPOTKHil aHAJII3 OTPUMAHUAX YUCEIHHUX pe3yabraTiB. Ckiia-
JIOBi 0;; 3B’dA3aHi, B IepIIy 4epry, 3i 3MiHaMHU TeMIepaTypH i HeCyTh B
cobi irdopmariito mpo i1 BHECOK B TepMONPYKHiI Hanpyzkenus. J[ms oc-
HOBHHUX DEXKMMIB pOOOTH BiJIPI3HOrO Kpyra paJiiajbHi HAIpYKeHHs (T, )
CyMipHI 3 MexKero MIIHOCT] ajiMa3y, MaKCUMAJIbHE 3HAYCHHSI (Tpp 1 Trg)
JIOCATAIOTHCA Ha MeXKi 3B’s13KU 1 mrapy anmasiB. Pamiaabai KOMIOHEHTH
O, MAIOTh TIIBLKM Bif €MHI 3HATMEHHS, & TAHTCHINAIBHI 0,9 MOXKYTDb 3Mi-
HIOBATU 3HAK. PajianbHi 7, Ta TAHTEHIIAJbHI G,9 HAIPYyKEHHs He 3a-
JIOBOJIbHSIIOTH TpaHndHi ymosu (2)—(5), xoua it mepesatoTs ix XapaKTep
TOMy JI1sT IX BUKOHAHHA HA 0;; HAKJIAJAJINCh “HeTeMIepaTypHi'" 1omaHKn
0. [ 3araqbHIX TepMONPY KHAX HAIIPY?KeHb 30epiraeThesd Ta XK TeH-
JIeHTIid, 1o i 714 055, X09a € i cyTTeBi BiaMinnocTi. Bonn e cruckyroanvn
JIJISI BCIX YMOB OOpOOKM, 301MBITYIOTHCS TpY 30LIBITIEHH] TOB3I0BKHDOT
I10/1a4i, 3MEHIIYIOThC [IpU 301/IbIIeHH] pajiiyca BijgpizHOro Kpyra i npu
3MeHIeHH] Tyimbuau 3apidy. [lpu 306iibiienHi KoedimieHTa TEILIOOOMIHY
MaiizKe He 3MIHIOIOThCS TaHTEHIIAIbHI HAIPYyKEHHs, a PaJiiajbHi 3poc-
TAIOTh Ha BIIMIHY Bif CKJI8I0BOI T,p. 38yBa2KMMO, 110 301IbIIEHHS X HE
Take MOTYXKHE 1, B KIHIIEBOMY MiCYMKY, 1X BIIUB OiJIbINE MO3HATAETHCS
Ha abpasuBHoMy 3HorryBaHHi. HaitOinbim 3HavUeHHsa pajiiaabHi HAIPY-
JKEHHsI JIOCSITAIOTh Y 3B’sI31 Ha, MeXKi 3 IapoM ajIMa3iB, 10 IIe pa3 mij-
TBEP/KYE BUCOKI BUMOI'M 0 NPYKHUX BJACTHBOCTEH (Mexki MimHoCTi,
MOJLYJIIO 3CYBY) 3B’sI3yI0U0r0 MaTepialry.
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ITpo 306ixkHicTh iTepaIiifHOro MeTOoIy
PO3B’A3yBaHHs HEJIHINHUX 33729 KOHBEKITIT
B’SI3KO1 HEeCTUCJINBOI PiJIUHNA

B.II. KAPATOJIOB

Inemumym mamemamuru HAH Yxpainu, Kuis
E-mail: nonlin@apmat.freenet.kiev.ua

JloBeeno 36i1KHICTD iTepaIliftHOrO MPOIECy MPU HADIMKEHOMY PO3B’SI3y-
BaHHI HeJIIHIRHNX HecTamiOHAPHUX 3a1ad 1 piBHsaHb Has’e-CTokca B 00-
MeXKeHilt TPUBUMIpPHIi 06/1acTi 3 3acTOCYBaHHAM MeTOy ['asbopKiHa.

Convergence of the iterative process of the Galerkin’s method for appro-
ximate solution of the nonlinear unsteady problems for the Navier-Stokes
equations in a bounded three-dimensional region is proved.

Hecramionapsi kpaiiosi 3ama4i g piBasab Has’e-Crokca € ogHuMu 3
HaMOIIBII CKIIAJHUX SK [IPU TEOPETHUYHOMY JIOCJIJI2KEHHI, TaK i B IIpH-
KJIaIHOMY 3acTocyBaHHi (HabmkeHOMy po3B’siyBanHi). OHUM 3 KITIO-
YOBUX MMUATAHBb IIPU IIHOMY IOCTA€ HesiHiiftHicTh 3amaqi. Cin 3a3HadunTy,
IO HaBiTh y JIBOBUMIPHOMY BHIIQJIKY, IS SKOTO JIOBEJIEHO BiJITOBiTHI
TEOPEMH PO OIHO3HAYMHY PO3B’A3HICTH TAKWX 3444, TUTAHHS HEJTiHif-
HOCTI 3a/IMIIAETHCS OJHUM 3 HalBarKUNX y NPHUKJIQTHOMY aCIEeKTi.

SBUYAHO 151 IPODJIeMa BUPINIYETHCS ILJISIXOM JIIHeApHU3allil BUXi-
HUX PiBHAHD 3aBJIAKHM 3aCTOCYBAHHIO METOJTY iTepalliil Ha JeIKOMY 3a/1a-
HOMY MaJIOMy TMPOMIXKKOBI dacy. $IK mMpuKJ/IaJ YCIINIHOTO 3aCTOCYBAHHS
TAKOIO METOJy MOXKH& HaBecTH poboru [1, 2|, B gKuUX HOCIiIKYBaId-
Cs1 CKJIAJHI IIPOIECU TEPMOKOHBEKIIII BUCOKOI IHTEHCUBHOCTI. 301KHICTH
iTeparit B ux poboTax i iHMMX, HAPUKJIAJ, 3 3ACTOCYBAHHSIM Pi3HUIIE-
BUX METO/IiB Ui METOJly CKIHYEHHUX €JIEMEHTIB (CIIaliHIB), BUSHAYAETHCS
€KCIIEPUMEHTAJIBHO JIJIT KOYKHOTO TTPOMIZKKY Yacy, Ha SKOMY MPaKTHIHO
DPO3B’SI3y€THCs 3a/laHa 3a/a9a.

B mamiit poboTi po3TiisiiacThCs iTepaliitiuii mporec, SKuit BUKOPUCTO-
ByBaBCsi B poborax [1, 2|, 1 BcTaHOBIIOETHCST HOr0 36iKHICTH HA BCHOMY
3a/IaHOMY CKiHYeHHOMY NpoMixKKy uacy [0, T'] npu Gy ib-sIKOMy 3aJJaHOMY



112 B.II. Kaparomos

CKiHYeHHOMY 0a3mci KOOpAWHATHUX BEKTOP-(QYHKINH Meromxy [ambopki-
Ha 1 gegkoMy BUGpaHOMY KPOKY IO Yacy, 3a skuM Biapizok [0, 7] po3bu-
BAETHCS HA BIAMOBIIHY KiMbKiCTH KPOoKiB. Mu TyT 0OMeKUMOCS pO3TJIs-
JIOM 3aJa49 JJIs1 PiBHAHb YUCTO T1JIPOJMHAMIYHOIO THILY, $Ki, 3arajioM,
HECYTh B cOOI OCHOBHI BJIACTHUBOCTI 1 ITOB’si3aHi 3 HUMY TPYIHOII 1HIITAX
anasioriynux 3a1a4 i pisasab Has’e-Crokca, sk 1 3amad [1, 2].

Posrnsnaersbes 3amada mis pisasab Hap’e-Crokca B 3aMKHYTIH 06-
gacti Q € E3 Ha npoMmixkky gacy [0, T):

T+ (7 V)7 = vAG—Vp+ f,

(1)
divi=0, z€Qp, tel0,T],

U(x,0) = d(z), (x,t)| s, = 0. (2)

TyT mykani BeJMYMHU: BEKTOD MIBHIAKOCTI U(x,t) pyXy DLIUHU, THCK
B piauni p(z,t) B Touni x € Q C FEs B mMoment uacy t € [0,T]; S —
rparung obnacti Q (St = S x [0,T], Qr = @ x [0,7T]) BBaXkaerbcst
KyckoBo riajkoto. Okpim Toro, @ € W2(Q), fe Ls1(Qr), divd =0 1a
div f = 0.

Itepaniiinmii poriec, 3a JOIOMOIOIO sIKOro Buxiigue piugan#s (1) Ji-
Heapu3yeThesl, By/IyEThCs 38 HACTYITHOK CXeMO0. 3aianuit Binpizoxk [0, T
PO3OUBAETLCSA Ha CKIHICHHY KIIBKICTh M BIIPIZKIB [ty, tpt1), k = 0,m — 1,
to =0, t,, = T. lle po3duTTst, B3araji Kaxydu, MOxKe OyTH HEpiBHOMIp-
auM. Ha koxkHoMmy 3 BiPI3KiB [tg, ti41] PO3B’sa3ytoTbes JiHiiini 3aa4i

i+1 i i+1 i+1 i+l o L il

Vt+<V~V>V=VAV—VP+f, div vV =0, (3)

i+1 i i+1

Vv (xatk) = V(Ivtk)§ Vv (I?t)|ST =0 (4)
[P TOCJIiI0BHOCTI 3Hadenb ¢ = 0,1,...,5; ¢ — HOMep iTeparil; s — Kin-

1eBUil HOMeDp iTepariil, Ipu AKOMY JIOCATAETHCA HEOOXiTHA TOYHICTH HA
3aJIaHOMY BLIPISKY [tk, tx+1] C [0, 1.

ITpu 3akingenni irepamifinoro nponecy Ha BIAPI3KY dacy [tk,tr+1]
3a HyJIbOBY iTepaIliio Ha HACTYIIHOMY BiJpi3Ky BUOMPAETHCS 3HAUCHHS
i1 0 s
{7 (z,tg41), TOOTO HA [tgi1,trt2] Oyme V(x,t) = V(z,tkr1). OueBu-
Ho, Ha [0, t1] HysIBOBA iTepariis Oyie JOPIBHIOBATH TOYATKOBIN yMoBi (2)

0
BuxigHOT 3a1a4i, To6TO V (2,t) = V(2,0) = d(z).
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Baznagumo, mo Jineapu3oBani piBugnHs (3) 30€piraroTh TaKy BasKJIu-
BY XapaKTEePUCTUKY BUXITHUX PIBHAHDL SIK €HepreTUIHa HEUTPAIbHICTD
KOHBEKTHBHOIO 4IeHa, a came, mo ((U-V)¥,¥) = 0 [3]. Tyr i gasui nosua-
yeHHA (-, ) O3HAYAE CKaJAPHUH 100yTOK B Lo((Q)). Jlerko mepekoHaTucs,

i i1 41
10 Jis BiAmosigaoro wiena B (3) MaTuMeMo ((V V) V,V ) =0.

st mocatizkenHs 3612KHOCT] iTepartiit Ha KOXKHOMY BiADI3KY [tg, tr41]
i it
BUIMIIEMO PI3HUIO piBHAHD (3), (4) s nBox cyciguix irepaniit Vi V.
i+l i i+l
Hosuayusnm V=V,11 =V —V,p=pix1 = P —P, qua t € [tg, txr1]
OTPHMYEMO

W—&-(X}-V)V—F(%-V)X}ZVAV—V}?, divV =0, (5)
V(x,t) =0, V(x,t)|sy = 0. (6)
Buxopucrosyoun nosmadenus [3] y(t) = ||V(x,t)||2.0 Ta ¢(t) =

[|Va(x,t)||2,@ 1 BpaxoBytotn <(X}V> V,V) =0, 3 (5), (6) qa V or-

PUMYEMO

% (92)I +vp® = ((Vz -V)V, ‘}> , yty) =0, (tg) =0. (7)

DopMaIIbHO Tl CIHIBBIIHONIEHHSI JIETKO OTPUMATH, SKIIO (5) JTOMHO-
KUTH CKaasapHO B Lo(Q) Ha V(z,t). Crpore BuBeJeHHSI [[HOTO CIIBBI/I-
HOILIEHHS HABOJIUTHCA B [3].

Ckopucrapiuch HepisHOCcTsiME [osbiepa Ta FOHra, orninnMo mpasy
YACTHHY CIIBBIJIHOIIEHHs (8) TAKMM YMHOM:

(V- VW) < ellVills.all VIIs < 4840y 00 <

K3
i
< v + V3 HP) 2y
Tonui 3 (7), 3 ypaxyBautsm Toro, 1mo y(t;) = 0, i no3HaYeHHA Y = Y;t1,
BUILIABAE
t

Y2 () < 230 / (©)2yipidr, € [t trsa): (8)

tr
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Bigomo [3], mo Biacui BekTOp-dyHKIGT Uy () oneparopa A, sakuil
BU3HAYAETHCS CITiBBITHOIIIEHHIMNI
At =vAud—Vp, divid=0, ulg=0, (9)

opronopMosani i nosui B merpuii Lo (Q) tra H(Q), ne H(Q) — dbyuxiio-
HaJIBHUI TTPOCTIP 3 METPUKOIO

, .
il (@) = ltz]]2,q-
CuekTp BJIACHHX 3HAYEHb Aj IIHOTO OIEPATOpa Bij €éMHU, AMCKpeT-
HUi1, Ma€ CKIHYeHHyY KPaTHICTD 1 psiMye€ J10 —oo npu k — oo. Tomy Jierko
IIEePEKOHATHCD, IO JJIS 1-T0 TaJIbOPKIHCHKOIO HAOJIMKCHHS

n
Vi z,t) =Y at)i(x)
=1
Ha 7-BUMIPDHOMY CKIHUYE€HHOMY 0a3uCi 3 BKa3aHUX BJACHUX (DYHKIIH Oy-
JIEMO MAaTH, IO

v =), (10)
=1

vp?(t) = —Z)\lc?(t). (11)
=1

SazHaunMo, IO TYT, K 1 BHINE, JJIsA CIPOIINEHHsS IIO3HAYEHBb (DYHKINT
c(t), y(t) Ta ¢(t) mogani Ge3 BiAMOBIIHUX IHJEKCIB M, 1O BiAHOCATHCS
JI0 TIO3HAYEHHSI N-I'0 TAJIbOKIHCHKOr0 Hab/mkeHHs Ta injgekcy (74 1), mo
BiJIHOCUTBCS JI0O HOMePa iTepariiii.

3 (10) ra (11) ogep:kumMo

@2 (1) < vy (). (12)
Bepraouucs 10 03HAYEHDb Y = Y;4+1 T& @ = Yi+1, 3 (8) orpumaemMo s

t € [th, trt1]
t

a0 < 2B [(Gratar <

b treit (13)
< VA [/ / ()2,
tr

2 2
ey, = 1Inax “(t).
€ Yim tEtk,tht1) Yi ( )

IIpo 36ixkwuicTs iTepariiitHoro MeTomy 115

3Bincu, 0YEBUIHO, BUILIMBAE, 0 BUKOHYBATUMETHCS HEPIBHICTH

tht1
Voam <2VB 2, [ (B (149)

tr

i
Sk mokazaHo B [3], mist po3B’s3Ky P(x,t) cupaBenBa OIIHKA

T
.2

/80 dr < Ay, (15)

0

ne A; = const.
MozkHa 3ayBaKUTH, IO II0 OIHKY JIETKO OTPUMATH, AKIIO PIBHAHHSI

3
(3), (4) st i-1 iTepanil JOMHOXKHUTH CKaJSPHO B Lo(Q) Ha V.
Omrxke, 3aBagxu oninmi (15) Bigpizok [0,7] moxHa po3duTu Ha Bij-
pisku [tk, tr4+1] Tax, mwo Oyle BUKOHYBATUCH HEPIBHICTH

tht1 '
(¥)2dr < ¢
tr

JI7IsI JOBLTHHOTO 3aIaHOTO sIK 3aBIOJIHO MAJIoro 3uadeHHs € > 0. Bubpas-
M7 € JIOCUTH MaJuM, oTpuMaeMo 3 (14), mo Ha KoKHOMY BiAPI3KY [tk, tr11],
k=0,m — 1 0yne y;+1 < y;, TOOTO BiJCTaHb MiXK CyciiHiME iTeparisgmMu
B HOpMi Lo(Q)) Gy/ie 3MeHIIyBaTHCh, a Ile 0O3Havae, Mo ireparil 36iraTu-
MY ThCSI.

[1] Tamuner A.C., 2Kyxosckuit A.H., Kaparogos B.II. O npumerennn metona a-
JIepKUHA K PEIIEHNI0 OCECHMMETPHYHON 3a/a4i KOHBEKIUH JKHIKOCTH B 3a-
MkHyTOM Obbeme. — Kues, 1985. — 48 c. — (IIpenpunr / AH YCCP. Un-T mare-
Maruky; 85.40).

[2] Tamumer A.C., 2Kykoeckmit A.H., Kaparomos B.II. Pemenune HenmueRHBIX
3a/la4 KOHBEKIMH B 3aMKHYTOM OObeMe BSI3KON YKUIKOCTU IIPOEKIHOHHO-
pasHOCTHBIM MeTomoM. — Kues, 1987. — 44 c. — (Ilpenpurr / AH YCCP. Ha-r
MaTeMaTuky; 87.9).

[3] JIagprkenckaa O.A. MartemaTudeckue BONPOCHI JUHAMUKH BA3KONW HECXKHMAae-
moit xuakoctu. — M.: Hayka, 1970. — 288 c.
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K Bomnpocy o moctpoeHnu MHBaApUaHTOB
rpynibl Bparedusi SO(2) B npocTpaHCTBe
K03 PUIMEeHTOB CUCTEMbl HEJIMHEIHbBIX
anddepeHnaIbHbIX YPaBHEHTIA

A.I' KY3BbBMEHKO

Hremumym mamemamurxuy HAH Yxpauno, Kues

Hasezieno asropur™ 3HaxXo/pKeHHs iHBapiantis rpynu SO(2) y npocropi
rmapaMeTpiB CHCTEMH HeJIHIHHUX JudepeHIiifHX PIBHAHD JPYroro HOpsii-
Ky 3 OJHODIZHMME MHOTOWIEHAMHU y NPaBiff YacTUHI 3a JOIOMOrOI0 100y-
JoBu aarebpu JIi miel rpymnu.

The algorithm of finding the invariants of the SO(2) group in the space of
parameters of the system of nonlinear second order differential equations
containing the homogeneous polynomials is presented. This algorithm is
based on the construction of the Lie algebra of that group.

1. IloctanoBka 3azauu. B nammoit paboTe nuccieayercs CucTeMa HeJr-
HelHbIX JudpepeHImalbHbIX YPABHEHUN BTOPOrO MOPSIIKA

dx - d .
o= > o'y, d_i/: > by, (1)
jt+leA jt+leA

rae ¢, bj; — meficTBUTeNIbHbIE THuCIa, A — HEKOTOPOE MHOXKECTBO PA3IIHI-
HBIX HEJIBIX ducesl. Mbl OyJeM paccMaTpuBaTh CIydail, KOrJa B IpaBoil
gacTu cucreMbl (1) HAXONATCS IOJIUHOMBI.

Kak mokazano B pabore [1], Haquume miam OTCyTCTBUE IIE€PUOIMYE-
CKUX pentenuii B cucreme (1) TeCHO CBA3aHO ¢ MHBADHAHTHBIMU CBOCTBA-
MH CHCTEMBI OTHOCUTEJILHO TpyImbl Bpamierus SO(2). 1o npuBoauT K
HEOOXOIMMOCTH HAXOXKJICHUS HHBAPUAHTOB IPYIIILI BPAINEHUS CHCTEMBI
(1) B mpocTpaHcTBe ApaMeTpoB Cji, .

B patorax K.C. Cubupckoro [2, 3] uccnenosanbl MHBAPUAHTHI OPTO-
rOHAJIBHBIX U adbuHHBIX npeobpasoanuii cucremsl (1). Ha ocHoBe 3Ha-
HUsI OPTOTOHAJIBHBIX MHBapuaHTOB Jyist ciaydast A{2} u A{3} (crenenn
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OJIHOPOJIHBIX TIOJIMHOMOB TIPABbIX Yacreil — 06o3Hadenus cM. B [2, c. 28])
OB CHOPMYIUPOBAHBI HEOOXOANMBIE W JOCTATOYUHBIE YCIOBUS CYIIe-
cTBOBaHUs B cucreMe (1) HepHOIMYeCKUX pelleHuit.

Amnajornunble 3329 BO3HUKAIOT B TEOPUU BO3MYIICHHWIL, TJe pac-
CMaTPUBAIOTCS CUCTEMBI OoJjiee 0DOIIero BuIa

dx dy
— =—y+eP — =z +eQ . 2
dt y+eP(e,z,y), dt r+eQ(e, z,y) (2)

31ech € — MaJIbIl TApaMeTP;

A

A
P(e,z,y) = > ' Pix,y), Qex,y) =Y &Qux,y);
=1 =1 (3)
Px,y) = > pyor'y,  Quzy)= Y qozy’;
i,jEay i,jEa

P,(0,0) =0, Q;(0,0) = 0; pl(;-)7 ql(]l-) — JeficTBUTEIbLHBIE Yncaa; A; — HeKo-

TOpOE MHOYKECTBO PA3IMYHBIX IEIbIX HEOTPUIATEIbHBIX YHCEL.
PesynpraToM mpeobpa3oBaHms IO METOLY ACHMITOTHYECKOH IeKOM-
HO3UIUY SABJISIETCA chucTeMa BUJia, (2), KOTOpas Ha3bIBAETCS [EHTPAJIUSZ0-
BaHHOI [4, 5|, ec/iu OHAa MHBApMAHTHA OTHOCUTEILHO TPYIIIbI BPAINECHUST

0 0

7ya$ + x%a

z=eYz, y=eYy, e U

S — HEKOTOpHIH Tapamerp.

B sT0it paGoTe NPUBOIUTCA AJTOPUTM HAXOXKICHHA HHBAPUAHTOB
rpyumsl SO(2) B npocTpaHCTBe IApaMeTpoB cucreMbl (1) Ha OCHOBe HO-
cTpoeHus ajreOpnl JIu 3TO IPYyIIIbI, MOCIE BBIIOJHEHUS KOTOPOrO Ha-
XOXKJIeHHe MHBAPHAHTOB CBOJAMTCS K PEIeHWI0 yPaBHEHUS B YACTHBIX
IPOM3BOHBIX MEPBOTO NOPAIKa. B CBOIO 04epesb, 9TO ypaBHEHUE 3aMe-
HSIETCS CHCTEMOI aareOpandecKux ypaBHEHU.

IMoaxom, mpejyraraeMblii B paboTe, OTINIaeTcsa OT MEeTOJa, TPUMEHsI-
emoro K.C. Cubupcknm [2, 3|, 1 umeer Takne MperMyIIECTBA:

1) me Tpebyer IpHUBeIeHMs UCCJIELYEMON CUCTEMBI K CIEIUAIHLHOMY
basucy;

2) momyckaer 06OOIIEHNe HA CHCTEMBI OPSIIKA 1 > 2.

Haiinennas cucreMa MHBAPUAHTOB Il CUCTEMBI (2) HCIOJIB3yeTCd B
UCCJIE/IOBAHUY KAUECTBEHHOTO [IOBE/IHNsI PEIeH s CUCTeMBI (2).
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2. ITocrpoenue anre6pet JIu rpynner SO(2) B npocTpaHcTBe KO-
s¢ppunmenTos. [Tycrs npasbie gacTu cucreMbl (2) — OIHOPOJHbBIE TO-
JIMHOMBI TIOPSAJIKA M, TO eCTh nMeeM ciaydait A{m}. Beegem BexTop 6a-
3UCHBIX 3JIEMEHTOB

‘im = ||Ima mm71y5 mm72y2, e 7I,ym71’ ym”

Banumewm cucremy (1) B Buje

dz

s Cmo®™ + Cm_112™ Ty + o+ cmo1zy™ T+ comy™ W
4

d

d_? = byo®™ + b—1,12™ Y+ D12y A+ by ™

Torma npasyio 4acTh cucreMbl (1) MOXKEM 3amucarb B BUJIE POU3BEJIE-
i G Lo, TIE

Gm =

Cmo Cm—1,1 --- Clm—-1 Com
bmo bm—-11 --- bim—1 bom

Crenaem B cucreme (4) npeobpazosamue ¢ noMornbio rpymmst SO(2)
(oBopotT Ha yrou J)

T z cosd —sind
<y)_A(y>’ rae A_(siné cos § > (5)

Torma BekTOp %m peodpa3yeTcs CAeIyomuM 00pa3oM:
= D(é)xm,

rie xm — Ga3UCHBIH BEKTOP Zm B IEPEMEHHDBIX Z, ¥, D(§) — marpuna
Tpeo6pa3OBaHIs BEKTOPA I, IPU MOBOpoTe Ha yron 8. Marpura G(6)
HOBBIX K03 duImeHToB cucreMs! (4)

G(5) = A 1GnD()em, 1 A—1=<C°.S‘5 Smé). (6)

—sind cosd

(1) o ~
ObozuaunM gepes 9;;" TPOM3BOJILHBIHA 3IEMEHT MATDPHIIBI G(9). Us
coorHomenus (6) BUIHO, 9TO HOBbIE KOIMDDUIMEHTHI IOy IEHbl ¢ IOMO-

MBIO JTUHEHHOTO TTpeoOpa30BaHmsI CTAPHIX KO MUIIEHTOB

m+1 2

DI

i=1 j=1
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rjie gl( ) syemenr marpuibl G,,. Haiinem nmuddepennman g( )(5) B TOY-

K65—0

m+1 2 m+1 2

1 0)Oh;;(0)
dgt)) =" Qﬁ# Ao =33 g0;dd = kids. (7)
i=1 j=1 s—o0 i=1 j=1
3 moJIy4eHHBIX COOTHOINEHUI HECIOXKHO BBIPA3UTH UH(MDUHUTE3UMAIb-
HbIT omeparop rpymisl SO(2)

m—+1 2

DI ®

=1 j=1

JIefiCTBYIOIIHIT B IpOCTpaHCTBe napamerpos. Musapuants! rpymmst SO(2)
B YKa3aHHOM IIPOCTPAHCTBE HAXOJATCH KaK pellleHue ypPaBHEHUS

Uf=0. 9)

Pemenne B nmpocrpancrse L®r OJHOPO/JHBIX IIOJIMHOMOB CTEIIEHHU T, CO-

1

ij OyIeM WCKaTh B BUJE

CTaBJICHHBIX U3 3JIEMEHTOB G
f=aZny, (10)

I7e & — BEKTOP-CTPOKa KO3(MDUIMEHTOB, Z,, — 6a3uc Lg, B npocTpan-
1

ctBe N,, = 2m + 2 ImepeMeHHBIX gl(j). [Tocsie nopcranoeku (10) B ypas-

Herve (9) IPUXOIUM K anrebpandecKMy MaTPHUIHOMY YDaBHEHUIO

aFNm = 0,

rae Fy, — maTpuna npeacrasieHus oneparopa U B mpocTpaHCTBe L.

m

3. Bpiire 6611 paccMOTpeH ciIydail, KOTa [paBble YaCTHU sIBJISIOTCS dJIe-
MEHTaMHU NPOCTPAHCTBA Lgy,. sl TPOCTOTHI M3I0XKEHUST PACCMOTPUM
cJIy9ail, Korma mpaBble YaCTH SIBJSIOTCS dJIEMEHTAMU IIPOCTPaHcTBa L =
Lgm, + Lgm,. Jl100oit snement u3 npocrpancTsa L 3anmmeM Kak [ =
lom, + l@mas TH€ lgm, — OTHOPOIHBIN ITOJIMHOM U3 IPOCTPAHCTBA Lgm, ,
a l@m, — OJHOPOJHBIN IIOJIMHOM U3 IPOCTPAHCTBA Lgm,,. Korma Mbl npo-
u3BeJIeEM TPeobpa30BaHue MOBOPOTA, TO HOJIYIUM

D(‘S)l = Dm1 (6)l®7n1 + Dm2 (5)l®m27
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riie Do, (0) 1 Dy, (§) — MaTpuisr npejacrasiaenuit rpymnsl SO(2) B npo-
crpaucTBaX Lgm, 1 Lgm, coorBercTBenHO. Cre0BaTeIbHO, HOBBIE KO-
acpdunmenTsr B mpoctpancTse Lgy,, OyIyT BhIpazKaTbCsl Uepe3 CTapble ¢
ITOMOIIBI0 COOTHOIIIEHU

mi+1 2
(1) _ (0)
Tomyis = D D Imnyig* Pma)i (0),
i=1 j=1
mo+1 2

(1) _ (0)
g(m2) - Z Zg(mz)ij.h(mz)ij(é)'

i=1 j=1

Haitnem muddepennmaibl 5Tux BhipaykeHuili B Touke § = 0:

mi+1 2
doD) —5523 Oh@myig )| o
Iima)ij = . Lo 9(ma B ’
=1 g= §=0
da® _ mili (0) P(ms)ij (6) s
Imayis — - 19<m2 i 95 '
=l j= 5=0

ITocTponm mHGUHUTE3NMATBHDBIN OTIEPATOP, JTEHCTBYIOMWI B TTPOCTPAH-
crBe L

0
U = — 4+ U®m1 —+ U®m27 rae

06
mi+1 2
Oh i (9) 0
_ (0) (m1)ij
Ugm, = Z Z Zg(ml)ij BY déa o
e i=1 j=1 6=0 9(m1)
(Wn)w Lo
ma+
6h(m2)ij(5) 0
Usma =55+ Do D D Imayis— g g
— 0
(1) i=1 j=1 6=0 g(mQ)

I(ma)ij

Teopewma 1. ITycmo 6 cucmeme (1) npaswie wacmu A6A810Mcs 00HOPOOD-
HOLMU NoAUHOMaMY nopadka m. Tozda uneapuarmov epynnno. SO(2) 6
NPOCMPAHCMEE KoIPPHuyueHmos A6AA0MCs peweruem Juddeperuuano-
noz0 ypasrerus U f =0, 2de U sadaemces dopmynot (8).

Teopema 2. ITycmo 6 cucmeme (1) npaswie wacmu A6A810MCH 00HOPOOD-
HOMU NOAUHOMAMY U3 npocmparncmed L = Lgm, + Lem, +- -+ Legm, -
Tozda unsapuarmo. epynnve SO(2) 6 npocmparncmee KoadPuyuenmos
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asaaromes pewenuem duggepenyuarvrozo ypasuerus Uf =0, ede U =
Ugmy, + Ugmy + -+ + Ugmys Ugm; — onepamop aseebpor JIu epynnos
SO(2), deticmeyrouuti 6 Lgm, .

4. IIpumepsr. 1) Paccmorpum cucremy

dy
— =cpr+¢ — =bioz + bory.
dt 10 01Y, dt 10 01Y
Crenaem 3ameny
W+ w i(w — w)
Tr = 9 y = a8
2 2
[IOCJIE 9ero MOJIYIUM CHCTEMY, COOTBETCTBYIOMIYIO (4):
dw 210 _ . 201 dw 201 _ 210
T T R B

[ocye 3amensr w = e“wy, w = e“w; nomyanm marpuiy G(5) (6)

BUIA

2025 20
aw) =1 2. )
fn o Zw0 i
2 2
Nem muddepentmasnst (7):
le() = —27;210672i5d5, dzlo = 2i21062i5d5.

ITo mum crpoum oneparop (8):
0 0
U= — 2iz + 2iz
a6 92,0 0z
B mpocrpanctBe Lg; Oyner asa pemenusi: f = 291 u f = Zp1. B mpo-
crpanctBe Lgo pemternem Oyjier f = 219210 — 201201-

2) Paccmorpum cucremy

dx dy
— = c02” + 1wy + co2y’, —= = baoz” + brizy + booy”.
dt dt
ITocsie mepBoit 3aMeHBI IPUXOAUM K crcTeMe (4):
dw _ 2 224 A 202 2
o 11 202
dt 4 + 4 W 4
dw  Zpo Zi _ Z20 o

_:_72 J— —
at 4w+4ww—|—4w.



122 A.T. KysbMeHKO

Iocaie 3amensr w = ewy, W = e“w; noxyunm marpury G(J) (6) Buga

220 _s3; 211 202
e 36 e 0 616

ae) =| A 4 4
@645 @eié @em
4 4 4
Uem muddepenmanst (7):
dzog = —3i220€73i6d5, dz11 = —Z‘leeii&d(s, dzo2 = ’L.Z()Qeiéd(s,
dZoo = —ifoge_iédé, dzi1 = 7;211€i6d(57 dZog = 3i22063i6d(5.
ITo mum crpoum oneparop (8):
0 0 0
U= _a . . _
3520050 M aat Tz

. 0 -
—iZ02m—— + 12115 + 3iZp 5

0Zp2 0Z11 0720

WNusapuantsl, Haiinerubie K.C. Cubupckum: zo0Z20, 211211, 2022025211202,
5 = =3 52 5 .2 I S 52
2112025 22047115 #20°11%02, 2202112025 220202, 220211, 2202112025 220<11%(2>
220282 — SABJIAIOTCA PEIICHNAMU 3TOr0 ypPaBHEHUSI.

[1] Lopatin A. Symmetry in perturbation problems // Proceedings of the Second
International Conference "Symmetry in Nonlinear Mathematical Physics",
Kyiv, 7-13 July, 1997. — Kyiv: Institute of Mathematics, 1997. — Vol.1. — P. 79—
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KondopmHo-iHBapiaHTHHUIT pO3B’I30K
piBHsaHb MakcBeJia

B.I. IATHO

Iedazozivnuti ITnemumym, Ioamasa
E-mail: lahno@pdpi.poltava.ua

3alpPOIIOHOBAHO 3arajbHy HIPOIEAYPY M00YI0BH KOH(MOPMHO-IHBAPIaHTHUX
anzamiB g noas Makcsesta. HaBegeno onun kiaac KOH(MOpPMHO-iHBapi-
aHTHUX TOYHUX PO3B’S3KiB piBHsAHBL Makcsesuia.

A general procedure for construction of conformally invariant Ansitze
for the Maxwell field is suggested. A class of conformally invariant exact
solutions of the Maxwell equations is presented.

VY naniit podoTi po3riianaeTbes OYyHIAMEHTAIHHA CUCTEMA PIBHIHD €JI€K-
TPOJUHAMIKY — cucTeMa piBHsIHb Makcsesia y BakKyMi

OH OE
rot E=——— rot H=_—,

Oxo Oz (1)
divE =0, divH = 0.

Io6pe Bigomo [1], M0 MaKCUMAJILHOIO TPYIOI0 iHBapiaHTHOCTI (B KJa-
cuaromy migxoni JIi) miel cucremu € nnicTHAAUATAIADAMETPUYHA IPYIIA
C(1,3)Q H, axa € upsvum 1006yTKoM Kotdopmuoi rpymu C(1,3) Ta oi-
HonapaMmeTpuaHol rpynu H nepersBopenb Xeicaiiza-Jlapmopa-Paitmita.
HasiBHicTh XOpOmux cuMerpifiHux BiaactuBocrell pisHsiHb (1) 1a€ MOK-
JIUBICTD, TTOPsiJT 3 KJIACHIHUME METOJAMU PO3B’SI3yBaHHsI PIBHSIHb MaTe-
MaTuaHOI Bi3nKn, e(PeKTUBHO BUKOPUCTOBYBATH /It HOOYIOBU IITUPOKUAX
KJIaciB TOUHUX Po3B’a3kiB cucremu (1) mMerox cumerpiitHoi pemykiii [2].
Mertoro pobotu € mobymoBa 3araabHoOl popMu KOHDOPMHO-IHBAPiaHT-
HUX aH3aIliB /id mojst MakcBesta Ta mojasbliine 11 BUKOPUCTAHHS JIJIsT
OTpUMaHHs KJacy KoH(GOPMHO-iHBapiaHTHUX po3B’si3kiB cucremn (1).
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1. Basuc anrebpu AC(1,3) koudopmuoi rpynu C(1,3), gxa € rpynowo
imBapianTHOCTi piBHsAHL Makcsesuta (1), CKIAIAIOTH OLEpaATOPH

Py =0z, Joa =00z, + a0z, + abe(EpOn, — HyOp,),

Jup = 240s, — Tadsy + Eydp, — Eadp, + Hydp, — Hapr,,

D = ,0,, — 2(E.0p, + Hi0Hu,),

Ko =2x0D — x,8" 05, + 22a€abec(EpOn, — HyOE,),

K, = —2x,D — z,2"0,, — 2x0€abe(EvOn, — HyOp,)—
—2H,(xy0m,) — 2Eq (2408, ) + 2(xHp) 0w, + 2(xvEp)0E, -

Y dopmysax (2) ta pami g, v = 0,1,2,3; a,b, c = 1,2, 3; 3a ingexcamu,
IO TIOBTOPIOIOTHCSI, TIEPEIOATEHO CyMyBaHHSI B MeXKax iX 3MiHU (HAIpH-
ki, Big 0 10 3 JuIst ft, V); Eqbe — AHTUCUMETPUIHUN TEH30D TPETHOTO

paHry 3 103 = 1; x,at = x% —a? — 23 fzg; Oy, = —, OB, = =—,
5 K ! Oz, oF,
Oy = .
" = 9H,
Hexait
ut E
u = = <H> = CTOBHBHL(El,EQ,Eg,Hl,Hg,Hg).
6
U

Ouesnno, 1o 6asucui oneparopu (2) amrebpu AC(1,3) MoxHa nOHATH
Yy TAKOMY 3arajJbHOMY BUTJISIII:

X = &"(x0,%)0,, + pi(xo, x)ukauj, (3)

ne & (xo,x), pi (20,x) — Bimomi mranki dyHKIl, BU3HAYEHI B IPOCTOPI
Minkoscskoro RS = (xg,%), x = (z1,72,73), 5,k = 1,...,6. Hexaii,
nami, L = (Xpm =1,...,p) — nesika nigaarebpa panry s KOHMOPMHOT
asrebpu, 6a3ucHi onepaTopu Kol MaoTh BUrJIsiL (3). 3rigHo 3 3arajbHuM
METOJIOM CUMETPIAHOI peyKIil [2] Mu noBuHHI 3ailicHUTH TOOYIOBY IBOX
KJIaciB yHKITIOHATBHAX iHBapiauTiB aarebpu L

w = w(zg,x) = (w!(20,%),...,w *(20,%)), (4)

h = h(zg, x,u) = crosuens(h'(zg,x,1),...,h%(zg,x, 1)), (5)
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fAKI CKJIAIAI0Th MHOXKUHU (DYyHKITIOHATBHO-HE3AJIEKHUX IIEPITAX iHTEr-
paJiB cucreMm audepeHIiaJbHAX PIBHAHD 3 YACTUHHUMH TIOXiTHUME TIep-
IIIOTO TIOPSAJIKY

€h(an.x) 5o =0 ()
)74
€0, %) 5+ Plulo, X) 5ot =0 g
BiJIIIOBiTHO.
Toxi mijicTaHOBKA aH3aILy
h =v(w), v = crosrenp (v'(w),...,v%(w)) (8)

B cucremy (1) mpuBomuTh 10 cucreMu audepeHIiaJbHUX DIBHAHB Bil-
HOCHO V sK MYHKIHT Big w. OTKe, peyKoBaHa CUCTEMa MICTUTHME BXKE
He 4 a 4 — s He3aIEXKHUX 3MIHHUX (30KpeMa, OpU § = 3 MU IPUHIEMO 110
cuCTeMU 3BUYANHUX AudepeHIialbHuX PIBHAHD ).

Came B TakoMy miaxojii OyJ0 OTPUMAHO IIUPOKI KJIACH TOYHUX PO3-
B’sa3kiB cucremu (1), iHBapianTHUX BifHOCHO Hifasrebp panry 3 aiare6-
pu Ilyankape AP(1,3) = (P,,Ju) Ta posumpenoi anrebpu Ilyankape
AP(1,3) = AP(1,3)3 (D) [3-5].

3 inmoro 6oky, Bigomo [6], mo apyruit kiac inBapianTis anrebpu L 3
GazucHuME oneparopamu (3) MOXKHA [TYKATH Y BUTJIS

h = H(zp,x)u, (9)

ne H(xo,x) = ||l (z0,%)|| — mesixa mesupommkena B R marpmms pos-
mipuocti 6 X 6, a Tomy am3zar (8) mMoxkHa mogaTH Y HOpMi

u = A(xg,x)v(w), (10)

ne A(xg,x) = H™1(xg,x). Popmy amsamy (10) Mu nazusaemo Jiniitnoro.
ITpu npomy ymosa (7) mus h (9) nabysae BurIs Ly

H
57‘:1(330,)()6——|—H(x0,x)f‘m(a:0,x) =0, (11)
Oz,

ne Ty (x0,X) — mesiki Bimomi mMaTpuni posmiprocti 6 X 6, mo Bu3HAYA-
0ThCs (OPMOIO Da3uCcHUX orepaTopis ajarebpu L.
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Hexait S, — marpumi, gxi peanisyiors D(1,0) €D D(0,1) — 306pa-
skenns asnre6bpu JIi AO(1,3) rpymu Jlopenna O(1,3) (aus., nanp., [7]),
a F — omuunyna marpung po3mipraocti 6 X 6. Bukopucrasimu 3aruc re-
HepaTopis (2) 3a fgomoMororo marpuib Sy, Ta E [6, 7|, mepekonyemocs,
o

1) marpuni I'y, (20, %) B cucremi (11) MaloTh BHIJIsT

Ty = fME+ f"Sos + f"G1+ f5' G+ [ S12+ [ G + fi" Go,(12)

ae = fm((zg,x), f* = fM(xo,x) (a = 0,1,...,5) — mesiki Binomi
raaaki GyHkii, BusHadeni B RY3;
2) marpumio H upuposso mykaru y dhopmi

H(ajo, X) = exp{(— In Q)E} eXp(eo;S’og) exp(—93512) X

) e
x exp(—261G1) exp(—202G2) exp(—204G1) exp(—205Ga),

ge 0 = 0(xo,%x), 0o = 0a(z0,x) (@ = 0,1,...,5) — noBinbHI 18-
ki ¢ynknil, pusnaueni 8 RY3. B (13) i (14) Mu BEKOpHCTOBYEMO Oa-
suc asnrebpu AO(1,3), sxuii ckiaagaroTs Marpuri Sos, S12, G, Gy (d=
1,2), ne Gq = Jog — Jus, Gy = Joa + Jus. 3ayBaXKUMO, MO OCKiJIb-
ku exp{(—In@)E} = 0~'E, 1o 3 (14) surmsae, mo H = 0~ H, ne
H - MaTpUIlsd, gKa peasidye 300pakennsi rpynu Jlopenna, Bigmosimme
D(1,0) & D(0,1) — 306pazkentio anrebpu JIi AO(1, 3).

Baiitcausim mincranosky 'y, (12) Ta H (13) B cucremy (11), npuxo-
JIIMO JIO TAKOTO TBEPJI?KEHHSI.

Jlema 1. Jpyeuti xaac ineapianmis anzebpu L, 3 basucnumu onepamo-
pamu dopmu (3), ckaadaromo dyrruii (9). Ipu yvomy mampuus H mae
popmy (13), a Pynryii 0,0, (a =0,1,...,5) 3adososvnaoms cucmemy
JupeperyianvHUT PiBHARD 3 YACTMUHHUMY NOTIOHUMU NEPULO20 NOPAD-
KY:

00 969
0 pmg, e L0 (g 05 1) —
maxu f ’ maxu ( 4f1 + 5f2 ) fO )
80 m m m
Sy, = L (035" = OsJ7) + £,
" 96, m m
;n—a = 4(9194 +9295) fl -‘1-4(9195 - 9264) f2 —
L (14)

1
—91f5n—92f§n+§f1m7
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00
;;872 = 4(0204 — 6105) fT" + 4 (6205 + 0104) f2—
I
1
—92f5n+91f§n+§f:;na

00 1
ﬁla—4 =04 f5" —2(0F — 03) 1" — 40405 f3" — 05 f3" + = 1",

T, 2

Eho = OS5 — 40405 7" + 2067 — 03) 15" + 0S5 + S 13"
I

I3 ckazanoro BUIIIE BUIIJIMBA€E TeOopeMa.

Teopema. Hexati L = (X;,/m = 1,...,p) — nidarzebpa paney S KoH-
Popmrol anzebpu, basucni zenepamopu aAxoi maromsv eueand (2). An-
3ay, wo eidnosidac nidaszebpi L, mae ainitiny dopmy (10). pu yvomy
A(mg,x) = H 1(z9,x), de H mae euzand (13), a dynxuii w(xo,x) ma
0 = (20,x%), 0o = (20,x) (. =0,1,...,5) € posg’askamu cucmem Juge-
PEHUIAADHUL DIBHAHD 3 YACTNUHHUMUY NOTIOHUMU NEPU020 Nopadky (6)
ma (14) eidnosiono.

Ockinbku L — noBinbHa mmigaaredpa KoHGOPMHOI ajarebpu, To 3 Teope-
MU BUILIUBAE, MO JIOBLILHUI KOH(MDOPMHO-IHBAPIAHTHUAN aH3AIL JIJIsI [I0JIst
Maxkcsesuia mae Jiniiiny dopmy (10).

2. BukopucranHs pe3yJsibTaTiB TeOpeMH Jijist o0y 10BU KOH(MOPMHO-1HBA-
pianTHUX po3B’a3KiB cucremu (1) nepenbadae HasABHICTD IEPEJIKY I IAT-
re6p ganoro panry s aarebpu AC(1,3). Bizoma x kiacudikaris 1migai-
redp KOHMOPMHOI aaredpu MpoBeIeHa 3 TOUHICTIO 10 TPYIN BHYTPIITHIX
asromopdismie anreopu AC(1,3) [8].

Hexait AC(1,3) — xondopmHa asrefpa, 0 BU3HAYAETHCS IeHepa-
topamu (2), a AC(V(1,3) — komdopmua anrebpa, sKa IOPOIZKYETHCS
BEKTOPHUMU TIOJISIMU

PV =a,, JW=ard,, —avd,,,
D — xuaww Kl(}) —opt D) _ (waV)a%.

Tyt nigniManHs Ta OMYCKAHHS iHJIEKCIB U, V 3/IIHCHIOETHCSA 38 JOITOMO-
rOI0 METPHYHOTO TEH30pa g, = gH” mpocTopy MiHKOBCBLKOTO RL3.

Jlema 2. Hexati L — nidanzebpa anzebpu AC(1,3), s — pane L, s() —
panz npoexyii L na ACM(1,3). Axwo s = s, mo dim L = s.
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BukopucroBytoun pesysbraré JIeMd, MH OTPUMAJIH YOTHUPHAIIISTH
HOBUX aH3aIliB /it 1oJist MakcBesa, gKi He € iIHBapiaHTHAUMHA BiTHOCHO
nizaaredop ajarebpu AP (1,3) i skum Binnosigae peaykuis cucremu (1) 1o
cucreM 3BUYAiiHUX JudepeHIiaJbHIX PiBHAHD. Ll 1a/10 MOXKJIUBICTh OT-
pUMAaTH DsiJi HOBUX TOYHUX DPO3B’s3KiB piBHsHb Makceesuia (1). Huxae
MU HABOJMMO OJIMH 3 TAKUX PO3B’SI3KiB:

Ch,.

Ey=F+G, Ey=F+G, E3= DB,

T (15)
H=G-F, Hy=F-G, Hs=Bs,.

F = 0'_1(1 +€2)_1{$1C5 — 29Cg — (1 +w2)71 X

X {5$1A12 +&waAszs — %(1 - 52)(90112112 + 25212134)] }7

G = %(772 (1 +§2) (1 +w2)_1 (1‘11‘112 — x2f~134> ,
F:(')'il (14’52)71 $106+IQC5+(1+W2)71X

1 - .
X |Ex1Aza€xaAra + 3 (1-¢%) (5621412 - ZE1A34)] ;

.1 - . .

G = 5071 (14€%) (1+w?) ' ($1A34 + fczAlz) )
Aij = wCi + Cy, Ay = C; — WGy,

By =0t (14+w%) 7 [Ciw+ &)+ (1 - &w),

o=a}+3, n=10+a3 &=120— T3, W=n(1+§2)071—€7

.., Cg — IOBLIBHI JiilicHI cTajIi IHTErpyBaHHSI.

HeBasKKO NEepeKOHATHUCS, 10 B 3arajlbHOMY BUIIAJIKOBI BEKTOPHI HOJIsI
E, H (15) e € oproronansaumMu. YMmoba E - H = 0 BUKOHyeThCs, KoM
MAalOTh MicIle PiBHOCTI

CyCs = CyCs, C1Cs = C1C5 + CyCy + C5C5.
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ITpo HOBI 300pakenHs ajredp JIi rpyn
lastiztes B TpuBUMipHOMY HpoOCTOpi-daci

I.0. JIATHO

Hoamascokuti nedazozivrut incmumym, Iloamasa
E-mail: lahno@pdpi.poltava.ua

IIpoeeneno kmacudikarlito OIHOTO KJacy 300paykeHb BEKTOPHUMU IIOJIsI-
vu JIi KracuuHOl, creniaabHOl Ta moBHOI anrebp lasimess B TpuBuMipHO-
My npocropi-yaci. PesynbraTtn kiracudikaiil BUKOPUCTAHO JJIsI 1T00Y10BU
raJijieii-inBapianTHUX piBHAHD BUTAALy F(t,,u, tlL, g) =0.

Classification of a class of representations by Lie vector fields of the classi-
cal, special and complete Galilei algebras in three-dimensional space-time
is carried out. The results of this classification are applied for construction
of Galilei-invariant equations of the form F(t,z,u, u, 12L) =0.

CepeJ1 JIOKAJIBHUX TPYI CUMETPiil, SIKi 3HAMNUIN MIMPOKI 3aCTOCYBaHHS
B PI3HHX 3a/lauaX MaTeMaTHWJHOI Ta TEOPEeTHYHOI (Pi3UKHU, UiJibHE Mic-
e, opsan 3 rpynamu Jlopenna, Eskiiga, Ilyankape, 3aiimMaoTs rpymm
lamines. 3okpema, BOHE € IpyIaMu iHBAPIAHTHOCTI Psily BaKJIUBUX M-
depennjasbHuX PIBHAHD 3 YACTUHHUMUY IIOXiHUMU (HAIIPUKJIIAL, DIBHIHb
rertonposigaocti, IIpeomiarepa, Broprepca, Kopresera-ne ®piza) [1-
3]. Came piBHsiHHS, iHBapianTHI BiHOCHO rpyn Fasines, BigirpaoTs oxHy
3 OPOBiAHUX poJsieil B HepeaaTuBicTchKil disuni (Taki piBHIHHS 3310-
BOJILHAIOTH IpUHIKN BigaocHocti Lasimes).

VY 3B’s13Ky 3 IIUM aKTyaJbHOIO € 33aJa4a Bimdopy i3 MHOXKUHU Tude-
pPeHIiaJIbHUX PIBHAHb TUX PIBHAHb, MAKCUMAJIbHI I'PYNHU iIHBAPiaHTHOCTI
AKuX i3omopdui rpynam ['amimes abo micTaTs X gk miarpymnu. s pos-
B’sI3yBaHHSI JAHOI 3aJ1a9i BUKOPUCTOBYIOTH TOM (DaKT, 110 PIBHSHHS, SIKe
JIOIyCKae JaHy TPyIy iHBapiaHTHOCTI, € iHBapiaHTHHM 1 BigHOCHO aj-
re6pu JIi (indiniresnmanbuux omeparopis) uiel rpynu. Hanami anre6-
pu JIi rpyn Tasines wazuBarumemo anrebpanvu [asines. Came y 1ipomy
miaxomi O6y/I0 OmMcaHo IMIMPOKI Kjaach JAudepeHIliabHUX PiBHIHL €BO-
JIOIHiHOTO THILY, sIKi iHBapiaHTHI BiHOCHO nBOX asre6p lamines [2, 4].
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[TosHicTio 3amaga onucy audepeHIiajbHUX PIBHAHDb 3 YACTUHHUMU I10-
XiJHAMU APYTOTO MOPSIKY, IHBAPIaHTHUX BiHOCHO CTAHIAPTHUX aJIreOp
Tanises, poss’sizana B [5]. B poborax |6, 7| mouepenubo Gyio 3xificHeHo
kJacudikalio ycix HeeKBiBaJeHTHUX 300parkeHb BEKTOPHUMH IIOJISIMU
JIi posmupenux ajrebp lasisess y mpocTopi JBOX He3aJeXKHUX i JIBOX
3ajIe2KHUX 3MIHHUX, & IMOTIM Pe3y/IbTaTH i€l Kiacudikarii Oyau BUKO-
PUCTaHI JIUIsT OMHUCY TaJIijieii-iHBapiaHTHUX PIBHSIHD €BOJIIOIINHOTO THILY.

Y maHOMY TOBiOMJIEHHI MU, IPOJIOBXKY0UN poboTn [6, 7|, BuBIaeMo
KJTacudiKaIio HeeKBiBaJIEHTHNX 300parkKeHb B KJIaci BEKTOPHUX 1oJIiB JIi
(BILJI-306pazkens) KjacudHOl, crelfjaJbHOl Ta HoBHOI anrebp lasimes
Yy TPOCTOPI TPHbOX HE3AJIEKHUX Ta OJHIE] 3aJIeKHOI 3MiHHUX. Pe3yib-
Tatn KJacudikaiil BUKOPUCTAHO i MOOYIOBU raJijieii—iHBApiaHTHUX
PiBHSIHb BUTJISITY

F(t,x,u,?,g) =0. (1)

0
B (1)imani ¢ = (z1,22), u = u(t,z), U= {uﬂ = ,ut,:cl,xg},

ou
U Ou t
= Uy = —F— |,V =1,21,22 ¢ .
g " auayu 1,22

1. dx OyJs10 i IKPECIEHO BUIIE, CIIOYATKY MU PO3TJISIIAEMO 3a[aTy OIMUCY
peautizariit anreop lasimes B Tepminax Bekropuux modis JIi y mpocropi
X ® U nesajexuux i 3ajeKHUX 3MIiHHUX. Y HAIOMY BHIAIKOBI X —
TpuBUMIpHUIi npocTip i3 KoopmmHaramu t,x = (r1,22), a U — npoctip

Jificanx QyHKIH u(t, x). BekropHi mosst JIi MaroTh BAMIIsT
Q = 7(t,z,u)0 + £ (t, x,u)0p, +n(t,z,u)dy, 1=1,2, (2)

ae 7,6 n — MOBUIBHI JOCTATHLO TIAKi DYHKINI BH3HAMEHI y TpOCTOpi
X®U.

Hexait AL = (Q1,...,Qn) — anrebpa Jli, 6a3ucHi oneparopu @); Kol
33/I0BOJIbHAIOTH KOMYTAITIH] CIiBBITHOIIIEHHS

[Qk» Qm] = C;?an, (3)

ne Cp — nificnosuadni craji (crpykrypHi komcranTn), k,m,n = 1,2,
., V.
Bynemo rosopuru, mo oneparopu Q; (i = 1,...,N) Buriuany (2)
peadizyiors BILJT 306pakennst aiaredbpu JIi AL, sakino BoHn
e JliHIIHO He3aJsIexKHi 1
® 33JI0BOJIBHSIIOTh KOMYTAIifiHI criBBifHOMEHHs (3).
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Hob6pe Bimomo [1], mo komyTanifini crnigsinHOmeHHsS (3) He 3MiHIO-
IOThCS y PE3yJIbTaTi BUKOHAHHS JIOBLILHOI 0OOPOTHOI 3aMiHN 3MIHHUX

tl = h(tl’,), LE; = ga(t7x7u)a a = 1a25 ’LL/ = f(t,.fC,’LL), (4)

ne h, ga, f — nolibHi riagxi dyuxmii. Ilepersopenns (4) dopmyiors
rpyuy (rpyny mudeomopdismis), sKa BU3HAYAE PUPOJIHE BiIHOIICHHS
ekBiBasleHTHOCTI Ha MHOXKWHI MoxkJymBuX BILJI 306pakens asnredp Jli
AL: nBa 300pazkents ajrebpu JIi AL Ha3MBalOThCA €KBiBaJEHTHUMU,
SIKIO 1X BiAIOBiAHI 6a3ucHI omepaTopu TpaHCHOPMYIOTHCS OJMH B JIPY-
ruit B pesyibrari gil mepersopenns (4).

Posrnany mignsrarors kiacudHa, creriagbHa Ta moBHA aiarebpu [a-
Jines, ski Bimmosinmo nosnadaemo AG1(1,2), AGs(1,2), AG3(1,2). IIpn
mpomy, AG1(1,2) = (T, Py, Ga, J12 |a = 1,2), ne 6asucui oneparopu
38/I0BOJIbHSIOTH KOMYTAIIiHI CIIBBITHOIIIEHH

[Pava] = [Tv Pa] = [Paapb] = [Gava] = [Tv Jl?] = Oa
[P1, Ji2) = Po, [P, J12] = —P1, [G1,Ji2] = Go, (5)
[G27J12] =P, [T7 Ga] =-PF,, ab=1,2;

AG5(1,2) = (T, P,,Gq,Ji12,D|la = 1,2), ne 6a3ucHi omeparopu 3a0-
BOJIBHSIIOTH KOMYyTaIliiiHi criBBiHomenHs (5) Ta cHiBBiAHOIICHHS
[D, J12] =0, [D,T]=-2T, (©)
[D7Pa]:_Pa7 [D7Ga]:Ga7 a:172;

AG3(1,2) = (T, P,,Gq, J12, D, S|a = 1,2), ne 6a3ucHi oneparopu 3a710-
BOJIBHSIIOTH KOMyTarliitai crissizgnomenss (5), (6) Ta cuissigHOmEHHST
[57 J12] = [S7Ga] :Oa [SaPa] :Gaa

T,8)=D, [D,5]=25, a=1>2. ™)

Tyr mu obmexyemocsa posrisgom tux BILJI 306pakens aaredp
AG1(1,2), AG2(1,2), AGs(1,2), oueparopu Tpamucisiiii akux 1, P, (a =
1,2) MaroTh BUTIISAT

T = atv Pa = _8?6,17 a = 172a (8)

it moznagaemo 1x gk BILJI* 306parkenmsi.
Came Takoro tuily 300paxkeHHst ajirebp [ajiijiest 3ycTpidyaioThbCsi B pis-
HUX 3a/[a9aX MaTeMaTUIHOl (Di3UKH.

IIpo moBi 306pazkenus aared6p JIi rpyn lamines 133

st Toro, mob OTPpUMATH MEPEJIIK HEEeKBIBaJEHTHUX 300PaKeHb KJla-
cuunol asrebpu [asises, HeoOxinuo momosuutu oneparopu 1, P, (8)
oueparopamu Ji2, G, (a = 1,2), axi malors Bursy (2), it nepesipu-
TH BUKOHAHHSI KOMyTaliitaux crissigsomens (5). IIpu npomy, st crpo-
IIEeHHST BUTJIsITy OlepaTopiB Jis, G, MOXKHa BUKOPUCTOBYBATH JIUIIE Ti 13
3amin 3minnux (4), gki 3anumaoTs Burigan oneparopis T, P, (a = 1,2)
(8) mesminnum. HeBazKKo 1€PEKOHATHUCS, IO TAKUMHU € [I€PETBOPEHHS

t'=t+hu), zi=x,=g"u) (=12, u=Ff(u). (9)

Hanpukian, i3 BUKOHAHHST KOMYTAIIHHNX CIiBBiHOIIEHD (5) BUILIABAE,
IO HAHMOIIBIN 3araJbHUN BUTJIsA orlepaTopa Jio Takwuii:

Jio = T(w)0y — 2200, + 2100, + & (W), +1(uw)dy, i =1,2. (10)

sIkmo B (10) 1 # 0, To, nokmasmu B (9) byHkHii h, ¢°, f 9K po3B’A3KN
PiBHSIHD

T4nh, =0, & 4ng,=-, E+ng.=¢" nfu=1,

MH 3BOAUMO OLeparop Jiz O omeparopa (B IOYATKOBAX IIO3HAUEHHSIX
3MIHHUX)

Jio = —:cgc‘?zl + (Elax2 + Oy
Ao xk B (10) 7 = 0, TO aHAJIOrIYHO NPUXOAUMO 0 OLEPATOPA
Jio = —.Z’Qaml =+ xlam.

Omxke, MatoTh Micie 18I peasizanii B kiaci Bekropuux 1ouis JIi (2) ome-
paropis T, P, (a = 1,2), Ji2. II[o6 orpumaTy HeeKBiBaJeHTHI 306pakeH-
Hs anrebpu AG1(1,2), 1oTpiGbHO KOXKHY 3 HUX JIONOBHUTH OIIEPATOPAMU
G, (a = 1,2) Buriany (2). Onyckamoun JOCUTH IPOMI3IKI BUKJIAIKU
obunciaeHb, cHOPMYTIOEMO PE3YIIHTAT.

Teopema 1. Heexsisanrenmmni BIL/I* 306pasicenms xiacuunoi anrzebpu
Taninesn suuepnyromuves 00HUM 13 MAKUT 300PadHCEHD:

AGY(1,2): {T =0, P,=—0,, (a=1,2),

Jig = =290, + 10y, G1 =10y, G2 =1t0s,};
AGHL,2): {T =0, Po= 0y, (a=1.2),

Ji2 = =220y, + 210z,,

G1 = t0y, — u0y,, Ga = t0y, + u0y, };
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AG(1,2): {T =0, Po=—0,, (a=1,2),
Ji2 = =220z, + 104, + Ou,
G1 = (t + Acos2u)0y, + Asin2ud,,,
G2 = Asin2u0y, + (t — Acos2u)0y,, A > 0}.

dAdx BumsmBae i3 Teopemu, s omucy BILJI* 300paxkens asredp
AG5(1,2), AG3(1,2), norpi6HO 3/iCHUTH TIOETAIIHE PO3IIMPEHHST KOXK-
Horo BIIJI* 306pazkenns aarebpu AG1(1,2) o crerjansHol, a moTiM 1o
moBHOI ayiredbp [astiytest. 3a3HaumMo, M0 KOXKHE 3 OTPUMAHUX Y TeOope-
mi BILJT* 306pazkenn anrebpu AG1(1,2) Take pO3IMIUPEHHS JIOMYCKAE.
CdopMyTII0eMO Pe3yIbTATH JOCIIZKEHD.

Hacainok 1. Heexsisaaenmmi BIL/T* 306pasicenma cneyianvroi anzebpu
Tanines uuepnYIOMBCA 00HUM 13 MAKUT 300DAAHCEND:

AGH(1,2) . {AGY(1,2), D = 2t8; + 210y, + 2295, },

AG3(1,2): {AGi(1,2), D = 2t0; + 210,, + 1204, + ud, },
AG3(1,2) . {AG3(1,2), D = 2t0; + 10,, + 220, + 2ud, },
AG3(1,2) . {AG3(1,2),0de A =0,

D = 2t0; + 2104, + 204, + v0u, v € R}.

Hacainok 2. Heexsisarenmmni BIL/I* 306pasicenns noenoi anrzebpu la-
ALAEA BUMEPNYIOMBCA 00HUM 13 MAKUT 300DaHCEHD:

AGL(1,2) 1 {AGL(1,2), S =120, + 21t0,, + 22t0p, };
AG3(1,2): {AG%(1,2), S =120; + 21t0s, + T2t0p,+
+u(t +eu?)d,, &=0,+1},
AG3(1,2) 1 {AG3(1,2), S = (1 —u?)0; + (w1t + 22u) 0y, +
+ (ot — 1) 0y, + 2utdy };
AG3(1,2): {AG3(1,2), S =120 + (x1t + Acosu)Oy, +
+(zat + Asinw)0y, + (vt + @)dy, A >0, o,y € R}.

2. Y 1mpoMy IIyHKTI 3yHHHHMOCS Ha IT00Y/I0BI HAWOI/IBII 3arajbHOrO BU-
risay piBagub (1), gki iHBapiaHTHI BIHOCHO KJIACHYHOL, CHENiaJbHOL
Ta moBHOI anrebp lamimes. s 11bOoro BUKOPHUCTAEMO OTPUMAaHI B TEO-
pewmi Ta macyigkax BILT* so6pamxenna AG1(1,2), AG3(1,2), AG3(1,2),
AGL(1,2) Ta AG3(1,2) Brazanux aiare6p.
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Ipoueaypa 1mo6ymoBu iHBapianTHUX PiBHsAHD € crangapTHOL [3]. He-
xaii Q, (a=1,...,N) ckuanaiors 6a3uc anrebpu JIi AL rpynu cumerpil
y npocropi X @ U. Y namomy Bunajakosi X ® U € upoctip (t, x1, x2,u), a
BCi Q, Marorh Buriisiy (2). Pipasnus (1) inBapianTHi BimHOCHO amrepn JIi
AL, skmio dyuKiis F 3a10BOJIbHAE CUCTEMY TUMDEPEHIIATbHAX PIBHSIHD
3 YaCTUHHUMU TOX1THIMUI

prPQ.F =0, a=1,...,N, (11)

ne pr?Q, — apyre nponoBeHHs oneparopa Q.

Tuwm camMum 3a/1a9a 3BOAUTHCA JI0 PO3B’si3yBanHus piBHAHb (11), B Ki
BCi apryMeHTH BXOJATH AK He3aeKHi 3MinHi. Kk Bimomo, 3arajsbHumii
po3B’si30K cucremu (11) mMae BurIIsi

(..., Js) =0, (12)

ae Ji(t, @, u, wy, up) (v =1, 21, T2) CKIATAIOTH MHOKIHY €JIeMEeHTap-
uux imBapiantis anrebpu AL. Yucio 3minamx B (1) it (11) pisme 13.
Asrebpu AG1(1,2), AG2(1,2) it AG3(1,2) € po3p’sizuuMu aiarebpamy,
reHepyI0Yi OpOiTH BiINOBITHUX MIPOIOBKEHD IPYII IEPETBOPEHD € IIECTH-,
ceMu- Ta BOCbMUBUMIPHI, BiioBiaHo. 3rigHo 3 uMm pisaguas (12) micru-
TUMe CiM, IICTh Ta I'ATh eJeMeHTapHuX inBapianTis anrebp AGi(1,2),
AG»(1,2), AG5(1,2), BinnosigHo.

Pesynbrarn HAmmx 06YUC/IEHb MU IIiICYMOBYEMO HUKYE.

Pisnganna (1), insapiantae Bignocno anre6pu AGL(1,2), mae Haii-
GBI 3arajJbHUH BUTIST

F(Jy,...,J7) =0, (13)
ae

J) =u, Jo = u? + u3, J3 = u11 + uag,

Jy = uduy + udugg + 2uiusuya, Js = uiiuzg — uisy,

_ 2
Jg = (U1u22 - U2u12)ult + (U2U11 - U1U12)u2t - (u11u22 - Ulz)ut,
_ 2 2 2
Jr = unud, + uggud, — (uriuze — uiy) uy — 2urzursusy.

TyT ug = Usg,, Ugh = Uz ays Uta = Utz,, &, b = 1,2. 3a3Ha4umo, 110 11eit
Pe3y/IbTAT HE3aJIE?KHO OTPUMAHO B [8].

Haiibisbm 3aranbuuM pisagaasam surisay (1), gxe e iHBapianTHEM
BigHocHo anredp AG3(1,2) ra AG3(1,2), € pipusuns

G(S1,...,%) = 0. (14)
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IIpu oMy, enemenTapHi inBapianTn anrebpu AG3(1,2) MatoTh BUTIsL

Y =Ji, So=Jdy Y, Na=Judy 2

(15)
Yy =JsJy 2 U5 =Jedyd, Xe = Jrdyt,
a anrebpu AG3(1,2) —
Yo=Jo, Yo=J3Ji, Xz =J4Jy,
(16)

Yu=J5Ji, B =Jedy, Xg = J7J}.

Buavensst Jq, ..., J7 Taki Xk, gk i B (13).
Haperri, Haiibiyibin 3araabHUM PiBHSIHHSIM, STKe IHBApiaHTHE BiIHOC-
Ho anre6p AG3(1,2), AG3(1,2), € piBuanns

H(Ap,...,As) = 0. (17)

Jlist mosHOT anre6pu Lamines AGA(1,2) 3Hauenus ejeMeHTAPHUX iH-
BapiaHTiB 30irafoThesa i3 PYHKIIAMN

A =31, Ao =%, A3 =33, Ay=3y, Ay =22 — (3y — X3)%,

Jle BHAUEHHS X1, ..., Ng Taki, sk 1 B (15). 3HAUeHHs eJleMEHTApHUX H-
BapianTis anre6pu AG3(1,2) npu € = 0 Taxki:

A =31, Ap =3, A3 =33, Ay =34, As =35,

ampu e #0—

o

A =388, 38, Ay=3;i%, - 334,

_5 6_1
A3 =%, °%4 — 5216 (22 - E1_123) )

_ 1 3 3
A4 = El 2 |:E5 — & <?E4 + 52122 - ?EB)] )

i -1
As = %wrgAzf S+ w2A~! (u+§Az§> -
2e 4 6e 1 1 5
S (—S) - EwAs () - —vas (-2) -
7 ( 3) 5" ( 2) 19" ( 2)

6 5\ 9 5
—AS(-2) - ars (-2
35 S( 3) 25 S( 6) ’
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EZil, w:A4, U:Ag, A:Al—Ag,

¢ 6 Ly
S(a) = /TO‘ {v—l— gAT%:| dr.

Tyr X1, ..., X6 HaBemeni B (16).
Baysazkumo, 1o xkoaue i3 pisusaus (13), (14), (17) me micrurs pis-
HSIHHSI TIEPITIOrO TOPSIKY, B K BXoguia 6 3MiHHA ;.
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Symmetry reduction and some classes of
exact solutions of the Born-Infeld equation

O. LEIBOV
Pidstryhach Institute of Applied Problems of Mech. and Math., Lviv

BukopucroByroun niarpynosy crpykrypy rpynu llyankape P(I,B), no-
OymoBani am3aru, gki peayKylooThb piBHsHHS Bopna-ludenpma mo mude-
PEHIaJbHUX PIBHSHB 3 MEHBIIOI0 KUIBKICTIO He3aJexKHUX 3MiHHuUX. [Ipo-
BeJleHa BIiJIMOBiHA cUMeETpiitHa peayKIlis. SHaleH] HesKi KJIacu TOTHUX
PO3B’sI3KiB JIOCTII?KyBaHOTO PiBHSHHS.

Ansazes that reduce the Born-Infeld equation to differential equations in
a less number of independent variables are constructed by means of using
the subgroup structure of the Poincaré group ]5(1, 3). The corresponding
symmetry reduction is carried out. Some classes of exact solutions of the
equation under investigation are found.

The Born-Infeld equation for different n-dimensional spaces is widely
applied (see, for example [1, 2]). In works [3, 4] symmetry of this equation
has been studied and families of exact solutions was found using special
ansatzes.

The present work is devoted to the studying of the Born-Infeld equa-
tion

Ou (1 — upu”) + upputu” = 0, (1)

0%u ou

_— u, =
Ox, 0, ox,’

where v = u(z), x = (29, 21,22) € Rs, uy =

w,v=0,1,2, 0 is the d’Alembert operator.

The invariance group of equation (1) is the extended Poincaré group
P(1,3) [3, 4]. In this work we construct ansatzes that reduce equations
(1) to differential equations in a less number of independent variables,
by means of using the subgroup structure of P (1, 3) [5, 6]. Corresponding
symmetry reduction is carried out. After solving reduced equations, we
find some classes of exact solutions of the Born-Infeld equation (1).

u = —(z1p(w)) T2 4 g, w=2, (a #0),

&
¢" =0, © = cow + ¢y,
u =120 — (c1o1 + corq)(1T)/22,;
u=—p(w)+xo—2Inxs, w:ﬁ,
T2

20" + "% =0, v =2In(w+ ¢),

u=xz9— 2ln(x1 + cxs);

x
2 2 2 2 1
u? = —x50° (W) + x§, W=,

2

p(p? —w? = )" + (W + 1)¢ — 2w’ +¢* — 1= 0;
u=—((2f + 23)p(w)) T2,
w = 2arctg 2 In(z? +23), (c>0,a#0),
T
402p%p" — 8(a? + 1)@ + 12092 — 6%’ + > = 0;
u? = —23p?(w) + 23 — 23,
w=aln(xg—u) — (1+a)lnze, (a#0),
p((0? = 1)p? = a?)p" + (2(® +1)%¢* — a®)p"—
—((5ar +3)p? — 5a)py’ + p*(20° — 1) = 0;

To + U

2 b)
T3

u=—p(w)+xo—2Inxs, w=

(4w — 1)@" + 2w + 24" = 0;

w = —p(w) + 70 — In(a? + 23),

w = 2c arctg 2 4 In(z? 4+ 23), (c>0),
x

1
202(,0”4—90/34'(02+3)<,0/2+3<,0/+1ZO;
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8. u:<p(w)—2arctgﬁ—x0, w=

2, .2
r] + 25
1 To—u’

w4 —w?)e” + 202" +2(3 — W)y’ = 0;

Ansatzes (1)—(8) can be written in the following form:

h(u) = f(z)e(w) +g(2),

where h(u), f(x), g(x) are given functions, ¢(w) is an unknown function,
w = w(z,u) is a one-dimensional invariant of a subgroup of the group

P(1,3).

9.

10.

11.

12.

13.

¢"(1+w* +¢%) =0,

U= ——" w=1i\/2? + x3;
C2

Tow = x1p(w), w=—,

u

© = 1w + co; p=iVw?+1,

L2

1w = 2op(w), w= )
o —Uu

Zo — (wl - 01932)
1 .
® :07 @:Clw+027 u = )

C2
I To—Uu
— = z2p(w) — z2 Inxo, w=——
w X9
W2 + 2w +1 =0, @:*lnwfgv
w

T +cx
71t era + In(zo — u) = 0;
o —Uu

2 2\1/2

xri+x
pow = (2 + ad) (),  w=AETNT

u
w(l+w? — )" — (14+w?)p" + 2wpp"? + (1 — p*)¢’ = 0;

2
T To— U
In(wz?) — w2 — “L = p(w) — 2z w=
(wz3) 2 wx% p(w) 05 x% )

w(4w + 1)¢" + 2w(3w — 1)’ + 3 = 0;

Ansatzes (9)—(13) can be written in the following form:

hw,z) = f(@)pw) + g(z),
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where h(w,z), f(z), g(z) are given functions, ¢(w) is an unknown func-
tion, w = w(w,u) is a one-dimensional invariant of a subgroup of the
group P(1,3).

14.

15.

16.

17.

18.

19.

2 2\ 1/2
]+ x5 .
(xg_u2> —(,O(CU),

w=2c aurctgﬁ 7lnx07u’ (¢>0),
T To+u
4p(1 = ¢*)(c® +¢*)¢"+

+4((2 = 1)¢? = 2)¢ + p*(p* — 1) = 0;

L2

x2—x2—u2 1/2
(O L ) :(p(UJ), W= )
o —Uu o —Uu

(@ — w?)p" — (W? — 202)p? — 2wpy’ 4 p* = 0;

(] +23)!/2

u = <p(w),

w = 2« arctg % —In(2? +23), (a>0),
1

40°((0® + 1)” + 1)¢" — 8(a® + 1) —
—(8(c® + 1)p—80a® — 4)pp" — (4p* + 6)p* ¢’ —p° —p® =0;

(e} +53)

To —u = <p(w),
w = 2« arctg 2 In(z? 4+ 22), (a>0),
Ty

do?pp" —8(a” + 1)@ — 4(20° + 3)p" + 209" —° =0;

(u— z)°! (3 — u?)"/?

e = O
('U, + 1’0)a+1 SO(W), w xl ’ (O& > )7
fa=1:

dwpp” — w?(Ww? + 1) — 2(2w? + 5wpp? — 42’ = 0;

2 _ .2 .2 ,2\1/2
<x0 1 *2 u ) = Qp(w)’ w = 1 — ln(l‘o — U),
Top—Uu To— U

o(® —1)¢" + (9 — 1) + 3¢’ +49* = 0;
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(1‘0 _ u)a—l
20. In W = (,O(W) - 25 arctg($2 - l‘l))
2 2\ 1/2
Ty — U
o= (B3%) . zosz0ats20,

402(a2 + (B2 — a2 + 1)w? — B! + (Wt — 1)/~
—6w?Q"? +w(4(f% — a? + Dw? + Ta? — 2a — 13)¢'+
+8(a? —1) =0;

21. u+1In(zg — u) = p(w) — 2« arctg 2 Zo,
T
2, .2
w = M, (a>0),
To—Uu

w(d(a? —w)—w?)p" + 2w + 2(3a? —2w—w?) Y —w=0;
((ZL‘O — U)2 — 4:171)3
(6(xg +u) — 621 (20 —u) + (o — u
2
—u)?—4
" (xo —u) x17
T2
6w(w? — (16 + w?)e? )" + w(3(16 + w?)e® — 2w?) "2+

+12(w? — (20 + w?)e?) ' = 0;

22. In

)3)2 = QO(CL)),

(23 — 23 — u?)
23. 1 = e —
" ((xo — w)ze — x1)? P(), vt

W2" + w2 + 2w(wW? + 1)ef Y + 2(w? — 2)e¥ — 2 = 0;

Ansatzes (14)—(23) can be written in the following form:

h(u, z) = f(z)p(w) + g(x),

where h(u,z), f(z), g(x) are given functions, p(w) is an unknown func-
tion, w = w(wr,u) is a one-dimensional invariant of a subgroup of the
group P(1,3).

2. Next we consider reduction of equation (1) to two-dimensional partial
differential equations (PDEs). Obtained PDEs can be written in the
form:

A(p1195+92207 —20120102) + B1p11 + Bowao +2Bsp12+V = 0,

Symmetry reduction and some classes of exact solutions 143

where ¢ = p(w,ws),
_ ¢ _ 9%
%:&ui’ @ij=m7
Below, we present the ansatzes, which reduce equation (1) to two-di-

mensional PDEs; and the corresponding coefficients A, By, By, B3, V
of the reduced equations.

ij=12.

1 o+ u
1. u=—p(w,w)+x0—2Inxs, wi=—, wy= 5
To x5

A:2w§7 B, —2(1+( —2w2—|—1)<p2),

BQ = 8&)2 —1- 4&)1(.02@1,
Bz = (2w — wi — 1)1 + 2w1 (wagpz + 1),
V = (wapa + 1)F + 4(1 — wapa)pa;

2. u=—p(w,ws) + 1z — In(z] + z3),
Ty + u T2 2 2
w1 = oy wo = 2c arctg o +In(ay +23), (c>0),

A=4c*?, By =4dwi(pz+1)—1,
By = 4(c® 4+ (1 + (1 = 2w1)) 1,
Bz = —2(1 +wip1 + (1 + (1 — 2w1)) o,
V= =2uwie} + 203 +2(c* — B)wip13 + 6wipips + bwipl+
+2(c? + 3)3 + 4(1 — 3wi) 12 + 2(2 — 3w1) 1 + 6pa + 2;
Ansatzes (1)-(2
h(u) = f(@)e(wr,w2) + g(),
f (@),

where h(u), f(z), g(z) are given functions, p(w;,ws) is an unknown
function, w; = wi(z,u) and wy = wa(z,u) are invariants of a subgroup
of the group P(1,3).

) can be written in the following form:

i) i)
3. xowi = zop(wr,wa), w1 = o Wy = ?;

A=1-w?+w? By =1 —w? 4+ ¢? — 2wap00p,
By = —1—w} —? + 2w1010,
B3 = p(wipr + waps) —wiws, V =0;
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4. (sc1 +x )1/2w2 = 2op(w1,wa),

w1 = 2« arctg 2 In(z? + 23), we = ﬁ, (o > 0),
X1 u

A =4(a® 4+ 1) (w3 — p?),

By = 49*((0® + 1)(p — 2wapa)p + o),

By = > (4(wi — D1 — p(9? — w3 + 1)),

B3 = 203(2(as + 1wapr + (1 — wd)p2 + wap),

V = 8(a”+ 1)@} (w22 —p1) i p(2(e® +1)p— 207 — 1)
— (w3 = Dp39® 4 dwaprpap® — 2(2¢° + 3)p* o1+
+¢% (2waipap — * — 1);

Ansatzes (3)—(4) can be written in the following form:
hwr, wa, @) = f(z)p(wr,w2) + g(z),

where h(wi,ws, ), f(z), g(x) are given functions, ¢(wi,ws) is an un-
known function, (wi(x,u) and wa(x,u) are invariants of a subgroup of
the group P(1,3).

% p(wr,ws),

(x —u )1/2

X
W) =—, Wy = —, (Oé>0)7
X1 A

ifa=1: A:w%(lfﬁlJ%*(ﬂg)? B1 :4(4)1@(1*(4)%(4)2%02),
By = 4wi(1 + w3)ere, Bs = 2w (wiwap1 — (14+w3)p2) @,
V = —wi(wi + 1)@} + wi(2wi+wi+1)p193 + 2wiwrpips—
—2(2w] 4 5)wi Pt + dwiwaprPap — 4% py;
_ 1/2
(u—xo)a/c 1 x% —u?
6. —— = R , === )
(u+ xo)/ et el ) ! xi + a3

we = 2 arctg % —In(z} +23), (c>0,a>0),
1

fa=c:
A= 4w3(1 + A1 — w?)), B = dwip(p — 2w3ps),
By = 16(c + 1)wip1p, Bz = dwip(wipr — 2(c + 1)),
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V =wi(w! —wi — 1)@} —8(c? — Nwipi+
+4w?((3 — 2¢)w? + 2 + 1) 193 + 6w Py —
—10w1pTp — 8wip1pap — 4p197;

T
7. = (w1, ws) — Inxo,
o —Uu
_(x%fx%—UQ)l/Q X0 —u
w1 = ) W = )
T2 x2
_ 4 _ 3 2 2
A = wiws, B; =wi(l —wi +wj),
2 2 2 2 2 2,,2
By = —wiwj (w1 +2w301), By =wiwa(w3p2+1-wi+ws),

V =dwwi(wi — Detps +wy (2w] — Dpr1pi+
+H2wiwd(wi — 1) + 2wiwierps + 2wiwiol—
—2wiwaps + wi(2(w? — w?) + 3)p1 — wi.
Ansatzes (5)—(7) can be written in the following form:
h(u, ) = f(z)p(wr,ws2) + g(z),
where h(u,z), f(x), g(x) are given functions, p(w1,ws) is an unknown

function, wi (z,u) and wy(r,u) are invariants of a subgroup of the group
P(1,3).
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NuBapuantel rpynnsl SO(2) B IpocTpaHCTBE
napaMeTpoB HeJIMHeHo cucTeMbl 11
MopsiAKa M yCJIOBHE CYIIeCTBOBAHUS
MepuoaNIecCKX pelneHmnin

A.K. JIOITATHH, A.I. KY3bMEHKO

Hnemumym mamemamuru HAH Yrpaunw, Kues

Orpumani kosdinientai kpurepii (Bupakeni gepes inBapianTu rpymm obep-
ragasa SO(2)) icHyBaHHS IEPIOJUYHAX PO3B’A3KIB B CHCTEMI APYroro Imo-
PSAKY 3 HoJiiHOMIaIbHUMU KoedilieHTaMu i MaJiiM mapaMeTpoM. Y3araib-
uooTbesa pegyiabratu K.C. Cubipcbkoro.

Coefficient criterion are obtained (expressed via invariants of the rotation
group SO(2)) of existence of the periodic solutions in system of the
second order with polynomial coefficients and small parameter. Results
of K.S. Sybirsky are generalized.

1. ITocranoBKa 3amaum. B 3Toit pabore craBUTCS 3amada O HAXOXK-
JIEHUW KPUTEPUEB CYIECTBOBAHUS IEPUOIUIECKUX PEIIeHUil B CHUCTEME
BHUJIA

dx dy

o :7y+€P(paxay)7 7 :x+€Q(q,x,y), (1)

dt dt
IJIe € — MaJblil IMapaMeTp, CUMBOJAMHA P U ¢ OygeM 06O3HAYATH COBO-
KyIIHOCTH HEKOTOPBIX HEOIPEICJCeHHBIX KO3(PQMUINEHTOB pq, ..., Pm U
40, - - - y yn COOTBETCTBEHHO,

m m
P(p,x,y) =Y pee™ b, Qlawy) =D qra™
k=0 k=0

— OJIHOPO/IHBIE IIOJUHOMBI B IIPOCTPAHCTBE L, .
DddekTuBHBIM CpescTBOM HCCIenoBanHus 3amaun (1) sBasercs Mme-
TOJI, ACHUMITOTHYECKOH jtekommosummu |1, 2].

NusapuanTe! rpynnst SO(2) 147

SaMeHna mepeMeHHBbIX B Buje psga Jlu

r=ea, y =Sy,

0 0
re S = S14¢eS2+e%S5+- -+, 5 = 7i1%+7i23_y’ J1st Jioboro 1 = 1, 00,

upeobpasyer cucremy (1) K IEHTPAIM30BAHHON CHCTEME:

dx’

o = Y e (p.q, 2 +y?) + 2 Fia (p, g, 2 +y%) + -+,
(2)

d !

d_yt =o' +eFy (p,q,2” +y?) +2Fa (p, g, 2 +y°) +---.

Cucrema (2) Mo ajropuTMy MOCTPOECHUS SIBJISIETCS MHBAPUAHTHON OTHO-
curesibHO Tpymmsl SO(2)

‘=z, oy ="y, (3)

0
= —§—= + T—== — d7eMeHT aaredpbI
ox a7y
s0(2). Ppymma SO(2) (3) Tak»Ke TPaH3UTHBHO JEHCTBYET B IPOCTPAHCTBE
k03 dunuentos py, gr cucremsl (1). Ee BekTOpHbBIE 110JIsI 3aIMIIEM B

BUJIE

X

rjie § — HEKOTOPbIN mapamerp, U

0 0 m 0
W 2 : ) S § ) . 4
=9 + £ fz(]% Q) i rar 771(]% Q) d4; ( )

BceBosmoxkHble MHBApPHAHTHI B IIPOCTPAHCTBE IIAPAMETPOB HAXOIATCH
KaK pellleHne CUCTEM

Wf, =0,
rie f, — OJHOPOJIHBIE 1O Do, P1, ---, Pm 1A G0, q1, - - -, ¢m MHOIOUJIEHBI
crenienu v, v = 1,2, .... I3BecTHO, 9TO YMCJIO HE3aBUCUMBIX MHBapHUAH-

TOB JIJIsl JIAHHO CTEIeHU 11 OJIHOPOJHOCTH MpaBbiX Yacrei cucrembl (1)
KOHEYHO (CM., Hanpumep, [3, c. 37]):

LI ... 1.

OTO0 1MO3BOJIsIET JaTh KOIMMUIMEHTHBIE KPUTEPUU CYIECTBOBAHUS IIe-
PUOIMYECKUX U U30XPOHHBIX IEPUOJNIECKUX PEIIeHHU.
Buepsbie Takas 3a7a4a Oblia yCIIENTHO PEIleHa [Jisi CHCTEMBI BHIA

dx dy

= Yt Pery), =T+ Qe ), (5)
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(To ecTh 1pu OTCyTCTBIM MaJIoro napamerpa) B paborax K.C. Cubupcko-
ro [3, 4]. B uuTupyembIx paboTax CyIeCTBEHHO UCIIOJIb30BaIaCh MATPHUIIA
upezcrasienus: koaddurpenros cucreMsl (5) rpymubst SO(2) B HEKOTO-
poMm crenmajbHOM Oaszmuce. /lajee, CyIiecTBEHHO UCIOIH30BAJICS MOJIU-
dunuposanubii MeTon, GpyuKimyu nocienosanus A.M. JlanyHosa.

B macrosimeit pabore CHUMAIOTCs 1Ba BaXKHBIX OIPDAHUYEHUsI, IIPUCY-
e meroxy K.C. Cubupckoro.

1) Hust mocTpoernst ”HBApUAHTOB rpyunbl SO(2) B IpOCTPaHCTBE TIa-
paMeTpoB mocTpoeHa anrebpa Jlu B Buze oneparopa (4).

2) AusbrepuaruBoil MeToiy DYHKIWIL I0CIeI0BAHNS SABJIAETCS METO
ACUMIITOTUYECKON JTEeKOMIIO3UITNU.

DTO MO3BOJINIIO:

a) CHsTb OIDAHUYEHUsI, CBA3AHHBIE C 003aTe/IbHBIM UCIOJIb30BAHIEM
CHeIraJbHOro 6asuca pu IOCTPOEHNH WHBAPUAHTOB;

6) BBecTH B cucreMe (5) Mmasblit mapamerp (cM. cucremy (1)), a sTo
IPUBOAUT K DACHIMPEHHIO KJIACCA PACCMATPHBACMBIX 33134 (Ha-
LIpUMep, CHATO TpeGoBaHUe, ITOOBI HEJIMHEHHOCTH HAYMHAJNCH C
YJIEHOB BTOPOT'O MOPsiJIKA MAaJIOCTH);

B) pa3paboTarb aHAJOTUYHUI IIOJXOJ, JJisd UCCIEOBAHUI CHCTEM II0-
panka n > 2 (Tak Kak CHUMAIOTCS OTPAHUYEHUs], CBsI3aHHbBIE C
npuMeHeHneM MeTosa GyHKIMIL mociaeqoBanus). Takoro poga pac-
CMOTpeHUe OyIeT IPeJIMETOM OTIE/IbHON CTATHU.

OTmeTnM, 9T0 IPpEMEHEHHEe aCHMIITOTHIECKIX METO/I0B MEXaHUKI NN
MeTO/a yCpeaHeHus [5] B JaHHOM CiIyuae HEBO3MOXKHO, TAK Kak Cylle-
CTBEHHO WCIIOJB3YIOTCS CBOWCTBA WHBAPMAHTHOCTH I€HTPAJIN30BAHHON
cucremsl (2) orHOCHTEIBHO (3).

ITepeitnem B cucreme (1) K MOAAPHOI cucTeMe KOODAMHAT IIyTEM 3a-
MEHBI

T = pcosy, y = psineg
U TIOJTy UM CHCTEMY

dp

dt

dy 1+ (Q(p cosp, psing)cosp  P(pcos, psin p)sin go))

— = € - .

dt p p

e(P(pcosp, psin ) cos ¢ + Q(p cos ¢, psin ) sin ¢),
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MetomoM aCHIMITOTHIECKON JIEKOMITO3UITUN ITPUBOIIM CUCTEMY K CJIEITY-
IOIEMY BUIY:

d
d_f :EFll(paqvpv)+52F12(p7q’p’)+“.’

d
?f =1+4eFn(p,q,p,) + Foa(p, g, p0,) + -+

(6)

1. Koaddbunuenraoie KpUTepun CyIIeCTBOBAHUS MEPUOIUYIEC-
Kux pemteHuii cucrems! (1). Herpynno nokasars, 9T0 HEOGXOAUMBIM
U JJOCTATOYIHBIM YCJIOBHEM CYIIECTBOBAHUS IIEPUOJNIECKOrO DEIEHUs B
cucreme (1) saBigercs obpailleHue B HOJIb

Flj(p7Q7p):Oa rae j:1727"'7 (7)

UpaBoii 4acTu B II€PBOM ypaBHeHuU cucreMbl (6). DTOT Kpurepuii He
SIBJIFI€TCS KOHCTPYKTUBHBIM, TaK KaK BBIIIACHIBAETCA OECKOHEYHO MHOI'O
YPpaBHEHUN.

CoBokynHocTb ypaBHeHwuit (7), cormacHo Teopeme ['mibbepra o Gaznce
[6, c. 57, c. 337], MOKeT OBITH 3aMEHEHA KOHEYHBIM YUCJIOM yPaBHEHUN

Ri(p,q) =0, ..., R.(p,q) =0. (8)

B 1o xke Bpems dbyukuuun Ri(p,q), ..., R.-(p,q) amyaupyrorcsa onepa-
topom W, 10 ectb WR;(p,q) = 0, Tak KaK $BJSIIOTCH MHBAPHAHTAMU
rpyunst SO(2).

PesynbTaT MOXKHA MOJUTOXKBITH B BHJIE TEOPEMBI.

Teopema 1. Jlas mozo, wmobv cucmema (1) umera nepuoduueckoe
(Heuzoxpornoe) pewerue, HeobXoduMo U dOCAMOYHO, WMobb, 06pausa-
AOCH 8 HOND HEKOMOPOE KOHEUHOE MHONMCECTNEO UHBAPUAHIMOE

Ry =0, ..., R. =0 (9)
epynnve SO(2) 6 npocmparcmee napamempos.

Sameyanue 1. [ljs Boraucienns nuBapuanTos (9) HeoOXoANMO HaiTH
KOHEYHOE HYNCJIO IPUOJIIZKEeHU Kk 0 MeTOJy aCUMITOTHYECKOH JIEKOM-
HO3UINN, YTO 3aTPYAHUTEIBHO, U HO3TOMY TpebyeTcs pa3paboTKa Clie-
IIUAJIbHBIX AJTOPUTMOB ¢ IpuMeHeHueM DBM.

2. YcioBue CcynieCTBOBaHUA M30XPOHHOTO IIEPHOJUYECKOTO pe-
wenwusi. HeTpy iHO 0Ka3aTh, 9T0 J1JIst TOTO, YTOOHI pernerne cucreMsbl (1)
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OBLIIO TIEPUOAMIECKAM U U30XPOHHBIM, HEOOXOIUMO U JIOCTATOYHO, ITOOBI
B cucreMe (6) ¢ paBeHcTBamu (7) TakKe 0OpAIAINCH B HOJDb

F2j(p7Q7p) =0, rae j: 1,2,.... (10)

IpaBble YacTu BTOPOro ypasHenus. Ho tak xak cucrema (6) maBapu-
aHTHa oTHOCHTENIbHO rpynnsl SO(2), To cornacHo Teopeme I'uabbepra o
6asuce [6, c. 57, ¢. 337| cucremy (7) 3aMeHsIEM KOHEUHBIM IHCJIOM ypaBHe-
uuii (8), a cucremy (10) — COOTBETCTBEHHO KOHEIHBIM YUCIOM yDABHEHHUIA

Hl(pv(I) = 07 R Hh(p7q) = Oa

rae dbyakuuu Hi(p,q), ..., Hp(p,q) anyaupyrores onepatopom W, to
ectb WH;(p,q) = 0, Tak Kak sBIA0TCS MHBApUaHTaMu rpymsl SO(2).
PesynbraT MOXKHA MOJUTOXKBITH B BHJIE TEOPEMBI.

Teopema 2. [laa mozo, wmobv. cucmema (1) umesra u3oxpornoe nepu-
oduneckoe pewenue, Heobrodumo u docmamouno, 4¥mobv. 06PAUAIUCH 6
HOAL KOHEUHOoe Yucao unsapuanmos epynnoe SO(2) (9) u

Hyi(p,q)=0, ..., Hy(p,q) =0

6 mpocmpancmee napamempos.

3. Ilpumepni.
ITpumep 1. PaccMOTpuM acUMITOTHYECKYIO JTEKOMIIOZUIMIO CUCTEMbI
dx d
— =Y+ 8(61033 + COly); _y =+ €(b10$ + b01y).
dt dt
W+ w i(w — w)
Crenaem 3aMeHy T = 5 y = , TIOCJI€ YErO TOJIYyYnM
cucTeMmy
dw . Z10 _ | Zo1 ) dw _ (501 _ . Z10 )
_ = £ _ _ s _ = — £ — S s
dt “"+(2w+2w a ~ et

e z10 = ¢10 —bo1 +i(co1 +b10), 201 = ¢10+bo1 +i(b1o —co1). Bekroproe
I1oJie HyﬂeBOFO HpI/I6JII/I}KeHI/IH 3alIUIIIEM TaK:

NusapuanTe! rpynnst SO(2) 151

B
jie 0 = | =—, = |, & BEKTOPHOE TIOJIE CUCTEMBI
ow’ Ow
Zor Z1o
U=wa) |2 2 |o.
Z10 Zou
2 2

Ilepsoe npubausicenue. st Toro, 9Todbbl HAMTH TIEPBOE MPUOIMKEHUE,
HEODXOIUMO PEIUTh ypPaBHEHME

[U,8,]=U —PrU. (11)

ITo oupenenenuto [U, S1] = US; — S1U. Uem S; B Buge

S, = (w,u?) [711 ’712} 9
Y21 Y22

Omneparoproe ypasrenue (11) 3aMeHEM MATPUIHBIM

{i 0}[%1 712]_[711 712} {Z 0}:
0 —i] 721 7o2 Yo1 Y2 | |0 —1

Zo1 210 201 Z10
2 2
= , — Pr _
zZ10 201 Z10 201

OTKy/1a JIErKo HOJIY9uTh

~ 201 0 201 _ 0

PrU=—w—+ —w—

g 2 Yow " 2 Yow
= g =0 _ Ao — ;210
Y11 = Y22 y V12 1 Y21 1

CJIG,D;OB&TQIH)HO, cucreMa B II€EpBOM HpI/I6JII/I}K€‘HI/II/I BBITVIAOUT TaK:

di _
d—l: =w —&—E%w, d—qf = —iw—i—s%u’},
0 —iZ
S1 = (’LU,H}) 210 4 0.

— 0
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Bmopoe npubauosicerue. J1jist HaX0XKIEHAS BTOPOTO MPUOJINZKEHUST HEOO-
XOIMMO DeINuTh oneparopHoe ypasuenue [U, S3] = F» — Pr Fy, rae Fy
OIIPEJIEIACTCH U3 COOTHONICHHUST

Fy = ~[0,81] + [0, 811, 81] = —3[0, ]

OHchaH IPpOMEXKYTOYIHBIE PE3YyJ/IbTAaThl, IPUBEIEM CHCTEMY BO BTOPOM
HpI/I6JII/I)KeHI/II/I BUIa

dw ey 4 2( z Zo1)w?w
= Jw E—wW Z01% — Z10%R w-w

dt 2 16 01<10 10~01 )

dw

E = —w + 8%’@ - E(Zlozol — 2’01210) 2w.

[Tonyuyennbie K03 DUIUEHTHI B CHCTEME BTOPOrO IPUOJINYKEHNST COBIIA-
JIAI0T ¢ MHBApUAHTAMU, HaleHHbIMU Jj1s Jinaelino# cucrembr K.C. Cu-
6upckum [3]: Iy = 201, Is = Zo1, I3 = 201210 — 210Z01- J1erko ybeaurbcs
B ToM, ur0o Iy, I3, I3 SABAAIOTCHA peIreHneM OINEPATOPHOrO ypPABHEHUS
W f =0, tae oneparop W mjist 9T0# CHCTEMBI BBITJISIIUT TaK:

0 0 0
U= — 2z + 20z
8<p 1052.0 05— 10
IIpumep 2. PaccMoTpuM Terephb CUCTEMY CJIEIYIONIETO BUIA:
dx
Y +e (030963 + cn@’y + crazy® + Co3y3) ;
d
dit/ =z + ¢ (bgox® + b2y + brazy® + bosy?) .
w4 w i(w—w
Crenaem 3aMeHy © = 5 Y= 5 , TIOCJIe 9€ro IMOJIyIUM CH-

cTeMy

dw 30 291 212 203
— —zw+5( *3+—w2w+—ww2+—w3),

dt 8 8 8 8
dw 03 -3 212 P 221 _ Z30 w?
dt_2w+€(8 + g Ot o+ S tw )

rie
230 = €30 — ba1 — c12 + boz + (b3 + c21 — b1z — co3),
z91 = 3c30 — ba1 + c12 — 3bos + 1(3bso + ca1 + bi2 + 3co3),
z12 = 3c30 + ba1 + c12 + 3bos + i(3bso — c21 + ba1 — 3cos),
203 = €30 + ba1 — c12 — bo3 + i(bso — €21 — b21 + co3).

NusapuanTe! rpynnst SO(2) 153

JI1s1 HaXOXKJIEHUs TIEPBOTO NPUOINKEHNs EHTPAIA30BAHHON CHUCTe-
MbI HeOOxOnUMO pemuTh ypasaenue [U, S1] = Fy — Pr Fy, rue

(703 730 T
8
Z12. Za1
F=U= (w3,w2w,ww2,w3) 8 _ 0,
o Z1z
8
30 Zo3
L 8 8
S1 BBIpA3WM B BUJE
Y11 Y12
Sy = (w ,wa,wa, 73) Y21 722 a.
Y31 Y32
Y41 Y42
OrnepaTopHoe ypaBHEHHE 3aMEHUM MaTPUYHBIM:
2i’)/11 47:’)/12 8 78 8 R
0 9 22 2 z2 Z
1722
= 8 _ —Pr 8 _
~2iy3 0 21z Z1 Zin
4 9 8 8 8
T e Z0 Fo3 Z0 o3
L 8 8 4 L 8 8
Ilocste BBIMHCTEHUS TTIOJTYIUM
0 219 0
PrF = w? + ZLptw—
! ow 8 ow’
_ =0 _ iZOS _ iggo N i221
Y21 =732 =U, Y11= 16 Y12 = 32 V22 = 16
o 7:221 o iZgO o 2'203
Y31 = 16 Y30 = 32 Va2 = 16

CJIe,HOBaTe.HBHO, CHUCTeMa B IIepBOM HpI/I6.HI/I)KeHI/II/I nMeeT BUI:

woo 212 _ o dw L Z12 o
— = jw + e =ww?, — = —iw + e =0 w.
a " tey di ey
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KosdduimenTs!, Hoay9eHHbIe B Pe3yIbTaTe, SBISIOTCH OJHAME 13 HHBA-
puanTOB, HaiimeHHbx K.C. CHOMPCKUM J1s CHCTEMBI ¢ HETUHEHHOCTAMK
BTOpOIi crenenn [3]. [ = 2z ABJIAETCS PeIIEHNEM ONEPATOPHOTO ypaBHE-
uausa W f = 0, rie onepatop W /st 3T0it CHCTEMBI BLITIAIAT TaK:

U=—— 3i220 — ile + iZOQ

dp 0220 Oz11 0202

—1Z02 55— + 12115 + 3iZ20 55—
82’02 (9211 8220
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O6 oHOM KOHCTPYKTHUBHOM METOJIE
MNOCTPOEHUS MEPBOIl 1 BTOPOIt
MepoMopdHBIX TpaHclieHJieHT [lensieBe

B.H. OPJIOB ', B.II. ®UJIbYAKOBA *

T Yysawckuli 2ocynusepcumem, Yeborcapu, Poccus
T Unemumym mamemamuxuy HAH Yxpaunn, Kues

Posrnsimaernest 38’130k Mixk TpaHcieneaTamu [leniese Ta eBOOMITHIMI
piBHsAHHSIMU. 3aIPOIOHOBAHO AHAJITUYHUN alIPOKCUMAIIHUI MeToz, 100y~
JIOBU TIEPIIOl Ta JApyrol TpaHcieeHT [leniese 3 10oMOromw y3arajibHEHUX
CTENEHEBUX PSIIIiB.

The connection between transcendents of Painleve and evolution equations
is discussed. The analytical approximate method of constructing Painleve
transcendents of the first and second orders by means of generalized power
series is proposed.

1. BBenenune. B cBsi3u ¢ mnccienoBaHuaMI M0 (PU3UKE TLIA3MbBI BO3PO-
nuica uHrepec K ypasuenusM IlemseBe (P-tuna). CoBpemenHas Teo-
pUsi COJIUTOHOB Ompeesnia Jjis Tpancuenaent [lemrese noByio posb —
KPUTEPUEB IIOJIHOM MHTETPUPYEMOCTH PsiJIa IBOJIOIMOHHBIX Juddepen-
[MANBHBIX YPaBHEHUH B 9acTHBIX npou3Bognbix (DAVUIL) [1-5]. Hus
muorux JIYUII pertenus: gaiie Bcero pacuaaroTcs Ha KOHETHOE UHC-
JIO COJUTOHOB (CTabUsIbHbIE OOLEKThI, WU PEIIeHNs] B BUJIE UMILYJIbCOB,
OTHOCAIHECS K TOYHO WHTETPUPYEMBIM OTHOMEPHBIM T'aMHUIBTOHOBBIM
CHCTEMaM) U HEKOTODPBIl OCTATOK, aCUMIITOTUIECKU CTPEMAIIUIIC K pe-
menunto BeromoraresibHoro HOJZY Broporo mopsijika IoJuHOMHAAIBHOTO
KJacca.

OKa3aJj0Cch, 9TO pereHns TOCAeTHUX He JOPKHBI UMETh ITOIBIUKHBIX
TOYEK BETBJIEHUS UJIU CYIECTBEHHO OCOOBIX, & MOI'YT MMETb TOJIBKO I0-
JIBIDKHBIE TIOJIIOCA, T.€. UX MHTErPajbl — MepoMopdHble PYyHKINN, KAKO-
BBIMU U SIBJISIIOTCS TpaHCUeH1eHTh! [lenese.

IITupoko mpuMeHsieMOe TPU OTBICKAHUH aBTOMO/IEJIbHBIX PEIICHUHN 9B~
OJTIOIMOHHBIX YPABHEHUT n3BecTHOE 1peobpasoBanre Muypbr

fle) =w'(2) +w?(z),  w(z) =P, (1)
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npejicraBisger coboil MaTeMaTndecKyto Kombunauio byHkumun w(z), ToxK-
JIECTBEHHO paBHO# BTOpOil Tpanchenaente [lernese Pp, mepBas e Tpa-
ucrengienaTa [lennese P; cBsizaHa €O CIEIUAJIBHBIM BHJIOM yDPAaBHEHUsI
Kn®, onuchiBatonuM j1a3My B CUJIBHOM MarHUTHOM IIOJIE:

Up + Ugpy — Buzu = 0, u(z,t) = u, (2)

IJIe CBA3b MEXKJTY aBTOMOJIETLHBIM PEIIEHNEM 9TOr0 ypaBHeHus u P; yia-
eTcsl BBIPA3uTh (GOPMYIIOit

u(z,t) = 2w(z) —t], z=1x—6t2, w(z)=P, (3)
u(z,t) =w(z), z=z-—t (4)

YCTaHaBJINBAECTCA CBA3b C aBTOMO/IEC/ILHBIM DEIIECHUEM YDaBHEHU A ByCCI/I—
HeCKa, OIIMCBhIBaOIIUM IIepeMellleHrue BOJIH KaK BIIpaBO, TaK U BJIEBO:

Ut = Ugy + 6 (UQ) — Ugzzx, (5)

xrx

[Jie B 3aBUCUMOCTH OT BBIOOPA KOHCTAHTHI MHTErpupoBanus w(z) — ubo
smnTraeckas yukims, auoo P;. Bropas Tpancuenmenta Py cBs3ama
¢ ypasuennem MKa®, omuchIBaioneM akyCTHIECCKIE BOJTHBI B AHTAPMO-
HUYECKUX peIleTKax:

Vg + Vgp — 6002 = 0, v(z,t) = v. (6)

C MoMeHTa BBISIBJICHUS TPAHCIEHIeHT [leneBe u 1o ceil J1eHp n3BecT-
HO MHOT'O PafO0T, HOCBSINEHHBIX KAYECTBEHHOMY aHAJIU3Y I10cae Hux (6],
OIHAKO TPAKTUIECKasl CTOPOHA ITOTO BOIIPOCA BO MHOTOM OCTAETCS B
Teru. TecHast B3aMMOCBsI3b TpaHCleHIeHT lleHneBe ¢ BIOJIHE WHTErPH-
pyembivu /Y YII crumynupoBasia HeOOXOIUMOCTD CO3/IaHISI KOHCTPYK-
TUBHBIX METOJIOB IIOCTPOEHUsT TPAHCIIEH IeHT [leHieBe, KOTOpBIE SIBJISIIOT-
cst MmepoMopdHbIMEA DYHKIISAME. [J1sT OTBICKAHUS TIOJIFOCOB IIPEIJIATAeT-
cs1 3¢ PEKTUBHBIN aJITOPUTM C HCIOJIH30BAHIEM 000OIEHHBIX CTEIEHHBIX
psios |7, §].

2. BpruncanreapHbIA mporiecc. B kadecTBe 00bEKTa MCCIEIOBAHTIA
BBIOEPEM IEPBYIO W BTOPYIO TpaHcueHeHTh [lenieBe, kak Oojee m3y-
YeHHbIe U BocTpeboBaHHble (BCErO UMEETCsl OTKPBITBIA B IPOIIJIOM BEKe
dPaHITY3CKIMI aHAJTUTUKAMN KaHOHUYIECKuit crimcok H0 ypaBHeHwuit ¢ P-
CBOMCTBaMHU, & CPeJll HUX IIECTh TPaHCIeHIeHT P1—Pg).
BoraucimreibHY 10 IPOIEIYPY MOAEIUM Ha TPU ITAIla
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I. Oupenenenne obsactu rosoMopdHOCTH perieHnii ucxoaubix (P u
P,) u unBepcubix (P; u Pp) ypaBHeHHii; yCTAHOBJIEHUE TOUHBIX
KPHUTEPUEB CYIECTBOBAHUS TOIBUKHBIX [TOJIOCOB.

II. Uzydenne BaustHUS BO3MYINEHUS HMCXOJHBIX TAHHBIX HA MPUOJIU-
JKeHHOe perienue (B 00J1acT rojohbOpPMHOCTU U B 2 — OKPECTHOCTU
HOJIBUKHBIX IIOJIIOCOB).

III. Ckanefika pemreHuii B OKPECTHOCTU TOABUKHBIX TIOJIOCOB METOIOM
00ODIIEHHBIX CTEMEHHBIX PSJIOB, AHAJTUTHIECKOE ITPOJIOJIKEHNE.

B ocHOBe mepBOro sTana JIEXKUT HIes [MOCJIeJI0BATE/ILHOTO PEIleHus
ucxonubix (Py, Py) u unsepcusx (P, Py) ypasuenuii. ITepexos or uc-
XOJHBIX K WHBEPCHBIM YPABHEHUSIM OCYIIECTBJISIETCS TPH BBITOTHEHAN
TOYHBIX KPUTEPUEB CyMIECTBOBAHHUA MOJBUKHBIX MOJIOCOB, HAXOXKICHUE
KOTODBIX CBOJIUTCS K HAXOXK/IEHUIO HyJIelt nHBepcHOit 3anadu [9]. Bropoit
STall MO3BOJISIET CTPOUTH aHAJUTHYECKHE IIPOJIOJKEHHUs PeIleHui pac-
CMaTpUBAaeMbIX ypPaBHEHUI, HAXOJSCh B 3aJaHHON &-OKPECTHOCTH TOY-
HOTO pEIeHHs.

Tpernit sTam MO3BONIAET KOHKPETU3UPOBATH IOJBHKHBIE HMapaMeT-
pot (x*, o, ) 7uist IEPBOIt M BTOPO# TpaHCTeHIeHT [IeHeBe 1 HAXOAUTH
K03(hDUIUEHTDI PETy/ISAPHBIX U HEPETYIAPHBIX PSAIOB, AIIIPOKCAMUAPYIO-
mux P; u Py Ha yuacTKax aHAJINTHIECKUX Ipojoskenui [10 |.

I. Ilycts umeem Hauabuble 33 1a4du Kot s iepsoro ypasuenus [le-
miaese Pi:

w" = 6w? + Az, A — bUKCHPOBAHHLI apaMeTp, (7)
U JIJIs BTOpOro ypasHenus Ilensese Po:

w”" = 2w 4+ zw + p, t — PUKCHPOBAHHLII IIapaMeTp, (8)
IPH COOTBETCTBYIOMNX HAYAIBHBIX YCIOBHIX

w(xg) = wy = const, w'(zo) = w1 = const. (9)

Iist muBepcHBbIX ypaBuenuii P; u P, nmeem anasornyanbie 3agaqn Korru:

uu = 2(u)? — Azu® — 6u, (7"
u'u=2(u)? — pu® — zu? — 2, (8"
u(xg) = up = const, u'(z0) = uy = const, (9"

rje BBejieHa PyHKIug 4 = 1/w ¢ IOMONIBIO NHBEPCHUH.
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Teopema 1. Pewenue 3adawu (7), (9) 2onomopgro 6 obaacmu
|x —zo| < 1/(M + 1),

ede M = max{|zo|, |wol, |w1], |}, @ 3adawu (8) u (9) — 6 obaacmu
|x —zo| < 1/(M7; 4+ 1),

ede My = max{|xo|, |wol, |wi|, ||}

Teopema 2. IIycmov u(x) — pewenue sadawu (7'), (9') u |u(xo)| > 1,
moeda amo pewenue 2040MopPHo 6 obracmu

& — 20| < 1/(M + 1)°/?,

2de M = max{|zg|, |[uo|, [u1l], |\|}; ecau u(z) — pewenue uneepcroti sa-
dawu (87), (9'), moeda smo pewerue 20n0mopPro 6 obaacmu

|z — ol < 1/(M1 +1)%,
2de My = max{|zo|, |uol, [u1l, |p|}-

JokazarenbcTBa TeopeM 1 M 2 OCHOBaHBI Ha (pOPMAaILHOM ITOCTPOE-
HUHN PsIIOB METOIOM HEOIIPEIECTEHHBIX KOI(MDPUINEHTOB U JaIbHEHIIIeM
JIOKA3aTeIHLCTBE UX CXOAUMOCTH B COOTBETCTBYIOIINX OOJIACTSX.

Huke nmpuBomgaTCcss T€OpeMbI, JTOKA3ATEIHCTBA KOTOPHIX CJIEAYIOT U3
[IOBEJICHUST PEIIeHU B OKPECTHOCTH IOJABUKHOIO IIOJIIOCA ™ W IpHUMe-
HeHusi TeopeMbl Bosibiiano-Korru.

Teopema 3. ITycms w(x) — pewenue 3adavwu (7), (9). das moeo, wmo-
6ot mouka T* 6viaa nodeudCHbBIM NoatocoMm W(T), HeobTodumo U docma-
MOUHO, YWMOBYL CYWELCNBOBAA NPOMENCYMOK [a, b], Ha Komopom pewerue
sadawu (7'), (97) 6viao 6w Henpepuerol Pynryuet u maxot, wmo

u(z*) = u'(z*) =0, u’(2*) = 2.

Teopema 4. [Tycmo w(z) — pewenue 3adauu (8), (9). Jas mozo, wmobul
x* 6viaa nodsustcrvim noaocom w(x), Heobrodumo u docmamowHo cyuie-
cmeosanue npomestcymxa [a,bl,x € [a,b], na xomopom u(x) — pewerue
(8'), (9'), 6br0 6v nenpepwuienott Pynruyued, npuvem u(a)u(b) < 0.

I1. TlpuBemenmbie HUXKE TEOPEMBI ITO3BOJIAIOT PEIIUTH MIPAMYIO U 00paT-
HYIO 3aJ]a9i TEOPHUH TIOTPENTHOCTH Il MPUDJINYKEHHBIX PENIeHn Kak
B 00JIACTH T'OJIOMOP(MHOCTH, TaK U B OKPECTHOCTU ITOJIBUXKHBIX ITOJIO-
coB. TeM caMbIM 1OJTy9aeM HEOOXOIUMBII MaTeMaTUIeCKU armapaT JJist
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BO3MOZKHOI'O aHAJIUTHUYIECKOI'O IIPOAOJIZKECHUA B 3&,ZL&HHOI7'I E-OKPEeCTHOCTH
TOYHOI'O pEICHUA.

Teopema 5. ITycmo 1). w(x) — pewenue sadavwu (7), (9); 2). * — no-
deusichoili noatoc. Tozda 0aa NPubAUNCEHHO20 DEULEHUA,

wy(z) = (x — 2" ZC x—a* p=—2, (10)

sadawu (7), (9) 6 obracmu
|z — 2" < 1/(|2"] + |af +[A]) (11)
CNPasedAusa OUEHKA NOZPEWHOCTII

(l2*] + lof + [ADM o — 2]
L= (J&*] + laf + [AD|z — 2]

Awp(z) < (12)

Jloka3aTenbCTBO CjeayeT U3 OIMEHKH OCTATKA Psiia, KOMOWMHAIIMH METO-
JIOB HEOIIPEJIEJIEHHBIX KO3 PUITHEHTOB, MATEeMATUIECKON WHIYKITUU U
MayKOPaHT.

Teopema 6. [l npubausicennozo pewenus (10) sadawu (8), (9) npu

yeaosuu p = —1, Cy # 0, 6 obaacmu
o~ "] < gt (13)
T—x _
2(M + |p| + 1)
CNPAGedAUBa OUEHKA NOZDEULHOCTIIU
M 1 N+1 T N2N
Nug(a) < QL+l + DY — o) "

1—2(M + |p| + 1) |z — z*|

Hasee, yaurbiBas 10, uro npubianxkennoe pemenue (10) dakruuecku
crpoutcst o TpubamKeHHbIM ¥ u Cy, JJI YTOYHEHHOTO TPUOJINIKEHHO-
rO pereHust

wn(z) = Zé’ xz—z* (15)

CIPaBEJTUBLI TEOPEMBI 7 U 8, KOTOpPbIE MBI IIPUBOJNM B COKPAIEHHOM
Bapuante. [loyiHBIN BapuaHT, e pacumudpoBanbl BeauduHbl Ag, A1, Ao
u Az juist ciydaes Py u Pa, MoxkHO HaiiTu B [10].
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Teopema 7. ITycmo das cayuwas Py evinoanaromes n.n.1, 2 meopemuvt 5 u
AZ* < 1/py. Toeda das npubausicennozo pewerus (15) sadawu (7), (9)
(p = —2) 6 obnacmu (T* — 1/p1,Z7) cnpasedausa ouenka nozpewnocmu

Ay < Ao+ A+ Ag + Ag,
u, kpome moeo, T3 = &* — AZ*, T = 3* + Az*.
Teopema 8. IIycmov das cayuas Pa: 1) uzeecmmua ouenka noepewno-
cmu snavwenus TF: |zt — | < Az*; 2) AM < 1/2; 8) * < ¥,
AZ* < 1/2(p2 + AL — AM), 2de po = M + AM + |u| + 1. Toeda dasn
npubausicennozo pewernus (15) sadavwu (8), (9) (p = —1) 6 obracmu
(7~ 1/2(ps + AL — AM), 5]
CNPasedIusa oueHKa
Ay (x) < Ao+ Ay 4+ Ag + Ag,
npu aMmom
AL = max{AZ*,AB}; &7 =73"—AZ"; I =7+ AT".

Teopembl 7 1 8 OTHOCUIUCH K BOIIPOCY HCCJIEIOBAHUS TOTPEITHOCTH
MCXOTHBIX JTAHHBIX Ha MPUOINKEHHOE PElleHre B OKPECTHOCTH TTOABUK-
HBIX ITOJIIOCOB. JIJIsT TTOCTPOEHUS TOJTHONW TOMOJOTHIECKON KAPTUHBI BO
Bceit obracTu cyrecTBoBaHus TpaHcieHnaent llenrese P; u P, mpuse-
JIeM TeopeMbl, paboTarolire B 00JIACTIAX X TOJIOMOP(MHOCTH.

Teopema 9. Jlaa npubausicennozo pewenua 3aday (7)-(9) 6 eude om-
DPEBKA PELYAAPHO20 CMENEHHO20 PAAG 6 OKPECTIHOCTIU HA%aALHOU (peay-
AAPHOT) MOYKY T :

N
wy () =Y an(z — )" (16)
0

6 obaacmu, onpedesennols meopemotd 1: |z — x| < 1/(M + 1), cnpaseo-
AUBLL OUEHKU:
(M +1)*((M + 1)z — zo)V*

<
Awn () < 1—(M+1)|z— x|

das 3adawu (7), (9)

Ml(Ml + 1)N+1|x — {I?()|N+1
1—(My+ )|z — xo]

ede M u My 63amu. u3z meopemui 1.

Awp(z) <

das 3adawu (8), (9),
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Ncxonst u3 Toro, uro mostHoe pertenne 3aaa4 (7)—(9) obecnednsaercst
AHAJIUNTHIECKUM NIPOJIOJIPKEHAEM 3a IPEJIEJbI OCOOBIX TOYEK U, 3HAUMT,
HAM IPHUJETCS UMETH JIeJ0 ¢ NPUOJIMKEHHBIME HAYAJIbHBIME JIAHHBIMU
nosTanHbX 33424 Komm (B KaXKIOM MOC/IEyIOIEeM Iare aHajiTHIe-
CKOT'O IIPOJIOJIZKCHHS):

w(xg) = Wo = const, w'(zg) = Wy = const, (17)

paccmoTpuM 3amady Komm gyt Py Py mpu TpuOIMKEeHHBIX HATAIbHBIX
yeaoBusx (17) u oneHnM npubiuzKeHHOE PelleHne B 00J1acTH roJIoMOpd-
HOI TOYKU T

N
Wy (z) =Y dn(z — z0)"™. (18)
0
Teopema 10. ITycmo AM < 1, mozda 0aa npubsudiCeHn020 peuerus
(18) 3adaw (7), (17) u (8), (17) 6 obaacmaz
|z — o] < 1/2(M + AM + 1)
CNPABEONUBH, MAKUE OUEHKU:

ey < (VDO Dl )
B 7 [P T

N AM (M + AM + 1)?
2(1 = 2(M + AM + 1)|z — zo])
oas 3adawu (7), (17) u
M (M + )Ntz — x|V HL

AW <
() < 1—(M+1)|z— o +
n AM
4(1 —2(M + AM + 1)|z — z0])

oas 3adavwu (8), (17), 2de AM = max{Awgy, A },
M = max{|zol, [wol, [anl, [Al}  daa (7), (17),
M = max{lxol, [wol, [@1],|ul}  dan (8), (17).
JIOKa3aTeIbeTBO OCHOBAHO HA HEPABEHCTBE
|lw—wy(x) < |w—w|+ |0 — Dn(z)]

C y4eTOM TeopeMbl 9.
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III. Yrobn moBecTn 3amaqy nocrpoerus TpanciesaeHT [lentese P u P
JIO JIOTHYECKOr0 KOHIA, HAJI0 CHaYasa PEInTh 33 ady Komm s ypas-
uennit (7) u (8) IpH TOYHBIX HAYAIBHBIX yCJIOBUSX (9), IPE/ICTABHUB IIPH-
6rmkenHOe pemenne wy (z) B Buge orpeska psja (16) ¢ HemsBecTHHIME
K03bOUIMEHTAME Gy, , JJIsI KOTOPBIX TIOJIY Y€HbI PEKYPPEHTHBIE (hOPMYJIBI
st Py [2, dopmyna (28)], qist Py [2, dopmyna (31)].

3aTeM peanu3yercs aJrOPUTM BbIJEIEHUs LOJIIOCA C IIOMOIIBIO HEKO-
TOPOIA IOCJIENOBATENLHOCTH AHAJUTUIECKUX [POIOJIKEHHH B BUJIE PSIJIOB
JUIsi MEPOMOP(MHBIX MHTEIPAJIOB

o0

wl(x):ZaE}(x—w[ol])", 1=1,2,3,..., (19)
n=0

C PA3HBIMU 3HAYEHUSAMUI TOYEK PASJIOKCHUS 33%] (mpuuem x%ﬂ = 29), UMe-
IOIIIMH TEHIEHIUIO IBIRKEHUs K Omkaiimemy nosmocy x7. C yBennde-
aueM [ (I — KOJIM9IeCTBO AHAJMTUIECKUX IIPOJIOJIZKEHNH ) KOI(DDUIeHTbI
ag] HAUMHAIOT OLICTPO PACTU IO MOIYIIO, a paumycsl cxomumocta R
COOTBETCTBEHHO, yIIoTHAThCd. Haumnast ¢ mekoroporo | = 4,5,..., mo
Mepe IPUOJIMKEHUS K IOJIIOCY CIIPaBEJJIUBBI IIPee/IbHbIE COOTHOIIEHUSI

JJIg IIOJIFOCOB M-T'0 IIOPAJIKA:

U

(mpyP—mH al! a
lim == lim oL = gim L = R (20)
v 1] n—oo i n—oo @
e (m(il)”fm+2 i~ Gn I—-L "

1
rme a L]_m 41 — KO3 DUIMEHTHI TAKOTO TIPeJICTaB/ICHUs

(m—-1)

W = / / dx = E a Z] a1 (@ — zl! , 21
(me1) 41 0)" (21)
(m— 1)

(m 1) n=0

[

KOTOpBIE CBSA3aHBI ¢ KO3 UIIMEHTAMH ' CIEAYIONMNUMA CBA3SIMU:

a U = Q1 a W= 4
(m—1)~ ML e T om-nt T (m—=2)P

w_ _ ag -k o 10— ag

(mal) (k+m—1) T - (m = 1)
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(1

€ Qip—1, Qp—2, - - -, ] — KOHCTAHTBI MHTEPUPOBAHUS, G, o = (n+1)

(n+2)ag]+2, dg}ﬂ (n+1)a Q]H Hociie maxoxaenns RIF mepomopdmbie
uHTerpaJbl (TpaHcueneHTsl [leHieBe) IpejcTaBuM B BHJE CyMMBI

w(z) = P,(z) + Ry (), (22)

rJie V — TOT HOMEP, C KOTOPOTo HavunHAeT (byHKIIMOHUPOBATD IIPEIEJILHOe
coorHorenue (20).

B okpecrnoctu nosoca x; = ng] + R TpancreHaenTsl [len-
i=1
JIEBE TIPEJICTABJISIOTCA cyneprosunueii (22) koneanoro nojauaoma P, ()
U HEKOTOPOIi 0000IIEHHO# reoMeTprYaecKoii nporpeccun R, (), KoTopas
jerko cymmupyercst. Py (x) u R, (x) HAXOAATCS M3 COOTHOIICHMI

v+(m—1)
l l
[ [P ar= S o 1wl
— (m—1) k=0
(m-1)
1 (SL’ _ x([Jl])u-‘rm (23)

a
m—1
/ /R d _ g + w(e),
1—g(z —zy)

(m 1)

(m )]
e m — KpaTHOCTh mojoca, g = 1/RU
st mepsoit TpanciiennenTsl [lernese (m = 2):
Py=3 allw—ag)",
n=0
l
ot Lo (v + 1)/ 4+ 2)gla — ay)
l-gl—a @Y

l 1%

([3]) +1|

R, = a[yLl(m — T

g xr—x
|(1)V+1(

T —gle — 2L~ (g +e)(@— 2]

3Hast IOJI0KEeHHe OJIIOCA T}, MOYKHO B €r0 OKPECTHOCTH IIPHMEHUTD
JIODAHOBCKOE pasJioxkeHne W uckarb mHTerpad w(z) B Buzme (15) (p =
—2), nia koadgdunmentos C,, KOTOPOr0 MMEOT MECTO PEKYPPEHTHBIE
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dbopmyJIbL:
- 6 n=3
== B >
S T k;ckcn k-2, n>6,
Coa=1 C_1=Co=0C1=0, 022—%7 (25)

~ A ~
ng—g, C4:a, 05:0.

31ech (v — CKPBITHI [IapaMeTp, 3aBUCAIIUI OT HAYAJIbHBIX ycsoBuil (9).
1t BTOpOit TpaHCIIeHIEHTHI P IOy IeHbI TaKKe PeKypPpPeHTHbIE (DOp-

myabl (B dopmyse (15) p = —1):

n—2 n—2
23 Gl +2Y O Crp + 27 Crs + Crs
én — k=2 k=2 >5
(n—1)(n—2)—6 » 1=2(26)
¥ ~ —1+pu

C'O:l, 61:0, C‘QZ*F, 03: 64:ﬂ7

4 b
[ — CKDBITHIil TapamMeTp.

Ilepexos 1epes mosoc £* ya00HO OCYIIECTBSTH IIPYU ITOMOIIH CKJIEH-
KU perneHuil (IIpU 9TOM €CThb BO3MOMKHOCTH OIPEJIEIUTh CKPBITHIE Ia-
pamerpbl & U 3, COOTBETCTBEHHO, Jyist Py u Py), IpeIcTaBJIeHHbIX [IPO-
CYMMHPOBAHHBIME DsifiaMu Buja (22), ¢ BBLIEJIEHHON IeOMeTpPHYecKOii
nporpeccueit, u orpeskoM psna Jlopana suna (15), B o6mux TOUKax z-
OKPECTHOCTH TIOJIIOCA.

BriBojsr. [Ipubmmkennnie pentenus ypapuennit [lenieBe HaxoasiTcst Me-
TOIOM PEKYPPEHTHBIX CTEIIEHHBIX PSIJIOB C YyIeTOM BJIMSHUS BO3MYIIEHUN
UCXO/THBIX JIAHHBIX HA MIPUOJIMKEHHOE PEIlleHne IIPU AHAJIUTHIECKOM IIPO-
JIOJIPKEHUN, OCYIIECTBISEMOM CKJIEHKON PEeryJasspHbIX U HEPETYJIsSPHBIX
PSAIOB B OKPECTHOCTH TIOABUKHBIX TOJIIOCOB, [IJIsI KOTOPBIX YCTAHOBJIEHBI
TOYHBbIE KPDUTEPHUH CyIllecTBOBaHUs. JJIst 1epBoOii U BTOPOi TPAHCIIEHIEHT
HalJIeHbl PEKypPPEHTHBIE POPMYJIbI JIjist KOI(DDUIMEHTOB PEryJIsipHBIX U
HEPEryJISIPHBIX (JIOPAHOBCKUX) PAJOB, IIOCTPOEHHBIX B OKPECTHOCTSX I'O-
JIOMOP(MHOCTH U TOJBUKHBIX OCOOBIX TOYEK, COOTBETCTBEHHO. 3ajada
UPOJIOJIZKEeHNs peleHuii Tpancienient [leriese 3a ux ocobble T04KH (110~
mocm) Ha JEUCTBUATEJILHON OCH ABJISETCA OJIHOU M3 OYEeHb MHTEPECHBIX
U CJIOZKHBIX 33/1a4 aHAJUTHIEeCKO! Teopunu JuddepeHnaabHbIX ypaBHe-
Huii. B 9T0i1 pabore cjiesiaHbl JIUIIB IepBbIe Mard B 3TOM HAIIPaBJIEHUN.
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KemarespHo JanbHelIIee pa3BuTHe UCCIETOBAHUN M ySICHEHUS TIy-
OMHHDBIX MTPOIECCOB, OMUCHIBAIOMIX MEPOMOPQHBIE PEIIeHUsT TPAHCICH-
nent Ilensese (COOTHONIEHNS] KAYECTBEHHBIX M KOJMYECTBEHHBIX XapaK-
TEPUCTUK, (PUBNIECKUI CMBICTT SIBHBIX U HESIBHBIX MTapaMeTpPOB, CDABHU-
TEJbHBI aHAJIN3 BCEX XAPAKTEPUCTUK, B TOM UHCJIE UX YyCTAHOBJICHHE,
IS Beex mectu Tpancieraent [lennese Pi—Fyg).
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CumerpiiiHa peayKilisg HeJIIHIITHOTO
XBUJIBOBOTO PiBHAHHS JJI KOMILJIEKCHOTO
MOJIs

O.A. TAHYAK

Incmumym mamemamuru HAH Yxpainu, Kuis

OsiepKaHO TOBHUI PO3B’SI30K 3a/1a4i CUMETPIitHOT peIyKIlil KOMIIJIEKCHOTO
HEJIIHITHOTO XBUJILOBOT'O DIBHSIHHS JIO 3BUYANHUX AuQEPEHIIATbHIX PiB-
HAHb 3a miarpynamu rpynu llyankape, TOmOBHEHO! O/lHOIApAMETPHIHOIO
IPYIOI0 KaJibpOBOYHUX TEPETBOPEHb.

We have obtained a complete solution of the symmetry reduction problem
for the nonlinear complex wave equation. To this end we have utilized the
subgroup structure of the direct product of the Poincaré group and of the
one-parameter gauge transformation group.

B mawiit pobori po3s’sizaHo 33721y CUMETPIfiHOI peyKIll HeJHIHHOro
XBUJIHOBOT'O PIBHSIHHS

Ou = F(Jul)u (1)

1o 3Buvaiinnx mudbepentianbanx pisasaas. B (1) O = §2/022 — A — 1e
oueparop Jamambepa, u = u(xg, £1, T2, T3) — KOMILJIEKCHA [(Bi4l HEIIEpEP-
BHO-1udepenniiiopna Gyukiis, F(|u|) — nesika nHenepepsaa dyHKILsI.

Pazom 3 BisomMuMu pesysbTaTaMy IIOA0 peayKnil pisuanaga (1) 3a
miarpynamu rpynu Ilyankape P(1,3) [1-5], ansanu, maBejeni nuxue,
JIAIOTDH TTOBHUI PO3B’SI30K MPOBIEeMU CHMETPIfHOT peayKIril fj1s HeTiHii-
HOI'O XBUJIOBOI'O DiBHsIHHS (1).

Hobpe BiomMo, M0 MaKCHMAJIBLHOIO T'PYIIOI0 iHBAPIaHTHOCTI PiBHSIH-
us (1) € rpyna P(1,3) @ G(1), ne P(1,3) — ue rpyna Ilyankape 3 rene-
paropamu

Po—i, Pa:_ 8 ’

8:100 axa (2)
J x——xi Ji —J;i—i—xi
ab aal'b baxaa 0a — Oaﬂfa aaxoa
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ne a,b = 1,23, p=0,1,2,3, a G(1) — ue oguonapamMerpuyiHa rpyma

KaJIIOPOBOYHUX [TEPETBOPEHD 3 T€HEPATOPOM

0]
, -

=iu— —iu . 3
@ ou ou* )
OckinbKu 3a/1a9a CUMETPIRHOT peyKIiil JudepeHIiaJbHuX PiBHIHD 3
YaCTUHHUME HOXijHuMHU 32 miarpynamu rpynu P(1,3) Bxe poss’sizana,
TO MU PO3IVIsTHEMO JmIe Ti TpunapaMerpuysi rpymu P(1,3) & G(1), ski

HecupsKeHi nminrpynam rpynu Ilyankape. IloBHnit crimcox BinmoBimHIX
TPUBUMIPHUX IiJIaaredp HABOJAUMO HUKIE:

My = (M +¢eQ, PL +7Q, P, + 0Q),
e==x1l,y,0 e Raboe=0,v> 0,0 € R;

My = (Po +~Q, Pr +0Q, P> + 7Q),
o>0,v,7€R abo g =0,y # 0

M3 =(Pi++vQ,Ps+0Q,Ps+7Q), ~>0,0,7T€R;

My = (J12+7Q, Py +0Q, P33+ 7Q),
v,0,7 €R, Y[ + o] + |7] # 0;

Ms = (J12 +7Q, P1, »), v#0;

Mes = (Joz +7Q, Py, P3), ~ #0;

M7 = (Jos +7Q, M, P, + 0Q), vy €R,0>0,|y|+0 #0;
=
=

MS J03+'7Q7P1+0_Q7P2+TQ>7 777€R70207|7|+J7§0;

My = (Ji2 + aJoz +7Q, Po, P3), v #0;

Mo = (J12 + adoz +7Q, P1, P2), ~#0;

My ={(G1+eQ,M,P, +~Q), e=1,y€Raboe=0,7>0;

M12:<G1+EQ7M+’YQ5P2+O-Q>a

e=1,v, 0 Raboe=0,y==+x1,0 >0aboe=~v=0,0 > 0;

Mz = (G1+eQ, M, P, + 8P, +7Q),
e=1,veRaboe=0,v#0;

M14 = <G1 +7QaG2 +0Q7M+TQ>7
y=1,0,7r € Raboy=0=0,7==£l;

M5 = (G1,Joz +7Q, M), ~ #0;

M16:<G17J03+7Q7P2+UQ>, 0>0776Ra600-:0777é0;
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M7 = (J12 +7Q, Jos + 0Q, M), ~>0,0 € Rabo~y=0,0>0;
Mg = (G1,G2,Joz +7Q), 7 #0;
Mg = (G1,G2, J12 +7Q), v #0;
Msy = (G1,Ga, Jiz2 + ados +7Q), v #0;
My = (Ji12 + aPy +7Q, P, P2), v #0;
May = (Jia + aP3 +9Q, Py, ), v #0;
Moz = (J12+ 2T +~vQ, Py, P5), ~ #0;
= (Jos +aP1 +9Q, P, P3), v #0;
= (Joz + aP1 +7Q, M, P, + 0Q), 7,0 €R,[y|+]o| #0;
=(G1 +2T +vQ, M, P, + cQ), ~v,0 € R,|y|+ |o] #0;
Mor = (G + 2T +vQ, M + 0@, P> + 7Q),
oc==xl,y,7€Rabo o =0,7,7 R, |y +|7| £0;
Mag = (G1 + 2T +~Q, M, P + BP2 + 0Q),
7,0 €ER, |y| + |o] # 0;
Mog = (G + P +vQ, M, P, + 0@Q), ~,0 € R,|y|+ |o| # 0;
M3y = (G1 +7vQ,G2 + Po+ 0Q, M + 7Q),
V0,7 € R, [y + |of 4[] # 0;
M3y = (G + P, +vQ,Go — Py + 0Q, M), v,0 € R, |y| + |o| # 0;
Mz = (G1 + P, +7Q,G2 — Py + P2+ 0Q, M),
V0 €R, [y| + |of # 0;
33 = (G1,Jos + aPy +vQ, M), ~ #0;
M3y = (G1,Jos + aPy +9Q, M), ~ #0;
Mzs = (G1, Jog + aPy + BP2 +7Q, M), ~#0;
M3 = (G1,G2, Ji2 + M +~4Q, M), ~#0;

nea,>0,Gq=Jog—Jaz (a=1,2), M =Py + P35, T = - (PO—P3)

BaranbpHU BUTIsL aH3aIly JUist o u = u(x), 1HBap1aHTHoro BiJI-
HOCHO OiHi€T 13 anrebp My — Masg, € Takum (nuBs., Hanpukiai, [3]):

u(z) = exp(if(z))p(w()). (4)
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Aeunit Buriay Gyskuiit f(z), w(r) BUBHAYAETHCS OJHIEO 13 HACTYIHAX
dopmyit:

(1) f(x) =exo — yo1 — 0x2, w(x) =0+ X3;
(2) f(z) =ywo — o1 — T2, wW(T) = 23;
(3) f(z) = —(yvx1 + 022 + T23), w(x) = X0;

(4) f(x) = oz + 7y arcsin — T3, w(x) =27+ 13

93% +x§
(7) f(z) =yIn(zg + x3) —ox1, w(x) =25
(8) f(z) =~vIn(wo + x3) — 722 — 01, w(T) = TG — TF;

9) f(x)=—v arcsinﬁ, w(z) = 2% + 23;
1T

(10) f(z) = %ln(iﬁo tz3), wle)=22— a2

£x1 ’yzf

(12) f($)=7560—0$2+x0+$3 " 30t 7a)’ w(x) =z + 3
(13)f(95)_M—ﬂ w(z) = xo + x3;

- ﬂ(z0+$3) ﬂa — L0 35
(14) (o) = g + 220072 TELHT) gy

To + T3 2(%0"-.%3)’
(15) f(x) =vyIn(xo +x3), w(x) = w2;
(16) f(z) = yIn(zo + 23) — 013, w(x) = —xf + =] + 23;

(17) f(z) =~ arcsinﬁ +oln(zg +x3), w(x)=2?+2%;
1T

(18) f(z) = yIn(zo +23), w(@) =2+ a3+ a3 —af;

(20) £(2) = Lin(zo +25),  w(@) = a3 + a3 +af - af;
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(22) f(o) = = Lws. wla) = ao;

(23) f(2) = yx0, w(w) =20 — w3;

(24) f(a) = —Tm, w(@) = a;

(25) f(x) = yIn(wo +a5) — oma, () = + In(zo + 73);
(26) f(x) = V(w0 +33) + S (@0 +3)? =201, wla) = w23

27) fl@) = 35

+oxg — Tr, w(w) = (20 + 23)? — da7;

g
(xo + 23)° — §CE1(300 +x3) + %(xo +x3)+

(28) f(x) = %(xo + x3)% + g(xo + x3) — oxq,
w(r) = i(ﬂco +x3)% — a1 + %xz;

(29) f(x) = —(ox1 + yao + oxa(xo + 23)), w(x)=x0+ T3]
2yr — T3 2019 — T3

2(.130 + .133) 2(33‘0 + x3 — 1)7

(30) f(x) =10+ w(z) = zo + x3;

l‘l(l‘o + 1‘3) — X2 332(]}0 + 1‘3) — I

31 T) = o ,

( )f( ) 1+($0+(£3)2 1+($0+(£3)2
w(x) =z + x3;

B x1(xg + 25 — B) — X2

o 71 + (xo + x3)? — Bz + x3)
xo (20 + 23) — 21

1+ (zo + x3)% — B(wo + 3)’

(32) f(x)

“+o

w(r) = w0 + x3;

(33) f(x) =vIn(zg + x3), w(x)= % + In(zg + x3);
(34) f(z) =vyIn(zo +23), w(x)=22;

(35) f(z) =vyIn(zo + x3), w(z)= % + In(zo + x3);
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(36) f(z) = — (% . x) (@) =zt s,

Baypazkumo, 1o aarebpam Ms, Mg, My, Myg BiAnoBigaoTh 9aCTKOBO-
inBapianTHi PO3B’sI3KH, SKi B JaHiit poOOTI HE PO3IISIIAIOTHCS.

IMixcraBasitoun 3Hafieni ansanu B piBHsHHS (1), onep:KyeMo HabBip
PEeIlyKOBaHUX 3BUYAWHUX JudeperiajbHuX PIiBHAHB JJIsI 3HAXOKEHHSI
¢ = ¢(w) (Kpamka HaJ[ CHMBOJIOM HO3HAYAE TTOXIAHY 1O w):

(1) 2iep + (0® + 7% — %) = F(lo|);
(2) =g+ (®+72 =)o = F(lol)e;
(

3) G+ (V40> + 730 =F(lel)y;

2

(4) —4dwp —4d¢p — (02 77— %) ¢ = F(le])e;

(7) =@+ 0% = F(lo|)e;

(8) 4w + 4(1+i7)@ + (0 + 770 = F(l¢l)y;
,YZ
(9) —dwp —4p + SP= F(lol)e;
. AN .
(10) 4w +4 (1+i2) ¢ = Fllel)e;
. 2 2 e
(12) 2iyp + (0 B z;) o = F(le))e;

2.2 1 2 2
13) (To + 2+ 3 ) o = Pl

.. 24T
(14) 2irp+ (20 =72 o = Flloh

(15) —¢ = F(lol)e;

(16) —4wp — 41 +iv)p + ap = F(|o|)e;

2
. . Y
(17) — 4w — 49 + LP= F(lel)e;
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(18) — 4w —4(1+iv)o = F(|el)p
(20) —4wp —4(1+i1) ¢ = Fele:
(21) — "—lw Fl¢l)e;
,YQ
(22) ¢+ 5= F(le)e
(23) —72</D=F(|90|)30
(24) *w+ w F(lel)w;
1.
(25) afto o =F(lele
(26) — ¢ +40%p = F(|ol)p
(27) —16¢ — (O’ — 72 +v0+o0o w)ap F(lo|)e;
(28) — (1+ﬁ1>g0 2wg0+0 © = F(l¢|)e;
(29) (0% +7° + 2vow + ow?)p = F(|¢|)¢
30 2irg + (740 =2+ T Yo Pl
4 A2 2
(81) — T e = Flle)e

( 1+w Y(A+w-p) 2P ) B
14+w?-pw)? (1+w?-[Fw)? 1+w?-pw e
= F([eo])e;

(33) — ¢ = Fllol

(34) — & =F(lel)y
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(35) — @w = F(le)y

@) (~27+ 200 (14 1)) o = Rl

ILnanyernbest TIpUCBATUTH OJHY 3 HACTYIHUX MyOsTiKaIiil mobymoBi To-
YHUX {HBapiaHTHUX PO3B’s3KiB HEJIIHIITHOINO XBUJILOBOTO DiBHSHHS.

Buciooo mupy nojsgky B.1. Jlarny, sxuit nposiB kiacudikariio
Hecupskenux migrpyn rpymu P(1,3) @ G(1), a rakox P.3. 2Knanosy 3a
ITOCTAHOBKY 3aJ1adi Ta MOCTIfiHY yBary a0 poboTH.
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(Q-yMOBHa cuMeTpis PIBHAHHSA aKyCTUKU

0.I. IIOZI0IIIBEJIEB

Toamascoruti merHivnul yHisepcumem

Orpumano HOBI oneparopu (J-yMOBHOI cHUMeTpil HesHIHHOrO piBHSAHHS
Uoo = uu11. BUKOHaHA PEIYKIlist Ta OTPUMAHO JIesiKi PO3B’SI3KHU IIHOTO PiB-
HSHHS.

New @Q-conditional symmetry operators of the nonlinear equation ugy =
uu11 are obtained. This symmetry is used for reduction and finding exact
solutions of this equation.

Posrnsiremo Hesiniiine XBUJIbOBE PIBHSIHHS

ugo = f (u) ur, (1)

e u = u(z) € Ry; = x(zo,21) € Ro; f(u) # const — nosinbua nude-
peHIiiitoBHa (QYHKIIisI, SIKE OMUCYE PeasbHi IPOIECH B aKyCTHII.

Bingomo, mo makcumasbhaa airebpa inBapianraocti pisaanus (1) mo-
POIZKYETHCS OTIEPATOPAMUA:

1. Ay = (Py =00, P = 1), sixkmo f(u) — Oyap-sika GyHKILs;

2. Ay = (Py, Py, D1 = 290y + 2101, Dy = 2009 — 20,),
akmo f(u) = Xexp u;

3. A3 = (Py, P1, Dy, D3 = x00y — %u8u>,
akmo f(u) = P k # 0,k # +4;

4. Ay = (Py, Py, Dy, Dy = 200y — %uf}‘u, Ko = x300 + zoudy),
akmo f(u) = Au"%;

5. As = (Py, P1, D1, D5 = 200y — %u@u,Kl = 230) + 21ud,),
axmo f(u) = Au?,

ne A, k — noBLIBHI cTaJi.

B uacrkoBomy Bunajky upu f(u) = u piBasuHg (1) MaTHMe BUIJISL:

Upp = UU7- (2)
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Il pisasians (2) B [1, 2] HaBegeno ps onepaTopis @, sKi He BXOAATH
B aurebpy imBapiantHocri Az (upu k = 1). 3a monomMoron mux orepa-
TOpPIB MOYKH& OTPUMATH AH3AIHU, 10 PEJAYKYIOTh HOro J0 3BHYARHOIO
JudepenIiaIbHOrO PIBHAHHS.

Bukopucrosyoun Bumory (Q-yMoBHOI iHBapianTHOCTI piBHsIHH: (2) [2]

Q (uoo — uuyr) = 71 (ugo — utyy) + r2(Qu),

Jie (Q — npozoBKeHHs oneparopa Q [3], r1, 7o — nesiki dyHKT, oTpuMae-
MO paHillie 3HaiijIeHi oepaTopu Ta JAEKiJbKa HOBUX OIEPATOPIB.

Teopema. Pighanns (2) Q — ymosno ineapianmue 6i0HOCHO ONepamopa
Q=00+ (21 + C)  + |(z1 + ad)u+

+§p+a3{(§) (%) (g)’}wl

axwo Pynruii a(zg) £ 0, p(xg), A(zg) 3adosoavrsaroms cucmemy pis-
HAND

(3)
8’[1.7

a—Ca 3 —ap=0, ¢=p% A:pA, (4)

(9o — Pynruyis Betepwmpacca, A — dynwuia Jame), de C — dosiavha
cmana.

Teopema JTOBOJUTHCSI METOJAMHE, 3AIIPOIIOHOBAHUMH B [2].
Bukopucrasiu (3), 3anumemo cucremy Jlarpanzxka-Eiisiepa

dxg dxq du

a2 22+ C - (r1 + ad)u + g(zo, 1)’

3 AN A

[EPITUMU IHTEerpajaMu SIKOT Oy/1yTh

e

w_/dxo / dz; :u—p(“j-i-C)—y—A’

zf+C’ ay/zi+C
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3BIJIKM 3HAXOIUMO SIBHUU BUTJISAJ, aH3AILY

u:a\/mgo(w)—&-@(x;%-C) —A. (5)

IMincrasusmm (5) B (2) 1 BUKOpUCTABIIH CHCTEMY PiBHAHD (4), OTpEMaEMO
pe/lyKOBaHe PiBHSAHHS

¢(w) + Cp(w) =0, (6)

PO3B’SI3KH SIKOT'O OY/IyTh 3ajexkKaTu Bijx Burjsyry crajol C.
Axmo C = 0, To piBHsIHHs (6) MaTHMe HACTYIIHUN PO3B’S30K:

p(w) = CLw + Cy, (7)

qe Cy 1 Cy — neski koncranTu. Ilicas nigcranosku (7) B (5), orprMaemo
PO3B’s130K piBHsAHHS (2)

2
u= %@-&-am (C1/Otd$0+02> +Cia—A,

B grkoMy yHKIT @ # 0, p, A 3aJ0BOJIBHAIOTH cucTeMy DiBHAHBL (4).
Amnasioriuno onepkyemMo po3s’s3ku piBusnug (2) upu C = 1:

u=a{(Ciz1 + C3)cos E+ (Caxy — Cy)sin E} +

2
+<xl+1)p/\,
2
ta mpu C = —1:

u=a{Ci(x1+1)exp(E) + Co(x; — 1) exp(—FE)} +

2
1
— — —A
+(F-1)o-n
;LeE:/ozd:co.
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On Lie reduction of the MHD equations
to partial differential equations in three
independents variables

V.0. POPOVYCH

Institute of Mathematics of NAS of Ukraine, Kyiv

PiBusiHEST MarHiTOTiIpOAMHAMIKY, IO OMHUCYIOTH PYX B’SI3KOI OHOPITHOT
HECTHUCJIMBOI PIIMHU 3 CKIHYEHHOIO €JIEKTPOIIPOBIJHICTIO, 3a JIOIIOMOTOIO
JIIBCBKUX CUMETDPi#l peJlyKOBaHO 10 JupepeHIliaJbHuX PiBHIHb 3 YaCTUH-
HUMU HOXITHUMH BiJI TPhOX He3aJIEKHUX 3MiHHUX. Jloc/TizKeHo cuMmeTpiitni
BJIACTUBOCTI BCiX PEIyKOBAHUX CHUCTEM.

The MHD equations describing flow of a viscous homogeneous incomp-
ressible fluid of finite electrical conductivity are reduced by means of Lie
symmetries to partial differential equations in three independent variables.
Symmetry properties of the reduced systems are investigated.

1. Introduction. The MHD equations (the MHDES) describing flows
of a viscous homogeneous incompressible fluid of finite electrical con-
ductivity have the following form:

G+ (- V)i—Ai+Vp+Hxrot H=0, divi=0,

1
A, — rot(@ x ) — vy A =0, divE =0, 0
System (1) is very complicated and construction of its new exact
solutions is a difficult problem. In [1, 2, 3] the MHDEs (1) are reduced
to ordinary differential equations and to partial differential equations
in two indedendent variables. Following [4], in this paper we reduce
the MHDEs (1) to partial differential equations in three independent
variables by means of one-dimensional subalgebras of the maximal Lie
invariance algebra of the MHDEs.

In (1) and below, @ = {u®(t,Z)} denotes the velocity field of a
fluid, p = p(t,Z) denotes the pressure, H = {H®(t,Z)} denotes the
magnetic intensity, v, is the coefficient of magnetic viscosity, & = {z,},
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= 0/0t, 8, = 0/0xs, V = {8}, A = V -V is the Laplacian.
The kinematic coefficient of viscosity and fluid density are set equal
to unity, permeability is done (47)~!. Subscripts of functions denote
differentiation with respect to the corresponding variables.

The maximal Lie invariance algebra of the MHDEs (1) is an infinite-
dimensional algebra A(MHD) with the basis elements (see [5])

325, D= tat + %xaaa — %’U,a e — %H“@Ha —p8p7

Jab = a0 — 2p0, + uaaub — ubaua + H“&Hb — H”&Ha, a<b, (2)

R(m) = m®0q + m{Ous — m{xalp,  Z(X) = XOp,
where m® = m*(t) and x = x(¢) are arbitrary smooth functions of ¢
(for example, from C'*((tg,t1),R)). We sum over repeated indices. The
indices a, b take values in {1,2,3} and the indices 4, j in {1,2}. The
algebra A(MHD) is isomorphic to the maximal Lie invariance algebra
A(NS) of the Navier-Stokes equations [6, 7, §].

Besides continuous transformations generated by operators (2), the

MHDESs admit discrete transformations I of the form

{:ta Ty = —Tp, Tq = Taq,

p=p, @ =—ud, ﬁb:be, u* = u?, ﬁ“:H‘l, a#b,
where b is fixed.

2. Inequivalent one-dimensional subalgebras of A(MHD).

Theorem. A complete set of A(MHD)-inequivalent one-dimensional sub-
algebras of A(MHD) is exhausted by the following algebras:

1. Al(5) = (D + »J12), where s > 0.
2. AY(5) = (0y + 3J12), where x€{0;1}.

8. Al(n,x) = (J12 + R(0,0,n(t)) + Z(x(t))) with smooth functions
n and x. Algebras Ai(n,x) and AL(7,X) are equivalent if Je,6€R,
3&1,526{—1;1}, EAECOO((to,tl),R).‘

i(t) =ere™n(t), X(F) = e2e (x(t) + At (H)n(t) — A(t)n22(t)), (3)
where t =te™2 +§.

4. A(m, ) = (R(m(t)) + Z(x(t))) with smooth functions m and
x: (m,x) # (0,0). Algebras AL(/m,x) and AL(m,X) are equivalent if
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Je,0€R, Jeye{—1;1}, 3C £0, IB€0O(3), Il C>((to, t1), R3):

m(f) = Ce s Bm(t),

X(1) = Cere (x(t) + Lo (t) - (t) — 1y (t) - (1),
where t =te 2 + 6.

3. Lie ansatzes of codimension one for the MHD field. By means
of the algebras A} — A} (sometimes, when additional restrictions for
parameters are satisfied), we can construct ansatzes of codimension one
for the MHD field. Let us list these ansatzes.

L@ =[t|7Y20(r)0 + 3t~ 10 + st ey x &,
i = [t|~1/20(r)G, (5)
= [t| g+ $t72|F? + Lot 22,

where i = |t|=1/207 (1)Z, T = »In |t|. Here and below
vt =0y, y2,43), G = Gy1,92,93), 4= q(y1,92,93),

cosT —sint 0

O(t)=| sint cos7 0 |, r= (:L“ +z )1/2 ez = (0,0,1).
0 0 1
2. =0 +x6 x7, H=0G, p=q+ i (6)

3. ul = xr~ ol —aor20? w? = por~ Nt + 2202,
u? = v3 + n(t)r—2v? + n(t) arctan xo /1,
H' = 2177 1GY — 2907 2G?,  H? = 297 1G' + 217 72G?, (7)
H? = G® +0(t)r2G?,
p=q— 3nu(t)(n(t))'x3 + x(t) arctan zo /21,

where y1 =1, yo = x5 — n(t) arctanxs /x1, ys = 7 := 1.

Notion. The expression for the pressure p from ansatz (7) is indetermi-
nate in the points t € (to,t;) where n(t) = 0. If there are such points ¢,
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we will consider ansatz (7) on the intervals (¢}, t}) that are contained in
the interval (to,t1) and that satisfy one of the conditions:

a) n(t) #0 Ve ({f,17);
b) n(t) =0 Vit € (£, £7).
In the last case we consider 7 /n := 0.

With the algebra A} (1, ), an ansatz can be constructed only for such
t wherefor mi(t) # 0. If this condition is satisfied, it follows from (4) that
the algebra A}(1m, x) is equivalent to the algebra Al(1,0). An ansatz
constructed with the algebra A}(n,0) has the following form:
4. @ =0t + o3 m|2m + (- T)|m| 2wy — | m| T,

H = Gt + G®|m|~2m,

p = Imilq — 3 |H[? — || =2 (1, - 7) (7 D)+ (8)
- o\ | = —d = = S — 2
+ 5 (g )|~ (7 - 2)% — G|~ (e - 7))+
+ (glmlelm] =2 = §(le)? ] =2 yiyi,

where y; = i1’ - &, y3 = 7 := [ |ni|dt, ii* are smooth vector-functions such

i om=nt -7t =qal it =0, |@|=|mY2 (9)

Notion. There exist vector-functions 7i* which satisfy conditions (9).
They can be constructed in the following way [4]: let us fix smooth

vector-functions ki = El(t) such that k% -m = kL k2 =0, |EZ\ = |m|'/2,
and set

it = kL cosp(t) — k2 sinwp(t),

2 = Kl sinp(t) + k2 cos ¥ (t).
Then i} 72 = K} K2 = =0 it ¢ = [(k} - E*)dt,

4. Reduced systems in three independent variables. Substituting
ansatzes (5) and (6) into the MHDESs (1), we obtain reduced systems of
PDEs with the same general form

(10)

(T-V)T = AT+ Vg+ G xrot G+ 7,8 x 7 =0,
(T V)G — (G- V)T — v AG + 72G =0, (11)
divt = %’}/2, divG = 0.

<
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Hereafter the functions v®, G%, and ¢ are differentiated with respect to
the variables 41, y2, and y3. The constants ~, take the values

1. v =2xsignt, 72 = —signt;
2. y1 =2, 72=0.

For ansatzes (7) and (8) the reduced equations have the form
3. M+ +y P ((G*)? = (v%)7 — 2n3) — vy + o'y * =0,
M2+ (LY )z + 20y *(GHG? — 0'0® + vf — ug—
=20%y1Y) =y tof + 200y 0% — e ye — xy; 2 =0,

M3 —ngs + vyt + 20y Moy + x =0,

N+ v (=20y17°G3 +y°GY =y 1GY) = 0,

N2+ v (=20%y Gl + 20y G — 571G — 4GPy ) = 0,
N3 42y H PG — 0 GB) 4 2umnyy PG+ v GRy = 0,

vl Folyrt =0, GI+Glyrt =0,

(12)

where  M® = v +viv§ — GIGY — vy — (1+ n2y; vy,
N =G¢ +0'G¢ — Gf — Gy — V(14 12y 2) G,
4. vt + vjv;» - Gng» - v;:j +q + 28303 =0,

v3 + ij}3 - GjG;’ - U;’j =0,
GL+ 071G — GIvl — vy GY + ara™ 'GP =0, (13)
G2 +0IGY — G} — 1, GY, = 27GT — 20,07 1GP = 0,
vf =0, G§ =0,

where o = a(7) = ||, 8¢ = Bi(1) = (M, - 7).

5. Symmetry of reduced systems. Let us study symmetry properties
of systems (11), (12), and (13). All results of this subsection are obtained
by means of the standard Lie algorithm [10, 9].

Symmetry properties of the systems (11). The maximal Lie
invariance algebra of system (11) is the algebra

a) (Oa; Ogs Jia) i 1 #0;
b) (Ba, Oy, Jap) if 71 =0, 72 #0;
C) <8a, 8q, Jilﬂ D%> if Y1 = Y2 = 0.
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Here JY, = .0y, — yp0y, + 020y — 0°0ye + G*Ocv — G®Oga ,

D% = yaaya — v%0pa — G*Oga — 2q8q .

Note. All Lie symmetry operators of (11) are induced by operators
from A(MHD): The operators J}, and D} are induced by Jy; and D.
The operators ¢,0, (c, = const) and 9, are induced by either

R(t|Y?(c1 cosT — easinT, ¢y sinT + cacos7,¢3)),  Z([t|7),
where 7 = »1n |t|, for ansats (5) or
R(cq cos st — co sin ¢t ¢ sin st + ¢o cos st, c3),  Z(1)

for ansatz (6), respectively. Therefore, Lie reduction of system (11) gives
only solutions that can be obtained by reducing the MHDEs with two-
and three-dimensional subalgebras of A(MHD).

Symmetry properties of the systems (12). Let A™** be the
maximal Lie invariance algebra of system (12). Studying symmetry
properties of (12), one has to consider the following cases:

A.n,x =0. Then

Am = <a‘r’ D%v Rl(C(T))a Zl(A(T))%
where D3 =270, + y;0,, — v'0yi — 20303 — G'0gi — 2G30gs — 240,
R1(¢C(T)) = €02 + (0y2 — Crr20yy,  ZHN(T)) = A(T)0,.

Here and below ¢ = {(7) and A = A\(7) are arbitrary smooth functions
of T =t.

B.n = 0, x # 0. In this case an extension of A™** exists for
x = (C17 + Co)7L, where C,Cy = const. Let C; # 0. We can make
Cs vanish by means of equivalence transformation (3), i.e., y = C771,
where C' = const. Then

A = (Dy, Ri(¢(T)), ZH(A(7)))-

If C; =0, xy = C = const and
A = (0, Ri(¢(T)), ZHA(T)))-

For other values of y, i.e., when XrrY # XrXrs
A = (Ri(((7)), ZH(A(T)))-
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C. n # 0. By means of equivalence transformation (3) we make y = 0.

In this case an extension of A™2* exists for n = +|Cy7 + Ca|'/?, where
C1,C5 = const. Let C; # 0. We can make C5 vanish by means of
equivalence transformation (3), i.e., n = C|7|'/2, where C' = const. Then

Ams = (D}, Ry(|r]/2), Ro(|r|"/? Inlr), 21 (M),
where Ro(¢(7)) = (0y, + (;0,2. If C1 =0, i.e., n = C = const,

A= (07, Oy,, Ty, + Oy, Zl()‘(T)»-
For other values of 7, i.e., when (n?),, # 0,

A = (Ry(n(7)), Ra(n(r) [(n(r))~2dr), Z(X(7))).

Note. In all cases considered above the Lie symmetry operators of (12)
are induced by operators from A(MHD): The operators 0., Di, and
ZY(A\(7)) are induced by 9;, D, and Z(A(t)), respectively. The operator
R(0,0,¢(t)) induces the operator Ri({(7)) for n = 0 and the operator
R2(¢(7)) (if ¢rrmp — Cnrr = 0) for i # 0. Therefore, the Lie reduction of
system (12) gives only solutions that can be obtained by reducing the
MHDESs with two- and three-dimensional subalgebras of A(MHD).

Symmetry properties of the systems (13). Let us introduce the
notations

S' =0y — 28 3y;0,, S =(a)%0gs, Z(\(T))= Ay,
R(P(1)) = )10y, + L0y — i yi0q, ¥ = (V1,9

D =70, + 140y, — 3010, — 3G10q:i — 0y, I =v%0,5 + G395,
Jia = Y10y, — Y20y, + 0102 — v20,1 + G'Og2 — G20

For arbitrary values of the parameter-functions o and 3¢, system (13) is
invariant under the algebra

AN = (R(4), S, §%, Z(N))
Extensions of the maximal Lie invariance algebra of system (13) is in the
following cases (for each extension we write down its basis operators):
1.80=0,a, =0, vy, =1: D, 8;, Jia, I, G303 + v30gs.
2.8 =0, 0, =0, vy, #1: D, 8;, Jya, I.
3. 3 =0, a = az|T + ap|™, ajay # 0: D+ a0y, Ji2, I.
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Bt =0, o = ae™”, ajaz #0: 8-, Jio, I

B =0, ac; e + (ar)?ar, — 2a(ar,)? # 0 ju, I

LB £0,8.=0,a, =0: D-31, 0,.

. Bt = pcosh, % = psinb, a = as|T + ag|*, where
p=bi|T +ag|™/>7 1, 0 = by In |7+ ao| + bz, and (a1by, ba) # (0,0):
D + apdy — by iz + %(al - 1)I.

8. Bt = pcosb, f% = psinb, a = aze™7, where

p=01€37/2 0 = byt + b, and (a1by,ba) # (0,0):

O —baJiz + 2a1l.

N e e e

Note. The vector-functions 7’ from ansats 4 are determined up to the
transformation 7' — 7! cos § — 12 sin g, 12 — A' sin 6 +72 cos 6, where
6 = const. Therefore, § can be chosen such that b3 = 0.

Note. The operators R()(t)) + C1S*, Z(\(7)) from A*! are induced by
the operators R(I(t)), Z(x(t)), respectively. Here

x(t) = A( (£), 1) = ¢ () (1) + p(t)mi (1),
where 20 (7 (2)) (7 (t) - (1)) + @ (t)[m(t)]* = C.

The operator S? is not induced by operators from A(MHD). Therefore,
the Lie reduction of system (13) can give solutions that can not be
obtained by reducing the MHDEs with two- and three-dimensional
subalgebras of A(MHD).

Consider inducing the operators from extension of A*'. The operators
I and G39,s + v39gs are not induced by operators from A(MHD).

The operator Ji» belong the maximal Lie invariance algebra of
system (13) if 3° = 0. In this case m = |i|€, where € = const and
|€] = 1. Then, the operator Jio is induced by e1.Ja3 + e2.J31 + e5J1a.

For m = e7%(cy cos b, casinb, c1) with c1,c2,0, 2,5 = const and § =
st + 3 , where ¢} + ¢3 = 1, the operator d; + s.J12 induces the operator
0 — 1 %jm + o1 if the following vector-functions 7 are chosen:

1 — k! cos c10 + k% sin b, = —klsin c10 + k2 cos @b, (14)

where k! = (—sin#, cos6,0) and k2 = (¢ cos 6, ¢y sin 6, —cs). 3
For m = |t + §|‘7+1/2(02 cost, cpsinb, ¢y) with 6 = s>cIn |t + 5|+ and
c1, o, 0,2,0,0 = const, where ¢ + ¢ = 1, the operator D + §0; + »J12
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induces the operator D+ Sé‘T — 01%j12 + o1, if the vector-functions 7’
are chosen in form (14).
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IIpo oauH Kjac y3arajibHEHUX Tediit
Benprpami igeajibHOI HECTUCJINBOI PiAVMHNA

I.B. IOIIOBHUY {, O0.9. BACHJIEHKO 1}

T Inemumym mamemamury HAH Yrpainu, Kuis
1 Ipuasoscokuti deporcashutli mexnivnul ynisepcumem, Mapiynoav

IlobynoBano 3arajbHUl PO3B’'SI30K CUCTEMH, IO CKJIAIAETHCS 3 PIBHAHD
Oiinepa (Ki OMUCYIOTH PyX i/I€aIbHOI HECTUCJIUBOI PIUHA) 1 TOMATKOBOI
ymosu (4 - V)i = 0.

The general solution of the system consisting of the Euler equations
(describing motion of an ideal incompressible fluid) and the additional
condition (% - V)@ = 0 is constructed.

SarajabHuil PO3B’SI30K B 3aMKHEHOMY BUTJISII MOXKHA TOOYLyBATH JIAIIIE
Ui HebaraTpox audepeHIiaJbHuX PIBHIHD 3 YACTHHHUMH ITOX1THUMU.
B 3B’a3Ky 3 1M pO3IVISAIAI0TH, B OCHOBHOMY, 33/[ati ITONIYKY YaCTKOBUX
PO3B’SI3KiB, 110 38/I0BOJILHSIOTE MIEBHI JOJATKOBI 0OMeXKeHHsI. 3a TakKi 00-
MEKEHHSI BUKOPUCTOBYIOTD SIK ITOYATKOBO-KPAITOBI YMOBH, TaK 1 JI0MATKO-
Bi sindepentiaabHi PIBHSHHS, SKi TAKO2K HA3UBAIOTH AU(DEPEHITIaIbHIMI
3B’si3kamu. OOMeXKeHHsT JPYroro TUIY 3aCTOCOBYIOTH 1 70 Kiracudikarii
BCi€l MHOXKUHH DO3B’sI3KiB 3aJIAHOI0 pIBHSHHSI. 30KpeMa, Tedil pinuHu
B TiapoauHaMini KJIacudiKyioTh Ha OCHOBI YyMOBU GE3BUXOPOBOCTI TOJIS
mBmKocTed rot @ = 0 (a came, Tedil, JyIg AKUX g YMOBA BUKOHYEThCS,
HA3WBAIOTHCS OE3BUXOPOBUMHU, B TPOTUJIE2KHOMY BUIAJKY — BUXOPOBU-
mu). B poborax [1-5] upoBeieHo H0C/izKEHHsT PIBHSAHD PYXY HECTUCIIU-
BOI Pi/IMHY 3 JeIKUMU HEJTIIBCbKUMU JIOJIATKOBUMHU YMOBAMU.
B possutok pobGoru [5] posrisiHemo cucreMy pisHsHb Oifinepa

U+ (@- V)i +Vp=0, divi=0, (1)
III0 OIMCY€E PYX HECTHCJINBOI i/1eaJbHOI PIIMHU, 3 JIOJATKOBOI YMOBOIO

(@- V)i =0. (2)
Tax sik 38 ymoBu (2) rot((@-V)d) = —rot (@ x rot @) = 0, T0 KIaC Teuiit,

IO PO3IVISJIAETHCS, HAJIEXKUTD JI0 y3arajdbHeHnX Tediil Beabrpami [6].
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3ayBakenHsi. Hajasi maemo Ha yBa3i, 10 BCi CIIIBBiHOIIIEHHS BUKO-
HYIOTBCsl JIOKAJIBHO B JIeIKOMY OKoJii (bikcoBanol Touku (to, Zo). [Hmexcu
a, b i c 3mino0TbC Big 1 10 3, iHgekcu ¢ Ta j — Big 1 10 2. 3a iHgekca-
MU, IO IOBTOPIOIOTHCH, HJie mimcyMoByBaHHA. HukHiit innekc QyHKIl
O3HAYAE JIUMPEPEHIIIOBAHHS 10 BiAIOBIIHIA 3MIHHIH.

Teopema 1. Jlogiavruii poss’sasox cucmemu (1)-(2) aokasvro nase-
oACUMDB 00HIT 3 HACMYNHUL CIMET:

1La=¢( ), p=x(),
de Q = Q(F) 3adaemovca HeasHo AK PO36°A30K aA2e6PATHHO20 PIBHAHHA

(B() x Fa()) - 7= (), (3)
= ¢%(Q) - dosinvra Jubepenuitiosna Pyrryisa,
VE (Z=const): (BF(Q) x Fa(Q)) x &# 0. (4)

2. @ = (YPi(ws) + ()&, p=—CGwi + x(t).
3= (PP(wr,wa) + C3())es,  p=—C(t)ws + x(1).

Tym ¥®, C%, x — dosiavhi Gynxuii ceoix apaymenmis, €1, €a, €3 — Op-
MOHOPMOBANG MPITKA BEKMOPIB, Wy = €y - L.

—

4. @ = —k(t) x &(k(t) - ) +1(t),
p =5 (k@) x 22)(k(t) - D), = b+ x(2),
de &= const, |k(t)] =1, k(t) - =0, I(t) - k(t) = 0.
= Rcosf, wu?=Rsinf, u®>=Rp, p=x(t),
de R = R(—xz1sinf+xzqcos6,0), o = @(0), Y =1(0) — dosinvni Pyrxuyii
ceoix apeymenmis, 0 = 0(Z) — po3s’asox pienarns

ml(gDCOSQ — @951119) —i—xg((psin@—i—gogcosﬁ) + x3 = 1.

HoBenenns. Ilicaa Buksoyenns tucky p 3 (1) 3a momomororo onepa-
il rot cucremy (1)—(2) MoxHa HepenucaTu B TAKOMY €KBIBAJIEHTHOMY
BUTJISI:

(@-V)i=0, divi=0, (rotd);=rotu;=0. (5)
Axkmo poss’si30k cucremu (5) BioMuii, TO BUpa3 IS P JIETKO 3HAXO-
JIUTHCSI IHTErpyBaHHSIM DPiBHSIHHS VP = —U;.
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IMosuayumo nepimit, qpyruii 1 Tperiit nabopu piBHaHD B cucremi (5)
gepes (5.a), (5.b) i (5.¢) Bigmosiano. fkimo posrsayTn (5.8) K cHCTe-
My JHHIfHEX piBHSIHB BiZHOCHO ¥ 3 MATpHIE (uf), TO OTPHMAEMO, IO
det(ug) = 0, Tobro rank(uf) < 3. (Panr marpuni (uf) HasEBaTHMEMO
TAKOXK PAHroM po3B’si3ky cucremu (5)). OTKe, MOKJIUBI JHIIe TP Ha-
CTYIIHI BUTIQIKM:

a) rank(uy) =0; 6) rank(uy) =1; B) rank(ug) = 2.
PozriisineMo KoxKeH 3 X BUIAJIKIB OKPEMO.

rank(ug)=0, To6To uj = 0, a TOMy Ieii BUNaIO0K BUIEPIIYEThCS PO3B’I3-
KaMmu ciM’i 4 3 ¢ = 0, gKi € TpuBiaJbHIMHU, 60 OTPUMYIOTLCS TPYIOBIM
PO3MHOXKEHHAM HYJIb0BOro po3s’asky (4 = 0, p = 0).

rank(ug) = 1. PosrugmemMo cio9aTky po3B’S3KH CIEIIaJbHOIO BUIVISIY.

Ad=@rw),mer=tw=Fkt) T, G, #0, k=k(t): |k =1

3 cucremu (5) BUIUILBAE, ITIO

E-3=0, kiX@o+kX@Gro+kX@oulky ) =0.
Axmo IZt = 6 TO SB‘rw = 6, a ToMYy ITicJjist nepeno3HaLIeHHH k= €3 1
BpaXyBaHHA yMOBH k- @ = 0 orpuMaeMo po3B’s30K 3 ciM’T 2.
ko ky ;é 0, 70 B = 0, TOGTO F = wm( )—H( ), IpUIOMyY k-l=0,
k- m = 0, (kxm)t—O 3Bl,zLKI/Im——kxc ne ¢ = const. OTxe, B
[OMY BUIAJIKY PO3B’SI30K HAJEXKUTDH CiM'T 4.

B. @ = ¢(t,B)@3(t), ne 7® = @3(t): || =1, Vo #0.

3 (5.a) BmumBae, mo (712 - V)p = 0, 10610 ¢ = (T, w1, ws), 16 T = t,
w; = it - T, BexTOp-bYHKIT 7' = 7i*(t) yTBOpPIOIOTEL pasoM 3 7°(t) mpasy
OPTOHOPMOBAHY TPifiKy BEKTODIB, IO 3a/1e3KUTh BiJ| ¢, IPUUIOMY 71} - 712 =
0 (BexTOp-byHKII 7', sIKi 33/I0BOILHSIOTL Taki yMOBHU, icHYIOTH [8]).
Toni cucrema (5.b) e TOTOKHICTIO, & piBusAHHS (5.C) JAIOTH YMOBY (73 x
V) = 0, 3BiAKH (T pu, —7 @wl)t =0. BpaxoByroun, 1o 3a 1106y 108010

BEKTOpU TLt KOJ'IlHeale ’I’L3, a BEKTOpu 7% JiHiiHO H@B&J’IG)KHI, POo3nIennuMo

B OCTAHHLOMY DIiBHAHHI 10 w3 = 7i° - & i IpUpiBHAEMO KoedilieHTn Ipn

% 10 HyJIst:

Yrw; =0, (_’2 z )‘PM (_'1 z )‘pwz =0, ((ﬁi ) ﬁS)‘:Dwz) =0.

(MizcyMOBYBaHHS 110 ¢ TYT HEMAE.)
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Ko 7t - 1% = 0, To 7% =: €, = con TOM, B’SI30K HAJIEIKUTD
dxmo 7t - @3 = 0, To 7% « = const, a To 03B’fI30K HaJIe
cim’T 3.
Axmo (A} - 73,72 - 73 0,0), To moximHi @, 3aJexKaTh JINIIE Bl
t t ) ) i
t, Tobro dyHKIis p miniiHa 0 T. OTXKe, U Mae BUTJIs A.

B. i =@3(Q), ne § x o #0, 2= Q) : VQ #0.

Pipustans (5.¢) € TotoxkHicTio, a (5.a) i (5.b) maTh cucTeMy 3 IBOX
piBasiHb Ha QyHKI0 ) @ J - VQ = 0, gq - VQ = 0, inrerpyroun sky,
orpumaeMo yMoBy (3). ITo6 yHUKHYTH PO3B’sI3KiB BUIIIsiLy A, 0JATKOBO
BHMaraTuMeMo BUKOHaHHs criBBinHomeHHs (4). B pesyabrari sHaiiemo
pPO3B’s130K 3 cim'T 1.

IMokazkemo, M0 JAOBLIbHUI PO3B’A30K panry 1 cucremu (5) Mae omuu
3 Burigais A-B. B cuy cumerpii cucremu (5) BiZiHOCHO nepecTaBiieHHST
3MinHEX 6e3 OOMerKeHHs 3arajbHOCTI MOXKHa BBazKaTh, Mo Vu’ # 0
sigku IF = Fi(r,ud), 7 = t v = Fi(r,u?). dxmo F* = 0, To
OueBHJIHO, MO PO3B’s130K Mae BurIs B. Hexait nagani (F1, F2) # (0,0).

1. Hpunycrumo nonatkoso, mo ui = 0. 3 (5.a) i (5.b) Bummsae, mo
noxizui vl ((u?,ud) # (0,0)) Sa,ZLOBOJIbHHIOTb OJIHODIiTHY cucTeMy JiiHi-
HUX aJII‘e6pal‘{HI/IX piBuaEb Fiu? = 0, F? su = 0, a TOMy BU3HAYHUK ITi€l
cucremu nopisaioe 0: Fly F? — F 1F33 = 0. Orxe, dynxnii F* mpomop-
uiiini neskum Gyukiiam v¢ = v*(t) 3 koediniearom nponopuiitnocti, He

pisanm 0, mpuaomy (1, v2) # (0,0). 3a miei ymoBu cucrema Ha u; 380-

JIUTHCS JIO OJTHOTO PIBHAHHS ’y%? = 0, a 11e o3Ha4ae, IO U MAE BUIJIAT,

A.
2. Hexait u} # 0, F, F2—F'F? = 0. 3 (5.a) i (5.b) orpumaemo cucremy

JIBOX JIHIMHUX ayireOpaiuHuX PiBHSIHBb Ha IOXiTHI U
i) 3 i .3 3
Flud +udul =0, Flud +ul=0.

3a teopemoro Kponekepa-Kamesai 3 cymicHOCTI ITi€l cucTeMu BiIHOCHO
u} BummaBae, mo u?F'y = F', mobro 3" = ~4'(t) : F* = v'u?. Orxe,

po3B’s130K Mae BuriAn b.
3. Hexait u3 # 0, § = Fig_F2 — F1F33 # 0. Bukonaemo B cucremi (5)
3aminy rogorpada:

T=t Yy =T1, Y2 = T2, Y3 = u> — HOBi HezaJMeXKHI 3MiHHI;

Fi=Fi(1,y3), v =13 — HOBI HeBigOMI dyHKIIII.
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IMicas niel 3aminn i anrebpaluHux mepeTBopeHb piBHstHHA (5.a) 1 (5.b)
nabysaiots Burasamy Flv; = ys, Fiv; = 1, ssinkn v; = GY(1,y3), 1e
G' = 0"YF? - Fiy3), G* = =6 Y(F! — Fly3), a Tomy v = Glys + G°
JIIST TesTKO1 qudpepeHIiitoBHol yHKITT GO = GO(T7 Y3), IPUIOMY

F'G'=y3, FiG'=1, F'Gy=0, (6)
(G* + F},G? + F2) # (0,0) (imakme FiG' = —FiFi#1), (7)
GG%2 — GGl = —FiGLo lys #0, (8)
G3G33 — G3Gas = —(G3/F?)*6 # 0. 9)

dkmo G§ # 0, G3 = 0 a6o G} = 0, G3 # 0, To 3 OCTAHHBOTO PIBHSIHHS
B (6) BummBae F! = 0 a6o F? = 0 sigmosigno, a Tomy § = 0, 1o
HEMOXKJINBO. SKIIO Gg = 0, To micys IIOBEpHEHHSI 0 CTAPUX 3MIHHUX
OTPUMAEMO PO3B 30K BULJIAIY A.

Hexait nagani G3G% # 0. Hincrasumo Bupas st GyHKII v B cucTe-
My (5.c), 3amncaHy B HOBUX 3MiHHUX:

(v30, —v,;05)((G" + F3)/v*) =0, (10)

(G + F3)(v*G2 — v:G3) = (G* + F3)(v*GL — v.Gjy). (11)
Bunumemo koedirient npu y; B pisasaai (11):

(G' + Fi)(GYG2 - GLG3) =0,

seinku B cuny (7) G3G2—GLG3 =0, To6T0 30 =O(t,93) : G' =G4 (O),
upuiaomy O3 # 0, G # 0. Bpaxosytoun (8), poss’szkemMo cucremy 3
1epmioro i ocranuboro pisngub B (6) BigHocno F': F' = y3LY(0), ne
L'=G3¥o ', L2 = -GLo', 6 = G'GE — GGl

ITizcrasumo Bupasu s dbykiiit F¢ ta G B pisaanma (10) i magamo
3MIHHUM Y1, Y2 TOYEProBO 3HaUEHHs 00, 01 0, 0o

(Gl + Ll)(@T/@g,)g + Lé@T =0,
3Bigkn ©, = 0, 60 BUZHAYHUK
‘Gl +L' L§ §

Otxe, F! = 0, GL = 0. 3a nux ymoB Hacigkom pisagans (10) € Taxox
cuisBipomenns (G + Fi)(G3G3;, — G2GL3)GY = 0. Tomy B cuny (7)
i (9) G2 =0, To6TO0 PO3B’A30K Mae Buris B.
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rank(uf) = 2. B cuny cumerpii cucremu (5) BimHocHo moBOpoTis (T, @)
6e3 0OMeKeHHsT 3arajIbHOCTI MOXKHa BBazkarn, 1o rank(u}) = 2, a Tomy
icaye Taka dbynxmia F, mo u® = F(t,u',u?).

1. IlpunycrumMo J0IATKOBO, IO det(uﬁ-) = 0. Posriignemo aBa meprmx
piBusHHg cucremu (5.a) K cucTeMy JHHIHHUX HEOJHOPIAHUX DIBHAHb
Bignocro u' i u?. 3a Teopemoio Kpomekepa—Kamemnt u® = 0 (imakme
rank(uj) < 2), a Tomy 3 (5.a) i (5.b) Bummmsae, mo If = f(t,x3) :
u? = ful, sBigku ul = g(T,w1,ws), ge T =t, w1 = x5 — fr1, Wo = 3.
Migcrasumo Bupasu st u® B (5.¢) 1 posuenumo 1o x1. BpaxoByouu
YMOBH f,, 7# 0, gu,, # 0 (imaxme rank(u}) < 2), orpumaemo fr = g, = 0.
Orxke, B IIbOMY BHIAJIKYy MAEMO pO3B’si30K cim'1 5, je ¢ = 0, f = tgh,
g = Rcos#.
2. Hexait det(u;'-) # 0. Bukonaemo B cucremi (5) 3aminy romorpada:
T=t y =ul, yo = u?, Y3 = x3 — HOBI He3aJIe’KH1 3MiHHI;
vt =121, v2 =29, F = F(7,y1,y2) — HOBi HeBifomi dyHxmii.

IMicasa uiel 3aminu 1 anrebpaldyaux neperBopeHb piBHgaHHsA (5.a) Ha-
oysatorh Burasyty Fovi = vy, ssinkn F # 0 i J¢9° = ¢'(1,y1,y2) :
v' = yys3/F + g*. IlincraBumo Bupasu g v* B (5.b) 1 posuenumo 1o
Ys:

yiFi =F, y(Fig"); =0. (12)

[Tepeiiemo B IJIOMMHI 3MIHHUX %1 1 Y2 JO MOJISPHUX KoOpauHaT 7 i 6:
y1 = rcosf, yo = rsinf. Beegemo nosHaveHHs:

h' = g'cos@ + g*sinf, h?> = —g'sinf+ g*cosd
(ht = hi(r,7,0)) i npoinTerpyemo pisnsanmsa (12):
F=rp, W =-ZR4G ae p=prn0)#£0, (=((r0).

B pesysbTari BUpa3m s v' MOYKHA 3aIIMCATH y BUIVISLIL
v' = (pys — h?pp /o + ) cosf — h?sin0), (13)
v? = (pys — h2s09/<,0 +()sinf + h? cosf.

IMincrasumo (13) B (5.¢) i posmenumo 1o y3. HacoinkoMm piBasHb mpn
TPETBhOMY CTelleHi Y3 € cruiBigHomenus ¢, 6, = 0, 1e

§ = r(viv3 —vyv}) = hy(hg + h') = hi(hg — h*) # 0.
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dxmo npunycruru, mo @, # 0, To 6, = 0. PiBugauus npu apyromy
cremeni y3 maioTh ymoBy ThZ. 4+ 2h? = 0, fKa CymepednTh TOMY, IO
0r = 0. Orxke, @, = 0, To6T0 @ = ©(f), 1 HAcHIAKOM DIBHSIHb LIpH
JIpyromy creredi ys € cuiBigHomntenus (.6, = 0.

Axmo npunycruru, mo (, # 0, To §, = 0. PiBHaaasa npu mepiromy
creneni y3 fat0Th yMoBYy rh2, 4+ 2h? = 0, sika cylnepeuuTh ToMy, 10 &, =
0. Orxke, ¢; = 0, To6T0 ¢ = ((f), 1 HACTIAKOM DIBHSAHB LIPU HEPIIOMY
creneri ys € criinnomens h2h2 = 0, spinku h2 = 0, 60 h? # 0 (imakime
0 = 0). IloBepayBIIUCH [I0 CTapUX KOODJHMHAT, OTPHMAEMO PO3B’S30K 3
cim’T b, ne ¢ := (. Teopema nosenena. A

Teopema 2. Makcumanavroto (6 cenci JIi) anzebporo insapiarnmmuocmi
cucmemu (1)-(2) € anzebpa A, wo nopodsicyemuves onepamopamu

a(lv D =2,0, +u®0ys + 2p8p7 X(f) = E(t)at - St(t)apa

(14)
Jab = Ta0p — Tp0a + u0yp — uPdya, Z(x) = Xx(t)0,.

Tym & ma x — dosiavhi 2nadki Gyrruit aminmoi t.

Hosenenns. Cucrema (1)—(2) nepeBusnadena, i npusenenus 11 B iHBo-
JIOIIO € OKPEMOIO CKJIaTHOK 3a/auer0. ToMy JJIsl 3HAXOJXKEeHHsI 11 MaK-
cUMaJIbHOT ayirebpu IHBAPIaHTHOCTI CKOPHCTAEMOCS AJITOPUTMOM, 3aIIPO-
noroBanuM B [7]. A came, 3anumemo indiniTesnMaibHy yMOBY JHTBCHKOT
imBapiantHocti cucremu (1)—(2) BigHocHO oneparopa

Q = €Oat + gaazu + naaua + 7708])7

ae €9, €9 n®, n° zamexars Bix t, T, 4, p, i mepeligeMo B Hift Ha MHOXKIIHY
po3B’a3kiB 2 3 Teopemu 1. Kopucryiouncs mosinbuicTio dbymkmii ¢, ¢*
i x, B oflepKaHifi TaKUM YUHOM HeOOXimHifi yMOBi iHBapiaHTHOCTI PO3-
menumo 3a napamerpanmu ¥l CF (} 1 ;. Ilicas ciporents oTpuMaemMo
CUCTEeMY BU3HAYAJIBHUX DIBHSAHD Ha Koedinientn oneparopa Q:

21;:52:51?:07 v =& =& =0, noy =y =0, (15)
&=0, n*=ub¢, (16)
4+ € = (& + n9)dab (17)

ne 8ap — cumBot Kponekepa. 3 (15) i (16) summsae, mo &0 = £9(¢),
n° = n°(t,p) 1 3 Map, No = const: §* = Mapay + Noy n® = Mapup. B
cuiry (17)

Mgy + Myg =0, a#b, My = My = Mz, n)=—& +2M;.
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Orxe, anrebpa Al micTurbes B niniitniit obosoni onepartopis (14). Jler-
KO IIepeBipUTH, 10 3BOPOTHE BKJIOUEHHs Takoxk BipHe (60 cucrema (5)
iHBapiaHTHA BiJTHOCHO CKiHYEHHUX IIEPETBOPEHbD, sIKi P€HEPYIOThCH MU
oneparopamu). Teopema nosenena. W

Orxe, anrebpa Al mictuth xmac oneparopis X (£), mo He HageKaTh
MakcuMasibHil (B cenci JIi) anreGpi inBapiantaocti A(EE) pisasuab Oii-
sepa (1), robro piBasaHg (1) yMOBHO iHBapiaHTHI BiJIHOCHO olepaTOpiB
X (¢) upu nonaTkosiit ymosi (2).
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JoBenieHo, mio Jijisi JOBiJIBHOTO €BOJIIOIIHHOTO PIBHAHHS 3 71 IIPOCTOPOBU-
mu 3minanMu (n € N) sagaga gocsimzkenas (Q-yMOBHOI cuMeTpil BiTHOCHO
IHBOJIFOTUBHUX MHOXKHWH 71 OIIEPATOPIB 3 HYJILOBUMHU KoedilieHTaMu npu O
3BOJUTHCS IO PO3B’sI3aHHS IIBOTO PIBHSHHS, & JIOBLIHHA OTHOIIAPAMETPUI-
Ha ciM’sl Oro po3B’sI3KiB iHBapiaHTHA BiJIHOCHO OJIHIET 3 TAKUX MHOXKHH.

It is proved that, for an arbitrary evolutionary equation in n space variables
(n € N), the problem of investigating @-conditional symmetry under the
involutive sets of n operators with the vanishing coefficients of 9; is reduced
to solving this equation. And, an arbitrary one-parameter family of its
solutions is invariant under one from such sets.

HesBazkatouu Ha mwiigxi 3acrocyBanHs (Q-yMOBHUX (HEKJIACHYHUX) CHU-
MeTpit Ji/isT OOY/I0BY TOYHMX PO3B’a3KiB mudepeHIiajibHux PiBHAHD 3
JaCTUHHUMHU TIOXiTHUMU, OAraTo acrekTiB iX Teopil /0 IbOTO vacy 3a-
JIIIAIOTHCS Hes'sicoBaHuMu. B poborax [1-3] Gys10 nmokasaHo, Mo st
OJTHOBUMIPHOTO JIIHIHHOTO PIBHSHHS TENJIOMPOBITHOCTI Ta JESKOrO HOro
y3araJibHeHHs 33/1a9a Bi/ITyKaHHs (J-yMOBHOI'O OIEPaTOpa 3 HYJIbOBUM
koedirmienToM pu J; KOMIIO3UIHEID HEJOKAJIBHOTO MePEeTBOPEHHS 1 TIe-
peTBOpeHHd rojorpada 3BOIUTHCS JI0 PO3B’3aHH BUXI/ITHOTO PiBHAHHS.
P. 2Knanos i B. Jlarso [4] ysarajbHwim neit pesysibraT Ha JOBLIbHE
€BOJIIOIIiIHE PIBHSHHSI 3 OJHIEI0 IIPOCTOPOBOIO 3MiHHOK0. B maniit poboTi
JIOBEJIEHO aHAJIOT IIHOTO PE3YAbTATY JJI €BOTIONINHNX PIBHAHD 3 JIOBLIb-
HOIO KifbKicTio 1 € N IpocTOpOBUX 3MIHHHX, & TAKOXK OOEPHEHY TEOPEMY
IIPO 3B’SI30K OJIHOIIAPAMETPUIHUX CiMell pO3B’sI3KiB UX PIBHSHB 3 1X Q-
YMOBHUMHM CUMETPIsIMH.
Posrnanemo eBostroriiitne piBHAHHA

ut:H(t7f7u(r))7 f:(xhx?a"'axn% (1)
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Binuocuo byukil v = u(t, ), ge yepes U(r) TIO3HAYEHO MHOXKUHY BCIX
MOXiTHUX (PYHKIHT U TI0 POCTOPOBUX 3MIHHUX & Bijt 0-T0 110 7-T0 MOPSIIKY
BKJIIOYHO, u; = Ou/0t. 11106 pexykysaru piBHsHHg (1) 10 3BHUAiiHOIO
nudepeHIiaIbHOrO PiBHAHHS, HeOOXiTHO 3HANTY iHBOTIOTUBHY MHOXKHUHY
3 N OIepaTopiB

Qa = €a0(t7 fa U’)at + fab(ta 57 u)ab + na(t7 fa U)au, (2)

ne rank(£%9,£9%) = n, Bigmocno skoi pismamus (1) Q-yMoBHO imBapi-
autre. (TyT 1 Hagami 0, = 0/0s,, iHAeKkcH a 1 b 3miHOIOTBCS Big 1 1o
n, 3a lHjeKcaMu, N0 IIOBTOPIOIOTHCA, iije migcymMoByBanHs.) IIpu 1b0-
My, STK TPaBUJIO, BUHUKAE HEOOXITHICTH PO3IJIAIATH JBA BHIAIKH: Ja:
€99 £ 0 abo Ya: £%° = 0. IIpeMeToM HAIIOrO JOCIIiIXKeHHA Oy1e APy it
BUTIAI0K.

Teopema 1. 3adaua nosnozo docaidrcenns Q-ymo8Hot iHEaPIaHMHOCMI
pisnanHA (1) 6i0HOCHO IHBOAOMUBHUT MHONICUN 3 T onepamopis (2), de
£ =0, 3600umnca 00 Po36 A3ANHA 6ULTION020 PIGHANNA.

Hosenennsi. Hexait B (2) €% = 0. JIj1a1 iHBOIIOTHBHUX MHOYKHH OTlepa-
TOpiB (J-yMOBHOI CUMETpPil MOXKHa BBECTHU BiJIHOIIEHHs] €KBIBAJIEGHTHOCTI

[5, 6]:

{Q%) ~{Q"}, sxmo Q" =\"Q,

e A% = \(t, Z,u), det(A?®) # 0. dxuo nokmactn (A*) = (£%°)~1 10
oTpumaemo exsiBasentry {Q%} MHOMNuUHY omepartopis {Q?} 3 £ = §°
(69° — cuvBon Kponexepa). Tomy opasy GyeMo BBasKaTH, MO

Q" = 0a +n*(t,Z,u)0y. 3)

VMoBa IHBOJIIOTUBHOCTI MHOXKUHU oneparopis (3) cuiBnajae 3 yMOBOIO
X KOMYTYBaHHS, K& PIBHOCHJIbHA TAKUM DiBHIHHAM Ha QyHKIHI 1%:

g 4+ nnd = nd +n"nl. (4)

JIema 1. Qynruii n® sadososvrsatomo cucmemy (4) modi i miavku modi,
Koau icnye maka Pynruyis © = &(¢, 7, u) (&, #0), wo

77” = _(I)a/q)u' (5)
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Hosenenns. Jocrarhicts 306paxkents (5) st po3s’s3kis cucremu (4)
oueBnHa. JloBemeHts HeOOXiAHOCTI MPOBEAEMO IHAYKINE 0 k — Kijlb-
KocTi oreparopiB. s k = 1 3a mykany GyHKINO Bi3bMEMO JTOBLILHMIMA
po3B’s130K piBHaHHa @1 +1n'®, =03 &, £ 0.

IIpumyctumo, Mo TBEPIKEHHS JIEeMH CIIPABE/JINBE [ k OmepaTopis,
TO6TO

; o
A0 = O(t, 7, u) (P, £0): 7' = 3 = 1,k

Bunumiemo 3 cucremu (4) piBasuns, B skux a =k + 1, b=14,i =1,k :

k+1 v k+1 ? ? k+1 _
n; - My, - - n , 1= 1,]@’ (6)
Dy Qo) g o/,

Skmo B (6) BUKOHATH 3aMiHy 3MIHHIX

nk+1 — _q)(g-‘rl + \I’(T(i)y? %)’ =t g:f’ %:(I)(t,.f,u),
u u
To Ha ¢ysKHilo ¥V orpumaemo piHaaEa U, = 0, i = 1,k, Tobro
U =VU(t,Tgpt1,...,Tn, P). Hexait dyukuis d = &)(t,f, U) BU3HAYAETHCS
cuiBBinaomenusaM ® = O(t, Tpq1, ..., Tn, 5), J1e © — po3B 130K PIBHIHHS
Okt1 =Y (t, Thi1,- .-, Zn, ©). (Taka byHkuist O icHYE SIK PO3B’SI30K 3BU-
YatHOrO gn(bepeHuiam)Horo PIBHAHHS 3 HAPAMETPAMU T, Tk 42, - - -, Ty

dbynxnia ¢ migcrapigeTses samicTb cranol inTerpysanns, O # 0.) To-
i

. (CF ‘51 (I)i
nl:—LN:—N—, i:17k7
= 7@;1;‘51#1;*‘ Okt1 I ‘I’~ _ 755“
@&)q)u 65(1)“ Oy ,

IIPUYOMY ®, = ®, /05 # 0, TobTO o - IIyKaHa QYHKIL.
Hosenenns semu 1 3aBepreno. l

3a o3navenHsM, piBHsHHS (1) Q-yMOBHO iHBapiaHTHE BiIHOCHO MHO-
JKMHH OIepaTopis (2), sKIo

Qf (ur — H(t, 7, u(r))) =0, (7)

ur=H (t,Z,u(ry), M
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ze QE‘,,_) — r-e MPOMOBXKEeHHS omeparopa %, a M — MHOXKWHA BCiX au-
depenmiamparx HaCTiAKIB cueremn Q%[u] := 0% — £y — £%%u, = 0 10
nopsizky r — 1 Brinouno. g oneparopis (3) ymosa (7) Mae BALJIsi

wt+niH=Q H, ne  H=H(&u)=H| (8)
aCquv--Jrllnu aaeN
60 M =4 o = (QH).. . (QM) " u, ’ :
© {(%v(fl...axﬁ" (@) (@)% u a1+...+an§r}

IMizkpecanmo, 1o B (8) i HIzK4Ye oneparopu Q% AiOTh B IPOCTOPI 3MiH-
nux (¢, Z,u), a Tomy Q% = n?, Q*Q%u = nf +n°n2 i r.1.

Ckopucraemocs 306paxkenusaMm (5) st dyHKuiit 7, micsas 9oro Bu-
KOHA€EMO IIePEeTBOPEHHs rojorpada:

T=t, y=2, »=® - HOBI He3a/eXKHI 3MIiHHI;

(9)

v =wu — HOBa 3aJexHa 3MiHHa, To6TO0 v = V({, T, u).

(3ayBaxkumo, mo cuissignomennavu (5) dbyaxnia ® BusHAYAETHCH 3

tovnicTio 70 1eperBopernss ® = ((7,P), sike B HOBUX 3MIHHUX Ma€
BUTJIS],
T = ;7 Zj: g7 7= g(;a %)7 v =7 (10)

Tyr ¢ — nosinbHa manka ¢yHKnis cBoix aprymenrtis.) Toni n® = v,,,
Q% = 0,,, 1 ymoBa (8) nabysae BUIIISLTY

Vg, — oy Ve D, (11)

Use Use

e H = PNI(T,Q') = H(1,¥,v4(7,9,)), Dy, — oneparop moBHOTO Mche-
PEHIIOBAHHSA 10 Yq. 3 (11) BumuBsae, 1o

v, — H

(Dya Vs, ) (v, —H) =0, abo D, T =0, (12)
Ve Vs
TOOTO
Ur — H(Tv ga U(T)) = 7(7-7 %)U%, (13)

qe v = (7, 3%) — nesika ruajka byHkiis. Bukonasum B piBHsHHI (13)
zaminy 3minnux (10), ne ¢ = ((7, ) — mesikuii po3B’sa30K piBHAHH (7 +
~v(7,¢) = 0, orpumaemMo piBHsIHHSI TOrO K THUIly 3 ¥ = 0, sKe CIIBIAIAE
3 BUXIJIHUM PIiBHSHHSIM. 3MIiHH& ¢ BXOJUTh B PO3B’SI30K DIBHSAHHS $K
napamerp. Jlosenennsa Teopemu 1 3aBepmeno.
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ObepHeHHS JTOBEICHHS TeopeMu 1 J1a€ HACTYIIHE TBEP/>KEHHS.

Teopema 2. /las 6ydo-axol odnonapamempuywhoi cim’i po3e’s3xis pie-
Hanna (1) ichye insoatomuena MmHodcuHa onepamopis (3) Q-ymoenol
cumempii pishanns (1), 6idnocno axoi dana cim’a po3e’askie ineapiat-
mma.

HoBenennsa. Hexait
u=v(1,9,%), ne v,#0, 7=t Y=72, (14)

— omHoOmapamMerpuyHa ciMm’a poss’a3kiB piBusuns (1). Poss’sakemo (14)
JK DIBHSAHHsA BinHOCHO ¢t 3¢ = ®(¢, 7, u) — 1 BusHauuMo byHKIIl n® 3a
nonomororo dhopmya (5). Toxi B cnity siemu 1 omepaTtopu (3) yTBOPIOIOTH
imBosrroTHBHY MHOXKHHY. Tak sK 3a BH3HaYeHHAME vy, = g, /P, = 0%,
To Q%[v] = 0, Tobro posp’sizok (14) iHBapiaHTHWH BIHOCHO MHOMKUHU
oneparopis (3). Samummiocst gosectu, mo piBasgHbg (1) @Q-yMOBHO iH-
BapiaHTHE BiJITHOCHO IIi€l MHOXKMHU OIIEPATOPIB.

Iincrasumo poss’sizok (14) B (1) i nomieMo Ha pe3ysbrar OLEPaTo-
pamu Dy, — Uy, /U, OTpUMaHi TAKMM YHHOM DIBHSIHHS CIIBII3JIQI0Th
3 (11). BuxkonaBm B HUX IepeTBOPeHHsI Tojiorpada, 3BopoTHe 10 (9)
(robro, t = T, & = ¢, u = v — HOBI Hezanexkui 3Minui; ¢ = » — HOBaA
3aJ1e’KHa 3MiHHA), 1 BpaxoByoun (5), nupuxoaumo o piBasHHs (8), sdKe
ekBiBasleHTHe yMOBI inBapianTHOCTI (7).

Hosenenns Teopemu 2 3asepiinero.

SayBaxkeuns 1. Anzamn, noOygoBanuii 3a MHOXKUHOIO oneparopis (3),
ne dyuknil n* BusHadaoThes Gopmysnamu (5), Mag BULIIs

O(t,Z,u) = p(w), abo u=v(tZpWw)), ne w=*t.

IMicast mizcranoBkM fioro B piBHsAHHS (1) OTpHMMaEMO pejyKOBaHE DiB-
aanaa ¢ = y(w, ), B gskomy byskiia v = y(w,y) 3HAXOAUTHCS 13
CIIiBBiIHOIIEHHST
~ v — H(t,Z, v
N=—&, — O, H = v~ H{t, 7, v¢)
Ve

(B cuny pisuauusa (12) D, v = 0).

Ak dynkuis @ (< v) 3a5a€ ogHONIAPDAMETPUIHY CiM'I0 PO3B’sI3KiB
O(t,Z,u) = » (& u=v(r,¥, »)) piBaguusg (1), To pesyKoBane piBHAHHA
mae Burisg ¢’ = 0, To6TO ¢ = const .

Teopemu 1 1 2 MoxkHA 06’€THATH B OJHE TBEPIPKCHHSI.
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Teopema 3. /las do6iavhoz0 e60a0uiliHo020 pistanna (1) ichye 63aem-
HO-00HO03HAMHA 610N06I0HICMYD MINHC 0OHONAPAMEMPULHUMY CIM AMU T0-
20 PO36°A3KIG 1 THEONMOMUBHUMYU MHONCUHAMY onepamopis (3) Q-ymos-
HOT cuMempii yvoeo piekarHA. A came, KooHcHIT Cim 't D036 A3KIE MONHCHA
noCMasuUMU Yy 610N06I0HICING MHOMCUKY onepamopie (3), eidnocho akol
dana cim’s pose’a3kie theapiawmua. 3adayi nobydosu ecix odnonapa-
MEMPUUHUT cimeld po36°askie pishanns (1) ma nosrnozo docaidrcenms
11020 QQ-YMOBHOT THBAPIAHMHOCTE BIOHOCHO THEOAOMUSHUT MHOHCUH 3 N
onepamopis euzaady (3) noeHicmio exsi6aNeHMHI.

P. TToniosuy Bucsiosioe noigaxy PP Ykpainu (npoext Ne 1.4/356)
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Omnucano omeparopu (Q-yMOBHOI cuMerpil JiiHIiHOrO n-BuMipHOro (n>2)
OJTHOPI/THOTO PIBHSAHHS TEIIONPOBiIHOCTI. BBE/IEHO MOHATTS €KBiBaJICHT-
HOCTI orneparopiB (Q-yMOBHOI cuMeTpil BifHOCHO Tpymnu neperBopenb. Ot-
PUMAaHO JiesiKi Pe3yJIbTaTH CTOCOBHO DIiBHSIHB TEIJIONPOBINHOCTI 3 JIzKepe-
JIOM.

The Q-conditional symmetry operators of the linear n-dimensional (n>2)
homogeneous heat equation are described. The notion of the equivalence
of (Q-conditional symmetry operators under a transformation group is
introduced. Some results for heat equations with source are obtained.

1. Beryn. B reopil qudepeHniiajabHuX piBHSHD 3 YACTUHHUMHY TOX1THU-
MU YLTbHE MiCIle 3aliMalOTh PIBHSHHS, 9Ki MAOTh IPOCTY CTPYKTYPY i
AKUM BOJHOYAC MPUTAMAHHI HETPUBIAJIbHI MATEeMATHYIHi, 30KpeMa, CH-
MeTpiiiai BracTwBOCTI. YK mpaBmio, Taki PiBHAHHS ILIITHO BUKOPHUCTO-
BYIOTBCS JIIsI MaTEMATUIHOTO MOJIETIOBAHHSI 00’ €KTIB, SIBUII i MIPOIIECIB
B PIBHUX HAYKOBUX TaJy3sX, i caMeé BOHH CTUMYJIIOIOTh BUHUKHEHHS Ta
PO3BUTOK HOBHUX ITOHSATBH 1 METOJIB Teopil AudepeHIliajlbHuX PIBHSIHD 3
YACTUHHUMU TIOX1THUMH.

OfHuM 3 TAKHUX PiBHSIHD € JiiHiiiHe piBHstHEs Termomposinmocti. Moro
cumetrpiitni BiracruBocti gociimkysas me C. JIi. B 1969 pori Baywmen i
Koy [1] came Ha npukiaai JiHITHOrO OHOBUMIPHOTO DIBHSHHSI TEILIO-
IIPOBiTHOCT] BBEJIU MOHATTS i MPOJEMOHCTPYBAJIH AJITOPUTM 3HAXOIKECH-
He (Q-yMoBHOI (260, B IXHIN TepMIHOJIOTII, HEKJIACUYHOI) cuMeTpil qude-
PEHITIAJIBHOTO PIBHSIHHS 3 YaCTUHHUMHA TOXITHUMU BiJITHOCHO OJHOT'O OITe-
paropa. Hamani 3amada mociizkeHHst (Q-yMOBHOI cuMeTpil JiiHIAHOrO 0J1-
HOBUMIiPHOTO PIBHSIHHS TEILJIOTPOBITHOCTI po3Tisgaiacs bararbMa aBTO-
pamu. 30KpeMa, B [2] B OJJHOMY 3 BUIIAJIKIB, [0 BUHUKAIOTD, JIJIsl YACTUHU
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CHCTEMHU BU3HAYAJBHUX PIBHAHBb Ha KoedirieHTn omeparopa (J-yMOBHOI
iHBapiaHTHOCT] BUBYEHA JIIBCbKA CUMETPisl Ta 3HAW/IEH] HeJOKaJIbHI I1e-
PETBOpEHHS, IO 3B’A3yIOTh JOCJI/KYBaHy CUCTeMY 3 DIiBHAHHSAM Brop-
repca Ta PiBHSIHHSIM TEILIONPOBIIHOCTI 3 mzkepesioM. [loBHe (B IeBHOMY
ceHcl) po3B’s3aHHA 334l PO (Q-yMOBHY IHBAPIAHTHOCTD JUHIHHOTO OJ1-
HOBUMIDHOIO PiBHsSIHHSI TelIonposignocti nauo B [3] (aus. Takox [4, 5]).
A came, B 060X BUMAKaX, IO BUHUKAIOTH, 3HANEHA JIIBCbKA CUMETPist
cucTeM BU3HAYaJbHUX PIBHSAHBb Ha KoedilieHTH omneparopa (Q-yMOBHOI
IHBapIiaHTHOCTI 1 HEJIOKAJIbHI ITIePETBOPEHHS, O 3BOJATH Il CUCTEMHU IO
BUIXiJIHOTO PiBHSIHHSI.

B mamniit poboTi Brepime po3s’sizaHa 3a1a49a, po (J-yMOBHY CHMETPIf0
JUHIHHOTO N-BUMIPHOTO (0 > 2) OJHOPIAHOrO PIBHAHHS TENJIONPOBiAHOCTI

Up = Ugq, A u=u(t,Z), t=x9, T=(T1,...,Tpn). (1)

Orpumani pe3ysbTaTi 3aCTOCOBAHO JI0 JUHINHUX PIBHSHD TEIIOMPOBiI-
HOCTI 3 JI?KePEJIOM.

B (1) i manauni ingekcu a, b, ¢ 1 d 3miH©0OTHCS Big 1 10 N, iHIEKCH
tTtaj — Big 1 o n— 1, imgekc p — Bim 0 mo n. 3a iHgekcamwu, IO
TOBTOPIOIOTRCS, e mizcymMoByBanuga. Hukniit imaekce GyHKIT o3HaTAE
nudepeHIitoBaHHs M0 BiIMOBIMHIA 3MiHHiH.

JliTechka cumerpist pisHstHHs (1) mofpe BEBUYeHa: MakcuMasbHa (B
cenci JIi) anre6pa iioro inBapiantHocti ALHE) nopomkyersest oneparo-
pamu

Oy =0/0y, 04 =0/0s,, D =2t0+ x,04,
G, =10, — %xauau, Jab = Ta0p — 20, (@ < b), I =udy, (2)
I = 4t + 42,0, — (Ta®a + 2t)udy,  f(t, )0,
ne f = f(t,Z) — nosuibHuil po3s’a3ok piBusuaa (1). st anreGpu
A(LHE) cupaseymBuit Takuii po3K/a:
A(LHE) = AGs(1,n) + A (LHE),
ne AGy(1,n) = (01, Ou, D, Ga, Jap, I, II) — ckinuennoBumipHa wac-

tuna anrebpu ALHE) (anreGpa ysaransrenol rpynu Laminest Go(1,n) 3
ozHi€ero "acopoto i n npocroposumu 3minauMu); A (LHE) = (f (¢, Z)0, |
f = f(tv'f): Jt= faa>'

2. ExBiBasieHTHiCTH omepaTopiB ()-ymMoBHOI cumeTpii. Jlamo HeoO-
xinHi o3navyenns. Hexait

L(l‘,U(T)) = 0, (3)
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— mudepenIiagbae PIBHAHHA 3 YACTHHHUME MOXITHAMA T-TO TOPAIKY 3
n + 1 mesanexuow 3Minuow x = (g, Z1,...,~Ty,) BLUIHOCHO HEBIIOMOI
bynxnii v = u(x). Tyr u(y nosnavae sci noxigni dynkuil u Big 0-ro g0
7-T'O TIOPAJKY BKJIIOTHO.

Osnauennsi 1 [6, 7]. Kaoswcymo, wo pishanua (3) Q-ymosno ineapian-
mHue 610HOCHO Onepamopa

Q = & (x, “)au + 77(% u>8u (4)

(y axoz0 Toua 6 0dun xoedivienm E# ne dopientoe 0), A0 6uUKOHYEMBCA
YMO8a

Q(T)L(x? u(r)) =0, (5)
L(z,u(y)=0, M
de Q) — r-e npodosoicena onepamopa Q, a M — mnoorcuna 6ciz Juge-
PEHYIaALHUT Hacaidkie pihanns Qu] = 0 do nopadky r — 1 exarouno,
Qu] :=n — {Mu, — dia onepamopa Q wa Pynryio u = u(x). IIpu yvo-
MYy onepamop @ Ha3UBAMb 0nepamopom Q-ymosHoi cumempii pieHit-
HA (3).

ko piBagnbg (3) Q-yMOBHO IHBapiaHTHE BiIIHOCHO JESIKOIO Olepa-
Topa (), TO BOHO (J-yMOBHO iHBapiaHTHE 1 BiTHOCHO omeparopa Q) Jist
JoBlabHOT HeHyJIboBOI GyHKIil A = A(z,u). Tomy Ha MHOXKMHI Oepa-
TOPiB IPUPOJIHO BBECTU HACTYIIHE BiJHOIIEHHS €KBiBaJIEHTHOCTI.

Oznavenns 2 |1, 6, 7|. Jea onepamopu Q' i Q? Q-ymosroi cumem-
pii pisnanna (3) HA3UBAIOMBCA EKGIBANCHIMHUMU, AKUL GOHU GLOPI3HI-
10MBCA HA HEHYALEUT, MHOMHCHUK A = A(T,u).

Ilosnauenns: Q' ~ Q2.

Ile BimmoOmIeHHS €KBiBAJEHTHOCTI MOXKHA y3araJbHUTH, CKOPUCTAB-
IIIICh HACTYIIHUM CIIOCTEPEKEHHSIM: I JTOBLIHBHOIO JIOKAJIBHOTO IIepe-
tBOpeHHs g: (z,u) — (Z,4) = g(x,u), BiaHOCHO sIKOrO piBHsIHHS (3)
inBapianTHe, npueaHane 300paxenns Ad(g) BusHauae GIEKIIIO MHOKU-
HU OrepaTopis Q-yMoBHOI cumeTpil piBuganus (3) ma cebe.

Osnauenns 3. /Jsa onepamopu Q' i Q% Q-ymosHoi cumempii piersan-
HA (8) NA3UBAIOMBCA EKBIBANEHMHUMY, 6I0HOCHO AOKAABHOZ20 NEPEMBO-
PeHHA g cumempil pisHanta (3), AKuwo

IN= Az, u) #0: Q% =)NAd(g) Q.

Ioznauvenns: Q! ~ Q? (mod g).
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Osnauenns 4. Jlea onepamopu Q' i Q? Q-ymosnoi cumempii piersan-
Ha (8) nasusaromuves exsisasermuumu 8idnocko 2pynu G A0KaALHUT
nepemeopens cumempii pieHanms (3), AKWO 60WU eK6i8aseHmHi 610-
HOCHO 0eAK020 enemMerma Yiel epynu.

Jea onepamopu Q' i Q% Q-ymoenoi cumempii pienanna (3) nasuea-
10MBCA EKBIGANEHMHUMU 6I0HOCHO aszebpu A aiiecvkol cumempii pie-
HANKA (8), AKWO 80HU ex6isaneHmHi GI0HOCHO 00HiEl 3 odHonapamem-
PUMHUL 2DYN, UL NOPOOHCYIOMBCA EAEMEHMAMU UIEL an2e0DU.
IMoznavenns: Q' ~ Q? (modG); Q' ~ Q? (mod A).

3ayBaxkenns 1. ExBiBajieHTHI B CeHCI O3HaUYeHHSI 2 OlEPATOPU BU3HA-
YAIOTh OJJHAKOBI, & eKBiBaJIeHTHI B ceHci o3Hadenns 3 (abo 4) — necyTTeBO
pisui BigHOCHO mepersopenus g (rpymu G, anrebpu A) ciM’i po3s’a3kiB
piBusHHA (3).

3ayBakeHHd 2. BinHoreHHst eKBiBaJI€HTHOCTI ONIEPATOPiB 3 O3HAYEHD
2, 314 M0OKHA JIETKO y3araJIbHUTU Ha iHBOJIIOTUBHI MHOYKUHU OTIEPATOPIB
@Q-yMOBHOI cumeTpil.

3. OcHoBHi pe3syabTraTu. CHOpMyTI0EMO OCHOBHUI PE3yIbTAT POOOTH.

Teopema 1. Jlas 6ydv-axozo onepamopa Q Q-ymoshoi cumempii pie-
Hanna (1) suxonyemoves odne 3 €cnigeioHOWEND:

1. Q~Q° de Q°cA(LHE);

2. Q~ Q' =8, + gng~'ud, (mod ASO(n) + A®(LHE)),
de g = g(t,x,) — po3e’azox pienanHA MENAONPOGIOHOCTI, MOGMO
gt = Gnn;

3. Q ~ Q= Jiz + ¢(0)ud, (mod AG(1,n) + A>(LHE)),
de o = p(0) — pose’asox pieHarns g + 209 = 0, @9 # 0, 6 —

noaaprut xym 6 naowuni O X1 Xo.

SayBaxkeuns 3. s byHKil ¢ 3 Teopemu 1 iCHy€ HOTHPU CYyTTEBO
pisHi (BigHOCHO 3CyBiB 1O #) BUOAIKM:

a) o = —xtgxl, 6) p=xthxd, B) @ =sxcthsxf, 1)¢p=0""

A€ x — HEHYJIbOBa KOHCTaHTA.
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SayBakenusi 4. Amnzanu i pejykoBaHi piBHSHHSI, 10 BiJITOBIAAIOTDH
oneparopam Q' i Q?, mMaroTh BinmosimHo BHIUIS:
1) wu=g(t,zn)v(wo,...,wn-1), Hd&e wo=t, w; =ux;

(1) — Vo = Vi

2) u=exp( [e(0)df)v(wo,...,wn_1),
ae wo=t, wi =T, Wy =Tey1, S=2,n—1
(1) = wvy=v1+ wl_lvl — )\w1_2v + Vgs.
B 2) A\ = —pp — p? = const, (r,0) — HOTAPHI KOOPIWHATH B ILIOMIIHI
0X1X,.

B cuny 3ayBakenns 3 apyruit anzar 06’e/iHye B OO0l YOTHPH CYTTEBO
pizni Bigaocno A (LHE) anzanu:

a) = —xtgxl: u=v(wg,...,Wn_1) COS 30, A = 2
6) v = sthsb: u=v(wp,...,wn—1)ch b, A= —x?
B) ¢ = scthib : u=v(wg,...,wn—1)sh b, A= —x?
r) p=0"1: u=v(wo,...,wn_1)0, A=0.

B noBejienni Teopemu 1 BUKOPHUCTOBYIOTHCS HACTYIIHI TBEPIZKEHHS.
JIema 1. Qynxuyisn z = z(t,Z) 3a00604vHAE PIBHAHHA
2t — Zaa — 2hpz =0, de h=h(t,x,): hy — hpp — 2h,h =0, (6)
modi i Mmiavku Mmodi, KOAU MAE MICUE 300PaHCEHHA

z:fn_hfa de f:f(tvf): ft:faa- (7)

Hosenenns. Beenemo nosnavents: T := 0; — 040q, T:=T- 2h,. B
cuny cuissiguomenns 1'(0, —h) = (0, — h)T piBuanus (6) € HacsigKOM
3006pazkenns (7). osememo, mo 3000parkensst (7) Mae Mictie jyist Gy1b-
SIKOTO PO3B’si3Ky piBHsIHHsI (6). DIKCYEMO PO3B’SI30K 2z [IBOTO PIBHSIHHS 1
posB’sizkemo (7) BisHOCHO f K JiHifiHe qudepeHiaabHe PIBHIHHS 3 Ta-
pamerpamu t, T = (x1,...,T,_1): f = fO+Cg, ne fO = fO(t, &) — vacr-
KOBHUIl pO3B’130K 1poro pisuauus, C = C(t, &) — noBlabHa riaaka GyHK-
Iis CBOIX apryMmeHTiB, g = ¢(t, ;) — PO3B’S30K DIBHSIHHS TEIJIOIPOBI/I-
HOCTI gt = Gnn, IO BU3HAUAETHCA 3 3aminu Koyna-Xonda g, /g = h. Toxi
0="Tz="T(8,—h)f° = (,—h)Tf°, 3sinku Tf° = Dg, ne D = D(t, %),
aromy 1T'f =0, sxkmo TC =—-D. R
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JIema 2. Qynxuyis z = z(t, &) 3adosoavrse pisharns

2%2:0, de o= (0): vog + 2009 =0, 09 #0 (8)

2t — Zaa —

(mym (r,0) — noaspni xoopounamu & naowuni OX1Xs) modi i miavku
modi, KOAU Ma€e Micue 300parncerms

z=x1fa—x2f1 —of, de [=f(t,T): fi = faa- (9)
JoBesieHHs jileMu 2 aHAJOTIYHE JIOBEJIEHHIO JieMu 1.

3ayBakeHH# 5. TBep/kents jgeM 1 i 2 JIerKo MmepeHocsIThCs Ha, JTiHiiiHe
piBusunsa [Ipwoainrepa

iz/)t = _waa + Vw (10)

3 craloHapHuM 1orerijanom V = V(Z), ne ¢ = ¢(t, &) — KOMIUIEKCHO-
sHauHa (DYHKIs, ¢ — ysIBHA OJMHUI. A came, SKIIO

1)V ==2h,, ne h=h(z,): hpm+2h,h=0, h, #0, abo

%VZ—%% ae @ =9(0): a9+ 2p9p =0, pg#0

(naragaemo, mo (r,) NO3HAYAIOTH IMOJAPHI KOODJAMHATU B ILIONIMHI
0X1X3), TO HEJIOKAJIBHOIO 3aMIHOIO

1) =1, —h) abo 2) ¢ = z192 — T2ty — PP

piBusiaag (10) 3BoauThea 110 BlibHOro piBusans [promginrepa (V = 0).
3rigHo 3 3ayBarkKeHHSIM 3 00OM BHIIAIKAM BiAMOBIITaE€ MO YOTUPU KJIACH
MMOTEHITIAJIIB:

222 —23¢2 —25¢2 2
NV=—F— V=0t v=—T v=1,
cos? »x, ch” »x,, sh” sex,, 3
23¢2 —2572 —23¢2 2
NV=—"vo Yy =y
) 72 cos? 20’ r2ch? 50’ r2sh? 0’ 202’

[Tepmuit Habip norenmiaais 706pe BioMuUil Aj1st OJHOBUMIPHOTO DiBHSIH-
us Hppoxinrepa (n = 1).
4. HoBenenus: reopemu 1. Hexaii (4) — oneparop Q-ymMoBHOI cumeTpil

piensEHs (3). PosryisneMo okpeMo fBa cyTTeBo pizaux umajiku: £ # 0

i’ =0.
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I. €9 # 0. B cunty icHyBaHHS BiHOIIEHHS eKBiBAJIGHTHOCTI MOYKHA
pazkatH, mo ¥ = 1, To6T0 Q = O; + £%0, + nd,. Ynmosa (5) a1 TaKoro
oneparopa i piBusnus (1) HabyBae BUIAILY:

e — 5?% - (naa + 2Naula + nuuuaua)+

(11)
(&8, 4 288 ua + €y uatia)up + (€5 + ELua)uap = 0,

SIKIIO Upp = 1) —E%Ug — ;. Posmenunoroun B (11) 1o sMiHHUM Ugp, @ # b,
Ujj, Ug, MMICJIsI CIIPOIIEHHS OTPUMAEMO HACTYIIHY CHCTEMY BU3HAYaJIbHUX
piBHsIHB Ha KoedilieHTH oneparopa :

63 :Ov Nuu =0 = ga :ga(t7f)7 n:nl(taf)u+no(tvf)

(Tobro dynkiil €% He 3amexkaTh B u, a GyHKIis 7 JiHifiHa 10 u);

§+& =0, a#b  &=¢&, (12)
2, = —(& — &, +26,€), (13)
1 = Taq + 265" =0, (14)
1°t — 10 + 2631° = 0. (15)

(incymosysannus mo ¢ B (12) Hemae.)

JIema 2. Jlas dosiavhozo pose’asky cucmemu (12)—(14) cnpasedause
300pasicenm:

£ = puxy tvz, +x* (0P =—p"), (16)

nt ==+ 20 zwe — (X + 20X w0 + 0, (17)

de dynwuii p®® = pt(t), v = v(t), x* = x*(t) i 0 = o(t) sadosorvra-
10Mb cucmemy 36UNGTNUT JUPePenyianbHUT PIGHAND

Vg + 6vvg + 403 =0, (X + 2vx)¢ + 2v(x¢ + 2vx?) =0,

18
pgt + 20 =0, o +2wo + in(y 4+ 202) = 0. (18)
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Josenennsi. [lokaxkemo criogaTky, mo yHKIHT £ miniitai mo 7.
Axmo n > 2, to 3 (12) (me cucrema Kimtinra) sunimsae, mo Bci
oXifiHi 3-ro MOpsiJIKy IO IPOCTOPOBUX 3MIHHUX Bif dyHKIil ¢ pisHi 0.
ITpoudepenniroemo pisasiaHst (13) 10 23, Je b # a, micsst 9oro 3 piBHOCTI
MilIaHUX TOXiHUX 7)), 1 77}, oTpuMaemo me oxun HaGIp piBHAHD Ha %

& +2(E0€Me = &0y + 2(67€)a (19)

Hudepennianbpui Hacaigku 2-ro nopaixky piBasab (19) i 1-ro nopsaxy
cucremn Kijutinra (12) pasom faors ymMoBy piBaOCTi 0 APYIEUX MOXITHUX
dyHKIIH £% 110 TPOCTOPOBUX 3MIHHUX, TOOTO £ siHIilHI 110 Z.

st n = 2 noeejieHHs Jemo ckiauime. [lepeiigeMo 10 KOMIIEKCHIX
sMiHEUX: 2 = ¥ + iy, Z = = — iy, £ = £ +i€%. B cuny (12) (upm
n = 2 ue cucrema Komi-Pimana) dbyakuis £ ananituusa o z, To6To
& = &(t,2), a Tomy & = 0. Hexait £* := £(t, 2), 3Binku £ = £*(t, 2).
(TyT pucka 03HAUAE OIEPAIIIO0 KOMIUIEKCHOTO CIpsizKeHHsl. ) [lepernmriemo

B KOMILIEKCHUX 3MiHHUX piBHstHHs (13):

2 = —(&+ (& +€)6),  2mp = —(& + (& +E)EY). (20)

BuaiinemMo pi3Huio 1oxinHol mepmoro piBasuHd cucremu (20) mo z i
Jpyroro — 1o z:

(€488 = (& +&85)=a,  a=at)eR. (21)

ITpoiaTerpyemo pisHsiHHs (21):
GH+&l=m+f= &+ =az2+p8, B=p1)eC. (22)

ITincraBumo pesyabrar B (20) 1 po3B’sizkeMO OTPUMaH] TAKUM YHHOM DiB-
HSHHS BifHOCHO 7':

nt = %(—a22+55+52+’7+ff*)a v =7(t)€R. (23)

Bpaxosytoun (22) i (23), mogiemo omepatopom (9,)?(0z)? na piBHsHHS
(14): &,.28%; = 0, 10610 &,,, = 0, a ToMy 3 (22) OTPUMAEMO yMOBY
£,. = 0. Ile o3nauae, mo £ miniiiai mo .

Orxe, B cuity joBejieroro i cucremu (12) s dyukiii £ cupases-
ymse 306pakenns (16). Pisnsanng na bymrkmil 4% 3 cucrenmu (18) i 306-
paskennst (17) na n' e macaigkamu pisagns (19) i (13) sigmosigmo. Iumi
piBusiHHS 3 cucTemu (18) orpuMmaemo micas mizcTanoBKE 306pazkeHsb (16)

i (17) B (14). ®
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IurerpyBanns nepinoro pisasans 3 cucremu (18) mae Tpu cim’i pos-
B’SI3KiB [is1 PYHKITT v :

_ t+Cy . 1
(- C)2 Y C2(t+Cy)’

st KOxKHOT 3 X ciMedi po3B’sizkeMo iHril piBHsinHs cucremu (18), a pis-
usuus (15) ssegemo 1o (1). B pesysubrari Mmu nobyyemo nabopu onepa-
TOPiB (Q-yMOBHOI CUMeTPil, B SIKUX OYIb-sSIKHUil OllepaTop eKBiBaJeHTHUN
oneparopy 3 A(LHE) :
—1 ~
Q' =((t+C1)*+Co) [H+CiD + (CF+ C2)0; + Q1
—1 -~

Q> = (t+C1) [3D+Ci0: + Q%

Q=0 +@Q°
Jie @1, @2, @3 — nosiznbHi oneparopu 3 (Jup, G, 04, I)® A(LHE).

Orxke, 0as AiHITH020 N-6UMIPHO20 (N > 2) PiBHANNA MENAONPOGIO-
nocmi 6ydv-axuti onepamop Q-ymoenoi cumempii 3 £0 # 0 exsieanerm-
HUl ONEPamopy A8CHKOL CUMEMPLL Ub020 PIBHAHHA.

v =0.

II. ¢° = 0. 3Baxkaroun Ha BiTHOINEHHS EKBiBAJIEHTHOCTI OIEPATOPIB
BigHOCHO asrebpu cumerpil piBasians (1), 6e3 0OMeEKEHHS 3arajJbHOCTI
MoxKHa TIoKIacTu £" = 1, 10610 Q = 0, + £'0; + nd,. Ymosa (5) mia
Takoro oneparopa i pisusuus (1) nabysae BuUrJIsLy:

- g;uz - (naa + 2Nau e + nuuuau“)+

) ) , ) ) 24
(oo + 2800 ta + Eputatia)ui + (&, + §tta)ta; = 0, @

AKIO Uy, = 1) — § Ui, Ujn, = 1j + Nutty — (§F + & ug)ui — § gy Posmenro-
1oun B (24) 10 3MIHHUX U;; T& U;, MCJIA CIPOIIEHHS OTPUMAEMO CHCTEMY
BU3HAYAJbHUX PiBHSHb Ha KoedimienTu oneparopa @ :

fz =0, Nuu=0 = fz = €i(t73_7’)7 n= Ul(t7f>u + n0<t’f)
(TobTo bymKIi £ He 3ameKaThL B U, a DyHKIA 7 JiHifiHA 110 U);

§-66,=0,  §+€ €€ -66,=0, i#]

ni— (Enn = —5(& — &L, +2605),

N = Naa — 200" + 2805 = 0,

= 00 — 20an° + 28 =

N DN
~N
NN AN N2

—~ —~ —~
[\
09]

(IincymoByBanHust 1o ¢ B (25) HeMag.)
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Inrerpyroun cucremy (25)—(28), HeOOXiIHO JOCTIAUTH OKPEMO TaKi
BUIIAIKH:

a) & =const; 6)¢& =01 Ji: & #const; B) Ji: £ #0.

A. ¢ = const . IlepeiiemMo 10 eKBiBaJIeHTHOrO (BiIHOCHO TIOBOPOTIB)
omepatopa, y axoro £ = 0. Toxi cucrema (25)—(28) nabyBae BUTIIATY

m=0, 0= M = 20,0 =0, ) =g, — 2m,1° =0,
sBinkn B cuty memu 1100 = f,, —n'f, ne f = f(t,¥) — po3B’sI30K piBHAHHS
(1), a ToMmy Janwmii oneparop ekBiBasjeHTHUI BigHOCHO {f0,) OomepaTopy
3 11° = 0. Pipuanus Bioprepca na n' zaminoto Koyma-Xonda n! = g, /g
3Be/IeMO JI0 PiBHAHHS Teronposiguocti va dbyukiio g = g(t, z,). B pe-
3yJIBTATI OTPUMAEMO OTIEPATOD @1 (Bunaziox 2 reopemu 1).

B. & =01i3i: & # const. 3 (25) 3a MuX yMOB BHILIHBAE, IO
E = puad + vt e pt = pii(t), vt = vi(t) — rmagxi byskmii sminmoi ¢,
p = —pdt mpuaomy 3(i,5): ¥ # 0 abo Ji: v} # 0. 3 cucremu (26)—(27)
HicJIs HiCTAHOBKH BUPAa3iB myaa &' i audepennioBanns Ta anrebpaiHmx
IIePEeTBOPEHb OTPUMAEMO TaKi PIBHSIHHS:

p =2mipt = pipl, =0 0 —0
vip =4l = vinh, =0 " 7

T06T0 Jov = (t): )} = % Ilponudepentiioenmo (27) 1o , i goMHOKIMO

Ha 1oy = a?, atomy a = —¢/(et + O), ne € € {0;1}, C' — nosinbua
craja, gk € = 1,1 C = 1, akmo € = 0. Toxi
i _ M i Ait+ Bi 0 = f(t, )
et+C’ et+C "’ et+C’
M”, A;, B; — xoucranTu inrerpyBanns, M;; = —Mj;, f = f(t,Z) -

po3B "SI30K plBHHHHH rerionposigHocTi (1). BanOBonqH BUBE/JIEH] yMO-
BH, cucreMy (26)—(27) MOXKHa Iepenucarn y BHIJIsI

_ 1 7 7 1 _ 1
n = —5 —av'), ne = an,

sBimkm 0t = (et + C’)_l[—%Aixi - %exn + E], ne E = const. Orxe, B
CHJTY JI0BEJICHOT'O

i<j
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T06TO Oneparop () eksiBasienTHuil oneparopy 3 A(LHE).

B. Ji: ¢ # 0. 3paykaroun Ha BiJHOIIEHHsS eKBiBaJEHTHOCTI omepa-
topis BigHocHo A(LHE), 6e3 obMmerkeHHs 3arajbHOCTI MOYKHA HOKJIACTH
&L+ 0. Bukonaemo B cucremi (25)—(27) nepersopentst rojorpada:

T=t Y= Yn=2~& — HOBi He3aseKHI 3MiHHI,

Y =2z, YS=€s=2,n—1, (=—2n'— noBi 3a1exHi 3MiHHi.

IIpoirTerpyemMo B HOBUX 3MiHHMX BU3HAYAJIbHI PIBHIHHS, JOTPUMYIOUINCH
TaKOT'O TIOPSIJIKY:

(25,i=1), (25,i>1), (26,i=1), (26,:>1), (27).
B mpornecci inTerpysanust piBusiHb (25,7 = 1) 1 (26,¢ = 1) 3minHa 31
BUJLIAETHCA y BUpas3ax aad 1’ i ( B ABHOMY BHUIVIAI, 8 TOMY B iHIIIX

PIBHSIHHAX TI0 Iifi 3MiHHITT MoxKHa posmenuTu. [licas moBepHeHHsT 10
CTapux 3MIHHUX OTPUMAEMO HACTYIHHUN BUpa3 /I omeparopa ():

Q=2Z I+ MisJis + Mo Jon
+ Zs<p(MSp + Msanp - Mpans)Jsp
+A:1G1 + A, Gy + (As — Mg, Ay — M1 AL)Gs
+B101 4+ Bnon + (Bs — Mgy By — My5B),)0s
+1(A1B,, — A, B1)ud, + p(w)udy, + x(t, 2)d],
ne May = —Mypg ((a,b) # (1,n) abo (n,1)), A,, B, — noBuibHI crad;
Z = -1 + Mgpxs + Apt + By w = Z Y, — Mysxs + Art + By);

X =Z"1° aToMy Xt — Xaa — 20w Z %X = 0; ingexcu s i p 3miHIOIOTHCA
Big 2 10 n — 1; ¢ = ¢(w) — pO3B’I30K PiBHAHHS

n—1
(a(w)(pw) +2pp, =0, ow):=1+ w2+ Z(Msnw + Mls)27
s=2

11t ikoro Mgp, = Asp, = Bsp, = 0.

Axmo cepen cramux M,,, As Ta B, € xo4a 6 07HA HEHYJIBOBA, TO
v, = 0 1 oneparop @ exsiBasenrnuii oneparopy 3 A(LHE).

Hexait My, = A; = By = 0. Jomuoxkumo oueparop () Ha Z, 10-
CHIIOBHO MOIIEMO HA HHOIO IPHEIHAHUMHI 300paskKeHHAMHI IEPETBOPEHD
Ad(exp(AnGl — AlGn)) i Ad(exp(Bnal — Blan)) Ta [MOBOPOTIB TaK, IO
A =A,=B, =B, =0, Mi;, = M, =0, i BUKOHaEMO IUKJIYHE TIe-
pecTaBJieHHs 3MIHHUX T; — Ti4+1, Ln — T1. B pe3yabTaTi OTpUMaeMo
oneparop (), ekBiBasienTHuUil Janomy BignocHo G(1,n):

Q = Jia + p(wW)udy + x(t, %),
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ge (14 w?)pw)w + 2000 = 0, w = —21/T2, Xt — Xaa — 20wT5 X = 0,
abo

Q = Jiz + 9(0)udy + X(t, 7)0u, (29)

1e 0gg +20p0 = 0, Xt — Xaa — 207 2x = 0, (r,6) — TONAPHI KoOpAMHATH
B wromnHi OX1Xe. B cuny semu 2 x = x1fo — 2o ft — @of, ne f =
f(t, &) — poss’si30k piHsiHHs (1), a ToMy omeparop (29) exsiBaseHTHHUIA
Bignocuo (f0,) oneparopy 3 X = 0. B pesysibrari oTpuMaeMo oneparop
Q2 (Bumasiok 3 Teopemu 1). Tosepennst Teopemu 1 3asepeno. W
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HekoTtopble ToyHBbIE pellleHnsl ypaBHEHU
Jlopenriia, nHBapuaHTHbIE OTHOCUTEJIHLHO
MOIAJITeOpPbI PACIIIMPEHHON aJIredpbl
Ilyankape

U.B. PEBEHKO

Hremumym mamemamuruy HAH Yrpaunov, Kues

PossuBaernes mifxig 10 moOy10BU HOBUX TOYHUX PO3B’SI3KiB piBHSHB J1o-
peHma. ¥ paMKax IHOTO MiIXOAy OTPUMAHO PO3B’sI3KW, iHBapiaHTHI Bif-
nocHo ninanrebpu [lyankape.

An approach to construction of new exact solutions of the Lorentz
equations is developed. Within the framework of this approach solutions
invariant under a subalgebra of the Poincaré algebra are obtained.

Xopormmo u3BecTHO [1, 2|, aTo anrebpoit NHBAPMAHTHOCTH YPAaBHEHMI
1%
muy, = eF,u (1)

siBJIgeTcsd paciupennas ajrebpa [Tyankape AP(1, 3), remeparopbl KOTO-
poit UMEIOT BUJ:

0 9 B ) )
PV = y Ji a — a_ [ abc E — H, )
Dz, 00 T M0 F Taggy e ( vOH, b@EC> -
o 0 o P )
Tup = e — 2y 4 Ba=o— _ -2 g2
P T ar, 0B, YoE, | om, om,
) ) o )
DebrL tu, L k(B +m,2 ). 3
Tor oy ( o8, © aHa> ®)
3mecy F,, — aHTHCHMMETPUYHBIN 3JIEKTPOMATHUTHBI TEH30D, a U, =
d
% — BEKTOP 4-CKOPOCTH, YJOBJIETBOPSIOIINA COOTHOIIEHUIO
!

uyutt = 1. (4)
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ITupokue KJIACCHI TOYHBIX penenuii ypasuenus (1) NpuBejeHsl B pa-
6orax [1, 3]. OgHako cyniecTBEeHHOI OCOBEHHOCTBIO PEIIeHHUl, Oy IeH-
HBIX B yKa3aHBIX PaboTax, sBJISETCS TO, YTO OHU MHBAPUAHTHBI OTHOCH-
TesbHO nomasredp anrebpot Ilyanxkape AP(1,3) (2).

B nacrosmeit pabore moka3zaHo, KaK MOYKHO HCIIOJIb30BaTh WHBAPHU-
AHTHOCTD ypaBHeHuii (1) orHOCHTEIbLHO paciupeHHoi anrebpsl [lyanka-
pe (2), (3) st HOCTPOEHNsT HOBBIX TOYHBIX PeleHuit ypasHerus (1).

Paccyvorpum momaarebpy

<<]03—l),J12-|—P0,]30—]337 r,uek: 1. (5)

0
or’”’
Herpyauo nokasarb, 4ro ypasHeHus! (1) MHBAPHMAHTHBI OTHOCHTEJIHHO
nogareGpst (5) TOJBKO B TOM ciydae, Korja dbyakuun E;, H; 3amarorcs
dbopmysiamu:

Ey + Hy = (hyxy + hoxo) R73,
Ey — Hy = (hyza — how)R73,

= (q171 + gaw2) R, (6)
Ey + Hy = (g12 — gow1) R,

Es=gsR™', Hs=hsR™',
rie hi, g; — GyHKIUA OT w,

x
w= arctgw—1 + x0 + 3, R = (2% 4 22)'/2.

2
OHAKO 3HAHME YETHIPEX ONEPATOPOB CUMMETPUHU HEIOCTATOYHO JIJIst
nocrpoenust periennii ypasaennii (1), (6). ITosromy norpebyem, 4ToGBI
ypasaenust (1), (6) 6b11n coiencTBueM ypasHeHnit mepsoro nopsiaka. [Ipn-
YeM 9TH ypaBHEHHUsI MEPBOTO MOPSIKA JOJIZKHBI ObLITh MHBAPDUAHTHBI OT-
HOCHTEJIbHO Hojasreopst (5).
Takue ypaBHEHHsI UMEIOT BUJ,

1 _ o1 _
= 5(AOR Y4 A3R), 3= 5(AOR 1 — X\3R),

Az +Aexe . AT — damy

Tl = R y X2 = R ;

e \; = Ai(w).
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Ypasuenusi (7) coBMmecTHBI, ecyii BbinosHeHo yeaosue (4). ITosromy
MMEET MECTO COOTHOIIEHHE

Xods — A — A3 = 1. (8)
Kpome Toro, morpebyem, arodbt

dw
— =0 9
dr ’ )
qdTo IIpI/IBOrZII/IT K Cﬂe)lyIOHleMy COOTHOIIIEHU IO JIJIS )\7,

Ao+ A2 =0, (10)

OTKyIa cieayet, 910 Ag 7# 0, A3 # 0, Ag #£ 0.

Tak kKak Mbl TpeOyeM BBIIOJHEHHs ycaoBus (9), TO, HE yMeHBINAs
ODIITHOCTH, MOYKHO IOJIOXKHUTH \; = const.

3HaHMe YeThIPEX OIEPATOPOB CUMMETPHUH JIJIsi CUCTEMBbI YETHIPEX OObI-
KHOBEHHBIX i hepeHInalbHbIX YPABHEHNI TEPBOI0O MOPSIIKA yXKEe J10-
CTATOYHO JJIs IIOCTPOeHUs! 00MIero pertenus cucreMbl (7):

A A 1
To = 2—;1111()\17'4'51) + 73 (5/\172 +ﬂ17') + fo,

x1 = (M7 4+ (1) sin (% In(M74531) + @)
1

29 = (M7 + 1) cos <i\2 In(\7+ 61) + 52)
1

A3

Ao
m ln()\lT + ﬁl) - 7 (

1
2

2
T3 AT+ ﬁﬂ) + fs.
3nech (31 — TPOU3BOJILHBIE TIOCTOSTHHBIE.
ITpocroii mozpcranoBKoil HeTpymHO ybeaurbes, dro ypasaenus (1),
(6) siBIAITOTBCH CJle/iCTBHEM ypaBHeHHit (7) TOIBLKO B TOM CJIydae, KOIJa
dyuknun h;, g; TMHEHHO 3aBUCAMBI CJIEIYIONIUM 00Pa30M:

A Ash
hy = —£ A, 4 2091 T Asha
m )\2
A A
g5 = LGy, 4 + 25]17 (12)
m )\3

(h1 A1 + h2A2)As + (g1 A1 + g2A2) Ao = 0.
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Takum o6pazoM, B HacTosMIEH paboTe MOCTPOEHBI HOBbIE TOYHBIE Pe-
menns ypasaennit Jlopenna (1), (6), (12). D9Tu pertenns onpeeIsoTcs
dbopmysamu (11).

Xoresoch OBl OTMETUTH JIBa HaMOOJIeE BaXKHBIX, C TOYKU 3PEHUsI aB-
TOpa, MOMEHTa B JaHHOU pabore.

Bo-nepBbIx, TpOMHTErpUPOBAHHBIE YPABHEHUSI HE SBJISIOTCS JIATDAH-
JKEBBIMU, a [OYTH BCE U3BECTHBbIE PE3YJILTAThI 110 ypaBHeHuto (1) orHo-
CATCS K JIATDAHKEBBIM CHCTeMaM. A BO-BTOPBIX, TEXHUKA [TOCTPOEHUsI
TOYHBIX PENIeHUH CUCTEeM OOBIKHOBEHHBIX MudDepeHInalIbHbIX YpaBHe-
HUIi, KOTOPYIO MCIOIB30BAJ ABTOP, HE SIBJISETCST HOBOIA, OJTHAKO, TI0 BCeit
BUJMMOCTH, JJId 3aJaHON cucTeMbl ypasHenuii (1) npumensercs Brep-
BBIE.

[1] Cokonos A.A., Tepuos .M. Penarusucrckuii ssexkrpon. — M.: Hayka, 1974. —
392 c.

[2] Pesenko N.B. YpaBHEHUs JBUXKEHUS JJIsl 3aPAYKEHHBIX YaCTHL, MHBADUAHTHBIE
orHOCUTENIBHO ayre6psl [Tyankape // CuMMeTpHs U pellleHre HeJIMHEHHBIX ypaB-
HeHnit Mmaremarudeckoil dusuku. — Kues: Un-t maremaruku AH YCCP, 1987. —

C. 39-43.

[3] ®yuma B.U., Pesenko .B. O Tounbix pemenusx ypasaenwuii Jlopenna-Makc-
Besuta // Hoka. AH YCCP. Cep. A. — 1989. — Ne 6. — C. 28-31.



Mpaui IHcTuTyTy MaTtemaTukn HAH Vkpaitn 1998, Tom 19, 216-220
UDC 517.9:519.46

On time-dependent symmetries
of evolution equations

A.G. SERGHEYEV

Institute of Mathematics of NAS of Ukraine, Kyiv
E-mail: arthur@apmat. freenet.kiev.ua

Hapeneno moBHmit omnmc 3aj€KHOCTI Bim dYacy HEKJACHYIHUX CHMETPiit
(141)-BuMipHUX CKATSPHAX €BOIOIIHHUX DIBHAHD.

The complete description of time dependence of nonclassical symmetries
of (1+1)-dimensional scalar evolution equations is presented.

1. Introduction. In the present paper we consider the scalar evolution
equation

ou/ot = F(z,u,ug, ..., up), n>2, (1)
where u; = d'u/dz!, 1 =0,1,2,..., up = u, and its symmetries, i.e., the
right hand sides G of evolution equations

ou/ot = Gz, t,u,uq,. .., uk), (2)

compatible with Eq.(1). The number k is called the order of symmetry
and is denoted as k = ord G. One usually refers to the symmetries
of orders 0 and 1 as to the classical ones [1]. We shall also refer to the
elements of quotient space of the space of symmetries of all orders modulo
the space of classical symmetries as to nonclassical symmetries. Let us
mention that the symmetries of Eq.(1) form a Lie algebra (generically
speaking, infinite-dimensional) with respect to the so-called Lie bracket
[2].

The importance of study of this Lie algebra is due mainly to the two
following facts: provided Eq.(1) possesses (under some extra conditions)
either infinite-dimensional algebra of time-independent nonclassical
symmetries or several time-independent and one polynomial in time ¢
symmetry, it possesses the recursion operator and therefore is highly
probable to be integrable via the inverse scattering transform [1, 3, 4].
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The complete description of the algebra of time-dependent symmet-
ries of all orders of Eq.(1) without any a priori conjectures (say, that
these symmetries are time-independent or polynomial in time ¢) is an
extremely difficult task. To the best of our knowledge, in the class of
nonlinear equations (1) this problem was solved only for KdV equation
by Magadeev and Sokolov [5] and for Burgers equation by Vinogradov
et al. [6].

Surprisingly enough, for the generic equation (1) it is possible
to establish the general form of time dependence of its nonclassical
symmetries. Namely, any nonclassical symmetry of Eq.(1) as a function
of t is a linear combination of products of the exponents by polynomials.
Moreover, Eq.(1) possesses nonclassical time-dependent symmetries if
and only if it possesses either linear in ¢ or exponential in ¢ symmetry.

2. The general form of nonclassical symmetries. Let us remind
that Eq.(2) is compatible with Eq.(1) if and only if

oG /ot = [F,G}, (3)
where {F, G} stands for the Lie bracket of F' and G.
For any sufficiently smooth function h of z,t,u, ui,...,u, let us

introduce the following quantities [1]:

hy = Z Oh/ou; D',

=0

where D = 9/0x + Zutﬂa/au“ and V), = Z Di(h)8/0u;.

It is known [1] that Eq.(3) implies the followmg relations:

Voajor — (0G/0t) = —=[Vp — F\, Vg — G.], (4)
Voajot = —IVF, Val, (5)
where [-,-] stands for the usual commutator of linear differential
operators.
Combining (4) with (5) yields
0G. /0t = (0G/0t), = Va(Fy) — Vp(Gy) + [Fi, G4, (6)
S 0?°G

where Vp(G,) = Z DI(F) D' and similarly for Vg (F,).

U;0U;
i,j=0 OujOus
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Equating the coefficients at D®, s = 0,1,2, ... in right and left hand
sides of Eq.(6) yields
0%G n 0*F k 0%G
= D™(G — D" (F
ouw ot 5 =o ( Oumu; ;= ( Oou,O0uy +

i1 OF ... oG
i+l Y0 iyl )
R T (auj> ()

k n

DY 2

j=max(0,l+1—n) i=max(l4+1—7,0)

o198 pii (aF)

, l=0,....n+k—1,

J 8’11,]' 8uz
|
where C’q’ = qi
pl(g —p)!
Eq.(7) for I =n+k —1 and k > 2 yields [2]
AG [Ouy, = cx(t)(OF /duy, )*/™, (8)

where ¢ (t) is arbitrary function of ¢.

Now suppose that G € S¥/S*=1 k > 2 where S' denotes the space
of symmetries of Eq.(1) of order not higher than I. Then, obviously, the
function ¢k (t) is the only arbitrary element, which enters in G, since,
provided ¢y (¢) vanishes, G /duy, = 0, what contradicts to G € S*/Sk~1.
Furthermore, successively solving the equations (7) for | = n + k—2,
...,n + 1 and substituting the results obtained for higher [ in the
equations with lower [, one obtains (cf. the formulas from §7 of [1] for
time-independent symmetries)

[k—i

n—1

0G/0u; = > ¢ip(m,uyun, .. up)d e /O, i =2,... k—=1. (9)

r=0
Now it is straightforward to check that substitution of Eq.(8) and Eq.(9)
into the equations (7) with [ = 0,...,n yields (generically speaking,
overdetermined) system of linear ordinary differential equations for ¢ (t)

with constant coefficients (since F' is time-independent) of order not
higher than

Ny = [%] T, (10)

where [r] stands for the integer part of the number r.
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Hence, the general solution of the system of ordinary differential
equations in question is a linear combination of at most Ny, linearly
independent solutions of the form

m

cr(t) = exp(At) Y /K, (11)

=0

for some A\, K; € C and m < Ny, — 1.
Inserting Eq.(11) into equations (8) and (9) and finding G from them,
we obtain the following final result:

Theorem 1. There exists the basis of the linearly independent symmet-
ries G € S¥/S*=1 (k> 2) of Eq.(1) of the form

m
G= exp(/\t)z tgi(z,u,ur, ... ,ug), AEC, m < Np,—1. (12)
3=0

Hence, any nonclassical symmetry G of Eq.(1), which is the linear
combination of the symmetries (12), as a function of ¢ is the linear
combination of products of exponents by polynomials, as it was already
mentioned in Introduction.

Moreover, acting on any symmetry (12) by (9/9t — \)™ for A # 0
or by 9m~1/a9tm=1 for A = 0, we obtain the symmetry which is either
linear or exponential in ¢, i.e., the following assertion holds true:

Corollary 1. Equation (1) possesses nonclassical time-dependent sym-
metries if and only if it possesses (at least one) nonclassical symmetry
of the form

G =exp(AM)Qo, A€C, X#0 (13)
or of the form

G=Gy+tGy, G1#0, (14)
where Qo, Go and G are time-independent.

Substitution of (13) into (3) yields

{F, Qo} = AQo. (15)
Similarly, from (14) and (3) we obtain
{F, Go} = Gl and {F, Gl} =0. (16)
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In the first case F' is called scaling symmetry (or conformal inva-
riance [4]) for Q. Though, known scaling symmetries F' of integrable
hierarchies, such as KdV, depend usually only on x,u,u; but not on us
and higher derivatives [4] and hence do not generate evolution equations
of the form (1), which we consider here. Moreover, we guess that if
Eq.(1) is nonlinear and integrable, there exist no functions @, which
satisfy (15) with A # 0.

Now let us turn to the second case. It is straightforward to check
(cf. [3]) that provided all the time-independent symmetries of Eq.(1)
commute with respect to the Lie bracket, for any time-independent
symmetry K of Eq.(1) the Lie bracket {Go, K} will be again some
time-independent symmetry of Eq.(1), i.e., Go will be mastersymmetry
of Eq.(1) and (under some extra conditions, vide [3]) Eq.(1) will be
integrable via inverse scattering transform. Let us also mention that
the condition of commutativity of the algebra of time-independent
symmetries of Eq.(1) may be rejected if Gg is scaling symmetry of F,
ie., {F,Go} = puF for some pu € C [4].

It is a pleasure for me to express deep gratitude to Prof. R.Z. Zhdanov
and Dr. R.G. Smirnov for the fruitful discussion of the results presented
here.
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MuBapuanTHOCTHL ypaBHeHuii Makcseiia
OTHOCUTEJbHO HEJIMHEWHBIX IPeICTaBJIEHUN
aareopsl Ilyankape

C.B. CIIU9AK

Hremumym mamemamuruy HAH Yrpauno, Kues
E-mail: spichak@apmat.freenet.kiev.ua

Ilokazamno, mo piBHsgHHS MakcBesia yMOBHO-iHBapiaHTHI BiTHOCHO JIBOX
HesiHiiftHMX 300pakenb asnrebpu Ilyankape. IloGymoBano rpynu ckiHveH-
HUX TIEPETBOPEHBb s IUX 300parkeHb. 3HANIEHO HeJIiHiHe y3ara/ibHeH-
Hs piBHsHb MakcBeJl1a, sike iHBapiaHTHe BiJITHOCHO OTPUMAaHUX HEJIIHIAHUX
306pazkens anrebpu Ilyankape.

It is shown that the Maxwell equations are conditionally-invariant with
respect to two nonlinear representatons of the Poincaré algebra. The
corresponding groups of finite transformations are consructed. A nonlinear
generalization of the Maxwell equations, which is invariant under the
above-mentioned nonlinear representations of the Poincaré algebra, is
found.

1. YcaoBHasi MHBaApUAHTHOCTh. PaccmorpuM ypaBHenusi Makcsesia
B BaKyyMe, 3alllCaHHbIE B KOMILJIEKCHOI (opme:

VE=0, 9S+iVxE=0, (1)

tne V= (x:—5:—, 95— ), 0o = 57, ¥ = F + {H — KOMIIEKCHBIIl BeK-
A (027 o0 7 ) 0= G +

TOp 3JIeKTpoMarHuTHOro mossi. Kak ussecrHo [1, 2], cucrema (1) nusa-
PHAHTHA OTHOCHTEIBHO JIMHEHHOro Ipe/cTaBieHns aarebpsl [lyankape

AP(1,3) c 6a3UCHBIMBI OIIEPATOPAMHI
AP (1,3) = (P, = 0,,
J = 2,0, — 2,0, + BauOs, — Su0s,, (2)

>lin

T on = 2004 + T + N,
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rie Nt = (Nfin, Nl Nliny — 33« Vs Vg = (6%1’ —5,%—2, 8‘%—3) 31echb
U JaJjiee WHJIEeKChI, 0003HAaUYEeHHbIe OYKBaMU JIATHHCKOTO ajidaduara, ms3-
MeHsitorest or 1 10 3, rpedeckoro — ot 0 s10 3. Ilo moBTOpSstIomMMMCEsT WH-
JIeKCaM TI0Ipa3yMeBaeTCsl CyMMUPOBAHHUE.

B pabore [3] HaiineHo HesmHeliHOe npejcTaBienue anrebpel AP(1,3)
JIJIST 9JIEKTPOMATHATHOTO TIOJIST E, H , KOTOpoe B KOMILJIEKCHOI (opme
UMeeT BU:

APnli(la?’) = <PH = aﬂ? Jnlli = Jlil?v

a a

(3)

—nli

JOa = 290y + Ty + ]\f;}h>7

e N = (NP, N3t N3ty = Vg — 5(5405,).

Ipescrapienus (2) u (3) He SKBUBAJIEHTHBI, IIOCKOJIbKY JIIsI Oll€pa-
TOpOB (3) €CTh TOJBKO OJMH MHBAPUAHT, & JJid OLEparopos (2) — mBa.
W3y4anM WHBAPHAHTHOCTD CHCTEMBI (1) OTHOCHTEIBHO oepaTopos (3).

Teopema. Ypasuenus Maxcseara (1) unsapuanmmv, 0OMHOCUMEALHO
npedecmasaerus areeopos AP(1,3) (3) moeda u moavko moeda, xo20a
AONOAHUMENDHO BBINOAHANOMCA YCAOBUA:

00+ 5V| sk =0, [V+ 58 —ix V| F =0, (4)

Kpome mozo, cucrnema (1), (4) uneapuanmna ommocumesvho AuHetino-
20 npedcmasaenus AP (1,3) (2).

CaenctBue. Cywecmsyem ewe 00Ho npedcmasaerue aszebpor Ilyanxa-
pe, Komopoe AGAACMCA aA2ebpoTi UNEaPUAHMHOCTIU 0aHHOTE CUCTILEMDBL.

HeficTBUTEILHO, PACCMOTPUM MHOXKECTBO OIIEPATOPOB
3 li li
I, = 2004 + 00 + aN,™ + BN, (5)

a TakKe ero IMOIOTHEHNE ¢ TOMOIIBIO ONeparuii KOMMyTUpoBaHusi. B pe-
3ysbrare obpasyercs ajrebpa Jlu (Boobrie roBopst, 66CKOHEIHOMEPHASI ).
Hecoxuo j10Ka3ath ciemyoree

YrBepxkaenue. [lonoanenue mmooicecmea (5) 6ydem obpazosvieamv
anzebpy Ilyankape mozda u moavko moeda, kozda aubo (o, ) = (%, %),
o (a,B) = (3,—3). Imu npedcmasaenus, IKEUSAAEHTIHYL OMHOCU-
MeavHo samenvy S — —3.
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ABHBI BU oniepaTopoB it o = [ = % TaKOM:

AP3(173) = <P/“Ja$b = 24,0p — Tp0y — %Eabc(Néin + Ncnh)y ( )
6
Jga = 2004 + 1,00 + N2 = %(J(l)lél + J(I)l;i)>'

IIockonbKy J(l)l(f u J(‘fclj SIBJIAIOTCSL OIIEPATOPAMU CUMMeTpun cucremsl (1),

(4), TO OHA MHBApHAHTHA OTHOCUTEHLHO J3,, & CJIe0BATETLHO, W OTHO-
curenbho npesctasiaenus AP3(1,3) (6). 3amernm, 4TO OnEpPATOPHI TIPO-
CTPAHCTBEHHBIX OBOPOTOB Jop, B OTimume oT mpejcrasienuii (2), (3),
SIBJISIIOTCSI HEJIMHE{HBIMI OTHOCHTEJIBHO 3.

Herpyaao mokasarb, 4TO Ha PEIIEHUSX CUCTEMbI (4) CIpaBeminBo
COOTHOIIIEHUE

¥2 = oy, =1 (7)

WM, B 000O3HAYEHUAX dJIEKTpoMarauTuoro mons F, H,
E-H=0 E? _H?=1
CH=o, g2 =1,

MHTepecHo oTMETHTD, YTO €CJIH Y., YJAOBJIETBOPAIOT ycaoBuio (7), TO
upescrasiaenus (2), (3) u (6) cBA3aHBI COOTHOIIEHUSMN:

]\7nli _ [Zi % ]\_ﬂin], ﬁlin _ [Zi % ]{’fnli]7 ]\75’ — [Zi X Ng]

Cucrema ypasuenuii (4) cuibHO 1epeonpejenena: 12 ypasuenuii or-
HOCHUTEJIBbHO 3 Hem3BecTHBIX (yHKnni. Ompako, MOXKHO mepeiitu kK 4
YPaBHEHUSM OTHOCHUTEIBHO 2 Henm3BeCTHBIX (yHKIWmil. [leficTBuTENBHO,
HETPY/IHO POBEPUTH, UTO cucTeMa (4) SKBUBAJIEHTHA €€ EPBOMY yDaB-
HeHMIO (Juist Yf), mIepBoil “KOMIIOHeHTe " BTOPOro ypaBHeHUsL:

[81 + X109 — X205 + i2382]2k =0

u ycosmio (7). Orciona, coBepriast HOJCTAHOBKY L3 = £4/1 — X% — 32,
mepeiiieM K cucreMe 4 ypaBHEHUH OTHOCUTETHHO X1, Lo.
Cucrema (1), (4) coBMecTHa, ee PellleHNEM, HAIIPUMED, SIBJISIETCSI
Y= (1,i<p(t,x),<p(t,x)), (8)
rae o + 1030 = 0, o + 1 = 0, ¢ € C. Cpenu pemenuii (8) ecrb
TaK#e

—

E:(laif(t_x1)7f(t_$1))> (9)

rie f — npousBoJibHast g depeHnupyemasi QyHKITHS.
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Takum obpazom, Ha ONPEIETEHHOM ITOJAMHOXKECTBE PEIIeHUil ypaB-
Henus MakcBesuia, BKJIIOYasl [IJIOCKOBOJIHOBBIE (9), 3JIEKTPOMArHUTHOE
nose E , H IIPY IOBOPOTAX B 4—MEPHOM IIPOCTPAHCTBE MOXKET IIPeodpas3o-
BbIBATHCI HE TOJIBKO KaK SJIeKTpOI\laFHI/ITHLIfI TEeH30pP, HO 1 HeJIMHENHBIM
obpazom.

2. Koneunnie mpeobpa3oBaHusi. PermB cOOTBETCTBYIOINIYIO CHCTEMY
ypasHenuit JIu, HaiijileM KOHEUHbIE IPYIIIOBbIE IPEOOPA30BaHUs, OTBEYa-
IOIIUE OIIEPATOPAM JIOPEHIIOBLIX IIOBOPOTOB J ;j’y (6) (ns pespcTaBIeHUsT
AP™(1,3) sti npeobpasosanns HaiieHb B [3]):

J3, 1 xq — T = T4 c08(20) — x 5in(26),

xp — Ty = xpcos(20) + x,8in(20), x. — & = x¢, ¢ # a,b, (10)

& X cos 6 + (5kb2a — Opa2p — iaabk) sin 0
g D= Cos 0 — teqpe2cSin b ’

J3, s o — o = xoch(20) + x,sh(26),
ZTq — Tq = x4ch(20) + 29sh(20), xp — Ty = 2k, k # a, (11)

B Ychl + (5ka — ’iEaklEl)Sha
- chf + X ,sho ’

Ekﬂi

ITpeo6pazosanns (10), (11) MOXKHO HCIOJNB30BATH JIsl TPYIIIIOBOIO
PasMHOXKEHWsI pereHnii ypasaennii MakcBesia, BOCIIOIb30BaBIINCh, Ha-
npuMep, HadaIbHBIM perenneM (8). BHOBb nosrydeHHble pemmeHns MOXK-
HO 3aTeM Pa3MHOZKATh C MOMOIIBIO IPYII CHMMeTPUHN ypaBHeHnit Maxc-
BeJLIA.

3. O6o6menne ypasaenniit Makcsesia. B pabore [4] 6b11m pacemor-
PEHbI HeJIMHeHHbIe 0600Imennst ypasaernii Makcsemnia Brja;

VS = AW)dow, 8% +iV x & = A(w)V(w), (12)
rJie W — WHBAPHAHTHI anre6psr (2) AP (1, 3). UsyanM cieIyrontyio cu-

CTeMY ypaBHEHU:

VS = A(Q)3Q + B(Q)EVQ,

I, . .- (13)
8% 4V x % = A(Q)V(Q) + B(Q)(Z9pQ — i% x VQ),

re 2 = f(X2). Bes orpanudenust o6MIHOCTH MOYKHO TOJOKUTH {) =
In\/¥2 —1. IIpu B = 0 cucrema (13) umeer Bux (12). Cupasensmsa
CJICYIOMAsT
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Teopema. Cucmema ypasuenud (18) uneapuarmmua 0mHOCUMEALHO AU~
netinozo npedemasaenus arzebpv. Hyankape (2) npu amobwx A(QY), B(Q),
a4 OMHOCUMEALHO HeAUHeTH020 npedcmasaerus (8) — mozda u MoAbKO
moada, koeda A = B = 1. B amom cayuae npasas 4acmv YpasHerul
(13) cosnadaem c aesoli wacmuvio ypasuenud (4), ecau 6 mux cdeaamo
sameny L — Q.

U3 reopemsr cienyer, uro cucrema (13) npu A = B = 1 unBapuanTHa
TaKzKe OTHOCHTENIBHO IpejicTaBIenus anre6per [lyankape AP3(1,3) (6).

Banmmem ypasaenust (13) B koBapuanTHOl opme. [liist 3T0r0 BBEIEM
aHTUCUMMETPUYIHLIA Ten3op G Tak, 9To6bI

G =%, G = —icgpDe. (14)

Tenszop G* MOXKHa 3aIcaTh B TEPMUHAX TEH30DA JIEKTPOMATHUTHOTO
nonss FHY: GHY = FMY + i FH e FHY = %EWP(;FP‘S.
B stux obosnadenusx (13) mepenuceiBaeTcs B BHIE

GG

0 G = G0 — 09,  p=1n 7

1. (15)

(dmst ypasaennit Makcsesuia (1) ¢ = 0).

Aemop evpastcaem 6aazodaprocmes TP DI YVipauno: 36 wacmuunyro
Punancosyro noddepoicky dannot pabomu: (npoexm N 1.4/356).
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JuckperHa cumMmeTpid i gesdgKi TO4YHI
PO3B’I3KHN CaMOJAyaJIbHIUX PIBHAHDb

B.I. CTOTHIN

Havionanavrut mexnivhut Yuisepcumem Yrpainu (KIII), Kuis

3anponoHoBaHO METO/ MOOYI0BY (reHepyBAHHS ) HECKIHICHHUX JIAHIIOKKIB
TOYHUX PO3B’sI3KIB CHCTEMH CaMOyaJIbHUX PiBHsIHB. [leit meTo 6a3yeThes
Ha OJHOYACHOMY BHKODUCTaHHI $IK JIIBCbKOI (HellepepBHOT), Tak 1 HesliiBChb-
KOI (ZMCKPETHOT) CHMETPiil X PiBHAHD.

We suggest a method for construction (generation) Of infinite chains of
exact solutions of system of self-dual equations. This method is based on
simultaneous using of Lie (continious) and non-Lie (discrete) symmetry of
these equations.

Meton cumerpiitHol pemayKIil € ogHuM 3 e(PEeKTUBHUX METO/IIB MO0YI0-
BU IIUPOKUX KJIACIB TOYHUX PO3B’sI3KiB 6AraThox PiBHIHD MATEMATHIHOT
dbisukn, sKi MaTH HeTpuBiaibHI rpynU cuMeTpiit [1-4].

Posrisinemo cucreMy caMojyajbHUX piBHsHB [5, 6]

fy@Jrsz:[fyasz (1)
ne [ = f(y,7,2,Z) — erementn anre6pu sl(2) Burisay Taxi mo
f=wg0X" + 0 (y.7,22)H+ [ (y,7,22)X . (2)

Basucni enementu anre6pu sl(2) XT, H 3a10BOIbHSAIOTH Taki CIiBBiI-
HOIIICHHS

(X, X")=H, [H X% =4+2X% (3)
IMincrasasioan (2), (3) B (1), orpuMyemMo Taki TPy PIBHAHHS:
+ + 0 0
O R N P A (4)
- — _o(f— 40 _ - 10
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B po6orti [5] 3naiizeni auckperHi nepeTBopeHHst

2
e B
T f+’ o
e dyukIil Ry, Re € po3s’a3kaMu cucteMu JudepeHIiaabHIX PBiHAHb
Ry = fF =2f)f", Roy=Riz—2f)Ri—(f*)?
Rlz _f;_2fgf+7 RZz:_R1§_2fSR1_(f+)2fz_7
SIK1 TI€PEBOJIATH MHOXKUHY PO3B’aA3KiB piBHAHL (4) B cebe.
BukopucroBytoun nmoznadeHHst

f+:ua f0:v7 f7:w7

Y=Y, §:y27 =z, Z = Z2,

T =R, (5)

MOXKHa, [lepenucaTy piBHsAHHS (4) y BUIVIAL cucTeMu HeJiHIHUX Jude-
PEHIaIbHUX PIBHAHDb 3 YACTUHHUMHY MOXiTHUMH JIPYTOTO MOPSIKY

Uy yz + Uzyzo = 2(”?/1 Uzy — Vzy Uy, )7
Vyryy T Vzyzg = Uy, Wy — Uz Wy, )7 (6)

Wy ys T Wzyzo = 2(wy1vz1 - wzlv?ﬂ)v

a IUCKpeTH] nepeTsopenHs (5) GyyTh MaTH BUIJIST

R? Ry 1
U=Ry,— 1, V=v+4+—, W =—, (7)
U u u
ne dyukili Ry, Ro € po3B’si3KaMu TaKol CUCTEMU
Riy, = uz, — 2uvy,, Roy, = Rz, — 20y, Ry — u? wyl,
Rz, = —uy, — 2uv,,, Ry., = —Ryy, — 20, Ry — u? Wy, -

Hocmimumo cumerpiitai BaacTuBocti cuctemu piBHsHD (6).

Teopema. Maxcumanrvroro 6 posyminni JIi aszebporo insapianmmocmi
pienanns (6) € 18-sumipna anszebpa Ji, 6asucni esemenmu AK0T Maoms
6u2AA0:
1. T'enepamopu epynu AMITHUT NEPEMBOPEHD KOOPIUHAM

Plzayla P2:ay2a P3:8217 P4:8zz7

Jl = yQazl - 8y17 JQ = yQayQ + Zlazm

Jz = Zlayl - y28227 Ju = y18y1 + Z2az27

Js = ylazl — ZgayQ, Jg = —y26y2 — Z2322 + 2u0,, + v0,.
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2. T'enepamopu 2pynu KOHEOPMHUT NEPEMEOPEHD
Ky = —y1220y, — Y2220y, + y1Y20,, — 2505, +

1
+22’2U8u + (ZZU + 52/1) 8’m

Ky = —21220y, + Y30y, + Y2102, + Y2220.,—

1
—2youd, + <—921) + 521) Oy-

3. Tenepamopu zpynu Ka.niGpoOBOMHUT NePemseopens
Gl :f18u7 G2 :f28v7 Gd :f3a’w7
Ga = (2191 — Y1912, + 2191y,) Ou — wG100,
1
~ug20y + 5 (—Y1922, + 21924,) 00 + W G200,

2
G = ug30y + (—2v93 — Y19325 + 2193y, ) Ow,

Gs

de fi, gi, i =1,2,3 — dosiavhi Pynruii 6id yo, 2zo.

JoBenennst TeopeMu MOXKHA OTPUMATH 34 JOITOMOT0I0 MeToy JIi.

Posrisnemo mpukiagy BHKOPUCTAHHST JUCKPETHOI TA HEIEPEPBHOI
cuMeTpil /it TOOYI0BU TOYHUX PO3B’SI3KIB CHCTEMU CAMOIYAJTbHUX PiB-
HaHDB (6).

3a 10moMoromo omeparopa

J5 = ylazl - ZQayg
3HAXOAMMO aH3aIl i QYHKIINR U, v, W

u= f(wi,ws,ws), v=g(wi,wy,w3), w=h(w,ws,ws),
w1 =Y1Y2 + 2122, w2 =1Y1, W3 = 22.

(8)

IMincranoska (8) B cucremy piBHsiHB (6) peaykye i1 g0 cucremu jude-
PEHIaJIbHUX PIBHAHD 3 YACTUHHUMMY TOXIJIHUMU 3 TPHOMA HE3AIEKHUMU
3MIHHIMEI

fwlwlwl + fw1w2w2 + fw1W3w3 + 2fw1 = Q(fw1gw2 - gLU1fw2)w37
Juwiw, W1 + Guwiws W2 + JwiwsW3 + 290-)1 = (fwzh’wl - fwl hWQ)w3a (9)
hwlwlwl + hw1w2w2 + hwlwgw?) + 2hw1 = Q(hwggwl - hwl fwg)w3~
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Juckperni nepersopenust (7) mepeiijyTh B AUCKPETHI IEPETBOPEHHSI
R? R! 1
F=R*-—1 G=g+—, H=—, (10)
f f f
se dyHkii Ry, Ry € po3B’s3KaMu CHCTEMEI
wa
Rijl = _fw1_ - 2fgw1a
ws
w1
RL}JQ = fwli + fws - 2fgw2a
ws

Ril = 7R¢1ul ﬂ - 2gw1 Rl - fzhwla
w3

w1

RZ)Z = Ri’l + Ri)g - 29W2R1 - thUJQ'

w3
BesnocepeIHbOI0 T1€PEBIPKOI0 MOXKHA BIIEBHAUTHCH, 10 cucTeMa (9) in-
BapianTHa BigHocHo rpymu (10). Anajoridbo, ajis 1BOBUMIpHOI ajrebpu
JIi 3 baszucHUMU ejleMeHTaMu

Js = ylazl — ZgayQ, Jy— Jy = y28y2 + 21621 - ylayl - 22822
3HAXOIUMO aH3all I MYHKINHA U, v, W

u:f(w1’w2)v ’U:g(wlaWQ)a w:h(w17w2)7
% (11)
2:2'

w1 =Y1Y2 + 2122, w2
Cucrema peyKOBAHUX PIBHSIHb Ma€ BUTJISIT

Jororwi 4 2fu; = 2(fu1 9w, = fun i)

Y1 W1 + 29w, = oy fuo = has fur s (12)

Ry w1 + 2R, = 2(hwy Gy — Py Gus )s

a BITOBITHI JUCKpPETHI MepeTBOpEHHs OYIyTh TaKi:
e dyHkIil Ry, Re € po3B’a3KaMu cUCTEMU

RL = —fuw2 — 2f g,

R, = fu,w1 — fu,ws — 2fGu,,

RZ, = =Rl ws — 29, R — fhe,,

2 _ pl 1 1_ 42
R;, =R, w1 — R, wa — 29, R — f*h,.

F=R>- G=g+
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Jljist TeHEpYBAHHSI JIAHIIOKKIB TOYHUX PO3B’a3KiB cucremu (12) Bizb-
MEMO 3a MTOYATKOBUI PO3B’SI30K INi€l CUCTEMU TaKUil PO3B’SI30K:
K,
f=—, g=0, h=0, K;=const, (14)
w1
i moziemo Ha HBOTO UCKpeTHUM neperBoperHsiM (13). B pesyabrari onep-
KHUMO

_ Cfwr Crw; w1
F= 2C Cy, G= — H== 15
Kl + 1wz + Ca, Kl w2, Kl ) ( )
ne C1, Cy — NOBiIbHI KOHCTAHTH.
AGo, B3sBIIU OiNIbII 3arajbHUN PO3B’A30K
K K K.
f==2 ¢g==2 nh=2=2  K;=const, i=1,2,3, (16)
w1 w1 w1
OTPUMAEMO
C? K K2+ K?K.
Fo G a0 o, - KiKE + KPEs
K1 3W1 (17)
G — Clwl _ _ ﬁ _ w1
Kl w1 ’ Kl’

ne C1, Cy — HOBLIbHI KOHCTAHTH.

BuoBy nogissium Ha po3s’s30k (15) i (17) nepersopennsam (13), Gy-
JIeMO OTPUMYBaTH HOBI TOYHI po3B’si3ku cucremu (12).

SayBakuMo, 10 OOWMIBA JIAHITIOXKKHN € HeckKindeHHnMu. Mu Hapem
JIWITIE TIEPIT IBa IJIeHU, 00 MpOoiTocTpyBaTn e€PEeKTUBHICTH HAIIOrO
iAXOMy /10 TpobsieMu MO0y I0BH TOYHUX PO3B’s3KIB CAMOJIyaJHLHUX PiB-
HaHb (1).

Buxkopucrosywoun po3s’sizku (14)—(17) i amsar (11), MoxKHa BUIIICATH
MHOKIHY TOYHHX PO3B’SI3KiB CHCTeMM HeJiHIHUX piBHSHB (6):

K,
Y1ye + 2122
2

Cj
u e —L (y1ys + z122) + 122 + Cs,

C 1
v = Fll(yliw + z129) — i—;, w = K, — (y1y2 + 2122);
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K, Koy K
vN=—7:> 19=— w=-——)
Y1y2 + 2122 Y1Y2 + 2122 Y1Y2 + 2122
C? K1 K2 + K2K;
U= — 192 + 2122 —|—2C1 +C’2——
Ky (y Y ) 3(y1y2 + 2122)3
Ch Y1 Ky
v=—Wny2+z2122) - —— —7—,
K, (y ) z2 Y2+ 2122

= (e + 2122)
w_Kl Y1Yy2 zZ1292).

BuciioBoo mojisiky mpoBiiHOMY HayKOBOMY CIIIBPOOITHUKY Bimiiay
npuKJIaIHEX Jgocaikersb P.3. 2K maHoBy 3a mocTaHOBKY 3a/1ad.
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O noBeneHnu Ha O€CKOHEYHOCTU PeIeHuid
KpaeBbIX 331249 JJId JIJIUIITUIECKNX
YPaBHEHUII BTOPOI'0 MOPAIKA

B.M. CYKPETHBIU, ®.C. OBAVT

Hremumym mamemamuruy HAH Yrpauno, Kues

B poGoti mokazaHo, 110 po3B’sI30K 3MIMIaHOl KpaitoBol 3a1adi sl eJin-
THUYHOTO PIBHSIHHS JPYTOr0 MOPSAMKY 3 MepiogudHuMu KoedirieHTamu ta 3
€KCITOHEHI[IaJIbHO CIIaIAI0IUMU ITPABUMH YACTHHAMU 30ira€ThCsl Ha HECKiH-
YEeHHOCTI JI0 JIeSIKOl KOHCTAaHTH, siKa 3HaMIeHA.

It is shown that an arbitrary solution of the mixed boundary-value
problem for an second-order elliptic equation with periodic coefficients
and with exponentially decreasing right hand sides converges at infinity to
a constant. This constant is found.

Mycts @ = {zeR*":0<z;<1,i=0,1,...,n—1, z, € (—00,0)},
Q(tl,tg) = Qﬂ{tl <xp < tz}, QO = Qﬂ{mn > O} i S() = Qﬂ{xn = 0}

Yepesz H3(Q) obosmauum, Kak OOBIMHO, MPOCTPAHCTBO (byHKIMit ¢
HOPMOIA

2

)

L2(Q)

HuHHl(Q = HUHL2

al‘k-

a uepes HI(Q(t1,12)) 0603HAYMM HONOIHEHHE 110 HOPME IIPOCTPAHCTBA,
HX(Q(t1,t2)) muokecTBa 1-Iepromaecknx 1o & = (xy, ..., T, 1) u bec-
KoHeuHo juddepennupyembix Ha MHOXKecTBe {2 € R"™: ¢ < @, < to}
bynxmuit. Yepes H 1 (Sp) obozHAYMM LPOCTPAHCTBO CJIEIOB l-1lepuoiu-
YecKux 110 7 byHKImit, IMetomux orpanndennyo zHopmy B Ha (2(0,1)).
Hopma B H 1 (So) oupenessiercss paBeHCTBOM

190(2) 1, 50y = 106 {0l 30y 0 € (A0, 1),v = Wo (@), 2 € So}.
2
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B obutactu €y paccMoTpuM CIIEAYIONIYIO 33129y :

Lu(x) +Zag’;k , @€, (1)
O(z)u(x) + o(u) = To(2), x € So, (2)
u(z) — l-mepmogmuna 1o I /E(u) dr < oo, (3)
Qo
0 0 " 0 0
e L) =3 57 (a5 ). B0 = a5
;1 viaj (@ 8133 Slfk e’ rdr <x, v>0.

Bce dynkiumm, Bxozsinme B npasble u Jesble dactu (1)—(2), — orpa-
HUYEHHbIe N3MepHMble (PYHKIMHI 1 ABJIAIOTCA 1-IepHOIecKuMu 1o &,
aij(x) = aji(x), 0(2)>0, {To(2),0(2)} CHy(So), fu(2) € L*(Qs1, 52)),
k=0,...,n, (v1,...,V,) — BekTOp BHemHeH HOpMamu K I2(0, s1).

Kpome Toro, mis oneparopa L BBIIOJIHEHO CJIEAYIONIEE YCJIOBUE JI-
JIUIITUYHOCTH:

n n
o €)% = Aoy &i)? < > aij(@)&wi; < N 67, z,E€R™ (4)

i=1 ij=1

31ech A\g U A| — IOJIOKUTEJIbHBIE [TOCTOsIHHBIE. ByieM Ha3bBaTh (PyHK-
mmo u € HY(Q(0,s1)), s1 € R\ {0}, 0GOOTIeHHBIM PemeHneM 3a/1a41
(1)-(3), ecam st moGoit bysxumn v € H(Q(0, s1)) BbImONHSIETCS MH-
TErpaJbHOE TOXKJIECTBO

z”: /aij( )311(30)8 ue )da: = /U(u)v(m) dz +

“ Or; Ox;
HI=1 Q(0,81)

/( dm—/fk dx—/fk x)di + (5)
/fo

+Z/f

Q(O Sl 0 S1
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Teopema 1 [5]. B obaacmu Q(t1,t2) mobas gynxuus u € H(Q(ty,12))
umeem caed na O(Q(ty,t2)) u swNOAHACMCA HEPABEHCTNEO
~1
lull L2000t 1)) < K [t2 = 0] [ull g1 ey 10)) 5 (6)
2de nocmosannas K ne sasucum om ti, ta.

W3 pesynbraTos paboTst [2]| caemyer, ato nyst permennst ypasaenus (1)
B obmactu (0, 51 + s2) crpaBeMBa OlEHKA

/ E(u)dr < Kje 4% / E(u) dz. (7)

Q(0,s1) Q(0,s1+s2)
IJle TIOJIOKHUTebHas OCTOAHHAA A He 3aBUCUT OT Si, Sa.

JIemma 1. ITycmo gynxyus R(x) — 1-nepuoduneckoe no & obobusernoe
pewerue caedyrwet 3a0a4u:

axk s x e Q(O,Sl), (8)

LR(z) = Fy(z) +
k=1

9(:&)R(w) + U(R) = \Ifo(ii'), x € Sy,
o(R)=U1(2) + > wFr(z), z€S,
k=1

Toz0a daa R(z) cnpasedausa oyenka

2 2
B i < 2190l 5+ 319 s+
2 2

Q(0,
0 . 2 (10)
2 b —byzy
+ M || Fallp2(sy) + Mae™™ Z [[e=" FkHL?(Q(O,sl)) ’
k=0
2de by u M; — nocmoannvie, He 3agucawue om S;, 1 =0,...,3.

HoxkaszareabcTBo. Vcnonb3ys naTerpaibuoe ToxaecTso (5) 1 3aa-
qu (8)—(9) upu v = R(x), ycioBue siumnrudHoct (4) U HEPABEHCTBO
(6), nosryaaem

/E dm</E dm—i—/@ Rde—

051) Q(O 81)
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/\I/ORdi' +/ 1Rdz +Z/ hizn g =bren py g—dx—F

So Ssl 081)

+ / F,Rd# + / et R dy
So Q(0,s1)

< Ky ||‘I’O||f1%(so) HR||H21(Q(O,51)) + K> ||Fn||L2(S’0) ||R||H21(Q(O,81)) +

<

1/2 1/2
+K3</e%1m"Fo2dx> (/elem"dex> +
Q(0,51) Q(0,s1)
1/2

1/2
+K4Z</62b11"Fk2dx) (/e%lx"dez) +

Q(0,s1) Q(0,s1)

T K5Vl g, (s0) 1Rl 3 20,50)) < K6l Woll 7, (s0) 1Rl 112 20,50 ))
2 2

+E7 [ Willg, s,y IR 300, T Es 1l zagsy) 18]y 00,60 +
2

n

1/2
+Koehe Y ( / e‘”’me?dx) 1l 3 00,001 -
k=0 Q(0,s1)

CiesoBaTesbHO,

/E(R) de < Ko [Yollg, (s + EKuu 11l g, (55, +
2 2
Q(O,Sl)
+ K12 || Foll 25y + K13 e Z He_blankHH;(sz(o,sl)) g
k=0
rae nocrogunbie K;, ¢ =1,...,13, He 3aBucar ot s1. Jlemma Joka3aHa.

IMycrs dyuxims w(x) IPUHAIIEKUT KIACCY PACTYIIUX PEIIeHuii Ipu
Ty — OO U ONPEIESISTeTCHd KaK 1-mepuoauaeckoe mo & 0000IIEeHHoe perre-
HUE CJICAYIOMHUI 3a1a4u:
n
8F kT
Lw(z) = Fo(z) + ) OFi(@)

k=1

Q
Dy T € 1o, (11)
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0(z2)w(z) + o(w) = ¥o(), x € S, (12)

/mmm:m. (13)

Qo

Teopema 2. B obuacmu Qg pacemompum 3adawy (11)—(13). ITycmo

/Fkge_%’””d:r<74, ¥3,74 >0, k=0,1,...,n. (14)
Qo

Tozda cywecmeyem eduncmeennoe 1-nepuoduneckoe no T obobwermoe
pewerue w(x) U 0as 9M0O20 PEWEHUA CNPABEINUBH OUEHKA

JBw)dn < Mool 5+ My [Pl + e, (15
2
Q(O,Sl)
2de M;, i = 0,1,2, — xoncmanmol, He 3a8UCAUUE O S7.

Hoxkaszaresnbcrso. [lycrs w! (z) — 1-nepuopuaeckue mo & 0600IIEeHHBIE
pemenust 3agaun (8) u (9) upu ¥y (Z) = 0. Torma u3 (14) u nemmsr 1
CJIIYeT, 9TO

/E Do < MoWolly, 5+ M I1Fulfacs,) + Mae™, (16)
Q(0,s1)

rme M;, i =0,1,2, — KOHCTAaHTBI, HE 3aBUCSIIIE OT S7.
Teneps pacemorpum dynximio w2 — w721 e 51, 80,5 € R.
IMoxcrasum 51y HYHKIMIO B HEPABEHCTBO (7) U UCIIOJIB3yEeM HEPABEHCTBO

(16):

/E s1+s2 w;1+82+s)d$ <

Q(O 81)

< K; 6_A52/E(1Uf1+52 _ w§1+52+5) dr <

$2(0781+82)
< K, 67A52 (MO ”\IJOHZIL(SO) + M, an||i2(so) + M26b1(51+sz)> ,
2

rome A =const >0, 0< s1 < so.
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Eciu Boibepem by = A — ba, by € (0, A), To, UCIO/IB3YsT HEPABEHCTBO
Dpugpuxca [4], naxomum

s1+s2 _ . S1+S2+s 2
[Jwi Wa ||H21(Q(O,sl)) <
< Mg /E(wi‘?1+s2 _w§1+52+5) dr < Msx e(A_bQ)sle_bQSQ + (17)

Q(0,s1)
_As 2 2
+emAs (Mg 1%l (s4) + Ma |Fn|L2<so>) :
2

SameTnm, 9TO JJIs JIIOOOTO S1

lim Hw31+92 o w81+32

S2—00

HHl(Q(o s1))

1, KpoMe TOro, 9(‘,2.) (wir‘rsa _ w;1+sz+s) + U( 514852 w§1+s2+s) =0

ua Sy. T.o. 15 mocsegoBaTeIbHOCTH (DYHKITHIA {w“’z} HIOJIy IUM

lim {w} =w,

S2—00

rje w npejcTrasisier coboii pemenune 3amaun (11)—(13).
U3 (17) npu so = 0, ycrpemiisia § — 00, HAXOIUM

/E dz:</E Y dx +

Q(0,s1) Q(0,s1) (18)
2 2 s
+ M7 ”\IJOHPI%(SO) + My Hf"||L2(SO) + My ebis1

IMoxacrasnsas nepasenctso (15) B (18), mosiyuaem yTBepKIEHIE TEOPEMBI.

Sameuanme. B obuactu Qy pacemorpum 3anaay (11)—(14) upu ¥4 (&) =
= F(z) = 0. Torga cupaBe INBbL CJIEJYIIHE ONEHKN:

[Ewds < Ko, (19)
Q(s,s+1)
[l g3 s,s41y) < Kis+ Ko, (20)

e K;, i = 0,1,2, — KOHCTAHTBI, HE 3aBUCHIIHIE OT §.
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st o6obimensoro pemenns 3agaau (11)—(13) w(z) oupenennm 0606-
mieHHbll MoMenT P(s,w) ciemyomum o6pa3om

) = ; /am (21)

Ss

ITycrb wo(x) — 06obimenHoe pentenne 3agaun (11)—(13) npu Fi(x) = 0,
k = 1,n, takoe, aro P(0,wy) = —1. Torga cupaseminBo paBeHcTBO [2]

P(s2,wp) — P(s1,wp) = /FO((E) dzx. (22)
Q(s1,82)

Orcrona B cayuae s; = 0 u Fy(x) = 0 mosmydaem
P(SQ, wo) = P(O,U}O) (23)

Teopema 3. B obuacmu Qy paccmompum 3adawy (1)-(3). Toeda cywe-
cmeyem nocmoannas C™ u noaosicumesvrsie nocmosmmse X1, xz > 0
maxue, wmo das A106020 s > 0 cnpasedsuso HepaeeHCME0

|lw — COO”H;(Q(s,s-s-l)) < xpe X285, (24)

6 cayuae 3adavwu Hetimana (bg =0, by =1, 0(%) = 1);

(O :/[ (wo)w— —fnwo] dz —Z /fk%dl' + /fowodx

So k=1 60,00 Q(0,00)
8 cayuae emewannoll kpaeeot sadaqu (bg =1, by =1).
okazaTesbcTBo. PaccMorpuMm HenpepbIBHBIE DYHKITAN
1
O(zy,) =< (—zp+s+1), s<x,<s+1,
0, s+1<x,.

0< 2, <s,

7
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HNcnonbayem uHTErpasbHoe TOXKIecTBO (5) Juis pertenns 3aga4n (1), (2)
¢ upobubiMu dyakmuayu v = P(x, )wo(z) :

Z / “’Oq) d /U(u)wo<1> s —

HI=1 Q0,541) 89(0,5+1)
(25)
D)
,Z /ykfkw()q)dS + Z /f wo /f0w0<1> dx.
1 50(0,5+1)) k=1 9, s+1) Q(0,5+1)
IIyctn
= A(wo®) Ou
I'(s) = /ai<7—dx,
L_]Z=1 J aﬂfz 8$j
? Q(0,s+1)
I*(s) = /U(u)woq>ds,
0Q(0,s4+1) (26)
- ’wo(I)
—Z /l/kfkwo‘l)ds +Z /f
k=1 50(0,5+1)) k=100, s+1)
— /fo’LUO(I’ dx
Q(0,5+1)

Pacemorpum 11(s), I%(s) u I3(s). Tockonbky ®(x,) = 0 Ha Sgy1, TO
I*(s) = / (u)PwodS = / w)wo di = I?. (27)

99(0,5)

lim (s / fawo di + Z / fk% dz — / fowodz = I%.  (28)

S— 00
k=190, oo) Q(0,00)

(B(en)0) = Do) -

W3 paBencTsa wo + @' (x,)wo caemyer, aTo

al‘i
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n

P=Y faegiiia ey fusunga -
J

Ly

HI=1 Q(0,541) HI=1 Qs s41)
- Owp O (ud) - Owyg
— Z /aija—xi axj dr — Z /amiub’ 7, dxr +
53=1 9(0,541) =1 Q(s,s41)
+Z/a i D'w o—dx* Z/ Owo 9 dz—
n,
J ; i ox; axj
Q(s s+1) J=1 Q(0,s+1)
oo s ,6w0 -
-C Z in® 3 dx + Z an;)P woa—dx_
=1 Q(s,s+1) j=1 Q(s,s+1)
- ow
- Z /am(u — C®)®' (z,)wo &T? dx.
=1 Q(s,s+1)

Owuesmmno, aro I'(s) = I} (s) + 13(s) + I3(s) + I} (s), e

i) =Y [a52% 2 ()@ () de,

K dx;

HI=1 Q(0,541)
1 0o S / awo
IZ(S) =-C Z ain(p (:L'n) o1, d.’E,

=1 Qs,541) ’ (20)

- ou
I3(s) = Z /anjél(zn)wog dz,

J=1 Q(s,s+1) /

6’UJO

Ii(s) = =Y /am (u—C>) ' (zn)

i=1 Q(s,s+1)

Ucnonnsys (4), nepasencrsa Komu-Bynsakosckoro u Hepasencrsa (18)—
(20), mosygaeM OIEHKH

1/2
I3(s) < K0< /E(u) dx) ||onH1 (s, 541)) < < Kyy/se X435,
Q(s,s+1)
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1/2
L}(S) < KQ( /E(wo) dx) Hu — COOHZIQ(Q (5,541)) < ng—X25/2
Q(s,s+1)

rne K;, 1 =0,1,2,3 — KOHCTaHTBI, HE 3aBUCAIIAE OT S.

T.o. lim I3(s) = lim I;(s) = 0. (30)
§—00

§— 00

[IpounTterpyem no gactsam I7(s) (zamermm, uto ®(r,) = 0 ma Seq1 u
O(z,) =1Ha Sp):

Il(s) = Z /Viaijué(xn)?)—ijf ds z/a(wo)udi. (31)

H3=1 50(0,541) So

W3 onpenenenns P(s,wy) n paBeHcrsa (23) ciemyer, 9T0

n s+1
I(s) = —Cw; /(—am)aa—:f dx = COO/Pl(s,w) dx, =
= Q(s,s+1)
2
s+1 s+1 (3 )
= COO/Pl(O,wo)dxn = Coo/(fl)dzn = —C.
N3 (26)—(32) naxomum
¢~ [ lotwn)u = ofujun — fuun] di -~
So
, (3
—Z /fkﬂda? +/f0w0dx
Q(0,00) Q(0,00)
Jjis eMenmamHol Kpaesoit sagaan w = —0~1 o(wyg), o(u) = ¥y — Ou na

So u u3 (33) nosyvaem

C™® = /[U(wo)u—&—wo [Py — Ou] — frwo| di —
So
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-y /fkg—gd:c +/f0wod$=/[wo+fn] 7010) 45—

k=1

Q(0,00) Q(0,00) So
- 0
-3 /fkﬂ dz + | fowo dz.
axk
k=1 9(0,00) Q(0,00)

Teopema 4. Uz meopemv, 1 6 cayuae nocmoanHur Kosphuyuenmos
a;j(x) = a;; = const daa cmewannol kpaesol sadawu npu by = 1,

u(x) xoncmanma C*° onpedessemes

o
oxy,

0(2) = w = const, o(u) = ann

Ppopmyaot

c™ :am/ [¢o(2) + folz)w™'] di+

So

[ (0 = wun] foe) — fo(a) d.

£2(0,00)
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[4] Jlagprkenckaa O.A. Kpaesble 3amaan Mmaremarndeckoil dpusnku. — M.: Hayxka,
1973. — 408 c.

[5] Co6Gomer C.JI. HekoTopble mpuMeHeHUsI PyHKINOHAJIBHOTO aHAIM3a B MaTe-
Mmarudeckoit dusuke. — M.: Hayka, 1984.

Mpaui IHcTnTyTy MaTtematukn HAH Vkpaikn 1998, Tom 19, 243-248
VIK 517.9

AcuvmnToTndeckas IeKOMITO3UINS CACTEMBI
HeJIMHEHBIX And depeHImaabHbIX
YpPaBHEHUII B OKPECTHOCTH TI'PYIIIOBBIX
MHTETrpaJbHBIX MHOTOOOpa3mii

Bb.B. TABOPOB

Hnemumym mamemamury HAH Yxpaunw, Kues

PosBuBaerbcst MeTo1 aCHMITOTUYHOL JEKOMITO3UIIIT, 3aIIpOITOHOBaHUI MuT-
ponosibcbkuM 1 Jlomariamm.

We develop the method of asymptotic decomposition proposed by Mit-
ropol’skii and Lopatin.

B nannoit pabore mosydaer JaJbHElee pasBUTHE METON yCDEHEHHsI
Kpbutosa-Boromo6osa [1| Ha OCHOBE WCIIOMB30BAHMSI AIMAPATA TEO-
PUM HENPEPBIBHBIX IPYIIT MPEOOpa3oBaHUil. DTOT MOAXOJ, GBLI PA3BUT
10.A. Murpononsckum n A K. JIomaTuHbIM 1 IOy YW HA3BAHUE METO-
Jla ACUMITOTUYECKOH sekommosunun [2]. OH CyNIECTBEHHO HCIOIB3YeT
TEOPETHKO-TPYIIIOBbIE CBOMCTBA CHCTEMBI HYJICBOIO NPUOINZKEHUS.

PesynbTaThl JaHHON pPaGOTHI JIOKJIAIBIBAINCE Ha MexK 1y HapoIHOM
Hay4HOI KoHbepeHmE "ACHMMITOTHIECKHE U KAYECTBEHHBIE METOJBI B
reopun HesmHeliHbix Kosebanuit" (Kues, 18-23 asrycra 1997 r.).

1. O6beKT ucciaemoBaHus. B KadecTBe 00bEKTA MCCIIEIOBAHUS PAC-
cMOTpuM cucteMy nddepeHInalbHbIX yPABHEHNH, OMUCHIBAIOIINX OP-
OUTAJILHBIN [I0JIET CIIyTHUKA 3eMJIM HA MaJIOil peakTUBHOI Tsre [3]

il = T, i‘g = —, ig = 0, (11)
T3 41 = T3j42,

&3 42 = X343 — 3541 + € f15(q), Jj=12,3, (1.2)

T3j43 = —T3j12 + €f25(q),
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rae depe3 ¢ 0003HAYEHBI IIePeMeHHbIe T, ¢ = 1,..., 12,

fi1 = 42316 — 37176 — T6X10T12,

fo1 = —4x3xs — 3r105 — T5T10X12,
fi2 = 4zxzrg — 3T179 — TYT10T12,

foo = —4das3xg — 319 — T2XT10T12,
f13 = 4x3x12 — 3T1T12 — T10T12,

fos = —4x3x11 — 31211 + T10T11212.

ITepemenHast £ ONUCHIBAET JBUXKEHUE IIEHTPA TSPKECTH CITY THUKA, TIepe-
MEHHBIE To U T3 SIBJISIOTCS BCIIOMOTaTeIbHBIMU. B KadecTBe HE3aBUCUMOIT
[IEPEMEHHON MCIIOIb3YeTCsl YIVIOBAas CKOPOCTH IMOJBU2KHON CHCTEMBI KO-
opauHat. Bosmymienne B cucreme 00yCI0BIEHO HEIIEHTPAIBHOCTHIO TOJIsT
3€MHOTO IPUTSIYKEHUS.

Ilepemennbie x3;41 0003HAMAIOT HAIPABJISIONINE KOCHHYCHI PaJIycC-
BEKTOpA CIIyTHUKA 10 OTHOIIEHUIO K OCSM WHEPIUAJBHON CHCTEMBI KO-
OPJIMHAT, T3;42 — HAIPABJAIONINE KOCHHYCH IEPHEHINKYIAPa K PaIyc-
BEKTODY, & T3j4+3 — HAPABJIAIONE KOCHHYCa TIEPIEHIIKYIAPa K MTHO-
BEHHOM MJIOCKOCTH OPOUTHI CIyTHHUKA. BHIOOP 3TOH CUCTEMBI OIpe/iesIeH
CIIEIYIOIMUMU 0OCTOSITEIbCTBAMU. BeKTOpHOE 110J1e

0
=
8%1 ! ox 2
HEePBBIX JBYyX ypaBHeHuii noacucremst (1.1) obpasyer anrebpy Jlu so(2).
BekTopubre mostst

UF:$2

0 7] 0

Uj = 3542 + (343 — T3541)

A T T34
03541 03542 03543

nogcucreM Buga (1.2) B HyJeBOM NIPHOJIMIKEHUHM IPUHAJJIEXKAT aared-
pe JIu so(3). Pemenus x1(t), x2(t) momcucremsr (1.1) mopoxaoTr o-
HOapaMeTpudecKyio rpynmy u3 SO(2), a pemennst xzj41(t), T3;42(%),
x3j4+3(t) cucrem Buna (1.2) B HyTeBOM IpHOINKEHIHN — ONHOIAPAMETDH-
veckue rpynust u3 SO(3).

DT0 J1aeT BO3MOKHOCTD CPABHATH IIPHMEHEHHEe AJTOPUTMA, ACHMIITO-
THUYECKON JIEKOMIOBUIIUK K KJIACCHIECKOMY OObEKTY HEJMHEHHON Mexa-
HUKH (Bo3MyIeHue Ha rpymme SO(2)) u HoBoMy JijIsi HeJIMHEHHOM Mexa-
HUKHU 00bEeKTY — BO3MyIeHuto ua rpymue SO(3).

B nanHOM Ciiyvae IpHOINKEHHOE PEIIeHHe BO3MYIICHHON CHCTEMBI
ByeM HCKATh B IPOCTPAHCTBE LIPEJCTABJICHHs Il IPSIMOTO [IPOU3BE ie-

mus rpynn SO(2) ® SO(3) ® SO(3) ® SO(3) = SO(2) x SO(3) =T.
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2. OcnosHoii anropurm. [lepeiinem B cucreme (1.1)—(1.2) x cepuue-
CKAM KOODJMHATAM 3aMeHOII epeMeHHON!

1 =pcosy, T2=psing: p= /2% + 23,
T4 = p1sinfycospy, 5= pisinfisingp;, xg= pjcosb; :

p1 = /o3 + 12 + 22,

T7 = p2sinfy cos o, xg = pasinfysings, x9 = pacosbs :

p2 = \/ T3+ x3 + 23,

T10 = p3sinfscos s, x11 = pgsinfssinps, x19 = p3cosls :
/2 2 2
pP3V/ i T 11 + T1o-

ITonyuynm cucremy BuzIa

p =0, p1=—1, 3 =0, (2.1)
pj = w;(2),
0j = sin w5 + 6f(’j (Z)v j=12,3, (2'2)

;= —1+cotbcosp; +ef,,(2),

r7le Yepe3 z 0003HAYEHBI IepeMeHHbIe 0, @, X3, Pj, 05, ¢4, j = 1,2,3.
ITpumenum K cucreme (2.1)—(2.2) ajropuT™m acUMITOTHYECKON Jie-
KOMITO3HIUN 110 [IEPEMEHHON ps. BBUY CI0XKHOCTH BBIYUC/IEHU Orpa-
HUYUMCS TOJIBKO [EPBBIM IIPUO/IMKEHIEM.
ITocsie 3amennl iepeMeHHbIX B BujIE psiyia Jlu ph, = exp(eS)p2, p} = p1,

Pé = pP3, 0; = 0j7 903 = ¥j, .7 = 1a2a3, P/ = p, 90/ = ¥, .Té = I3, rae
S=81+eSy+ -, 8 =(2)

——, a 4epe3 z 0003HAYEHBI IIePEMEHHBIE
dp2

Py @, 3, pj, 05, ©;, TOTyIaeM NEeHTPATH30BAHHYIO CHCTEMY, BI, KOTOPOH
OIIPe/iesIsieTCst oepaTopoM S. B wacTtHOCTH, eciiu onpenenTs onepaTrop

S Kak peleHne onepaTopHOro ypaBHEHHsT

U, 5)] = (ws — 5)8%, 3)

rue £(z) — HekoTOpasi uCKOMasi (PYHKIHs C OUPEEIeHHBIME CBOCTBAMIY,
a U — muddepeHnuaibHbIit OIIepaTop CUCTEMBI HYJIEBOTO TPUOINKEHNST,
TO IEHTPAJIN30BaHHAS CUCTEMa ITPUMET BH]L

p=0,  ¢1=-1,  i3=0; (4.1)
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pj = Efpj7

f; = sinp; + efo,; (2), (4.2)

¢1 = —1+cosbjcosp; +efy,,(2),
rie fo, = fos =0a fo, = &(2).

C TOYKM 3peHMs] aHAJIN3a CYIIECTBOBAHUS IEPUOIMIECKUX PEIIeHMi
U IIpEJIe/IbHBIX IUKJIOB BayKHO 3HATH 3Hadenun dyukimu &(z). B mepsom
PUOIMKEHUN

&(z) = 4—\/\/§pgp3 (3cos® 03 — 1) (cos B2 sin 05 cos ). (5)
Snauennst bysKUmit fo,(2), f,; (2) HyKHBI /T HCCTTEIOBAHIS JIBUKEHIS
10 TPEIeTLHOMY TUKJTY. MBI HE TPUBOJUM SIBHBIN BUJT 9TUX (OYHKITHIA.

U3 (5) BuaHO, YTO Me/|JIEHHBIE JBUKEHUsI 3aBUCAT OT YIVIOBBIX IIe-
peMeHHBIX. B 5TOM ciiydae jjis OTBICKAHUsI BO3MOXKHOIO IIPEJIETHLHOIO
[UKJIA CJIeJyeT MPUMEHUTh MEeTOJ, ITOC/IeI0BATEIbHBIX TpUO/InKeHuit. B
HyJeBOM npubsmkennn mosaraem & = 0, T.e. po = pog. Ilomcrasisis ato
3HaUYEHME B OCTAJIbHbIE ypaBHEHUs, HAXOMUM U0, @ o U T.1I.

Jlns moka3aTebCTBa CYIIECTBOBAHUS IPEJEIBHOTO IHKJIA CJIEYeT
U3YYUTh CXOAUMOCTb AJITOPUTMa, UYTO SIBJISIETCS [IPEIMETOM OTJIEIbHOIO
HCCJIE/IOBAHUSI.

SamernMm 49TO B ciiydae, Korga GyHKIUS £ HE 3aBUCAT OT YIJIOBBIX
TepEMEHHBIX, MBI IMeeM OOBITHOE yepeaHenne Mo borooboBy, n, Kpome
TOTO, p3 = const B MEPBOM PUOIMKEHIHN.

3. OcobeHHOCTH ajropuTMa oIpedesieHUs BHJAa 3aMeHbI Iiepe-
MEHHBIX U PE30HAHCHBIX WIEeHOB. PaccMoTpuM mogpoOHO ajaropuTm
naxoxenus gynkuun £(z). Paznmoxum QyHKIUIO we B psifl 0 6a3ucy
mpocTpaHcTBa 1"

w2 = W1 + w2 + was, (6)
rie
wo1 = V3mp?sin? ., Y, (6.1)
Vo _
wap = = 7= peosepy (o5 1Y3), (6.2)
V2T . _ _ . _
wo3 = ~——pap; (1 —1i),Y, LYyt (<1 =), Yy Yy

NG
H(=1 =)o 5y L (1+1),Y2'5Y5)
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m
rzae 1epes ;Y™ obosnauaercs m-s OCHOBHAs cepuieckast HyHKIU Ie-
pPeMeHHEBIX 0, (; mopaaka l.
Torna pemenue ypaBuenust (3) CBOAUTCH K PEIICHUIO JIMHEHHONW Cu-
CTeMBI aJIredpANIecKnX yPABHEHUN BUIA

Ag=w—h, (7)

e A — marpuiia oneparopa U B BeIOpanHOM Oasuce, g, w u h — Bek-
TOPbI KO3(MDPUITUEHTOB Pa3IoKeHnH DYHKINH ¥, w U & COOTBETCTBEHHO.
Marpuna A siBasieTcs KOMILUIEKCHO, U HY>KHO YIOBJIETBOPUTH YCJIOBHE
JIeHICTBUTEIBHOCTH UCKOMBIX (DYHKIWIT v 1 £.

Besencreue (6.1)—(6.3) perienne ypasHenust (7) pacnajiaercss Ha pe-
IIIEHNE TPeX CUCTEM ypaBHEHUI MeHbIell pa3sMepHOCTH:

Algl = w1 — h17
Aszgs = wa — ha,
Azgs = w3 — hs

JUIst HeKOTOPBIX mojnpocrpancts 11, T, T3 npocrpancrea T, riae A; —
MaTpuIsl oneparopa U B yKa3aHHBIX TOIIIPOCTPAHCTBAX, W1 + W + w3 =
w, g1 +92+93 =9, hi+ha+hg=h.

IIpocTpancTso T sBIIsIeTCSA TIPAMBIM ITpon3BeaerneM 111 ®7Tho ¢ 6a3u-
cavur Byy = || cos 2, sin 2| u Bia = ||5Y, 1, YL, oY coorercTrentio,
riae d1m(T11 ® Tlg) = 6.

IIpocTpancTBo Th stBiIsIETCS TIPSIMBIM TTpon3BeaeHneM 1o ® Tho ¢ Oa-
3UCaMU

Bay = || cos ¢, sin ¢
R SRS SRS S S |
coorBercrBenno, rye dim(Ty ® Tha) = 10.

IIpocTpancTBo T3 siBisieTcst TPSIMBIM Tipou3BeeHueM 151 ® T30 ¢ Oa-
3ucamMu

B3, = ||2Y27272Y27172Y2072Y1172Y12||7
Bsy = |35 2, 5Y5 1, 5Ys, 5V 5 VY|
coorercTBeHHO, e dim (T3 ® Tsa) = 25.

Matpurst A; u Ag SIBJISIFOTCSL HEOCOOBIMHE, IIO3TOMY MBI MOYKEM HANATH
HEKOTOPBIE BEKTOPHI §1 U o, TOJarasi hy u ho paBHBIME HYJIO.
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Marpuna Ajz siByisiercss 0coboit, u onpejiensis hy U3 yCJIOBU OpTOro-
HAJIBHOCTH MOITPOCTPAHCTBY = = Agy U JefCTBUTEILHOCTH OIpe/Iesie-
MBIX TIPU 9TOM (QYHKIIHIA, TOTyIaeM

442
&= —fpgpg (3 cos? 05 — 1) (cos B9 sin O cos p3).

V3

JajpHefmuii sTaln COCTOUT B KAUYECTBEHHOM HCCJIEJOBAHUM CHCTEM
ypaBuenuit (4.1)—(4.2).

[1] Boromo6os H.H., Murpononsckuit FO.A. AcuMnrorudeckue MeTOIBI B T€OPHU
HeJIMHeHHbIX Kosebanuii. — M.: Hayka, 1974. — 504 c.

[2] Mitropolsky Yu.A., Lopatin A.K. Nonlinear mechanics, groups and symmetry. —
Dordrecht, London: Kluwer Academic Publisher, 1995. — 380 p.

[3] T'pomzosckuii I'.JI., Msanos FO.A., Tokapes B.B. Mexannka KOCMHYECKOTO I10JI€-
Ta ¢ maJjoit taroit. — M.: Hayka, 1966. — 680 c.
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Penykiiuss m npuBouMOCTDb JTUHENHBIX
cucrteM auddepeHnnaabHbIX YPaBHEHUI C
nepuoandeckuMm ko3addunmneHramu,
MMEIOINX KBAAPATUIHBIN WHTErpaJl

JI.B. XOMYEHKO

Incmumym mamemamuru HAH Yxpainu, Kuis

Pozrnsmaerses 3agada gekoMosuiiil JiiHifHOT cucremu audepeHIiajabHuX
PIBHSIHB 3 TIEPIOAUMIHIMEI KoeMiIiEeHTaM, 1110 Ma€ KBaIPATUIHUI IHTErpalI,
Ha JIBi IHTErpOBHI MiJCUCTEMM, a TAKOXK 3ajilada 3BEeJeHHsI OJHI€l 3 HUX
rnepeTBopeHHsM JIgmyHosa.

The problem of decomposition of a linear system of differential equations
with periodic coefficients, which has quadratic integral, into two integrable
subsystems, and also the problem of reducibility of one of them by the
Lyapunov transformation are considered.

Paccymorpum muneitnyio cucremy auddepeHnuaibHbIX YpaBHEHU ¢ 1e-
puouteckuMu Ko OuimenTaMmu

W Py, )
e y = [y1, ... ,yn]T, P(t) = [pi;(t)], 4, =1,2,...,n.

MsBectHO [4], uT0 Besikast cucreMa ¢ NeproAnIecKUMEI Koadbdunen-
tamu Buga (1) npu momoru npeobpazosanust Jlanynosa y = L(t) - x
MOXKEeT OBbITh IPUBE/IEHA K CHCTEME C IOCTOSHHBIMU KO3 UImenTaMu.
Cucrema (1) umeer dbynzamentaibnoe pemrenne y = L(t) - e, roe A —
MCKOMAasl MaTPHIA C MMOCTOTHHBIMU Kodd durmentamu. Bompoc npusee-
HHUs CUCTEMbI C IEPUOINYIECCKUMU KO3(1)4)I/ILH/I€HT&MI/I K cucremMme C 110CTO-
SIHHBIME KO3 PUIMEeHTaMU CBOJIUTCS K 3a/a4e HAXO0XKIeHus (OyHIaMeH-
TaJbHOI MaTPUILI PELICHUA.

B nawnHoit paboTe paccMaTpUBAIOTCS JIBE 3aIa9U:
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(A) C noMoIIbIo OrpaHUYEHHBIX U IEPHOAUYecKUX 110 ¢ Marpul, Q(t),
Q~1(t), KoTOpBle HAXOATCS C TIOMOMIBLIO MATPHITLI KBaIPATHIHO (hop-
Mbl cucreMbl (1), mekomnosupoBaTs cucremy (1) K cucreme

i Ait) 0
= Altr, Al = ( C(t)  As(t) ) 7 ¥

e Aq(t) € M, (R), Ai(t) — KococuMMeTprYIecKasl MaTPUIA IETHOTO
HOPSIJIKA ¢ EPUOJMICCKAMEI KO3(D(DUIIUEHTAMH, 11 — PAHT KBaAPaTHIHONR
dopmsl cucremsl, As(t) € M,(R), m+p = n.

Beorysaen=m =2k, k=1,2,..;p=0u A(t) = A1 (t).

ITpenmymecrso cucremsbr (2) nepen (1) cocrour B TOM, 4TO OHA pac-
[aJIaeTcsl Ha JiBe MHTerpupyeMble nogcucrembl. Marpura A (t) siBasiercs
KOCOCHUMMETPHUYECKOM U MPUHAJJIEXKAT HEKOTOPOl KOMIAKTHOI ajrebpe
JIn, uro mospossier 6osee 3PpPEKTUBHO TPOBOIUTE UCCICTOBAHUS Kade-
CTBEHHOTO TI0BeJIeHus pelteHns nuddepeHualbHOR CUCTeMbI.

(B) Beiaensiercst kinace marpur A;(t) (¢ momMonpio €€ TeopeTHKo-rpyI-
[IOBBIX CBOMCTB), KOTOPbIe NO3BOJIAIT 3(hMEKTUBHO PUBECTU CHCTEMY
nubdepeHIuanbHbIX YPaBHEHHI ¢ iepuojandeckoil marpuiieii A, (t) K cu-
cTeMe C MTOCTOSTHHBIMU KO3 PUITMEHTAMHU, T.€. COBEPINNUTDH IIPeodpa3oBa-
HUe cUCcTeMbl 110 JIsmyHoBY.

(A) Teopema. ITycmwv cucmema (1) umeem rKeadpamusHvill uHMELPAA
F(t,y)=y" - B(t) -y, (3)

Komopwti npeobpasosaruem y = Q(t)x, 20e Q(t), Q~L(t) — oeparumen-
Hble, NEPUOIUMECKUE NO T MATNPULLL, NPUBOOUNCA K KAHOHUYECKOMY GU-
dy

Fx)=2T-QT(t)-B(t) - Q(t) -x = a2+ a3 +...+ 22,

_ _ (4)
m=2k<n, k=12,...

Tozda npeobpasosanue y = Q(t)x npusodum cucmemy (1) x Grouro-
mpey2oavromy 6udy:

dx A(t) X
= Alt) -z, A(t) = < C’l(t) As(t) ) , )

20e A1 € M,,(R), A1 — xococummempureckas Mampuua 4€mmozo no-
padKka ¢ NepuoduHeckuMy KoIPPUUUEHMaMU, T, — PAHZ KEGIPAMUYHOU
dopmwi, As € M,(R), m+p = n.
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CaenctBue 1. Fcaun = 2k+1, k = 1,2,..., mo ne cywecmsyem
HEBBIPOICIEHH020 KEAIPAMUNHO20 UHMEZPAA.

Cuneacrsue 2. Ecau xeadpamuunyio dopmy F(z) = 23+ 23+ + 22,
KOMOPas eCMb UHMEZPAAOM cucmemvs (2), modicho npedcmasums 6 sude
CYMMDL 08YT KEAIPAMUUHDIT HOPM

F(z) = Fi(2) + Fa(v),
20e
Fl(l‘):x%_F_'_xi? Fg(x):zi+1++zfn’

Kaotcoas U3 KOmMopuT ASAACMCA UHMELPAAOM, TO CUCTMEMA PACNadaem-
cAa na dge nodcucmemos:
dr) dx®
dt ’ dt
1(2) = [xk—O—la s 7x7n]7 Al € Mm(R)7 AQ € Mn—m(R)

2 = Az(t)x(z), 2de 2V = [z1,..., Tkl

= 1 t

JIema. Jlas moeo, wmobw cucmema (1) umena xeadpamuunodi unme-
2pan, HeobTodumo u Aocmamouro, 4mobv. KoIPPuUUEHMbL KEadpamut-
HOT PopMbL YIOBAEMBOPANY YPABHEHUIO
op”
_ T
=-W(t)- 6", (5)
ot
mo ecmu, wmobot ypasuenue (5) umeao xoms 6ve 00HO “acmmoe nepuo-
duueckoe pewenue.

HokazaTesbcTBo. uddepeHimaabublii orepaTop, acCOUuPOBAHHBII
¢ cucremoit (1), nveer By

0 0 0 " 0
Y_E—'—P(t’y)a_y_a'i_;])’“(t’y)a_yk' (6)

Bupaszum koaddunuents kBagparuanoit bopmbt F(t,y) gepes koadbdu-
muentsl Py (t,y),k = 1,n, oueparopa Y. Ilycrs kBajparuunas gopma
nMeeT ooIMil BUIL

F(t,y) = (43,95, Ui Y142, Y13, - - > Yn—1Yn) X
x [B11(8), Bz (t), -, Ban(t), Bra(t), Bus(t), - - Bu1.n(®)] =
=y@ . g7,



252 JI.B. Xomuenko

HUcnosnbsyem csoiictso unrerpasa Y F(t,y) = 0.

9 9N (,@ _
oy ay( ) Ty ap 9T _

oy® aﬁT
Yy .ﬁT + (2) . at

Pacniumem niepsoe ciaraemoe B dopmysie (7), mepexois Ipu 3TOM OT
BEKTOPHO# (DOPMBI 3aIIMCH K KOOPANHATHON M HAOOOPOT.

P(t,y)- ~o. (7)

P(ty)- 82(;) =P1(t,y)8§£) +~-~+pn(t,y)a§/y(i) =
= (pl(tvy)g—%-i-"'+pn(t,y)g—i,...,p1(t,y)g—f_|_...
Epalt) 2 ) P 4t ) A

= (2y1p1 (tv y)a ey 2ynpn(t7 y)a YapP1 (ta ZU) + y1p2(t7 y)a sy

vip; (6 y) +yipi (6, y), - YnPn—1(t, y) + Yn—10n (L, y)) =

=y@ W), i,j=1n, i<]j.

IMopcrasuM 10/IydeHHBIN pe3yibrar B ypasHenue (7):

) v, @ 987 @) T ap"
yo W) +yT - =0, y < (t)-8° + )—0,
orkyza u ciaexayer ypasuenue (5). To ectb, mjis Toro, 9robbl HARTH KBA-
paruunyio dopmy F(t,y) cucreMbl 