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00. Preliminary introduction

MY GREETINGS TO EVERYONE

PRESENT!

MERRY CHRISTMAS!
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0. ÂÑÒÓÏ

Íàéâàæëèâiøîþ ïðîáëåìîþ îïèñó íåñêií÷åííèõ ñèñòåì
âçà¹ìîäiþ÷èõ ÷àñòèíîê ¹ äîâåäåííÿ iñíóâàííÿ ôàçîâèõ ïåðåõîäiâ.
Çâè÷àéíî öå ñòîñó¹òüñÿ ñèñòåì, âçà¹ìîäiÿ ÿêèõ îïèñó¹òüñÿ çàãàëüíî
ïðèéíÿòèì ó ôiçèöi ïîòåííöiàëîì òèïó Lennard-Jones type:

Fig. 2.1
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1. Îçíàêè ôàçîâèõ ïåðåõîäiâ

Íàÿâíiñòü òî÷êè ôàçîâîãî ïåðåõîäó â ñèñòåìi âèçíà÷à¹:

1) àíàëiòè÷íà ïîâåäiíêà òåðìîäèíàìi÷íèõ ïîòåíöiàëiâ òèñêó, ãóñòèíè,

2) àáî õàðàêòåð ðîçêëàäiâ êîðåëÿöiéíèõ ôóíêöié â ðÿäè.

3) Iíøîþ îçíàêîþ ìîæå áóòè áiôðóêàöiéíà ïîâåäiíêà ðiâíÿíü, ÿêèì
âîíè çàäîâîëüíÿþòü.

Ùîá âèçíà÷èòè êîðåëÿöiéíi ôóíêöi¨ âèçíà÷èìî ñèñòåìó òî÷êîâèõ
÷àñòèíîê, ÿêó ìè áóäåìî ðîçãëÿäàòè.
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2. Ïðîñòîðè êîíôiãóðàöié

Íåõàé Rd öå d-âèìiðíèé ïðîñòið, d ≥ 1, à σ � ìiðà Ëåáåãà â Rd.
Ïðèïóñêà¹òüñÿ, ùî ïîçèöi¨ {xi}i∈N iäåíòè÷íèõ ÷àñòèíîê óòâîðþþòü
ëîêàëüíî ñêií÷åííó ïiäìíîæèíó Γ â Rd:

Γ = ΓRd :=
{
γ ⊂ Rd

∣∣ |γ ∩ Λ| <∞ äëÿ âñiõ Λ ∈ Bc(Rd)
}
, (1)

|A| � êiëüêiñòü òî÷îê â A. Ïîçíà÷à¹ìî ÷åðåç γΛ îáìåæåííÿ γ íà
îáìåæåíèé îá'¹ì Λ i ïîçíà÷èìî ïðîñòið ñêií÷åííèõ êîíôiãóðàöié â
Rd ÷åðåç Γ0, à ïðîñòið ñêií÷åííèõ êîíôiãóðàöié â Λ ÷åðåç ΓΛ.
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3. Ìiðà Ïóàññîíà

Ñòàí iäåàëüíîãî ãàçó â ðiâíîâàæíié ñòàòèñòè÷íié ìåõàíiöi îïèñó¹òüñÿ
ìiðîþ Ïóàññîíà πzσ íà êîíôiãóðàöiéíîìó ïðîñòîði Γ, äå z > 0 �
àêòèâíiñòü (ôiçè÷íèé ïàðàìåòð, ÿêèé ïîâ'ÿçàíèé ç ãóñòèíîþ
÷àñòèíîê â ñèñòåìi). Ñïåðøó ââåäåìî òàê çâàíó ìiðó
Ëåáåãà-Ïóàññîíà λzσ = λΛzσ íà ïðîñòîði ñêií÷åííèõ êîíôiãóðàöié
ΓX , ΓX ∈ {ΓΛ,Γ0} çà ôîðìóëîþ:∫

ΓX

F (γ)λzσ(dγ) :=

∞∑
n=0

zn

n!

∫
X

· · ·
∫
X

F ({x1, ..., xn})σ(dx1) · · ·σ(dxn)

(2)

äëÿ âñiõ âèìiðíèõ ôóíêöié F = {Fn}n≥0, Fn ∈ L∞(Λn) (àáî
Fn ∈ L1(Rdn)). Ìiðà Ïóàññîíà

πΛ
zσ := e−zσ(Λ)λΛzσ, Λ ∈ Bc(Rd). (3)
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4. Íåñêií÷åííî-ïîäiëüíiñòü

Âàæëèâîþ õàðàêòåðèñòèêîþ ìið πzσ i λzσ ¹ âëàñòèâiñòü
íåñêií÷åííî-ïîäiëüíîñòi. Íà ìîâi iíòåãðàëiâ öþ âëàñòèâiñòü ìîæíà
ñôîðìóëþâàòè ó âèãëÿäi ëåìè:

Lemma

Íåõàé X1 ∈ Bc(Rd), X2 ∈ Bc(Rd) i X1 ∩X2 = ∅, X1 ∪X2 = Λ.
Ôóíêöi¨ Fi, (i = 1, 2) ¹ B(ΓXi

)-âèìiðíi. Òîäi∫
ΓΛ

F1(γ)F2(γ)λzσ(dγ) =

∫
ΓX1

F1(γ)λzσ(dγ)

∫
ΓX2

F2(γ)λzσ(dγ). (4)
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5. Òåõíi÷íà ëåìà

Íàâåäåìî ùå îäíó âàæëèâó òåõíi÷íó ëåìó, ÿêó áóäåìî
âèêîðèñòîâóâàòè íèæ÷å.

Lemma

Äëÿ âñiõ âèìiðíèõ ôóíêöié G : Γ0 7→ R i H : Γ0 × Γ0 7→ R, äëÿ ÿêèõ
G(ξ ∪ γ)H(ξ, γ) ∈ L1(Γ0 × Γ0, λσ ⊗ λσ), ñïðàâåäëèâà òàêà ðiâíiñòü:∫

Γ0

G(γ)
∑
ξ⊆γ

H(ξ, γ \ξ)λσ(dγ) =
∫
Γ0

∫
Γ0

G(ξ∪γ)H(ξ, γ)λσ(dγ)λσ(dξ).

(5)
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6. Óìîâè íà ïîòåíöiàë âçà¹ìîäi¨

Óìîâà ñòiéêîñòi:

U(γ) = UN (x1, . . . , xN ) :=
∑

1≤i<j≤N

ϕ(|xi − xj |) ≥ −BN. (6)

Óìîâà ðåãóëÿðíîñòi:

C(β) =

∫
Rd

|e−βϕ(|x|) − 1| dx <∞, β =
1

kT
. (7)
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7. Êîðåëÿöiéíi ôóíêöi¨

Êîðåëÿöiéíi ôóíêöi¨ öå ùiëüíîñòi êîðåëÿöiéíèõ ìið, ÿêi ïîâ'ÿçàíi ç
ìiðîþ Ãiááñà ñïiââiäíîøåííÿì∫

Γ

∑
η⋐γ

G(η)µ(dγ) =

∫
Γ0

G(η)ρ(η)λσ(dη), (8)

äå çíà÷îê η ⋐ γ îçíà÷à¹ ñóìóâàííÿ çà óñiìè ñêií÷åííèìè
ïiäìíîæèíàìè η íåñêií÷åííî¨ êîíôiãóðàöi¨ γ. Ïåðåïèñóþ÷è öå
ñïiââiäíîøåííÿ äëÿ îáìåæåíîãî Λ ∈ Bc(Rd) îòðèìà¹ìî âèãëÿä
êîðåëÿöiéíèõ ôóíêöié äî òåðìîäèíàìi÷íîãî ïåðåõîäó:

ρΛ(η) =
z|η|

ΞΛ

∫
ΓΛ

e−βU(η∪γ)λzσ(dγ), (9)
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8. Ðiâíÿííÿ Êiðêâóäà�Çàëüöáóðãà(ÊÇ)

ρ(η) = ze−βW (x1;η
′)

∫
Γ0

K(x1; ξ)ρ(η
′ ∪ ξ)λσ(dξ). (10)

K(x1; ξ) :=

{ ∏
y∈ξ(e

−βϕ(|x1−y|) − 1), |ξ| ≥ 1,

1, ξ = ∅.
(11)

η′ := η \ {x1}, W (x1; η \ {x1}) ≥ −2B, (12)

W (γ; ξ) :=
∑
x∈γ
y∈ξ

ϕ(|x− y|). (13)
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9. Ðiâíÿííÿ ÊÇ. Ðîçâ'ÿçîê

Áóäåìî øóêàòè ðîçâ'ÿçîê ðiâíÿíü (10) ó òàêîìó âèãëÿäi:

ρ(η) =

∫
Γ0

T (η|γ)λσ(dγ), (14)

Îòðèìà¹ìî ðåêóðåíòíå ñïiââiäíîøåííÿ

T (η|γ) = ze−βW (x1;η
′)
∑
ξ⊆γ

K(x1; ξ)T (η
′ ∪ ξ|γ \ ξ) (15)

òà äâi äîäàòêîâi óìîâè, ÿêi ¹ íàñëiäêîì òîãî, ùî ρj(∅) = 1:

T (∅|∅) = 1, T (∅|γ) = 0, ÿêùî γ ̸= ∅. (16)

Ìîæíà òàêîæ íàêëàñòè óìîâó íåñóìiñíîñòi ïåðåòèííèõ êîíôiãóðàöié:

T (η|γ) = 0, ÿêùî γ ∩ η ̸= ∅. (17)

Oleksii Rebenko Kirkwood-Salzburg equation for connected correlation functions



10. Ðiâíÿííÿ ÊÇ. Îñíîâíèé ðåçóëüòàò

Theorem

Íåõàé ïîòåíöiàë âçà¹ìîäi¨ ϕ çàäîâîëüíÿ¹ óìîâè ñòiéêîñòi i
ðåãóëÿðíîñòi. Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ
Êiðêâóäà�Çàëüöáóðãà â òåðìîäèíàìi÷íié ãðàíèöi, ÿêèé ìîæíà
çàïèñàòè ó âèãëÿäi (14), äå ÿäðà T (η|γ), η, γ ∈ Γ0, ¹ ìîíîìàìè çà
çìiííîþ z, à iíòåãðàë ¹ çáiæíèì çà óìîâè

|z| < e−2βB−1C(β)−1, C(β) =

∫
Rd

|e−βϕ(|x|) − 1| dx. (18)

Àíàëiòè÷íèé âèðàç ÿäåð T (η|γ) = T ({x1, . . . , xl}|{y1, . . . , yn})
ìîæíà çàïèñàòè çà äîïîìîãîþ ãðàôiâ-ëiñiâ.
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11. Ãðàô-ëiñ

Ó m-çâ'ÿçíîãî ãðàô-ëiñó (m ≥ 1) êîæíà çâ'ÿçíà ñêëàäîâà ¹
ïîìi÷åíèì êîðåíåâèì ãðàôîì-äåðåâîì. Êîðåíi âiäïîâiäíèõ çâ'ÿçíèõ
êîìïîíåíò öüîãî ãðàôà óòâîðþþòü êîíôiãóðàöiþ
η = {x1, . . . , xm} ∈ Γ(m). Óñi iíøi âåðøèíè óòâîðþþòü äåÿêó
êîíôiãóðàöiþ γ = {y1, . . . , yn}, n = 0, 1, ... Áóäü-ÿêà ïiäìíîæèíà
òî÷îê ç γ, ÿêi íàëåæàòü îäíîìó äåðåâó ç êîðåíåì xk, íå ìîæå
íàëåæàòè iíøîìó äåðåâó ç êîðåíåì xl, l ̸= k. Âèïàäîê n = 0 îçíà÷à¹,
ùî m-çâ'ÿçíèé ãðàô f ñêëàäà¹òüñÿ ç m òî÷îê-âåðøèí. Ó âèïàäêó
m = 1 ãðàô f ¹ ïîìi÷åíèì ãðàôîì-äåðåâîì ç n+ 1-þ âåðøèíîþ i ç
n ðåáðàìè. Òàêi ãðàôè íàçèâàþòü ïîìi÷åíèìè êîðåíåâèìè ëiñîâèìè
ãðàôàìè (rooted labeled graph-forest). Ìíîæèíó âñiõ òàêèõ ëiñiâ iç
çàäàíîþ êîíôiãóðàöi¹þ êîðåíiâ η i âåðøèí γ ïîçíà÷èìî Fη;γ .
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12. Ïðèêëàä

Ðèñ. 4.1.
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13. Àíàëiòè÷íi âèðàçè

Âíóòðiøíiì ëiíiÿì ãðàôà G âiäïîâiäà¹ ôóíêöiÿ

Cxy := e−βϕ(|x−y|) − 1, (19)

à âåðøèíàì êîíñòàíòa

ze−βW (x1;η
′) ≤ ze2βB = h. (20)
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14. Ðiâíÿííÿ ÊÇ. Êiëüêiñòü ãðàôiâ-ëiñiâ

Lemma

Êiëüêiñòü ãðàôiâ-ëiñiâ ó âèðàçi (14), ÿêèé ¹ ðîçâ'ÿçêîì ðåêóðåíòíîãî
ñïiââiäíîøåííÿ (15) iç çàäàíèìè çíà÷åííÿìè n = |γ|,m = |η|,
âèðàæàþòüñÿ ôîðìóëîþ

N(m|n) = m(m+ n)n−1, n ≥ 0. (21)

Remark

Ëåãêî ïîìiòèòè, ùî N(1|n) = (n+ 1)n−1. Öÿ ôîðìóëà ¹ âiäîìîþ
ôîðìóëîþ Êåëi (Cayley) êiëüêîñòi ïîìi÷åíèõ ãðàôiâ-äåðåâ ç n
âåðøèíàìè.
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15. Çâ'ÿçíi êîðåëÿöiéíi ôóíêöi¨

Ôiçè÷íi êîðåëÿöi¨ ìiæ ÷àñòèíêàìè îïèñóþòüñÿ çâ'ÿçíèìè
êîðåëÿöiéíèìè ôóíêöiÿìè (ÇÊÔ) Â ðîñiéñüêié ëiòåðàòóði ¨õ
íàçèâàþòü ñåìiiíâàðiàíòàìè. Äëÿ çàäàíî¨ êîíôiãóðàöi¨
η = {x1, . . . , xn} ∈ Γ0 ç |η| = n ∈ N, âîíè âèçíà÷àþòüñÿ
ðåêóðåíòíèìè ôîðìóëàìè:

ρT (x1) := ρ({x1}),

ρT (η) := ρ(η)−
n∑
k=2

∗∑
I1,...,Ik⊂{1,...,n}

k∏
l=1

ρT (ηIl), n ≥ 2,
(22)

äå ρ(η) öå êîðåëÿöiéíi ôóíêöi¨, à çiðî÷êà íàä ñóìîþ îçíà÷à¹ ñóìó çà
óñiìè ðîçáèòòÿìè ìíîæèíè {1, . . . , n} íà k íåïîðîæíiõ íåïåðåòèííèõ
ïiäìíîæèí, à

ηIl = {xi1 , . . . , xi|Il|}, Il = {i1, . . . , i|Il|}, ∪
k
l=1Il = {1, . . . , n}. (23)
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16. ÇÊÔ â òåðìiíàõ êîðåëÿöiéíèõ ôóíêöié

ÇÊÔ òàêîæ ìîæíà çàïèñàòè ÿâíî â òåðìiíàõ êîðåëÿöiéíèõ ôóíêöié
ρ(η) ÿê Måáióñîâà iíâåðñiÿ âèðàçó ρ(η) ç (22):

ρT (x1, . . . , xn) =

n∑
k=1

(−1)k−1(k − 1)!

∗∑
I1,...,Ik⊂{1,...,n}

k∏
l=1

ρ(ηIl). (24)

Äëÿ 2-÷àñòèíêîâî¨:

ρT (x1, x2) = ρ(x1, x2)− ρ(x1)ρ(x2). (25)

Çâ'ÿçîê ìiæ ôóíêöiÿìè ρ i ρT çðó÷íî âèðàçèòè ìîâîþ òâiðíèõ
ôóíêöiîíàëiâ (30):

Fρ(j) = eFρT (j). (26)
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17. ÇÊÔ â ðåãóëÿðíié îáëàñòi

Proposition

Íåõàé ϕ çàäîâîëüíÿ¹ óìîâàì ñèiéêîñòi i ðåãóëÿðíîñòi. Òîäi, äëÿ óñiõ
β > 0 i 0 < z < e−2βB−1C(β)−1 ñïðàâåäëèâå íàñòóïíå ïðåäñòàâëåííÿ

ρT (η) = z|η|
∫
Γ0

ΦT (η ∪ γ)λzσ(dγ), η ∈ Γ0, (27)

äå ôóíêöiÿ ΦT (γ) öå òàê çâàíà ôóíêöiÿ Óðñåëëà, ÿêà çàäàíà ðiâíiñòþ

ΦT (γ) =


0 ÿêùî γ = 0,
1 ÿêùî |γ| = 1,∑
G∈GT (γ)

∏
{x,y}∈L(G)

Cxy ÿêùî |γ| ≥ 2,
(28)

â ÿêié GT (γ) öå ìíîæèíà óñiõ çâ'ÿçíèõ ãðàôiâ G (ãðàôè Ìàé¹ðà) ç
âåðøèíàìè â òî÷êàõ êîíôiãóðàöi¨ γ, à L(G) öå ìíîæèíà óñiõ
âíóòðiøíiõ ëiíié ãðàôà G, i

Cxy := e−βϕ(|x−y|) − 1. (29)
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18. Àëãåáðà òâiðíèõ ôóíêöiîíàëiâ Â

Fψ(j) =

∞∑
N=0

1

N !

∫
RdN

(dx)N j(x1) · · · j(xN )ψ(x1, . . . , xN ) =

=

∫
Γ0

χ(j; γ)ψ(γ)λσ(dγ), (30)

äå

χ(j; ∅) = 1, χ(j; η) :=
∏
x∈η

j(x), |η| ≥ 1 (31)

a j : Rd → R+ � íåïåðåðâíà, îáìåæåíà ôóíêöiÿ ç êîìïàêòíèì íîñi¹ì.
Ëåãêî ïåðåâiðèòè, çíîâó âèêîðèñòîâóþ÷è òîòîæíiñòü (5), ùî
çâè÷àéíèé äîáóòîê

Fψ1
(j)Fψ2

(j) = Fψ1∗ψ2
(j), (32)

äå ψ1 ∗ ψ2 ¹äîáóòîê ψ1 íà ψ2 â êîìóòàòèâíié àëãåáði A, ÿêó âèçíà÷èâ
Ðþåëü:

(ψ1 ∗ ψ2)(γ) =
∑
ξ⊆γ

ψ1(ξ)ψ2(γ \ ξ). (33)
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19. Îïåðàòîð äèôåðåíöiþâàííÿ â Â
Âèçíà÷èìî îïåðàòîð

D̂ηFψ(j) : =

∫
Γ0

χ(j; γ)ψ(η ∪ γ)λσ(dγ) = FDηψ(j), (34)

äå Dη =
∏
x∈ηDx, à Dx öå îïåðàòîð äèôåðåíöiþâàííÿ â àëãåáði

Ðþåëÿ A, ÿêèé âèçíà÷à¹òüñÿ ÿê âiäîáðàæåííÿ Dx : ψ → Dxψ
ðiâíiñòþ

Dxψ(η) = ψ(x ∪ η) (35)

i çàäîâiëüíÿþòü òîòîæíiñòü

Dx(ψ1 ∗ ψ2) = (Dxψ1) ∗ ψ2 + ψ1 ∗ (Dxψ2). (36)

Çðîçóìiëî ùî
ψ(η) = D̂ηFψ(j)|j=0, (37)

D̂x

k∏
i=1

Fψi
(j) =

k∑
l=1

Fψ1
(j) · · · D̂xFψl

(j) · · ·Fψk
(j) (38)

i
D̂xe

Ff (j) = eFf (j)D̂xFf (j). (39)
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20. Ðiâíÿííÿ äëÿ ÇÊÔ-1

Îñíîâíà iäåÿ îòðèìàííÿ ðiâíÿííÿ äëÿ çâ'ÿçíèõ êîðåëÿöiéíèõ
ôóíêöié ïîëÿãà¹ â òîìó ùîá çàïèñàòè ðiâíÿííÿ Êiðêâóäà�Çàëüöáóðãà
äëÿ òâiðíîãî ôóíêöiîíàëó Fρ(j) êîðåëÿöiéíèõ ôóíêöi¨ ρ i
âèêîðèñòàòè çâ'ÿçîê (26) ç òâiðíèì ôóíêöiîíàëîì ôóíêöié ρT :

FρT (j) =

∫
Γ0

χ(j; γ)ρT (γ)λσ(dγ), ρ
T (∅) = 0, ρT (x) = ρ(x) := ϱ.

(40)
Òîäi, âèêîðèñòîâóþ÷è (34)-(37) ïåðåïèøåìî ðiâíÿííÿ ÊÇ (10) ó
âèãëÿäi

D̂ηFρ(j)|j=0 = z
∑
x∈η

π̃(x; ηx̂)χ(e−βϕx· ; ηx̂)D̂ηx̂Fρ(Cx·). (41)

Cxy = e−βϕxy − 1 = C(|x− y|) = e−βϕ(|x−y|) − 1. (42)
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21. Ðiâíÿííÿ äëÿ ÇÊÔ-2

Âñòàâëÿþ÷è (26) â (41) òà âèêîðèñòîâóþ÷è âëàñòèâîñòi (38)�(39),
ìà¹ìî:

m∑
k=1

∗∑
{η1,...,ηk}⊆η

ρT (η1) · · ·ρT (ηk) = z
∑
x∈η

π̃(x; ηx̂)χ(e−βϕx· ; ηx̂)eFρT (Cx·)×

×
m−1∑
k=1

∗∑
{η1,...,ηk}⊆ηx̂

D̂η1FρT (Cx·) · · · D̂ηkFρT (Cx·),

(43)

π̃(x; ηx̂) =
πW (x; ηx̂)∑

y∈η
πW (y; ηŷ)

, πW (x; ηx̂) =

{
1 if W (x; ηx̂) ≥ −2B,

0 in other cases,
(44)
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22. Ðiâíÿííÿ äëÿ ÇÊÔ-3

FρT (Cx·) =

∫
Γ0

χ(Cx·; ξ)ρ
T (ξ)λσ(dξ) =

=

∞∑
n=1

1

n!

∫
Rdn

(dy)nCxy1 · · ·CxynρTn (y1, . . . , yn).

D̂ηjFρT (Cx·) =

∫
Γ0

χ(Cx·; ξ)ρ
T (ηj ∪ ξ)λσ(dξ) = (45)

=

∞∑
n=0

1

n!

∫
Rdn

(dy)nCxy1 · · ·CxynρTn+mj
(xi1 , . . . ximj

, y1, . . . , yn),

äå j = 1, . . . , k i ηj = {xi1 , . . . , ximj
}.
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23. Ðiâíÿííÿ äëÿ ÇÊÔ ó ïðîñòîði Eξ

Ðîçãëÿäàòèìåìî öå ðiâíÿííÿ ó áàíàõîâîìó ïðîñòîði Eξ, ξ > 0 ç
íîðìîþ

||f || := sup
∅̸=η∈Γ0

ξ−|η||f(η)|. (46)

Ó ïðîñòîði ïîñëiäîâíîñòåé ψ ∈ Eξ âèçíà÷èìî òàêi îïåðàòîðè:

(Dxψ) (η) := D̂ηFψ(Cx·) =

∫
Γ0

χ(Cx·; γ)ψ(η ∪ γ)λσ(dγ), (47)

(Mψ) (η) :=

m∑
k=1

∗∑
{η1,...,ηk}⊆η

ψ(η1) · · ·ψ(ηk), m = |η|, (48)

(Kxψ) (η) := π̃(x; ηx̂)χ(e−βϕx· ; ηx̂)ψ(ηx̂). (49)

Òîäi ðiâíÿííÿ (43) ìîæíà çàïèñàòè â îïåðàòîðíié ôîðìi:(
MρT

)
(η) = ϱ

∑
x∈η

(
KxMDxρT

)
(η). (50)

Îïåðàòîðè Dx i Kx ëiíiéíi, à îïåðàòîð M íåëiíiéíèé, àëå âií ìà¹
îáåðíåíèé îïåðàòîð, ÿêèé äi¹ çà ôîðìóëîþ (24).
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24. Ðiâíÿííÿ äëÿ ãóñòèíè ÷àñòèíîê

Ó âèïàäêó η = {x} ðiâíÿííÿ (43) ìà¹ âèãëÿä

ρT (x) = zeFρT (Cx·). (51)

Âíàñëiäîê òðàíñëÿöiéíî¨ iíâàðiàíòíîñòi ρT (x) = ρ(x) = ϱ = const.
Òîìó, ðiâíÿííÿ ìîæå áóòè çàïèñàíå òàêèì ÷èíîì

ϱ = zeC0(β)ϱ+
∑∞

n=2 In , (52)

äå

In =
1

n!

∫
Rd

(dy)nC(|y1|) · · ·C(|yn|)ρT (y1, . . . , yn) =

=

∫
Γ
(n)
0

χ(C(| · |); η)ρT (η|z)λσ(dη), (53)

ç C0(β) =
∫
Rd C(|y|)dy i

Cxy = e−βϕxy − 1 = C(|x− y|) = e−βϕ(|x−y|) − 1.
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25. Àïðîêñèìàöiÿ äâî÷àñòèíêîâèìè
êîðåëÿöiÿìè-1

Âñòàâèìî â åêñïîíåíòó âèðàç (27) äëÿ |η| ≥ 2. Òàêèì ÷èíîì,
ðiâíÿííÿ (52) ñòà¹ íåëiíiéíèì ðiâíÿííÿì äëÿ ôóíêöi¨ ãóñòèíè, ÿêà
çàëåæèòü âiä çìiííèõ z, β i éîãî ìîæíà ìîæíà ïåðåïèñàòè ó âèãëÿäi:

ϱ = zeC0(β)ϱ+I(z), (54)

äå

I(z) =

∫
Γ0

∫
Γ0

χ(C(| · |); η)ΦT (η ∪ γ)λzσ(dγ)11|η|≥2(η)λzσ(dη). (55)

Çíîâó çàñòîñó¹ìî òîòîæíiñòü (5) ç G(γ) = ΦT (γ) i
H(η; γ) = 11|η|≥2(η)χ(C(| · |); η)11(γ). Òîäi

I(z) =

∫
Γ0

ΦT (γ)
∑
η⊆γ

11|η|≥2(η)χ(C(| · |); η)λzσ(dγ). (56)
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26. Àïðîêñèìàöiÿ äâî÷àñòèíêîâèìè
êîðåëÿöiÿìè-2

Îáìåæóþ÷èñü ïåðøèì ÷ëåíîì ðîçêëàäó, îòðèìó¹ìî òàêå íåëiíiéíå
ðiâíÿííÿ äëÿ ôóíêöi¨ ϱ = ϱ(z, β):

ϱ = zeϱK1+z
2K2 , (57)

ç

K1 =

∫
Rd

(
e−βϕ(|y|) − 1

)
dy, (58)

i

K2 =

∫
Rd

∫
Rd

(
e−βϕ(|y1|) − 1

)(
e−βϕ(|y1−y2|) − 1

)(
e−βϕ(|y2|) − 1

)
dy1dy2.

(59)
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27. Àïðîêñèìàöiÿ äâî÷àñòèíêîâèìè
êîðåëÿöiÿìè-3

Ëåãêî îòðèìàòè ïîõiäíó ïî z:

ϱ′z =
∂ϱ

∂z
=

ϱ(1 + 2K2z
2)

z(1− ϱK1)
(60)

Ó âèïàäêó K1 ≤ 0 ¹ òiëüêè îäèí ðîçâ'ÿçîê, îñêiëüêè ãðàôiêè ôóíêöié

φ1(ϱ) = ϱ i φ2(ρ) = zeϱK1+z
2K2 (61)

ïåðåòíóòüñÿ ëèøå â îäíié òî÷öi. Öåé âèïàäîê âiäïîâiäà¹ ìàëîìó β i
ãîëîìîðôíié ïîâåäiíöi ïî z (ϱ′z > 0 äëÿ ìàëîãî z).
Äëÿ K1 > 0 iñíó¹ òðè âèïàäêè, çàëåæíî âiä ïîâåäiíêè ôóíêöi¨ φ2(ρ).

ßê φ1(0) = 0, à φ2(0) = zez
2K2 > 0 òà ¨õ ïîõiäíi

∂φ1

∂ϱ
= 1; i

∂φ2

∂ϱ
= zK1e

ϱK1+z
2K2 , (62)
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28. Àïðîêñèìàöiÿ äâî÷àñòèíêîâèìè
êîðåëÿöiÿìè-4

ãðàôiêè ôóíêöié íå ïåðåòèíàþòüñÿ ÿêùî

zK1e
ϱK1+z

2K2 > 1. (63)

Ó âèïàäêó êîëè {
zK1e

ϱK1+z
2K2 = 1

zeϱK1+z
2K2 = ϱ

(64)

ãðàôiêè ôóíêöié òîðêàþòüñÿ îäèí îäíîãî i ìà¹ìî òî÷êó áiôóðêàöi¨. I
äâà ðiçíèõ êîðåíÿ ϱ1 ̸= ϱ2 ìè ìà¹ìî ÿêùî{

zK1e
ϱ1K1+z

2K2 < 1

zeϱ1K1+z
2K2 = ϱ1,

(65)

i {
zK1e

ϱ2K1+z
2K2 > 1

zeϱ2K1+z
2K2 = ϱ2.

(66)
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29. Ðiâíÿííÿ äëÿ ρT ó âèïàäêó ïîòåíöiàëiâ
ç òâåðäîþ ñåðöåâèíîþ

Äëÿ ïðîñòîòè ðîçãëÿíåìî ïîòåíöiàë çi ñêií÷åííèì ðàäióñîì âçà¹ìîäi¨:

ϕ(|x|) =

 +∞, ÿêùî |x| ≤ a,
−b, ÿêùî a < |x| ≤ R,
0, ÿêùî |x| > R

(67)

äëÿ äåÿêèõ ïîçèòèâíèõ a,R i R > 2a. Ôóíêöiÿ-âiäïîâiäíèê C(| · |):

C(|x|) =

 −1, ÿêùî |x| ≤ a,
ε = ε(β) = eβb − 1, ÿêùî a < |x| ≤ R,
0, ÿêùî |x| > R.

(68)
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30.
Äëÿ ñïðîùåííÿ ïîçíà÷åííÿ ââåäåìî òðè îáëàñòi A, B i C:

A := {x ∈ Rd : |x| ≤ a}, B := {x ∈ Rd : a < |x| ≤ R}, C := {x ∈ Rd : |x| > R}
(69)

à äëÿ ìíîæèí X,Y, Z iç ìíîæèíè ìíîæèí {A,B,C} ââåäåìî
õàðàêòåðèñòè÷íó ôóíêöiþ

11XY Z(x, y, x− y) =

{
1, ÿêùî x ∈ X, y ∈ Y, x− y ∈ Z,
0, ÿêùî iíàêøå.

(70)

Âiäïîâiäíi iíòåãðàëè ïîçíà÷èìî ÷åðåç IXY Z . Òîäi äëÿ K1 ìà¹ìî:

K1 = C0(β) = π(R2 − a2)ε(β) − πa2, ε(β) = eβb − 1. (71)

Äëÿ K2, âèêîðèñòîâóþ÷è (68) ôàêò, ùî IAAB = IABA = IBAA i
IABB = IBAB = IBBA, ìîæåìî çàïèñàòè

K2 =
∑

(X,Y,Z)∈{A,B,C}

∫ ∫
11XY Z(x, y, y − x)C(|x|)C(|x− y|)C(|x|)dxdy =

=
∑

(X,Y,Z)∈{A,B}

∫ ∫
11XY Z(x, y, x− y)C(|x|)C(|x− y|)C(|x|)dxdy =

= −IAAA + 3εIAAB − 3ε2IABB + ε3IBBB (72)
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31. Âèñíîâîê

Íåñêií÷åííà ñèñòåìà ðiâíÿíü (43), ÿêó â îïåðàòîðíié ôîðìi ìîæíà
çàïèñàòè ó âèãëÿäi(

MρT
)
(η) = ϱ

∑
x∈η

(
KxMDxρT

)
(η). (73)

â áàíàõîâîìó ïðîñòîði Eξ ¹ äîñèòü ñêëàäíèìè äëÿ äîñëiäæåííÿ
iñíóâàííÿ ¨õ ðîçâ'ÿçêiâ çîâíi îáëàñòi ðåãóëÿðíîñòi ïàðàìåòðiâ z, β.
Íàâiòü ¨õ 2-÷àñòèíêîâà àïðîêñèìàöiÿ

ϱ = zeϱK1+z
2K2 , (74)

çàëèøà¹ ðiâíÿííÿ íåëiíiéíèì i ïîòðåáó¹ íåòðèâiàëüíèõ äîñëiäæåíü.
Âèíèêàþòü äâà íàïðÿìêè:
1) ðîçâèíóòè îïåðàòîðíèé ïiäõiä;
2) çàñòîñóâàòè ÷èñåëüíi ìåòîäè äëÿ àíàëiçó ðiâíÿííÿ

Oleksii Rebenko Kirkwood-Salzburg equation for connected correlation functions



32.

ÄßÊÓÞ ÇÀ ÓÂÀÃÓ!

THANK YOU FOR ATTENTION!
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