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Preliminaries

Actually, the mathematical theory of plasticity is one of the detailed parts
of solid mechanics. The study of the plane ideal plasticity is of a
fundamental importance in mechanical and civil engineering, because it
serves as a model problem to calculate different technological processes.
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Preliminaries

Actually, the mathematical theory of plasticity is one of the detailed parts
of solid mechanics. The study of the plane ideal plasticity is of a
fundamental importance in mechanical and civil engineering, because it
serves as a model problem to calculate different technological processes.

A systematic method of determining stress fields in ideal plastic bodies
obeying the Saint-Venant — Mises' yield criterion in plane strain was
developed in the 1920s by Prandtl, Hencky, Mises and others. This method,
generally known as the slip line theory, is based on an analysis of
characteristic curves (known in the mathematical plasticity theory as slip
lines) of the hyperbolic system of plane plasticity.
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Preliminaries

As for exact closed-form solutions of the system, there are a few of them:

o the Prandtl solution [L. Prandtl, 1923] to describe stresses of a
rectangular block of plastic-rigid material compressed between rigid
parallel plates which are assumed to be rough;
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Preliminaries

o the Prandtl solution [L. Prandtl, 1923] to describe stresses of a
rectangular block of plastic-rigid material compressed between rigid
parallel plates which are assumed to be rough;

@ the solution for a cavity of circular form, stressed by uniform pressure;

e Nadai solutions: a) for the stresses in the plastic region around a
circular cavity loaded by a constant shear stress and b) solution for the
channel with straight line borders [A. Nadai, 1924];

@ the spiral-symmetrical solution for the channel with logarithmic spiral
borders [B. Annin, 1985].

Prandtl solution, being the first one, has obtained numerous generalizations
both theoretically for the three-dimension [Ishlinskii, 1988] and plane cases,
and for some practical applications.
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Preliminaries

Systematic study of the plane plasticity system from the group-theoretical
point of view was started in Ref. [Annin, 1985], and continued in
[Senashov, 1988] where a complete group of admitted symmetries was
constructed and all conservation laws were enumerated. In Refs. [Senashov,
2004, Yakhno, 2008] the analytical solutions for some boundary problems
were constructed with the help of conservation laws.

The talk is structured as follows:
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Preliminaries

Systematic study of the plane plasticity system from the group-theoretical
point of view was started in Ref. [Annin, 1985], and continued in
[Senashov, 1988] where a complete group of admitted symmetries was
constructed and all conservation laws were enumerated. In Refs. [Senashov,
2004, Yakhno, 2008] the analytical solutions for some boundary problems
were constructed with the help of conservation laws.

The talk is structured as follows:
@ we provide some known results for the system of plane ideal plasticity;
@ reproduction of exact solution by admitted symmetries;

© we relate two solutions of Nadai to Prandtl one by homotopy and look
for the suitable boundary lines.
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Plane plasticity system

Two equilibrium equations and strongly nonlinear Saint-Venant — Mises’
yield criterion (condition on the second invariant of the stress tensor):

OJox  OTxy 0
Ox dy Ox dy ’ (1)
(ox — cry)2 + 473}, = 4k?,

07y, . 0oy

=0,

Ox, 0y, Txy are components of a stress tensor, k is a constant of plasticity.
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Plane plasticity system

Two equilibrium equations and strongly nonlinear Saint-Venant — Mises’
yield criterion (condition on the second invariant of the stress tensor):

OJox  OTxy 07y, . 0oy 0
Ox dy Ox dy ’ (1)
(ox — ay)2 + 473}, = 4k?,

=0,

Ox, 0y, Txy are components of a stress tensor, k is a constant of plasticity.

change of variables by system (1) = quasilinear one:
Lévy

ox =0 — ksin20,

oy =0 + ksin20,

Txy = kcos20,
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Plane plasticity system

Two equilibrium equations and strongly nonlinear Saint-Venant — Mises’
yield criterion (condition on the second invariant of the stress tensor):

OJox  OTxy 0 07y, . 0oy _
Ox dy T Ox dy
(ox — ay)2 + 473}, = 4k?,

0,

(1)

Ox, 0y, Txy are components of a stress tensor, k is a constant of plasticity.
v

change of variables by system (1) = quasilinear one:

Lévy
gX:J—kSIHQQ, 8_0-_2k<%c052(9+@5in29>:0,
oy =0 + ksin 20, Ix Ox Ay 2)
Txy = kcos20, g—a — 2k (? sin 260 — ?cos 29) =0,
y % Y

Kyiv, June 21-27, 2009 5 /27
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Plane plasticity system

Stresses of small curvilinear element
bounded by slip lines

(O

o is hydrostatic pressure, 6§ + 7/4 is the angle between the first principal
direction of a stress tensor and the ox-axis.

Alexander Yakhno (UdG) homotopy for plane plasticity Kyiv, June 21-27, 2009 5 /27



System is a hyperbolic one and has two families of characteristic curves
defined from equations:

with corresponding Riemann invariants:

£=0/(2k)— 0, 1= 0 /(2k) + 0.
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System is a hyperbolic one and has two families of characteristic curves
defined from equations:

with corresponding Riemann invariants:

£=0/(2k)— 0, 1= 0 /(2k) + 0.

by means of applying hodograph transformation x = x(o,0), y = y(0,0)
one can obtain the corresponding linear system (J # 0):

Ox Ox oy . -
80_2k<80' 529+805|n29>—

dy Ox oy B
20 — 2k <8cr sin 20 — aUcos26?) = 0.
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£ =0/(2k) — 0, n=0c/(2k) + 9. J

by means of applying hodograph transformation x = x(0,0), y = y(0,0)
one can obtain the corresponding linear system (J # 0):

8— — 2k (8 cos 20 + a—sm 29)

a0 0 Oo
oy ox . Oy
50 — 2k <80 sin 20 — acos20)

In Mikhlin variables u, v:
x =ucosf —vsinf, y = usinf + vcosb,

and taking &, 1 as a new independent ones:
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Linear system

o8 2 T om 2
is integrated by the method of Riemann and generally is expressed in
therms of Bessel function of zero order [Geiringer, 1958].
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Linear system

o8 2 T om 2
is integrated by the method of Riemann and generally is expressed in
therms of Bessel function of zero order [Geiringer, 1958].

(x, y) < (o, 0):
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Linear system

o8 2 T om 2
is integrated by the method of Riemann and generally is expressed in
therms of Bessel function of zero order [Geiringer, 1958].

(x, y) <= (0, 0):
Q if /1 =0(0,0)/0(x,y) = 0 we could not linearize (simple stress state).
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Linear system

o8 2 T om 2
is integrated by the method of Riemann and generally is expressed in
therms of Bessel function of zero order [Geiringer, 1958].

(x, y) <= (o, 0):
Q if /1 =0(0,0)/0(x,y) = 0 we could not linearize (simple stress state).
Q if b =0(x,y)/0(o,6) =0 we couldn’t regress.
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Linear system

o8 2 T om 2
is integrated by the method of Riemann and generally is expressed in
therms of Bessel function of zero order [Geiringer, 1958].

(x, y) <= (o, 0):
Q if /1 =0(0,0)/0(x,y) = 0 we could not linearize (simple stress state).
Q if b =0(x,y)/0(o,6) =0 we couldn’t regress.

[H.Geiringer, 1958]: if a family of slip lines has an envelope (J, = 0), then
it well be a natural boundary for the analytic solution.
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Admitted symmetries

[Senashov, 1988]: Lie algebra L of point transformations is formed by:

0 0 d o0
X4:§1(X7y70'70)& +§2(X7y,079)@_4k0%_lﬁ’
Xs = x0(0.0) 2 + yo(0,0) -

5 — X0\0, Ox Yol o, 8_)/7

where

& :xcos20+ysin29+y%, & = xsin 260 — y cos 20 —x%,
and (xo, yo) is an arbitrary solution of linearized system.
@ X scales in the plane xy: x’ = e%1x, y' = e?y;
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Admitted symmetries

[Senashov, 1988]: Lie algebra L of point transformations is formed by:
0 0 0 0 0 0
Xi=x—4y— Xo=y— —x7— —, X3 = —
P ey T 0 T 0y T a0 T e
0 3} 0 o0
Xy = — — —4kO— — ——
4 §I(X7.y70'70)ax+§2(X7.y70-79)8y 080_ k897
0 0
X = — _
5 XO(U’H)aX +YO(079)8)/7
@ Xj scales in the plane xy: x’ = €% x, y' = e®y;
e X, rotation group:

x' =xcosay + ysinay, y = —xsinay + ycosap, 0 =0+ a>;
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Admitted symmetries

[Senashov, 1988]: Lie algebra L of point transformations is formed by:

0 0 0 o 0 0
L o T oy T o Xy T a0 T a0
ad 0 a o0
Xy = — — —4kO— — ——
4 51(X,y’0—’0)8x +§2(X?Y70—79)8y 980’ koo’
0 0
Xe = — —
5 XO(U79)8X +y0(0, 0)6_)/7
@ Xi scales in the plane xy: x’ = e%x, y’' = e®y;
e X, rotation group:
x ' =xcosay +ysinay, y = —xsinay + ycosap, 0/ =0 + a5;

@ X3 translation of 0: ¢/ = o + a3;
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Admitted symmetries

[Senashov, 1988]: Lie algebra L of point transformations is formed by:

o 0 o 8 0 )
L o T oy T 0 T Xy T a0 BT a0

0 a o0
Xy = 0 0)— — 4ko— — ——
4 gl(xa)/aa—a )8X+§2(X’y70—7 )8y o koo’
0 0
X5 = ,0)— 0
5 = xo(0, )8x + yo(o, )ayv
@ Xi scales in the plane xy: x’ = e%x, y’' = e®y;
e X, rotation group:
x ' =xcosay +ysinay, y = —xsinay + ycosap, 0/ =0 + a5;

@ X3 translation of 0: ¢/ = 0 + a3;
@ Xs corresponds to linearization xy:

X/ =X+ aSXO(Ua 0)7 y/ =y+ 35)/0(U> 9)7
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One parametric group of Xy:

= ue® cosf — ve % sind,
y' = ue®sin@ + ve * cosf,

o =2k (%

r—_ (% g _
0 = (2ksmh2a4 9cosh2a4>7

cosh 2a; — O sinh 2a4> ,

where u and v are Mikhlin variables:

u=xcosf+ysinf, v=—xsinf + ycosb.
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One parametric group of Xy:

x' = ue® cost — ve sinf,
y' = ue®sin@ + ve * cosf,

o =2k (%

r—_ (% g _
0 = (2ksmh2a4 6’cosh2a4>,

cosh 2a; — O sinh 2a4> ,

where u and v are Mikhlin variables:

u=xcosf+ysinf, v=—xsinf + ycosb.

Xy acts over u(§,n), v(&,n) as a scales:
u/ — ea4u7 v/ — e—a4V7 é—/ — e2a4£7 77/ — e—2a4,)77

so for x,y, 0,0 we can call them quasi-scales.
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Prandtl solution

In terms of variables o, @ has the form:

/ 2
a:—pl—k%+k 1—};—2,y:hcos20,

where 2h = const is the height of a block, p; = const is a value of the
pressure on the plate when x = 0. Boundary conditions:

X
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Prandtl solution

In terms of variables o, @ has the form:

/ 2
a:—pl—k%+k 1—};—2,y:hcos20,

where 2h = const is the height of a block, p; = const is a value of the
pressure on the plate when x = 0. Boundary conditions:

X

The slip lines families are the parts of cycloids:

x = h(F20 —sin20) — h(2C;+ p1/k), y = hcos20, i=1,2,

have two envelopes y = +h.
Alexander Yakhno (UdG)
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Is invariant solution for subalgebra < X3 + X5 >.
Acting by quasi-scales X, we obtain «reproduced» solution:

_% =e?sinfcos® + e cosfsinb +

/
+ #(e"”4 sinfsinf + e % cosfcosb'),

% = e cosfcost — e sinfsind +
!
+ #(ea“ cosfsinf — e % sinfcosh’),
0./
where § = ok sinh 2a4 + 0’ cosh 2a4
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Is invariant solution for subalgebra < X3 + X5 >.
Acting by quasi-scales X, we obtain «reproduced» solution:

X . / — . /
—~ =e*sinfcost + e ¥ cosOsinf +

h
/
#(e"”4 sinfsinf + e % cosfcosb'),
% = e™ cosfcost) —e *sinfsind +
/
+ m(e"’4 cosfsinf — e % sinfcosh’),

/
where 6 = g—k sinh 2a4 + 6’ cosh 2a4 and parametric equations for

«deformed>» slip lines (6’ is parameter):

X = —2 (2k(Ky +0') + p1) (cosh ag cos(§ — 6) — sinh a4 cos(6 + 6')) —

— h (sinh ag sin(6 — 6') + cosh az sin(6 + ¢'))

y = —2 (2k(K1 +0') + p1) (cosh agsin(6 — 0') — sinh agsin(6 + 6')) —

— h(—sinh agcos(f — @') — cosh ag cos(f + 0')), 6 = Ky sinh 2a; +60'e2%:
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To construct the envelope for the family of characteristics x = x(¢', K;),
y = y(0', K;) use necessary condition of existence:
Ox dy 0Oy Ox

87/{,@_87/{,@:0’ I:1,2,
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To construct the envelope for the family of characteristics x = x(¢', K;),
y = y(0', K;) use necessary condition of existence:
Ox dy 0Oy Ox

oK 00 oo O =L

due to relations along characteristics gives for K;:

Ox oy Ox oy
XY oty =0, X4 D ang =
ok, ok, <t =0 g T e rn? =0,

therefore

Ki = —0' — p1/(2k) + (€°® /sinh 224 — 1/2) tan @, a4 # 0
Ky =0 —p1/(2k) — (e_2a4/sinh 2a4 +1/2) cot ¥,
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Slip line field looks as shown

&

describes the block of plastic-rigid material compressed between rigid plates
of specific form.
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Group foliation

Quasilinear plasticity system is
automorphic one with respect to
the group

0 0
Xs = xo(0, 9)5 +)/0(U,‘9)5
x' = x + agxo(0, 0),

y, =y+ 35)/0(0',9),

since any nonsingular solution
(with Jacobian # 0) can be
moved to another nonsingular
solution by group transformation.

V.
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Group foliation

Quasilinear plasticity system is
automorphic one with respect to
the group

X5 = XO(Gv e)g

0
Ox = )/O(U, 9)7

dy
x' = x + agxo(0, 0),

y, =y+ 35)/0(0',9),

since any nonsingular solution
(with Jacobian # 0) can be
moved to another nonsingular
solution by group transformation.

Alexander Yakhno (UdG)

homotopy for plane plasticity

Let x1 = (x1(0,0), y1(0,0)),

X2 = (x2(0,0), y2(0,0)) are two
solutions of linearized system, define
implicitly two solutions Ui u U, of
quasilinear system. Let us take in Xs:

Xo=X1— X2, Yo=Y1— Y2 =

asx1 + (1 — as)xa,

asy1 + (1 — as)y»,

x = X2 + asXp

y' = y2+ asyo

that gives the linear combination of
two solutions and defines the family of
reproduced solutions:

o=o(x,y,as), 0 =0(x,y,as).

Kyiv, June 21-27, 2009
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One can relate two nonsingular Let x1 = (x1(0,0),y1(0,0)),
solutions Uy, Uy, represented in | x2 = (x2(0,0), y2(0, 6)) are two

the form x1, xa. solutions of linearized system, define
implicitly two solutions Ui u U, of
quasilinear system. Let us take in Xs:

The linear combination of this
form can be called «homotopy»

of solution x1, Xx2- X0 =X1—X2, o=Y1—y2=

x' = xa + asxo = asxy + (1 — as)xa,
y' =y +asyo = asy1 + (1 — as)yo,
that gives the linear combination of

two solutions and defines the family of
reproduced solutions:

o=o(x,y,as), 0 =0(x,y,as).
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Nadai solution [Nadai, 1924]

in therms of the functions o, 0 can be written:

o= —kc [In(x2 —i—y2) +In {c + sin (29 — 2arctan i—/> H + A,

—1 2_1
Gzarctan)—/—z-l—arctan \/C tan Ve <9+E) ,
x 4 c+1 c 4

satisfied boundary conditions:

Olyea =, Olpep = —I«:In(x2 +y2) + A.
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Nadai solution [Nadai, 1924]

in therms of the functions o, 0 can be written:

o= —kc [In(x2 —i—y2) +In {c + sin (29 — 2arctan i—/> H + A,

—1 2_1
Gzarctan)—/—z-l—arctan \/C tan Ve (G-I—E) ,
x 4 c+1 c 4

satisfied boundary conditions:

Olyea =, Olpep = —I«:In(x2 —i—y2) + A.

Constant ¢ > 1 is related to channel angle 2« in the following way:

a+m/s= \/2;__1 arctan /(c + 1)/(c — 1), a € (0,7/2).

C

Alexander Yakhno (UdG) homotopy for plane plasticity Kyiv, June 21-27, 2009
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The sides of the channel are rough and it is supposed that the frictional
stress is constant.

flow of plastic material through the wedge-shaped converging channel (total angle 2a)

Alexander Yakhno (UdG) homotopy for plane plasticity Kyiv, June 21-27, 2009 16 / 27



The Nadai solution for the linearized system has the form (index N):

A—
XN::I:exp( 2kc0

T(0) =tan[0 +7/4—

c—1 V2 —1 7r
_ arctan{\/c+1tan - (0+4>}],

S(0) = /e + cT2(0) + (1 — T2(6))sin 26 — 2T(6) cos 20.

) STHO), yn=txnT(0),
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The Nadai solution for the linearized system has the form (index N):

A—
xy = L exp ( 2kc0
T(0) =tan[0 +7/4—

c—1 e2-1 T
— arctan{\/c+1tan - (0+4>}],

S(0) = /e + cT2(0) + (1 — T2(6))sin 26 — 2T(6) cos 20.

) SU0), v = S T(0),

The Prandtl solution of the linearized system (index P):
xp = —och/k —p1h/k — hsin20, yp = hcos20.
Homotopy of two solutions:
x=axy+ (1 —as)xp, y = asyn + (1 — as)yp.

gives the equations of envelopes:
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M:x=(as—1)h <sin 20 — 2cIn (thag, -1 5(0) >>

as 1— T(0)cotd
2(1 —as)hc (1 —as)h
- - A
1— T(6)coth K (A+p1), 0 €(0,a),

2(1 — ag)he _
m (0);

y = (1 —as)hcos 26 —

Alexander Yakhno (UdG) homotopy for plane plasticity Kyiv, June 21-27, 2009



Lo . . . as -1 5((9)
M :x=(as—1)h <5|n 20 — 2cln (2hc 2 T-T(0)cotd

- 12—(17—_(93)522:9 = _kaS)h (Atp1), 6 €(0),
2(1 — a5)hc ( )
1—T(0)cotd '

Lo . . . as -1 5(9)
M2:x=(as —1)h <sm 20 — 2cln <2hc = T+ T(0)tand

y = (1 —as)hcos20 —

_ 2(1—ag)hc  (1—as)h
1+ T(0)tan6 k
2(1 — as)hc
1+ T(0)tan6 (6):
0e(—a—7/2,—7/2).

(A+p1),

y = (1 — as)hcos26 —

Note, that envelope I'1 is transformed to envelope I, through the change
of 6 for —m/2 — 6.
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For as € (0,1) the homotopy solution is an exact implicit solution of
plasticity system. It describes the stresses for the block with borders ', I'>.

1

3

a5 =04,c=14A=0h=p =k=1
Boundary conditions:
A op L35 S(0) .
oy, =A 2kc|n< 2hc 5 1-T(0)cotd)’ 0 € (0,a);

_ 35*1 5(9)
olp, =A 2kc|n(2hc 2 15 T(6)tan0 ,0€e(—71/2 —a,—7/2).
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Nadai solution for a circular cavity

[A. Nadai, 1924] for the plastic zone around a circular cavity of the radius

R, subjected to a constant shear stress (# 0) in addition to uniform
pressure can be expressed as follows:

o =—klntan(B+7/4) —p, 0 =9 —7/2+, cos23=R*/r* >0

(r,¢) are polar coordinates. Boundary conditions:

Cf|r:R i 9|r:R =¥ = 71'/2.
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Nadai solution for a circular cavity

[A. Nadai, 1924] for the plastic zone around a circular cavity of the radius
R, subjected to a constant shear stress (# 0) in addition to uniform
pressure can be expressed as follows:

o=—klintan(B+7/4) —p, 6 =p—7/2+ 8, cos2B3=R?/r* >0
(r,¢) are polar coordinates. Boundary conditions:

G|r:R i 9|r:R =¥ = 71'/2.

Corresponding solution for linearized system is (index NC):

2k 2k
_ . ., O+p o+ p
ync = —R (smGsmh ST cos f cosh ok ) .

xyc = —R <sin0cosh o+Pp + cos @ sinh U+p> ,
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Equations for characteristics:

x = —R (sinfcosh (£0 + C; + p/(2k)) + cos@sinh (£6 + C; + p/(2k))),
y = —R (sin@sinh (£0 + C; + p/(2k)) — cos O cosh (0 + C; + p/(2k))) .

4

3

2

4

r = R is an envelope
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Homotopy with Prandtl solution:

x =asxp + (1 —as)xnc, y = asyp + (1 — as)ync.
Equation of envelope for corresponding family of slip-lines looks:

o . 2ashsind
[:x =ash(p— p1)/k — 2asharsinh R(as—1)

— sin 9\/43%/72 sin2@ + R2(1 — a5)2, a5 # 1,

y = ash+ cosH\/4agh2 sin 6 4+ R2(1 — as)2.
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Homotopy with Prandtl solution:

x =asxp + (1 —as)xnc, y = asyp + (1 — as)ync.
Equation of envelope for corresponding family of slip-lines looks:

o . 2ashsind
[:x =ash(p— p1)/k — 2asharsinh R(as—1)

— sin 9\/43%/72 sin2@ + R2(1 — a5)2, a5 # 1,

y = ash+ cosH\/4agh2 sin 6 4+ R2(1 — as)2.

Along boundary line I' function o takes values:

2ashsinf

O"r =—p —|—2karsinh m
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Slip-lines field for homotopy looks as follows:

Note, that homotopy solution describes a stress state around the cavity of
the form I' when as < R/(2h + R), because only for these values of a5 the
boundary line is non-self-intersecting.
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In particular case, when the constant shear stress is equal to zero, Nadai
solution takes the form:

Bt o pa—k o
xyc = Re 2 cos (0 — w/4) e2k, yyc = Re 2k sin (0 — 7 /4) e?k,

with boundary conditions along r = R: 0 = —py + k, 0 = ¢ + /4.
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In particular case, when the constant shear stress is equal to zero, Nadai
solution takes the form:

Bt o pa—k o
xyc = Re 2 cos (0 — w/4) e2k, yyc = Re 2k sin (0 — 7 /4) e?k,

with boundary conditions along r = R: 0 = —py + k, 0 = ¢ + /4.

For homotopy solution, taking equivalent boundary conditions one can
obtain the boundary line:

P2—P1

r = —2ahcos¢ + (1 — a)Re "z

which is a limacon of Pascal. This result is similar to the solution obtained
in [Senashov and Yakhno, 2007].
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. g
Initial slip-lines. Transformed slip-lines for limacon of
Pascal.

In left figure one can see two families of characteristic curves (spirals) for
the circular solution with p, = k for the circular cavity of the radius R = 2.
The deformed slip-lines are presented in right figure for a limacon of Pascal
(h=1, p1=p2).

Kyiv, June 21-27, 2009 25 /27
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Conclusions

The action of Lie group of point transformations not only over the set of
known solutions, but over the families of characteristic curves permits to

find out efficiently the suitable boundary conditions for reproduced
solutions.
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The action of Lie group of point transformations not only over the set of
known solutions, but over the families of characteristic curves permits to
find out efficiently the suitable boundary conditions for reproduced
solutions.

Some families of exact solutions for the system of plane ideal plasticity as a
result of homotopy of well-known exact solutions of A. Nadai and

L. Prandtl are constructed. By means of homotopy parameter, one can
relate any two known solutions of plane plasticity system, if it is possible to
express them in the form of solutions for the corresponding linearized
system.
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Conclusions

The action of Lie group of point transformations not only over the set of
known solutions, but over the families of characteristic curves permits to
find out efficiently the suitable boundary conditions for reproduced
solutions.

Some families of exact solutions for the system of plane ideal plasticity as a
result of homotopy of well-known exact solutions of A. Nadai and

L. Prandtl are constructed. By means of homotopy parameter, one can
relate any two known solutions of plane plasticity system, if it is possible to
express them in the form of solutions for the corresponding linearized
system.

The construction of the envelopes for the slip lines permits to determine
the natural boundaries for obtained solutions and give the corresponding
boundary conditions.
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