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Examples:Gaussian unitary ensemble (GUE):
M = n−1/2W, (1)where W is a Hermitian n × n matrix whose entries ℜWjk and ℑWjkare independent identi
ally distributed Gaussian random variableswith expe
tation 0 and dispersion 1/2.Hermitian matrix model:

P (d M) =
1

Zn
exp{−nTrV (M)}d M, (2)where V is some fun
tion and Zn is a normalizing 
onstant. If wetake V (x) = x2/2 we obtain GUE.
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Deformed Laguerre ensemble:
Hn =

1

n
A∗

m,nAm,n + H(0)
n , (3)where H

(0)
n is a Hermitian n × n matrix (random or not random)with eigenvalues {h(n)

j }n
j=1 and Am,n is a m× n matrix, whose entries

ℜaαj and ℑaαj are independent Gaussian random variables su
h that

E{aαj} = E{a2
αj} = 0, E{|aαj |

2} = 1, α = 1, m, j = 1, n, (4)moreover m/n → c > 1 (as m, n → ∞).Denote by λ
(n)
1 , . . . , λ

(n)
n the eigenvalues of the random matrix.De�ne the normalized eigenvalue 
ounting measure of the matrix as

Nn(△) = ♯{λ
(n)
j ∈ △, j = 1, n}/n, Nn(R) = 1, (5)where △ is an arbitrary interval of the real axis.3



For many known random matri
es the expe
tation Nn = E{Nn} isabsolutely 
ontinuous and its density ρn is 
alled the density of states.Let
N (0)

n (△) =
1

n
♯{h

(n)
j ∈ △, j = 1, n},be the Normalized Counting Measure of eigenvalues of H

(0)
n .The global regime for the ensemble (3) � (4): It was shown inthe paper of Mar
henko, Pastur [3℄ that if N

(0)
n 
onverges weaklywith probability 1 to a non-random measure N (0) as n → ∞, then

Nn also 
onverges weakly with probability 1 to a measure N . Themeasure N is normalized to unity and is absolutely 
ontinuous andits density ρ is 
alled the limiting density of states of the ensemble.It follows from the de�nition of Nn and the above result that any
n-independent interval ∆ su
h that N(∆) > 0 
ontains O(n)4



eigenvalues. Thus, to deal with a �nite number of eigenvalues one hasto 
onsider spe
tral intervals, whose length tends to zero as n → ∞.This is the lo
al regime of the random matrix theory. In parti
ular,in the lo
al bulk regime we are about intervals of the length O(n−1).De�ne also the k-point 
orrelation fun
tion R
(n)
k

by the equality:

E







∑

j1 6=... 6=jk

ϕk(λj1 , . . . , λjk
)







=

∫

R

ϕk(λ1, . . . , λm)R
(n)
k (λ1, . . . , λk)dλ1, . . . , dλk, (6)where ϕk : R

k → C is bounded, 
ontinuous and symmetri
 in itsarguments and the summation is over all k-tuples of distin
t integers
j1, . . . , jk = 1, n. We will 
all the spe
trum the support of N and5



de�ne the bulk of the spe
trum asbulkN = {λ|∃(a, b) ⊂ suppN : λ ∈ (a, b), inf
µ∈(a,b)

ρ(µ) > 0}. (7)The bulk lo
al regime for the ensemble (3) � (4):The universality hypothesis on the bulk of the spe
trum says that for

λ0 ∈ bulkN we have:(i) for any �xed k uniformly in x1, x2, . . . , xk varying in any 
ompa
tset in R

lim
n→∞

1

(nρn(λ0))k
R

(n)
k

(

λ0 +
x1

ρn(λ0) n
, . . . , λ0 +

xk

ρn(λ0) n

)

= det{S(xi − xj)}
k
i,j=1, (8)6



where
S(xi − xj) =

sinπ(xi − xj)

π(xi − xj)
; (9)(ii) if

En(△) = P{λ
(n)
i 6∈ △, i = 1, n}, (10)is the gap probability, then

lim
n→∞

En

([

λ0 +
a

ρn(λ0) n
, λ0 +

b

ρn(λ0) n

])

= det{1 − Sa,b}, (11)where the operator Sa,b is de�ned on L2[a, b] by the formula
Sa,bf(x) =

b
∫

a

S(x − y)f(y)d y,and S is de�ned in (9). 7



The main result of the paper is following theoremÒheorem 1 Let c > 1 and the eigenvalues {h
(n)
j }n

j=1 of H
(0)
n in (3)be a 
olle
tion of random variables independent of An. Assume thatthere exists a non-random measure N (0) of a bounded support su
hthat su
h that N

(0)
n 
onverges weakly with probability 1 to N (0). Thenfor any λ0 ∈ bulkN the universality properties (8) and (11) hold.Harish-Chandra/Itzykson-Zuber formula:

∫

exp{TrAU∗BU}d µ(U) =
det[exp{aibj}]

n
i,j=1

△(A)△(B)
, (12)where ai, bi are eigenvalues of matri
es A and B 
orrespondingly and

△(A) is a Van der Monde determinant of eigenvalues of matrix A.
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Proposition 1 Let Hn be the random matrix de�ned in (3) and

R
(n)
k be the 
orrelation fun
tion (6). Then we have

R
(n)
k (λ1, . . . , λk) = E

(h){det{Kn(λi, λj)}
k
i,j=1}, (13)with

Kn(λ, µ) =

m

4π2

∮

L

∮

ω

exp {n(u − t)} (t + λ)m−1

(u − t)(u + µ)m+1

n
∏

j=1

(

u + h
(n)
j

t + h
(n)
j

)

d td u, (14)where the 
ontour L is a 
losed 
ontour, en
ir
ling {−h
(n)
j : h

(n)
j < λ}and ω is any 
losed 
ontour en
ir
ling −µ and not interse
t L.This proposition redu
es (8) to the limiting transition in (14). Thelimiting transition is done using the steepest des
ent method.9
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