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Realizations of certain five-dimensional Lie algebras by vector fields on spaces of arbitrary
finite numbers of variables are classified by means of using the direct method.

1 Megaideals and realizations of Lie algebras

Now we define the notion of megaideal that is useful for constructing realizations
and proving their inequivalence in a simpler way. Let A be an m-dimensional (real
or complex) Lie algebra (m € N) and let Aut(A) and Int(A) denote the groups
of all the automorphisms of A and of its inner automorphisms respectively. The
Lie algebra of the group Aut(A) coincides with the Lie algebra Der(A) of all the
derivations of the algebra A. (A derivation D of A is called a linear mapping from
A into itself which satisfy the condition D[u,v] = [Du,v] + [u, Dv] for all u,v € A.)
Der(A) contains as an ideal the algebra Ad(A) of inner derivations of A, which
is the Lie algebra of Int(A). (The inner derivation corresponding to u € A is the
mapping adu: v — [v,u].) Fixing a basis {e,,u = 1,m} in A, we associate an
arbitrary linear mapping [ : A — A (e.g., an automorphism or a derivation of A)
with a matrix a = (a,);,—; by means of the expanding I(e,) = a,,e,. Then each
group of automorphisms of A is associated with a subgroup of the general linear
group GL(m) of all the non-degenerated m x m matrices (over R or C) as well as
each algebra of derivations of A is associated with a subalgebra of the general linear
algebra gl(m) of all the m x m matrices.

Definition. We call a vector subspace of A, which is invariant under any transfor-
mation from Aut(A), a megaideal of A.

Since Int(A) is a normal subgroup of Aut(A), it is clear that any megaideal of A
is a subalgebra and, moreover, an ideal in A. But when Int(A) # Aut(A) (e.g., for
nilpotent algebras) there exist ideals in A, which are not megaideals. Moreover, any
megaideal I of A is invariant with respect to all the derivations of A: Der(A)l C
I, i.e. it is a characteristic subalgebra. Characteristic subalgebras which are not
megaideals can exist only if Aut(A) is a disconnected Lie group.

Both improper subsets of A (the empty set and A itself) are always megaideals
in A. The following lemmas are obvious.

Lemma 1. If /1 and I, are megaideals of A then so are I1 + I5, Iy N I and [[3, I],
i.e. sums, intersections and Lie products of megaideals are also megaideals.

Similar statements are true for both ideals and characteristic ideals.
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Lemma 1’. If I’ is a megaideal of I and I is a megaideal of A then I’ is a megaideal
of A, i.e. megaideals of megaideals are also megaideals.

In contrast to Lemma 1, a similar statement is true for characteristic ideals but
not for usual ideals.

Corollary 1. All the members of the commutator (derived) and the lower cen-
tral series of A, i.e. all the derivatives A™ and all the Lie powers A" (A =
[A=D A=D1 An = (A A" A0 = A = A) are megaideals in A.

This corollary follows from Lemma 1 by induction since A is a megaideal in A.

Corollary 2. The center A(;) and all the other members of the upper central
series {A(,), n > 0} of A are megaideals in A.

Let us remind that Ay = {0} and A,41)/A(, is the center of A/A,).

Lemma 2. The radical (i.e. the maximal solvable ideal) and the nil-radical (i.e. the
maximal nilpotent ideal) of A are its megaideals.

The above lemmas give a number of invariant subspaces of all the automorphisms
in A and, therefore, simplify calculating Aut(A).

Let M denote a n-dimensional smooth manifold and Vect(M) denote the Lie
algebra of smooth vector fields (i.e. first-order linear differential operators) on M
with the Lie bracket of vector fields as a commutator. Here and below smoothness
means analyticity.

Definition. A realization of a Lie algebra A in vector fields on M is called a
homomorphism R: A — Vect(M). The realization is said faithful if ker R = {0} and
unfaithful otherwise. Let G be a subgroup of Aut(A). The realizations R;: A —
Vect(M;) and Ry: A — Vect(M,) are called G-equivalent if there exist ¢ € G and a
diffeomorphism f from M; to M, such that Ry(v) = fi Ri(¢(v)) for all v € A. Here
f+« is the isomorphism from Vect(M7) to Vect(Ms) induced by f. If G contains only
the identical transformation, the realizations are called strongly equivalent. The
realizations are weakly equivalent if G = Aut(A). A restriction of the realization
R on a subalgebra Ay of the algebra A is called a realization induced by R and is
denoted as R! Ay

Within the framework of local approach that we use M can be considered as an
open subset of R" and all the diffeomorphisms are local.

Usually realizations of a Lie algebra have been classified with respect to the weak
equivalence. This it is reasonable although the equivalence used in the represen-
tation theory is similar to the strong one. The strong equivalence suits better for
construction of realizations of algebras using realizations of their subalgebras and
is verified in a simpler way than the weak equivalence. It is not specified in some
papers what equivalence has been used, and this results in classification mistakes.
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To classify realizations of a m-dimensional Lie algebra A in the most direct way, we
have to take m linearly independent vector fields of the general form e; = £%(x)d,,
where 0, = 0/0x,, * = (x1,29,...,2,) € M, and require them to satisfy the com-
mutation relations of A. As a result, we obtain a system of first-order PDEs for the
coefficients £ and integrate it, considering all the possible cases. For each case we
transform the solution into the simplest form, using either local diffeomorphisms of
the space of x and automorphisms of A if the weak equivalence is meant or only local
diffeomorphisms of the space of x for the strong equivalence. A drawback of this
method is the necessity to solve a complicated nonlinear system of PDEs. Another
way is to classify sequentially realizations of a series of nested subalgebras of A,
starting with a one-dimensional subalgebra and ending up with A.

Let V be a subset of Vect(M) and r(z) = dim(V (z)), z € M. 0 < r(z) < n. The
general value of r(z) on M is called the rank of V' and is denoted as rank V.

Lemma 3. Let B be a subset and R; and Ry be realizations of the algebra A.
If Ri(B) and Ry(B) are inequivalent with respect to endomorphisms of Vect(M)
generated by diffeomorphisms on M. Then R; and R, are strongly inequivalent.

Corollary 2. If there exists a subset B of A such that rank R;(B) # rank Ry(B)
then the realizations R; and R, are strongly inequivalent.

Lemma 4. Let I be a megaideal and R; and R, be realizations of the algebra A.
If R; | ; and Rg} ; are Aut(A)|;-inequivalent then Ry and Ry are weakly inequivalent.

Corollary 3. If R;
weakly inequivalent.

Corollary 4. If there exists a megaideal I of A such that rank Ry(/) # rank Ro(])
then the realizations R; and Ry are weakly inequivalent.

‘ J and Rg} ; are weakly inequivalent then R; and Rs also are

2 The technique of classification

e For certain five-dimensional algebra A from Mubarakzyanov’s classification we
find the automorphism group Aut(A) and the set of megaideals of A. (Our
notions of low-dimensional algebras, choice of their basis elements, and, con-
sequently, the form of commutative relations coincide with Mubarakzyanov’s
ones.) Calculations of this step is quite simple due to low dimensions and
simplicity of the canonical commutation relations. Lemmas 1 and 2, Corol-
lary 1 and other similar statements are useful for such calculations. See also
the remarks below.

e We choose a maximal proper subalgebra B of A. As rule, dimension of B is
equal to m—1. So, if A is solvable, it necessarily contains a (m — 1)-dimensional
ideal. The simple algebra si(2,R) has a two-dimensional subalgebra. The Levi
factors of unsolvable four-dimensional algebras (sl(2,R) & A; and so(3) ® A;)
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are three-dimensional ideals of these algebras. Only so(3) does not contain a
subalgebra of dimension m —1 = 2 that is a reason of difficulties in constructing
realizations for this algebra. Moreover, the algebras sl(2,R), so(3), mA;, Asq,
A31® A; and 2451 exhaust the list of algebras under consideration that do not
contain (m — 1)—dimensional megaideals.

e Let us suppose that a complete list of strongly inequivalent realizations of B
has been already constructed. (If B is a megaideal of A and realizations of A
are classified only with respect to the weak equivalence, it is sufficient to use
only Aut(A)|p-inequivalent realizations of B.) For each realization R(B) from
this list we make the following procedure. We find the set Diff *®) of local
diffeomorphisms of the space of x, which preserve R(B). Then, we realize the
basis vector e; (or the basis vectors in the case of so(3)) from A\B in the most
general form e; = £“(x)0,, where d, = 0/0x,, and require that it satisfied
the commutation relations of A with the basis vectors from R(B). As a result,
we obtain a system of first-order PDEs for the coefficients £ and integrate it,
considering all possible cases. For each case we reduce the found solution to the
simplest form, using either diffeomorphisms from Diff#8) and automorphisms

of A if the weak equivalence is meant or only diffeomorphisms from Diff #®) for

the strong equivalence.

e The last step is to test inequivalence of the constructed realizations. We asso-
ciate the N-th one of them with the ordered collection of integers (ry;), where
rnj is equal to the rank of the elements of S; in the realization R(A, N). Here
S; is either the j-th subset of basis of A with |S;| > 1 in the case of strong
equivalence or the basis of the j-th megaideals I; of A with dim/; > 1 in the
case of weak equivalence. Inequivalence of realizations with different associated
collection of integers immediately follows from Corollary 2 or Corollary 4 re-
spectively. Inequivalence of realizations in the pairs with identical collections
of ranks is proved using another method, e.g. Casimir operators (for simple
algebras), Lemmas 2 and 3, Corollary 3 and the rule of constraries (see the
following section).

3 Five-dimensional Lie algebras

We present realizations of five-dimensional Lie algebras which contain the algebra
As1 @ Aq as an ideal.

N
As.19 1 | 01, O3, 2301 + 04, 02, (1 + )2101 + Ba205 + 2305 + w40y + 05
[61, 65] = (1+Oé)61 2 81, (93, ZL‘381 + 84, 82, (1 + Oé)[L’lal + 613282 + 13383 + OCI'484
e, e5] = €2 3 | O, 03, 1301 + 2402 + 2505, O, (1 + ) 2101 + Br20s + 2305 + (8 — ) 2404 +
(1 — a)xs505



B—a
81,83, 13381 _}_01;41_04 82 +ZE483, 82, (1+a)x181 +ﬁx282—|—x3(93+(1—0z)x484

les, e5] = aes 4
leq, e5] = Bey 5 | 01, 03, 301 + 1402, 02, (1 + a)x101 + Bae0s + 1305 + (5 — )40,
lea, €3] = €4 6 | 01, O3, 301, Oz, (1 4 @)x101 + Bra0s + 305 + 04
B#0 7 | O1, O3, 2301, Oa, (14 a)2101 + Br202 + 2303
8 | Oy, O3, 301 + Oy, w201, (1 + @)x101 + (1 4+ o — B)ae0s + 1303 + w404
9 | 01, 03, 301 + 2405, x231, (14+a)x101+(1+a—B)xe0r+ 2303+ (1 — ) x40y
10 | 01, 03, w301 + Cx, T 583, 1901, (1 + a)x101 + (1 + o — B)x90s + 2303
As 90 1 | 01, 05, 2301 + 04, 0oy (1 4+ )y + 22)01 + (1 4 ) 2902 + 2305 + w40y + 05
le1,e5]) = (1+a)ey | 2 | 01, O3, x301 + Oy, O, (1 4+ @)z + 22)01 + (1 + )220 + 303 + g0y
[ea, €5] = €2 3 | O, O3, 301 + 2402 + 505, Oz, (1 + a)x101 + (1 + @) 2902 + (23 + 24)05 +
2404 + (1 — a)x505
[es, e5] = aes 4 (91,(93, 1301+ Cy " Op 4+ 1403, Oz, (1 4+ )y +29)01 + (1 + ) 2905 + (25 +
Cry ™ “)83 + (1 — a)x404
leq, e5] =1+ 5 | O, O3, 301 + x40, 09, (1 + )2101 + (1 + )220 + (23 + x4)03 + 40,
+(1 4 a)ey 6 | Oi, O3, 301, 09, (1 + @)zy + 22)01 + (1 + @)x902 + 305 + 04
lea, €3] = €1 7 | 01, 05, x301, 0o, (1 4+ @)y + 22)01 + (1 + )x20s + 2305
8 | O, O3, 301 + Oy, 2201, (1 + @)x10; — Oz + 1305 + w404
9 | O1, O3, 301 + 2403, 201, (1 + a)x101 — Oz + 2305 + (1 — ) 2404
10 | 01, O3, 2301 + eCla=Dr29, xgal, (14 a@)210) — Oy + 1305
As 21 1 | O, O3, 2301 + O, Do, (221 + 2 )61 + (g + x4)02 + 2305 + (T3 + 4) 04 + O5
[e1, e5] = 2¢; 2 | 01, 03, 301 + Oy, 0o, (221 + 81 + (3:2 + 24)09 + 2305 + (3 + x4)04
lea,e5] = ea+e3 | 3 | 1, O3, x301 + 2405+ x503, Oa, (le—i— )81+(I2+x3x4)82+(x3+x3x5)83+
(z4z5 — 1)04 + 2205
les,es] =es+es |4 | 01,05, 2301+ (5 —+C24)0y+ 1403, 0o, (271 + *‘31 + (224 522 + Cazrs) 0 +
(234 + 3)05 + $454
le4, e5] = e4 5 | 01, 05, 1301 + 1405, O, (271 + 2j)a1 + (w2 + 2374)0p + 7305 — O
[ea, e3] = €4 6 | O1, O3, 1301 + Oy, 2201, (221 + 5 ~|— Toxy)O + X905 + 1305 + (23 + x4)04
7 | O, O3, w301 + x433, x901, (211 + )81 + 2905 + (w34 + T3 — 22)03 + 220,
8 | 01, O3, 2301 — i Cx ——03, 1501, (2351 + )81 + 20y + (T3 — 78 — 72)03
As.2 1 | 01, O3, 1301 + 04, Oy, %381 + 220y + 304 + 05
lea, 5] = €3 2 | Oy, Oy, 301 + Os, Oy, SOy + 220y + 230,
leq, e5] = ey 3 | O, 03, w301 + 1405 + X505, Oa, ‘%581 + (2o + x314)02 + w32505 + (T4 +
2475)0y + 1205
[ea, e3] = e 4 | 01,05, w304 +Ca:4e_502 + 2405, O, %381 + (2 +C:v3x4e_ﬁ)82 + 232405 +
230,
5 | O, O3, 301 + 2404, O, %‘2’31 + (22 + x324)02 + 2404
6 | 01, 05, 2301, O, %fal + 2205 + O,
7 | O, O3, 2301, s, SO + 205
8 | 01, Oy, 1301 + 04, 120y, S0, — 1205 + 1304
9 | 9y, By, 1501 + x4ag, 2901, —281 — 2905 + 232405 + 2204
10 | 04, O3, w30, + lan —=—05, 120, —81 — 220y + B-03




As 23 1 | 0y, Os, 2301 + Oy, Do, (21 + %)a1 + baydy + 2305 + (3 + 24)04 + s
[e1, e5] = 2¢; 2 | O, 05, 2301 + Oy, Do, (21 + )01 + bxgag + 2303 + (23 + 24)04
lea,e5] = ea+e3 |3 | 01, O3, X301 + 1405 + 2505, 02, (201 + )61 + (bxg + x374)00 + (T35 +
23)03 + x4(x5 + b — 1)04 + 2205
[es, e5] = e3 4 | 01,03, v301 +Crxge” ey Oy + 1403, O, (211 + 3 )81 + (bxg+ Crgrse =y O+
(13 + 2324)05 + 220,
leg, e5] = bey 5 | O, O3, 301 + 1404, Os, (2$1 +3 )81 + (bxg + x374) 09 + 2305 + (b — 1)x404
[ea, e3] = €1 6 | O, O3, 301, 0o, (221 + ””2:)81 + bxoOy + 1303 + 04
b#0 7 | O1, O3, 301, Oz, (221 + )01 + bxgag + 2305
8 | 01, 05, 301 + O4, 1201, (2x1 + )31 + (2 — b)x20s + 2305 + (3 + x4)04
9 | 0y, O3, 2301 + x483, r201, (221 + )61 + (2 = b)w20s + (4 + 1)03 + 230,
10 | 01, 05, 2301 + 25203, 201, (2x1+ )01+ (2= b)aads + (L2 1 1)y
As 04 1 | 01, O3, 2301 + Oy, O, (201 + a0+ 2 )81 + 22905 + w303 + (3 + 14)04 + 05
le1, es] = 2¢4 2 | O, O3, 301 + Oy, 02, (221 + €29 + i)81 + 2:(;282 + 2303 + (x3 + 24)04
lea,e5) =ea+e3 |3 | O1, O3, 1301 + 3402+ 2503, O, (221 +exa+ 3 )81+(2932~|—x3x4)82+(:v3x5—|—
x3 + €24)03 + (14 + 1475)04 + 2205
les, e5] = e3 4 | 01,03, 1307 + CCE’4€7$82 + 1403, 0o, (221 + exg + )5’1 + (229 +
C’mmeii)ag + (324 + 23+ 801:4675)5’3 + 220,
les, e5) = €e142eq | 5 | O, O3, 1301 + 3402, Os, (201 +ex0+ 5 )81 + (220 +x324) 00+ (23 +£24) 03+
140,
[ea, €3] = €1 6 | 01, 03, 301, 0o, (221 + €29 + ;)81 + 2290, + 1303 + 04
=41 7 | 01, O3, k301, 0o, (221 + €y + 2)81 + 2290 + 1305
8 | 01, 03, 301 + 04, 2201, (221 + )671 — €0y + 2305 + (23 + x4)04
9 | Oy, O3, 301 + 1405, 1201, (221 + )81 — €0y + (w3 + 1324)03 + 220,
10 | Oy, O3, w301 + Ce %203, 190, (23:1 + )61 — €0y + (23 + Cr3e75"2)08
As 25 L | 01, O3, 301 + O4, O, (2pay + )31 + Bx20s + (prs — 24)03 + (23 +
px4)0s + Os
[e1, e5] = 2pey O1, 03, £301+04, Os, (2px1+ )81 +ﬁx282—|—(pxg—x4)83+(x3+px4)84
ea, e5) =pes +es O1, O3, 1301 + 2403 + w503, Oa, (2]9201 + )81 + (Brg + 2324) 00 + (2325 +
pr3)0s 4+ 24(0 — p + 25)04 + (22 4 1)05
[e3,e5] =pes —ea | 4 | 01,03, 2301 + Cr/a] + lePParctanzag, o g 9y 0y, (2pw, + 2 )(91 + (Bxa +
Crs\/23 4 leB-plarctanza)g, 4 (p:lzg + 1374)03 + (23 + 1)84
leq, e5] = ey 5 | &1, O, 1301+ 04, 1201, (2px1+ 5 — —)51 + (2p — B) w202 + (prs — 24) 05 +
(3 + pr4)04
[e2, €3] = €1 6 | O, O3, x301 + 405, 2201, (2pa1 + 3 )(91 + (2p — B)220s + (pr3 + 1324) 03 +
(23 +1)04
B#0 7 | Oy, 03, 2301+ (22)03, 1201, (2p:1r;1+ )8 —(2p—P)x20s+ (pr3+a3p(22))05
As 26 1 | Oy, O, 230y + Os, D, (2pr1 + e + 22 — )0, + p(25 + 13)Ds + (ps —
14)03 + (23 + pr4)0s + 05
[e1, e5] = 2pey 2 | 01, O3, 2301 + 04, Oz, (2px1 + €29 + %g - 74)31 + p(272 + 23)02 + (pr3 —
14)03 + (23 + pr4)04
lea, e5) =pea +e3 | 3 | O1, O3, w301 + 2402 + 1503, 02, (2pr1 + €29 + )81 + (2pxe + w324)0o +

(x3x5 + pr3 + ex4)03 + x4(p + x5)04 + (2375 + 1)0s




[63, 65] =pPEsz —€2 4 81,83, ZL‘381 + C\/ [Ei + 1€parctanx482 + ZL‘483, 82, (2pZE1 +8l’2%§)81 -+ (2pZE2 +
Cazy/13 + leParetanz)g) 4 (pry+ w3wy +eC/23 + 1ePaetans)g, 4 (2 +
1)0,
[64,65]—561 +2p64 5 81, 83, $381+64, 1’281, (2px1+w—2——2)81—582+(p:vg—x4)83+(x3+px4)84
le2, €3] = €3 6 | 01, O3, 301 +x403, 1201, (2p$1+ )81—5$282+(p$3+$3$4)33+($4+1)34
e==+1 7 81, 83, 1’381 + tan( EXy + 0)83, 33281, (2])1’1 + f)(% — 882 + (pl’g +
z3tan(—ezy + C))0s
A5.27 1 81, 83, .’13381 + 84, 82, (LUl + .’132)81 + (132 + $4>82 + 1’484 + 85
[61, 65] = €1 2 81, (93, x381 + 84, 82, (131 + x2)81 + (1'2 + I4)(92 + x484
[63, 65] =e3+ ey 3 (91, 83, {E381 + 1‘482 + 1‘583, 82, (ZL‘l + .172)61 + .17282 + 17483 — 84 — 17505
[64, 65] =e]+ ey 4 81,83, 1'361 + In 037482 + 37483, 62, ($1 + 1'2)81 + %’282 + In 01'463 — 1'484
[62, 63] = €1 5 (91, 83, $381 —+ $482, 82, (iEl + 1'2)81 + .’113'2(92 + .’113'4)83 — (94
6 81, 83, a:381 + 84, :1:281, (5171 + 1'2564)81 — 82 + 1:484
7 81, 83, .1‘381 + .77483, 13281, .Ilal - 82 - Igag - 1'464
8 81, 83, 1‘381 + 0633283, 37281, x181 - 82 - .17263
A5,28 1 81, 63, 11361 + 84, 82, ((CY + 1)1’1 =+ aTzﬁ) — Oé!L'gl’4)61 + (ZL‘Q + 1'4)82 + ($3 +
1‘4)(94 -+ 85
[61,65] :(1+O[)61 2 81, 83, x381—|—(94, 82, ((a+1)x1+a—%—ax3m4)6 +(ZE2+$4)82+(ZL‘3+ZE4)84
[62, 65] = (e3 3 81, 83, 33'381 + .Z'4(92 + 1'585, 82, ((1 + Oé)il?l + :r: )81 + (1'2 + CY563£C4)82 +
Oé(lfg($5 + 1)83 + (Oé$4I5 — 1)6’4 + (ozx% - x5)65
[63,65] =e3+ ey 4 81,83, $381+§0(.T4)82—|—$463, 82, ((1—|-Oé)331+ )61+(Z’2+0é$3§0($4))62+
az(xs 4+ 1)05 + (i — 24)04
[64,65] = €4 5 (91, (93, 1'381 +17482, 62, ((1+Oj)ﬂ?1+ )81+(ZE2+01173ZL‘4)82+O{ZL‘383—84
[62, 63] = €1 6 81, 83, $381 + 84, Zﬂgal, ((1 + Oé).Tl + + Toly — CYSC3$4)81 -+ OéanQ +
(Ong + ZE4)84
7 | 01, O3, 2301 + 2403, 1201, (1 + )z + = )01 + axe0y + (ax3ry + QT3 —
24)05 + (w? — 24)04
8 81, 83, 1‘381—1—1 Cx aag, 113281, ((1+Oé)l‘1—|- 381—|-Oé$262+(1 Cx a+a$3 xgag
A5‘29 1 81, 83, .1'381 + 84, 82, $181 + $482 + Igag + 85
[61, 65] = €1 2 81, 83, ZL’381 + 84, 82, x181 + 5(7482 + 5(7383 + 17584
[62, 65] = €9 3 81, 83, $381 + 84, 82, x181 + 1'482 + 1'363 + 064
[63, 65] = €4 4 81, 63, .73381 + .73402 + .73583, 82, 23161 + 23363 — 64 + .CE585
[62, 63] = €1 5 81, (93, %381 + In 01’432 -+ 513’483, 82, .1'181 -+ .1'383 -+ x484
6 81, (93, .77381 + .77482, 82, ]3181 + 17383 - (94
7 81, 83, Ztgal + 84, xgal, 1‘181 + anQ + ZL‘383
8 (91, 83, ZE3(91 + ZE483, ZL‘gal, 1‘161 + 37262 + (l‘g — 1'2)83 + 1'484
9 81, 83, 33381 + C’:B283, .CEgal, 33181 + 33282 + (233 — .Tg)ag




