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Introduction

o Classical Burgers equation

Ut — UUg — KUgz = 0

o Taking into account the memory effects (relaxation)
Hyperbolic modification of Burgers equation

TUtt — KlUgy + Auuy + Bus + Hug = f(u) (1)

Non-linear supe n for hyperbolic Bur equation



Introduction

I. Traveling-wave variables

Non-linear supe n for hyperbolic Bur equation



Introduction

I. Traveling-wave variables

Reduced equation

"

AU () +0U'(§) + AU U'(6) = f(U)

A=7ruy°>—k, ©=H+Byp

WMS AGH Non-linear superposition for hyperbolic Burgers equation




Introduction

I. Traveling-wave variables

Reduced equation

"

AU () +0U'(§) + AU U'(6) = f(U)

A=7ruy°>—k, ©=H+Byp

o Qualitative analysis

WMS AGH Non-linear superposition for hyperbolic Burgers equation




Introduction

I. Traveling-wave variables

Reduced equation

"

AU () +0U'(§) + AU U'(6) = f(U)

A=7ruy°>—k, ©=H+Byp

o Qualitative analysis

o Ansatz-based methods

WMS AGH Non-linear superposition for hyperbolic Burgers equation




Introduction

I. Traveling-wave variables

Reduced equation

"

AU () +0U'(§) + AU U'(6) = f(U)

A=7ruy°>—k, ©=H+Byp

o Qualitative analysis
o Ansatz-based methods

e Approximated solutions

WMS AGH Non-linear superposition for hyperbolic Burgers equation




Introduction

I. Traveling-wave variables

Reduced equation

"

AU () +0U'(§) + AU U'(6) = f(U)

A=7ruy°>—k, ©=H+Byp

Qualitative analysis
o Ansatz-based methods
e Approximated solutions

o Cole-Hopf transformation

WMS AGH Non-linear superposition for hyperbolic Burgers equation




Introduction

I. Traveling-wave variables

Reduced equation

"
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Qualitative analysis

o Ansatz-based methods

e Approximated solutions
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o Classical Lie’s symmetries

@ QQ-conditional symmetries
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Classical Burgers equation

o Classical Burgers equation:

Ut — UUy — K Uzgg = 0. (3)

o Cole-Hopf transformation:

u(z,t) = c(Log f(x, 1)) = ¢ fulz,t)/ f(x,1) (4)
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Classical Burgers equation

o Classical Burgers equation:

Ut — UUp — K Uge = 0. 3)
o Cole-Hopf transformation:
u(z,t) = c(Log f(z,t))e = ¢ fu(z,t)/ f(2,1) (4)
leads us to linear heat equation (for ¢ = —2k):
ft - /{fzz =0 (5)
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Classical Burgers equation

o Linearity of heat equation

fl:v+f21
= (L o SEE TG 6
u= (Log(fy + fo))e = Lt d2 ©
fie f fom
_Heth
£
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Classical Burgers equation

o Linearity of heat equation

fl:v+f21
w=(Log(fi + fa))o = L1922 6
(Log(fi + £2)s = =28 )
fie f fom
et
=T 4
Tl

New solution of Burgers equation

_w Exp(h) + us

Ezp(h)+1 ™

where u; = f},,’”, t = 1,2 are already known solutions and h(z,t) = Log(fi/f2).
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GBE

Tu + Auug + Bur + Huy — Kugs = AMu —m1)(u —m2)(u — ms) (8)
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GBE

Tu + Auug + Bur + Huy — Kugs = AMu —m1)(u —m2)(u — ms)

Ansatz

M(z,t) Exp(h(z,t)) + Q(, 1)
Exp(h(z,t)) +1

u(x,t) =
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GBE

GBE
Tt + Attty + Bts + H tta — it = At — ma) (1 — ma) (1 — ms) o
Ansatz
e P=M-Q
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GBE

e El:
P*(x,t) — 27 hi(z,t) + AP(x,t) ha(z,t) + 26 h2(z,t) =0 (10)

o E2:
P?(x,t)— A(m1+ma+m3) P*(z,t)4+3 P*(z,t) Q(x,t)+2 7 he(x, t) Pi(x,t)— (11)

—2k ho(x,t) Po(z,t) + P(z,t) (Bhi(z,t) + 7 hi(z,t) + 7 hee(z, t) + H he(z, t)+
+AQ(x,t) ha(z,t) — K h2(2,t) — APy(2,t) — K hao(z,t)) =0
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o Scaling transformation of E1

V27 hi(z,t) — P(2,t) — V2K ha(z, 1) = 0 (12)

WMS AGH Non-linear e 33 3 equation



GBE

o Scaling transformation of E1

V27 hi(z,t) — P(2,t) — V2K ha(z, 1) = 0 (12)

h(zx,t) &+ VE/Tt =/ KR[TEAE+ P(x + \/K/TE) (13)

-7
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Equivalence relation

Definition

M Ezp(h1)+Q M Exp(h2)+Q :
Let M = —}Mp(hll LQ= —zEm?()hSH 2 satisfy GBE.
M~ Qifu= %W satisfies GBLE.
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Equivalence relation

Definition
M Ezp(h1)+Q1 My Exp(h2)+Q2 g
Let M = W’ Q W Satlsfy GBE

M~ Qifu= %W satisfies GBLE.

Theorem
7 1s the equivalence relation. J
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Notation J
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Algebraic structure

Notation
I'" denotes the equivalence class of the stationary solution u(x,t) = mi.
Definition
InT MEzp(h) + Q
zp(h) +
M =
°nQ Exp(h) +1
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Algebraic structure

Notation
I'" denotes the equivalence class of the stationary solution u(x,t) = mi.
v
Definition
InT MEzp(h) + Q
zp(h) +
M —
°nQ Exp(h) +1
v
Lemma
T" is closed with respect to the operation "op".
”
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Algebraic structure

I' has the following properties:

o Any element of I' is the unity for itself: M o), M = M

o The operation is commutative: M op Q = Qo_p M

o Association property: My op, (Q10_p, M) = (Mj o, Q1) o, Mo
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Ezxamples
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Ezxamples

e Let mq =0, M(z,t) = meo, Q(z,t) =m1 = 0.

e We can construct the solution:

(m1 —ma)

224 G+ a ) (14)J

where ¢(t + = /7) is arbitrary C* function.

h(z,t) =
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Ezxamples

o For

ot +x /1) = Sin(t +x7)

2(m2 +4 mg)

U ) =M = e e (e 1 m9) 2 + Sin(i + 2 V)

(15)
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Ezxamples

o For
d(t +z/T) = Sin(t + z/T)
u(z,t) = ma — 2y + ma)
(%) 14 Exp(—v2 (m2 4+ ms) x + Sin(t + x /7)) (49
e For 1+ Exp( VTR
_ + Exp(t +x /T
$lt+z /1) = Log( 1+ Exp(t+ z /1) )
_ me Exp(w1)[l + R Exp(w2)]
U= Y) = T Bop(un) + Bep(wz) + R Eap(wi - o)’ e
where wy = f%, wa =t+x\T
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