Plancherel measure for the quantum matrix ball - the ’radial part’.
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Recall that SU,,, is a subgroup of S Lgn((C) of matrices pre-

serving the form (t, t) = — Z ] + Z 17
k=n+1

D= S(U, x U,)\X
is SU,, ,-homogenecous space, where
X ={g € SLs,(C) | (tg,tg™"y = —(t,¢), forallt e C'.

D is a bounded symmetric domain of type AI, ie. it is
isomorphic to the unit ball in Mat,,(C).
Using S(U,, x U,)-biinvariant functions

Ic{12,..n}, JC{n+1,n+2,...,2n}
card([)=card(J)=k

one obtain an injective map

(1, ... 2) : S(Uy x U\X/S(U, x U,) — R".
The image is
{(er(ur, . un)y- s en(ur, ... uy)) ERY|1 < uy < ... < uyt,

where e are elementary symmetric polynomials in n variables.
An invariant integral of a S(U,, x U,)-invariant function f
on D becomes

const / fler(ur, .. un), .. en(ur, ..o un))A(w)duy . . . duy,

where

Aw)= [ (w—uy):

1<i<j<n



The algebra of invariant differential operators is generated
by

1
Ly = A er(U1, .-, ) Alu),
where p p

Unitary spherical representations of SU,,, can be enumer-
ated by

A={=0,.... ) eR"| A\ >...> )\, >0}

Let @5 be a corresponding spherical function.  Than
(Berezin, Karpelevich)

B ;q sign(o) @y, (ug,) ... Py, (Us,)
) A ,

d+ = const(A
where @, (u) = oFy (15,5911 — u).




Consider the quantum universal enveloping algebra U, sly,,.
Equip the Hopt algebra U,sly, with an involution *:

K;F;, j#n E,K7' j#n
e el g ity J _ ity o J
(K;7) =K, Ej {—Kij, j=n" £ {—E]’Kj_l, j=n "

Then Ugsu,, , e (Ugslan, *) is a x-Hopf algebra. It is a
quantum analogue of the algebra Usu,, , @r C.

Consider the well known Hopf algebra C[SLs,|, with gen-

.....

t = (t;;) by discarding its j-th row and its ¢-th column.
Equip C|SLy,], with an involution given by

t;; =sign[(i —n —1/2)(n — j +1/2))(—q)’ " detg ti;. (1)

Than it is easy to prove that ClwySU, ,], o (C[SLap)g, *) is
a U,su,, ,-module x-algebra (this means that ClwSU, ,], is a
U,su, ,-module algebra and

() =5E)"f (2)
for all £ € Uysuyp, f € ClwpSUp, ) -

It is a_g-analogue of the regular functions on the real affine
variety X.

Let Us(gl, x gl,) C Ussly, denote the Hopf subalgebra
generated by Ej, [, j # n, and KZ',KZ-_l,z' =1,....2n — 1.
The corresponding Hopf *-subalgebra in Uysu,, ,, is denoted by
Uss(uy, X uy,).



The elements of ClwoSU,, ],

k k
_ =2 > (n—im) > (Um—tm—n) n—
k(k—1) Z g (—gq)in e A(2n—Fk)

Ty = (g 1ty

Ic{1,2,..,n}, JC{n+1,n+2,....2n}
card(I)=card(J)=k

are pairwise commuting self-adjoint U,s(u,, X u,)-biinvariants.
These elements generate the subalgebra of all Ugs(u, x u,)-
biinvariant elements in ClwySU,, ,|.

There is exist a unique (up to unitary equivalence) faithful
representation 1" of ClwySU,,,,|. The set of common eigenval-
ues Yp of the operators T'(x1), ..., T'(x,) is

{<€1<q—2(A+6))’ §12632<q—2(A+5)>7 o 7qn(n—1)€n(q—2()\—|—5)>) BY=I WY

Consider the algebra Cluy, . .., u,] and the injection
C[woSUn n]((Jqu(unxun)>0p®Uq5(unxun) < (C[ul o u”]
o= " Vep(uy, - un).
Thus
Cluwg ST, ] Las ) PEUasunxin) & oy 4180
Specity

Ap = {(g7 ) | X e A}

Let also D(Ap) be a vector space of functions f(uq, ..., uy,)
with finite support on the set Ap. Thereby,

D(Ap) = D(Ip) = D(]D))qus(g[nxg[n).



Recall the definition of multiple Jackson integral with "base’

g2
/ / / o(u d U7 . d Uy, =
2(n—1) 2(n—2)

1 L q Z ¢ —2 )\+5 —2‘)\4-5‘

AeA,

Proposition 1 The restriction of the invariant integral

onto the space ”D(]D))qu( olax0t) 4

flei(u),. .. ,q" n—Le )A(U)Q d,—2uy . .. d-2up,

where

1S a positive constant.



As in the classical case, let us define a simple finite-
dimensional weight U,sly,-module to be spherical, if

dim VVes(glaxaln) — 1.

Note 1 (J. V. Stokman, 1999) A simple finite-dimensional
weight Uysly,-module is Us(gl, x gl,,)-spherical if and only
of 1ts highest weight has the following form:

(A= A2, o s A1 — A 20, At — A, s A — A,
where X 1s a partition.

A scalar product (-,-) in V is called U,suy,-invariant if for
any £ € Ugsly, and for any vy, v2 € V

(Evy,va) = (v1, & v9).

Any spherical Ugsly,-module V' can be equipped with a
U, sug,-invariant scalar product. Fix v € VUas(glnxal) by the
requirement (v,v) = 1. Recall that oy (&) = (v, v) is the
spherical function on the quantum group SUs, corresponding

toV.
Let P, be a polynomial such that

P\(z) = ﬁA(el(z), Ges(2), ..., q”(”_l)en(z)),

where Py(2) is a specialization Py(z;0,0; ¢%) of Little g-Jacobi
polynomials.

Theorem 1 (J. V. Stokman, 1999) A spherical function
@y 1S equal (up to a multiplicative constant) to

ﬁ,\(azl, To, ..., Ty).



Let for A € C"
aA+90)=(a(AM+n—=1),aXa+n—2),...,a(\,)),

e (L= (1 = )
B (R R

Proposition 2 There exist elements Cj, € Z(U™sly,),
k=12 ...,n such that

C’kgm\ = ek(a()\ + 5))@)\

Let Ly, be a linear operator in C[S Ly,),, defined with Ly f =
Crf.

Let us define the difference operator 0, in the space
(C[ul, Ug, . .. ,un]S” with

O, flug, ..oy un) = Dy (1 — q_lui)Duif(ul, e Up),

 F U U 1,G T U U 1 e Uy ) = (U e U1, QUG U1 ey U, )
qilui*qui )

[ e C

where D, f(uy

Proposition 3

1
Lrlcu iy, umsn = er(Duyy -+ By ) Alw). - (3)

Alu)
One may extend L to D(D), and then restrict to

D(D)g (8l x00n) by using (3). We denote this restrictions by
eradial.




Let us introduce the Hilbert space L*(Ap,dy,) of square
integrable functions on Ap, where

dvy(u) = N A(u)’d-2urd-ous . .. d,2u,. (4)

Introduce some notation:

for basic hypergeometric function,

B Fq2<2l + 1)
cll) = T2 +1))2

for a g-analogue of Harish-Chandra’s c-function.

1 h dp
d = —- : 5
T T e
for the measure on the interval |0, 7w /h], where h = —2 In q.

Proposition 4 (Shklyarov, Vaksman)
.Pi(u) = a(l)Py(u).



Proposition 5 i) There exists an unitary operator
F: L*(Ap,dy,) — L*(R,dY),

AN

F f(U) Hf(plvp%---apn) —
1
Pn) /CD_%”PL—%HW ----- —%+z’pn<u)f(u>dVQ<u>a

k(p1, P2, - - -
Ap
where
k(p1, .-, Pn) =
Y N i (@707 e ) P —9; 2
NA(g™) oL gty [T (a7 + g% — g2 — g2,
j=0 a4 >J 1<k<j<n
Z Slgn<0-> (I)ll<u01> (pln(uan)
P _ oES)
ll ..... ln<u) A(’U,) )

dX(p1, - -5 pn) = K(p1, - pn) (DN (do(pr) ... do(p,))|r
1) The inverse operator is

f‘_ljf<p17”_7pn)l—>

/f(pl’ T ’p”>q)—%+i,01 —l+z’pn<u> dZ(pl, s 7pn)'
R
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Proposition 6 Pairwise commuting bounded self-adjoint

operators Erkadial, k=1,2,....n are unitary equivalent to
the operators of multiplication by

er(a(—5 +ip1),al—5 +ipa),. .., al—3 +ipy))
K(p1, P2, -5 Pn) |

(respectively) in the Hilbert space L*(R,dY). The unitary
equivalence is provided by the operator F.
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