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1. Introduction

e In the one-dimensional approximation the dynamics of spinor BEC (in the
F =1 hyperfine state ) is described by the following three-component nonlinear
Schrodinger (MNLS) system in (1D) z-space [leda,Miyakawa,Wadati;2004]:

10,1 + 0201 + 2(|P1]* + 2|®g|*) P + 2%, ®F =0,

10, D0 + 050 + 2(|_1]° + |Do|* + |1]7) P + 285P1P_1 = 0,
i0,®_1 + 02®_1 + 2(|P_1|* + 2|Pp|*)P_; + 207D7 = 0.

e This model is integrable by means of inverse scattering transform method
[leda,Miyakawa,Wadati;2004].

— It also allows an exact description of the dynamics and interaction of bright
solitons with spin degrees of freedom.
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— Matter-wave solitons are expected to be useful in atom laser, atom
interferometry and coherent atom transport.

e |Lax pairs and geometric interpretation of our 3-component MNLS type model
are given in [Fordy,Kulish;1983].

e Darboux transformation for this special integrable model is developed in
[Li,Li,Malomed,Mihalache,Liu;2005].

e We will show that our system is related to the symmetric space
BD.I ~ SO(2r+1)/SO(2) x SO(2r — 1) (in the Cartan classification
[Helgasson;2001]) with canonical Zy-reduction and has a natural Lie algebraic
Interpretation.

e The model allows also a special class of soliton solutions.
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e MKdV over symmetric spaces [Athorne, Fordy]:

Q) N 03Q
ot  0x3
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2. NLS and MKdV over symmetric spaces: algebraic and
analytic aspects

e Our model belongs to the class of multi-component NLS equations that can
be solved by the inverse scattering method

It is a particular case of the MNLS related to the BD.I type symmetric space
SO(2r +1)/SO(2) x SO(2r — 1) [Fordy,Kulish;1983].

MNLS over symmetric spaces

e These MNLS systems allow Lax representation with the generalized Zakharov—
Shabat system as the Lax operator:

Dbt 3) = 190 4+ (Q(e,t) ~ AT, ) = 0.
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o

My(z,t,\) = o+ (Vo(z,t) + AVi(z,t) — N2 T)(x,t,\) = 0,
L ,1dQ 1
Vifz,t) = Qz,t),  Vole,t) =iad; ==+ [ad; Q, Q(z,1)]
where
0o ¢& 0
Q= p» 0 sq |, J = diag(1,0,...0,—1).
0 ﬁTSQ 0

JZ (Q2, v Qry Qr4+1,4r4-2, - - - 7qQ7“)T7 ﬁ: (p27 ce oy PryPr415 Pr4-25 - - - 7p27")T7

2r+1 0O 0 1
So = Z (—1)*"'Eporpo=1 0 —so 0 |, (Fkn)ij = 0ikdnj
k=1 I 0 O
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—

+
BT = (Ex(ei—ep)r - s Ba(er—er)s Eters Ex(eyter)s - s Et(egten))s

T

(7 EF) =) (ar(@,t)Eei—ey + qar—it2(: ) Beypey) + Gri1 (,8) B,
k=2

e Then the generic form of the potentials Q(x,t) related to these type of
symmetric spaces Is

—

Q(z,t) = (q(x,t) - ET) + (Bla,t) - Ey),

E., — Weyl generators;
AT is the set of all positive roots of so(2r + 1) such that (a,e;) = 1:

A+:{€1, 61:|:€k, kZQ,...,’F}.
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e The generic MNLS type equations on BD.I. symmetric spaces:

z(jt +Cf:c:c + 2(57]3)@_ (q_; SOCj)SOﬁ: 0,
iﬁt _ﬁma: - Q(Q_; mﬁ_ (ﬁa 50]5750672 07
r =2 — F =1 spinor BEC;
r=3 — F = 2 spinor BEC;
r — F =r — 1 spinor BEC.
Example: F = 2 spinor BEC
Introduce the variables: (I)Q — (2, (I)l = (3, (I)O — (4, (I)_l = q5,(I)_2 = (6.

The assembly of atoms in the F' = 2 hyperfine state can be described by a
normalized spinor wave vector

®(x,t) = (Pa(x,t), P1(x,t), Po(x,t),P_1(x,t), q)_g(x,t))T,

TPl
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whose components are labelled by the values of mp =2,1,0, —1, —2.

e The model equations read:

— — — — —

i, +B,, = —2e(B, NP + (B, 50P)sP",

or in explicit form by components:

10D 1o + Oy Pro = —26(B, B*)Dyo + (20, _5 — 20, + B2) ‘.
10, P 11 + Opa®r1 = —26(B, )P yq — (20, _5 — 20, + B2) -y

10,Po + Oy Py = —26(P, B*)Pro + €(2P,D_o — 201D _1 + D) Dy
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MKdV over symmetric spaces

e Lax representation

d

_|_

x

0 ¢ (1 O
(po) =0 %)

My = (z% + Vo(z, t) + A\Vi(z, t) + A2 Va(x, t) — 4)\3J> Y(x,t,\) = Y(x,t, \)C(N),

Va(z,t) = 4Q(z, ), Vi(z,t) = 2iJQ, + 2JQ%, Vo(z,t) = —Qux — 2Q°,

Q(x,1)

J and Q(x,t) — 2r x 2r matrices, J — block diagonal;
Q(z,t) — block-off-diagonal matrix.
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e The MMKdV equations take the form

0Q O
@, 00,4

ot O3 <Qm@2 + QZQ:):> =0
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3. Direct and the inverse scattering problem for L

e Jost solutions ¢ = (¢, ¢~ ) and ¥ = (¢, ¢™):

lim ¢(x,t, \)e™M? =11, lim ¥(x,t,\)eM?* =11

r——00 r— 00

— These definitions are compatible with the class of smooth potentials Q(x,1)
vanishing sufficiently rapidly at x — +oc.

— It can be shown that ¢* and )" (resp. ¢~ and 1)) composed by 4 rows and
2 columns are analytic in the upper (resp. lower) half plane of .

VAL
{fpi )
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e The scattering matrix:

mi b7 e
T(\t) = bt Tor —soB™ |,

t
T22( )-27“-1)(27“—1 block
mi(N), ¢i(\) —scalar functions satisfying
ot (b+ . 80b+) _ (B+ . SOB+) - — (B_ . SoB_) _ (b_ . Sob_).
! 2my 2my ! 2my 2my

e The fundamental analytic solutions (FAS) x*(x,t,\) of L()\) are analytic

il
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functions of A for Im A = 0 and are related to the Jost solutions by:
(@1, A) = o, £, )ST (1 A) = (@, &, )TF(E ).

Here S}—L, T}—L upper- and lower- block-triangular matrices:

SE(L, \) = exp (i(?i()\,t) - Eli))  TE(,\) = exp ($(p"i()\,t) - Eli)) |

0 0 1/m{ 0 0
DY = 0 mj O , D7 = 0 m, 0 ,
0 0 1/mf 0 0 my
where
b bt Bt B~
7?_'_()\7t) — p_FF(Avt) — T T ()‘at) = ——5 P (Aat) — T
iy my my my

T
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and

bto—T sob bt 1's

o My = Tt - -
1

m; = T22 —+

TE(t,NST(t, ) = T(t,\)

— TF(t,\) and ST(t,\) and can be viewed as the factors of a generalized
Gauss decompositions of T'(t, \) [Gerdjikov;1994].

—

o If Q(x,t) evolves according to our MNLS model then b=()\), mi(t,\) and

m> (¢, \) satisfy the following linear evolution equations:

dbt

b+ dmT dmi
dt

+ A2bE(E, ) = —
(t,\) =0, i— 0, i—

= 0,

so the block-matrices D*(\) can be considered as generating functionals of
the integrals of motion.
Al
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e The fact that all (2r — 1)2 matrix elements of mJ (\) for A € C, (resp. of
m, (A) for A € C_) generate integrals of motion reflect the superintegrability
of the model and are due to the degeneracy of the dispersion law of our model.

e The FAS for real \ are linearly related
xT(x,t,\) = x (2, t, )G s(\ 1), Go.g(\t) = ST (N )ST(\t).

So, the sewing function G(z, A, t) is uniquely determined by the Gauss factors
ST\ ).

ATTHR !
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4. The Generalized Fourier Transforms for Non-regular J

e \Wronskian relations

(@ =) B[S =i [ de((1.Q@lest V),
(W@ =D B =i [ de{(19.Qu)es . 0))

e ‘squared solutions’:

5 (@) = Xx"Egi (@A), ef(@,)) = Pos(x " Egx™ (1)),
i (@) = X"FE (), e (@A) = Ros (X FEsX (2, 0)),

LY
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e Skew-scalar product in the “spectral space”:
©.@)

X)) = [ de(X (). (1Y @)

— OO

(X,Y) — the Killing form;

We assume that the Cartan-Weyl generators satisfy

(Eay E—_g) = 00,5 (Hj, Hp) = djx.

|X,Y]] is non-degenerate on the space of allowed potentials M.

S

; = —i|[Q(z), e’B’JFH, ps = —i||Q(x), e/_’g]],
Ty = —i[[Qx),el]], 7 = —i[[Q) e5]],

8

4 \ - - - . . .
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Thus the mappings § : Q(x,t) — %; can be viewed as generalized Fourier
transform in which e?(az,)\) and elﬁ’i(aj,)\) can be viewed as generalizations

of the standard exponentials.

e In order to work out the contributions from the discrete spectrum of L we
will need the explicit form of the singularities that the ‘squared solutions’ can
develop in the vicinity of the discrete eigenvalues )\;-t.

N+ Y . . . . . .
N ; \“ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU
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Lemma: If all principal minors mE(X) of T(X) only mi()\) have zeroes,

1.€.:
. 1.
mey:mfAA—xb+§mfgx—xb?+OQ—xjﬁ

then the structure of the singularities of eX(x,\) with o € AT U AT
simplifies to:

e, N) = ey (@) + €5,@) (= A0 + O((A = A))?),

elo (@) el @)

o)) = e —asj O(1
e, (r,\) = ©ois(?) + Cag(2) +O(1),

A=A7)2 A= A;
a8 0) = €0 (2) + €20y (D)= A7) + O((A = A7)?).

Q12431
/ﬁa/ G "7’\\ i

1Y
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e One more type of Wronskian relations (relating the potential éQ(x) to the
corresponding variations of the scattering data:

XToxT (2, N[0 =D (p, ET)DT(N) — (677, ET) + DT6DT(N),
XTox (z, N[>0 =(67",E7) =D (65", ET)D~(A\) + D7D~ (N),
and
o (@, V| = (65T, ET)(\) — DT(67T, ET)DT(A) + DTSDT(N),
XToX (@ N[ =D (677, E7)D~(\) — (657, ET)(\) + D=6D~(N),

e and the corresponding “inversion formulas” (here 8 € A7)

opf = —i[[ad;'0Q(x). eft]],  dpy =i[[ad; 0Q(x), e 5],

i = illads Q) e, ory = —ilfad; Q). ;1]

aua
A )
3 \j‘ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine)
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e Assuming that the variation of Q(x) is due to its time evolution, and consider
variations of the type:

6Q(x,t) = Q5t + O((61)?).

Keeping only the first order terms with respect to ot we find:

dpt d
T illad Que) el = ifady Q). €]
dTg_ dTﬁ_

o = iladr @@, elll, = —ifady Qi) €3]],

HYET
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Completeness of the ‘squared solutions’

e Two sets of ‘squared solutions’

{\Il} — {\Il}c U {\I’}da {(I)} — {(I)}c U {(I)}da

{\IJ}CE {ei_a(flf,)\), 6;(%‘,)\), )\ERa O‘EAT}a
{\Ij}d = {eia;j(x)v eia,j('x% o € Aii_a } )
{®}. = {eg(a:, A), e _(x,N), AeR, «ac€ Af} :

{®la={el, (2), eéi,;(x), aeAf,},

where 3 = 1,..., N and the subscripts ‘c’ and ‘d’ refer to the continuous
and discrete spectrum of L, the latter consisting of 2N discrete eigenvalues

)\;-t c C4.

NK M Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU
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Theorem: The sets {W} and {®} form complete sets of functions in M.
The corresponding completeness relation has the form:

S =y =+ | T ANGT (2 ) — G ()

— 00

N

— 9 Z(Gij(x, y) + G (7, y)),

j=1

where

HOJ Z (Ea Y E—a — E—a ® Ea)a

ozEAir

Gil:(ajv Y A) = Z eia(xv A)® e$a(y7 A)s
aEAT

1Y . . . . . .
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== -t + + -+
Gl,J (ZC? y) — Z (ej:a;j (ZE) & eZFa;j (y) + e:l:oz;j (ZE) ® e:Fa;j (y))
aEAi”

Expansions of Q(z) and ad ;'6Q(x).

e One can expand any generic element F'(x) of the phase space M over each of
the complete sets of ‘squared solutions':

Fa)= 3 (F* (@) Boo + Fy (2)Ea).
ozEAiF

LYY
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Fa)=1 [ a0 Y (el A a) - (e M1, )
a€AT
—2@2 > (ZF. (@) + Zp, (2),
]= laeA-l—
Fa)=—1 [ a0 Y (5@ i) - eale)ir ()
a€AT

+27’ZZ Z}_a,j +ZFoz ())

J=1 a€A+

e = [[eZa @A) FW)]],  raW) = [[exa®, N, F»)]].

Zf () = Res 5a@NFzal®). ZFy(e) = Res ehal@ A alV)

NK \“ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU 26
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e Example 1 Take F'(z) = Q(x):

Qz) = -+ / ax Z (2,0) — 75 (VeZa(z, )

— ZZ Z (Res el (z,)\) + Res Taea(:v,)\)> :

+ o\ —
= 1aEA+ A=A >\_>\j

Q) =1 [ an Y (e ) - o el (@)

a€A+

N
+22 Z <Res plelt(x,\) + Res paeg(x,A)>,

_|_ . —
jzlaGAIL A=A A_Aj

Yo
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e Example 2 Take F(z) = ad ;'6Q(x):

ad 7150 (z) = 3/ xS (07 Vet (@A) + 075 (Ve o ()

a€A+
N
+ 2 Res 67ef(x,\) — Res § JA)
ZZ(AA+T (m)/\eASTe(:E)>
J—locEAi"
ad 7'6Q(x) = 1/ d\ Z (6pt (N et (m, A) + 6p, (N el (z, M)
a€A+
N
—2 Res dpfe’ T (x,\) — Res dp el (z,\) ] .
Z_: Z <>\ AF Poeal; M) NSV (@ )>
j=1 ozGA;r J

NK \.“ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine)

DCU
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e Example 3 Take F(x)

—1dQ.,
adJ At -

_dQ i [ dr.’ dr, _
adjlg — ;/ d\ Z (Weg(a),)\) —I—We_a(x,)\)>

— 00

™ o0
aEAi"
N
dp+ + dp_ /, —
— 2 Res —e_ (z,\) — Res —=e; (x, A
; e% <HJ~+ i @0 e Y

Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine)
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5. Hamiltonian formulation

Integrals of motion:

e One can use any of the matrix elements of mi(\) and mi()\) as generating
functional of integrals of motion of our model.

Generically such integrals would have non-local densities and will not be in
involution.

he principal series of integrals is generated by mi (\):
ilnmfE = ka;)\_k.
k=1

\i“ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU
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e The integrals of motion as functionals of Q(x):

! / de L ;dy (1, Q)] A3Q(x))

Using the explicit form of A:

L, 1dQ AT dQT
AiQ:zad(Jl%:zdx — i
d2
2o=-"%1e o100
d3 + d3 —
ALQ = —i dfg + dfg +3 [QF,[QF, Q7] +3 [Q,1Q,Q;]],
where
Qt(z,t) = (qla,t) - EY), Q (z,t) = (p(,t) - EY).
v

Y
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one can get explicit formulas for I:

L= / i (O (2),Q (@),

— 0

1

L= 5[ @ (@@.0 @) - Q). w),

b= i do (@@, e) + 5@ 0).Q @@ ).Q (@)

— 00

117 can be interpreted as the density of the particles,
I is the momentum,

—113 is the Hamiltonian of the MNLS equations.

3 P
NK \.“ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU

32



Georgi Grahovski Multi-component NLS and MKdV models on symmetric spaces ...

Indeed, the Hamiltonian equations of motion provided by H) = —il3 with
the Poissson brackets

{ak(y,t), pj(z,t)} = id;6(z — y),

e The above Poisson brackets are dual to the canonical symplectic form:

Qy = i/oo dx tr (dp(z) A 0q(x))

— o0

_ ! / " detr (ad 356Q(@) A [J,ad 715Q(x))

v — 00
1
1

[ad ;'0Q(x) nad ;16Q(x)]].

Y
N ;“ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU 33
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e The symplectic form through the scattering data:

Y P
o
— 2 ; (ARei‘." QF (N + )\R:ei_ QO()\)> :
QN = Y 6T(\DE, AdpE, DE = <DiE¢7Di(A)Eia> |
o, yEAT

e The classical R-matrix approach [Faddeev; Takhtajan;1986], [Fordy,Kulish;1983]
is an effective method to determine the generating functionals of local integrals
of motion which are in involution.

e From it there follows that such integrals are generated by expanding In m,f()\)
over the inverse powers of A [Gerdjikov;1987].

Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU
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T
NK \“ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine)

Here m;-(\) are the principal minors of T'()\); in our case

mi(A) =af;(A),  mg(A) =detaT(),

my (A) =agxn(A),  my(A)=deta (A)
— |If we consider

Inmf(A) =) AFIM,
s=1

then one can prove that the densities of I are local in Q(z,1).
— The fact that [Gerdjikov;1987]:

(mEN),mT(w)}y =0, fork,j=1,2,

and for all \,;u € C4 allow one to conclude that {Iék),lzgj)} = 0 for all
k,7=1,2and s,p > 1.

DCU
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e In particular, the Hamiltonian of our model is proportional to I§2), l.e.

H =8I,

Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU
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6. Conclusions

e A special version of the models describing F = 1 and F = 2 spinor Bose-
Einstein condensates is integrable by the ISM. The corresponding Lax pair is

on BD.I. ~ SO(2r 4+ 1)/SO(2) x SO(2r — 1) - symmetric space.

e For a generic hyperfine spin F', the dynamics within the mean field theory is
described by the 2F'4+1 component Gross-Pitaevskii equation in one dimension.

e |f all the spin dependent interactions vanish and only intensity interaction exists,
the multi-component Gross-Pitaevskii equation in one dimension is equivalent

to the vector nonlinear Schrodinger equation with 2F + 1 components [S. V.
Manakov;1974].

e One can also treat generalized Zakharov—Shabat systems related to other
symmetric spaces.
NRNE Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine) DCU 37
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e For all these systems of equations one can construct soliton solutions, prove
completeness of ‘squared solutions’ etc.

e Another interesting and still open problem is the analysis of the soliton
interactions in spinor Bose-Einstein condensates.

N ; \“ Symmetry in Nonlinear Mathematical Physics, June 21-27, 2009, Kiev (Ukraine)
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Thank you!

grah@inrne.bas.bg
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