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1 Introduction and main results

In this article, we study topological and geometric properties of free circle actions on closed
manifolds. More precisely, the first question we consider is the following.

Question 1.1. Given a closed, simply-connected manifold M, does M admit a free circle action?

Here and throughout the article all manifolds and actions on manifolds are assumed to be
smooth.

By a result of Kobayashi [25], a closed manifold that admits a free circle action has vanishing
Euler characteristic. Thus, the 3-sphere S2 is the only manifold in dimensions at most 4 for
which the answer to Question 1.1 is affirmative. In dimensions 5 and 6, Question 1.1 has been
answered by Duan-Liang [11] and by Goldstein-Lininger [17] and Duan [10], respectively.

In dimension 7, Montgomery—Yang [34] showed that precisely 12 out of the 28 oriented
diffeomorphism types of homotopy 7-spheres admit a free circle action. Closed, 2-connected 7-
manifolds that admit free circle actions were classified by Jiang [22] and manifolds homeomorphic
to a connected sum of copies of (52 x %) and (5% x S*) were considered by Xu [44]. A special
case of the latter, which will be relevant for this article, is the following.

Theorem 1.2 ([44, Proposition 1]). All 28 oriented diffeomorphism types of closed T-manifolds
that are homeomorphic to S? x S° admit a free circle action.

Further results related to Question 1.1 are given by Hsiang [19], Schultz [38] and Bauer—
Quigley [2] for homotopy spheres, Jiang—Su [23] for highly-connected manifolds and Galaz-Garcia
and the author [15] for connected sums of products of spheres.

In light of Theorem 1.2, we will consider Question 1.1 for the following more general class of
manifolds.

Definition 1.3. A spin cohomology S? x S° is a smooth, closed, simply-connected spin 7-mani-
fold whose cohomology ring is isomorphic to that of S? x S5.
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We will see in Section 3 below that there are precisely 672 oriented diffeomorphism types of
spin cohomology S2 x $%s, which fall into 24 oriented homeomorphism types (each containing 28
oriented diffeomorphism types), and 18 oriented homotopy types (6 of which contain 2 oriented
homeomorphism types, and 12 contain a single oriented homeomorphism type).

Our first main result is given as follows.

Theorem A.

(1) Among the 672 oriented diffeomorphism types of spin cohomology S* x S%s, there are
precisely 462 that admit a free circle action. These cover 18 out of the 24 oriented homeo-
morphism types and 12 out of the 18 oriented homotopy types of spin cohomology S? x S°s.

(2) Whenever a spin cohomology S x S® admits a free circle action, it admits infinitely many
pairwise non-equivalent free circle actions.

We will give a precise classification of the manifolds in (1) of Theorem A in terms of their
Kreck—Stolz s-invariants in Theorem 4.1 below. We note that part (2) of Theorem A appears
to be new even in the simplest case of S? x S°.

Remark 1.4. Since the existence of a free circle action does not depend on the choice of ori-
entation, it is not necessary to restrict to diffeomorphisms, homeomorphisms and homotopy
equivalences that are orientation-preserving. In this case, it follows from Remark 3.2 and Theo-
rem 4.1 below that precisely 235 out of 340 (unoriented) diffeomorphism types of spin cohomol-
ogy 5% x S%s admit a free circle action. However, we will only consider the oriented category
since in this case it will be more convenient to analyse the s-invariants.

The second question we consider in this article is the following.

Question 1.5. Given a closed, simply-connected manifold that admits a free circle action, does
it admit a Riemannian metric of positive Ricci curvature that is invariant under this action?

For spin cohomology S? x S°s, Question 1.5 is especially of interest since it was shown by
Wang [42] that all spin cohomology S? x S%s admit a Riemannian metric of positive Ricci
curvature.

For scalar curvature, Bérard-Bergery [4] showed that a closed manifold with a free circle
action admits an invariant Riemannian metric of positive scalar curvature if and only if the
quotient space of the action admits a Riemannian metric of positive scalar curvature. It is open
whether an analogous equivalence holds for positive Ricci curvature, although one half of it has
been established by Gilkey—Park—Tuschmann [16], namely if the manifold has finite fundamental
group and the quotient space admits a Riemannian metric of positive Ricci curvature, then
there exists an invariant Riemannian metric of positive Ricci curvature. We will use this fact,
in combination with the existence of Riemannian metrics of positive Ricci curvature on certain
6-manifolds established by the author in [37] to prove the following.

Theorem B. There exist 441 oriented diffeomorphism types of spin cohomology S* x S®s that
admit infinitely many pairwise non-equivalent free circle actions and for each of these actions
an invariant Riemannian metric of positive Ricci curvature. These include all 28 oriented
diffeomorphism types of spin cohomology S x S°s that are homeomorphic to S? x S°.

Note that in Theorem B we do not claim that for these manifolds any free circle action admits
an invariant Riemannian metric of positive Ricci curvature.

We will again give a precise characterisation of the manifolds in Theorem B in terms of their
s-invariants, see Theorem 4.2 below. These include all 420 oriented diffeomorphism types that
admit a free circle action with spin orbit space. The remaining 21 oriented diffeomorphism types
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that admit a free circle action by Theorem A but are not covered by Theorem B therefore only
have free circle actions with non-spin orbit space. It remains open whether these manifolds
admit invariant Riemannian metrics of positive Ricci curvature, cf. Remark 4.3 below.

Question 1.6. Which of the 21 oriented diffeomorphism types of spin cohomology S* x S°s that
admit a free circle action by Theorem A but are not covered by Theorem B admit an invariant
Riemannian metric of positive Ricci curvature?

We will see in Proposition 3.6 below that the 672 oriented diffeomorphism types of spin
cohomology S? x S%s can be divided into two subfamilies, each one containing 336 oriented dif-
feomorphism types: Those with w4(M) = Z/2 (such as M = 5% x S°) and those with 74 (M) = 0.
A direct consequence of Proposition 3.6 and Theorems 4.1 and 4.2 is as follows.

Corollary C. Let M be a spin cohomology S? x S® with my(M) = 0. Then M admits infinitely
many pairwise non-equivalent free circle actions and for each of these actions an invariant
Riemannian metric of positive Ricci curvature.

Finally, we will use the results of Theorems A and B in combination with the suspension
construction of [10] and [15] to prove the following.

Theorem D. Let > be a homotopy 7-sphere and let
M = #4(S% x S°)#m (S? x SY)#5.

If ¢ > 2, or £ =1 and m is even, then M admits infinitely many pairwise non-equivalent free
circle actions and for each of these actions an invariant Riemannian metric of positive Ricci
curvature.

Again we do not claim that M admits an invariant Riemannian metric of positive Ricci
curvature for any free circle action on M.

The existence of a free circle action on each of these manifolds in Theorem D has already
been established by Xu [44]. Moreover, by the work of Wraith [43], Burdick [6, Corollary 1.3.5],
[7, Theorem B], [8, Theorem B] and the author [36, Theorem C], they also admit Riemannian
metrics of positive Ricci curvature. If 3 is the standard sphere, invariant Riemannian metrics
of positive Ricci curvature have been shown to exist in [15, Corollary H]. However, to the best
of our knowledge, when ¥ is not the standard sphere, the existence of an invariant Riemannian
metric of positive Ricci curvature, even under a single free circle action, is new in the literature.

This article is organised as follows. In Section 2, we recall basic facts on free circle actions
and on closed, simply-connected 6-manifolds. In Section 3, we classify spin cohomology S2 x S°s
up to orientation-preserving diffeomorphism, homeomorphism and homotopy equivalence. In
Section 4, we prove Theorems A and B by first determining which 6-manifolds can appear as
the orbit space of a free circle action on a spin cohomology S? x S° following [44], and then
calculating the s-invariants of total spaces of principal circle bundles over these 6-manifolds to
analyse which spin cohomology S? x S%s we obtain in this way. Since the formulae for the latter
are highly complicated, we used a computer to explicitly show that each of the manifolds claimed
in Theorem A can be realised in this way, the results of which are summarised in Appendix A.
Finally, in Section 5, we prove Theorem D and further related results.

2 Preliminaries

Unless stated otherwise, all manifolds, bundles and maps between manifolds are assumed to be
smooth, and we assume that all manifolds are connected. Further, if no coefficients are indicated,
we consider (co-)homology with coefficients in Z.
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2.1 Free circle actions

In this subsection, we recall basic facts on free circle actions that we will use. We first recall the
definition of equivalence of two actions.

Definition 2.1. Let M be a manifold. Then two free circle actions p1, pa: S* x M — M are
equivalent if there is a diffeomorphism ¢: M — M such that

d(p1(A w)) = pa(A, o(x))
for all (\,z) € S x M.

Free circle actions can equivalently be described through principal circle bundles as we will
see in Proposition 2.2 below. For that, recall that a principal circle bundle M = N is, up to
isomorphism of principal bundles, uniquely determined by its Euler class e(r) € H?(N). The
latter corresponds, under the identification

H?*(N) = [N,K(Z,2)] = [N,BS"],

to the classifying map N — BS! of the bundle 7 (see, e.g., [21, Sections 4.10-4.13] for more
details on classifying spaces). As a consequence, any two principal circle bundles M; N
and My =2 N are isomorphic if and only if there is a diffeomorphism ¢: N; — Ny with

¢*(e(m2)) = e(m).
Proposition 2.2. Let M be a manifold of dimension n.

(1) The following are equivalent:

(i) M admits a free circle action.
(i1) M is the total space of a principal circle bundle M = N, where N is a manifold of
dimension (n — 1).

(2) Suppose M admits two free circle actions and let M ™ Ny and M "% Ny be the corre-

sponding principal circle bundles as in (ii). Then the two actions are equivalent if and
only if there is a diffeomorphism ¢: N1 — Na with ¢*(e(m2)) = e(m1).

Proof. For (1), see, e.g., [5, Corollary VI.2.5]. Part (2) follows from the fact that, by definition,
two principal circle bundles are isomorphic if and only if the corresponding circle actions are
equivalent. ]

We will use the following result to endow manifolds with free circle actions with a Rieman-
nian metric of positive Ricci curvature, which is due to Gilkey—Park—Tuschmann [16], with
a preliminary version due to Bérard-Bergery [3].

Theorem 2.3 ([3, 16]). Let M be a closed manifold that admits a free circle action. Suppose
that M has finite fundamental group and the quotient space N (which is a closed manifold)
admits a Riemannian metric of positive Ricci curvature. Then M admits a Riemannian metric
of positive Ricci curvature that is invariant under the free circle action.

Finally, the following lemma will be useful for the homotopy classification of spin cohomol-
ogy S? x S5s.

Lemma 2.4. Let N be a manifold and let M — N be a principal circle bundle. Then m;(IN) =
mi(M) for all i > 3.

Proof. This is a direct consequence of the long exact sequence of homotopy groups of the
fibration M — N (see, e.g., [9, Corollary 6.44]), in combination with the fact that m;(S') =0
for all 7 > 2. [ |
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2.2 Simply-connected 6-manifolds

Closed, simply-connected 6-manifolds were classified under additional assumptions by Wall
[40, 41] (spin, torsion-free homology) and Jupp [24] (torsion-free homology) and in the gen-
eral case by Zhubr [45, 46]. Only the case of torsion-free homology will be relevant in this
article, so we will focus on Jupp’s classification.

For that, let IV be a closed, simply-connected 6-manifold with torsion-free homology. Then
H?(N) is a free abelian group on which we have the symmetric trilinear form uy: H?(N) x
H?(N) x H?(N) — Z defined by

IMN(‘Tl,.'EQ,ZEg) — <CL’1 ~— T2~ I3, [N]>7

where we chose an arbitrary orientation on V.
Further, we have the linear form p;(N): H?(N) — Z defined by the first Pontryagin class

pi(N)(z) = (pr(N) — =, [N])

and the second Stiefel-Whitney class wz(N) defines an element of H2(N;Z/2) = H*(N) ® Z/2.
Finally, the third Betti number b3(N), which is always even, defines a non-negative integer @.
The system of invariants assigned to N is the 5-tuple (H?(N), un,p1(N), wa(N), b3(2N)).

More abstractly, we call a 5-tuple (H, u, p, w,r) consisting of a finitely generated free abelian
group H, a symmetric trilinear form pu: H x H x H — 7Z, a linear form p: H — Z, an element
w € H ®7Z/2 and a non-negative integer r, a system of invariants. Two systems of invariants
(H,p,p,w,r) and (H',p/',p',w',r") are equivalent if r = r’ and there exists an isomorphism
¢: H — H' such that ¢*p/ = p, ¢*p' = p and ¢(w) = w'.

Note that the definition of the system of invariants (H*(N), un, p1(N), wa(N), %N)) depends
on a choice of orientation of N. Reversing the orientation of N results in replacing py and py (V)

by —un and —p1(NN), respectively. Since the systems of invariants

(HQ(N%MN,M(N),LUQ(N),W) and (HQ(N),—MN,—p1(N),w2(N),%QN)>

are equivalent via the isomorphism —id g2y, the choice of orientation does not need to be part
of the data.

Theorem 2.5 ([24]). Two closed, simply-connected 6-manifolds N1 and Ny with torsion-free
homology are diffeomorphic if and only if their systems of invariants are equivalent.

Moreover, a system of invariants (H, p,p,w,r) is realised by a closed, simply-connected 6-
manifold with torsion-free homology if and only if

u(W, W, W) =p(W) mod 48 (2.1)
for allW € H with W = w mod 2.
Note that, when w = 0, by setting W = 2z for any x € H, (2.1) becomes
dp(z,z,x) = p(x) mod 24, (2.2)

which is precisely the condition identified by Wall [40, Theorem 5] in the spin case.
The sphere S is the unique manifold with trivial system of invariants. Further manifolds we
will consider are as follows.

Lemma 2.6.

e system of invariants of the product X 18 equivalent to (Z,0,0,0,0).
1) Th f f th duct 8% x S* l 7,0,0,0,0
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(2) The system of invariants of the complex projective space CP3 is given by (Za, Leps,
P ((CP3),0,0), where a € HQ((CP3) = Z is a generator, and pcps and pp ((CP3) are
given by pcps(a,a,a) =1, p1 (CP?)(a) = 4.

(3) If N1 and Na are closed, simply-connected 6-manifolds with torsion-free homology, then
system of invariants of the connected sum N1#No is equivalent to

(H2(N2) @ H?(Na), jiy © iy, p1(N1) 6 pi (Na), (wp(N1), wa(N)), B slRe) )

Proof. This is well known, see, e.g., [32, Example 15.6] for the Pontryagin classes of CP?
and [35, Lemma 4.1.4] for the statement on connected sums. [

We will need the following result for the proof of Theorem D.

Proposition 2.7. Let N, N1 and Ns be closed, simply-connected 6-manifolds with torsion-free
homology such that bo(N) = 1 and either puy is non-trivial or N = S% x S*. Suppose that N1# N
is diffeomorphic to No#N. Then N1 and No are diffeomorphic.

For the proof we need the following lemma. For that, given a closed, simply-connected 6-
manifold N with torsion-free homology, we define the kernel ker(uy,p1(N)) € H?(N) of the

pair (1, p1(V)) by
ker(#Napl(N)) = {‘T € H2(N) | ,LLN(LU,y,Z) :pl(N>(‘T) =0forally,ze€ H2(N)}
Lemma 2.8. The kernel ker(un,p1(N)) is a direct summand inside H*(N).

Proof. It follows from the multilinearity of the form iy and the linearity of the form p; (V) that
K = ker(uy,p1(N)) is a subspace of H?(N). Further, by the elementary divisor theorem, there
exists a basis (u1,...,ux) of H*(N) and Ay, ..., \; € Nsuch that (Ajuq, ..., Auy) is a basis of K.
By definition, since A\ju; € K, we have u; € K and so \; = 1. Hence, K is a direct summand
in H2(N). |

Proof of Proposition 2.7. Set H; = H?(N;) and Hy = H?(Nz) and let a € H*(N) = Z be
a generator. Then, by Lemma 2.6, we can identify H2(N;#N) = H; ® Za and the trilinear
form pn,4n splits according to this direct sum. A diffeomorphism Ni#N — No#N induces
an isomorphism ¢: Hy ® Za — Hy @ Za such that ¢*un,4n = pn,#n. In particular, Hy and H»
have the same rank. Further, since b3(N;#N) = b3(N;) + b3(N), we have b3(N1) = bg(N2).

Now assume that gy is non-trivial. Let (uq,...,uy) be a basis of Hy and (v1,...,v;) a basis
of Hy. We write

o(u;) = Zuijvj + \ia, P(a) = Zﬂjvj + Aa

J J

with iy g, Ai, A € Z.

In the following, we will identify a trilinear form pu: H x H x H — 7Z with a bilinear map
HxH — H* =Hom(H,Z) via (z,y) — (z — u(zx,y, z)) and we will write xy € H* for the image
of (x,y) under this map. For example, we have a? = uy(a,a,a)a* € (Za)*, where a*(a) = 1.
We set a = pun(a,a,a), which, by assumption, is non-zero.

With this notation, we have u;a = 0, and hence

0= o(uy)o(a) = Z,uij,ugvjvg + MAa? = Z Lijfevive + Aidaa”.
Jit 5,0

Since vjvy € Hy, it follows that either A\; = 0 for all i or A = 0. We distinguish these two cases:



Free Circle Actions and Positive Ricci Curvature on Manifolds 7

Case 1: A; = 0 for all 7. In this case, ¢(u;) € Hy for all i. Hence, ¢ restricts to an
isomorphism ¢: H; — Hs, which, by assumption, preserves y and p;. Thus, the systems of
invariants (Hl,uNl,pl(Nl),wg(Nl), W) and (HQ,/LNQ,]h(NQ),’wQ(NQ), W) are equivalent
via ¢ and so N1 and Ny are diffeomorphic.

Case 2: X = 0. Since (¢p(u1),...,¢(u),d(a)) is a basis of He @ Za and ¢(a) has no
a-component, we can choose the basis (ui,...,ux) such that \y = 1 and \; = 0 for all
i €{2,...,k}. In particular, (¢(uz), ..., d(ux), #(a)) is a basis of Hy. Hence, there are vy, . .., 1,
v € Z with

P(ur) — a = vad(uz) + - - + vgd(ug) + vo(a)

and so
d(up — voug — - -+ — vpug) — a = vo(a).
Thus, if we replace uy by u; — voug — - - - — vguy, which still results in a basis (uq, ..., ux) of Hy,
we have
d(u1) = a+vo(a).
Hence,

0 = pn,an((u1), ¢(a), d(a))
= un,#nN(a, 9(a), p(a)) + vun,gn(d(a), ¢(a), ¢(a)) = va,

so v =0 and ¢(u1) = a. Since pn,4n splits according to the direct sum decomposition Ho ® Za,

the decomposition Hy @ Za = Zuy @ span(us, . .., ux) ® Za is therefore a splitting of pn, 4.
By defining the basis vy, ..., v so that ¢(a) = v; and ¢(u;) = v; for i = 2,..., k (recall that

(Pp(uz),...,d(ur), #(a)) is a basis of Hy), we therefore obtain that the isomorphism

¢: Zuy ® Hy ® Za — Za & Hy ® Zwvy

splits according to this decomposition, where we have set H{ = span(ug,...,u;) and H) =
span(vg, ..., vg). If N/ denotes the closed, simply-connected 6-manifold with torsion-free homol-
ogy with invariants (HY, un,| g, p1(Ni)| g wa(Ni)| g W), we therefore obtain that there is

a diffeomorphism
N#N{#N — N#NIHN

that preserves this connected sum decomposition. In particular, Ny = N{#N is diffeomorphic
to No = NJ#N.
Finally, assume that N = S% x S*. We set K; = ker(uy;,p1(N;)). Then, by Lemma 2.6,

ker(pun,#n,p1(Ni#N)) = K; @ Za.

By Lemma 2.8, there exists a complement H; of K; inside H;. We choose the complement H]
so that wy(N;) € H] mod 2 whenever wy(N;) ¢ K; mod 2. Hence,

¢: Hy & Ky ®Za— Hy® Ky ® Za

is an isomorphism that maps K; ® Za to Ky @ Za since ¢ preserves pun,xn and pi(N;#N).
Since ¢ also preserves wa(N;), we have we(N7) € Hi mod 2 if and only if wa(N2) € H) mod 2.
If pr ), denotes the projection to H) along this splitting, the composition

/ d)‘Hi / Pl /
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is therefore an isomorphism that preserves wa(N;) if wa(N1) € Hy mod 2. We claim that it
also preserves pn;|p; and pi(N;)|g;. Indeed, if we write ¢(z) = 2’ + zx with 2’ € Hj and
xx € Ko ® Za for x € H}, we have for z,y,z € Hj,

pN N (2, Y, 2) = pngan (0(2), 0(y), ¢(2) = pnyn (2 + 2y + yr, 2 + 2K)
= unon (29, 2") = g (Prag (6(2)), prag (6(y)), prigy (6(2)))

and

P1(N1#N)(x) = pr(No#N)(d(x)) = p1(No#N) (2" + xx)
= p1(No#N) (2') = p1(Na#N) (pryg (6()))-

Hence, H{ and H), are isomorphic via an isomorphism that preserves up,|m and p1(N;)|g.
Since both the trilinear and linear form are trivial on K; and wy(Ny) € Kl'l if and only if
wa(Na) € Ky, this isomorphism extends to an isomorphism between H; = H] @& K; and
Hy = H) & Ky that preserves up,, p1(N;) and wa(N;). It follows that the systems of invariants
(Hl, Ny s p1(IN1), wa(Ny), W) and (Hg, KNy, P1(N2), wa(Na), W) are equivalent and hence,
by Theorem 2.5, N1 and N, are diffeomorphic. |

Remark 2.9. The conclusion of Proposition 2.7 does not hold if we merely assume by(N) = 1.
For example, let N denote the unique closed, simply-connected spin 6-manifold with torsion-free
homology and invariants (Zz,0,242*,0,0) (which exists by Theorem 2.5 and (2.2)). Then, if
y € H? (52 X S4) denotes a generator and z; € H?(N) is a generator of the i-th N-copy in
N#N, the map

Yy — T — T2, T +— X9

induces a diffeomorphism between (52 X 54) #N and N#N, but N is not diffeomorphic to
5% x S% since p1(N) # 0.

3 Classification of spin cohomology §? X S5s

In this section, we classify spin cohomology S? x S°s up to orientation-preserving diffeomorphism,
homeomorphism and homotopy equivalence. For that we will use Kreck—Stolz s-invariants.
These were introduced and used by Kreck and Stolz in [26, 27, 28] to analyse closed, simply-
connected 7-manifolds M with H?(M) = Z, H3>(M) = 0 and H*(M) generated by the square of
a generator of H?(M). In particular, a spin cohomology S? x S° satisfies these conditions. The
invariants, denoted by s1, so and s3, are computed from characteristic numbers of a cobounding
manifold and take values in Q/Z. The oriented diffeomorphism type of a manifold is then
uniquely determined by s1, so and s3, and the oriented homeomorphism type by 28s1, s and s3
(see [26, Section 3]). We refer to [26, 27, 28] and [44, Section 2.2] for more details and basic
properties.

In our case, it will be more convenient to consider the modified invariant §3 = s3 —4so instead
of s3. Since s3 can be recovered from s3 and so, there is no loss in information when replacing s3
by §3. We obtain the following classification result.

Theorem 3.1.
(1) For spin cohomology S* x S®s, the invariants s1, sa, 33 take the following values:
1 1 . 1
sie (w2) )z, se (%) /7, 35e(?)/z.

Moreover, all of these values can be realised.
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(2) Let M and M’ be two spin cohomology S? x S°s, each equipped with an orientation.

(a) M and M’ are orientation-preserving diffeomorphic if and only if s1(M) = s1(M'),
so(M) = s2(M') and 53(M) = 83(M'). In particular, there are 28 - 12 -2 = 672
oriented diffeomorphism types of spin cohomology S? x S°s.

(b) M and M’ are orientation-preserving homeomorphic if and only if so(M) = so(M')
and 33(M) = 53(M’). In particular, there are 12 -2 = 24 oriented homeomorphism
types of spin cohomology S? x S°s.

(¢) M and M’ are orientation-preserving homotopy equivalent if and only if so(M) =
so(M') and 33(M) = 33(M") = 0, or 2s9(M) = 2s5(M’) and 33(M) = 33(M") = %. In
particular, there are 1246 = 18 oriented homotopy types of spin cohomology S? x S°s.

While the diffeomorphism and homeomorphism classification was essentially shown by Wang
in [42], to the best of our knowledge, Theorem 3.1 provides the first complete homotopy classi-
fication of spin cohomology S? x S°s. It makes use of work of Kruggel [30, 31] on the homotopy
type of certain simply-connected 7-manifolds.

Remark 3.2. Reversing the orientation has the effect of multiplying the invariants si, s
and $3 by (—1). Hence, we can derive the unoriented diffeomorphism, homeomorphism and
homotopy classification of spin cohomology S? x S%s from Theorem 3.1. In particular, there
are precisely 8 diffeomorphism types, 4 homeomorphism types and 4 homotopy types that ad-
mit an orientation-reversing diffeomorphism, homeomorphism and homotopy equivalence, re-
spectively. Consequently, there exist 340 diffeomorphism types, 14 homeomorphism types and
11 homotopy types of spin cohomology S? x S5s.

Example 3.3.
(1) Clearly, the manifold S? x S® is a spin cohomology S? x S°. Its s-invariants are given by
51(5% x S%) = 59(S% x %) = 53(5% x §°) =0,

see, e.g., [44, Lemma 4].

(2) Since m4(SO(3)) = Z/2, there exists a unique non-trivial linear S2-bundle over S®, which
we denote by S° X S? — S5, By applying the Gysin sequence, it can be seen that the
total space S° X S? is a spin cohomology S? x S°.

To calculate its invariants, we first note that S° x S is diffeomorphic to the Aloff-Wallach
space SU(3)/S!, where S' is embedded into SU(3) via

z
z z
1

Indeed, if we embedded SU(2) into SU(3) via A — (4 ) and identify SU(2) = 53, the
homogeneous fibration

§3 2 SU(2) < SU(3) — SU(3) / SU(2) = 5°

is a principal S3-bundle over S°. Hence, we obtain a linear S?-bundle over S° by taking
the quotient of the fibre SU(2) by the circle subgroup

(o)
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This shows that SU(3)/S! is either diffeomorphic to S? x S° or to S° x S2. By [27,
Lemma 4.4],! its s-invariants are given as follows:

1
s1(SU(3)/S") = s2(SU(3)/S") =0,  33(SU(3)/S") = 5
Hence, SU(3)/S' is not diffeomorphic to S? x S® and consequently it is diffeomorphic

to S° x S2. In particular,
(S F ) = a(FF S =0 (s F ) =L

(3) Let ©7 be the group of orientation-preserving diffeomorphism types of homotopy 7-spheres.
In [12] an isomorphism

p: ©7 — (52) /7

of groups is constructed. If ¥, denotes the homotopy 7-sphere with p(¥,) = 55, then
we have
r

s1(M#X%,) = s1(M) + T

for any spin cohomology S?xS® M since the invariants ; and s1 coincide for both homotopy
7-spheres and spin cohomology S? x S°s, see [26, Section 3] and [44, Lemma 4]. Further,
since M and M+#3X, are homeomorphic, we have

SQ(M#ZT) = 52(M)’ 53(M#Er) = §3(M)

3.1 The diffeomorphism and homeomorphism classifications
Items (1), (2a) and (2b) of Theorem 3.1 follow from the following.

Proposition 3.4. For a spin cohomology S* x S°, the invariants si, so, 33 take values in
(2—18Z) /Z, (%Z)/Z and (%Z)/Z, respectively, and all values can be realised.

Proof. It is shown in [42, Section 5] that there are at most 672 oriented diffeomorphism types
(resp. 24 oriented homeomorphism types) of spin cohomology S? x S°s. Further, explicit ex-
amples are constructed where so can take all possible values in (%Z) /Z, and S3 can take all
possible values in (%Z) /Z, while s; takes values in (%Z) /7.
Finally, we can realise all values of (%Z) /Z for s; since, if M is an arbitrary spin cohomology
52 x S°, we have
r
s1(M#%,) = s1 (M) + 5,
by (3) of Example 3.3. Thus, these examples cover all possible values of (%Z) /Z, (%Z) /Z and
(%Z) /Z for s1, sy and §3, respectively. In particular, since there exist at most 28 - 12 - 2 = 672
oriented diffeomorphism types of spin cohomology S? x S%s, these examples cover all oriented
diffeomorphism types. |

SQ(M#ET) = S2(M) and §3(M#Er) = 53(M)

Proof of items (1), (2a) and (2b) of Theorem 3.1. Part (1) is precisely the content of
Proposition 3.4. The diffeomorphism classification then follows from the fact that, by [28, Theo-
rem 1], the invariants s1, s2, §3 uniquely determine the oriented diffeomorphism type. Similarly,
for the homeomorphism classification, we use that, by [28, Theorem 1], the invariants 28s1, s2, 53
uniquely determine the oriented homeomorphism type. Since s; takes values in (%Z) /7, we
have 28s7 = 0 and hence it suffices to consider the invariants s and 3s. [ |

'Note that there is a typo in the formula for s3 in [27, Lemma 4.4]. The correct expression is given by
Sg(Nk,l) = %
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3.2 The homotopy classification

To prove item (2c) of Theorem 3.1, we will use the following:
Theorem 3.5 ([31, Theorem 0.1]). Let M and M’ be two spin cohomology S? x S°s.

(1) If my(M) = m4(M') = 0, then M and M' are orientation-preserving homotopy equivalent
if and only if 2s9(M) = 2s9(M’).

(2) If mg(M) = my(M') =2 7Z/2, then M and M’ are orientation-preserving homotopy equivalent
if and only if so(M) = so(M').

Hence, it remains to determine the fourth homotopy group of each homeomorphism type.
We will show that it is determined by §s.

Proposition 3.6. Let M be a spin cohomology S? x S°.
(1) If 53(M) =0, then ma(M) = Z/2.
(2) If 33(M) = 3, then my(M) = 0.

Proposition 3.6 together with Theorem 3.5 directly implies item (3) of Theorem 3.1. It
therefore remains to prove Proposition 3.6. Since its proof requires the results of Section 4, we
postpone it to Section 4.4 below.

4 Principal circle bundles

In this section, we prove the following two theorems, which directly imply Theorems A and B.
Theorem 4.1. Let M be a spin cohomology S? x S°.

(1) M admits a free circle action with spin quotient space if and only if there exist i,j € Z
such that (s1(M),s2(M),53(M)) = (%7 %70) or (s1(M), sa(M),53(M)) = (zisv {5 %)

(2) M admits a free circle action with non-spin quotient space if and only if there existi,j € Z
such that (s1(M), s2(M), 53(M)) = (. 2.0).

(3) Whenever M admits a free circle action, it admits infinitely many pairwise non-equivalent
free circle actions.

Theorem 4.2. Let M be a spin cohomology S? x S° whose s-invariants are of the form

(s1(M),s2(M),33(M)) = (&,%,0)  or
(51(M), s2(M), 53(M)) = (52, 22 0)  or
(51(M), 52(M), 35(M)) = (5, %5, 3)-

Then M admits infinitely many pairwise non-equivalent free circle actions and for each of these
actions an invariant Riemannian metric of positive Ricci curvature.

Remark 4.3. By comparing Theorems 4.1 and 4.2, we see that the spin cohomology S? x S°s
that admit a free circle action but are not covered by Theorem 4.2 are those with s-invariants

(Sl(M)’SQ(M)’§3(M)) = (%7 %30)7

which consist of 7 -3 = 21 oriented diffeomorphism types. It remains open whether these
manifolds admit Riemannian metrics of positive Ricci curvature that are invariant under a free
circle action, cf. Question 1.6.
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To prove Theorems 4.1 and 4.2, we first consider in Section 4.1 the possible 6-manifolds that
can arise as an orbit space of a free circle action on a spin cohomology S? x S°. We then restrict
to two types of manifolds: manifolds obtained as boundaries of certain plumbings of linear disc
bundles over spheres (which are spin) and linear S?-bundles over CP2. These are especially
useful for the proof of Theorem 4.2 since both classes of manifolds admit Riemannian metrics
of positive Ricci curvature. In Section 4.2, we then compute the s-invariants of principal circle
bundles over these manifolds and finish the proofs of Theorems 4.1 and 4.2.

4.1 Topology of the quotient space

The following result was established in [44].

Lemma 4.4 ([44, Lemmas 1 and 2]). A closed 6-manifold N is the orbit space of a free circle
action on a spin cohomology S? x S° with corresponding Euler class e € H?(N) if and only if
the following holds:

(1) N is simply-connected, has torsion-free homology and the only non-zero Betti numbers are
b()(N) = bG(N) =1 and bQ(N) = b4(N) = 2.

(2) The class e can be extended to a basis (e, f) of H*(N) such that for A = un(e,e,e),
B = punl(e,e, f), C = punle, f, f) we have AC — B? = £1.

(3) wa(N) =e mod 2 when N is non-spin.

In this case, we additionally know the following. Here, (e*, f*) denotes the dual basis of (e, f)
and we set D = un(f, f, f)-

(a) When N s spin, p1(N) = (24u +4A)e* + (24v +4D) f* for some u,v € Z, and A is even
and B, C are odd.

(b) When N is non-spin, p1(N) = (48u + A)e* + (24v + 3B + 6C + 4D) f* for some u,v € Z,
and A, C are even and B is odd.

Conwversely, any set of integers (A, B, C, D, u,v) satisfying AC — B?> = +1 and the parity condi-
tions in (a) (resp. (b)) defines a unique closed, simply-connected spin (resp. non-spin) 6-mani-
fold N with the properties (1)—(3) and (a) (resp. (b)).

Note that the value AC' — B? is the determinant of the bilinear form on H2(N) defined by
(z,y) — pun(x,y,e). It therefore does not depend on the choice of f, and we will denote it by
det(N,e).

We will focus on two specific families of 6-manifolds. The first one consists of manifolds

constructed in [37] that are obtained by plumbing, and the second one consists of linear S2-
bundles over CP2.

Lemma 4.5. For a triple A = (a1, a2, a3) € Z3, there exists a closed, simply-connected spin
6-manifold N4 with the following properties:

(1) The manifold N4 has torsion-free homology and the only non-trivial Betti numbers are
bo(N4) = bg(Na) =1 and bay(N4) = by(Na) = 2.

(2) There exists a basis (e1,e2) of H*>(N4) such that

MNA(el’el’el) = o o, KN4 (61761762) = —as,
/"[’NA(61)62762) — —013, ,U,NA(€27€27€2) = Q9 — OZ?,,
p1(Na) = 4(a1 — az)e] + 4(ag — as)es.
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Proof. This can be shown by verifying that the corresponding system of invariants satis-
fies (2.2). Alternatively, we can give an explicit geometric construction as follows.
We consider the following bipartite graph:

We now replace each labelled vertex with label a; with the linear D3-bundle over S* with
first Pontryagin class 4;[S%]*, and we replace the unlabelled vertex with the trivial D-bundle
53 x D* over S3. Plumbing these bundles according to this graph results in a 7-manifold whose
boundary N4 satisfies the conditions as claimed, see [37, Lemma 4.6 and Proposition 4.12]. W

We note that the manifold N4 remains unchanged under permutation (which corresponds to
a graph automorphism) and simultaneous multiplication by (—1) (which corresponds to a change
of orientation) of the triple (a1, as, as). We will therefore call two triples A, A’ € Z3 equivalent
if one can be obtained from the other by a permutation possibly followed by a simultaneous
multiplication by (—1). It was shown in [37, Proposition 4.12] that for any equivalence class of
triples [A] there can be at most one other equivalence class of triples [A’] such that N4 and N4/
are diffeomorphic. We will use this fact for the proof of part (2) of Theorem A.

Lemma 4.6. Let A = (a1,a2,a3) € Z3 and let e = \ey + pea € H?(N4) be primitive. Then e
can be extended to a basis (e, f) of H*(N4) such that (1)—(3) of Lemma 4.4 holds if and only if

det(Ny,e) = ~Najas — AM(oras + agasg — ajag) — plonas = +1.
In this case, the values of A, B, C, D, u, v are given as follows:
A= N(a; —a3) =3 \u(\+ p)az + pd(az — az),
B = N(—t(on — a3) — sag) + 2 u(t — s)ag + p?(tas + s(az — az)),
C = )\(tQ(al — as) + 2tsag — 82043) + ,u(—t2043 + 2tsas + 5% (g — ag)),

D = —t3(a; — a3) — 3ts(t — s)az + s3(an — a3),
_ A =MA 4N

) (on — ag) + AM(A; M) gy M- /2(1 + 1) (0 — as),
Y (1 - té(l +1) (0n — as) + ts(t2— s) a5 4 s(1— sf)i(l + s) (0 — ais).

Here s,t € Z are integers such that s\ +tu = 1.

Proof. The proof is a tedious but straightforward calculation using Lemmas 4.4 and 4.5. The
calculation for the value of det(Ny4,e) = AC — B? can be simplified as follows: Since AC — B?
is the determinant of the bilinear form (z,y) — pun,(7,y,e) on H?(N4), we can also compute
it from the basis (e1, e2) instead of (e, f), i.e.,

AC — B* = un, (e1,e1,€)un, (€2, e2,€) — pun, (e1, e, €)*. u
The second family of manifolds we consider is the following.

Lemma 4.7. For a pair (o, 5) € Z x {0,1}, there exists a closed, simply-connected 6-manifold
N(a,p) with the following properties:
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(1) N(a,p) has torsion-free homology and the only non-trivial Betti numbers are by (N(a’g)) =
b6 (Ma5)) = 1 and b2(N(a ) = b4(Na5)) = 2-
(2) There exists a basis (e1,e2) of H*(N(a)) such that

HN( g (er,e1,e1) =0, png, 5 (€1, €1,€2) =1,
N g (€1, €2,€2) = B, [N 5 (€2, €2, €2) = a + B,
wz(Na,g)) = (1= B)er mod 2,

P1(Nap)) = (4 + 3+ B)es.

Proof. As in Lemma 4.5, this can be shown by verifying that the corresponding system of
invariants satisfies (2.1). We give the following alternative construction.

We define IV, g as the total space of the linear S2-bundle over CP? with first Pontryagin
class (4da + ) [(CPZ] * and second Stiefel-Whitney class Sz mod 2, where z € H? ((CPQ) =7 is
a generator. The claim then follows from [36, Corollary 5.8]. [

By [37, Proposition 4.12], two different pairs (a, 8) # (o/, 8') define non-diffeomorphic man-
ifolds N4 8) # N(o,g)- Moreover, there are diffeomorphisms

Na,1) = N1,-1,0) (4.1)

for all & € Z, since the invariants coincide in this case (see also [37, Lemma 4.17]). Therefore,
for the purpose of defining orbit spaces for free circle actions on spin cohomology S? x S°s,
it will suffice to consider the non-spin manifolds N, ). Similarly to Lemma 4.6, we obtain
the following.

Lemma 4.8. Let o € Z and let e = Xey + ues € HQ(N(mO)) be primitive. Then e can be
extended to a basis (e, f) of H? (N(a,O)) such that (1)—(3) of Lemma 4.4 holds if and only if \ is
odd, u is even, and det (N(a,O)) = p?a— N2 = —1. In this case, the values of A, B, C, D, u, v
are given as follows:

A= pu(4Nt - 1), B = (4\* —1)s — 2),
C = —3ts\ +t + us’a, D = 3t?s + s%a,
w(l — p?)a as(l—s2)  sau(2u —s) n A — s+ 2t —2t%s — 32
= v = - .

12 ’ 6 4 4

Here s,t € Z are integers such that s\ +tpu = 1.

Proof. The proof is again a straightforward calculation. Here we have AC' — B? = p2a — A2
Since (3) of Lemma 4.4 is equivalent to u being even and A being odd, we have p?a — A2 = —1
mod 4, hence we cannot have p?a — A2 = 1. |

Remark 4.9. A subfamily of spin cohomology S? x S°s that admit a free circle action with
quotient space of the form N, g) can explicitly be described as follows. Let a € Z, € € {1} and
let E LN CP? be the sphere bundle of the complex vector bundle of rank 2 with Chern classes
c1(§) = az and c3(€) = ex?, where x € H?(CP?) = Z denotes a generator and we refer to [39,
Theorem A] for the existence of such bundles. In particular, ¢ is a linear S3-bundle over CP2.
Since the Euler class of ¢ is given by e(&) = co(€) = ex?, it follows from the Gysin sequence
that E¢ has the cohomology ring of S? x S°. Further, when a is odd, EZ is spin and hence EZ
is a spin cohomology S? x S° as noted in [29, Section 5]. In addition, the s-invariants of ES are
given in [29, (5.4)].
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Since € is the sphere bundle of a complex vector bundle, the group S' C C acts freely and
fibre-preserving on E. Since this action is the Hopf action on each fibre, we obtain that the
quotient space is a linear S%-bundle over CP?, i.e., a manifold of the form Na,p)-

To determine the values of & and 3, we need to determine the second Stiefel-Whitney class
and the first Pontryagin class of the linear S2-bundle Nap) = CP2. For that, we use that, by
construction, the classifying map CP? — BSO(3) of this bundle factors through the composition

CP? — BU(2) — BPU(2) = BSO(3),
where CP? — BU(2) is the classifying map of ¢, BU(2) — BPU(2) is induced by the quotient
map U(2) — U(2)/U(1) = PU(2), and the homeomorphism BPU(2) = BSO(3) is induced by
the exceptional isomorphism PU(2) = SO(3). Under this composition, the universal classes
we € H?(BSO(3);Z/2) and p; € H4(BSO(3)) map to

c1(§) =2 mod 2 € H*(CP*Z/2) and c1(8)? —4ex(§) = (a® —4e)a® € H4(CP2),

respectively, see [1, Lemma 3.2]. It follows that

fxr =ar=x mod 2 and (da+ B)z® = (a® — 4e)2?.

2_
Hence,a:“41—5andﬂ:1.

4.2 s-invariants of the total space

Given a closed 6-manifold N that satisfies (1)-(3) of Lemma 4.4, the principal circle bundle
over N with Euler class e is a spin cohomology S? x S°. Its s-invariants are given as follows.

Lemma 4.10. Let N be a manifold as in Lemma 4.4 and let N(e) be the spin cohomology
52 x S® that is the total space of the principal circle bundle over N with Euler class e. Then the
s-invariants of N(e) are given as follows:

1) If N is spin with det(N,e) = AC — B? = —1, then
(1)

9, . 2-3B(B—D) 3A(B-D)
s1(N(e)) = E(Cu 2Buv + Av®) + 1 u+ T
A A )
D+1 2C% - 2BD + D?
so(N(e)) = 2L 4 4% T ed 1,
2 24
D+1
55(N(e)) = T+ mod 1.

(2) If N is spin with det(N,e) = AC — B? =1, then

sgn(4) | 9 24+3B(B-D) 3A(B-D)

N(e)) = — (Cu® - 2B Av? —
s1(N(e)) 112 +14(C'u wv + Av®) + 14 u 11 v
A A
— + —(B-D)? d1
551 T 56! )" mod1,
D+1 20% —2BD + D? 14C?
s2(N(e)) = 5 u—A 51 +C 51 mod 1,
D+1
55(N(e) = 20~ mod 1.

2
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(3) If N is non-spin, then det(N,e) = AC — B? = —1 and

s1(N(e)) = —%(4Cu2 — 4Buv + Av?) + 13—4B(B +3C +2D)u
3
— g A(B+3C+2D)
-~ ﬁA(AC +6BC +4BD + 9C* +4D* +12CD) mod 1,
1
sa(N(e)) = —Q(BZC +3BC? — ABD — 3ACD — AD*> + C + C®) mod 1,

53(N(e)) =0 mod 1.

Proof. Items (1) and (3) are the content of [44, Lemma 3|. For item (2), it is shown in the
proof of [44, Lemma 3] that

s1(N(e)) = —iU(Me) + é%;G(AJF 2k + (k1) M;! (éﬁ))

1 1
1
so(N(e)) = 48<— (C D)Mm;? <’;> —1+2(C D)M;! (g) +4D+2(J> mod 1,

C

55(N(e)) = il + % (¢ D)yM ! <D

1
> —|—§D mod 1.

Here, k = 4A + 24u, | = 4D + 24v and M, is the matrix

A B
(48,

When det(N,e) = det(M.) = 1, the signature o(M,) equals o(M.) = sgn(A) since A and C
have the same sign and so

o(Me) = 2sgn(tr(M,)) = 2sgn(A).

Further,

. _( C -B
Me_(_B 5.

A tedious but straightforward calculation using that A is even, B, C are odd and AC — B2 =1
then finishes the proof. [ |

Lemma 4.10 allows us to prove the following result.

Lemma 4.11. In the setting of Lemma 4.10, the possible values of sa(N(e)) and S3(N(e)) are
as follows:

1. If N is spin with det(N,e) = —1, then
(s2(N(e)),33(N(e))) = (g,o), j=0,1,2, or
(s2(N(e)), $3(N(e))) = (%,%), j=0,...,5.

2. If N is spin with det(N,e) = 1, then
(s2(N(e)),33(N(e))) (%,o), j=0,1,2, or
(52(N(e),33(N(e) = (534,3),  7=0,...,5.



Free Circle Actions and Positive Ricci Curvature on Manifolds 17

3. If N is non-spin, then

(s1(N(e)), s2(N(e)),53(N(e))) = ({

ES

,2,0),  k=0,...,13, j=0,...,5.

N

In particular, there are at most 28 - (3 + 6 + 6) = 420 possible values of the s-invariants
(s1(N(e)), s2(N(e)),83(N(e))) when N is spin, 6-14 = 84 when N is non-spin, and 420+3-14 =
462 in total.

Proof. First, suppose that N is spin with AC — B> = —1. Since B is odd, we can write it as
B =2B’ +1 and hence

AC =B*-1=4B'(B' +1).
Since C' is odd, it follows that A is divisible by 8. Hence, if §3(/N(e)) = 0, we obtain

_A20*-2BD+D?
=3 ; =

for j = (202 — 2BD + D?), and if §3(N(e)) = , we obtain

s2(N(e))

Wl

3(D+1)u +2A202 —2BD+D* _j
6 8 6 6
for j = 3(D + 1)u+ 24 (202 — 2BD + D?).
Next, suppose that N is spin with AC — B? = 1. If 53(N(e)) = 0, we have that D is odd and
we obtain

s2(N(e)) =

202 —2BD + D? 14 C?
s2(N(e)) = —A o +C 51
_ 1 —é(202—23D+D2)+C
12\ 2

14+ C?
5 .
We now show that the term in the bracket is divisible by 4 and hence sy(N(e)) = % Indeed,
since B, C, D are odd, we have C?> =1 mod 4, BD = +1 mod 4 and D> =1 mod 4. Hence,
20 —2BD +D*=2+2+1=1 mod 4.

Moreover, since C'is odd, we have C? =1 mod 8 and therefore # =1 mod 4. Finally, since
AC =B?+1=2 mod 8, so éC =1 mod 4, we have that g = C mod 4. It follows that

2
1+2C E—g—FCEO mod 4.

—§(202 —2BD + D*) +C

# =1 mod 4 we obtain

If 53(N(e)) = 3., we have that D is even and again by using that

_D+1 _A202—23D+D2+C1+C2_1+2j
T 24 2% 12

s2(NV(e))
for

2 C(1+Cz)_1
j=3(D+1)u—‘§<02—BD+Z> I

Finally, suppose that N is non-spin. Then B is odd while A and C are even. In particular,
B?2 =1 mod 8 and all of A2, AC, C? are divisible by 4. It follows that

B%C +3BC? — ABD —3ACD — AD? + C + C?
=C - ABD — AD* 4+ C =2C — AD(B + D)= —~AD(B + D) mod 4.
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Since B is odd, D(B + D) is even, so —AD(B + D) = 0 mod 4. Hence, sa(N(e)) is of the
form %.
6

To analyse s1(/N(e)) when N is non-spin, we write s;(N(e)) = % and we obtain

k = —18(4Cu® — 4Buv + Av?) + 6 B(B + 3C + 2D)u — 3A(B + 3C + 2D)v
1 1
- iAD(B + D) — gAC(A + 6B +9C + 12D).
Since we have AC' — B? = —1, it follows as in the first case that AC is divisible by 8. Moreover,
since B is odd, D(B + D) is even as above. Hence, every term in this expression is even and
therefore k is even. [
4.3 Proof of the main results

We can now give the proof of Theorems 4.1 and 4.2. To show that all s-invariants in Lemma 4.11
can in fact be realised, we consider the manifolds N4 and N, o).

Proposition 4.12. Let M be a spin cohomology S? x S°.
(]—) If (SI(M)752(M)’§3(M)) = (iv%vo) or (SI(M)752(M)’§3(M)) = (21'8’ 6 2) then there
exist A = (a1, a9,a3) and e € H*(N4) such that det(Na,e) = —1 and M = Na(e).
(2) If (s1(M), s3(M), 55(M)) = (5, %,0) or (s1(M), sa(M), 55(M)) = (o, 532, ), then there
2

’ 28 12 02
erist A = (a1, a2,a3) and e € H*(Ny4) such that det(Na,e) =1 and M = Ny(e).

(3) If (s1(M), 52(M),33(M)) = (17,4

(o

,0) or (s1(M),sa(M),53(M)) = (L& ﬂ ,0), then
there exist a € Z and e € H* (N4 )) such that M = Ny, ) (e).

14 >

Proof. To calculate the s-invariants of the total spaces Na(e) and N, g)(e), one can combine
Lemma 4.10 with Lemmas 4.6 and 4.8. However, the resulting formulae appear to be highly
complicated (see, e.g., [13, Propositions 5.2 and 7.11] for some special cases). On the other
hand, a simple computer search shows that all the values as claimed are realised. The results of
such a search are given in Tables A.1-A.3 below. |

Finally, for part (3) of Theorem 4.1, we need the following algebraic result.
Lemma 4.13. Let T € N and S € Z. Then
(1) For any integer solution (X, u, a1, g, a3) of the equation
Apagas — AN+ pagas — p(A + p)asag = S, (4.2)

there exist infinitely many integer solutions of this equation in the congruence class of
(A, p, 1, 9, 3) mod T

(2) For any integer solution (X, j, ) of the equation
pra— A2 =8, (4.3)

there exist infinitely many integer solutions of this equation in the congruence class of
(A, g, ) mod T.

Proof. (1) First assume that A, g, (A 4+ p) # 0. We set A = Aoy, B = pag and C = (A + p)ag
Then (4.2) is equivalent to

AB - AC-BC =5,



Free Circle Actions and Positive Ricci Curvature on Manifolds 19

which in turn is equivalent to
(A-C)(B-0C)-C*=5.

For n € Z, we define A,, = A+n(A—-C), B, = B+n(2C+(n+1)(A-C)) and C, = C+n(A-C).
Then

(A, — Cp) (B, — Cp) — C?
=(A-C)(B—-C+n(2C+n(A-0C))) - (C+n(A-0C))?
=(A-0)(B—-C)—C*+n(A—C)(2C +n(A—C)) —2nC(A—C) +n*A-C)?
=8.

Hence, for n = mAp(A + p)T with m € Z, we obtain for

N W

o™ = ay +mu(A + u)(A - C)T,

g™ = an +mA\ + ) (2C + (n+ 1)(A - O))T,
o™ = ag +mAu(A - C)T

a sequence of solutions of (4.2) in the same congruence class of (A, u, a1, a2, 3) mod T.

Since we assumed that A, p, (A+ p) # 0, this sequence is constant in m only when A—C =0
and C' =0, i.e., A = C = 0 and therefore a; = a3 = 0. In this case the left-hand side of (4.2)
does not depend on ag, so we can freely choose its value. In particular we can assign infinitely
many values to ao while leaving it unchanged mod 7.

Finally, assume that one of A\, u, (A + p), say (A + u), vanishes. In this case the left-hand
side of (4.2) does not depend on a3, and as before we can freely choose its value.

(2) First assume p # 0. Then, for m € Z we set

A calculation shows that ()\(m),,u(m), oz(m)) is a sequence of solutions of (4.3) in the same con-
gruence class of (A, pu, ) mod T. Since u # 0, this sequence is non-constant.

Finally, if u = 0, the left-hand side of (4.3) does not depend on «, so we can freely choose its
value while leaving it unchanged mod 7. |

Proof of Theorem 4.1. The fact that the given s-invariants are the only possible s-invariants
of a spin cohomology S? x S% with a free circle action is the content of Lemma 4.11. These
values are also realised by Proposition 4.12, except if

(s1(M), 52(M), 55(M)) = (£, 5, 0).
In this case, we now construct a closed, simply-connected non-spin 6-manifold N with torsion-
free homology such that M = N(e) for some e € H2(N).

Set B=1,C=0,D=1andv =0, and let A € Z with A =2 mod 4 and v € Z be odd.
Then, by Lemma 4.4, there is a unique closed, simply-connected non-spin 6-manifold N realising
these values. Let e € H?(N) as in Lemma 4.4. Then, by Lemma 4.10, the manifold N(e) is
a spin cohomology S? x S% with invariants
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Since % is odd, 6s2(/N(e)) is an odd integer, and any odd integer mod 6 can be realised by
choosing A appropriately. Since u is odd, 7s1(N(e)) is an integer, and by choosing u appropri-
ately, any integer mod 7 can be realised.

Moreover, we have pi(N)(e) = 48u + A. Hence, since for each fixed triple (£, %,0) of
invariants we can choose w arbitrarily large, there are an infinite number of values realising
these values. This proves Theorem 4.1 in this case.

It remains to prove part (3) of Theorem 4.1 when the orbit space is of the form N4 or N, ¢).
Suppose first that M is a spin cohomology S? x S® that admits a free circle action with orbit
space of the form N4. By Lemmas 4.6 and 4.10, the s-invariants of N4(e) are polynomials in
(A, i, a1, g, avg) with rational coefficients. Let T be the least common multiple of the denomi-
nators of these coefficients. Then, by item (1) of Lemma 4.13, there exist infinitely many integer
tuples (X,,u’,a'l,o/z,ag) with

Np'ahaly = N (N + p)aloly — /' (N + 1) ool
= Apagag — AN+ p)ajas — p(A+ p)asas = £1

in the same congruence class mod T. It follows that there are infinitely many tuples A’ =
(N, i, o, o, afy) defining manifolds N4 and classes € € H?(Nas) such that Nas(e’) is a spin
cohomology S? x S® with the same s-invariants as M, hence Ny (e’) = M. By [37, Proposi-
tion 4.12], there are only finitely many triples (a1, ag, a3) defining diffeomorphic manifolds Ny.
Hence, there are infinitely many pairwise non-diffeomorphic manifolds N4 and classes ¢ €
H?(N ) with Na(e') = M. By Proposition 2.2, this proves part (3) in this case.

Finally, let M be a spin cohomology S? x S® that admits a free circle action with orbit space
of the form N, ). Here the argument goes along the same lines as in the previous case, where
we use item (2) of Lemma 4.13 to construct infinitely many values of (A, u, ), and we use [37,
Proposition 4.12] to deduce that N, ) and N, o) are not diffeomorphic when a # +a'. |

Proof of Theorem 4.2. As seen in the proof of Theorem 4.1, when M is a spin cohomology
S? x 8% with s-invariants as in Theorem 4.2, then M admits infinitely many pairwise non-
equivalent free circle actions such that each of these actions has quotient space of the form N4
or N(q,0)- Since manifolds of this form admit a Riemannian metric of positive Ricci curvature
by [36, Theorem B] and [18, Theorem 2.7.3|, the claim follows from Theorem 2.3. [ |

4.4 Proof of Proposition 3.6

Finally, we can give the proof of Proposition 3.6. For that, we first calculate the s-invariants
of total spaces of principal circle bundles over the manifolds N(_; 1 o) and N(, ). Recall that,
by (4.1), these are precisely all total spaces of linear S2-bundles over CP2.

Lemma 4.14. Let o € Z.

(1) We consider the manifold Ny with A = (—1,—1,a) and set e = e; — ea. Then Na(e) is
a spin cohomology S? x S° with s-invariants

s1(Na(e)) = s2(Na(e)) =0,  53(Nale)) = % mod 1.

In particular, No(e) = S? x S° when o is even and Na(e) = S° X S? when o is odd.

2) We consider the manifold N and set e = e;. Then N, e) is a spin cohomology
(ev,0) (0,0)
S? x S5 with s-invariants

51(N(a,0)(€)) = 52(N(a0)(€)) = 33(N(a,0) =0

In particular, N, 0)(e) = 5% x 5°.
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Proof. The proof is a tedious but straightforward calculation using Lemmas 4.6, 4.8 and 4.10.
The values of (A, B, C, D, u,v) are given by (0,—1,—1,—a—1,0,0) (with (s,t) = (0, —1)) in the
first case and by (0,1,0,a,0,0) (with (s,t) = (1,0)) in the second case. To identify the total
spaces with S2 x S° and S° x S% 22 SU(3), we use Example 3.3. [ |

Remark 4.15. In combination with Lemma 2.4, Lemma 4.14 allows us to compute the homo-
topy groups of the manifolds N, g), which might be of independent interest. Indeed, since the
manifolds N(, gy are simply-connected and Hj (N(aﬂ)) =~ 72, we have

™ (Nag) =0, m(Nag) = Z%

Further, since, by Example 3.3, S° x 52 is an S'-quotient of SU(3), it follows from Lemmas 2.4
and 4.14 (and using (4.1)) that for ¢ > 3,

e (N(a”g)) =y (5’2 X 55) = Wi(SQ) & 7ri(55) for =0, or =1 and « even,
and
i (N(a,)) = mi(SU(3)) for 5 =1 and « odd.

Proof of Proposition 3.6. We calculate w4 for each of the 24 oriented homeomorphism types
of spin cohomology S? x S%s.

We first consider the case §3 = % Tables A.1 and A.2 show that all 12 oriented homeomor-
phism types can be realised by manifolds of the form N_; _; 4)(e). More precisely, we extract
the following from Tables A.1 and A.2, respectively.

a1 as oz A W 128s1 1259 253 a1 ay az A W 128s1 1259 253
-1 -1 -1 0 -1| 0 0 1 -1 -1 13 4 -3 21 1 1
-1 -1 1 1 =225 2 1 -1 -1 3 2 —-1122 3 1
-1 -1 1 5 —13| 11 4 1 -1 -1 7 2 =310 5 1
-1 -1 1 2 5|14 ©6 1 -1 -1 7 3 =210 7 1
-1 -1 19 4 5|14 8 1 -1 -1 21 5 —-4|21 9 1
-1 -1 1 2 -1 3 10 1 -1 -1 1 0 -—-1] 1 11 1

This shows that all oriented homeomorphism types M with (so(M), 53(M)) = (%, 3) are of
the form N(_; _;4)(e) with @ odd. By Lemmas 2.4 and 4.14, we have

7T4(N(_17_17a)) = 7T4(S5 ; 52) = 7T4(SU(3)) =0

whenever « is odd. Hence, m4(M) = 0 by Lemma 2.4.

Now assume that M is a spin cohomology S? x S° with §3(M) = 0. It is shown in [31, p. 471]
that either mq(M) = 0 or my(M) = Z/2. Assume m4(M) = 0. Let M’ be the spin cohomology
S? x 8% with invariants

(51 (30, 52(), 55(00")) = (0 (M), sa(01). 3).

By Theorem 3.5, M and M’ are orientation-preserving homotopy equivalent, since, by the first
part of the proof, my(M') = 0 = my(M).

By [14, Corollary 4.3], the invariants 2se and s3 are oriented homotopy invariants. Hence,
also 83 = s3 — 4s9 is an oriented homotopy invariant. It follows that §3(M) = §3(M’), which is
a contradiction. Hence, mq(M) = Z/2.

Alternatively, if so(M) is of the form £, we can also use a similar proof as in the case 33 =

6
by using the manifolds in Table A.3 in combination with Lemmas 2.4 and 4.14.

.l\D\»—t
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5 Further results

First, we prove the following theorem, which directly implies Theorem D.

Theorem 5.1. Let M be a spin cohomology S* x S°. If M satisfies the hypotheses of (1) of
Theorem 4.1, then the manifolds

M#(-1)(S% x 5%) 4 (S® x %)

for all £ > 2, or £ =1 and m even, admit infinitely many pairwise non-equivalent free circle
actions and for each of these action an invariant Riemannian metric of positive Ricci curvature.

For the proof we need the following result.

Proposition 5.2. Let N be a spin manifold of dimension 6 and let M = N be a principal circle
bundle such that M is simply-connected. Then there are principal circle bundles

M#(p-1) (5% X %) #m (S? x §*) = N# (1) CP*#m (5% x 5°)
for all £ > 1 and all m > 0 even, and

M# (1) (8% % S°)#m (% x §*) = N#(5% x %) # (- CP s (57 x 5°)
for all £>2 and all m > 1 odd.

Proof. This is essentially the content of [44, Lemma 11]. For convenience, we give the proof
below.

Let e, € H?(N) be the Euler class of the principal circle bundle = and let a; € H?(CP?)
denote a generator for the i-th CP3-summand in Ny = N#(g_l)(CP?’#% (53 X 5’3). We set

etm = (er,01,...,a0-1) € HQ(N&m).

Let mpm: My, — Ny be the unique principal circle bundle with Euler class ey ,,,. Then, by
[15, Theorem A], we have a diffeomorphism

My = M#30,CP3% .. 43, ,CP3%mn %0 (S% x $%).

Here, 3B for a manifold B and a class e € H2(B) denotes the suspension operation of [10]
and [15], that is, Y.B is the result of surgery on the total space of the principal circle bundle
over B with Euler class e along a fibre using the non-standard framing.

Finally, by [15, Theorem B], we have diffeomorphisms

3, CP3 2 8% x S5 50(8% x §) 22 (8% x §H)#(5% x §%),
which proves the first case. The proof of the second case is analogous. |

Proof of Theorem 5.1. Suppose that M satisfies the hypotheses of Theorem 4.1. Then, it
was shown in the proof of Theorem 4.1 that there are infinitely many principal circle bundles
mi: M — N;, i € N, where N; is a family of closed, simply-connected 6-manifolds that are
pairwise non-diffeomorphic. By Proposition 5.2, there are infinitely many principal circle bundles

M# 1) (S X S°)#m (S x §%) = Nigt (o) CP*#m (S° x 5%
with £ > 1 and m > 0 even, and
M e-1) (5% % 8%)#m (% x S) = Nigt(5 x ")) CP #mo1 (57 x %)

with ¢ > 2 and m > 1 odd.
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By an iterated application of Proposition 2.7, for fixed ¢ and m, the families of manifolds
Ni#t(e-1)CP#m (5% x §%)  resp. Ni#t(S? x S*)#(1—2) CP*#m-1 (5% x 5?), ieN
2 2

are pairwise non-diffeomorphic. Hence, the circle actions on the total spaces are all pairwise
non-equivalent by Proposition 2.2.

Finally, all the base spaces admit Riemannian metrics of positive Ricci curvature, and hence,
by Theorem 2.3, the total spaces admit invariant Riemannian metrics of positive Ricci curvature.
Indeed, the manifolds N; in the proof of Theorem 4.1 are of the form N,, which admit core
metrics as defined in [7], see [36, Theorem B]. Further, also the manifolds CP3, S% x S* and
53 x §3 admit core metrics by [7, Theorem C], [36, Theorem C] and [8, Theorem B], respectively.
By [7, Theorem B], connected sums of manifolds with core metrics admit Riemannian metrics of
positive Ricci curvature. Hence, all the base spaces admit Riemannian metrics of positive Ricci
curvature. |

Finally, the following result illustrates why it is difficult in general to find suitable 6-manifolds
as base spaces for principal circle bundles with total space a spin cohomology S? x S°.

Proposition 5.3. Let M be a spin cohomology S% x S° and let N be the orbit space of a free
circle action on M. Suppose that N splits non-trivially as a connected sum N = N1#Ny. Then
both N1 and Ny are homotopy CP3s and M is homeomorphic to S* x S°.

Proof. By Lemma 4.4, N is simply-connected, has vanishing third Betti number and torsion-
free cohomology. Hence, the same holds for N; and Ns. It follows that N7 and Ny satisfy
ba(N1) = ba(N2) = 1, since otherwise it would follow from Theorem 2.5 that one of N7 and N,
is the 6-sphere S6.

Let e = Miz1+Xoxo € HQ(NI#NQ) >~ f2 (N) be the Euler class corresponding to the principal
circle bundle M — N. Since the number AC — B? in Lemma 4.4 is the determinant of the
bilinear form (y, z) — un(y, 2z, e) in the basis (e, f), we can equally compute it by considering
the basis (x1,z9) instead of (e, f). Here we obtain from (3) of Lemma 2.6

41 = AC — B% = det <MN($17$17€) ,U«N(xlax%e))
pn (T2, 1,€)  pn (T2, 2,€)
)‘U«LN (1’1 il 1’1) 0 )
= det LS
< 0 Aofin, (T2, T2, T2)

= MAopn, (21,21, 1) N, (T2, T2, T2).

Hence, all of \1, A2, pn, (1, 21,21), pin, (22, T2, x2) are equal to £1.
Now suppose that one of N;, say Ni, is non-spin. Then, by (3) of Lemma 4.4, we(N7) = 21
mod 2, so we have

adun, (z1,21,21) = a1p1(N1)(z1) mod 48
for all odd a; € Z by (2.1). In particular, we have
3p1(N1)(z1) = 27un, (21,21, 21) = 27p1(N1)(z1) mod 48,

so 24p1(N1)(z1) = 0 mod 48, thus pi1(Ny)(z1) is even. It follows that upn,(z1,21,21) =
p1(N1)(x1) mod 48 is even as well, which is a contradiction. Hence, both N7 and Ny are spin.

Since pn, (71, 21,71) = %1, it then follows that both N; have the cohomology ring of CP3
and hence are homotopy CP3s (see, e.g., [37, p. 41] and (2) of Lemma 2.6).

Finally, since the restriction of e to each Nj is primitive as A\; = %1, it follows from [15, Theo-
rems A and B] that M = M; #MQ#(S2 X 55), where M; is the total space of the principal circle
bundle over N; with Euler class A;x;. Each M; is a homotopy 7-sphere by [33, Lemma 6], so M is
of the form (52 X 55)#2 with ¥ a homotopy 7-sphere. Hence, M is homeomorphic to S?xS°. W
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A Tables
a1 az asg A u R8s112s22353 a1 a2 as A P8s112s2253 a1 az asg A p P8s112s22353
0o -1 -1 0O —-1/0 0 O -1 -1 -1 0 —-1{0 0 1 19 5 21 1 -2/0 6 1
19 13 -4 1 =711 0 0 9 3 —-13 1 —-8|1 0 1 47 5 =87 1 —-10/1 6 1
47 -7 —4 1 =712 0 O 47 3 7 1 -8/2 0 1 37 -5 -3 1 =712 6 1
23 2 5 1 -6/3 0 O 41 —-23-221 3 5|3 0 1 1 =27 -1 1 -2/3 6 1
43 33 =38 1 -3|4 0 0 29 11 —1531 3 —-8|4 0 1 19 9 341 1 —-2|14 6 1
19 3 -8 1 -9/5 0 O 43 31 3199 3 —-4|5 0 1 37 3 7 1 —-6|5 6 1
23 2 17 1 —-1006 0 O 11 -1 -1 1 —-4/6 0 1 29 23 -39 2 —-5|/6 6 1
43 2 13 1 —-18 7 0 O 23 5 51 1 -4} 7 0 1 5 -1 -1 1 -3|7 6 1
13 2 31 1 -6/8 0 O 29 —13 —-17 4 -7|8 0 1 47 5 11 1 -3|/8 6 1
3 2 —11 1 -2{9 0 O 13 11 -343 3 —-4}9 0 1 11 17 -7 1 -39 6 1
1 —6 -1 1 —-2{10 0 O 17 13 —2651 3 —4(10 0 1 13 17 =21 1 —-2{10 6 1
-1 -1 8 19 —27/11 0 O 37 13 -3 1 —16/11 0 1 29 -1 -1 1 —-6(11 6 1
1 —-24 -1 1 —-2{12 0 O 27 —5 =341 3 16|12 0 1 25 11 97 2 =3|12 6 1
17 -3 =2 1 —-5{13 0 O 23 -5 -3 1 —-5[13 0 1 1 -33 -1 1 —-2[13 6 1
27T =7 =2 1 —-11j14 0 O 43 —17 -3 1 —13/14 0 1 -1 -1 1 2 —=5|14 6 1
47 4 —-205 1 —12/15 0 O 23 -1 -1 3 —16/15 0 1 1 33 -1 1 —-2|15 6 1
19 9 -32 1 =-3{16 0 O 35 11 =57 1 —4|16 0 1 17 3 —-61 1 —-6[16 6 1
37 5 =26 1 —-9|17 0 O 45 17 137 3 —4|17 0 1 13 7 —-17 1 =-3|17 6 1
29 7 38 1 -3{18 0 O 15 11 1979 3 —4|18 0 1 21 —17 =13 1 —-2|18 6 1
23 14 -13 1 —4(19 0 O 7 1 3 1 —-4{19 0 1 1 -3 -1 1 —-2{19 6 1
37 9 =52 1 —-5{20 0 O 37 3 121 1 —12(20 0 1 11 3 13 1 —-2{20 6 1
41 14 -51 1 —4(21 0 O 41 5 13 1 —4(21 0 1 41 -1 -1 1 —-7/21 6 1
1 -30 -1 1 —-2(22 0 O 1 1 —-11 3 —4]22 0 1 27 17 —-131 1 —-2(22 6 1
43 38 —99 1 —-2(23 0 O 41 -9 =59 1 4123 0 1 43 17 —137 1 —-3[(23 6 1
11 1 2 1 —-3{24 0 O 41 17 =7 1 —-9(24 0 1 3 1 5 1 —2(24 6 1
41 6 59 1 —6(25 0 O 29 11 89 3 —4|125 0 1 43 7 361 1 —-6|25 6 1
1 18 -1 1 —-2{26 0 O 13 —-31 -3 1 —-5(26 0 1 5 3 —-29 1 —-2{26 6 1
47 8 —451 1 —-6|27 0 O 29 43 1151 4 —-3|27 0 1 1 9 -1 1 —2(27 6 1
43 —-25 -8 1 =50 4 0 7 13 —-181 2 -—-1|{0 2 1 7 23 =37 4 —-5|0 8 1
13 -4 -5 1 -2|{1 4 0 1 =37 -1 1 -2|1 2 1 13 19 2597 23 —16/ 1 8 1
1 10 -1 1 =212 4 0 29 17 —-197 1 -2 2 2 1 29 17 —-11 1 -5}/ 2 8 1
43 22 -1891 1 -2 3 4 O 1 29 -1 1 -2{3 2 1 47 7 59 4 =233 8 1
1 -8 -1 1 -2|4 4 0 29 11 91 1 -2/4 2 1 1 1 —1639 41 —40 4 8 1
19 10 =379 1 —-2|5 4 O 1 1 -1 1 -2/5 2 1 29 11 —401 4 —-1115 8 1
1 —-26 -1 1 -2{6 4 0 9 11 —-139 1 -2|6 2 1 31 29 —461 5 —-4|6 8 1
35 16 373 1 =27 4 0 1 -7 -1 1 =217 2 1 7 5 233 4 5|7 8 1
1 —44 -1 1 =28 4 0 37 17 419 1 -2/{8 2 1 89 71126379 4 -5 8 8 1
19 14 -59 1 -2/9 4 0 1 =25 -1 1 =219 2 1 35 23 739 7 -89 8 1
1 22 -1 1 —-2{10 4 O 37 47 —61 1 —-2(10 2 1 1 -7 =71 16 —17/10 8 1
35 -8 —11 1 —-2(11 4 0 1 —43 -1 1 —-2(11 2 1 41  43—-22331320 —19]11 8 1
1 4 -1 1 —-2(12 4 0 19 17 —-43 1 —-2(12 2 1 47 37 2951 7 -—-8|12 8 1
43 16 125 1 —-2(13 4 0 1 23 -1 1 —-2113 2 1 17 13 =275 8 —-7|13 8 1
1 —-14 -1 1 —-2{14 4 O 19 35 —443 2 —-1|14 2 1 -1 -1 19 4 —5114 8 1
37 34 45791 13 —14{15 4 O 1 5 —1 1 —-2(15 2 1 11 13 —953 5 —4|15 8 1
1 -32 -1 1 —-2]16 4 O 47 13 =7 1 —11116 2 1 7 13 107 5 —4|16 8 1
7 11 -2 1 =517 4 O 1 —-13 -1 1 —2(17 2 1 1 1 —1 5 —13/17 8 1
1 34 -1 1 —-2{18 4 0 1 13 —-19 1 -2|18 2 1 31 37 —3277 5 —4|18 8 1
13 10 —-37 1 —-2{19 4 0 1 —-31 -1 1 -2{19 2 1 41 35 —2609 4 —-5[19 8 1
1 16 -1 1 —-2{20 4 O 29 -37 67 1 1120 2 1 47 41 —2267 4 —-5|20 8 1
14 29 811 2 —-1(21 4 O 1 —49 -1 1 —-2/21 2 1 23 7T 47 13 =32(21 8 1
-1 -1 4 41 —25/22 4 0 37 7 29 2 —=7122 2 1 23 17 1117 4 —-5|22 8 1
46 35 —733 8 —-T|23 4 0 1 17 -1 1 -2{23 2 1 43 35-10033 4 —-5|23 8 1
1 —-20 -1 1 —-2(24 4 0 35 17 1189 1 —-2{24 2 1 29 23 13339 4 —5(24 8 1
8 19 101 2 —1125 4 0 -1 -1 1 1 —-2(25 2 1 37 29 -311 5 —4|25 8 1
1 -38 -1 1 —-2(26 4 0 47 5 —11 1 —14{26 2 1 19 23 2719 8 —-7|26 8 1
32 29 —-53 2 —1(27 4 O 1 —-19 -1 1 =227 2 1 29 37 7153 5 —4(|27 8 1
1 —-28 —1 1 —-2{0 8 0 37 =23 -7 1 =50 4 1 13 7 —181 1 —-2]0 10 1
29 32 -53 1 -2|{1 8 O 37 29 7153 4 —-5|1 4 1 1 19 -1 1 —-2|1 10 1
1 —46 -1 1 =212 8 0 23 19 2719 7 —-8|2 4 1 19 7 53 1 -2} 2 10 1
19 8 101 1 -2{3 8 0 29 37 =311 4 —-5|3 4 1 -1 -1 1 2 —-1|13 10 1
1 20 -1 1 -2{4 8 0 23 2913339 5 —4(4 4 1 17 35 1189 2 —-1|4 10 1
35 46 —733 7 —-8|5 8 0 35 43-10033 5 —4|5 4 1 1 —-17 -1 1 —-2[5 10 1
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-1 -1 4 25 —4116 8 0 17 23 1117 5 —-4|6 4 1 7T 29 37 7 =56 10 1
29 14 811 1 =27 8 0 47 7 19 13 =29 7 4 1 1 =35 -1 1 -2|7 10 1
1 -16 -1 1 =28 8 0 31 25-15499 4 —-5|8 4 1 37 =29 —67 1 1|8 10 1
37 =10 =13 1 =219 8 0 31 7 227 4 179 4 1 1 31 -1 1 -2/9 10 1
1 -34 -1 1 -2]10 8 0 37 31 -3277 4 -—5|10 4 1 19 —-13 -11 1 -2(10 10 1
37 20 —493 1 -2|11 8 O -1 -1 1 5 —13/11 4 1 1 13 -1 1 —-211 10 1
1 32 -1 1 —-2]12 8 0 13 7 107 4 —-5(12 4 1 7 —13 —47 10 —11j12 10 1
34 37 45791 14 —-13/13 8 O 13 11 —953 4 —-5|13 4 1 1 -5 -1 1 —-2{13 10 1
1 14 -1 1 -2/14 8 0 1 1 -19 4 -5|14 4 1 35 19 —443 1 -—-2|14 10 1
16 43 125 2 —-1(15 8 O 13 17 =275 7 =815 4 1 1 =23 -1 1 —-2/15 10 1
1 7 -4 1 -5|16 8 O 37 47 2951 8 7|16 4 1 43 —-17 =19 1 -—-2|16 10 1
1 8 =35 1 =217 8 O 43 41-22331319 —20/17 4 1 1 —41 -1 1 —-2(17 10 1
1 =22 -1 1 -2]18 8 0 23 31 1847 17 —16/18 4 1 47 37 —-61 2 —-1|18 10 1
1 2 =5 1 -8|19 8 O 23 35 739 8 -7|19 4 1 1 25 -1 1 -2{19 10 1
1 —40 -1 1 -2{20 8 O 71 89126379 5 —4(20 4 1 43 23 —659 1 —-2|20 10 1
11 4 29 1 -2121 8 O 5 7T 233 5 —4(21 4 1 1 7 -1 1 —-2(21 10 1
1 26 -1 1 —-2(22 8 0 29 31 —461 4 5|22 4 1 13 5 43 1 —-2(22 10 1
10 19 =379 2 -—-1(23 8 O 47 37 11593 4 -5|23 4 1 1 —-11 -1 1 —-2(23 10 1
1 8 -1 1 -2{24 8 0 1 1 —1639 40 —41|{24 4 1 11 29 91 2 —1|24 10 1
5 2 19 1 =226 8 O 37 17 181 13 —17/25 4 1 1 =29 -1 1 —-2[25 10 1
1 -10 -1 1 —-2/26 8 0 11 —-17 -29 4 —-5(26 4 1 17 29 —197 2 -—-1(26 10 1
5 4 —-13 1 -2(27 8 O 19 13 2597 16 —23/27 4 1 1 —47 -1 1 —2{27 10 1

Table A.1. List of the 252 spin cohomology S? x S°s of the form Na(e) with det(Na,e) = —1,
sorted by their s-invariants

a1 az  as A p R8s112s52253 a1 a2 Qs A p P8s112s2253 a1 az Qs A R8s112s52253
0o -1 1 0 —-1/0 0 O 31 19 707 2 —-3|{0 1 1 -1 -1 7 3 =210 7 1
23 5 =72 1 =51 0 O -1 —1 157 13 —12/1 1 1 19 —43 109 2 1|1 7 1
25 —12 -1 1 —-24/2 0 O 7 11 —-289 5 -3/ 2 1 1 19 263 47 62 =332 7 1
7 8 -3 1 —413 0 O 5 1 -1 0 —-113 1 1 11 5 361 7 —15/3 7 1
12 -1 1 0 —-1/4 0 O 47 —-41 —-17 1 =314 1 1 13 17 2269 14 —111 4 7 1
3 1 -2 1 =55 0 O 25 19 —-43 3 —-7|5 1 1 11 13 6007 7 —-6|5 7 1
23 12 =553 1 =216 0 O 31 19 431 5 —-6|6 1 1 -1 -1 43 7 —6|6 7 1
27 1 —-14 1 =297 0 O -1 —1 553 24 —-23 7 1 1 29 7 271 1 —4|7 7 1
6 -1 1 0 —-1/8 0 O 47 7 79 1 -6/8 1 1 -1 -1 31 6 —5/8 7 1
23 38 -33 1 —-219 0 O 47 =23 -1 1 —46/ 9 1 1 19 —-17 =31 3 —4|9 7 1
47 7 =192 1 —-7|10 0 O 35 —17 -1 1 —-34/10 1 1 17 25 —-11 1 =310 7 1
37 7 162 1 —-5[11 0 O 17 =13 379 3 4 |11 1 1 41 7 —-11 1 —-10/11 7 1
18 1 -1 0 —-1(12 0 O 89 193-16823127 —58 12 1 1 11 43 71 3 —1(12 7 1
37 —10 -3 1 —-10[{13 0 O -1 -1 421 21 —20/13 1 1 5 1 7 1 —4(13 7 1
9 —4 -1 1 -8{14 0 O 17 13 3481 7 —-9|14 1 1 -1 -1 91 10 —9(14 7 1
11 1 -6 1 —13[/15 0 0 -1 -1 73 9 8|15 1 1 11 17 1123 3 —2|15 7 1
18 -1 1 0 —-1|16 0 O 1 -5 -1 1 —10/16 1 1 277 257—13603 5 —6[16 7 1
21 —-10 -1 1 —-20(17 0 O 23 19 —-11 1 —4|17 1 1 43 19 185 3 —4|17 7 1
7 4 =57 1 =218 0 O 19 11 251 2 -=-3|18 1 1 7 11 463 3 —-2|18 7 1
7 3 —-16 1 -=-3|19 0 O 11 1 -1 0 —-1|19 1 1 37 49 5711 9 -—-7|19 7 1
6 1 -1 0 —1/20 0 O 1 1 =79 47 —42(20 1 1 -1 —1 463 22 —21120 7 1
37 —18 -1 1 =-36/21 0 O -1 -1 13 4 =321 1 1 43 29 —7483 2 —-3|21 7 1
39 1 —-20 1 —-41122 0 O 47 7 19 1 —-3(22 1 1 -1 —1 1123 34 —-33/22 7 1
30 47 —217 2 —-1|23 0 O 29 19 989 7 —-10{23 1 1 19 13 593 3 —4(23 7 1
12 1 -1 0 —1|124 0 O 35 —17-397 1 2|24 1 1 47 43 —9037 22 —25/24 7 1
3 1 —18 1 =37/25 0 O 13 37 =361 3 —-1|25 1 1 19 13 —1483 2 3|25 7 1
23 1 —-12 1 —-25/26 0 O 137 —24719427163 90|26 1 1 5 13 37 10 —-7|26 7 1
45 =22 -1 1 —44{27 0 O -1 -1 1 0 11|27 1 1 49 23 —221 2 —-5|27 7 1
14 1 -1 0 —-1/0 4 O -1 -1 111 11 —-1000 3 1 43 —-21 -1 1 —42(0 9 1
17 —-32 -5 1 —4]1 4 0 15 -1 1 0 —-1|1 3 1 -1 —1 381 20 —-19/1 9 1
34 —-19 =31 2 -3|2 4 0 87 191 1955 2 —-1|2 3 1 19 -9 -1 1 —18 2 9 1
4 —-19 -7 2 -3/3 4 0 29 3 49 1 -9/3 3 1 9 1 -1 0o —-1/3 9 1
16 -1 -1 2 —-9/4 4 0 21 1 —-11 1 —-2314 3 1 23 11 507 1 —-2|4 9 1
47 7 =2 1 =315 4 0 9 1 -5 1 —-1115 3 1 47 =37 =87 1 1|5 9 1
34 23 -4693 2 —-3|6 4 0 —1 —1 2451 50 —49, 6 3 1 3 -1 -1 1 =26 9 1
29 —14 -1 1 =287 4 0 33 1 —-17 1 =35 7 3 1 -1 -1 273 17 —16/ 7 9 1
23 43 —-14 1 —-3|8 4 0 -1 —1 3783 62 —61] 8 3 1 27 —13 -1 1 —26/8 9 1
5 -2 -1 1 —-4{9 4 0 3 -1 1 0 -119 3 1 23 9 83 1 -2{9 9 1
47 —26 163 1 2110 4 0 33 17 —1123 1 —-2|10 3 1 41 9 949 2 —-9|10 9 1
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47 31 -10 1 -7|11 4 O 49 3 =313 2 -=33|11 3 1 39 5 —-223 1 -8|11 9 1
4 1 -1 0 —-1(12 4 O 1 3 -17 2 —-9|12 3 1 53 89 =555 2 -—1|12 9 1
11 19 -2 1 —-7/13 4 0 21 19 —47 1 =213 3 1 -1 -1 813 29 —28/13 9 1
25 14 359 5 8|14 4 O -1 -1 651 26 —-25/14 3 1 15 —49 -13 1 —-2|14 9 1
41 10 547 1 —4|15 4 O 13 1 3 1 =815 3 1 —1 —1 1641 41 —40[15 9 1
4 -1 -1 2 =516 4 O 89 53 =555 1 =216 3 1 5 -1 -1 5 —22/16 9 1
17 1 2 1 7|17 4 0 5 3 =31 1 =217 3 1 43 17 =39 1 —4|17 9 1
10 7 —421 2 =318 4 O 49 25 -2451 1 -2|18 3 1 17 33 —-1123 2 —-1(18 9 1
22 31 =337 6 —=T7|19 4 O 17 1 -9 1 -19(19 3 1 3 1 -1 0 —-1{19 9 1
8 1 -1 0 —-1{20 4 O -1 -1 183 14 —-13/20 3 1 21 37 =311 2 -—-1{20 9 1
17 -8 =91 1 221 4 O 21 -1 1 0 —-1|121 3 1 -1 -1 21 5 —4|21 9 1
41 —-20 -1 1 —40[22 4 O -1 -1 3 2 —-1122 3 1 47 -9 —-13 1 —=2|22 9 1
44 25 10267 4 -7|23 4 O 37 —47 87 1 1(23 3 1 39 —-19 -1 1 3823 9 1
2 1 -1 0 —-1(24 4 O 11 23 507 2 —-1|24 3 1 7 3 43 1 -2{24 9 1
5 1 4 1 -3{256 4 O 9 -1 1 0 —-1|125 3 1 19 25 -3 1 -8(25 9 1
22 19 -193 2 -—-3|26 4 O 45 1 —-23 1 —-47126 3 1 191 87 1955 1 —2|26 9 1
16 11 —1057 2 —=3(27 4 O 37 =25 -9 1 —4j27 3 1 -1 -1 57 8 721 9 1
14 -1 1 0 -1{0 8 O -1 -1 7 2 =30 5 1 13 -7 61 1 2|0 11 1
8 5 241 2 =-3]1 8 O 41 19 187 2 -3|1 5 1 -1 -1 1 0 —-1/1 11 1
19 22 -193 3 -2{2 8 O 37 5 13 3 =102 5 1 247 —13719427 90 163| 2 11 1
31 11 =256 1 —-3|3 8 O 37 =7 =5 3 —1313 &5 1 37 13 =361 1 —=3|3 11 1
2 -1 1 0 —-1{4 8 O 43 47 —9037 25 —22/ 4 5 1 17 =35 397 2 1|4 11 1
25 44 10267 7 —4|5 8 0 43 5 =121 1 -9 5 5 1 37 43 8423 10 -9 5 11 1
43 —22 631 1 2|6 8 0 47 43 32647 14 —15/ 6 5 1 37 =19 469 1 2|6 11 1
31 8 =331 1 —4|7 8 0 29 43 -7483 3 2|7 5 1 13 -1 -1 1 —4|7 11 1
8§ -1 1 0 —-1{8 8 O 47 31 8743 2 -3|8 5 1 1 1 =79 42 —47/ 8 11 1
31 22 =337 7 -6/9 8 0 49 37 5711 7 =919 5 1 11 -1 1 0 —-1/9 11 1
7 10 —421 3 -—-2|10 8 O 11 7 463 2 =310 5 1 11 19 251 3 —-2|10 11 1
31 —16 331 1 2|11 8 O 11 1 5 2 —1711 5 1 49 —-25 817 1 2 |11 11 1
31 1 —-16 1 =-33/12 8 0 257 277-13603 6 —5[12 5 1 37 1 =19 1 =39[12 11 1
43 20 =31 1 —4|13 8 O 19 5 —-127 1 —-4|13 5 1 31 17 253 3 —4|13 11 1
23 22 -893 5 —-6|14 8 O 35 23 4831 2 3|14 5 1 13 1 -7 1 —15/14 11 1
37 8 79 1 —4|15 8 0 29 19 3307 2 -—-3|15 5 1 31 23 857 3 —4(15 11 1
4 -1 1 0 —-1{16 8 O 43 11 71 1 =-3/16 5 1 193 89-16823 58 —12716 11 1
13 2 7 1 —4|17 8 O 31 11 =35 1 —4|17 5 1 13 —-17-379 4 3 |17 11 1
7 1 —4 1 -9]18 8 0 17 —-11 -7 2 5|18 5 1 5 37 —-11 2 -3|18 11 1
9 7 —-100 1 =-3{19 8 O 31 17 =19 1 —-4|19 5 1 49 17 —-625 1 -=3|19 11 1
43 -8 59 1 6(20 8 O 31 -1 -1 1 -6{20 5 1 41 29 —1427 2 -—-3|20 11 1
9 1 —-10 1 -21j21 8 O 17 7 55 2 =3|21 5 1 7T -1 1 0 —-1f21 11 1
14 11 —-18 2 —-3|22 8 O 43 -1 -1 1 =722 5 1 31 19 —2209 3 5|22 11 1
37 7T 26 9 —-29/23 8 O 13 11 6007 6 —-7(23 5 1 43 —-19 =25 4 7|23 11 1
13 1 2 1 -3|24 8 O 41 25 28993 11 —18 24 5 1 17 41 —47 2 -=-3|24 11 1
7 19 —4 1 -3{26 8 O 1 7 —-1027 5 —-8|25 5 1 5 -1 1 0 —1(25 11 1
31 2 -5 1 -22(26 8 O 47 19 263 29 —62/26 5 1 47 19 =2977 2 5|26 11 1
43 1 —22 1 —45/27 8 0 43 11 —631 1 —4|27 5 1 1 1 -1 1 —3{27 11 1

Table A.2. List of the 252 spin cohomology S? x S°s of the form N(e) with det(Na,e) = 1,
sorted by their s-invariants

o A p P8s112s22353 o A p R8s112s22353 o A p P8s112s2253 o A p P8s112s9253
0 1 0|0 O O 26 51 1010 2 O 10551689 —52|22 4 0 410 81 4 |12 8 O
333 73 —4|2 0 0 182 27 —-2|14 2 O 1958 177 —4 |24 4 0 203 57 4 |14 8 0
132 23 2|4 0 O 122 243 22|18 2 0 95 39 —4|26 4 0 380 39 —2|16 8 0
3 7 —416 0 0 2 3 —2(122 2 O 30 11 —-212 6 O 101 201 —20(18 8 O
12 7 218 0 0 170 339 —26/26 2 0 30 11 2|6 6 0 992 63 —2|20 8 O
33 23 —4|10 0 O 14 15 —4|0 4 0 6 5 =210 6 0 689 105 4 |22 8 O
72 17 2 |12 0 O 473 87 —4|2 4 0 6 5 2114 6 0 272 33 —21(24 8 O
105 41 —4|14 0 O 20 9 214 4 0 10 19 —-6[18 6 0 95 39 4 (26 8 0
18 17 —4]16 0 O 689 105 —4| 6 4 0 306 35 2|22 6 O 3014 549 —10| 2 10 O
495 89 —4|18 0 0 992 63 2 |8 4 0 870 59 2 |26 6 0 3782 123 2 | 6 10 O
12 7 —-2120 0 O 5 9 —4|10 4 0 20 9 —-2/0 8 O 26 51 —10/10 10 O
3 7 4 122 0 0 410 81 —4|12 4 0 473 87 4 2 8 0 182 27 2 (14 10 O
2 17 12124 0 O 203 57 —4|14 4 0 68 33 4|4 8 0 650 51 2 |18 10 O
39 25 —4126 0 O 1040 129 —4|16 4 O 115672151 —20| 6 8 O 110 21 2 |22 10 O
3782 123 -2 2 2 0 2525 201 —4(18 4 O 248 63 4|8 8 0 2 3 2126 10 0
110 21 -2|6 2 O 380 39 2|20 4 0 5 9 4110 8 0

Table A.3. List of the 63 spin cohomology S? x S°s of the form N(a,0)(e), sorted by their
s-invariants
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