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Abstract. We provide an algebraic characterization of transitive, finite-dimensional alge-
braic Lie pseudogroups (or D-groupoids) that are algebraically integrable, that is, isogenous
to the action groupoid of an algebraic group action. Our approach is based on the differ-
ential Galois theory of rational connections. Under suitable hypotheses on the Lie algebra
of the D-groupoid, its algebraic integrability is equivalent to the triviality of the differen-
tial Galois group of its D-Lie algebra. Furthermore, we investigate the structure of highly
non-integrable D-groupoids, demonstrating that if the differential Galois group of the linear
differential equation of their D-Lie algebra is large enough, then they are minimal in the
sense that they admit no nontrivial sub-D-groupoids of positive dimension.
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1 Introduction

There is a longstanding family of problems concerning the integration of linear infinitesimal
structures into non-linear ones that dates back to the classical fundamental theorems of Lie,
which established a correspondence between Lie algebras and Lie groups [17], the problem of
the integrability of non-linear Lie equations [16, 21, 22], and the integration of Lie algebroids
into Lie groupoids [12]. In this work, we address the problem of the algebraic integrability of
the system of PDEs defining an algebraic Lie pseudogroup (or D-groupoid), in relation to the
algebraic integrability of its linearized equations (or D-Lie algebra). The question of algebraic
integrability reduces to determining when a D-groupoid reduces to a classical algebraic group
action. We say that such a D-groupoid is algebraically integrable if it is isogenous to an algebraic
group action (see Definition 3.2). Previous works, such as [5], established criteria for these kinds
of reductions in specific contexts (parallelisms) and under additional hypotheses (normality of
the Lie algebra). In contrast to algebraically integrableD-groupoids, we findD-groupoids that do
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not admit nontrivial sub-D-groupoids; we call such D-groupoids minimal (see Definition 3.14).
The first proof of the minimality of a D-groupoid was given in [10]. The goal of this paper is to
formalize and exploit the following principle:

Under suitable hypotheses on its infinitesimal structure, a transitive finite-dimensional D-
groupoid behaves like an algebraic group action exactly when its associated D-Lie algebra has
a finite Galois group; in the opposite direction, a nontrivial Galois group forces minimality
properties and rigidity of product actions.

More precisely, let G be a transitive finite-dimensional D-groupoid acting on an algebraic
variety M . Its Lie algebra Lie(G) is endowed with a connection ∇Lie(G). Theorems 3.10 and 3.11
assert that G is isogenous to the action of an algebraic group if and only if Gal

(︁
∇Lie(G))︁ is a fi-

nite group. These theorems provide an algebraic, transitive, and finite-dimensional analogue to
the integrability theorems for Lie pseudogroups and Lie algebra equations (see [16, 21, 22]) and
establish an equivalence between the complete integrability of the non-linear equations defin-
ing a pseudogroup and the corresponding linear equations of its Lie algebra. Furthermore, our
findings align with the Morales–Ramis–Simó theory (see [20] and references within), which con-
nects the integrability of Hamiltonian dynamical systems to the differential Galois integrability
of their linearized equations. Our work fits into this framework by interpreting the algebraic
integrability of non-linear Lie equations through the lens of their linearized counterparts and
the finiteness of their differential Galois groups.

In a second part, we investigate the action of G, or its cartesian product Gn, on Mn. The-
orems 3.19 and 3.20 explain the scarcity of sub-D-groupoids in the cartesian product of non-
integrable D-groupoids. There is an interesting remark by Lie [17, Chapter 25] stating that
the diagonal action on R2 of the pseudogroup of transformations in one variable cannot be
described using differential equations; thus, the diagonal pseudogroup is not, in general, a Lie
pseudogroup.

An interesting related result is Corollary 3.23, which states that for D-groupoids with cen-
terless Lie algebras, a necessary and sufficient condition for their algebraic integrability is the
existence of the diagonal subpseudogroup in the Cartesian product action as a D-groupoid. This
corollary must be compared with [19, Theorem 2], where B. Malgrange gives a characterization
of algebraic groups among simply transitive D-groupoids: if the diagonal action of Lie(G) on M2

has algebraic leaves intersecting each fiber of the projections generically in one point then G is
isogenous to an algebraic group action. His proof uses Bialynicki–Birula’s version of strongly
normal extensions [1] and seems very different from the proof given here.

Remark 1.1. A reader familiar with Cartan geometry through the perspective of C∞ Lie
groupoids equipped with multiplicative Cartan connections, in the sense of Blaom, Crainic,
Fernandes, Mărcuţ, Salazar and Struchiner [2, 3, 4, 13, 14], will notice significant analogies. Our
D-groupoid approach is “from above” dealing with finite-dimensional submanifolds G ⊂ Aut(M)
defined by Lie equations, while the Lie groupoid approach proceeds “from below” starting from
Lie groupoids G endowed with a multiplicative Cartan connection [13, Definition 3.9]. For
a D-groupoid G, there is a tautological involutive Cartan connection given by

σxy ↦→ dx(jσxy|G)(TxM).

On the other hand, Blaom [4, Section 2.3] has shown that involutive Cartan connections can
be integrated to pseudoactions that are representations of the Lie groupoid into Aut(M). Such
a representation is locally injective, but not injective in general, nor is its image necessarily
a submanifold of Aut(M) determined by a system of PDE’s. In other words, the pseudogroup
generated by the pseudoaction does not need to be a Lie pseudogroup. The comparison of these
two approaches opens a number of interesting questions.
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Remark 1.2. The theory of finite-dimensional D-groupoids is closely related to the theory of
finite-dimensional differential algebraic groups (D-groups). A result of Buium [8, Chapter 5,
Theorem 3.6] shows that connected, centerless D-groups are isomorphic, in the sense of differen-
tial algebraic geometry, to algebraic groups. Our results and examples on minimality show how
this result does not generalize to the context of D-groupoids.

2 Preliminaries

We recall the necessary background on D-groupoids, foliations, parallelisms, and Galois theory
of fields with operators, and we refer the reader to Malgrange [19], Casale and Blázquez-Sanz [5],
Casale [9], Bia lynicki-Birula [1], and [10] for details. Throughout this section, let M be a smooth
irreducible algebraic complex variety of dimension n.

2.1 D-groupoids or algebraic Lie pseudogroups

A Lie pseudogroup is a pseudogroup (a set of local diffeomorphisms closed under composi-
tion, inversion, restriction, and gluing of compatible maps) that is defined by a system of
PDE’s satisfying some regularity conditions. In the algebraic geometry framework, one can
drop the regularity condition and the singular version of Lie pseudogroups will be called D-
groupoids. By definition, a D-groupoid acting on an algebraic variety M is an algebraic Lie
pseudogroup on some dense Zariski open subset of M . There are several equivalent formal-
izations of this idea; here we will follow the exposition given in [7, Section 2], which is more
convenient for our applications as it makes systematic use of the principal structure of the frame
bundles.

2.1.1 k-frame bundles and k-jet groupoids

Let M be a smooth complex and irreducible algebraic variety of dimension n. A k-frame rx in M
is a k-jet of a local biholomorphism

(︁
Cn, 0

)︁
→M defined around 0 ∈ Cn; its base point x ∈M

is the image of 0. The space of k-frames forms a principal bundle RkM → M modeled over
the algebraic group Γk of k-jets of local automorphisms of

(︁
Cn, 0

)︁
that naturally acts on RkM

by composition on the right side. Note that RkM is a smooth algebraic variety of complex
dimension n

(︁
n+k
n

)︁
, and Γk is an affine algebraic group of complex dimension n

(︁(︁
n+k
k

)︁
− 1

)︁
. The

field C(RkM) is referred to as the field of rational differential functions of order ≤ k. The term
differential here expresses that the functions in RkM may depend on the derivatives of functions
in M with respect to the Cartesian coordinates ε1, . . . , εn in

(︁
Cn, 0

)︁
.

Example 2.1. Let Cn = M with coordinates x1, . . . , xn. Then, a k-frame is the k-jet jk0 r of
a local biholomorphism r : (Cn, 0) → M , r(ε) = (X1(ε), . . . , Xn(ε)), where the functions Xj(ε)
are assumed to be, without loss of generality, polynomials of degree ≤ k

Xj(ε) =
∑︂

0≤|α|≤k

1

α!

∂|α|Xj

(∂ε)α
(0)εα.

By defining xj:α(r) =
∂|α|Xj

(∂ε)α (0) we obtain a system of n
(︁
n+k
k

)︁
coordinates {xj:α}|α|≤k on RkCn;

where xj:α represents the α-th derivative of xj with respect to ε = (ε1, . . . , εn). By the inverse
function theorem, RkM identifies with the complement in Cn(n+k

k ) of the hypersurface defined
by {det

(︁
xj:ϵj

)︁
= 0}, that is, the vanishing of the Jacobian. Here ϵj represents the unit vector

in Nn with j-th coordinate equal to 1. The field of rational differential functions of order ≤ k
is C(xj:α | |α| ≤ k).
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Simultaneously, we may consider the groupoid Autk(M) of k-jets of local biholomorphisms
defined around any base point in M . This set has the natural algebraic structure of a smooth
variety of dimension n + n

(︁
n+k
k

)︁
. Each element σxy ∈ Autk(M) has a source x ∈M and a target

y ∈M , and two of them may be composed if their respective target and source points coincide,
so that Autk(M) has a natural groupoid structure, moreover, Faà di Bruno’s formula1 shows
that Autk(M) is an algebraic groupoid (meaning in the category of schemes over C).

Example 2.2. As in Example 2.1, let Cn = M with coordinates x1, . . . , xn. An element
of Aut(M) is jkxσ, the k-jet of a local biholomorphism σ : (M,x) → M , x + ε ↦→ σ(x + ε) is
also given by σ(x1 + ε1, . . . , xn + εn) = (Y1(ε), . . . , Yn(ε)), where the Yj(ε) are polynomials of
degree ≤ k of the coordinates

Yj(ε) =
∑︂

0≤|α|≤k

1

α!

∂|α|Yj
(∂x)α

(0)εα.

By defining yj:α(σ) =
∂|α|Yj

(∂x)α (0), we obtain a system of n + n
(︁
n+k
k

)︁
coordinates {xj , yj:α}|α|≤q

in Aut(Cn), where yj:α represents the α-th derivative of yj with respect to x = (x1, . . . , xn).
The field of rational functions in Autk

(︁
Cn

)︁
is C(xj , yj:α | |α| ≤ k).

However, we can arrive at the algebraic structure of Autk(M) by an alternative path, taking
into account that any pair of frames jk0 rx, jk0 ry can be composed to produce a k-jet of biholomor-
phism jkxσ = jkx

(︁
ry ◦ r−1

x

)︁
. Any k-jet of biholomorphism can be recovered as such a composition

in a unique way, up to an element of Γk, which allows us to reconstruct Autk(M) as the quotient
by the diagonal action Autk(M) ≃ (RkM ×RkM)/Γk.

This is the groupoid of gauge isomorphisms of fibers of the principal bundle RkM → M .
Each k-jet of biholomorphism jkxσ can be interpreted as a Γk-equivariant map from (RkM)x
to (RkM)σ(x), where the application of jkxσ to a k-frame rx is just its composition jk0 (σ ◦ rx),
which yields a k-frame at y.

Now, we may consider Zariski closed subgroupoids of Autk(M), but that notion would not
be enough to allow us to define D-groupoids. Instead, we will consider Zariski closed subsets
that are groupoids on the generic points.

Definition 2.3. A rational subgroupoid of Autk(M) is a Zariski closed subset G ⊂ Autk(M)
such that

(a) There is an open subset M ′ ⊂M such that G|M ′ = G ∩Autk(M ′) ↦→M ′×M ′ is a smooth
algebraic groupoid.

(b) For any open subset U ⊂M the intersection G|U = G ∩Autk(U) is dense in G.

There is a fundamental relationship between rational groupoids and algebras of rational
functions on RkM . To each rational groupoid G ⊂ Autk(M), we can assign a field of rational
differential invariants of order ≤ k

Inv(G) = {f ∈ C(RkM) | f(r) = f(σ ◦ r) for all σ ∈ G, r ∈ (RkM)s(σ) ∩ dom(f)}.

Reciprocally, for any rational differential function f ∈ C(RkM), we can define its groupoid of
symmetries Sym(f) as the Zariski closure of the set

{σ ∈ Autk(M) | f(r) = f(σ ◦ r) for all r ∈ (RkM)s(σ) ∩ dom(f)}

and for any set of rational functions F ⊂ C(RkM), Sym(F) =
⋂︁

f∈F Sym(f). Then, as a partic-
ular case of [6, Proposition 2.18], we have the following statement.

1Faà di Bruno formula gives explicit expressions for the higher-order derivatives of the composition of functions.
See, for instance, [23].
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Proposition 2.4. The assignments G ; Inv(G) and F ; Sym(F) are inverse bijective cor-
respondences between the sets of rational subgroupoids of Autk(M) and Γk invariant subfields
of C(RkM) containing C.

For a given rational subgroupoid (s, t) : G →M ×M , there is a Zariski open subset M ′ ⊆M
such that G|M ′ = (s, t)−1(M ′ × M ′) is a smooth algebraic Lie subgroupoid of Autk(M ′).
For x, y ∈M ′, we denote Gxy = (s, t)−1({(x, y)}), which is a principal homogeneous space with
the right action of the algebraic group Gxx and also with the compatible left action of Gyy.

We also denote Gx• = s−1({x}), G•x = t−1({x}) and Gxy = (s, t)−1({(x, y)}). Then we have
that t : Gx•|M ′ → M ′ is a Gxx-principal homogeneous space where the action is given by the
composition.

2.1.2 D-structure of frame bundles

The implicit derivation with respect to the standard coordinates in
(︁
Cn, 0

)︁
induces n canonical

differential operators, δi : C(RkM)→ C(Rk+1M).

In order to see these differential operators as derivations of a field, we take the inverse
limit RM = lim←−RkM of the sequence

· · · → R3M → R2M → R1M → R0M = M

as a proalgebraic variety. Elements of RM are formal frames that may or may not be convergent.
RM → M is a principal bundle modeled over the proalgebraic group Γ = lim←−Γk of formal
automorphisms of

(︁
Cn, 0

)︁
. The field of rational functions in RM is

C(RM) =
⋃︂
k≥0

C(RkM)

and thus, the implicit derivative operators become derivations. By setting D = {δ1, . . . , δn} the
set of implicit derivative operators, we have that (C(RM),D) is a D-field in the classical sense
of Kolchin.

2.1.3 Definition of D-groupoid

Now let us define Aut(M) as the inverse limit of the sequence

· · · → Aut3M → Aut2M → Aut1M → Aut0M = M ×M.

The elements of Aut(M) are formal biholomorphisms of M on itself, which may or may not be
convergent. By a closed subset in Aut(M), we mean a closed subset in the initial topology with
respect to the projections Aut(M) → Autk(M). Such a closed subset is a sequence of Zariski
closed subsets Z = {Zk}k∈N such that

(a) Zk ⊆ AutkM .

(b) Zk+1 dominates Zk by projection.

Definition 2.5. A closed subset G = {Gk}k∈N ⊂ Aut(M) is a D-groupoid of transformations
of M if and only if

(a) For all k, Gk is a rational subgroupoid of AutkM .

(b) For all f ∈ Inv(Gk) and δ ∈ D we have δf ∈ Inv(Gk+1).
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This means that if G is a D-groupoid and we consider the field of invariants of any order

InvD(G) =
⋃︂
k≥0

Inv(Gk),

condition (b) in Definition 2.5 is equivalent to the assertion that InvD(G) constitutes a D-
field. We have a correspondence again, between D-groupoids and differential fields, given in [7,
Proposition 2.16].

Proposition 2.6. The assignment G ; InvD(G) is a bijective correspondence between the set
of D-groupoids of transformations of M and Γ-invariant D-subfields of C(RM) containing C.

From Kolchin theorem [15], any differential subfield of a finitely generated differential field
is finitely generated as a differential field. In particular, there exists k such that InvD(G) is
generated by Inv(Gk) as a differential field. This k is the order of G, and thus G is completely
determined by Gk.2

2.1.4 DM -structure of Aut(M) and its Kolchin topology

In the original approach to D-groupoid by B. Malgrange [18], the definition is different. We give
an overview of Malgrange definition and refer to [11] for the proofs.

This alternative definition makes use of the DM -structure of Aut(M). Here, by DM we
understand the noncommutative ring of differential operators in C(M) spanned by the Lie
algebra of rational vector fields X(M). The main point here is that any vector field in M can be
extended to a total derivative operator that differentiates functions of Autk(M) into functions
of Autk+1(M). If X is a rational vector field in M , then

Xtot : C(Autk(M))→ C(Autk+1(M)),
(︁
Xtotf

)︁(︁
jk+1
x σ

)︁
= X⃗x

(︁
f ◦ jkσ

)︁
.

In particular, derivations that are well defined in some OM (U) will give us derivations of the
ring of regular functions in Autk(U), this being an open subset of Autk(M).

For the sake of simplicity, let us assume that M is an affine space, there are n regular vector
fields linearly independent at each point of M , that is, the module of derivations of OM is free
of rank M . The general case should be worked out locally.

An ideal J ⊂ OAut(M) is a DM -ideal if for every function f ∈ J the total derivatives
of f are also in J . A subset Z = {Zk}k∈N ⊂ Aut(M) is Kolchin closed if it is the set of
zeros of a DM -ideal. Kolchin closed subsets are also termed DM -varieties. An alternative, and
historically original [18], definition for D-groupoid goes as follows. A D-groupoid in M is a DM -
variety G = {Gk}k∈N ⊆ Aut(M) such that for all k, Gk is a rational subgroupoid of Autk(M).

2.1.5 Lie algebra of a D-groupoid

There is a unique way to extend a vector field X on M , seen as a derivations of C(M), to
a Γk invariant derivation of each C(RkM) that commutes with the canonical D-structure D =
(δ1, . . . , δn). The extension X(k) is completely determined by the equations X(k+1)δjI = δjX

(k)I.
The flow of the vector field X(k) in RkM codifies the flow induced on the space of frames RkM
by the flow of X on M . Moreover, the vector field X(k) is Γk-invariant. The dynamical inter-
pretation of X(∞) is just the flow induced by the flow of X on the frame space, in the sense

X(k)
(︁
jk0 rx

)︁
=

d

dt

⃓⃓⃓⃓
t=0

jk0 (exp(tX) ◦ rx).

2The system of partial differential equations Gk ⊂ Autk(M) determining G is known in the mathematical
literature as a Lie equation [16, 21].
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In the product RkM ×RkM we may consider the vector field
(︁
0, X(k)

)︁
that represents X(k)

acting on the second component. This vector field is Γk-invariant, and it has a projection by the
canonical quotient map RkM ×RkM → Autk(M),

(︁
jk0 rx, j

k
0 ry

)︁
↦→ jkx

(︁
ry ◦ r−1

x

)︁
. We define ˜︁X(k)

as its projection on Autk(M). The dynamical interpretation of ˜︁X(k) is the post-composition
with the flow of X

˜︁X(k)
(︁
jkxσ

)︁
=

d

dt

⃓⃓⃓⃓
t=0

jkx((exp tX) ◦ σ).

Let us consider the linear bundle Jk(TM/M) → M of k-jets of vector fields. The value
of ˜︁X(k) at ex = jkx id depends only on the k-jet of X at x. Therefore, we have a well-defined
regular map

ιk : Jk(TM/M)→ T (Autk(M)), jkxX ↦→ ˜︁X(k)(ex).

This map identifies the space
(︁
Jk(TM/M)

)︁
x

with TjxId(Aut(M)x•).
3

However, this prolongation process can be carried out to infinite order, so that from a vector
field X in M we obtain a Γ-invariant derivation X(∞) of the field C(RM) and a derivation ˜︁X(∞)

of the field C(Aut(M)). Then, we have the limit

lim←−Lie(Gk) = Lie(G) ⊂ J(TM/M),

which is, on the generic point of M , an involutive linear system of partial differential equations
in the linear bundle TM/M and a bundle of Lie algebras.

Definition 2.7. For a D-groupoid G, we denote by Lie(Gk) = ι−1
k (TGk) ⊂ Jk(TM/M), and

by Lie(G) = lim←−Lie(Gk) ⊂ J(TM/M).

Lie(Gk) = ι−1
k (TGk) is an algebraic family vector spaces Lie(Gk) → M which at the generic

point is a vector bundle over M whose rank is the dimension of Gk minus n. The fiber of Lie(Gk)
at x is the vector space of k-jets of vector fields X having the property

d

dt

⃓⃓⃓⃓
t=0

jkx(exp tX) ∈ T (Gk)x•.

That is, the flow of X near x gives a local parametric group of transformations which is tangent
to Gk.

Note that the k-jet at x of a Lie bracket [X,Y ] depends on the (k+ 1)-jets at x of the vector
fields X and Y . Therefore, we do not obtain a bundle of Lie algebras, our Lie bracket takes
values on jets of smaller order

Lie(Gk+1)×M Lie(Gk+1)→ Lie(Gk),
(︁
jk+1
x X, jk+1

x Y
)︁
↦→ jkx [X,Y ].

However, this bracket defines a Lie bracket on fibers of Lie(G) called the fiberwise bracket.
The term D-Lie algebra will be used for Lie(G) endowed with the fiberwise bracket. As a Lie
algebroid, Lie(Gk) is endowed with a bracket on its sheaf of sections. This bracket is known as
the Spencer bracket. See [18] for a comparison of the two brackets.

The equations defining Lie(G) can be found in terms of the differential invariants of G

Lie(G) =
{︁
jxX ∈ J(TM/M) | X(∞)InvD(G) = 0

}︁
.

Note that if the differential invariants of G are preserved by X(∞) then the flow of ˜︁X(∞)

in Aut(M) is tangent to G.

3This is the usual definition of the Lie algebroid of the Lie groupoid Autk(M), and thus Jk(TM/M) → M can
be seen as a realization of the Lie algebroid of Autk(M). However, the Lie algebroid bracket is somehow different
from the Lie algebra structure that we find in the sections of Lie(G).
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2.2 Finite-dimensional D-groupoids

In this paper, we are interested in D-groupoids of finite dimension.

Definition 2.8. A D-groupoid G = {Gm}m∈N ⊂ Aut(M) is said to be of finite dimension if
its sequence of projections stabilizes at some integer ℓ ∈ N, meaning that for all m ≥ ℓ, the
projections Gm+1 → Gm are isomorphisms, in this case, we have

G ≃ · · · ≃ Gℓ+1 ≃ Gℓ → Gℓ−1 → · · · →M ×M.

Remark 2.9. It is important to distinguish the stabilization step ℓ from the intrinsic order
of the D-groupoid (the order of the system of differential equations determining it). Through-
out this paper, for a finite-dimensional D-groupoid G of order q, we will always fix an inte-
ger k ≥ max(ℓ, q). This choice ensures that G is both completely determined by and faithfully
represented by its k-th component, G ≃ Gk.

Definition 2.10. Let G be a finite-dimensional D-groupoid. A point x ∈ M is regular for G if
there is a Zariski open neighborhood M ′ ⊂ M of x such that G|M ′ ⊆ Aut(M ′) is a smooth Lie
groupoid.

Given a finite-dimensional groupoid G ⊂ Aut(M), the dimension of G over M is the dimension
of the fibers of the source s, or the target t projection. We have dimM (G) = dim(G)− dim(M).
We will say that G is 0-dimensional or finite if dimM (G) = 0.

2.2.1 Adapted frames

Let G ⊂ Aut(M) be a finite-dimensional transitive4 D-groupoid. We also fix and order k large
enough so that G ≃ Gk, and such that G is determined by its differential invariants of order ≤ k.
Without loss of generality, after restriction to a suitable open subset, we also assume that Gk is
a Lie subgroupoid of Autk(M).

From now on, we identify G with its truncation to order k. However, it is important to remem-
ber that any element σxy ∈ G is an actual germ of local biholomorphism σxy : (M,x)→ (M,y),
completely determined by its k-jet jkxσxy ∈ Gk.

Let us fix a point x, and lets recall that Gxx is the stabilizer group of x in G.5 In the transitive
case, the moving frame method gives us an effective way of computing all differential invariants.
Note that the group Gxx acts on the space of frames on x, (RkM)x by composition. Let us fix
a frame jk0 rx ∈ (RkM)x. It induces isomorphisms

i1 : Γk → (RkM)x, jk0γ ↦→ jk0 (rx ◦ γ),

i2 : Γk → Autk(M)xx, jk0γ ↦→ jkx
(︁
rx ◦ γ ◦ r−1

x

)︁
that conjugate the action of Gxx in (RkM)x with the action of the algebraic subgroup Γ′

k =
jk0
(︁
r−1
x Gxxrx

)︁
⊂ Γk on Γk. Therefore, we have the existence of the quotient V = (RkM)x/Gxx ≃

Γk/Γ
′
k.

Proposition 2.11. The map I : RkM → V , jk0 ry ↦→ [σxy ◦ ry], where σxy is any element of
Gxy, is a well-defined regular map, invariant by the action of G, and it identifies Inv(G) with
C(V ). For any v ∈ V , the preimage I−1({v}) with its projection to M is a reduction of the
bundle RkM →M to a subgroup of Γk isomorphic to Gxx. All these principal bundles are
isomorphic.

4In the sense that G0 = M ×M .
5Since G is transitive, all the points have isomorphic stabilizer groups.
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Definition 2.12. Let G be a finite-dimensional D-groupoid such that G ↪→ Autk(M). Let us
assume that G is also a smooth Lie groupoid. Let I : RkM → V be a complete differential
invariant map as in Proposition 2.11. Each bundle of the form I−1({v}) → M from v ∈ V is
called a bundle of adapted frames for G.

Remark 2.13. From [9], it follows that this phenomenon actually represents the general situ-
ation for transitive Lie groupoids: every such groupoid arises as the groupoid of symmetries of
a meromorphic geometric structure.

2.2.2 D-Lie algebra and Lie algebroid

Here we assume that G is of finite dimension dimM G = r, and G ≃ Gk is a smooth Lie
subgroupoid of Autk(M). Therefore, we have Lie(G) ≃ Lie(Gk) ⊂ Jk(TM/M), and then
Lie(G) → M is a linear bundle of rank r of Lie algebras. The contact system on the jet
bundle T

(︁
JkM/M

)︁
induces by restriction to Lie(G) → M a flat linear connection ∇Lie(G), and

it is stable under the Lie bracket in the sense that the Lie bracket of any two horizontal sections
is also a horizontal section.

Horizontal sections of ∇Lie(G) are of the form jX : x ↦→ jxX, where X is a vector fields in M
whose flow is in G. We say that X is an infinitesimal generator of G. The elements of the Lie
algebra Lie(G)x are the germs at x of the infinitesimal generators of G.

Remark 2.14. A reader familiar with Lie algebroid perspective will notice that
(︁
Lie(G),∇Lie(G))︁

is a locally symmetric Cartan algebroid in the sense of [2, Section 2.5] or a twisted Lie algebra
action as in [4, Section 2.5].

2.2.3 Example: Projective structures on the complex line

Let M = C be the complex line, with coordinate λ. By a projective structure on some open
subset M ′ ⊂ M we mean a maximal atlas in M with values in the projective line C such
that the transition functions are Möbius transformations on their domain in C. The chart
functions τ : U → C should satisfy the differential equation

Sλ(τ) = R(λ), Sλ(τ) =
τλλλ
τλ
− 3

2

(︃
τλλ
τλ

)︃2

, (2.1)

where R(λ) is defined on M ′. We say that the projective structure is meromorphic, or rational,
if R(λ) ∈ C(λ) is a rational function. Equation (2.1) is equivalent to

Sτ (λ) +R(λ)λ2τ = 0. (2.2)

Now, let us consider Aut3(C), with coordinates λ, φ, φλ, φλλ, φλλλ. Let us derive the equations
for the symmetries φ of (2.2), in the sense that λ(τ) is a solution of (2.2), if and only if φ(λ(τ))
is also a solution. By the chain rule for the Schwarzian derivative, we obtain

Sλ(φ) + φ2
λR(φ) = R(λ). (2.3)

This is the equation of a groupoid G3 ⊂ Aut3(C). Let us compute the third-order differential
invariant giving rise to the adapted frame bundles.

Let us consider a frame (λ, λε, λεε, λεεε). If we consider a 3-jet of biholomorphism (λ, φ, φλ,
φλλ, φλλλ), the composition gives us a new frame (φ,φε, φεε, φεεε) where, as before for the chain
rule Sε(φ) = Sλ(φ)λ2ε +Sε(λ), and replacing Sλ(φ) from the groupoid equation (2.3), we obtain

Sε(φ) +R(φ)φ2
ε = Sε(λ) +R(λ)λ2ε,
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and therefore

I(λ, λε, λεε, λεεε) = R(λ)λ2ε +
λεεε
λε
− 3

2

(︃
λεε
λε

)︃2

(2.4)

is a differential invariant for the groupoid G3. Let us compute the equation for the Lie algebra
of G3. Let X = a(λ) ∂

∂λ be a vector field in C. Its third-order prolongation X(3) is then

X(3) = a
∂

∂λ
+ aλλε

∂

∂λε
+
(︁
aλλλ

2
ε + aλλεε

)︁ ∂

∂λεε
+
(︁
aλλλλ

3
ε + 3aλλλελεε + aλλεεε

)︁ ∂

∂λεεε
,

and a direct computation gives us

X(3)I = (aλλλ + 2R(λ)aλ +R′(λ)a)λ2ε.

So that, we find the linear differential equation defining the Lie algebra of G3,

aλλλ + 2R(λ)aλ +R′(λ)a = 0. (2.5)

2.3 Picard–Vessiot theory

There are several presentations of Picard–Vessiot theory, also known as linear differential Ga-
lois theory. In [5, Appendix A], we provided a geometrical presentation that is equivalent to
Kolchin’s theory of strongly normal extensions of finite transcendence degree over C. We recall
here the main points of the theory in a simplified way, that applies to the examples and appli-
cations developed in this paper. We direct the reader to the aforementioned reference for a full
exposition.

2.3.1 Definition of the Galois group

Let us consider G an algebraic group, π : P →M a connected principal bundle modeled over G,
and a flat rational connection with connection form θ : P 99K Lie(G). Let us call M ′ a Zariski
open subset of M such that θ is regular on P |M ′ = P ′. Then ker(θ) = F ⊂ TP ′ is a foliation
on P ′. For a given point p ∈ P ′ let Zp = Lp be the Zariski closure of the leave of F passing
through p. Then, we can define a subgroup of G,

Gal(θ, p) = {g ∈ G | Zpg = Zp} ⊆ G,

which is called the Galois group of the connection given by θ at the point p. It has the following
properties:

(1) Gal(θ, p) is an algebraic subgroup of G.

(2) Zp →M ′ is an irreducible principal bundle modeled over Gal(θ, p).

(3) All Galois groups are isomorphic and belong to the same conjugation class as subgroups
of G.

Thus, we may write Gal(θ) to refer to the Galois group, as an abstract algebraic group
independent of the point p in P ′. We also write gal(θ) to refer to the Lie algebra of the Galois
group. Note that gal(θ) = 0 if and only if the Galois group is finite.
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2.3.2 Galois group for linear connections

The above construction applies to linear connections in the following way. Let us consider
a linear bundle E → M of rank k, and ∇ a flat linear rational connection. As previously, we
consider M ′ the domain of the connection and E′ the restriction of E to M ′, so that, ∇ is
a regular connection over M ′. Let Ex be the fiber at x ∈ M ′. The bundle P ⊂ E∗

x ⊗ E whose
fiber at x′ ∈ M ′ is the set of linear isomorphisms from Ex to Ex′ is a GL(Ex)-principal bundle
over M ′. The connection ∇ induces a principal connection with connection form

θ∇(Xp) = p−1 ◦ ∇π∗(Xp)p ∈ gl(V ),

where p : Ex → Ex′ is a linear isomorphism and π∗(Xp) is the projection of the vector Xp ∈ Tp(P )
on M ′. Now P has a special point, id : Ex → Ex and Gal(θ∇, id), denoted by Gal(∇, x), is the
Galois group of ∇ at x. Note that Gal(∇, x) ⊂ GL(Ex), so that the space Ex is naturally
endowed with a representation of the Galois group Gal(∇, x).

Remark 2.15. An important property of this construction is that it is compatible with direct
product. If Ei → Mi with i = 1, . . . , k is a finite family of vector bundles endowed with flat
rational linear connections ∇i, then we may consider the direct product connection ∇ =

∏︁
∇i

in the direct product bundle E =
∏︁
Ei → M =

∏︁
Mi, and in such case Gal(∇, (x1, . . . , xk)) =∏︁

Gal(∇i, xi), acting on E(x1,...,xk) =
∏︁

(Ei)xi

2.4 Parallelisms

This section is a recap of the main concepts and results presented in [5]. Let g be a complex Lie
algebra, and M a smooth complex irreducible algebraic variety over C with dim M = n.

Definition 2.16. A g-parallelism in M is a Lie algebra morphism φ : g → X(M) such that
for all x in M the linear map evx ◦ φ : g → TxM , A ↦→ φ(A)x is an isomorphism. The image
of φ(g) ⊂ X(M) is the Lie algebra of parallel vector fields of φ. A parallelism in M is a g-
parallelism for some Lie algebra g.

By duality, any g-parallelism can be codified into a g-parallelism form ω : TM → g by
defining ω(Xx) = (evx ◦ φ)−1(Xx). It is possible to give the following definition. It follows that
any g-valued 1-form ω in M is a parallelism form if and only if it satisfies

(1) For all x ∈M , ωx : TxM → g is a linear isomorphism.

(2) If A, B are elements of g and X, Y are the vector fields in M such that ω(X) = A and
ω(Y ) = B, then ω([X,Y ]) = [A,B], or equivalently:

(2’) It satisfies the Maurer–Cartan equation dω + 1
2 [ω, ω] = 0.

With this dual definition, a parallel vector field with respect the parallelism form ω is a vector
field X with constant ω(X) ∈ g. A g-parallelism in M is considered to be regular, rational,
analytic, formal, etc., depending on the degree of regularity of its corresponding parallelism form.
A g-parallelized variety is then a pair (M,ω), where ω is a g-parallelism form, and a conjugation
of parallelized varieties f : (M,ω) → (N,ϖ) is a map f : N → M such that f∗(ϖ) = ω. As
before we may consider regular, rational, analytic or formal morphisms.

The main example of parallelized variety is (G,ωG), where G is an algebraic group and
ωG : TG → Lie(G) = TeG is its structure for ωG(Xg) = dL−1

g (Xg). Parallel vector fields
of ωG are left invariant vector fields. Note that there is a reciprocal parallelism defined by
ωrec
G (Xg) = −dR−1

g (Xg), whose parallel vector fields are the right invariant vector fields in G.
Note that the inversion (G,ωG) →

(︁
G,ωrec

G

)︁
, g ↦→ g−1 is a regular conjugation between the

parallelisms ωG and ωrec
G .



12 A. Arenas Tirado, D. Blázquez Sanz and G. Casale

Given varieties (M,ω) and (N,ϖ) with rational parallelisms, we are interested in study-
ing birational conjugations, but also multivalued algebraic conjugations f : M 99K N . A way
of understanding these multivalued algebraic maps is through the notion of isogeny. We say
that (M,ω) and (N,ϖ) are isogenous if there is an irreducible parallelized variety (U, θ) and
dominant maps πM : U → M , πN : U → N such that π∗M (ω) = π∗N (ϖ) = θ. We may assume
that U is a covering of some open subvarieties of M and N . This notion extends the classical
notion of isogeny from algebraic groups.

Example 2.17. Let (G,ωG) be a connected algebraic group with its structure form. Let H ⊂ G
be a finite group, so that the form ωG is projectable to the quotient

π : M = G→ H\G = {Hg | g ∈ G}

then (M,π∗(ωG)) is isogenous to (G,ωG). Moreover, let f : N 99K M be a dominant map,
with N irreducible variety of the same dimension as M . Then

(︁
N, f∗(π∗(ωG))

)︁
is isogenous

to (G,ωG).

2.5 Lie connections

In this section, we deal with affine connections in M , that is, linear connections on TM → M .
First, let us note that given an affine connection ∇ we can always define a reciprocal connection
by the formula ∇rec

X Y = ∇YX + [X,Y ]. From this definition, the difference ∇−∇rec = Tor∇ is
the torsion tensor. Let us now consider the following definition, taken from [5].

Definition 2.18. A Lie connection in M is a flat connection ∇ in TM such that the Lie bracket
of two horizontal vector fields is also horizontal.

In other words, a Lie connection is a linear differential equation that locally defines a par-
allelism. We may say that a Lie connection is modeled over the Lie algebra g if the space of
horizontal vector fields defined around any regular point is a Lie algebra isomorphic to g. Lie
connections can be characterized in the following way, as is done in [5, Proposition 3.10].

Proposition 2.19. Let ∇ be a Lie connection in TM , the following statements are equivalent:

(1) ∇ is a Lie connection.

(2) ∇rec is a Lie connection.

(3) ∇ is flat and has constant torsion in the sense ∇Tor∇ = 0.

(4) ∇ and ∇rec are flat.

There is an interesting relationship between a pair of reciprocal Lie connections ∇ and ∇rec.
They are modeled over the same Lie algebra. Horizontal vector fields for ∇ commute with
the horizontal vector fields of ∇rec and vice-versa. We are in an infinitesimal situation that is
analogous to that of the Lie algebras of left and right invariant vector fields in an algebraic
group.

Given a g-parallelism form ω, we can always find the unique Lie connection∇ whose horizontal
vector fields are those that are parallel with respect to ω. Given a basis {A1, . . . , An}, we can fix
a frame (X1, . . . , Xr) in M defined by ω(Xi) = Ai, and then we define ∇ such that ∇XiXj = 0
for all 1 ≤ i, j ≤ n. Then ∇rec is also a Lie connection modeled over the same Lie algebra g and
its horizontal vector fields are the infinitesimal symmetries of ω, in the sense that ∇recY = 0 if
and only if LY ω = 0.

Theorem 2.20 ([5, Corollary 4.3 (a) and (d)]). Let g be a centerless Lie algebra. An algebraic
variety (M,ω) with a rational parallelism of type g is isogenous to an algebraic group if and
only if gal

(︁
∇rec

)︁
= {0}. Moreover, if Gal

(︁
∇rec

)︁
= {id} then the isogeny is given by a dominant

rational map π : M 99K G such that π∗(ωG) = ω.



Algebraic Integrability and Minimality of Lie Equations 13

3 Isogeny and integrability of D-groupoid equations

Here we want to know how far a finite-dimensional D-groupoid is from being algebraically in-
tegrable, in the sense of getting algebraic formulae for biholomorphisms of M that are sections
of G. For this, we extend the notion of isogeny of parallelisms to a general notion of isogeny
of D-groupoids. If a D-groupoid is isogenous to an algebraic group action, then for each ele-
ment jxσ ∈ G there is a unique algebraic map σ whose jet is jxσ.

On the other hand, we haveD-groupoids that are far to be algebraically integrable. A common
characteristic of any algebraic group G is that the diagonal is always a subgroup of G × G.
However, for D-groupoids, the diagonal is not always a D-groupoid. We will see that far from
integrable D-groupoids have no nontrivial sub-D-groupoids in their cartesian powers.

Definition 3.1. Let π : ˜︂M →M be a dominant map between irreducible varieties of the same
dimension n, and G ⊂ Aut(M) a D-groupoid in M . The pullback π∗G = ˜︁G ⊂ Aut(˜︂M) is the
D-groupoid in ˜︂M whose field of invariants is InvD

(︁ ˜︁G)︁ = π∗(InvD(G)).

After restriction to suitable open subset of ˜︂M and M , we may assume that π is a covering.
Then, it also induces coverings π∗ : R˜︂M → RM here π∗(r˜︁x) = π◦r˜︁x and π⋆ : Aut(˜︂M)→ Aut(M)
defined by π⋆

(︁
r˜︁y ◦r−1˜︁x )︁

= π⋆
(︁
r˜︁y ◦r−1˜︁x )︁

= (π ◦r˜︁y)◦
(︁
π ◦r−1˜︁x )︁

. Here we use a decomposition of a jet
of biholomorphism as the product of two frames, equivalently we can set π⋆(j˜︁xσ) = jx(π ◦σ ◦ ˜︁π)
where ˜︁π is the local inverse of π that makes ˜︁π(π(˜︁x)) = ˜︁x. In such case, the pullback of G is just
the preimage ˜︁G = π−1

⋆ (G) and in the transitive case, a bundle of adapted frames for G is given
by π−1

∗ (RGM), where RGM is a bundle of adapted frames for G.

Definition 3.2. Let M and N be complex irreducible smooth varieties of dimension n. We
say that two D-groupoids G ⊂ Aut(M) and H ⊂ Aut(N) are isogenous if there is a com-
plex irreducible smooth variety ˜︂M and finite dominant maps π1 : ˜︂M →M , π2 : ˜︂M → N such
that π∗1(G) = π∗2(H).

Example 3.3. Definition 3.2 extends the definition of isogeny of parallelisms introduced in [5,
Definition 2.7]. If (M,ω) is a variety with parallelism, then we can define its D-groupoid of
symmetries

Sym(M,ω) = cl{jxσ ∈ Aut(M) | σ∗(ω) = ω}.

If (N, θ) is also a parallelized variety, then it happens that (M,ω) and (N, θ) are isogenous if
and only if Sym(M,ω) and Sym(N, θ) are isogenous D-groupoids.

However, it is not true that a groupoid H on N isogenous to Sym(ω) is the D-groupoid of
symmetries of a parallelism as the latter as a trivial isotropy groups and isotropy groups are not
preserved by isogeny.

If a transitive D-groupoid H on N has dimension n + 0 and x ∈ N , then t : Hx → N is
a finite surjective map. Then the form ω : T (Hx) → Lie(H)x defined by ω(σ, v) = dσ−1(dt(v))
is a parallelism form with values in the Lie algebra of H at x. In this situation, t is a isogeny
between H and Sym(Hx, ω)

3.1 The integrable example: action groupoids

Let us consider an algebraic group G with Lie algebra g of left invariant vector fields acting
faithfully and transitively on the homogeneous space M = G/H. We can consider the action
groupoid, G ⋉ M → M ×M , (g, x) ↦→ (x, g · x). There is a natural embedding that repre-
sents G⋉M in Aut(M), j : G ⋉M ↪→ Aut(M), (g, x) ↦→ jxLg, where Lg : M → M is the left
translation Lg(x) = g · x. Then G is a D-groupoid of finite dimension n+ r where r = dim(G).
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Let us fix x ∈ M and let us consider Gx• = s−1(x) the set of elements of G with source x.
Then we have Gx• = j(G× {x}) ≃ G× {x}.

On G we consider the structure form ωG defined by (ωG(Xg))h = dLhg−1(Xg), which is
a parallelism form whose parallel fields are the left invariant vector fields. But it is also endowed
with the reciprocal structure form ωrec

G defined by
(︁
ωrec
G (Xg)

)︁
h

= −dLhdR−1
g (Xg) whose parallel

vector fields are that of grec, the Lie algebra of right invariant vector fields in G. We have the
following:

(a) t : Gx• →M is a principal bundle with structure group Gxx.

(b) Gx• is endowed with commuting parallelisms j∗(ωG) and j∗
(︁
ωrec
G

)︁
.

(c) The Lie algebra of vector fields j∗
(︁
grec

)︁
is projectable by t.

(d) The projection t∗
(︁
j∗
(︁
grec

)︁)︁
is the space of solutions of D-Lie algebra of G. Thus, the

differential Galois group of Lie(G) is {id}.

The action of G on M naturally extends to an action of G on RM by g · rx = Lg ◦ rx. If we
fix a frame rx, then the orbit G · rx = RGM is a bundle of adapted frames for G. It is a principal
homogeneous space for G and a principal bundle for the stabilizer subgroup of x, Gxx. The
isomorphism i : G → RGM , g ↦→ Lg ◦ rx allows us to give RGM a pair of commuting paral-
lelisms i∗(ωG) and i∗

(︁
ωrec
G

)︁
. We have a commutative diagram of G-equivariant isomorphisms,

G //

&&

RGM = G · rx

��
Gx•,

g //

&&

Lg ◦ rx = rxy

��
jxLg = ry ◦ r−1

x .

The Lie algebra of vectors that are parallel for i∗
(︁
ωrec
G

)︁
, is the Lie algebra of the infinitesimal

generators of the action of G on RGM . It follows that it is the Lie algebra restrictions to RGM
of prolongations X(∞) to RM of vector fields X that are solutions of Lie(G).

Summarizing, if G ⊂ Aut(M) is a D-groupoid isomorphic to a transitive action groupoid
G⋉M , then the adapted frame bundles RGM and the fibers of the source map Gx• are parallelized
varieties isomorphic to (G,ωG).

3.2 Canonical parallelism

The main objective of this subsection is to express how some of the local features of the ac-
tion groupoid example in Section 3.1 are also present in the general case of transitive finite-
dimensional D-groupoid. Let G ⊂ Aut(M) be a finite-dimensional D-groupoid. We take k large
enough such that G is determined by its k-th order differential invariant and G ≃ Gk. We also
assume that Gk ⊂ Aut(M) is a smooth Lie subgroupoid.

Let us fix a point x that we will use as the origin. We also consider the bundle t : Gx• → M
of elements of G with source x. Note that we have a canonical isomorphism

ι : Lie(G)x
∼−→ Tex(Gx•), jxX ↦→ ˜︁X(∞)(ex).

Under this identification, a jet jxX ∈ Lie(G)x is identified with the value of its prolongation at
the identity ˜︁X(∞)(ex).

Let us assume that the domain of X is an open neighborhood6 Ux of x, so that X is an
analytic vector field on U . The domain of ˜︁X(∞) as an analytic vector field in G is t−1(Ux). Only
if the target of σ ∈ G is in Ux can it be composed with the flow of X.

6In the transcendental topology.
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Then, if {jxX1, . . . , jxXr} form a basis of Lie(G)x, we can find a common domain Ux for them,
so that,

⟨︁ ˜︁X(∞)
1 , . . . , ˜︁X(∞)

r

⟩︁
is a realization of Lie(G)x as a Lie algebra of vector fields in t−1(Ux).

Those vector fields are in the kernel of ds, so we may restrict them to Gx• ∩ t−1(Ux), obtaining
a local analytic Lie(G)x-parallelism of Gx• ∩ t−1(Ux).

ρ : Lie(G)x → X
(︁
Gx• ∩ t−1(Ux)

)︁
, jxX ↦→ ˜︁X(∞)|Gx•∩t−1(Ux).

On the other hand, note that if jxσ ∈ Gx•, then σ is a biholomorphism defined in some
neighborhood of x that we may also refer to as Ux. The main point here is that for all z ∈ Ux

we have jzσ ∈ G. This implies that the left translation by σ is not only defined in G•x but
it extends to an open subset t−1(Ux) Lσ : t−1(Ux) → G, jzτ ↦→ jz(σ ◦ τ). Next, also consider
its linearization at the identity element, dexLσ : TexG → TjxσG. As Lσ maps Gx• onto itself,
this dexLσ also maps Tex(Gx•) onto Tjxσ(Gx•). Thus, any vector v⃗ex ∈ Tex(Gx•) can be extended

to a global left invariant vector field A⃗ in Gx• defined by A⃗(jxσ) = dLσ(v⃗).

Lemma 3.4. Let A⃗ be a left invariant vector field in Gx•, satisfying A⃗(σ) = dLσ(A⃗(es(σ))),
and X be a vector field on some open subset U (in the transcendental topology) such that for
all z in its domain of definition jzX ∈ Lie(G). Then,

[︁
A⃗, ˜︁X(∞)|Gx•

]︁
= 0 on their common

domain of definition Gx• ∩ t−1(U).

Proof. The flow of ˜︁X(∞) in some neighborhood of ex is given by a left translation exp
(︁
t ˜︁X∞)︁

(σ)
= exp(tX) ◦ σ. Then, we have

dL
exp(t ˜︁X(∞))

(A⃗σ) = A⃗exp(tX⃗(∞))◦σ.

The vector field A⃗ is invariant by the flow of X⃗(∞), so we conclude that they commute. ■

Corollary 3.5. The form θ : TGx• → Lie(G)recx defined by θ(v⃗σ) = ι−1
(︁
dL−1

σ (v⃗σ)
)︁
is a regular

parallelism form in Gx• of type Lie(G)recx .

Proof. For each jxX ∈ Lie(G)x, there is a neighborhood of the identity ex in the transcendental
topology on Gx• in which ˜︁X(∞) is defined. As Lie(G)x is finite-dimensional, we can extend the
prolongations to Gx• of a basis of Lie(G)x defined in some neighborhood of ex. Then, we have

that the Lie(G)x-valued 1-form ϑ defined by ϑ
(︁ ˜︁X(∞)

jzσ

)︁
= Xx is a local parallelism form. Thus,

θ is just the reciprocal form of symmetries of ϑ, that happens to extend globally. ■

Then, we have the following situation:

(a) Gx• is a parallelized variety with parallelism form ω.

(b) Vector fields in Gx• commuting with the ω-parallel vector fields are the prolongations to
Gx• of vector fields in M that are in the D-Lie algebra of G.

We can finally transport everything to the bundle of adapted frames. Let us fix a frame
rx ∈ RM . We have now an isomorphim, i : Gx•

∼−→ RGM , σ ↦→ σ ◦ rx. Then ω = i∗(θ) is
a Lie(G)recx -parallelism form on RG(M).

Proposition 3.6. Let us consider ω the Lie(G)recx -parallelism form on RG(M), and let ∇ be
the induced Lie connection whose horizontal sections are vector fields commuting with ω-parallel
vector fields. Then, a local vector field Y in RGM is ∇-horizontal if and only if it is of the
form X(∞)|RGM for some local vector field X in M which is a solution of Lie(G).

Proof. It is enough to note that the prolongation to the jet space X⃗ ↦→ ˜︁X(∞) commutes with
the prolongation to the frame bundle, in the sense that, i∗

(︁ ˜︁X(∞)|Gx•

)︁
= X(∞)|RGM for all vector

fields in M . ■
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Remark 3.7. The form ω in RGM is unique in the sense that the choice of any origin frame
yields a form with values in an isomorphic Lie algebra and the same parallel vector fields.

There is an important and implicit relation between the Galois groups of the connections ∇
in TRGM → RGM and ∇Lie(G) in Lie(G)→M .

Proposition 3.8. Let us consider ∇ the Lie connection on TRGM → RGM whose horizontal
vector fields are the infinitesimal symmetries of the canonical parallelism in RGM , and let ∇Lie(G)

be the connection in Lie(G) → M whose horizontal sections are the jet prolongations of vector
fields in the D-Lie algebra of G. Then,

(a) Gal(∇) = id ⇐⇒ Gal
(︁
∇Lie(G))︁ = {id}.

(b) gal(∇) = {0} ⇐⇒ gal
(︁
∇Lie(G))︁ = {0}.

Proof. Let us take x ∈ M a regular point of the bundles Lie(G) → M and RGM → M , and
let rx ∈ RGM be a frame on x. For a given element jxX ∈ Lie(G)x, we have that X(∞)|RGM and
the section z → jzX, defined in adequate neighborhoods of rx and x, are horizontal sections of ∇
and ∇Lie(G), respectively. Note that X∞|RGM is a rational (algebraic) vector field in RGM if and
only if X is a rational (algebraic) vector field in M , if and only if z → jzX is a rational section
of J(TM/M)→M . Statement (a) follows from the fact that Galois group of a linear connection
is the identity if and only if all its horizontal sections are rational. Similarly, statement (b) follows
from the fact that the lie algebra of the Galois group of a linear connection vanish if and only
if all its horizontal sections are algebraic. ■

Proposition 3.9. Assume that G ≃ G ⋉M is isomorphic to the action groupoid of a faithful
transitive algebraic group action. The following statements hold:

(a) Gal
(︁
∇Lie(G))︁ = {id}.

(b) RGM → M be a bundle of adapted frames for G and let ∇ be the induced connection
in RGM whose horizontal vector fields are the prolongations X(∞)|RGM of infinitesimal
generators of G. Then Gal(∇) = {id}.

Proof. In the case of the action groupoid G ≃ G⋉M , we have that the vector fields in the D-
algebra of G are the infinitesimal generators of the action of G in M . Its jets prolongations form
a r-dimensional space of regular (indeed rational) sections of ∇Lie(G), and thus Gal

(︁
∇Lie(G))︁ =

{id}. Statement (b) follows by application of Proposition 3.8 (a). ■

Then, we can state our main result, that characterizes the cases in which a D-groupoid of finite
dimension with centerless Lie algebra is the pullback of the action groupoid of an homogeneous
space (see Theorem 3.10) or at least isogenous to an action groupoid (see Theorem 3.11).

Theorem 3.10. Assume that G ⊂ Aut(M) is a transitive finite-dimensional D-groupoid with
centerless Lie algebra g. The following statements are equivalent:

(a) Let ∇Lie(G) be the connection on Lie(G)→M whose horizontal sections are the jet prolon-
gations of infinitesimal generators of G. Then Gal

(︁
∇Lie(G))︁ = {id}.

(b) RGM →M be a bundle of adapted frames for G and let ∇ be the induced connection in P
whose horizontal vector fields are the liftings to RGM of the infinitesimal generators of G.
Then Gal(∇) = {id}.

(c) There is an algebraic group G with Lie algebra g, a subgroup H with G acting faithfully
on G/H, and a rational dominant map π : M 99K G/H such that G is the pullback by π of
the action groupoid G⋉ (G/H) acting on G/H.
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Proof. The equivalence between statements (a) and (b) is Proposition 3.8 (a). Let us as-
sume (c). Let g ⊂ X(G/H) be the Lie algebra of infinitesimal generators of the action of G
on G/H. Each vector field A⃗ ∈ g lifts to a rational vector field π∗(A⃗) in M . Thus π∗(g) is the
Lie algebra of infinitesimal generators of the action of G on M and all its members are rational
vector fields in M . Then, by Proposition 3.8, we have (a) and (b).

Let us assume (b). Then (RGM,ω) is a parallelized variety, where ω is the Lie(G)recx par-
allelism form whose symmetries are the prolongations of infinitesimal generators of G. Pre-
cisely, the Lie connection of its reciprocal parallelism is ∇, and then by Theorem 2.20 we
have that there is an algebraic group G with Lie(G) ≃ Lie(G)x and a rational dominant
map π0 : RGM 99K G such that π∗0(ωG) = ω, where ωG is its left invariant structure form.
If necessary, by composing with a left translation in G, we can assume that eG in the image of π
and take rx ∈ RGM such that π0(rx) = eG. Let us also consider the morphism, φ : Gx• → RGM ,
σxy ↦→ σxy ◦ rx, and ˜︁π = φ ◦ π0, so that ˜︁π is also a morphism of parallelized varieties be-
tween

(︁
Gx•, φ∗ω

)︁
and (G,ωG). Then ˜︁π|Gxx is an isogeny between the algebraic group Gxx and

some algebraic subgroup H ⊂ G. We then have that for any ˜︁π(σxx ◦ τxy) = ˜︁π(σxx)˜︁π(τxy). Then
we have a commutative diagram,

Gx• //

��

G

��
Gx•/Gxx = M

π // G/H.

Finally, the quotient map π is the dominant map required in statement (c). ■

Theorem 3.11. Assume that G ⊂ Aut(M) is a transitive finite-dimensional D-groupoid with
centerless Lie algebra g. The following statements are equivalent:

(a) Let ∇Lie(G) be the connection on Lie(G)→M whose horizontal sections are the infinitesimal
generators of G. Then gal

(︁
∇Lie(G))︁ = {0}.

(b) RGM → M be a bundle of adapted frames for G and let ∇ be the induced connection
in P whose horizontal vector fields are the liftings of the infinitesimal generators of G.
Then gal(∇) = {0}.

(c) There is an algebraic group G with Lie algebra g, a subgroup H with G acting faithfully
on G/H, such that G is isogenous to the action groupoid G⋉G/H.

Proof. The equivalence between statements (a) and (b) is Proposition 3.8 (b). Let us as-
sume (c). In such case, there is an algebraic variety ˜︂M of the same dimension as M , and
dominant maps π1 : ˜︂M →M and π2 : ˜︂M → G/H such that π∗1(G) = π∗1(G ⋉ (G/H)). We have
that π2 induces an isomorphism between the Lie algebra of the infinitesimal generators of the
action of G on G/H and the Lie algebra of infinitesimal generators of π∗1(G) in ˜︂M . Then, we
have that the Lie algebra of π∗1(G) on ˜︂M is spanned by rational vector fields. But rational vector
fields on ˜︂M are algebraic multivalued vector fields in M , so that gal

(︁
∇Lie(G))︁ = {0}, which is

statement (a).

Let us assume (a). In such case, we have a basis of the Lie algebra of infinitesimal generators
of G given by algebraic multivalued vector fields in M . But those algebraic multivalued vector
fields are rational vector fields in a suitable covering π : ˜︂M → U ⊆ M of a Zariski dense open
subset U of M . Let ˜︁G = π∗(G); the infinitesimal generators of ˜︁G are then rational vector fields
on ˜︂M . Then, we can apply Theorem 3.10 and obtain a dominant map ˜︁π : ˜︂M → G/H such
that ˜︁π∗(G⋉ (G/H)) = ˜︁G. Hence, G is isogenous to the action groupoid as required. ■
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Remark 3.12. The equivalences established in Theorems 3.10 and 3.11 resonate with the in-
tegrability results in the C∞ category for Cartan connections on Lie groupoids. In [12, Corol-
lary 3.12], some topological conditions are given that ensure the equivalence between a Cartan
connection on a Lie groupoid and an action groupoid. In that context, the analogous of the
Galois group is the restricted holonomy of the Cartan connection in the Lie algebroid, and the
required topological conditions are such that this holonomy is trivial.

Example 3.13. Let us consider the Kummer groupoid in Aut(C) given by equation (2.3). Its
main differential invariant is given in equation (2.4). Thus, a bundle of adapted frames RGC, is
defined by the differential equation, λεεε = 3

2
λ2
εε
λε
−R(λ)λ3ε and it is coordinated by λ, λε, λεε.

Let us fix a frame r0 = (λ0, 1, 0, λεεε, . . . ), of coordinates λ(r0) = λ0, λε(r0) = 1, λεε(r0) = 0.
We take an element of G, σ = (λ0, φ, φλ, φλλ, φλλλ, . . . ), with source point λ0. In the system of
coordinates λ, λε, λεε the left translation by σ is given by

Lσ :

⎡⎣ λ
λε
λεε

⎤⎦ ↦→
⎡⎣ σ(λ)

σ′(λ)λε
σ′′(λ)λ2ε + σ′(λ)λεε

⎤⎦ ;

⎡⎣λ01
0

⎤⎦ ↦→
⎡⎣ φ
φλ

φλλ

⎤⎦ =

⎡⎣ λ
λε
λεε

⎤⎦ .
Note that when σ runs along Gλ0• then Lσ(r0) runs along RGC. The Jacobian matrix of Lσ

at r0 is computed directly, so that we obtain

[dr0Lσ] =

⎡⎣ φλ 0 0
φλλ φλ 0
φλλλ 2φλλ φλ

⎤⎦ .
Let us set a basis of left invariant vector fields by propagating a basis of Tr0(RGC) along RGC

Y0(σ ◦ r0) = dr0Lσ

(︃
∂

∂λ

)︃
, Y1(σ ◦ r0) = dr0Lσ

(︃
∂

∂λε

)︃
,

Y2(σ ◦ r0) = dr0Lσ

(︃
∂

∂λεε

)︃
.

Then, Y0 = λε
∂
∂λ + λεε

∂
∂λε

+ φλλλ
∂

∂λεε
. In order to express φλλλ in terms of the coordinates

in RGM , we need to use the groupoid equation (2.3), obtaining

φλλλ = R(λ0)λε +
3

2

λ2εε
λε
−R(λ)λ3ε.

And then we have the basis of parallel vector field

Y0 = λε
∂

∂λ
+ λεε

∂

∂λε
+

(︃
R(λ0)λε +

3

2

λ2εε
λε
−R(λ)λ3ε

)︃
∂

∂λεε
,

Y1 = λε
∂

∂λε
+ 2λεε

∂

∂λεε
, Y2 = λε

∂

∂λεε
.

Let us compare this basis with the sl2-parallelism of RGC given in [5, Section 3.5.2] with parallel
vector fields

E−1 = λε
∂

∂λ
+ λεε

∂

∂λε
+

(︃
3

2

λ2εε
λε
−R(λ)λ3ε

)︃
∂

∂λεε
,

E0 = λε
∂

∂λε
+ 2λεε

∂

∂λεε
, E1 = 2λε

∂

∂λεε
.
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It is clear that⎡⎣Y0Y1
Y2

⎤⎦ =

⎡⎣1 0 R(λ0)
2

0 1 0
0 0 2

⎤⎦⎡⎣E−1

E0

E1

⎤⎦ .
Therefore, Y0, Y1, Y2 are a basis of parallel vector fields for an sl2-parallelism in RGM , as
expected. Now, let us see that its reciprocal parallelism is that given by the prolongation of
vector fields in the D-Lie algebra of G. Let us consider a vector field X = a(λ) ∂

∂λ and its

prolongation of X(2) to RGM ,

X(2) = a
∂

∂λ
+ aλλε

∂

∂λε
+
(︁
aλλλ

2
ε + aλλεε

)︁ ∂

∂λεε
.

We now compute the Lie brackets of X(2) with the basis of parallel vector fields Y0, Y1, Y2.
A direct algebraic computation yields[︁

Y0, X
(2)

]︁
= (aλλλ + 2R(λ)aλ +R′(λ)a)λ3ε

∂

∂λεε
,

[︁
Y1, X

(2)
]︁

=
[︁
Y2, X

(2)
]︁

= 0.

It is then clear that X(2) commutes with Y0, Y1, Y2 if and only if a satisfies (2.5), or equivalently,
X is in the D-Lie algebra of G.

3.3 Minimality and n-minimality

There is a natural embedding of Aut(M)×Aut(M) ⊂ Aut(M ×M), Aut(M)×Aut(M) is the
first-order D-groupoid onM×M defined by equations, ∂σ1

∂x2
= ∂σ2

∂x1
= 0 for σ = (σ1, σ2) : M×M →

M ×M , (x1, x2) ↦→ (σ1(x1, x2), σ2(x1, x2)). However, it was first noted by Sophus Lie that the
diagonal action of Aut(M) on M , that is, the equation σ1 = σ2 can not be defined by using
differential equations. There is a diagonal pseudogroup of Aut(M)×Aut(M) acting on M ×M ,
but it is not a D-groupoid (or Lie pseudogroup). In broad terms, D-groupoids may admit fewer
sub-D-groupoids than algebraic groups admit algebraic subgroups.

If G is isogenous to an action groupoid G ⋉M , then clearly the diagonal of G × G is a sub-
D-groupoid isogenous to the diagonal of G acting on M ×M . This motivates the following
definition.

Definition 3.14. A D-groupoid G on M is n-minimal if for any sub-D-groupoid H ⊂ Gn,
if dimMn(H) < dimMn

(︁
Gn

)︁
, then there exists i such that dimM (pri(H)) = 0, where pri : Gn → G

is the projection on the i-th factor.

Remark 3.15. We will say minimal for 1-minimal. That is, G is minimal if it does not admit
nontrivial sub-D-groupoids of positive dimension.

Example 3.16. First examples of minimal D-groupoid were given in [10, Proposition 3.6], where
if is shown that the Kummer groupoid of symmetries of a projective structure (2.3) is minimal
if and only if the Ricatti equation

uλ + u2 +
1

2
R(λ) = 0 (3.1)

has no solutions in C(λ)alg, the algebraic closure of C(λ). This relation between (3.1) and the
third-order linear equation (2.5) comes through the second-order differential equation

ψλλ +
1

2
R(λ)ψ = 0. (3.2)
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On one hand, logarithmic derivatives u = ψλ/ψ of solutions of (3.2) satisfy the differential
equation (3.1). On the other hand, (2.5) is the second symmetric power of (3.2) in the sense
that for any basis of solutions ψ1, ψ2 of (3.2) the quadratic products a1 = ψ2

1, a2 = ψ1ψ2,
a3 = ψ2

2 form a basis of solutions of (2.5).
Let us consider x ∈ C a regular point for R, the Galois group Gal

(︁
∇Lie(G), x

)︁
acts on the

space Lie(G)x ≃ sl2 by automorphisms of Lie algebras. Then we have

Gal
(︁
∇Lie(G), x

)︁
⊂ Aut(Lie(G)x) ≃ PSL2.

On one hand, any nontrivial positive-dimensional sub-D-groupoid of G has a nontrivial sub-D-
algebra of Lie(G). Such a nontrivial subalgebra of Lie(G) will give us a nontrivial Gal

(︁
∇Lie(G), x

)︁
-

invariant Lie subalgebra of Lie(G)x, and then the reduction of the action of the Galois group on
the space of initial conditions.

Reciprocally, the realization of (2.5) as the symmetric square of (3.2) informs us that any
Gal

(︁
∇Lie(G), x

)︁
-invariant subspace of Lie(G)x also implies that the Galois group of (3.2) is inside

a Borel subgroup of SL2. In such case, (3.1) has a rational solution.
This rational solution u can be used to find a proper sub-D-groupoid in the following way.

Take r = −2u→ r′ = 1
2r

2 +R, and define

B = {jx(a∂λ) ∈ J(TC/C) | aλλ + raλ + rλa = 0}.

Then B is a 2-dimensional subalgebra of Lie(G) as it follows from R = r′ − 1
2r

2. It is a Lie D-
algebra of affine symmetries of dimension 2, sitting inside the 3-dimensional projective symmetry
algebra Lie(G).

Consider the transformation rule r∗ = φλλ
φλ

+ φλr(φ). Differentiate at t = 0 along a flow φt

with generator a(λ)∂λ

δr :=
d

dt

⃓⃓⃓
t=0

r∗ = aλλ + raλ + rλa,

so a ∈ B ⇐⇒ δr = 0 ⇐⇒ the flow preserves the affine connection r and the set of diffeomor-
phisms preserving r is automatically a nontrivial 2-dimensional sub-pseudogroup of G. Then we
have the equivalence between the following conditions:

(i) The associated Riccati equation (3.1) has no rational solution.

(ii) There is no nontrivial Gal
(︁
∇Lie(G), x

)︁
-invariant subspace in Lie(G)x.

(iii) There is no nontrivial Gal
(︁
∇Lie(G), x

)︁
-invariant Lie subalgebra in Lie(G)x.

(iv) G is minimal.

Remark 3.17. The reader may note that in [10, Proposition 3.6] it is stated that the existence
of an algebraic but not rational solution of the Ricatti equation (3.1) also implies the existence
of a proper sub-D-groupoid of G. However, such a D-groupoid is not a D-groupoid H ⊂ G ⊂
Aut(C). Such a groupoid is of the form H ⊂ π∗(G) ⊂ Aut(M) where π : M → C is the algebraic
curve associated to the algebraic solution of (3.1). Therefore, it is not considered here as a proper
sub-D-groupoid of G.

Definition 3.18. For a Lie algebra g, a subgroup of Aut(g) is Lie-irreducible if there is no
invariant proper Lie subalgebra.

Theorem 3.19. Let G be a finite-dimensional transitive D-groupoid on M , let x ∈M be a reg-
ular point for G, and let Lie(G)x be the Lie algebra at x. If Gal(Lie(G), x) ⊂ Aut(Lie(G)x) is
Lie-irreducible, then for any n ∈ N, G is n-minimal.
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Proof. Let us first prove the minimality (= 1-minimality). If H ⊊ G is such that dimM H <
dimM G, then Lie(H) ⊊ Lie(G) is a vector sub-bundle invariant under the connection. Then the
fiber at x: Lie(H)x⊊Lie(G)x is a Lie subalgebra invariant under the Galois group Gal

(︁
∇Lie(G), x

)︁
.

Under our hypothesis, it is {0} meaning that dimM H = 0.

Now assume n > 0. Let H ⊊ Gn such that dimMn H < dimMn Gn. Since

Gal
(︁
Lie(G)n, (x1, . . . , xn)

)︁
=

∏︂
Gal(Lie(G), xi),

the possible proper Lie algebras

Lie(H)(x1,...,xn) ⊂
∏︂

Lie(G)xi

invariant under Gal
(︁
Lie(G)n, (x1, . . . , xn)

)︁
are the products of factors: Lie(H)(x1,...,xn) =

∏︁
hi.

Then there exists i such that pri(Lie(H)(x1,...,xn)) is a proper Lie subalgebra of Lie(G)xi invariant
under Gal(Lie(G), xi). By Lie-irreducibility it is {0}.

This implies that if H ⊂ Gn is such that dimMn(H) < dimMn

(︁
Gn

)︁
then its projection on the

i-th factor is 0-dimensional. ■

By simple Lie algebra, we mean a finite-dimensional noncommutative Lie algebra without
proper ideals.

Theorem 3.20. Let G be a finite-dimensional transitive D-groupoid on M , let x ∈ M be
a regular point of G, and let Lie(G)x be the Lie algebra at x. Assume Lie(G)x is simple and
Gal

(︁
∇Lie(G), x

)︁
̸= {id}. For any n > 1 there exists no proper sub-D-groupoid H ⊂ Gn whose

projections on each factor are onto.

Proof. Let H ⊂ Gn be a proper subgroupoid with projections on each factor onto. Let
Lie(H)(x1,...,xn) ⊂

∏︁
Lie(G)xi be its Lie algebra at a generic regular point (x1, . . . , xn) ∈ Mn.

As the projections on each factor are onto, by Goursat’s lemma, there exists ℓ < k such
that the projection onto the (ℓ, k)-th factors of Lie(H)(x1,...,xn) is the graph of an isomorphism
Lie(G)xℓ

→ Lie(G)xk
.

As Lie(H) ⊂ Lie(G)n is a ∇Lie(G)n-invariant sub-bundle, then its fiber Lie(H)(x1,...,xn) must
be invariant under the action of Gal

(︁
∇Lie(G)n , (x1, . . . , xn)

)︁
. This implies that the projection

must be Gal
(︁
∇Lie(G), xℓ

)︁
×Gal

(︁
∇Lie(G), xk

)︁
invariant. This implies Gal

(︁
∇Lie(G), xℓ

)︁
= {id}. ■

Corollary 3.21. Let G be a finite-dimensional transitive D-groupoid on M , and x ∈ M be
a regular point for G, and let Lie(G)x be the Lie algebra at x. Assume Lie(G)x is simple and G
is minimal. Then for all n ≥ 1, G is n-minimal.

Proof. If Lie(G)x is simple, then its center is trivial. If Gal
(︁
∇Lie(G), x

)︁
= {id} then, by The-

orem 3.10, G is the pullback of an action groupoid G ⋉ (G/H) by a rational dominant map
π : M 99K G/H. Any nontrivial algebraic subgroup K ⊂ G defines a subgroupoid π∗(K ⋉
(G/H)) ⊂ G. For instance, the algebraic group generated by a vector field is a commutative
subgroup and, by simplicity, a proper subgroup of positive dimension. This proves that if G is
minimal, then Gal

(︁
∇Lie(G), x

)︁
̸= {id}. Finally, Theorem 3.20 proves the corollary. ■

Definition 3.22. Let G be a D-groupoid on M . It is said to act diagonally on M ×M if there
exists a D-groupoid H ⊂ G × G such that

(a) dimM G = dimM×M H.

(b) The diagonal map ∆: G → G × G has values in H.
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Corollary 3.23. Let G be a finite-dimensional transitive D-groupoid on M , let x ∈ M be
a regular point for G, and let Lie(G)x be the Lie algebra at x. Assume Lie(G)x is centerless.
The D-groupoid G acts diagonally if and only if G is algebraically integrable in the sense of
Theorem 3.10, that is, G is the pullback of an action groupoid G⋉ (G/H) by a dominant map
π : M → G/H.

Proof. It is clear that algebraic group actions act diagonally and so does any D-groupoid on M
which is a pullback of an action groupoid.

Now assume G acts diagonally. Let (x1, x2) ∈M×M and Lie(H)(x1,x2)
⊂ Lie(G)x1×Lie(G)x2

be the Lie algebras. AsH contains the diagonal embedding of G, both projections of Lie(H)(x1,x2)

onto Lie(G)x1 and Lie(G)x2 are onto. Then the dimension condition ensures that it is the graph
of an isomorphism.

As before, this graph should be Gal
(︁
∇Lie(G), x1

)︁
× Gal

(︁
∇Lie(G), x2

)︁
invariant. This implies

that these Galois groups are trivial. Finally, Theorem 3.10 proves the corollary. ■
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