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Abstract. The affine Yangian associated with 5A[(n) is a deformation of the universal en-
veloping algebra of the universal central extension of s[(n)[u™, v]. In this article, we consider
two involutions of the universal central extension of sl(n)[u™,v] and give a presentation of
the fixed subalgebras of these involutions. By deforming one fixed subalgebra, we can define
the 1-parameter twisted affine Yangian T'Ys(s0(n)), which is a coideal of the affine Yan-
gian associated with sl(n). Another fixed subalgebra is expected to define the 2-parameter
twisted affine Yangian by deforming the presentation given in this article.
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1 Introduction

Drinfeld [5, 6] introduced the finite Yangian Y3(g) associated with a finite-dimensional simple
Lie algebra g. The finite Yangian Y(g) is a quantum group which is a deformation of a current
algebra g ® C[z]. The finite Yangian has several presentations: the Drinfeld presentation [6],
finite presentation [8] and so on.

Olshanskii [19] introduced the twisted Yangian associated with an orthogonal Lie alge-
bra so(n) or a symplectic Lie algebra sp(n). These twisted Yangians are coideals of the finite
Yangian of type A. Similarly to the finite Yangian, the twisted Yangian also has several presen-
tations. Olshanskii defined the twisted Yangian by the RTT presentation. Belliard and Regel-
skis [1] constructed the Drinfeld J presentation of the twisted Yangian. Lu-Wang—Zhang [14, 15]
and Lu—Zhang [16] gave the Drinfeld presentation of the twisted Yangian. As for the minimal-
istic presentation of the twisted Yangian, Harako and the author [9] constructed it for type D
setting and Lu [12] gave it for any setting.

By using the Drinfeld presentation of the finite Yangian, the definition of the Yangian can
be naturally extended to a symmetrizable Kac—-Moody Lie algebra. In particular, the Yangian
associated with an affine Lie algebra is called the affine Yangian. For an affine Lie algebra, Guay—
Nakajima—Wendlandt [8] constructed a finite presentation of the Yangian and showed that the
Yangian associated with an affine Lie algebra has a coproduct. Unlike finite Yangians, the affine
Yangian is not a deformation of the current algebra. For instance, the affine Yangian associated
with sl(n) is a deformation of the universal central extension of sl(n)[u*!,v]. The universal
central extension of sl(n) [u®!, v] is isomorphic to

sl(n) [uil, v] D Q((C [uil, U] )/d(C [uil, U] ,

where Q((C [uﬂ,v]) is the module of differentials of (C[uil,v}. This Lie algebra is spanned
by sl(n)[u*!,v] and {v"u"tdu | r € Z>o}.
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The Lie algebra sl(n)[u*!,v] has the following involution:

w: sl(n) [uil, U] — sl(n) [uil,v], Xuv® = —(=1)° X Tu "0,

where X T is the transpose of X as a matrix. Set BD(n) as a subalgebra of the universal central
extension of sl(n)[u*!,v] spanned by sl(n)[u*!,v]* and {v**'u~'du | r > 0}. In Sections 3
and 4, we give a presentation of BD(n).

Theorem 1.1. The Lie algebra BD(n) has a presentation whose number of generators is finite.

In Section 4, we define the 1-parameter twisted affine Yangian associated with so(n) as a de-
formation of U (5[(n) [uil,v]w) and show that it becomes a coideal of the affine Yangian of
type A by the same way as [12]. Guay [7] defined the affine Yangian Yj . (sl(n)) with two pa-
rameters h, € associated with sl(n) by extending the finite presentation of the Yangian associated
with sl(n). The definition of the 1-parameter twisted affine Yangian is well defined and has no
problem. However, it could be challenging to extend it to the 2-parameter.

Recently, the Yangian has been actively used for the study of W-algebras. In the finite setting,
there exists a relationship between the finite Yangian of type A and a finite W-algebra of type A
given by Brundan—Kleshchev [3]. As for other types, a finite W-algebra is connected to the
twisted Yangian (see [2, 4, 13]). In [20], the author defined the twisted affine Yangian of type C'
as a subalgebra of the 2-parameter affine Yangian Y. (5[(n)) and constructed a relationship
between the twisted affine Yangian of type C' and a rectangular W-algebra of type D in certain
cases. However, this definition was not described by generators and defining relations. Thus,
we would like to describe a definition of a two-parameter twisted affine Yangian by generators
and defining relations.

We consider another involution of s[(2n) [u®!, v] similarly to [9]. Set I, = {£1,+2,...,£n}
and take a basis of gl(2n) as {E;;}ijer,. The Lie algebra gl(2n)[u*!,v] has the following
involution:

71 gl(2n) [uFh, v] = gl(2n) [uFh, 0], E;i ju"v® — —(=1)°E_; _ju""v°.

Set D(n) as a subalgebra of the universal central extension of sl(2n) [uil,fu] spanned by the
fixed subalgebra sl(2n)[u®!,v]” and {v*u"'du | r > 0}. In Sections 5 and 6, we construct
a presentation of D(2n).

Theorem 1.2. The Lie algebra D(n) has a presentation whose number of generators is finite.

We expect that there exists a 2-parameter twisted affine Yangian deforming this presentation.
Actually, in [21], the author suggested the 2-parameter twisted affine Yangian T'Y} .(56(2n))
and constructed a homomorphism from 7Y} .(§0(8)) to the rectangular W-algebra associated
with sp(16) and a nilpotent element of type (28). However, this definition is very complicated
and we expect that the defining relations of T'Y; ((§0(2n)) can be further simplified.

2  Universal central extension of sl(n) [uil, v}

In this section, we recall the work of [18], which gives a presentation of the universal central
extension of sl(n) [uﬂ, v] . For a perfect Lie algebra g, a central extension of g is a pair consisting
of a Lie algebra g and a surjective homomorphism 7: g — g whose kernel is contained in the
center of g. The central extension (g, 7) is called the universal central extension of g if for every
central extension (e, ) there exists a unique homomorphism ¢: g — ¢ satisfying that ¢y o ¢ = 7.

In [11], Kassel gave an explicit presentation of the universal central extension of sl(n) [uﬂ, v] .
We set (Q ((C [uil, v]),d) as the module of differentials of (C[uil, v] in the same way as in [18,
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Section 2]. We take {a;} as a basis of C[u*!,v]. Let F be a free module of (C[uii, v]
whose basis is {daz} We regard F' as a 2-sided (C[ +1 v] module by setting a(db) = (db)a
for any a,b € C[ ] We set a linear map d: (C[ ,v] — I as d(zl ciai) = >, ¢ida; and K
as a submodule of F generated by d(ab) = (da)b + a(db) for a,b € C[u™,v]. We denote F/K
by Q((C [uil, fu}) We also set d: C[uil, v] — Q(C [uil, v]) as a homomorphism induced by d.

Let sl(n) ® C [uil, v} &) Q((C [uil, v} )/d(C [uil, v} be the Lie algebra whose commutator rela-
tions are given by

[21 ® a1, 22 ® ag] = [21, 22] ® a1 - az + k(21 22)azday,
[sl(n) ® C[uil,v] O (C [uil,v])/d(c [uil,v]] =0,
[Ql ((C [uil, v])/d(C [uil, v} X ((C [uﬂ, v])/d(C [uﬂ, UH =0.
We can naturally define a surjective homomorphism
7 sl(n) @ Clu™,v] ® Q(Clu™!,v]) /dC[u™!, v] = sl(n) ® C[u™,v].

Since the kernel of 7 is Q(C[u®!,v])/dC[u*!,v], 7 gives a central extension. Moreover, by [11],
sl(n)@Clut!, v] ®Q(C[u*!, v])/dC[u*!, v] together with 7 form the universal central extension
of sl(n) ® Clu*!, v].

Moody—Rao—Yokonuma [18] gave a new presentation of this universal central extension, which

we describe below. Let us take a matrix (aiAj)0<ij<n—1 as

2 ifi=j
a1 iti=gE,
I —1 if (4,5) = (0,n — 1), (n — 1,0),
0 otherwise.
Then, (a{}j)ogi,jgn—l is the Cartan matrix of an affine Lie algebra sl(n) = sl(n) ® Clt*!] @ Cc

whose commutator relations are given by

[z @ t", y @t°] = [z,y] @ " + udytsp tr(zy)e for =,y € sl(n),
[e.s1(n)] =0,

where tr is the trace of gl(n).
Definition 2.1. We define 2(n) as the Lie algebra over C generated by

{2 hip |0<i<n—1,71€ZLx}

subject to the following defining relations:

[hirs hjs] =0, (2.1)
[xz,r7 x],s] =0 ,Jhl r+s;s (2 2)
[ i,0, T j?r] :l:a i, j:ra (2 3)
[ i,r+1, ]S] = [h’zv“ ;%erl]’ (2'4>
[ zr+1’ js] - [x?,:r’xfs—&—l]’ (2 5)

> @d%%m)u(mwﬁmﬂmgﬁﬁ)zo if i # 7§, (2.6)
aesl*ai,j

where 5; is a symmetric group of degree [. We also denote the universal enveloping algebra
of A(n) by A(n).
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By using (2.5), we obtain

o) = 5 (k) + [af, 0 ]) =0
Moody-Rao—Yokonuma showed that 2A(n) is isomorphic to the universal central extension
of sl(n) ® C[u*!, v].
Theorem 2.2 ([18, Proposition 3.5]). There exists an isomorphism
t: A(n) = sl(n) @ (C[uil,v} ®Q(C [uil,v])/dC [uil,v]
given by

o Eiipv" if i #0, e Eij10"  ifi#0,
Epw"  ifi=0, Eiu~ " ifi=0,

where E; j is a matriz unit of gl(n) whose (p,q) component is 0pi0q,;.

Finally, we consider a presentation of the subalgebra of A(n) generated by {:c;rr} We take
a subspace Q4 C Q((C [uil, U])/d(C [uil, U] spanned by {ur_lvsdu |r>1,s> O}. We set a sub-
algebra A(n)y C A(n) generated by @ ,~o P cn+ 9av® and Q. Let us take a grading on A(n)
by deg(h;,) = deg (l’fr) = r + 1 and denote the graded algebra associated with A(n) by gr A(n).

Theorem 2.3. The associative algebra A(n)4 is isomorphic to the associative algebra generated
by {j:} [1<i<n—-1,r> O} with the relations:

[‘i.;:r+17 i.j:s] = [xz—'i,_w j;:s—s—l] ’
[z, 25 =0 ifaf; =0,
25 [zh. 2 ,]] =0 ifaly=-1.

1,17 1,87

Let 2(n)pre be the Lie algebra generated by {hw, ;1:2:-';, [1<i<n-—-1,7r> 0} with the defining
relations (2.1)—(2.5). We also define A(n)pre,+ and 2A(n)pre0 as Lie subalgebras generated by
{xfr, Ny [1<i<n-—-1,r> O}. Theorem 2.3 follows from the following lemma.

Lemma 2.4.

(1) The associative algebra U(A(n)pre,+) is isomorphic to a quotient algebra of the free asso-
ciative algebra generated by {a;fcr} divided by (2.5).

(2) Let I+ be an ideal of A(n)pre generated by (2.6). Then, I_ N A(n)pre+ = &.

Proof. (1) Let V be a quotient algebra of a noncommutative polynomial ring C(y; 4|0 <1i <
n—1,d € Z>q) divided by the relations [y;r+1,Yj,s] — [¥ir, Yj,s+1])- By a direct computation, we
obtain a homomorphism

Kk 2AN)pre — gl(V)
by
(F(254)) Wirds ** Yirde) = Yisa¥inds = Yir o

r
_ § : A
(K/(hl,d)>(y117d1 U y’ir,dr) - ai,iuyi17d1 e yiufl7du71yiu:d+duy’iu+17du+1 T yiryd'r7
u=1

(s(a)) () =0,
("i(xz_d))<yi1,d1 te yir,dr) = 6i,i1’€(hi,d+d1)(yi2,d2 to yir,dr) + Yiy,dq (’%(w:—d)) (yiQ,dz T yi’[‘7d’r‘)'
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The homomorphism x induces a surjective homomorphism Z: A4(n)pre,— — V by Z(z) = (k(x))1.
By a direct computation, we can also construct a homomorphism

£V = AMN)pre,—, Yid 7 T g

Since ¢ o Z is an identity map, Z is bijective. Then, we find that U((n)pre,—) is isomor-
phic to a quotient algebra of the free associative algebra generated by {z;} divided by (2.5).
Since A(n)pre,+ is isomorphic to A(n)pre,—, U(A(n)pre,+) is also isomorphic to a quotient algebra
of the free associative algebra generated by {a:jr | > 0} divided by (2.5).

(2) It is enough to show that I_ is contained in 2A(n)pre,—. This follows from the fact that
ad (a;jT) acts on the left-hand side of (2.6) trivially. [

3 A central extension of sl(n)[u*!, v]”

First, we set notations about the affine Lie algebra g[(n) Let A (resp. AT, A7) be the set
of roots (resp. positive roots, negative roots) of sl(n) = sl(n) [u'] & Ce. We set an inner
product (, ) on sl(n) by

(zu®,yu") = tr(zy)0ris,0, (xu",c) = (¢,c) = 0.

We denote by g, the root space associated with a root . For o € A, we take {xk}dlm (8a)
as a basis of g, such that (ma,xﬁ) = 0q+3,00k, and ( % T = :U’i , where X is the transpose
of a matrix X. The following relations hold in U (5[( )" (see [10, Corollary 2.4]):

dimga dimg/g,a
Z [xlia,asg] ®zk = Z :L‘E,a ® [x/g,:cgfﬁ]. (3.1)
k=1 k=1

Let 7 be an automorphism of U (;[(n)) defined by X — —XT. Considering the images of both
sides of (3.1) via 7 ® id, we obtain

dimga dimgg,a
ke gleal=— > ab g@ [ag,af 4] (3.2)
k=1 Pt

£1 4]

Let us take an involution of sl(n) [u
w: sl(n)[u™, 0] — sl(n)[u™!, 0], Xu"v® s —(=1)°X Tu""v%,
In this section, we give a central extension of sl(n) [uil, v]w.
Definition 3.1. Let BD(n) be the Lie algebra generated by
{Hi2r+1,Bir |0<i<n-—1,r>0}

with the following relations:

i, 27“-‘,—17 7 25+1] 0

[H,

[H; 2041, Bj,s] = 2a;5Bj 204541,

[ ir+1, B ] [Bi,rv Bj,s+1] = _51',3'((_1)7“ + (_I)S)Hi,r+s,
[BM,BJS] =0 ifal; =0,

[Birs [Biss Bjull = =Bjristu  ifaiy=—L

We also denote the universal enveloping algebra of B (n) by BD(n).
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In [7], it was shown that the affine Yangian associated with f?[(n) coincides with A(n) if
all parameters are zero. If the twisted affine Yangian of types BD exists, we expect that the
twisted affine Yangian of types BD should be equal to BD(n) if all the parameters are zero.
Moreover, since the twisted affine Yangian should be a coideal of the affine Yangian, it is expected

that BD(n) can be embedded into A(n).
By a direct computation, we obtain a homomorphism ¢: BD(n) — A(n) given by

B . Ei7i+11jr - (—1)TE,L'+17,L"UT if 1 S 7 S 2n — ]_,
T Buauw” = (1) By u " if i =0,

H B 2(Ez,z — Ei+1,l-+1)v27"+1 if 1 S 1 S 2n — 1,
BT 2B — By )0t 4 20 oy if i = 0.

Theorem 3.2. The homomorphism ¢ is injective.

Proof. For (i, j,r,s) such that E; ju"v® € A(n)4, we define EZT]S € BD(n) inductively as follows:
Ezozi-l = Bz ;S E}Li = B075
and

E* = [ElS | ,Bj_1g] ifj>i+landl<i<j<n,

2Y) lj 1
E:zs+1 [HIS,B 0],

= | Zz+11OaEZlle] fl1<i<n-—1,
Hos:[Boo, E,
ETJS:[H 1 310] ifi>jandn>i>j>2,
E:f:[ E[ ", Bo] if1<i<n-1,

B = [HOO,E’” 1 forr > 2.

n,1
By a direct computation, we obtain

o(E}) = F7 ifj>i+land1<i<j<n,

(
O(E) = Fii,
o(Hf ) = F} - Zfl o = D letdu — (r— 1) (—1)Su oSy if1<i<n—1,
¢(H6,s) = Fypin — 1 T+ uT wtdu — (1) u v du for r > 2,
¢(E:JS) ZFZ’]-S ifi>jandn>i>j>2,
o(EY) =Fy ifl<i<n-—1,
o(Ey) =Fp forr>2,

where F P = B ju"v® — (—1)°E;ju”"vs. Since {gb( )} U{¢(H;2r+1)} are linearly indepen-
dent, the set {Ers} u{H, 2T+1} is hnearly mdependen‘c By the PBW theorem, if we fix an
order of the set {H;C 241, E } satisfying that Hj 9,41 < E , the set of ordered polynomials
derived from {H kort1, B } is linearly independent in BD(n ) Thus, it is enough to show that
these ordered polynomlals span BD(n).

Let us take a grading on BD(n) by deg(Bj,) = r + 1 and deg(H;,) = r + 1. We denote
the graded algebra associated with BD(n) by gr BD(n) and the i 1mages of {E] S} and {H } in
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gr BD(n) by {Em} and {HT } The graded algebra gr BD(n) is generated by {Hi,gr_t'_l,Bi’T}
which satlsfy the following relations:

H; 2r+1aHj 2541] =0,
Hi 241, Bj 5] =0,

Bi 41, B;, s] [Bir, B] s+1]
BM, Bj,s] =0 if ai7< =0,
B

irs | Bis; Bju]] =0 if ot =L

Let Ly be the subalgebra generated by {Bi,r}- We can decompose gr D(n) into the tensor
product of C[H; 2,+1] and L. By Theorem 2.3, we have a surjective homomorphism from A(n)
to L. By definition, E:Js corresponds to Ej; ju"v®, HZ:S corresponds to (E;; — Ej1,i+1)u"v® +
(r —1)u"v®du and Hj, corresponds to (Enn — Ei1)u"v® + u"~'v°du. Since the set of these
elements is a basis of @, Dyen+ Sdimge pkys@Q, we find that the set of ordered polynomials
derived from {Hk 941, B, S} spans BD(n). Thus, ¢ becomes injective. |

4 1-parameter twisted affine Yangian

Let us recall the definition of the affine Yangian of type A.

Definition 4.1. Suppose that n > 3. For h,e € C, the affine Yangian Ym(;[(n)) is the
associative algebra generated by X ”, X”, H;,,i€{0,1,...,n—1}, r = 0,1, subject to the
following defining relations:

[H;,, H; =0,

[ X],O] =0 JHZO>

[Xz,l X; 0} :51JH11 [X107X }

[H oni}:i W

[Hin, X55] = :l:a( )i (6,5) # (0,n — 1), (n — 1,0),
[Ho

X 1,0] = :F(Xf—m + (5 + Zh) Xr:Lt—l,O)7

(1. X2] = :F<X3f1 - <g T Zﬁ) Xg;)),

(X7, X550) - [X0, X50] = ia;‘}g X0 Xob i (6,5) # (0,n— 1), (n - 1,0),
[Xoi,l’Xf—l,o] - [Xoi,eril,l] = ]FS{X(fO’Xf—l,o} + <5 + Zh> [Xoi,o’Xil,o]v
(ad X5) TN (xE) =0 it £,

where HZ 1=H;; — h 0 and {X,Y} = XY +YX. In the case ¢ = —5h, we denote Y} (;[(n))
by Yi(sl(n)).

Let us recall the standard degreewise completion (see [17, Section 1.3 |) of the graded algebra
in order to define the elements J(h;) and J (xli), which are tools for constructing an embedding
from the twisted affine Yangian of type BD to the affine Yangian of type A.

Definition 4.2. Let A = &, ., A, be the Z-graded algebra.
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(1) The standard degreewise topology of A is the linear topology defined by the sequence
XNd = @TEZ r>N Ad TA

(2) Set Ad = l&l XnAa/XnN.a, where Xy is the closure of Xy. We set A= DBacz Ad and
call A the standard degreewise completion of A.

We define a degree of deg(H; T) =0,deg (X i) +8;0. We denote the standard degreewise
completion of Y}, . (5[( )) by Yﬁg(ﬁ[( ). R o
We denote the set of degree d elements by Y . (s[(n))d. Set A; € Yy (sl(n)) as

h h

s>0 s>0
u>1 1>
h —s—1 s+1 h —s—1 s+1
+ 5 E Eu,it Ei,ut — 5 E Eiﬂ,t Ev’it .
s>0 s>0
u<i 1<v

Similarly to [8, Section 3|, we define
J(h;i) = ﬁi,l +A,—Ai € 17;175 (;[(n)),

where fIiJ =H;; — %sz,o as in Definition 4.1. We also set J(z i) %[J(h ), x ]
Guay—Nakajima—Wendlandt [8] defined an automorphism of Y}, €( n )

T = exp(ad(X;fo)) exp( ad(XZ 0)) exp(ad(X:ro))

Let o be a positive real root of E:A[(n) There is an element w of the Weyl group of ;[(n) and
a simple root «; such that a = wa;. Then we define a corresponding root vector by

+ _ ) +
Ty = TiyTig** Tip_q (xj ),

where w = s;, 8, - -+ 8;,_, is a reduced expression of w. We can define J (a:ai) as

J(xi) = Ti Tig """ TipflJ(x;t).
Lemma 4.3 ([8, equation (3.14) and Proposition 3.21]).

(1) The following relations hold:

J(hi), X35 = 2al;J(25)  if (i,4) # (0,n — 1), (n — 1,0),

X0 = X5, J(=0)] i (64) # (0,n—1),(n — 1,0),
J xg)erjL[—l,o] = [X(f,o’ I ()] + (5 + gh) [Xoi,o»Xf—Lo]-

(2) There exists cq; € C such that

[J(hi),xi:] = +(w, oz)J(acgf) + co .

In particular, cq; is zero if e + 5h=0.

In [12], Lu gave the minimalistic presentation for the twisted Yangian. By the same proof as
in [12, Theorem 3.1], we can give a minimalistic presentation of BD(n).
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Theorem 4.4. The associative algebra BD(n) is isomorphic to the associative algebra gener-
ated by

{Hi1,Biy, |0<i<n—-1,r=0,1}

with the following relations:

[ 107 ] - 25',j-Hi,17
zf aw =0,
7[ ZOJBj7O]] = _Bj7() Zf afj = —1.

gl =

0] 2(1 B
jo] =
jo] =

[H;q1, H.
[H;q, B
[Bi, B
[Bio, B
[Bio

By deforming this presentation, we can give a definition of the l-parameter twisted affine
Yangian associated with §o0(n).

Definition 4.5. For h € C, set TY;($0(n)) as the associative algebra generated by
{Hi,lvBi,T | 0 S ) S n — 1, ’I“:O,l}
with the following relations:

[Hin, Hjal =0,

[HM,B 0] = 2a Bjjl,

[Bi1, Bjol = [Bio, Bj1] + gafj{Bz’,O, Bjo} —26;;H; 1,
[Bio,Bjo) =0  ifaj; =0,

[Bio, [Bio, Bjol] = —Bjo  ifal; = —1.

/L7]

In [12], Lu gave the coideal structure of the twisted Yangian. Using the relations (3.1)
and (3.2), we can give a coideal structure of the twisted affine Yangian T'Y;(s0(n)) in the same
way as in [12, Theorem 4.1]. We need to take another filtration for the affine Yangian Y}, (;I(n))
For d > 0, we set Fy = ,,,~q4 Yh,(sl(n)) We define Yh(sl ) as Lth(s[ n))/Fy.

Theorem 4.6. There exists an injective homomorphism
®: TYy(50(n)) — Yu(sl(n))
given by

(I)(Bi,O) = X;,—O - X’ijO’

dim go
(Hzl)*2Hzl+h Z Z g, & a ou
aceAT k=1
dim gq
(I)(B ) X11+X21+hz Z{ i 0 a }_7{‘%@0’ ZO}
acAt k=1

where (, ) is an inner product on Y Zoy defined by (o, 05) = a; ;.
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Guay—Nakajima—Wendlandt [8] gave the coproduct for the affine Yangian
A: Yi(sl(n)) = Yi(sl(n)) @Ya(sl(n)),

where Yﬁ(;[(n))@)Yﬁ(;[(n)) is the standard degreewise completion of ®2Yh(£:[(n)). Since A
preserves the grading, we can extend A to

A: Yi(sl(n)) — Ya(sl(n))@Ya(sl(n))

comp’

~

where Y3, (;[(n)) DY (;[(n))comp is defined from Yy (gl(n)) DYs (gl(n)) in the same way as Y, (sl(n)).
Then, by the definition, we obtain

A(®(TYn(s0(n)))) € ®(TYi(50(n))) @ Ya(sl(n)).

Thus, we can consider that T'Y;(s0(n)) is a coideal of the affine Yangian Y} (;[(n))

We note that the subalgebra of T'Y;(s0(n)) generated by {B; o} is not isomorphic to U(s0(n))
but U (sl(n)[u*!,v]”) since TY;(s0(n)) is a deformation of sl(2n) [u*!,v]”. By Lemma 4.3, it
would be challenging to extend the homomorphism given in Theorem 4.6 to the 2-parameter
affine Yangian if e+ gn # 0. In order to construct a relationship between twisted affine Yangians
and W-algebras, we need to consider another involution of sl(2n)[u*!, v].

Remark 4.7. In the case € + g = 0, there exists a homomorphism from the affine Yangian of
type A to the rectangular W-algebra of type A associated with a critical level. Unfortunately,
in the case ¢ + % = 0, this homomorphism is not surjective so that we can not expect the
corresponding result to [3]. Similarly, it is expected that BD(n) corresponds to the rectangular
W -algebras of types BC'D at the critical level and this homomorphism will not be surjective.

5 A central extension of sl(2n)[u*!,v]”

We give another involution of sl(2n). Set I, = {£1,42,...,£n} and take {E; ;}i jer, as the set
of matrix units in gl(2n). We also define 7 as an automorphism of gl(2n) [u*!, v] by 7(E; ju"v®) =
—(=1)*E_j _ju"v*. By definition of 7, sI(2n)[u*!,v] is preserved by 7. In the next section, we

give a central extension of sl(2n) [uﬂ, v} T

For » > 0, we define matrices (a%?;)OSign,ogjgn and (a?7§+1)1§i§n71,0§j§n as follows:
20ij = 0it1,5 — Oij+1 if3<i<n-—3,
25jn-2— 0jn-3—Ojn-1—0jn ifi=n—2,
205n—1 = Ojn—2 ifi=n—1,

a%;- =4 200 — Ojn—2 if i =n,
2050 — 00 — 51 — 9;3 if i = 2,
2651 — 05,2 ifi=1,
(2050 — 02 if i =0,
@ if2<i<n-2,
a?ngl =49 20jn-1+20jp —0jn-2 ifi=n-—1,
b(sj,l + 2050 — 0,2 ifi=1.

We note that (a??)?jzl is the Cartan matrix of §0(2n).

Definition 5.1. We define ©(2n) as the Lie algebra generated by

+ + + .
{H’i,T7X' Hn,2r7HO,2r7X,172r+17Xn+172r+1 ’ I<i<n—-1,r¢€ ZZO}

2,17
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with the following commutator relations:

[Hi,, Hjs] =0, (5.1
[Hip, X7,) = +af; X35, for0<j<n, (5.2

5i,jHi,r+s if0<14,57<mn,

(i,5) # (n = 1,n), (n,n —1),(0,1), (1,0), (n, n), (0,0),

H ifi=j=mnand r+ s is even
[X;’ XJTS] - HZ:r,:S if :;' =nand r i s is odd, | (5:3)

Hoqs ifi=7=0and r + s is even,

Hypps ifi=7=0and and r + s is odd,
[X;r 1,7 ] = _57"+5:0ddX7:+1,7‘+s’ [X:raXn_ 1 s] = _6T+s,oddX:_+1,r+s7 (5-4)
(X0 7} = —OrpsoddX 1,0y (X7 Xou] = —0ris0ddX 1y (5.5)
(X5 Xl =0, [X5 X =0 if1<i<n—1, (5.6)
[X”,Xﬂs] =0, (X5, X7, ,]=0 if2<i<n+1, (5.7)
[X; 1,r n+1 s] = 2XﬁLr+s= [Xr: 1,rs X;L*l s] =0, (5.8)
(X1 Xog1s) =0, (X1 Xpp,s] = —2X s (5.9)
(X X;—H J =0, (X Xoa] = =250 s (5.10)
[X;,r: n+1, s] QX:{ Lr+s’ [XnWXT:-i-l s] =0, (5.11)
(X X5 =0, [Xg, X1 ) =—2X7, (5.12)
[X[irﬂ 1,3} = 2Xftr+s’ [Xo’w X s] =0, (5.13)
(X7 X1 ) = 2X0, (X1, X1 =0, (5.14)
X X0 =0, [XD X0 = 2, (5.15)
[Xz,r ] 0, (5.16)
(X, X5 ] = (X5, X5, i0<i<j<n, (i) #(0,1),(n—1,n), (5.17)
[X 0,r +17X1is] = *[Xoir’XlisH} [erf 1r+1aXjE } = [Xni 1r’X$s+1} (5.18)
[Xl ] 0 ifa); =0,0<i##j<n,(i,j)#(0,1),(1,0),(n—1,n),(n,n— 1), (5.19)
(X, [Xj;,Xi ]]=0 ifa);=-1, (5.20)
[Xf 1,00 [Xf 10’X1:1t2r+1]] =0, (5.21)
[X?f,o’ [ 700 Xn1 2r+1” =0, (5.22)
(X350 [Xii0s Xo2r41]] = 0, (5.23)
(X550 [X0.00 Xizrs1]] =0, (5.24)
(X0 [X10s (Brg — Eo2)t"]] = [Xio, [X10, (Brp — Bap)t*]] = 0. (5.25)

)

We also denote the universal enveloping algebra of ©(2n) by

Set 175 = (Bij — (=1)°E_j_i)u"v® € sl(2n) [u*!, v].
{5 ]zye[n,rez s€Z>0}
m @(Qn) — sl(2n) [u*!,v]" determined by

T 'S T 'S
igV fz‘+1,i+1”

Hiﬂ" = fﬁ—l,n—lvr + frc,nvr
_(f{,lvr + fg,QUT)

ifl1<i<n-1,
if i = n and r is even,

if i = 0 and r is even,

Then, sl(2n)[u*!

D(2n).

,U}T is spanned by
By a direct computation, we can construct a homomorphism
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o if1<i<n-—1,
n—1.-nV" ift=mn,
X = (=D fryue” ifi=0,
Jn—n?" ift=n+1and r is odd,
(L1 uv” if i = —1 and r is odd,
(fl0" if1<i<n-—1,
fznmfl’vr le — 77/7
X, = (—1)’”f1”7_2u*1v’" ifi =0,
A ifi=mn+1 and r is odd,
ffﬁlu_lv” if i = —1 and r is odd.

Next, we show that D(2n) is a central extension of sl(2n)[u*!, v]".
Let {a; | 0 <i < n} be the set of simple roots of §6(2n), let W be the Weyl group of 50(2n),
and let A be the set of roots of §0(2n). We also denote

Q=> Za;,Qy =) Zzoa;\ {0}, Q- =-Q; and
=0 i=0

n—2
5:a0+a1+an_1+an+2aj.
=2

We also take a subset of Q) as follows:
n—2
AT =AU { + <2204]‘ + ap—1 —i—an) + s,
j=i

:l:(ozn1—an)—|—55,:lz(ozo—a1)+35|1§i§n—2,seZ}.

We define a degree of ®(2n) by @ x Z>o by assigning generators as follows:
(*ay, ) if 0 <i<n,
deg(Hiy) = (0,7),  deg(X;,) =S ((an — an-1),7) ifi=n+1,
(£(ag — a1),7) ifi =0.

We denote the space of elements of degree (, k) in D(2n) by ©(2n)k. The following lemma can
be proved in the same way as [18, Lemma 3.1].

Lemma 5.2.
(1) Let s+ be the subspace of D(2n) spanned by {[];_, ad(Xim)XiHMH} and b as the
space spanned by {H;,}. Then, ©(2n) can be decomposed to

sTohosT @ @ CXo 1041 @ @ CXoi12ra

TEZZO TEZZO

82 @ CXlL1,2r+1@ @ CXZy 941

7‘6220 'I’EZEO

(2) If a € Q+, D(2n)E is spanned by

v
{H ad (Xi,ri)Xltiq;+1,Tu+1
=1

v+1 v+1
E Q, = @ E ri==kp.
i=1 i=1
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For 0 <1 < n, we set

—Q; if7 = j,
s;i €W as si(aj) = a; +a; ifa); =1,
o otherwise.

Lemma 5.3. By the action of the Weyl group, A% is generated by {a; | 0 < j < n} and
+(ap—1 — an), (g — aq).

Proof. Any root of A can be derived from {c; | 0 < j < n} by the Weyl group. Thus, it is

enough to show that i(2 Z?j o+ ap_1 + ozn) + s0 and +(ap—1 — ayp) + 86 can be derived

from +(a,—1 — ay), (g — aq).
First, we consider the case where s is even. By the definition of s;, we obtain the following
relations:

Sp(ap—1 — ap + 80) = ap_1 + a, + s9,

Sn—l(an—l + an + 55) = —Qp_1+ oy + 56,

n—2 n—2
Si—1 <2Zaj + an_1 +an+85> =2 Z o + ap—1 + ap + 59,

j=i j=i—1

n—2
so<22a]~ + a1 —i—ozn+s5> =—ap— a1 + (s +1)4,

j=1
so(—ap —a1 + (s +1)0) = ap — a1 + (s + 1),
n—2
si(ap —aq +s0) =+ a1 + 50 = —ZZaj —ap_1 —an+ (s+1)4,
j=1
n—2 n—2
si<—22aj — Oyt —an+(s+1)5> = -2 Z aj — p—1 — ap + (s +1)0,
j=i j=it1

Sp—1(—n—1 —an + (s+1)0) = ap—1 — an + (s + 1)0.

Then, by these relations, (2 Z;L:_f aj + o1 + an) + 80, — (2 Z;L:_f aj + a1 + an) + (s +1)d,
+(an—1 — an) + 0 and £(ap — a1) + sd can be derived from ay,—1 — vy, and ag — ay for s > 0.
Similarly to the positive case, (2 Z?:_f ajtom_1+ay)—(s+1)8, —(2 Z?:_f o+ om_1+ay)—sd,
+(an—1—ap)—(s+1)d and +(ap—a1)—(s+1)d can be derived from —(a,—1 —ay,) and — (g —aq)

for s > 0. |
By the relations (5.19)—(5.24), we can define an automorphism of D(2n) by
T = exp(ad(X;fO)) exp(— ad(XijO)) exp(ad(XZ’O)).
By a direct computation, we obtain the following lemma.
Lemma 5.4. The following relations hold for 1 <i<n —2:

-X;, if i =j,
(X, X5 ifad; = -1,
ry+ iF (7 4) —
(_j) Xj,r Zf <Z7]) - (07 1)7 (170)7 (Tl - 17”)7 (n,n - 1)7
X

1,7

m(X},) =

otherwise,
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—Xfr if i = 7,
[XlO,X -] z'fag{j =1,
T (-1)X;, if (4,7) # (0,1),(1,0), (n — 1,n), (n,n — 1),
X]Tfr otherwise.

Proof. We only consider the case where (7,5) = (n — 1,n) when 7 is odd. The other cases can
be proved in a similar way. First, we prove the + case. By (5.21), we have

exp(ad (X1 0)) Xo o1 = Xoorn + [ X100 Xoror1] = Xovorn + [ X100 Xorari1) -
By (5.4), (5.2) and (5.8), we obtain
- ad(X;—l,O) (Xn+,2r+1 + [X;—L()a Xa;r,2r+1])
_[Xr:—l,OaX:,er] - [X;fl,w [X:—l,OerterH
_X:+1,2r+1 + [hn—l,OaX:,%-i-J B [X;r—l,o’ [X’r:—l,0>X’r—zi_,2r+1”

= _X;+1,27"+1 - [X;fl,O’X7j+1,2r+l] = X:+1,2r+1 - 2XI27~+1-
By (5.8) and (5.4), we have

1 _
D) ad(Xn—Lo) (_X72L+1,2r+1 - 2X72L,2r+1) =0+ X:+1,2r+1'

Thus, we obtain

eXp(_ ad(X;—Lo)) eXp(ad(X;_—l,O))XIQT—i-l = _X:2r+1 + [Xn 1 07X:,2r+1]'
By (5.21), we obtain
ad( n— 10)( X;2r+1 + [X:—LO’X;%-H])
= _[X:—1,0=X:2r+1] + [X:—l,m [X:—l,OerthH = _[X:—1,07X7—1’_,2r+1} +0,
ad(X:—l,o) (_[X:—Lm X:2r+1]) =0.

Thus, we have obtained 7,,_1 (X;QTH) 2r+1
Next, we show the — case. By (5.4) an ( 9), we have
_ 1 _
exp(ad( n—1 0))Xn o1 = Xpory1 T [ n—1,0 n2r+1] + §[X7:Ltl,07 [Xn 1,00 Xp 27"+1H

=X, 0r41 — Xpg1,2041 T 0

By (5.9), we obtain
- n—1,0 n2r 41~ Xpp12r41) = T [ X—1,00 X 2rt1 n—1,00 X n41,2r41
(—ad(X,_10) (X X ) =—[X10 Xnora] + [Xai1 00 X ]
== [X;—1,07Xn,2r+1] 2X1;2r+1
By (5.21), we have
1 _ _ _ _ _ _
D) ad(anl,O) (_ [Xn—l,o’ X, 27"+1] 2X, 2r+1) =0+ [anl,o’ Xn,27“+1}'
Then, we obtain

eXp(_ ad(X;A,o)) eXP(ad( n—1 0))Xr:,2r+1 =X ort1 — Xpi12r41-
By (5.4) and (5.9), we obtain

ad( n—1 O)( Xr:?r—l—l Xr:—f—l 2,«_,_1) = X77+1,2r+1 -0,
(ad( n—1 0)) (Xn_+1 2r+1) 0.

Thus, we have obtained 7, (X;QTH) — X ori1- |
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Corollary 5.5. The following relations hold:

7i(fi%) =

To(fi5) =

( T8
— s
TS
(_I)Tfj,k
T8
- j?k
T,
i1k
fik
7,8

—ik
T,
_fj,i+1
T,8
T i1
T,
fj’l
r,8
f.]777’
7,8
fj7k
T,8
(_1)Tfj7k
— e
iy
_f—n,k
T,8
“Ink
J—(n-1),k
T,
f(n—l),k:
s
"
—fin
.8
Fi =)
7,8
Fin—1)
T,
i
7,8
(_1)Tfj,k
—2,8
_f;; "4
TiQ,S
B k?]

r+2,s
727]

fr72,s

2,k
r+1,s

1k

r—1,s
ik
r—1,s
f.]’_2
fr+1,s

Ji2
r—1,s
r+1,s

—Jja

\
p

7,8
\fj,k‘

if (j,k) = (4,i+ 1), (i + 1,47),
if (G, k) = (6, =i+ 1)), (=@ +1),4), (=(i +1),4), (=i, (0 + 1)),
ifj=1i,k# x>+ 1),

if j=—t,k# (i+1),

ifj =14+ 1,k # +i,

if j=—0@+1)# +i,
ifk=i,7# x>+ 1),
ifk=—i,7# (i+1),
ifk=1i+1,j #1,
ifk=—(i+1),j#14,
otherwise,

if (k) = (n = 1,m), (n,n — 1),
if (4,k) = (n—1,-n),(n,—(n—1)),(=(n—1),n),
ifj=n—1k+# +n,
ifj=—(n—1),k#n,
ifj=nk#4n—1,
ifj=-n#4n-—1,
ifk=n—1j# +n,
ifk=—(n—1),j £n,
ifk=n,j#n—1,
ifk=-n,j#n—1,

otherwise,

if (J,k) =(1,2),(,k) = (2,1),
if (4,k) = (1,-2),(1,-2),
if (4, k) = (=2,1),(=1,2),
if j =1,k # +£2,
ifj=-1k#2,

if j =2,k # +£1,
ifj=-2#1,

if k=17 # %2,

if k=—1,j# 2,
ifk=2j#1,
ifk=-2,7#1,
otherwise,

for j # +k and either j or k is positive.

By Lemma 5.4, we find that 7;(D(2n)%) is contained in ”}3(271)’;(&) In the same way as [18,

Proposition 3.2], we obtain the following theorem.
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Theorem 5.6. We find that

{

By Theorem 5.6, the kernel of 7 is contained in @, ¢, D (2n)¥;. Since [Xfo, D(2n)k]ND(2n)k,
is empty by Lemma 5.2, the kernel of 7 is contained in the center of D(2n). Thus, we find that
D(2n) is a central extension of sl(2n)[u*!, v]".

dim®(2n)k =1
dim®(2n)k =0

if o € A\ {kd | keZ\{0}},
if a & A,

6 Embedding of D(2n) into A(2n)

In this section, we show that the associative algebra ©(2n) is a subalgebra of the associative
algebra A(2n). By a direct computation, we can construct a homomorphism ¢: ©(2n) — A(2n)
defined by

T

igV fz‘r+1,i+17)r if1<i<n-1,
Hip = q fp1n_10" + font" if 4
—(fl0" + f30") + 2u~ o du  if i

,UT

n and r is even,

0 and r is even,

i1V if1<i<n-1,
n—1.-nV" iti =n,
X = (=D fry e ifi=0,
Jn—n¥" ift=n+1 and r is odd,
Jlqquo” if i = —1 and 7 is odd,
z’T+1,iUT if1<i<n-—1,
fznmfl’vr le — 77/7
Xir= (—1)’”f1”7_2u*1v’" ifi =0,
A ifi=n+1and r is odd,
f{ﬁlu_lv” if 4 = —1 and r is odd.

Theorem 6.1. The homomorphism ¢ is injective.

_ This section is devoted to the proof of Theorem 6.1. By Theorem 5.6, we can define
fi7 €D(2n) for i # j in the same way as f;7 € sl(2n) [u*!,v]". By Theorem 5.6, we ob-
tain the relations

[Hivm’ ;:S]
Sip — Ois1p — Oig + Oiv1q — (—1)"(0ip — 0 _sq — 0 5 foate
( P i+1,p ig T 0i+1,q ( )" ( —i,p —i,q —i—1p T —Z—Lq)) Psq
if1<i<n-1,
— (5"*1@ + 571,? - 6”*141 - 5n,q - (_l)x(é—(n—l),p - 6—(n—1),q + 57n,p - 5fn,q)) ;:SJF:E
if i = n,
_(51713 + 52713 - 51,q - 52761 - (_1)m(5—1,p - 5—141 + 5—2,p - 5—241)) £:g+x
if i =0,
[ﬁi;Sl’ 27211752] _ 5j,p :7:;-1-7’2,814-52 _ 5i,q ’Z}j+r2,$1+82
_ (_1)8151,7_13?23;7“27514-82 +(=1)%6;_, 2’1_4;7‘27514-82 if (i,7) # (¢, p), (—p, —q).

By Theorem 5.6, we find that the kernel of ® is contained in €, 4 rez D(2n)k;.
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Lemma 6.2. Forr > 0, the subspace @(271)?5 is spanned by

alr, k) = { [Xio, i) 11 i <=1 U{[Xfo, ] 1< i<m—1)
u{[Xq, 060 J1 2] 5:0,1}U{[Xff1,fg:’f’l] [X1+Ov gﬂ}
Proof. By Theorem 5.6, we find that D (2n)";s is spanned by the set

{[X’L—:’ ZT+’U12:| ‘1<Z<n—1 S+U—k}u{[ ns7fi:in 1:| ‘S‘i‘v—k}

U{[X3, A5 s +v ="k}

Since D(2n) is a central extension of sl(2n) [u*!,v]", we find that

[X:rsvfzrfl,z'] - [X;ro,f;rfffL
(X o] = [X o0 F0000),
[(Xoor 175" = (XG0 157
are central elements of ®(2n). Thus, we obtain
0= [H%%l? [X;ry szl,iH - [H@l? [X:rmfﬁrsf,rf” - 2[Xz+s+1’fzf1,i] - [X;Ls: :ffrzl]
=2 XL I 2 X FETY) for1<i<n—1, (6.1)
0= [Huova, (X570 70 )] = [Hnorns [X00, 770000 ]
=2[X,, s+17f—nn 1] = 2[X5 2521 1] = 2[X0 0, i’rsltlv ] +2[X 0, ithHll]
0= [Hy, [Xgo 1 75"]] = [Hua, [Xg0, 1 75"]]

= 2[ X0 A5 — 2[00 AT — 2 s 2 X, A .
Thus, A(2n)k; is spanned by

{[X:_S; Z"+kll8] |1<Z<n—1 S—O 1}
{[ ns,fiznsl] ’1<z<n—1 s =0, 1}U{[X057f{ 12k s] |32071}.

By Corollary 5.5 and a direct computation, we find that, by composing 7;, we can construct 71, 7o
satisfying that

g (X k) = X1+k> ﬁ(ﬁfﬂ) = E:fa

2(Xg) =X R(A5Y) =61

73(X ) X1+k’ ?3(1?2’2,71—1) = f?;f
for 1 <i < n. Then, we obtain

[Xfp E,’f_l] [X1+0a fglf]

\‘

7 (XGh). A ()] - [ (Xi%0): 71 (F73,0)]
Xz 17 17"+k1 11] [ 1,00 2+1 1]7 (6'2>

[
=
[7(X31), (75" )] - [R(Xdo). 2(F75")]
=
7

[Xfpgflf_l] Rey 1,0° 21]
X01vf1T S - X A5

(X500 T ()] = [ (X500) B ()]
:[ 17fian11] [n,Oaﬁ’z,nq]v

because the right-hand sides are central elements of D(2n). [

(X B = [ 1] =
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Now, we begin the proof of Theorem 6.1. We only consider the case that » > 0. When £k is
even, the images of a(r, k) via ® are linearly independent. However, in the case that k is odd,
we obtain

[@(X1). 2(F20)] - [2(XT,). @ (1)) =0.
Thus, we need to show [X f 1 gfs] (X 1+ 0> g %SH] = 0. The case s = 0 is precisely the defining

relation. Next, we consider the case s > 1. By a direct computation, we obtain
1

[ 2af33§1 11} = _§[X;,2v [X;r 10?fﬁis ll)n 1“
1
- 7§[X711,0a[ nzvaQnS 11)n Jl = X100 5,’2531]
and
1 -
[X:()a gﬁj:r—ll] - _i[X:()v [X:—l,w 37(27;9711),1171”
1

= _§[X:—1,2’[ novfﬁis 11)n 1“ [X+ 1,2 57217;_11]

Thus, we obtain

[ u,2s—1

SN e W) = (X S = (X, £, (6.3)

n,00J —nn—1 n,n—1 n,n—1

] - [
By (6.1), (6.3) and (6.2), we find the relations
] - [

u,2s—1
[ 2’f—nn 1

[Xf_p "‘2r 25— 1] [Xftw “;77"1-‘1-1 k} —0.

u,2s+1 7
n,00J —n,n— 1] _07

We complete the proof of Theorem 6.1.
By the same proof as in [9, Section 4], the associative algebra D(2n) has the following finite
presentation.

Definition 6.3. We define 5(271) as the associative algebra generated by
{hi,r,$¢irahn70,| 0<i<n—1,1<j<n, r:O,l}

with the relations

[hir,hjs] =0,
[ 7,0, L ] :f:a”z] 05
[ 3,07 JO] = 0i5hi,
hia ifl1<i<n-—1,
[x;fl,av;O} =9 ln-1n =1,
—hi,4s it j =0,

[
[azii,o, mjjfo] = if al . =0,
[#i0 [eio wjol] =0 ifal; =1,
[z 1120 11)s 7] =0,

[ 1:95(7,1}=x1i,0] =0,

[mil, [:L’io, (Erg — Eg,g)t“]] — [$1+,0a [xil, (Erp — E2’2)tu:|:| =0.

Theorem 6.4. The associative algebra D(2n) is isomorphic to D(2n).
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