
Symmetry, Integrability and Geometry: Methods and Applications SIGMA 22 (2026), 089, 19 pages

Subalgebras of the Universal Central Extension

of sl(n)[u±, v] from Two Involutions

Mamoru UEDA

Graduate School of Mathematical Sciences, The University of Tokyo, 3-8-1 Komaba, Meguro,
Tokyo, 153-8914, Japan

E-mail: mueda@ms.u-tokyo.ac.jp

Received January 18, 2026, in final form August 31, 2026; Published online September 18, 2026

https://doi.org/10.3842/SIGMA.2026.089

Abstract. The affine Yangian associated with ˆ︁sl(n) is a deformation of the universal en-
veloping algebra of the universal central extension of sl(n)[u±, v]. In this article, we consider
two involutions of the universal central extension of sl(n)[u±, v] and give a presentation of
the fixed subalgebras of these involutions. By deforming one fixed subalgebra, we can define
the 1-parameter twisted affine Yangian TYℏ( ˆ︁so(n)), which is a coideal of the affine Yan-
gian associated with ˆ︁sl(n). Another fixed subalgebra is expected to define the 2-parameter
twisted affine Yangian by deforming the presentation given in this article.
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1 Introduction

Drinfeld [5, 6] introduced the finite Yangian Yh(g) associated with a finite-dimensional simple
Lie algebra g. The finite Yangian Yh(g) is a quantum group which is a deformation of a current
algebra g ⊗ C[z]. The finite Yangian has several presentations: the Drinfeld presentation [6],
finite presentation [8] and so on.

Olshanskii [19] introduced the twisted Yangian associated with an orthogonal Lie alge-
bra so(n) or a symplectic Lie algebra sp(n). These twisted Yangians are coideals of the finite
Yangian of type A. Similarly to the finite Yangian, the twisted Yangian also has several presen-
tations. Olshanskii defined the twisted Yangian by the RTT presentation. Belliard and Regel-
skis [1] constructed the Drinfeld J presentation of the twisted Yangian. Lu–Wang–Zhang [14, 15]
and Lu–Zhang [16] gave the Drinfeld presentation of the twisted Yangian. As for the minimal-
istic presentation of the twisted Yangian, Harako and the author [9] constructed it for type D
setting and Lu [12] gave it for any setting.

By using the Drinfeld presentation of the finite Yangian, the definition of the Yangian can
be naturally extended to a symmetrizable Kac–Moody Lie algebra. In particular, the Yangian
associated with an affine Lie algebra is called the affine Yangian. For an affine Lie algebra, Guay–
Nakajima–Wendlandt [8] constructed a finite presentation of the Yangian and showed that the
Yangian associated with an affine Lie algebra has a coproduct. Unlike finite Yangians, the affine
Yangian is not a deformation of the current algebra. For instance, the affine Yangian associated
with ˆ︁sl(n) is a deformation of the universal central extension of sl(n)

[︁
u±1, v

]︁
. The universal

central extension of sl(n)
[︁
u±1, v

]︁
is isomorphic to

sl(n)
[︁
u±1, v

]︁
⊕ Ω

(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁
,

where Ω
(︁
C
[︁
u±1, v

]︁)︁
is the module of differentials of C

[︁
u±1, v

]︁
. This Lie algebra is spanned

by sl(n)
[︁
u±1, v

]︁
and

{︁
vru−1du | r ∈ Z≥0

}︁
.
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The Lie algebra sl(n)
[︁
u±1, v

]︁
has the following involution:

ω : sl(n)
[︁
u±1, v

]︁
→ sl(n)

[︁
u±1, v

]︁
, Xurvs ↦→ −(−1)sXTu−rvs,

where XT is the transpose of X as a matrix. Set BD(n) as a subalgebra of the universal central
extension of sl(n)

[︁
u±1, v

]︁
spanned by sl(n)

[︁
u±1, v

]︁ω
and

{︁
v2r+1u−1du | r ≥ 0

}︁
. In Sections 3

and 4, we give a presentation of BD(n).

Theorem 1.1. The Lie algebra BD(n) has a presentation whose number of generators is finite.

In Section 4, we define the 1-parameter twisted affine Yangian associated with so(n) as a de-
formation of U

(︁
sl(n)

[︁
u±1, v

]︁ω)︁
and show that it becomes a coideal of the affine Yangian of

type A by the same way as [12]. Guay [7] defined the affine Yangian Yℏ,ε
(︁ˆ︁sl(n))︁ with two pa-

rameters ℏ, ε associated with ˆ︁sl(n) by extending the finite presentation of the Yangian associated
with sl(n). The definition of the 1-parameter twisted affine Yangian is well defined and has no
problem. However, it could be challenging to extend it to the 2-parameter.

Recently, the Yangian has been actively used for the study ofW -algebras. In the finite setting,
there exists a relationship between the finite Yangian of type A and a finiteW -algebra of type A
given by Brundan–Kleshchev [3]. As for other types, a finite W -algebra is connected to the
twisted Yangian (see [2, 4, 13]). In [20], the author defined the twisted affine Yangian of type C
as a subalgebra of the 2-parameter affine Yangian Yℏ,ε

(︁ˆ︁sl(n))︁ and constructed a relationship
between the twisted affine Yangian of type C and a rectangular W -algebra of type D in certain
cases. However, this definition was not described by generators and defining relations. Thus,
we would like to describe a definition of a two-parameter twisted affine Yangian by generators
and defining relations.

We consider another involution of sl(2n)
[︁
u±1, v

]︁
similarly to [9]. Set In = {±1,±2, . . . ,±n}

and take a basis of gl(2n) as {Ei,j}i,j∈In . The Lie algebra gl(2n)
[︁
u±1, v

]︁
has the following

involution:

τ : gl(2n)
[︁
u±1, v

]︁
→ gl(2n)

[︁
u±1, v

]︁
, Ei,ju

rvs ↦→ −(−1)sE−j,−iu
−rvs.

Set D(n) as a subalgebra of the universal central extension of sl(2n)
[︁
u±1, v

]︁
spanned by the

fixed subalgebra sl(2n)
[︁
u±1, v

]︁τ
and

{︁
v2ru−1du | r ≥ 0

}︁
. In Sections 5 and 6, we construct

a presentation of D(2n).

Theorem 1.2. The Lie algebra D(n) has a presentation whose number of generators is finite.

We expect that there exists a 2-parameter twisted affine Yangian deforming this presentation.
Actually, in [21], the author suggested the 2-parameter twisted affine Yangian TYℏ,ε( ˆ︁so(2n))
and constructed a homomorphism from TYℏ,ε( ˆ︁so(8)) to the rectangular W -algebra associated
with sp(16) and a nilpotent element of type

(︁
28
)︁
. However, this definition is very complicated

and we expect that the defining relations of TYℏ,ε( ˆ︁so(2n)) can be further simplified.

2 Universal central extension of sl(n)
[︁
u±1, v

]︁
In this section, we recall the work of [18], which gives a presentation of the universal central
extension of sl(n)

[︁
u±1, v

]︁
. For a perfect Lie algebra g, a central extension of g is a pair consisting

of a Lie algebra ˜︁g and a surjective homomorphism π : ˜︁g → g whose kernel is contained in the
center of ˜︁g. The central extension (˜︁g, π) is called the universal central extension of g if for every
central extension (e, ψ) there exists a unique homomorphism ϕ : ˜︁g→ e satisfying that ψ ◦ϕ = π.

In [11], Kassel gave an explicit presentation of the universal central extension of sl(n)
[︁
u±1, v

]︁
.

We set
(︁
Ω
(︁
C
[︁
u±1, v

]︁)︁
, d
)︁
as the module of differentials of C

[︁
u±1, v

]︁
in the same way as in [18,
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Section 2]. We take {ai} as a basis of C
[︁
u±1, v

]︁
. Let F be a free module of C

[︁
u±1, v

]︁
whose basis is

{︁˜︁dai}︁. We regard F as a 2-sided C
[︁
u±1, v

]︁
module by setting a

(︁˜︁db)︁ = (︁˜︁db)︁a
for any a, b ∈ C

[︁
u±1, v

]︁
. We set a linear map ˜︁d : C[︁u±1, v

]︁
→ F as ˜︁d(︁∑︁i ciai

)︁
=
∑︁

i ci
˜︁dai and K

as a submodule of F generated by ˜︁d(ab) = (˜︁da)b+ a
(︁˜︁db)︁ for a, b ∈ C

[︁
u±1, v

]︁
. We denote F/K

by Ω
(︁
C
[︁
u±1, v

]︁)︁
. We also set d : C

[︁
u±1, v

]︁
→ Ω

(︁
C
[︁
u±1, v

]︁)︁
as a homomorphism induced by ˜︁d.

Let sl(n)⊗ C
[︁
u±1, v

]︁
⊕ Ω

(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁
be the Lie algebra whose commutator rela-

tions are given by

[z1 ⊗ a1, z2 ⊗ a2] = [z1, z2]⊗ a1 · a2 + κ(z1, z2)a2da1,[︁
sl(n)⊗ C

[︁
u±1, v

]︁
,Ω1

(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁]︁
= 0,[︁

Ω1
(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁
,Ω1

(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁]︁
= 0.

We can naturally define a surjective homomorphism

π : sl(n)⊗ C
[︁
u±1, v

]︁
⊕ Ω

(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁
→ sl(n)⊗ C

[︁
u±1, v

]︁
.

Since the kernel of π is Ω
(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁
, π gives a central extension. Moreover, by [11],

sl(n)⊗C
[︁
u±1, v

]︁
⊕Ω
(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁
together with π form the universal central extension

of sl(n)⊗ C
[︁
u±1, v

]︁
.

Moody–Rao–Yokonuma [18] gave a new presentation of this universal central extension, which
we describe below. Let us take a matrix

(︁
aAi,j
)︁
0≤i,j≤n−1

as

aAi,j =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
2 if i = j,

−1 if i = j ± 1,

−1 if (i, j) = (0, n− 1), (n− 1, 0),

0 otherwise.

Then,
(︁
aAi,j
)︁
0≤i,j≤n−1

is the Cartan matrix of an affine Lie algebra ˆ︁sl(n) = sl(n)⊗ C
[︁
t±1
]︁
⊕ Cc

whose commutator relations are given by

[x⊗ tu, y ⊗ ts] = [x, y]⊗ tu+s + uδu+s,0 tr(xy)c for x, y ∈ sl(n),[︁
c, ˆ︁sl(n)]︁ = 0,

where tr is the trace of gl(n).

Definition 2.1. We define A(n) as the Lie algebra over C generated by{︁
x±i,r, hi,r | 0 ≤ i ≤ n− 1, r ∈ Z≥0

}︁
subject to the following defining relations:

[hi,r, hj,s] = 0, (2.1)[︁
x+i,r, x

−
j,s

]︁
= δi,jhi,r+s, (2.2)[︁

hi,0, x
±
j,r

]︁
= ±aAi,jx±j,r, (2.3)[︁

hi,r+1, x
±
j,s

]︁
=
[︁
hi,r, x

±
j,s+1

]︁
, (2.4)[︁

x±i,r+1, x
±
j,s

]︁
=
[︁
x±i,r, x

±
j,s+1

]︁
, (2.5)∑︂

σ∈S1−ai,j

(︁
adx±i,rσ(1)

)︁
· · ·
(︁
adx±i,rσ(1−ai,j)

)︁(︁
x±j,s
)︁
= 0 if i ̸= j, (2.6)

where Sl is a symmetric group of degree l. We also denote the universal enveloping algebra
of A(n) by A(n).
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By using (2.5), we obtain[︁
x±i,r, x

±
i,s

]︁
=

1

2

(︁[︁
x±i,r+s, x

±
i,0

]︁
+
[︁
x±i,0, x

±
i,r+s

]︁)︁
= 0.

Moody–Rao–Yokonuma showed that A(n) is isomorphic to the universal central extension
of sl(n)⊗ C

[︁
u±1, v

]︁
.

Theorem 2.2 ([18, Proposition 3.5]). There exists an isomorphism

ι : A(n)→ sl(n)⊗ C
[︁
u±1, v

]︁
⊕ Ω

(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁
given by

x+i,r =

{︄
Ei,i+1v

r if i ̸= 0,

En,1uv
r if i = 0,

x−i,r =

{︄
Ei+1,iv

r if i ̸= 0,

E1,nu
−1vr if i = 0,

where Ei,j is a matrix unit of gl(n) whose (p, q) component is δp,iδq,j.

Finally, we consider a presentation of the subalgebra of A(n) generated by
{︁
x+i,r
}︁
. We take

a subspace Ω+ ⊂ Ω
(︁
C
[︁
u±1, v

]︁)︁
/dC

[︁
u±1, v

]︁
spanned by

{︁
ur−1vsdu | r ≥ 1, s ≥ 0

}︁
. We set a sub-

algebra A(n)+ ⊂ A(n) generated by
⨁︁

s≥0

⨁︁
α∈∆+ gαv

s and Ω+. Let us take a grading on A(n)
by deg(hi,r) = deg

(︁
x±i,r
)︁
= r + 1 and denote the graded algebra associated with A(n) by grA(n).

Theorem 2.3. The associative algebra A(n)+ is isomorphic to the associative algebra generated
by
{︁
x̄+i,r | 1 ≤ i ≤ n− 1, r ≥ 0

}︁
with the relations:[︁

x̄+i,r+1, x̄
+
j,s

]︁
=
[︁
x̄+i,r, x̄

+
j,s+1

]︁
,[︁

x̄+i,r, x̄
+
j,s

]︁
= 0 if aAi,j = 0,[︁

x̄+i,r,
[︁
x̄+i,s, x̄

+
j,u

]︁]︁
= 0 if aAi,j = −1.

Let A(n)pre be the Lie algebra generated by
{︁
hi,r, x

±
i,r | 1 ≤ i ≤ n− 1, r ≥ 0

}︁
with the defining

relations (2.1)–(2.5). We also define A(n)pre,± and A(n)pre,0 as Lie subalgebras generated by{︁
x±i,r, hi,r | 1 ≤ i ≤ n− 1, r ≥ 0

}︁
. Theorem 2.3 follows from the following lemma.

Lemma 2.4.

(1) The associative algebra U(A(n)pre,±) is isomorphic to a quotient algebra of the free asso-
ciative algebra generated by

{︁
x±i,r
}︁
divided by (2.5).

(2) Let I± be an ideal of A(n)pre generated by (2.6). Then, I− ∩A(n)pre,+ = ∅.

Proof. (1) Let V be a quotient algebra of a noncommutative polynomial ring C⟨yi,d | 0 ≤ i ≤
n− 1, d ∈ Z≥0⟩ divided by the relations [yi,r+1, yj,s]− [yi,r, yj,s+1]. By a direct computation, we
obtain a homomorphism

κ : A(n)pre → gl(V )

by (︁
κ
(︁
x−i,d
)︁)︁
(yi1,d1 · · · yir,dr) = yi,dyi1,d1 · · · yir,dr ,

(κ(hi,d))(yi1,d1 · · · yir,dr) = −
r∑︂

u=1

aAi,iuyi1,d1 · · · yiu−1,du−1yiu,d+duyiu+1,du+1 · · · yir,dr ,(︁
κ
(︁
x+i,d
)︁)︁
(1) = 0,(︁

κ
(︁
x+i,d
)︁)︁
(yi1,d1 · · · yir,dr) = δi,i1κ(hi,d+d1)(yi2,d2 · · · yir,dr) + yi1,d1

(︁
κ
(︁
x+i,d
)︁)︁
(yi2,d2 · · · yir,dr).
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The homomorphism κ induces a surjective homomorphism Ξ: A(n)pre,− → V by Ξ(x) = (κ(x))1.
By a direct computation, we can also construct a homomorphism

ξ : V → A(n)pre,−, yi,d ↦→ x−i,d.

Since ξ ◦ Ξ is an identity map, Ξ is bijective. Then, we find that U(A(n)pre,−) is isomor-
phic to a quotient algebra of the free associative algebra generated by {x−i,r} divided by (2.5).
Since A(n)pre,+ is isomorphic to A(n)pre,−, U(A(n)pre,+) is also isomorphic to a quotient algebra
of the free associative algebra generated by

{︁
x+i,r | r ≥ 0

}︁
divided by (2.5).

(2) It is enough to show that I− is contained in A(n)pre,−. This follows from the fact that
ad
(︁
x+i,r
)︁
acts on the left-hand side of (2.6) trivially. ■

3 A central extension of sl(n)
[︁
u±1, v

]︁ω
First, we set notations about the affine Lie algebra ˆ︁sl(n). Let ∆

(︁
resp. ∆+, ∆−)︁ be the set

of roots (resp. positive roots, negative roots) of ˆ︁sl(n) = sl(n)
[︁
u±1

]︁
⊕ Cc. We set an inner

product ( , ) on ˆ︁sl(n) by
(xus, yur) = tr(xy)δr+s,0, (xur, c) = (c, c) = 0.

We denote by gα the root space associated with a root α. For α ∈ ∆, we take
{︁
xkα
}︁dim(gα)

k=1
as a basis of gα such that

(︁
xkα, x

l
β

)︁
= δα+β,0δk,l and

(︁
xkα
)︁T

= xk−α, where X
T is the transpose

of a matrix X. The following relations hold in U
(︁ˆ︁sl(n))︁⊗2

(see [10, Corollary 2.4]):

dim gα∑︂
k=1

[︁
xk−α, xβ

]︁
⊗ xkα =

dim gβ−α∑︂
k=1

xkβ−α ⊗
[︁
xβ, x

k
α−β

]︁
. (3.1)

Let ˆ︁τ be an automorphism of U
(︁ˆ︁sl(n))︁ defined by X ↦→ −XT. Considering the images of both

sides of (3.1) via ˆ︁τ ⊗ id, we obtain

dim gα∑︂
k=1

[︁
xkα, x−β

]︁
⊗ xkα = −

dim gβ−α∑︂
k=1

xkα−β ⊗
[︁
xβ, x

k
α−β

]︁
. (3.2)

Let us take an involution of sl(n)
[︁
u±1, v

]︁
:

ω : sl(n)
[︁
u±1, v

]︁
→ sl(n)

[︁
u±1, v

]︁
, Xurvs ↦→ −(−1)sXTu−rvs.

In this section, we give a central extension of sl(n)
[︁
u±1, v

]︁ω
.

Definition 3.1. Let BD(n) be the Lie algebra generated by

{Hi,2r+1, Bi,r | 0 ≤ i ≤ n− 1, r ≥ 0}

with the following relations:

[Hi,2r+1, Hj,2s+1] = 0,

[Hi,2r+1, Bj,s] = 2aAi,jBj,2r+s+1,

[Bi,r+1, Bj,s]− [Bi,r, Bj,s+1] = −δi,j((−1)r + (−1)s)Hi,r+s,

[Bi,r, Bj,s] = 0 if aAi,j = 0,

[Bi,r, [Bi,s, Bj,u]] = −Bj,r+s+u if aAi,j = −1.

We also denote the universal enveloping algebra of BD(n) by BD(n).
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In [7], it was shown that the affine Yangian associated with ˆ︁sl(n) coincides with A(n) if
all parameters are zero. If the twisted affine Yangian of types BD exists, we expect that the
twisted affine Yangian of types BD should be equal to BD(n) if all the parameters are zero.
Moreover, since the twisted affine Yangian should be a coideal of the affine Yangian, it is expected
that BD(n) can be embedded into A(n).

By a direct computation, we obtain a homomorphism ϕ : BD(n)→ A(n) given by

Bi,r =

{︄
Ei,i+1v

r − (−1)rEi+1,iv
r if 1 ≤ i ≤ 2n− 1,

En,1uv
r − (−1)rE1,nu

−1vr if i = 0,

Hi,2r+1 =

{︄
2(Ei,i − Ei+1,i+1)v

2r+1 if 1 ≤ i ≤ 2n− 1,

2(En,n − E1,1)v
2r+1 + 2u−1v2r+1du if i = 0.

Theorem 3.2. The homomorphism ϕ is injective.

Proof. For (i, j, r, s) such that Ei,ju
rvs ∈ A(n)+, we define Er,s

i,j ∈ BD(n) inductively as follows:

E0,s
i,i+1 = Bi,s, E

1,s
n,1 = B0,s

and

Er,s
i,j =

[︁
Er,s

i,j−1, Bj−1,0

]︁
if j > i+ 1 and 1 ≤ i < j ≤ n,

Er,s
i,i+1 =

1

2

[︁
Hr

i,s, Bi,0

]︁
,

Hr
i,s =

[︁
Er−1,0

i,i+1 , E
1,s
i+1,i

]︁
if 1 ≤ i ≤ n− 1,

Hr
0,s =

[︁
B0,0, E

r−1,s
1,n

]︁
,

Er,s
i,j =

[︁
Er,s

i,j−1, Bj−1,0

]︁
if i > j and n ≥ i ≥ j ≥ 2,

Er,s
i,1 =

[︁
Er−1,s

i,n , B0,0

]︁
if 1 ≤ i ≤ n− 1,

Er,s
n,1 =

1

2

[︁
H1

0,0, E
r−1,s
n,1

]︁
for r ≥ 2.

By a direct computation, we obtain

ϕ
(︁
Er,s

i,j

)︁
= F r,s

i,j if j > i+ 1 and 1 ≤ i < j ≤ n,
ϕ
(︁
Er,s

i,i+1

)︁
= F r,s

i,i+1,

ϕ
(︁
Hr

i,s

)︁
= F r,s

i,i − F
r,s
i+1,i+1 + (r − 1)ur−1vsdu− (r − 1)(−1)su−1−rvsdu if 1 ≤ i ≤ n− 1,

ϕ
(︁
Hr

0,s

)︁
= F r,s

n,n − F r,s
1,1 + ur−1vsdu− (−1)su−1−rvsdu for r ≥ 2,

ϕ
(︁
Er,s

i,j

)︁
= F r,s

i,j if i > j and n ≥ i ≥ j ≥ 2,

ϕ
(︁
Er,s

i,1

)︁
= F r,s

i,1 if 1 ≤ i ≤ n− 1,

ϕ
(︁
Er,s

n,1

)︁
= F r,s

n,1 for r ≥ 2,

where F r,s
i,j = Ei,ju

rvs − (−1)sEj,iu
−rvs. Since

{︁
ϕ
(︁
Er,s

i,j

)︁}︁
∪ {ϕ(Hi,2r+1)} are linearly indepen-

dent, the set
{︁
Er,s

i,j

}︁
∪ {Hi,2r+1} is linearly independent. By the PBW theorem, if we fix an

order of the set
{︁
Hk,2r+1, E

r,s
i,j

}︁
satisfying that Hk,2r+1 < Er,s

i,j , the set of ordered polynomials
derived from

{︁
Hk,2r+1, E

r,s
i,j

}︁
is linearly independent in BD(n). Thus, it is enough to show that

these ordered polynomials span BD(n).

Let us take a grading on BD(n) by deg(Bj,r) = r + 1 and deg(Hj,r) = r + 1. We denote
the graded algebra associated with BD(n) by grBD(n) and the images of

{︁
Er,s

i,j

}︁
and

{︁
Hr

i,s

}︁
in
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grBD(n) by
{︁
Ēr,s

i,j

}︁
and

{︁
H̄r

i,s

}︁
. The graded algebra grBD(n) is generated by

{︁
H̄i,2r+1, B̄i,r

}︁
which satisfy the following relations:[︁

H̄i,2r+1, H̄j,2s+1

]︁
= 0,[︁

H̄i,2r+1, B̄j,s

]︁
= 0,[︁

B̄i,r+1, B̄j,s

]︁
=
[︁
B̄i,r, B̄j,s+1

]︁
,[︁

B̄i,r, B̄j,s

]︁
= 0 if aAi,j = 0,[︁

B̄i,r,
[︁
B̄i,s, B̄j,u

]︁]︁
= 0 if aAi,j = −1.

Let L+ be the subalgebra generated by
{︁
B̄i,r

}︁
. We can decompose grD(n) into the tensor

product of C[Hi,2r+1] and L+. By Theorem 2.3, we have a surjective homomorphism from A(n)+
to L+. By definition, Ēr,s

i,j corresponds to Ei,ju
rvs, Hr

i,s corresponds to (Ei,i − Ei+1,i+1)u
rvs +

(r − 1)urvsdu and Hr
0,s corresponds to (En,n − E1,1)u

rvs + ur−1vsdu. Since the set of these

elements is a basis of
⨁︁

s≥0

⨁︁
α∈∆+

∑︁dim gα
k=1 xkαv

s⊕Ω+, we find that the set of ordered polynomials
derived from

{︁
Hk,2r+1, E

r,s
i,j

}︁
spans BD(n). Thus, ϕ becomes injective. ■

4 1-parameter twisted affine Yangian

Let us recall the definition of the affine Yangian of type A.

Definition 4.1. Suppose that n ≥ 3. For ℏ, ε ∈ C, the affine Yangian Yℏ,ε
(︁ˆ︁sl(n))︁ is the

associative algebra generated by X+
i,r, X

−
i,r, Hi,r, i ∈ {0, 1, . . . , n − 1}, r = 0, 1, subject to the

following defining relations:

[Hi,r, Hj,s] = 0,[︁
X+

i,0, X
−
j,0

]︁
= δi,jHi,0,[︁

X+
i,1, X

−
j,0

]︁
= δi,jHi,1 =

[︁
X+

i,0, X
−
j,1

]︁
,[︁

Hi,0, X
±
j,r

]︁
= ±aAi,jX±

j,r,[︁
H̃i,1, X

±
j,0

]︁
= ±aAi,j

(︁
X±

j,1

)︁
if (i, j) ̸= (0, n− 1), (n− 1, 0),[︁

H̃0,1, X
±
n−1,0

]︁
= ∓

(︃
X±

n−1,1 +

(︃
ε+

n

2
ℏ
)︃
X±

n−1,0

)︃
,

[︁
H̃n−1,1, X

±
0,0

]︁
= ∓

(︃
X±

0,1 −
(︃
ε+

n

2
ℏ
)︃
X±

0,0

)︃
,

[︁
X±

i,1, X
±
j,0

]︁
−
[︁
X±

i,0, X
±
j,1

]︁
= ±aAij

ℏ
2

{︁
X±

i,0, X
±
j,0

}︁
if (i, j) ̸= (0, n− 1), (n− 1, 0),[︁

X±
0,1, X

±
n−1,0

]︁
−
[︁
X±

0,0, X
±
n−1,1

]︁
= ∓ℏ

2

{︁
X±

0,0, X
±
n−1,0

}︁
+

(︃
ε+

n

2
ℏ
)︃[︁
X±

0,0, X
±
n−1,0

]︁
,(︁

adX±
i,0

)︁1+|aAi,j |(︁X±
j,0

)︁
= 0 if i ̸= j,

where ˜︁Hi,1 = Hi,1 − ℏ
2H

2
i,0 and {X,Y } = XY +Y X. In the case ε = −n

2ℏ, we denote Yℏ,ε
(︁ˆ︁sl(n))︁

by Yℏ
(︁ˆ︁sl(n))︁.

Let us recall the standard degreewise completion (see [17, Section 1.3 ]) of the graded algebra
in order to define the elements J(hi) and J

(︁
x±i
)︁
, which are tools for constructing an embedding

from the twisted affine Yangian of type BD to the affine Yangian of type A.

Definition 4.2. Let A =
⨁︁

r∈ZAr be the Z-graded algebra.
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(1) The standard degreewise topology of A is the linear topology defined by the sequence
XN,d =

⨁︁
r∈Z,r≥N Ad−rAr.

(2) Set ˜︁Ad = lim←−N
XnAd/XN,d, where XN is the closure of XN . We set ˜︁A =

⨁︁
d∈Z

˜︁Ad and
call ˜︁A the standard degreewise completion of A.

We define a degree of deg(Hi,r) = 0,deg
(︁
X±

i,r

)︁
= ±δi,0. We denote the standard degreewise

completion of Yℏ,ε
(︁ˆ︁sl(n))︁ by ˜︁Yℏ,ε(︁ˆ︁sl(n))︁.

We denote the set of degree d elements by Yℏ,ε
(︁ˆ︁sl(n))︁

d
. Set Ai ∈ ˜︁Yℏ,ε(︁ˆ︁sl(n))︁ as

Ai =
ℏ
2

∑︂
s≥0
u>i

Eu,it
−sEi,ut

s − ℏ
2

∑︂
s≥0
i>v

Ei,vt
−sEv,it

s

+
ℏ
2

∑︂
s≥0
u<i

Eu,it
−s−1Ei,ut

s+1 − ℏ
2

∑︂
s≥0
i<v

Ei,vt
−s−1Ev,it

s+1.

Similarly to [8, Section 3], we define

J(hi) = ˜︁Hi,1 +Ai −Ai+1 ∈ ˜︁Yℏ,ε(︁ˆ︁sl(n))︁,
where ˜︁Hi,1 = Hi,1 − ℏ

2H
2
i,0 as in Definition 4.1. We also set J

(︁
x±i
)︁
= ±1

2

[︁
J(hi), x

±
i

]︁
.

Guay–Nakajima–Wendlandt [8] defined an automorphism of Yℏ,ε
(︁ˆ︁sl(n))︁ by

τi = exp
(︁
ad
(︁
X+

i,0

)︁)︁
exp
(︁
− ad

(︁
X−

i,0

)︁)︁
exp
(︁
ad
(︁
X+

i,0

)︁)︁
.

Let α be a positive real root of ˆ︁sl(n). There is an element w of the Weyl group of ˆ︁sl(n) and
a simple root αj such that α = wαj . Then we define a corresponding root vector by

x±α = τi1τi2 · · · τip−1

(︁
x±j
)︁
,

where w = si1si2 · · · sip−1 is a reduced expression of w. We can define J
(︁
x±α
)︁
as

J
(︁
x±α
)︁
= τi1τi2 · · · τip−1J

(︁
x±j
)︁
.

Lemma 4.3 ([8, equation (3.14) and Proposition 3.21]).

(1) The following relations hold:[︁
J
(︁
hi
)︁
, X±

j,0

]︁
= ±aAi,jJ

(︁
x±j
)︁

if (i, j) ̸= (0, n− 1), (n− 1, 0),[︁
J
(︁
h0
)︁
, X±

n−1,0

]︁
= ∓J

(︁
x±n−1

)︁
+
(︂
ε+

n

2
ℏ
)︂
X±

n−1,0,[︁
J
(︁
hn−1

)︁
, X±

0,0

]︁
= ∓J

(︁
x±0
)︁
−
(︂
ε+

n

2
ℏ
)︂
X±

0,0,[︁
J
(︁
x±i
)︁
, X±

j,0

]︁
=
[︁
X±

i,0, J
(︁
x±j
)︁]︁

if (i, j) ̸= (0, n− 1), (n− 1, 0),[︁
J
(︁
x±0
)︁
, X±

n−1,0

]︁
=
[︁
X±

0,0, J
(︁
x±n−1

)︁]︁
+
(︂
ε+

n

2
ℏ
)︂[︁
X±

0,0, X
±
n−1,0

]︁
.

(2) There exists cα,i ∈ C such that[︁
J(hi), x

±
α

]︁
= ±(αi, α)J

(︁
x±α
)︁
± cα,ix±α .

In particular, cα,i is zero if ε+ n
2ℏ = 0.

In [12], Lu gave the minimalistic presentation for the twisted Yangian. By the same proof as
in [12, Theorem 3.1], we can give a minimalistic presentation of BD(n).
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Theorem 4.4. The associative algebra BD(n) is isomorphic to the associative algebra gener-
ated by

{Hi,1, Bi,r | 0 ≤ i ≤ n− 1, r = 0, 1}

with the following relations:

[Hi,1, Hj,1] = 0,

[Hi,1, Bj,0] = 2aAi,jBj,1,

[Bi,1, Bj,0] = [Bi,0, Bj,1]− 2δi,jHi,1,

[Bi,0, Bj,0] = 0 if aAi,j = 0,

[Bi,0, [Bi,0, Bj,0]] = −Bj,0 if aAi,j = −1.

By deforming this presentation, we can give a definition of the 1-parameter twisted affine
Yangian associated with ˆ︁so(n).
Definition 4.5. For ℏ ∈ C, set TYℏ( ˆ︁so(n)) as the associative algebra generated by

{Hi,1, Bi,r | 0 ≤ i ≤ n− 1, r = 0, 1}

with the following relations:

[Hi,1, Hj,1] = 0,

[Hi,1, Bj,0] = 2aAi,jBj,1,

[Bi,1, Bj,0] = [Bi,0, Bj,1] +
ℏ
2
aAi,j{Bi,0, Bj,0} − 2δi,jHi,1,

[Bi,0, Bj,0] = 0 if aAi,j = 0,

[Bi,0, [Bi,0, Bj,0]] = −Bj,0 if aAi,j = −1.

In [12], Lu gave the coideal structure of the twisted Yangian. Using the relations (3.1)
and (3.2), we can give a coideal structure of the twisted affine Yangian TYℏ( ˆ︁so(n)) in the same
way as in [12, Theorem 4.1]. We need to take another filtration for the affine Yangian Yℏ

(︁ˆ︁sl(n))︁.
For d ≥ 0, we set Fd =

⨁︁
m≥d Yℏ

(︁ˆ︁sl(n))︁
m
. We define ˆ︁Yℏ(︁ˆ︁sl(n))︁ as lim←−d

Yℏ
(︁ˆ︁sl(n))︁/Fd.

Theorem 4.6. There exists an injective homomorphism

Φ: TYℏ( ˆ︁so(n))→ ˆ︁Yℏ(︁ˆ︁sl(n))︁
given by

Φ(Bi,0) = X+
i,0 −X

−
i,0,

Φ(Hi,1) = 2 ˜︁Hi,1 + ℏ
∑︂

α∈∆+

dim gα∑︂
k=1

(αi, α)x
k
αx

k
α,

Φ(Bi,1) = X+
i,1 +X−

i,1 + ℏ
∑︂

α∈∆+

dim gα∑︂
k=1

{︁[︁
x+i,0, x

k
α

]︁
, xkα
}︁
− ℏ

2

{︁
x+i,0, hi,0

}︁
,

where ( , ) is an inner product on
∑︁n

i=0 Zαi defined by (αi, αj) = ai,j.
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Guay–Nakajima–Wendlandt [8] gave the coproduct for the affine Yangian

∆: Yℏ
(︁ˆ︁sl(n))︁→ Yℏ

(︁ˆ︁sl(n))︁ˆ︁⊗Yℏ(︁ˆ︁sl(n))︁,
where Yℏ

(︁ˆ︁sl(n))︁ˆ︁⊗Yℏ(︁ˆ︁sl(n))︁ is the standard degreewise completion of ⊗2Yℏ
(︁ˆ︁sl(n))︁. Since ∆

preserves the grading, we can extend ∆ to

˜︁∆: ˆ︁Yℏ(︁ˆ︁sl(n))︁→ Yℏ
(︁ˆ︁sl(n))︁ˆ︁⊗Yℏ(︁ˆ︁sl(n))︁comp

,

where Yℏ
(︁ˆ︁sl(n))︁ˆ︁⊗Yℏ(︁ˆ︁sl(n))︁comp

is defined from Yℏ
(︁ˆ︁sl(n))︁ˆ︁⊗Yℏ(︁ˆ︁sl(n))︁ in the same way as ˆ︁Yℏ(︁ˆ︁sl(n))︁.

Then, by the definition, we obtain

˜︁∆(︁Φ(︁TYℏ(︁ ˆ︁so(n))︁)︁)︁ ⊂ Φ
(︁
TYℏ

(︁ ˆ︁so(n))︁)︁⊗ ˆ︁Yℏ(︁ˆ︁sl(n))︁.
Thus, we can consider that TYℏ( ˆ︁so(n)) is a coideal of the affine Yangian Yℏ

(︁ˆ︁sl(n))︁.
We note that the subalgebra of TYℏ( ˆ︁so(n)) generated by {Bi,0} is not isomorphic to U( ˆ︁so(n))

but U
(︁
sl(n)

[︁
u±1, v

]︁ω)︁
since TYℏ( ˆ︁so(n)) is a deformation of sl(2n)

[︁
u±1, v

]︁ω
. By Lemma 4.3, it

would be challenging to extend the homomorphism given in Theorem 4.6 to the 2-parameter
affine Yangian if ε+ ℏ

2n ̸= 0. In order to construct a relationship between twisted affine Yangians
and W -algebras, we need to consider another involution of sl(2n)

[︁
u±1, v

]︁
.

Remark 4.7. In the case ε + ℏ
2 = 0, there exists a homomorphism from the affine Yangian of

type A to the rectangular W -algebra of type A associated with a critical level. Unfortunately,
in the case ε + ℏ

2 = 0, this homomorphism is not surjective so that we can not expect the
corresponding result to [3]. Similarly, it is expected that BD(n) corresponds to the rectangular
W -algebras of types BCD at the critical level and this homomorphism will not be surjective.

5 A central extension of sl(2n)
[︁
u±1, v

]︁τ
We give another involution of sl(2n). Set In = {±1,±2, . . . ,±n} and take {Ei,j}i,j∈In as the set
of matrix units in gl(2n). We also define τ as an automorphism of gl(2n)

[︁
u±1, v

]︁
by τ(Ei,ju

rvs) =
−(−1)sE−j,−iu

rvs. By definition of τ , sl(2n)
[︁
u±1, v

]︁
is preserved by τ . In the next section, we

give a central extension of sl(2n)
[︁
u±1, v

]︁τ
.

For r ≥ 0, we define matrices
(︁
a2ri,j
)︁
0≤i≤n,0≤j≤n

and
(︁
a2r+1
i,j

)︁
1≤i≤n−1,0≤j≤n

as follows:

a2ri,j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2δi,j − δi+1,j − δi,j+1 if 3 ≤ i ≤ n− 3,

2δj,n−2 − δj,n−3 − δj,n−1 − δj,n if i = n− 2,

2δj,n−1 − δj,n−2 if i = n− 1,

2δj,n − δj,n−2 if i = n,

2δj,2 − δj,0 − δj,1 − δj,3 if i = 2,

2δj,1 − δj,2 if i = 1,

2δj,0 − δj,2 if i = 0,

a2r+1
i,j =

⎧⎪⎨⎪⎩
a2ri,j if 2 ≤ i ≤ n− 2,

2δj,n−1 + 2δj,n − δj,n−2 if i = n− 1,

2δj,1 + 2δj,0 − δj,2 if i = 1.

We note that
(︁
a2ri,j
)︁n
i,j=1

is the Cartan matrix of ˆ︁so(2n).
Definition 5.1. We define D(2n) as the Lie algebra generated by{︁

Hi,r, X
±
i,r, Hn,2r, H0,2r, X

±
−1,2r+1, X

±
n+1,2r+1 | 1 ≤ i ≤ n− 1, r ∈ Z≥0

}︁
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with the following commutator relations:

[Hi,r, Hj,s] = 0, (5.1)[︁
Hi,r, X

±
j,s

]︁
= ±ari,jX±

j,r+s for 0 ≤ j ≤ n, (5.2)

[︁
X+

i,r, X
−
j,s

]︁
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δi,jHi,r+s if 0 ≤ i, j ≤ n,
(i, j) ̸= (n− 1, n), (n, n− 1), (0, 1), (1, 0), (n, n), (0, 0),

Hn,r+s if i = j = n and r + s is even,

Hn−1,r+s if i = j = n and r + s is odd,

H0,r+s if i = j = 0 and r + s is even,

H1,r+s if i = j = 0 and and r + s is odd,

(5.3)

[︁
X+

n−1,r, X
−
n,s

]︁
= −δr+s,oddX

−
n+1,r+s,

[︁
X+

n,r, X
−
n−1,s

]︁
= −δr+s,oddX

+
n+1,r+s, (5.4)[︁

X+
0,r, X

−
1,s

]︁
= −δr+s,oddX

+
−1,r+s,

[︁
X+

1,r, X
−
0,s

]︁
= −δr+s,oddX

−
−1,r+s, (5.5)[︁

X±
i,r, X

+
n+1,s

]︁
= 0,

[︁
X±

i,r, X
−
n+1,s

]︁
= 0 if 1 ≤ i ≤ n− 1, (5.6)[︁

X±
i,r, X

+
−1,s

]︁
= 0,

[︁
X±

i,r, X
−
−1,s

]︁
= 0 if 2 ≤ i ≤ n+ 1, (5.7)[︁

X+
n−1,r, X

+
n+1,s

]︁
= 2X+

n,r+s,
[︁
X−

n−1,r, X
+
n+1,s

]︁
= 0, (5.8)[︁

X+
n−1,r, X

−
n+1,s

]︁
= 0,

[︁
X−

n−1,r, X
−
n+1,s

]︁
= −2X−

n,r+s, (5.9)[︁
X+

n,r, X
+
n+1,s

]︁
= 0,

[︁
X−

n,r, X
+
n+1,s

]︁
= −2Xr+s

n−1,r+s, (5.10)[︁
X+

n,r, X
−
n+1,s

]︁
= 2X+

n−1,r+s,
[︁
X−

n,r, X
−
n+1,s

]︁
= 0, (5.11)[︁

X+
0,r, X

+
−1,s

]︁
= 0,

[︁
X−

0,r, X
+
−1,s

]︁
= −2X−

1,r+s, (5.12)[︁
X+

0,r, X
−
−1,s

]︁
= 2X+

1,r+s,
[︁
X−

0,r, X
−
−1,s

]︁
= 0, (5.13)[︁

X+
1,r, X

+
−1,s

]︁
= 2X+

0,r+s,
[︁
X−

1,r, X
+
−1,s

]︁
= 0, (5.14)[︁

X+
1,r, X

−
−1,s

]︁
= 0,

[︁
X−

1,r, X
−
−1,s

]︁
= −2X−

0,r+s, (5.15)[︁
X±

i,r, X
±
i,s

]︁
= 0, (5.16)[︁

X±
i,r+1, X

±
j,s

]︁
=
[︁
X±

i,r, X
±
j,s+1

]︁
if 0 ≤ i ≤ j ≤ n, (i, j) ̸= (0, 1), (n− 1, n), (5.17)[︁

X±
0,r+1, X

±
1,s

]︁
= −

[︁
X±

0,r, X
±
1,s+1

]︁
,

[︁
X±

n−1,r+1, X
±
n,s

]︁
= −

[︁
X±

n−1,r, X
±
n,s+1

]︁
, (5.18)[︁

X±
i,r, X

±
j,s

]︁
= 0 if a0i,j = 0, 0 ≤ i ̸= j ≤ n, (i, j) ̸= (0, 1), (1, 0), (n− 1, n), (n, n− 1), (5.19)[︁

X±
i,r,
[︁
X±

i,s, X
±
j,u

]︁]︁
= 0 if a0i,j = −1, (5.20)[︁

X±
n−1,0,

[︁
X±

n−1,0, X
±
n,2r+1

]︁]︁
= 0, (5.21)[︁

X±
n,0,
[︁
X±

n,0, X
±
n−1,2r+1

]︁]︁
= 0, (5.22)[︁

X±
1,0,
[︁
X±

1,0, X
±
0,2r+1

]︁]︁
= 0, (5.23)[︁

X±
0,0,
[︁
X±

0,0, X
±
1,2r+1

]︁]︁
= 0, (5.24)[︁

X+
1,1,
[︁
X−

1,0, (E1,1 − E2,2)t
u
]︁]︁
−
[︁
X+

1,0,
[︁
X−

1,1, (E1,1 − E2,2)t
u
]︁]︁

= 0. (5.25)

We also denote the universal enveloping algebra of D(2n) by D(2n).

Set f r,si,j = (Ei,j − (−1)sE−j,−i)u
rvs ∈ sl(2n)

[︁
u±1, v

]︁
. Then, sl(2n)

[︁
u±1, v

]︁τ
is spanned by{︁

f r,si,j | i, j ∈ In, r ∈ Z, s ∈ Z≥0

}︁
. By a direct computation, we can construct a homomorphism

π : D(2n)→ sl(2n)
[︁
u±1, v

]︁τ
determined by

Hi,r =

⎧⎪⎨⎪⎩
f ri,iv

r − f ri+1,i+1v
r if 1 ≤ i ≤ n− 1,

f rn−1,n−1v
r + f rn,nv

r if i = n and r is even,

−
(︁
f r1,1v

r + f r2,2v
r
)︁

if i = 0 and r is even,
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X+
i,r =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

f ri,i+1v
r if 1 ≤ i ≤ n− 1,

f rn−1,−nv
r if i = n,

(−1)rf r−2,1uv
r if i = 0,

f rn,−nv
r if i = n+ 1 and r is odd,

f r−1,1uv
r if i = −1 and r is odd,

X−
i,r =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

f ri+1,iv
r if 1 ≤ i ≤ n− 1,

f r−n,n−1v
r if i = n,

(−1)rf r1,−2u
−1vr if i = 0,

f r−n,nv
r if i = n+ 1 and r is odd,

f r1,−1u
−1vr if i = −1 and r is odd.

Next, we show that D(2n) is a central extension of sl(2n)
[︁
u±1, v

]︁τ
.

Let {αi | 0 ≤ i ≤ n} be the set of simple roots of ˆ︁so(2n), let W be the Weyl group of ˆ︁so(2n),
and let ∆ be the set of roots of ˆ︁so(2n). We also denote

Q =
n∑︂

i=0

Zαi, Q+ =
n∑︂

i=0

Z≥0αi \ {0}, Q− = −Q+ and

δ = α0 + α1 + αn−1 + αn +
n−2∑︂
j=2

αj .

We also take a subset of Q as follows:

∆ex = ∆ ∪

{︄
±

(︄
2
n−2∑︂
j=i

αj + αn−1 + αn

)︄
+ sδ,

± (αn−1 − αn) + sδ,±(α0 − α1) + sδ | 1 ≤ i ≤ n− 2, s ∈ Z

}︄
.

We define a degree of D(2n) by Q× Z≥0 by assigning generators as follows:

deg(Hi,r) = (0, r), deg(X±
i,r) =

⎧⎪⎨⎪⎩
(±αi, r) if 0 ≤ i ≤ n,
(±(αn − αn−1), r) if i = n+ 1,

(±(α0 − α1), r) if i = 0.

We denote the space of elements of degree (α, k) in D(2n) by D(2n)kα. The following lemma can
be proved in the same way as [18, Lemma 3.1].

Lemma 5.2.

(1) Let s± be the subspace of D(2n) spanned by
{︁∏︁v

i=1 ad
(︁
X±

ui,ri

)︁
X±

uv+1,rv+1

}︁
and h as the

space spanned by {Hi,r}. Then, D(2n) can be decomposed to

s+ ⊕ h⊕ s− ⊕
⨁︂

r∈Z≥0

CX+
n+1,2r+1 ⊕

⨁︂
r∈Z≥0

CX−
n+1,2r+1

⊕
⨁︂

r∈Z≥0

CX+
−1,2r+1 ⊕

⨁︂
r∈Z≥0

CX−
−1,2r+1.

(2) If α ∈ Q±, D(2n)kα is spanned by{︄
v∏︂

i=1

ad
(︁
X±

ui,ri

)︁
X±

uv+1,rv+1

⃓⃓⃓⃓ v+1∑︂
i=1

αui = α,
v+1∑︂
i=1

ri = k

}︄
.



Subalgebras of the Universal Central Extension of sl(n)[u±, v] from Two Involutions 13

For 0 ≤ i ≤ n, we set

si ∈W as si(αj) =

⎧⎪⎨⎪⎩
−αi if i = j,

αi + αj if a0i,j = −1,
αj otherwise.

Lemma 5.3. By the action of the Weyl group, ∆ex is generated by {αj | 0 ≤ j ≤ n} and
±(αn−1 − αn), ±(α0 − α1).

Proof. Any root of ∆ can be derived from {αj | 0 ≤ j ≤ n} by the Weyl group. Thus, it is
enough to show that ±

(︁
2
∑︁n−2

j=i αj + αn−1 + αn

)︁
+ sδ and ±(αn−1 − αn) + sδ can be derived

from ±(αn−1 − αn), ±(α0 − α1).

First, we consider the case where s is even. By the definition of si, we obtain the following
relations:

sn(αn−1 − αn + sδ) = αn−1 + αn + sδ,

sn−1(αn−1 + αn + sδ) = −αn−1 + αn + sδ,

si−1

(︄
2
n−2∑︂
j=i

αj + αn−1 + αn + sδ

)︄
= 2

n−2∑︂
j=i−1

αj + αn−1 + αn + sδ,

s0

(︄
2

n−2∑︂
j=1

αj + αn−1 + αn + sδ

)︄
= −α0 − α1 + (s+ 1)δ,

s0(−α0 − α1 + (s+ 1)δ) = α0 − α1 + (s+ 1)δ,

s1(α0 − α1 + sδ) = α0 + α1 + sδ = −2
n−2∑︂
j=1

αj − αn−1 − αn + (s+ 1)δ,

si

(︄
−2

n−2∑︂
j=i

αj − αn−1 − αn + (s+ 1)δ

)︄
= −2

n−2∑︂
j=i+1

αj − αn−1 − αn + (s+ 1)δ,

sn−1(−αn−1 − αn + (s+ 1)δ) = αn−1 − αn + (s+ 1)δ.

Then, by these relations,
(︁
2
∑︁n−2

j=i αj + αn−1 + αn

)︁
+ sδ, −

(︁
2
∑︁n−2

j=i αj + αn−1 + αn

)︁
+ (s+ 1)δ,

±(αn−1 − αn) + sδ and ±(α0 − α1) + sδ can be derived from αn−1 − αn and α0 − α1 for s ≥ 0.
Similarly to the positive case,

(︁
2
∑︁n−2

j=i αj+αn−1+αn

)︁
−(s+1)δ, −

(︁
2
∑︁n−2

j=i αj+αn−1+αn

)︁
−sδ,

±(αn−1−αn)−(s+1)δ and ±(α0−α1)−(s+1)δ can be derived from −(αn−1−αn) and −(α0−α1)
for s ≥ 0. ■

By the relations (5.19)–(5.24), we can define an automorphism of D(2n) by

τi = exp
(︁
ad
(︁
X+

i,0

)︁)︁
exp
(︁
− ad

(︁
X−

i,0

)︁)︁
exp
(︁
ad
(︁
X+

i,0

)︁)︁
.

By a direct computation, we obtain the following lemma.

Lemma 5.4. The following relations hold for 1 ≤ i ≤ n− 2:

τi(X
+
j,r) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−X−

i,r if i = j,[︁
X+

i,0, X
+
j,r

]︁
if a0i,j = −1,

(−1)rX+
j,r if (i, j) = (0, 1), (1, 0), (n− 1, n), (n, n− 1),

X+
i,r otherwise,
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τi(X
−
j,r) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−X+

i,r if i = j,

−
[︁
X−

i,0, X
−
j,r

]︁
if a0i,j = −1,

(−1)rX−
j,r if (i, j) ̸= (0, 1), (1, 0), (n− 1, n), (n, n− 1),

X+
j,r otherwise.

Proof. We only consider the case where (i, j) = (n− 1, n) when r is odd. The other cases can
be proved in a similar way. First, we prove the + case. By (5.21), we have

exp
(︁
ad
(︁
X+

n−1,0

)︁)︁
X+

n,2r+1 = X+
n,2r+1 +

[︁
X+

n−1,0, X
+
n,2r+1

]︁
= X+

n,2r+1 +
[︁
X+

n−1,0, X
+
n,2r+1

]︁
.

By (5.4), (5.2) and (5.8), we obtain

− ad
(︁
X−

n−1,0

)︁(︁
X+

n,2r+1 +
[︁
X+

n−1,0, X
+
n,2r+1

]︁)︁
= −

[︁
X−

n−1,0, X
+
n,2r+1

]︁
−
[︁
X−

n−1,0,
[︁
X+

n−1,0, X
+
n,2r+1

]︁]︁
= −X+

n+1,2r+1 +
[︁
hn−1,0, X

+
n,2r+1

]︁
−
[︁
X+

n−1,0,
[︁
X−

n−1,0, X
+
n,2r+1

]︁]︁
= −X+

n+1,2r+1 −
[︁
X+

n−1,0, X
+
n+1,2r+1

]︁
= X+

n+1,2r+1 − 2X+
n,2r+1.

By (5.8) and (5.4), we have

−1

2
ad
(︁
X−

n−1,0

)︁(︁
−X+

n+1,2r+1 − 2X+
n,2r+1

)︁
= 0 +X+

n+1,2r+1.

Thus, we obtain

exp
(︁
− ad

(︁
X−

n−1,0

)︁)︁
exp
(︁
ad
(︁
X+

n−1,0

)︁)︁
X+

n,2r+1 = −X
+
n,2r+1 +

[︁
X+

n−1,0, X
+
n,2r+1

]︁
.

By (5.21), we obtain

ad
(︁
X+

n−1,0

)︁(︁
−X+

n,2r+1 +
[︁
X+

n−1,0, X
+
n,2r+1

]︁)︁
= −

[︁
X+

n−1,0, X
+
n,2r+1

]︁
+
[︁
X+

n−1,0,
[︁
X+

n−1,0, X
+
n,2r+1

]︁]︁
= −

[︁
X+

n−1,0, X
+
n,2r+1

]︁
+ 0,

ad
(︁
X+

n−1,0

)︁(︁
−[X+

n−1,0, X
+
n,2r+1]

)︁
= 0.

Thus, we have obtained τn−1

(︁
X+

n,2r+1

)︁
= −X+

n,2r+1.
Next, we show the − case. By (5.4) and (5.9), we have

exp
(︁
ad
(︁
X+

n−1,0

)︁)︁
X−

n,2r+1 = X−
n,2r+1 +

[︁
X+

n−1,0, X
−
n,2r+1

]︁
+

1

2

[︁
X+

n−1,0,
[︁
X+

n−1,0, X
−
n,2r+1

]︁]︁
= X−

n,2r+1 −X
−
n+1,2r+1 + 0.

By (5.9), we obtain(︁
− ad

(︁
X−

n−1,0

)︁)︁(︁
X−

n,2r+1 −X
−
n+1,2r+1

)︁
= −

[︁
X−

n−1,0, X
−
n,2r+1

]︁
+
[︁
X−

n−1,0, X
−
n+1,2r+1

]︁
= −

[︁
X−

n−1,0, X
−
n,2r+1

]︁
− 2X−

n,2r+1.

By (5.21), we have

−1

2
ad
(︁
X−

n−1,0

)︁(︁
−
[︁
X−

n−1,0, X
−
n,2r+1

]︁
− 2X−

n,2r+1

)︁
= 0 +

[︁
X−

n−1,0, X
−
n,2r+1

]︁
.

Then, we obtain

exp
(︁
− ad

(︁
X−

n−1,0

)︁)︁
exp
(︁
ad
(︁
X+

n−1,0

)︁)︁
X−

n,2r+1 = −X
−
n,2r+1 −X

−
n+1,2r+1.

By (5.4) and (5.9), we obtain

ad
(︁
X+

n−1,0

)︁(︁
−X−

n,2r+1 −X
−
n+1,2r+1

)︁
= X−

n+1,2r+1 − 0,

1

2

(︁
ad
(︁
X+

n−1,0

)︁)︁(︁
X−

n+1,2r+1

)︁
= 0.

Thus, we have obtained τn−1

(︁
X−

n,2r+1

)︁
= −X−

n,2r+1. ■
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Corollary 5.5. The following relations hold:

τi(f
r,s
j,k ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−f r,sk,j if (j, k) = (i, i+ 1), (i+ 1, i),

(−1)rf r,sj,k if (j, k) = (i,−(i+ 1)), (−(i+ 1), i), (−(i+ 1), i), (−i, (i+ 1)),

−f r,sj,k if j = i, k ̸= ±(i+ 1),

−f r,s−i−1,k if j = −i, k ̸= (i+ 1),

f r,si,k if j = i+ 1, k ̸= ±i,
f r,s−i,k if j = −(i+ 1) ̸= ±i,
−f r,sj,i+1 if k = i, j ̸= ±(i+ 1),

−f r,sj,−i−1 if k = −i, j ̸= (i+ 1),

f r,sj,i if k = i+ 1, j ̸= i,

f r,sj,−i if k = −(i+ 1), j ̸= i,

f r,sj,k otherwise,

τn(f
r,s
j,k ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)rf r,sj,k if (j, k) = (n− 1, n), (n, n− 1),

−f r,sk,j if (j, k) = (n− 1,−n), (n,−(n− 1)), (−(n− 1), n),

−f r,s−n,k if j = n− 1, k ̸= ±n,
−f r,sn,k if j = −(n− 1), k ̸= n,

f−(n−1),k if j = n, k ̸= ±n− 1,

f r,s(n−1),k if j = −n ̸= ±n− 1,

−f r,sj,−n if k = n− 1, j ̸= ±n,
−f r,sj,n if k = −(n− 1), j ̸= n,

f r,sj,−(n−1) if k = n, j ̸= n− 1,

f r,sj,(n−1) if k = −n, j ̸= n− 1,

f r,sj,k otherwise,

τ0(f
r,s
j,k ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)rf r,sj,k if (j, k) = (1, 2), (j, k) = (2, 1),

−f r−2,s
k,j if (j, k) = (1,−2), (1,−2),

−f r+2,s
k,j if (j, k) = (−2, 1), (−1, 2),

f r+2,s
−2,j if j = 1, k ̸= ±2,
f r−2,s
2,k if j = −1, k ̸= 2,

−f r+1,s
−1,k if j = 2, k ̸= ±1,

−f r−1,s
1,k if j = −2 ̸= 1,

f r−1,s
j,−2 if k = 1, j ̸= ±2,
f r+1,s
j,2 if k = −1, j ̸= 2,

−f r−1,s
j,−1 if k = 2, j ̸= 1,

−f r+1,s
j,1 if k = −2, j ̸= 1,

f r,sj,k otherwise,

for j ̸= ±k and either j or k is positive.

By Lemma 5.4, we find that τi
(︁
D(2n)kα

)︁
is contained in D(2n)ksi(α) In the same way as [18,

Proposition 3.2], we obtain the following theorem.
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Theorem 5.6. We find that{︄
dimD(2n)kα = 1 if α ∈ ∆ex \ {kδ | k ∈ Z \ {0}},
dimD(2n)kα = 0 if α ̸∈ ∆ex.

By Theorem 5.6, the kernel of π is contained in
⨁︁

r∈ZD(2n)krδ. Since
[︁
X±

i,0,D(2n)krδ
]︁
∩D(2n)krδ

is empty by Lemma 5.2, the kernel of π is contained in the center of D(2n). Thus, we find that
D(2n) is a central extension of sl(2n)

[︁
u±1, v

]︁τ
.

6 Embedding of D(2n) into A(2n)

In this section, we show that the associative algebra D(2n) is a subalgebra of the associative
algebra A(2n). By a direct computation, we can construct a homomorphism ϕ : D(2n)→ A(2n)
defined by

Hi,r =

⎧⎪⎨⎪⎩
f ri,iv

r − f ri+1,i+1v
r if 1 ≤ i ≤ n− 1,

f rn−1,n−1v
r + f rn,nv

r if i = n and r is even,

−
(︁
f r1,1v

r + f r2,2v
r
)︁
+ 2u−1vrdu if i = 0 and r is even,

X+
i,r =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

f ri,i+1v
r if 1 ≤ i ≤ n− 1,

f rn−1,−nv
r if i = n,

(−1)rf r−2,1uv
r if i = 0,

f rn,−nv
r if i = n+ 1 and r is odd,

f r−1,1uv
r if i = −1 and r is odd,

X−
i,r =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

f ri+1,iv
r if 1 ≤ i ≤ n− 1,

f r−n,n−1v
r if i = n,

(−1)rf r1,−2u
−1vr if i = 0,

f r−n,nv
r if i = n+ 1 and r is odd,

f r1,−1u
−1vr if i = −1 and r is odd.

Theorem 6.1. The homomorphism ϕ is injective.

This section is devoted to the proof of Theorem 6.1. By Theorem 5.6, we can define˜︁f r,si,j ∈ D(2n) for i ̸= j in the same way as f r,si,j ∈ sl(2n)
[︁
u±1, v

]︁τ
. By Theorem 5.6, we ob-

tain the relations[︁
Hi,x, ˜︁f r,sp,q

]︁

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(δi,p − δi+1,p − δi,q + δi+1,q − (−1)x(δ−i,p − δ−i,q − δ−i−1,p + δ−i−1,q)) ˜︁f r,s+x
p,q

if 1 ≤ i ≤ n− 1,

(δn−1,p + δn,p − δn−1,q − δn,q − (−1)x(δ−(n−1),p − δ−(n−1),q + δ−n,p − δ−n,q)) ˜︁f r,s+x
p,q

if i = n,

−(δ1,p + δ2,p − δ1,q − δ2,q − (−1)x(δ−1,p − δ−1,q + δ−2,p − δ−2,q)) ˜︁f r,s+x
p,q

if i = 0,[︁ ˜︁f r1,s1i,j , ˜︁f r2,s2p,q

]︁
= δj,p ˜︁f r1+r2,s1+s2

i,q − δi,q ˜︁f r1+r2,s1+s2
p,j

− (−1)s1δi,−p
˜︁f r1+r2,s1+s2
−j,q + (−1)s1δj,−q

˜︁f r1+r2,s1+s2
p,−i if (i, j) ̸= (q, p), (−p,−q).

By Theorem 5.6, we find that the kernel of Φ is contained in
⨁︁

r ̸=0,k∈ZD(2n)krδ.
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Lemma 6.2. For r ≥ 0, the subspace D(2n)krδ is spanned by

a(r, k) =
{︁[︁
X+

i,0,
˜︁f r,ki+1,i

]︁
| 1 ≤ i ≤ n− 1

}︁
∪
{︁[︁
X+

n,0,
˜︁f r,k−n,n−1

]︁
| 1 ≤ i ≤ n− 1

}︁
∪
{︁[︁
X+

0,s,
˜︁f r,k1,−2

]︁
| s = 0, 1

}︁
∪
{︁[︁
X+

1,1,
˜︁f r,k−1
2,1

]︁
−
[︁
X+

1,0,
˜︁f r,k2,1

]︁}︁
.

Proof. By Theorem 5.6, we find that D(2n)krδ is spanned by the set{︁[︁
X+

i,s,
˜︁f r,vi+1,i

]︁
| 1 ≤ i ≤ n− 1, s+ v = k

}︁
∪
{︁[︁
X+

n,s,
˜︁f r,v−n,n−1

]︁
| s+ v = k

}︁
∪
{︁[︁
X+

0,s,
˜︁f r−1,v
1,−2

]︁
| s+ v = k

}︁
.

Since D(2n) is a central extension of sl(2n)
[︁
u±1, v

]︁τ
, we find that[︁

X+
i,s,
˜︁f r,vi+1,i

]︁
−
[︁
X+

i,0,
˜︁f r,s+v
i+1,i

]︁
,[︁

X+
n,s,

˜︁f r,v−n,n−1

]︁
−
[︁
X+

n,0,
˜︁f r,s+v
−n,n−1

]︁
,[︁

X+
0,s,

˜︁f r−1,v
1,−2

]︁
−
[︁
X+

0,0,
˜︁f r−1,s+v
1,−2

]︁
are central elements of D(2n). Thus, we obtain

0 =
[︁
Hi,1,

[︁
X+

i,s,
˜︁f r,vi+1,i

]︁]︁
−
[︁
Hi,1,

[︁
X+

i,0,
˜︁f r,s+v
i+1,i

]︁]︁
= 2
[︁
X+

i,s+1,
˜︁f r,vi+1,i

]︁
− 2
[︁
X+

i,s,
˜︁f r,v+1
i+1,i

]︁
− 2
[︁
X+

i,1,
˜︁f r,s+v
i+1,i

]︁
+ 2
[︁
X+

i,0,
˜︁f r,s+v+1
i+1,i

]︁
for 1 ≤ i ≤ n− 1, (6.1)

0 =
[︁
Hn−1,1,

[︁
X+

n,s,
˜︁f r,v−n,n−1

]︁]︁
−
[︁
Hn−1,1,

[︁
X+

n,0,
˜︁f r,s+v
−n,n−1

]︁]︁
= 2
[︁
X+

n,s+1,
˜︁f r,v−n,n−1

]︁
− 2
[︁
X+

n,s,
˜︁f r,v+1
−n,n−1

]︁
− 2
[︁
X+

n,1,
˜︁f r,s+v
−n,n−1

]︁
+ 2
[︁
X+

n,0,
˜︁f r,s+v+1
−n,n−1

]︁
,

0 =
[︁
H1,1,

[︁
X+

0,s,
˜︁f r−1,v
1,−2

]︁]︁
−
[︁
H1,1,

[︁
X+

0,0,
˜︁f r−1,s+v
1,−2

]︁]︁
= 2
[︁
X+

0,s+1,
˜︁f r−1,v
1,−2

]︁
− 2
[︁
X+

0,s,
˜︁f r−1,v+1
1,−2

]︁
− 2
[︁
X+

0,1,
˜︁f r−1,s+v
1,−2

]︁
+ 2
[︁
X+

0,0,
˜︁f r−1,s+v+1
1,−2

]︁
.

Thus, A(2n)krδ is spanned by

{
[︁
X+

i,s,
˜︁f r,k−s
i+1,i

]︁
| 1 ≤ i ≤ n− 1, s = 0, 1}

∪ {
[︁
X+

n,s,
˜︁f r,k−s
−n,n−1

]︁
| 1 ≤ i ≤ n− 1, s = 0, 1} ∪ {

[︁
X+

0,s,
˜︁f r−1,k−s
1,−2

]︁
| s = 0, 1}.

By Corollary 5.5 and a direct computation, we find that, by composing τi, we can construct ˜︁τ1, ˜︁τ2
satisfying that

˜︁τ1(︁X+
i,k

)︁
= X+

1,k, ˜︁τ1(︁ ˜︁f r,ki,i+1

)︁
= ˜︁f r,k2,1 ,˜︁τ2(︁X+

0,k

)︁
= X+

1,k, ˜︁τ2(︁ ˜︁f r−1,k
1,−2

)︁
= ˜︁f r,k2,1 ,˜︁τ3(︁X+

n,k

)︁
= X+

1,k, ˜︁τ3(︁ ˜︁f r,k−n,n−1

)︁
= ˜︁f r,k2,1

for 1 ≤ i ≤ n. Then, we obtain[︁
X+

1,1,
˜︁f r,k−1
2,1

]︁
−
[︁
X+

1,0,
˜︁f r,k2,1

]︁
=
[︁˜︁τ1(︁X+

i,1

)︁
, ˜︁τ1(︁ ˜︁f r,k−1

i+1,i

)︁]︁
−
[︁˜︁τ1(︁X+

i,0

)︁
, ˜︁τ1(︁ ˜︁f r,ki+1,i

)︁]︁
=
[︁
X+

i,1,
˜︁f r,k−1
i+1,i

]︁
−
[︁
X+

i,0,
˜︁f r,ki+1,i

]︁
, (6.2)[︁

X+
1,1,

˜︁f r,k−1
2,1

]︁
−
[︁
X+

1,0,
˜︁f r,k2,1

]︁
=
[︁˜︁τ2(︁X+

0,1

)︁
, ˜︁τ2(︁ ˜︁f r−1,k−1

1,−2

)︁]︁
−
[︁˜︁τ2(︁X+

0,0

)︁
, ˜︁τ2(︁ ˜︁f r−1,k

1,−2

)︁]︁
=
[︁
X+

0,1,
˜︁f r−1,k−1
1,−2

]︁
−
[︁
X+

0,0,
˜︁f r−1,k
1,−2

]︁
,[︁

X+
1,1,

˜︁f r,k−1
2,1

]︁
−
[︁
X+

1,0,
˜︁f r,k2,1

]︁
=
[︁˜︁τ3(︁X+

n,1

)︁
, ˜︁τ3(︁ ˜︁f r,k−1

−n,n−1

)︁]︁
−
[︁˜︁τ3(︁X+

n,0

)︁
, ˜︁τ3(︁ ˜︁f r,k−n,n−1

)︁]︁
=
[︁
X+

n,1,
˜︁f r,k−1
−n,n−1

]︁
−
[︁
X+

n,0,
˜︁f r,k−n,n−1

]︁
,

because the right-hand sides are central elements of D(2n). ■
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Now, we begin the proof of Theorem 6.1. We only consider the case that r > 0. When k is
even, the images of a(r, k) via Φ are linearly independent. However, in the case that k is odd,
we obtain[︁

Φ
(︁
X+

1,1

)︁
,Φ
(︁ ˜︁f r,k2,1

)︁]︁
−
[︁
Φ
(︁
X+

1,0

)︁
,Φ
(︁ ˜︁f r,k2,1

)︁]︁
= 0.

Thus, we need to show
[︁
X+

1,1,
˜︁f r,2s2,1

]︁
−
[︁
X+

1,0,
˜︁f r,2s+1
2,1

]︁
= 0. The case s = 0 is precisely the defining

relation. Next, we consider the case s ≥ 1. By a direct computation, we obtain[︁
X+

n,2, f
u,2s−1
−n,n−1

]︁
= −1

2

[︁
X+

n,2,
[︁
X+

n−1,0, f
u,2s−1
−(n−1),n−1

]︁]︁
= −1

2

[︁
X+

n−1,0,
[︁
X+

n,2, f
u,2s−1
−(n−1),n−1

]︁]︁
=
[︁
X+

n−1,0, f
u,2s+1
n,n−1

]︁
and [︁

X+
n,0, f

u,2s+1
−n,n−1

]︁
= −1

2

[︁
X+

n,0,
[︁
X+

n−1,2, f
u,2s−1
−(n−1),n−1

]︁]︁
= −1

2

[︁
X+

n−1,2,
[︁
X+

n,0, f
u,2s−1
−(n−1),n−1

]︁]︁
=
[︁
X+

n−1,2, f
u,2r−1
n,n−1

]︁
.

Thus, we obtain[︁
X+

n,2, f
u,2s−1
−n,n−1

]︁
−
[︁
X+

n,0, f
u,2s+1
−n,n−1

]︁
=
[︁
X+

n−1,0, f
u,2s+1
n,n−1

]︁
−
[︁
X+

n−1,2, f
u,2s−1
n,n−1

]︁
. (6.3)

By (6.1), (6.3) and (6.2), we find the relations[︁
X+

n,2, f
u,2s−1
−n,n−1

]︁
−
[︁
X+

n,0, f
u,2s+1
−n,n−1

]︁
= 0,[︁

X+
1,1,

˜︁f2r,2s−1
2,1

]︁
−
[︁
X+

1,0,
˜︁f2r+1,k
2,1

]︁
= 0.

We complete the proof of Theorem 6.1.
By the same proof as in [9, Section 4], the associative algebra D(2n) has the following finite

presentation.

Definition 6.3. We define ˜︁D(2n) as the associative algebra generated by{︁
hi,r, x

±
i,r, hn,0, | 0 ≤ i ≤ n− 1, 1 ≤ j ≤ n, r = 0, 1

}︁
with the relations

[hi,r, hj,s] = 0,[︁
hi,0, x

±
j,0

]︁
= ±ari,jx±j,0,[︁

x+i,0, x
−
j,0

]︁
= δi,jhi,0,

[︁
x+i,1, x

−
i,0

]︁
=

⎧⎪⎨⎪⎩
hi,1 if 1 ≤ i ≤ n− 1,

hn−1,1 if i = 1,

−h1,r+s if j = 0,[︁
x±i,1, x

±
i,0

]︁
= 0,[︁

x±i,0, x
±
j,0

]︁
= 0 if a0i,j = 0,[︁

x±i,0,
[︁
x±i,0, x

±
j,0

]︁]︁
= 0 if a0i,j = −1,[︁[︁

x+n−1,1, x
−
n−1,1

]︁
, x±n,0

]︁
= 0,[︁[︁

x+0,1, x
−
0,1

]︁
, x±1,0

]︁
= 0,[︁

x+1,1,
[︁
x−1,0, (E1,1 − E2,2)t

u
]︁]︁
−
[︁
x+1,0,

[︁
x−1,1, (E1,1 − E2,2)t

u
]︁]︁

= 0.

Theorem 6.4. The associative algebra ˜︁D(2n) is isomorphic to D(2n).
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