Symmetry, Integrability and Geometry: Methods and Applications SIGMA 22 (2026), 088, 18 pages

Finite Group Actions on Quasi-Hamiltonian Spaces

Keito TAKEGOSHI

Department of Mathematics, Faculty of Science Division I, Tokyo University of Science,
1-8 Kagurazaka, Shinjuku, Tokyo 162-8601, Japan
E-mail: 1125703Q@ed.tus.ac.jp

Received December 26, 2025, in final form August 28, 2026; Published online September 18, 2026
https://doi.org/10.3842/SIGMA.2026.088
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1 Introduction

Moduli spaces of flat connections on an oriented compact surface ¥ with boundary have attracted
much interest from both mathematicians and physicists. Atiyah and Bott discovered that such
a space carries a Poisson structure obtained via the infinite-dimensional Hamiltonian reduc-
tion for the action of the gauge transformation group on the infinite-dimensional affine space
consisting of connections on ¥ [3]. Since then, several methods for constructing the Atiyah—
Bott Poisson structure by finite-dimensional methods (without using the infinite-dimensional
Hamiltonian reduction) have been discovered [2, 9, 10, 11].

In [2], Alekseev, Malkin, and Meinrenken developed the theory of quasi-Hamiltonian spaces
which are multiplicative analogues of usual Hamiltonian spaces. In their theory, a moment map
takes values in a compact Lie group G itself, not in the dual space g* of the Lie algebra of G.
Moreover, using the framework of Dirac geometry, the theory has been extended to the case
where G is not necessarily compact [1, 6]. Boalch also developed quasi-Hamiltonian geometry
for complex reductive groups whose Lie algebras are equipped with non-degenerate invariant
bilinear forms [4].

Let 8 C OX be a set of base points with exactly one element in each connected compo-
nent of 0¥. Then there exists a well-known correspondence between flat G-bundles on X
framed at 8 and G-valued representations of the fundamental groupoid II;(X, 8) with base
points 3, Hom(II; (X, 8), G). They showed that the representation space Hom(II; (%, 5), G) be-
comes a quasi-Hamiltonian G®-space where the group-valued moment map is the collection of
monodromies around the boundary cycles of 3, and that the Poisson structure on the moduli
space is obtained via the quasi-Hamiltonian reduction.

In [5, 15], the notion of a quasi-Hamiltonian space was generalized to a twisted quasi-
Hamiltonian space, so that a moment map could take values in a bitorsor. It was shown that
the space of G-valued twisted representations of the fundamental groupoid (see Section 5.6)
Hom, (I11(X, 3), G) becomes a twisted quasi-Hamiltonian G®-space. Many examples of twisted
representation spaces and their twisted quasi-Hamiltonian structures are discussed in [17, 18].

In this paper, we show that twisted representation spaces associated with 3 and a set of
base points containing several points on each boundary component also admit twisted quasi-
Hamiltonian structures. To establish this, we introduce the notion of I'-compatible quasi-
Hamiltonian spaces and discuss some of their basic properties.
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Now, we briefly state the main results of this paper. In Sections 2 and 3, we define I'-
compatible quasi-Hamiltonian G-spaces and study their basic properties, such as the fusion
product of such spaces. Fix a group homomorphism I' — Aut(G). A T'-compatible quasi-
Hamiltonian G-space is a quasi-Hamiltonian G-space (M,w, ) where I acts on M, the quasi-
Hamiltonian 2-form w is I'-invariant, and the group-valued moment map p is I'-equivariant. The
following theorem is the main result of Sections 2 and 3.

Theorem 1.1 (Theorem 3.1). Let (M,w,u) be a T'-compatible quasi-Hamiltonian G-space.
Let MY be the set of T'-fized points and G' be the Lie subgroup of T'-fized points. Also we
denote the identity component of G¥ by H. Then, each connected component N C MV to-
gether with the 2-form w|n and the map p|n, which takes values in an H-bitorsor H C G such
that p(N) C H, is a twisted quasi-Hamiltonian H -space.

This theorem allows us to obtain a new quasi-Hamiltonian space from a given I'-compatible
quasi-Hamiltonian space. In Sections 4 and 5, we apply the above results to framed moduli
spaces of flat connections. In addition to the action of the finite group I' on the compact Lie
group (G, we consider a free I'-action on ¥ and choose base points § C 0X that are invariant
under the I-action on ¥ and meet each connected component of 93. The following theorem is
the main result of Sections 4 and 5.

Theorem 1.2 (Theorem 5.7). The representation space Hom(Il;(X, ), G) has a structure
of a T-compatible quasi-Hamiltonian GP-space. Moreover, by taking the set of I'-fized points
of Hom(I11 (X, B), G), we obtain a structure of a twisted quasi-Hamiltonian G8/" -space on a twist-
ed representation space Hommon,, . , (I (X/T', B/T), G).

While preparing this paper, we were aware of the work of Meinrenken [16], who showed that
the space Hom(II; (%, 3), G) has a quasi-Hamiltonian G#-structure.

The paper is organized as follows. We give the definition of a I'-compatible quasi-Hamiltonian
G-space in Section 2. We discuss some of its basic properties in Section 3. In Sections 4 and 5,
we apply the preceding results to moduli spaces of flat connections.

2 Finite group actions on quasi-Hamiltonian spaces

In this section, we give the definition of a finite group I'-compatible g-Hamiltonian G-space and
present a basic example that is an analogue of the double.

2.1 Compatibilities of bitorsors

Let G be a compact Lie group with Lie algebra g and let ' be a finite group. We fix an action
I' - Aut(G) of T' on G. Also we give a G-bitorsor G equipped with a left T'-action where
a bitorsor G is a manifold endowed with left and right G-actions that are both simply transitive
and commute with each other.

Definition 2.1. A I'-compatible G-bitorsor G is a bitorsor G equipped with a I'-action such
that ¢ - (gz) = (¢-g)(¢-2), ¢ (zg) = (¢ 2)(¢-9), (peT, g€ G,z €G).

Example 2.2. We define the space G := Map(Z/mZ, G). Fixing an action ¢: Z/mZ — Aut(G),
we define a Z/mZ-action on G by (I-g)(k) := ¢(1)g(k—1), l,k € Z/mZ, g € G. Then the space G
is a Z/mZ-compatible Map(Z/mZ, G)-bitorsor.

Remark 2.3. Let G be a I'-compatible G-bitorsor. Define left and right actions of G x I’
on G xI' by (g,9)(z,v) := (g(¢ - ), 0¥), (,9)(g,¢) := (x(¥ - g),¥p), where (g,9) € G x T
and (z,79) € G x I'. Then these actions make G x I' into a G x I-bitorsor. We denote this
bitorsor by G x I'.
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We define the inverse G™! of a G-bitorsor G by the space G™! := {x_l | z € G}, which
is a copy of G, equipped with the following G-actions, gz~ ! := (xg_l)_l, x g = (g_lsv)_l
for g € G and z € G.

Moreover, we define the product Gq - Go of two G-bitorsors Gq and Go as the quotient
of G1 x Gz by the following action, g(x1,x2) := (a:lg_l,gz:g) for g € G and (x1,x2) € Gy X Ga.
We denote an element [x1,z2] € Gy - Gg by z1 - zo.

Proposition 2.4. Let G, G, Go be I'-compatible G-bitorsors. Suppose that the fixed point
sets G, GY, Gg are non-empty. Then we have the following properties:

(1) The fived point set G becomes a GT -bitorsor under the restriction of the action of G on G.

(2) The inverse G=1 of the bitorsor G and the product G1-Go of Gy and Go become I'-compatible
G-bitorsors.

(3) There exists an isomorphism of G' -bitorsor Glf -G ~ (G - Go)T.

Proof. Statement (1) is easy to verify. We define actions of I'" on (Gl_l and G; - Gy by
pr™t = (o)7L, p(z1 - 22) == (px1) - (pa2), for p € T and x; € G;. These actions satisfy
the definition of I'-compatibility.

To show statement (3), we see that the canonical map ®: G{-Gg — (G1-G), z1-29 = 2119
is equivariant with respect to the left and right G'-actions. For any g € G', z1 - 25 € G} - G},

O(g(x1 - 2)) = (971 - ¥2) = gw1 - 12 = g(w1 - 12) = gP (w1 - 72).

The equivariance of ® with respect to the right G'-action is verified in the same way as above.
Hence, by the simple transitivity of the left and right actions on bitorsors, ® is an isomor-
phism. |

2.2 Compatibilities of g-Hamiltonian G-spaces

First, we recall the definition of twisted quasi-Hamiltonian G-spaces [5, 15]. Throughout this
paper, we fix an Ad-invariant positive definite inner product (, ) on g and consider only bitorsors
whose corresponding elements in Out(G) preserve this inner product. Also we assume that the
I'-action on g induced by the action on G preserves the inner product on g.

We define the left Maurer-Cartan form 6 and the right Maurer-Cartan form 6 on a G-
bitorsor G by 0,(X) := 271X, 0,(X) := Xo~ !, 2 € G, X € T,G, where 71X € g denotes the
derivative of the map 7 !: G — G, y — 2~y for X.

Definition 2.5. A (twisted) quasi-Hamiltonian G-space (M,w, ) is a G-manifold M together
with an invariant 2-form w and a G-equivariant map p: M — G to a G-bitorsor G such that

(QH1) dw = 150, 6, ).

(QH2) L(E#)w = %:U'* (‘9 +§a£)a (5 € g)v £#|p = %(e_tf : p)|t=0-

(QH3) kerw, Nkerdp, = {0}, (p € M),

where 6 (resp. 0) denotes the left (resp. right) Maurer—Cartan form on G.

We note that the restriction of the inner product (, ) to the Lie algebra gl of the I'-fixed
point Lie subgroup G' := {g € G | ¢-g = g for all ¢ € '} is also positive definite and invariant.
Now we give the definition of a I'-compatible quasi-Hamiltonian G-space.

Definition 2.6. A I'-compatible quasi-Hamiltonian G-space (M, w, i1) is a twisted quasi-Hamil-
tonian G-space equipped with a I'-action such that
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(1) ¢-(g-p)=(p-9) (¢-p), (pel,ge G, peM).
(2) The g-Hamiltonian 2-form w is I'-invariant.
(3) The moment map p: M — G is I'-equivariant.

We say that any two I'-compatible quasi-Hamiltonian G-spaces are isomorphic if there exists
a [-equivariant isomorphism of twisted quasi-Hamiltonian G-spaces.

From a I'-compatible quasi-Hamiltonian G-space, one can naturally construct a twisted quasi-
Hamiltonian G x I'-space.

Remark 2.7. Let (M,w, 1) be a I'-compatible quasi-Hamiltonian G-space whose moment map
takes values in a G-bitorsor G. The actions of G and I' naturally induce an action of G x T’
on M given by (g,¢) -p:=g-(¢-p), ((9,9) € GXT, pe M), and a moment map i := M —
G xT,p+— (u(p),1r), where G x T is the bitorsor introduced in Remark 2.3. Then we obtain
a twisted quasi-Hamiltonian G x I'-space (M,w, fi).

2.3 The double D(Gq, G2)

We give a basic example of a I'-compatible quasi-Hamiltonian space. Let Gy and Go be I'-
compatible G-bitorsors. We define a G x G-action on D := Gy x Gy by

(91,92) - (a,b) := (g1ag5 ', g2bg '), (91,92) €Gx G, (a,b) € D.
Also we define a 2-form w and a map u by

1 * *7) _1 *x7) 1k
w.:—g(a 0,b 9) 2(@ 0,b 9),

p: D—Gy-Gy x G -Gy, (a,b) — (ab,a_lb_l).
The tuple D(G1,G2) := (D, w, ) is a twisted quasi-Hamiltonian (G x G)-space. Moreover, under

the diagonal action of I on D and GGy X Gfngl, the space D(G1, G2) carries a I'-compatible
structure.

Remark 2.8. Let C and H be I'-compatible G-bitorsors. We give the double D(C,H) with
different coordinates. For any (C,h) € D(C,H) and (g, k) € G x G, we define an action of G x G
on D(C,H) by (g,k) - (C,h) :== (kCg~*, khk™'). We also define a quasi-Hamiltonian 2-form by

1, S _
= = (C*0,Ady, C*0) + = (C*0,h*0 + h*0
w = 5(C70,Ady C*0) + 5 (C0, 170 + 1),
and a moment map by
p: D(C,H) —» C'HC x H™ !, (C,h) = (C*hC, AT,

Then the twisted quasi-Hamiltonian (G x G)-space D(C, H) together with the natural I'-action
is also a I'-compatible quasi-Hamiltonian (G x G)-space and is isomorphic to the double of C~!
and HC with standard coordinates.

3 Basic properties

Twisted quasi-Hamiltonian spaces have been investigated by several authors [5, 12, 15]. Al-
though a I'-compatible quasi-Hamiltonian G-space naturally gives rise to a twisted quasi-Hamil-
tonian (G x I')-space (see Remark 2.7), we study some basic properties of I'-compatible quasi-
Hamiltonian G-spaces, since this is the natural framework for the applications to twisted moduli
spaces.



Finite Group Actions on Quasi-Hamiltonian Spaces 5

3.1 The set of fixed points of (M, w, u)

We fix an action I' — Aut(G). Let (M,w, 1) be a I'-compatible ¢g-Hamiltonian G-space with the
moment map p: M — G. Let M' be the fixed point set of M for the action of T' and let G
be the fixed point set of G. We denote the identity component of G by H. Fix a connected
component N of M", and we can then take the connected component H of G so that p(N) C H.
Then H becomes an H-bitorsor and the following theorem holds.

Theorem 3.1. The tuple (N,w|n, p|n) is a quasi-Hamiltonian H-space.

Proof. Let ' (resp. gr) be the left (resp. right) Maurer—Cartan form on H. We denote the in-
clusions by ¢n: N — M and ur: H — G. Let the Cartan 3-forms on G and H be x := (6, [0, 0]),
and x' := 1—12(9F, [GF,GF])QF, respectively. Since ' = x|g, we obtain the following dw|y =
(LX) |v = ()X

Next, we will show the moment map condition. For any ¢ € g,

Mol = (M)l = (0., )

The degeneracy condition of w|y is shown by using the averaging over I'. For any x € N
and X € kerw|n, Nkerdyp|n, dpo din(X) = deg o dp|n(X) = 0. This leads to den(X) €
kerd,u. For any Y € T, M, the following identity holds from the I'-invariance of w

1
N:§M‘N (QF"‘HF?E);;F'

w(dey(X),Y) = |1£| D erw(din(X),Y) = w <dLN(X), yrly > go*Y) =0.

pel

Therefore, we obtain duy(X) € kerw, Nkerdgp = {0}. So, we conclude

ker w|y Nkerdu|y = {0}. [

3.2 Fusion products and I'-compatibilities

Let G, Hy, and Hy be compact Lie groups. Let G, H;, and Hy be bitorsors for GG, Hi, and H»
respectively. We fix actions of a finite group I' on G and H;. Let (M;,wj, it5) be a I'-compatible
quasi-Hamiltonian (G x Hj)-space for j = 1,2. We denote the moment map p;: M; — G; x H;

by i = (1§, ).
Proposition 3.2. The fusion product My ® My carries a I'-compatible quasi-Hamiltonian G X

H, x Hy-structure for the diagonal action of I' on M1 ® Mo, G1 X Hy X Hy and G1Gy x Hy x Hs.

Proof. We show the quasi-Hamiltonian 2-form on M7 ® Ms, w = w1 + wo — %((,u?)*e, (ug;)*g)
is I-invariant. Since G; are I'-compatible and the inner product ( , ) on g is invariant under
the action of I, for any ¢ € T,

1 * *— 1 " —
prw =g+ 9w — S (1) "0, (45)0) = wi +wa = (e (7) 0r0- (15)70)
1 ) -
=w) +w2— 5((#?) 0, (1S)70) = w.
The conditions (1) and (3) in Definition 2.6 are easy to verify in this case. |

Moreover, suppose that M ]F are non-empty connected sets and (Gg and Hg are non-empty.
One can easily prove the following proposition.

Proposition 3.3. There exists a canonical twisted quasi-Hamiltonian isomorphism er ®M2F ~
(M & Mz)r.
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Remark 3.4. In Proposition 3.3, if M ]F are not connected, we can obtain a similar result as
above by taking connected components of M{ and MJ.

Example 3.5 (fused double D(G1,G2)). Let G; and Ga be I'-compatible G-bitorsors. The
internal fusion of the double D(G1,G2) (see Example 2.3) is denoted by D(Gi,G2), and is
called the fused double. The space D(Gq, Gso) carries a I'-compatible structure. Moreover, G}

and Gg are submanifolds of G; and Gg, respectively. We obtain an isomorphism of twisted
quasi-Hamiltonian GT-space D(Gy, Go)! ~ ]D)(Glf, Gg)

4 Cyclic group actions on loop groups

The results of this section provide the foundation for the constructions in Section 5. We introduce
the notion of Hamiltonian LG-spaces compatible with an action of a cyclic group I' := Z/mZ,
examine their relationship with Hamiltonian L") G-spaces, and discuss the equivalence theorem
in the I'-compatible setting. The constructions and computations involving the canonical 2-form
on LG follow the same arguments as those in the (twisted) loop group setting developed in [2, 13].

4.1 Twisted loop groups

Let G be a compact connected simply connected Lie group with Lie algebra g. We fix an Ad-
invariant inner product ( , ) on g and a Lie group automorphism x € Aut(G) such that there
exists a positive integer m such that ™ = 1. We suppose that k preserves the inner product ( , )
on g. Let S} denote R/mZ. We define the loop group LG as a space of maps

LG := Map(S},,G)

of a fixed Sobolev class A > 1/2. Also we define the k-twisted loop group LWG as a sub-
group of LG

LWG = {9€ LG | kg(t)=g(t+1) forallt € S}, }.

We define the spaces L(")g and L(")g* as subspaces of the space of maps Lg := Map(S’%l,g)
of Sobolev class A and the space of g-valued 1-forms Lg* := Q! (S}n, g) of Sobolev class A — 1,

LWg.={¢ e Lg|ré(t) =&t +1) for all t € S},
LWy .= A€ Lg" | kA, = Apyq for all t € SH 1.

The gauge transformation on L") g* is defined by g- A = gAg~—' +dgg~ !, g € LWG, A €
L") g*. There exists a canonical pairing L") g* x L®Wg — R, (A,£) fol(A,f). We define the
holonomy Hol?(A) of A starting at b € S} by the unique solution of the following differential
equation:

_19Hol(4) _ 4

Holl(4) 12 ,

Holl(A) = 14.
Then, the holonomy and the gauge action satisfy the following equation:
Holl(g- A) = g() Hol?(A)g(t) !, geLWG,  AeLWg.

Therefore, we have the holonomy map Hol™: L(®)g* — G A s Hold(A), where G = G
is a G-bitorsor with the following left and right actions g -z := gz, = - g := x(krg), (z € G,
g€ Q).
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Let 6 (resp. 6) be the left (resp. right) Maurer—Cartan form on G. We define the 2-form
on L) g* by

w1 [ 0r5 0 1 0%
w'™ = — [ ds| Hol; 8, —Hol; 0] .
2 0 Os

The following proposition is analogous to [2, Proposition 8.1].

Proposition 4.1. We have
@) is LW G-invariant, dw®) = —Hol(“)*ll—2(0, [0,6]),
(e#) ™) = —d/ol(A,g) - %HOW’»)*(& +0,¢), €ceLWy
Proof. This is shown in the same way as in Proposition 4.2. |

4.2 Cyclic group actions

In this subsection, let T' be a cyclic group Z/mZ, and let S' denote R/mZ. We consider a I'-
action on G, i.e., a group homomorphism I" — Aut(G). Also a natural I'-action on S! is defined
byt-l:=t—1fortc S'and ! €. Then we can define a I'-action on the loop group LG by

L-g(t) = rKlg(t-1), g€ L@, te St lel.

I-actions on Lg and Lg* are defined in the same way. Let 8 be a finite subset 0-I' = {0, 1, ...,
m —1} C S', and we denote G* := Map(3,G). Also we denote Maurer-Cartan forms on G
by # and 6. Similar to the twisted case described above, gauge transformations, holonomies and
natural pairing are defined. Furthermore, we define the 2-form on Lg* by

1w [it! ;-
w = 2;/ ds <H015 0, = Hol 9).

Also the holonomy map Hol: Lg* — H := G” is defined by Hol(A) := (Holf_i_l(A)):il, (A €
Lg*), where H is a I'-compatible G®-bitorsor (Example 2.2).
In this case, the following proposition holds in the same way as in [2, Proposition 8.1].

Proposition 4.2. We have

1
w is LG-invariant, dw = — Hol* E(G, 0,0)),

L(g#)wA:—dj{(A,f)—;Hol*(9+9,§|5), e Lg, A € Lg*,

where &g = (£(1))icp € 9°.
To prove it, we use the following lemma.
Lemma 4.3. We have
L(€7)Hol,"0 = Ad(Holy)&(s) —£(i), € € Lg.
1(n)Hol’ "0 = — /S du Ad(Holi)n, neTaLlg* = Lg*.

(2
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4.3 T'-compatibilities of Hamiltonian LG-spaces

In this subsection, we state the definition of a I'-compatibility on Hamiltonian LG-spaces. This
is the usual Hamiltonian space version of a I'-compatibility.
First, we recall the definition of a Hamiltonian LG-space [2].

Definition 4.4. A Hamiltonian LG-space is a Banach-manifold N together with an LG-action,
an invariant 2-form o € Q%(N)L%, and an equivariant map ® € C™ (N, Lg*)LG such that

(1) The 2-form o is closed.

(2) The map @ is a moment map for the LG-action L(f#)a =—d fsl (m,§).

(3) The 2-form o is weakly non-degenerate, that is, the induced map o%: T,N — TSN is

injective.
Definition 4.5. Let (N, o0, ®) be a Hamiltonian LG-space and we fix a I-action on N. The
tuple (N, o, ®) together with the I-action is called a I'-compatible Hamiltonian LG-space if it
satisfies the following properties:
W l-(¢g-x)=(U-g)-(-2),lel,ge LG,z € N.
(2) o is I'-invariant.
(3) ®: N — Lg* is I'-equivariant.

We say that two ['-compatible Hamiltonian LG-spaces are isomorphic if there exists a I'-equi-
variant isomorphism of Hamiltonian LG-spaces.

4.4 Fixed points of a I'-compatible space

Let (N, o, ®) be a I-compatible Hamiltonian LG-space. Then, we obtain a Hamiltonian LW G-
space from a I'-compatible Hamiltonian LG-space by taking fixed point objects. Now I'-fixed
objects are defined by

e NV'.={reN|l-z=ux, leT},

e ol :=o|pr,

o OU': NT — Lg*, 2+ ®().
In this paper, we denote I'-fixed objects as above. For example, the I'-fixed subgroup of LG
is denoted by LG'. Each connected component of N' is a Banach submanifold of N. By
considering left transformation of LG, the subgroup LG' is a Banach Lie subgroup of LG (see
Appendix C).

We thus obtain the following proposition.

Proposition 4.6. For any connected component L of NT, the tuple (L, ollL, <I>F|L) is a Hamil-
tonian LGY -space, i.e., the following properties hold:

e LGT acts on L.
e o'|1 is a LG -invariant symplectic form on L.

e ®U|; is LG -equivariant and o' |, ®'|L satisfy the moment map condition

L(eF)o! = —d%(@r,g), ¢eLg.
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Proof. Since G is simply connected, the space LG' is connected. Therefore, LG' acts on
a connected component L. The moment map condition for ®' |1, is a straightforward calculation
and the weak non-degeneracy of ol is proved by averaging over I'. Let :: NI — N be the

inclusion map. For any & € Lg',
VoL, = (L(e# = —d¢(D,8)] =— ¢ (d",8).
e9) s = (U)ol = —d f@.0) == @109

Next, we will show the non-degeneracy of o'. Fix an element z € N and X € kero'. Then
for any Y € T, N,

(Y )i(X)o = o(X,Y) = Zz* X,Y) < T > Y>

ler lel

Thus we have proved the non-degeneracy condition. |
Remark 4.7. Suppose that I" is a cyclic group Z/mZ and that the action of I" on LG is the
one defined in Section 4.1. Then we can identify LGY with the twisted loop group L") G,

P={gelG|l-g=g, 1T} ={ge LG |rg(t)=g(t+1) forallt € S} }=LWG.
For any &£ € LWg = Lg",

1
L(e#)o! = d% :—dZ/ (o',¢) = —md/ (®,6).
0
Therefore, (L, %O‘F, <I)("‘)) becomes a Hamiltonian L(")G—space.

4.5 Equivalence theorem

It is known that there exists a natural correspondence between (twisted) Hamiltonian LG-spaces
and (twisted) quasi-Hamiltonian G-spaces which is called the equivalence theorem [2, 13, 15].
Taking base points 3 with 3 = 0-T C S} the equivalence theorem between I'-compatible
Hamiltonian LG-spaces and I'-compatible quasi-Hamiltonian G®-spaces can be shown. Let Q°G
be a based loop group for 8, i.e., Q°G = {g € LG | g|p = 15}

Theorem 4.8. Taking the holonomy manifold for Q°G yields a bijective correspondence between

e the isomorphism class of I'-compatible Hamiltonian LG-spaces (N, o, ®) with a proper
moment map,

e the isomorphism class of T'-compatible q-Hamiltonian GP-spaces (M, w, ).

5 Twisted connections and finite group actions

5.1 Preliminaries

Let ¥ be a compact connected 2-manifold with boundary components Vg, Vi,...,V,. and P :=
¥ x G a trivial bundle on ¥. Fix A > 1 and let (X, g) be the space of g-valued j-forms
of Sobolev class A — j. Then the gauge G(X) := Map(X, ) is a Banach Lie group modeled
on Lie(G(%)) = Q%2,g). Let A(X) := Q(X,g) be the space of connections on the trivial
bundle on ¥. A() has a smooth G(X)-action given by g- A = gAg~! + g*0 The space A(%)
has a canonical symplectic form called Atiyah-Bott 2-form o = £ [.(JA A §A) for which G(X)-
action is Hamiltonian with moment map

(B(A),€) = / (curv A4,€) - /8 (49, e

where curv(A) is the curvature of A. The space of flat connections is denoted by Aga¢(2).
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5.2 Finite group actions

Let I' be a finite group. Fix a free right I'-action on ¥ which preserves the orientation of X,
and a left I'-action on G which preserves the inner product on g. Then a right I'-action on the
trivial bundle is defined by

(%a)‘@:(x‘@ﬂ@il'a% (J,‘,CL)EP, @GF
This action satisfies I'-compatibility

P-9)-oe=m ) (g9-9), pE P, g€aqG, pel,

1. g. We can also define left I'-actions on (P, g) by

where g - = ¢~
p-a=poaocdp, ac®W(Pg), ¢eT,
and left T-actions on ©7(X, g) can be defined in the same way.

Lemma 5.1. The canonical 2-form o is I-invariant and the curvature curv: A(X) — Q%(32, g)
is I'-equivariant. Moreover, the following I'-compatibility holds:

p(g-A)=(p-9)-(p-A4), el gegXE), AcA®).
Proof. For any ¢ € I and X,Y € T4 A(X) = QL(, g), the following holds:

po(X,Y) = /E(ngodgo/\apYodgp) = /E(X ANY)=0(X,Y).

Since the exterior derivative d: Q7 (%, g) — Q/*t1(X, g) is I'-equivariant, the I'-equivariance of
the curvature holds

curv(Lp-A):d(cp'A)—i-%[tp-A/\(p-A]:<p~dA+%<p-[A/\A]:g0‘curVA,

where ¢ € I' and A € A(X). Moreover, for any g € G(X), ¢ € I' and A € A(X), the following
holds ¢ o Ad(g) = Ad(¢ - g) o @, ¢ - g*0 = (¢ - g)*0. Therefore, we obtain the I'-compatibility
of G(¥) and A(X). [

[-actions on G(9%) and (9%, g) are also defined in the same way.

5.3 The space M(X) and I'-compatibilities

Since the restriction map G(X) — G(09%) is surjective, the following sequence is exact:
1= Gon(¥) = G(X) = G(9%) — 1,

where Gon(X) = {g € G(2) | glox = lg}. Then M(X) = Aga(X)/Goxn(X) is a Banach
manifold and a Hamiltonian (G(0X) ~ LG"*!)-space with proper moment map [2, 8]. The
symplectic form o on M(X) is induced from Atiyah-Bott 2-form on A(X) and the moment map
is a restriction

d: M(B) — Q0%,9), A~ Alps.

The T'-compatibility of M(X) can be shown by using Lemma 5.1. A T-action on M(X) is
defined by ¢ - [4] :==[¢- 4], ¢ € T, [A] € M(X). The Hamiltonian G(9%)-space (M(X), o, P)
together with the I'-action is a I'-compatible Hamiltonian G(9X)-space.

Proposition 5.2. (M(X),0,®) is a I'-compatible Hamiltonian G(0X)-space.

The above proposition follows immediately from Lemma 5.1.
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5.4 Fixed points of M(X)

By taking a fixed point objects (./\/1(2)F L wh, @F), we get Hamiltonian spaces for twisted loop
groups actions.

We define a I'-action on I := {0,1,...,r} by using a permutation of 0¥ = [[;_, Vi, Vi, =
Vi- . Let I'(i) be a stabilizer of i € I, i.e., I'(i) ={p €T |i-p=1i}.

Lemma 5.3. For anyi € I, I'(i) is a cyclic group.

Proof. Fix a point b € V; and consider a I'(i)-orbit b - I'(i), we restrict the I'(¢)-action on 0%
to b-T'(7). Since this I'-action on OX is free, the restricted I'(i)-action on b-T'(4) is simply transitive.
So by fixing a cyclic order of b-I'(i) = {bo, b1,...,bm,—1}, we get a unique element b; = by - k;.
Then, the element x; is a generator of I'(i) = (k;). [

We fix a generator x; of I'(i) for all i € I. We set m; := |['(i)|, and identify V; with S}, =
R/m;Z while keeping T'(i)-action. So, the following isomorphism is obtained: G(V;)I'®) ~ LG,
So, by taking a complete system of representatives I' of I/T, and fixing «; for any i € I, and
taking 7j; € I such that k; = 7jik;7; Lfori,j € i-T', we identify the fixed points subgroup G(ox)"
with a product of twisted loop groups

G(02)" { (9:) € [JL")G ] gi = njgj} ~[[1"6

el el’

In the same way, we obtain the following isomorphisms:
Q'0%,0)" ~ [[L"g  Am (Aly), Q059" ~ [[L%e € (€.
el il
We define @ and o’ by ®: M(Z)' — [[,cp LD g*; A (@(A)|y;), o' = W By considering
the [[,c; L") G-action on M(X), the following proposition holds.

Proposition 5.4. Each connected component N' of M(X)Y together with the 2-form o'|n and
the moment map ®'|n is a Hamiltonian HiepL("‘i)G-space.

Proof. It is trivial that ¢’ is symplectic and ®’ is equivariant for twisted loop group actions.
So, we prove the moment map condition: for any [A] € M(Z) and (&) = £ € [, L"g

N P AT 1
)0t = e€)otale = —ppd [ @0 =~ X d § (Abeéh

= IP\Z’Z F\df (Alv;, &) = mZ’Z I'||T(i) d/ (Alv;, &)

iel’ iel’

:_Zd/ A)i&). [

el

5.5 The space M (X) and I'-compatibilities

Let 8 C 0¥ be a finite subset (base points) which is I-invariant and we fix a cyclic ordering
of B = (b)) == BN V;. We denote G(%) := {g € G(3) | gls = 1}, G5(0%) == {g € (%) |
glg = 1}. Set M(X) := Agar(X)/Gs(2) ~ M(X)/Gs(9%). An action of G(0%)/Gs(9%) ~ G#
on M () is induced from the residual gauge action on M(X). The collection of holonomy map

Hol, A (A) defines a GP-equivariant map
b5 11

p: M(X)—H,  Aws Hol(A) := (Hol (A))bgeﬁ,

>\+1
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where H = G? is a GP-bitorsor under the following left and right actions, (g-h) (b’)\) = g(bg\) h(b’f\),
(h-g) (bl)\) = h(bg\)g(bg\ﬂ), g € GB h € H. An action of T on M (%) is induced from the T-action
on M(X). The following theorem, which is analogous to [2, Theorem 9.1}, holds.

Theorem 5.5. There is a natural G®-invariant 2-form w on M(X) for which (M (X),w, ) is
a T-compatible q-Hamiltonian GP-space.

Proof. The proof is analogous to that of [2, Theorem 9.1]. In this proof, let m: M(X) — M (%)
be the quotient map. First, we will show the equivariance of p: M(X) — H. For any g € G
and (A) € M(S), (g - w(A)) = p(r(§ - A)) = Hol(§ - A) = Ad, u(m(A)).

Let Rj: QY9%,g9) — QY(Vj,g) be a restriction and let w; be the canonical 2-form on
Q'(Vj,9) ~ Lg*. Denote w := Y7 o Riw;. We define a 2-form on M(¥), © := 0 — ®*w
Then the 2-form @ is basic for Gg(0X)-action for M(X). Since o and w are G(0X)-invariant,
@ becomes a G(03)-invariant 2-form. Furthermore, for any ¢ € Lie(Gz(0%)),

H(eF)@a = U(€F)oa — 1 (eF) @ ma = o (¢7) OA—ZR (&l ") ;)

=—d/a (Alos, €) ZR< fAlv],flw—(Hol)(@ﬁmlﬁj)):&

where Hol;: Q'(V},g) — H/ := G%, A; — (Hol *(A ), and 6; (resp. 0) is the left (resp. right)
Maurer— Cartan form on H/. So, @ 1nduces a ﬁ‘mque GP-invariant 2-form w on M(X) which
satisfies m"w = @.

Now we prove the tuple (M (X),w, i) is a twisted quasi-Hamiltonian G®-space. We denote
the canonical 3-form on H by yg, i.e., xg = 1—12(9]31, [0u, 0m]). Then, by Holo® = pow, m*dw =
do = d(o — ®*w) = ®* Hol" xg = 7*u*xm. Therefore, we have proved dw = p*xp.

Next, we want to show the moment map condition. For any & € g?, there exists & € Q° (0%, 9)
such that €| = €. Then

7" (L(ﬁ#)w) = L(é)’]T*w = L(E#) (a — <I>*w) = ;ZT:Rj*Holj*(Gj +§j,§~]5j)

=0
=7 <;N*(9H +9H,§)> :

So, the moment map condition holds.

Finally, we will prove the degeneracy of w, i.e., we will show kerw,, N kerd,,u = {0} for
any m € M(Y). Fix v € kerw, Nkerd,u and A € M(X) such that 7(4) = m. Since
m: M(X) - M(X) is a submersion, there exists a tangent vector X € T4 M(X) such that
dam(X) = v.

For any ¥ € TyM(XE), wa(X,Y) = 7m*wa(X,Y) = 0. Therefore, X € kerws. By the
definition of @, the following holds: ¢(X)o = ¢(X)®*w. Thus, X € (kerd4®)?. Since the space
(ker d4®)? equals to the tangent space of the orbit G(9X) - A, i.e., there exists £ € Q°(9%, g)
that the generating vector £# equals to X [2, Theorem 9.1].

Since &g # ekerdm,u, we obtain &|g € ker(Ad,m) —1). Now we define n; € Q°(Vj, g)
by n;(s) := Ad(Hol (®(A)~1)€(B)). Because Adm) €l = €l

m(t},) = Ad(HoL? (8(4))¢(05) = €(1):

Therefore, n; is well defined. By collecting n; for all j = 0,...,r, we define n € Q°(9%,g).
Because (n — &)|g =0, n7* = (n — )% + &7 is in ker(a — CIJ*w).
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We now prove L(n#) = 0. For any o € TAM(X), by Proposition 4.2 and Lemma 4.3,

r

L(a)b(n#)fb*w = Z L(a‘\/j)b(n’\(j#)w

7=0
= =2 dlaly)a Py i)~ o) o (0 + el
fcmunw NG
JT m; b "
S Y [ (el Aol () e 4,
7=0x,=1"0,

I
NE

;i ,
/ a+1(Ad(Hol J( ))alvjvf(b&j))

» b
]:0 )\jil )\j

I
—~
~
—~
L
SN—
—~
Q

—
f=al
>
<
~—
>
Iy
—
ol
<
~—
~—

§=0 x;=1 it
1~ & (O
=3 Z (e(alv;)(Hol;” ) 8.€(by )
5=0 ;=0 i+
roomy j * j
1 bAj b%‘ J
t3 (L(alvﬂ)(HOlbi, ) 0,Ad(Holb&- )E(B% +1))
J=0X;=0 J+1 j+1

1 _
= L(a)5 Hol* (0w + 0w, £|5) = 0.

Considering L(?]#)(I)*w =0 and n* € ker(o’ — @*w), we obtain L(T]#)O' = L(?]#) ((0’ — <I>*w) +

<I>*w) = 0. Since o is weak non-degenerate, n7 is zero. Therefore, we conclude | 5# =
(€= mls* +nls* =0. u
Remark 5.6.

(1) If the group I' is trivial, we can choose any finite subset of 0% as the set of base points.
Then the space M () is a straightforward generalization of the space in [2, Theorem 9.1].

(2) Although Theorem 5.5 follows directly from Theorem 4.8, we include a proof because the
almost same argument applies to the case where GG is not simply connected.

5.6 Fixed points of M (X)

Taking fixed point objects of (M(X),w, ), we obtain a twisted g-Hamiltonian (Gﬁ)r—space
(M(Z)F,wh, u). We denote ¥ := ¥/T and By, := m(8), where 7: £ — X is the covering map.

Taking a holonomy yields the following correspondence: M (X) ~ Hom(II; (X, 8),G). This
correspondence is I'-equivariant for an action on Hom(II1 (X, 5),G) (¢ - p)(7) = ep(y - ¢),
¢ €T, peHom(I1(%,8),G), v € (%, 8). Therefore, we obtain a bijection M (X)F' =~
Hom(II1;(%, 8), G)'.

Now we want to consider the space Hom(IT; (%, 3), G)' as the space on X. Let Gy be a group
bundle (X x G)/T" on ¥ with a fiber G. By fixing a complete system of representatives I of 3
for I'-action, we obtain the monodromy representation of Gy; denoted by mony; r: I11 (£, 8y) — I’
(cf. Appendix B). We denote the space of representations twisted by the morphism mony, ; by

Hompony, ; (11 (X, By), G) ::{B € Hom(II; (X, Bs),I'x G) | prop = mon;[}.
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Then, the covering map 7: 3 — % induces a bijection
Homumony, ; (11 (X, Bs), G) ~ Hom(IT1 (X, B), G)".

Therefore, we obtain a bijection M(X)" ~ Hommony, , (I11(Z, By), G). By choosing a system of
free generators of I1; (X, By), the space Hompony, , (I1, (2, By), G) is diffeomorphic to a product
of G—bitorsors. Since G is connected, this product of G- bltorsors is connected. Therefore, the tu-
ple (M (2)F, wl, ul") is a twisted quasi-Hamiltonian (G” ) -space. Also Homyong ; (111 (X, fBx), G)
carries a tw1sted quasi-Hamiltonian GP=-structure. The above discussion is summarized in the
following theorem.

Theorem 5.7. The representation space Hom(II1 (X, 8), G) has a structure of a I'-compatible
quasi-Hamiltonian GP-space. By taking the set of T-fized points of Hom(I11 (%, 8), G), we obtain
a structure of a twisted quasi-Hamiltonian GP=-space on Homyong ; (111 (X, By), G).

5.7 The 2-form on M (X)

In this subsection, suppose that the base points on each boundary component 5; C V; are in
one orbit for I'-action on 3. Let ry be a non-negative integer such that rs + 1 is the number of
boundary components of ¥ and let gs; be the genus of ¥. Then (5 has only one point on each
boundary component of ¥. We denote By = {bo bl,. b’”z} Let @y denote a quiver which
generates free groupoid II; (X, By), Qs = {a bk, o7, fyj |k=1,...,9%,7 =1,. r;} where
a® and bF are a-cycles and b-cycles and a ¢’ is a loop along a boundary component based at b/
and a ~7 is a path from b° to b7. Set Bji=m -1 (bJ) and we label 3y = {b . } Furthermore,
let fy)\ be the unique lifting of 47 starting at bO By using 7)\, we set ﬁﬁ\ = t(%\) where t(v)\) is
the target of 7. Set a quiver, Qs := {ak, b’i, /\,’y)\} the fundamental groupoid Iy (X, ) is the
free groupoid (cf. [14]) of Qx.
We define four I'-compatible G™-bitorsors (see Example 2.2) by

¢ = {CY) = (p(+)))\, | p € Hom(IT, (%, B),G)},

B = {h9) = (p(&)))T, | p € Hom(ITy (%, 8), G) },
(p(a5)y | p € Hom(IL(Z, 8), &)},

BF = {B® = (o(0))™, | p € Hom(Iy(%, ), G)}.

We define permutations 7%, tk, tk of {1,...,m} by
(O =B, sl ) sh) - (0.

Also we define left and right G"-actions on each space by

g- C ) —g)\C(]), (C ) — C(])g)\,
g-hY), = = 9 )h(Aj)’ (- g), - (A])QA’
N gtk(A)Ag\k)7 (AW g),: A(Ak)g,\,
®)\ = g B, (BWg), =B,

So, we can construct the double DU) = D((Cj ,'Hj ), with coordinates in Remark 2.8, and
the fused double D*) ;= ]D)(Ak,IB%k). Fusing the DU)s with respect to the first component G™
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of the G™ x G™-action together with all D), we obtain the I'-compatible quasi-Hamiltonian
GPB-space

QDY & D
J k

Since IT; (X, B) is the free groupoid of Qs;, we have a structure of a I'-compatible quasi-Hamiltoni-
an GP-space on Hom(I1; (%, B), G), via the canonical bijection

Hom(I1; (3, 8), @DU @@D

This structure of I'-compatible quasi-Hamiltonian G?-space coincides with the structure coming
from M(X). This is analogous to [2, Theorem 9.3].

Theorem 5.8. (M (X),w, u) is canonically isomorphic to the fusion product
@9 DY) @ @D(’C)
J k

as T-compatible quasi-Hamiltonian GP-spaces.

Proof. The idea of this proof is based on [2, Theorem 9.3]. Let P denote the polyhedron
obtained by cutting ¥ along the paths 77, a?, /. The boundary dP consists of 3ry +4gx + 1
segments 0P = (71)_181 (Yh) - (v=) o= (ve) [ah, b - - a9z, b92]0V.

Let 0Py be the lifting of OP starting at bg. Then the loop 0P is homotopic to a constant
path. Let Py be a lifting of P such that its boundary is dPy. Then we write ¥ = J{_; P,
where each Py intersects the others only along their boundary segments. We define a 2-form
on A(X) by oy = %IPA (0A,6A). Then Atiyah-Bott 2-form can be written by o = Y \', 0.
We obtain the following equation of 2-forms on A(X) using [2, Lemma 9.4] for each o

- * 1 ; ( ()*7
UZ;RZ@_ ZZ M) g Adth 22; tgm ‘g, htjm 9+h; 0)
= J=
5 6,60°g) - L 3 7.0% g
522 t’“(A) 522 NETN )
k=1 X\ k=1 X\
S )0, (P 5% g
5 Z Z ’ (a)\ btl(lk)()\) ) 0) + Wrus;,
k=1 X\

where wyys is the pull back of extra terms coming from fusion. Moreover, the right-hand side is
the quasi-Hamiltonian 2-form on Hom(II; (3, ), G). |

A Generalizations of the twisted double

By considering the moduli space of an annulus ¥ with base points § = [y U S5 as above,
we obtain the twisted quasi-Hamiltonian space which generalizes the twisted double, and we
describe its quasi-Hamiltonian structure explicitly.

We fix a cyclic order By = {b7,...,b0, } and B = {b5°,...,b%5 _}. We denote paths by
v b = b3°, 0701 b — b2y, 9P: b — bY. ;. And for any p € Hom(II; (%, 8), G), we denote the
corresponding values by C := p(v), h; :== p(@z‘-’o), h) = p(@?).
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Then, the space Hom(II; (3, 8), G) is identified with

{(C,(h)%, (h)10) € G x G x G™ | C hypy, -+ - haChY, -+ - B = 1}.

Then the moment map p and the 2-form w are given as follows:

u(C 0B = (A1 (R0) 7Y,
1 _ *7 1 *7) 1.%7) * IKS o0\ *g p*
w =5 (C"0, Ay C™0) + S (C*0, h"0 + h°0) + 5 > (k) "0, h;0)

=1
1 2 o .
+ 5 2 ()8, (1)),

where k7° and k:? are defined by k7° := h;_1---hy and k? = h?fl -+ hY, respectively.

We denote the ¢g-Hamiltonian space Hom(II; (3, 8), G) by m. Dm,. Then, if ms = myg, the
space y, D, is the double D (Gmo, Gmo). It is easy to check that the space ,, Dy, is obtained
by gluing ., D1 and 1Dyy,.

B Twisted group bundles and monodromy

B.1 Setting

Let 3 be an oriented compact 2-manifold with boundary. Let ' be a finite group. We consider
a left I'-action on G and a free right I'-action on ¥. We define ¥ := X/I", trivial group bundle
Gy, =YX x G on X, a group bundle Gy, := (£ x G)/T on X.

Let Sy, be a finite subset of X, and let 35, be a pre-image of Sy, for the quotient map ¢: ¥ — X.
We denote the fundamental groupoid by Iy, := II; (X, fx) and IIy := II; (X, By).

B.2 The monodromy of Gy

The trivial group bundle Gy, has the trivial flat Ehresmann connection Hy. We denote its mon-
odromy by mony. Since Gy is trivial as a group bundle, under the natural identification Gy ~ G
for all b € Py, we obtain the trivial monodromy representation monsy; g: IIy; = Aut(G),v — 1.

Since Hy is I-invariant under the diagonal action of I on Gy, Hyx, induces a flat Ehresmann
connection Hy, on ¥. We denote its monodromy by mony. For any v € Iy, monx(y) €
Isom(G (), Gi(q))-

Fix a complete system of representatives I C By, for the I'-action. We construct a I'-valued
representation of mony. For any v € Iy, i(s(y)) € I denotes a representative of ¢~ 1(s(7)),
and i(t(y)) € I denotes a representative of ¢~ 1(#(y)). Let 5 be a lift of v € Ily starting
at i(s(v)), then there exists a unique element ¢;(vy) € T such that ¢(§) = i(t(v)) - ¢1(7).
Set mony, 7(7y) := ¢r(7y), we obtain the monodromy representation mony, ;: IIy, — T'.
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B.3 The G-valued representation of IIy
We denote

Hommonz’l(ﬂg, G) :={p € Hom(Ilg,I' x G) | prp op = mony 1 }.
In this appendix, we construct a bijection
Hom(Ily, G)' — Hompyony, , (I, G), prrp;

A T-action on Hom(Ily, G) is defined by (¢-p)(7) = ¢p(7 - ¢), p € Hom(Ily, G), p € T', 5 € Iy.
For any p € Hom(Ily, G)'' and v € Ty, we denote the lifting of vy starting at i(s(vy)) by 7. We

define Bl(v) := (mony 7(7), p(7))-

Proposition B.1. py g = T'x G is a groupoid homomorphism.

Proof. For any 1,72 € Iy satisfying s(v1) = t(72), (7172) = (71 - mony 7(72))7¥2. Therefore,
p;(m72) = (mony,1(1172), p(7172)) = (mony, 7 (1) mony,(y2), p(71 - mony,r(72))p(72))
= (mony,s(y1) mony,7(72), (p(71) - mony,1(v2))p(72)) = p,;(71)p,(72)- u

It is easy to see that the above correspondence is bijective.

C A C® structure of fixed point sets

In this appendix, we show that each connected component of the fixed point set NT for a C'>°-
action of a finite group I' on a Banach manifold N is a Banach submanifold of V.

Fix a point € N', a T'-action on the tangent space T, N is induced by the I'-action on N.
We denote the averaging by ave,: T,N — (T,N)', X ITl\ Z@GF @ - X. Because the I'-action
on T, N is top-linear, the averaging is also top-linear.

Lemma C.1. ker(ave,) and (T,N)' are closed subspaces of T, N. Furthermore, a sequence
0 — ker(ave,) < TN — (T,N)'' =0
1s split.

Proof. Since (T, N)' is an intersection of closed subspaces (T,N)' = Nyer ker(p — 1), the
space (T, N)' is closed. Because ave, is top-linear, the kernel ker(ave,) is a closed subspace.
For any X € T; N,

1 1 1
(avex)2(X) = ave, <|1_‘| Z @ - X) = m Z avex(go . X) = m Z © - X = avew(X).
pel pel el
Therefore, we have T, N = ker(ave,) @ (T, N)'. [

Suppose that N' is connected. Fix an element 2 € NT. We show that there exists a good
chart around x € N. By Bochner’s linearization theorem for compact Lie group actions on Ba-
nach manifolds [7, Proposition 3.1.4], there exists a I-invariant open neighborhood U of x € N r
and a I-equivariant diffeomorphism x: U = V C T, N which satisfies d,x = 1r,n. Since
T,N = ker(ave,) ® (T,N)', the above neighborhood U can be written as U = Xfl(V' X VF)
where V' (resp. VF) is a sufficiently small open neighborhood of 0 in ker(ave,) (resp. (TN )F)
Because x is I'-equivariant, we have N' NU ~ V' = V' N (T, N)'. Therefore, each connected
component of NT is a Banach submanifold of N.
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