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Abstract. A dimer model is a bipartite graph described on the real two-torus, from which
we can define the associated quiver. It is known that for any three-dimensional Gorenstein
toric singularity, there exists a dimer model such that a GIT quotient parametrizing stable
representations of the associated quiver is a projective crepant resolution of this singularity
for some stability parameter. It is also known that the space of stability parameters has
a wall-and-chamber structure, and any projective crepant resolution of a three-dimensional
Gorenstein toric singularity can be realized as the GIT quotient associated to a stability
parameter contained in some chamber. In this paper, we consider dimer models giving
rise to projective crepant resolutions of a toric compound Du Val singularity. We show
that sequences of zigzag paths, which are special paths on a dimer model, determine the
wall-and-chamber structure of the space of stability parameters. Moreover, we can track
variations of stable representations under wall-crossing using the sequences of zigzag paths.
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1 Introduction

1.1 Moduli descriptions of crepant resolutions of singularities

For some singularities, resolutions of singularities can be described as moduli spaces of certain
objects. For example, a minimal resolution of a two-dimensional Gorenstein quotient singu-
larity C2/G defined by the action of a finite subgroup G ⊂ SL(2,C) on C2 can be given as
the G-Hilbert scheme G-HilbC2, which is the Hilbert scheme parametrizing certain G-invariant
subschemes, see [26]. This result was generalized to three-dimensional Gorenstein quotient sin-
gularities by [37] for the abelian case and by [7] for arbitrary cases. Precisely, for a quotient
singularity C3/G defined by the action of a finite subgroup G ⊂ SL(3,C) on C3, a crepant
resolution of C3/G can be given as G-HilbC3. Also, G-HilbC3 is described as the moduli space
of representations of the McKay quiver of G satisfying some stability condition. The moduli
space of representations of a quiver, introduced in [31], is defined as the GIT quotient associated
to a stability parameter (see Section 3.2 for the detail). The space Θ(Q)R of stability parame-
ters associated to a quiver Q has a wall-and-chamber structure, that is, it is decomposed into
chambers (open cones in Θ(Q)R) separated by walls (codimension one faces of the closures of
chambers). The moduli spaces associated to stability parameters contained in the same chamber
are isomorphic, but if we take a stability parameter from other chambers, then it would give
a different moduli space.

For a particular choice of stability parameters, the moduli space of representations of the
McKay quiver of G is isomorphic to G-HilbC3. On the other hand, a crepant resolution of C3/G
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is not unique in general, thus it is natural to expect that any crepant resolution has a moduli
description. In fact, it was shown in [12] that for any finite abelian subgroup G ⊂ SL(3,C), any
projective crepant resolution of C3/G is isomorphic to the moduli space of representations of
the McKay quiver of G for some stability parameter. Recently, it was shown in [49] that the
same statement holds for any finite subgroup G ⊂ SL(3,C). These results can be obtained by
observing the variations of moduli spaces under crossing walls. In particular, it is important
to classify walls in Θ(Q)R according to an effect on moduli spaces. Along this line, it is also
important to detect the precise description of chambers and walls (i.e., detect the complete
structure of Θ(Q)R), although it would not be necessary to obtain the result of [12, 49]. For
example, there are some results, e.g., [10, 33, 38, 48], which describe walls and chambers for
some McKay quivers.

Also, there are several generalizations of the result in [12] for other singularities, e.g., [25,
30, 45]. In particular, it was shown in [25] that any projective crepant resolution of a three-
dimensional Gorenstein toric singularity can be described as the moduli space of representations
of a quiver associated to a dimer model for some stability parameter (see Theorem 3.2). A dimer
model Γ is a bipartite graph described on the real two-torus T := R2/Z2, which will be introduced
in Section 2.1 in detail. As the dual of a dimer model Γ, we can obtain the quiver QΓ with
relations, see Section 3.1 for more details. For example, the left side of Figure 1 shows a dimer
model on T, where the outer frame represents a fundamental domain of T, and the right side
shows the associated quiver.

0

1 2

3

4

Figure 1. An example of a dimer model (left) and the associated quiver (right).

In this paper, using dimer models, we discuss the wall-and-chamber structure and the vari-
ations of moduli spaces (projective crepant resolutions) under crossing walls for a particular
class of three-dimensional Gorenstein toric singularities called toric compound Du Val (cDV)
singularities.

1.2 Toric compound Du Val singularities

Compound Du Val (cDV) singularities, which are fundamental pieces in the minimal model
program, are singularities giving rise to Du Val (or Kleinian, ADE) singularities as hyperplane
sections. In this paper, we mainly consider toric cDV singularities. It is known that toric cDV
singularities can be classified into the following two types (e.g., see [13, footnote 18]):

(cAa+b−1) : C[x, y, z, w]/
(︁
xy − zawb

)︁
,

(cD4) : C[x, y, z, w]/
(︁
xyz − w2

)︁
,

where a, b are integers with a ≥ 1 and a ≥ b ≥ 0. Note that the former one is a cDV singularity
of type cAa+b−1 and the latter one is of type cD4. These can be described combinatorially as
follows. If R := C

[︁
σ∨∩Z3

]︁
is a three-dimensional Gorenstein toric ring, then we have the lattice

polygon ∆R, called the toric diagram of R, as the intersection of the cone σ and a hyperplane
at height one (see Section 2.2). The toric diagram of the above toric cDV singularities of
type cAa+b−1 and cD4 take the forms as shown in Figure 2, respectively, up to unimodular
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transformations (see Examples 2.5 and 2.6). We will denote the polygon of type cAa+b−1 by
∆(a, b).

(cAa+b−1): (cD4):

b segments

a segments

Figure 2. Toric diagrams of toric cDV singularities.

The toric diagrams of type cAa+b−1 and cD4 contain no interior lattice points, which means
that the exceptional locus of a crepant resolution of a toric cDV singularity consists of curves
by the orbit-cone correspondence (e.g., see Section 3.2). See, e.g., [39, 46] for more details on
cDV singularities.

1.3 Summary of results

We now summarize the main results of the paper. Let Γ be a dimer model and Q := QΓ be the
associated quiver. For the quiver Q, we consider the space Θ(Q)R of stability parameters which
takes the form

Θ(Q)R =

{︃
θ = (θv)v∈Q0 ∈ RQ0 |

∑︂
v∈Q0

θv = 0

}︃
,

where Q0 is the set of vertices of Q. For a stability parameter θ ∈ Θ(Q)R, there is a moduli space
Mθ(Q, 1) parametrizing θ-stable representations of Q of dimension vector 1 := (1, . . . , 1), see
Section 3.2. Under some conditions, the moduli space Mθ := Mθ(Q, 1) is a projective crepant
resolution of a three-dimensional Gorenstein toric singularity. The space Θ(Q)R has a wall-
and-chamber structure, and the moduli spaces (projective crepant resolutions) associated to
stability parameters contained in the same chamber are isomorphic, whereas a change of stability
parameters crossing a wall would cause a change of the associated moduli space. Precisely,
let C, C ′ be adjacent chambers separated by a wall W , and consider stability parameters θ ∈ C,
θ′ ∈ C ′. Then we sometimes have that Mθ ̸∼= Mθ′ , in which case they are related by a flop
and the wall W is called of type I. Also, if Mθ

∼= Mθ′ , then although the moduli spaces are
isomorphic the parametrized representations of Q differ from each other, in which case the wall
is either of type 0 or type III, see Section 3.4.

The purposes of this paper are to detect the wall-and-chamber structure of Θ(Q)R and to
observe the variations of projective crepant resolutions under crossing walls in Θ(Q)R for toric
cDV singularities. As we mentioned, toric cDV singularities are classified into type cAa+b−1

and cD4. We here consider the case cAn−1 where n := a + b. In this situation, the walls
in Θ(Q)R are either of type I or type III. The wall-and-chamber structure of Θ(Q)R and the
types of walls can be determined by the combinatorics of the associated dimer models. To
state our theorem, we consider a special class of paths on a dimer model called zigzag paths
(see Definition 2.1). A zigzag path z can be considered as an element in the homology group
H1(T) ∼= Z2, in which we denote by [z] ∈ H1(T). By [20, Theorem 6.1] or [24, Corollary 1.2], for
any lattice polygon ∆, there exists a consistent dimer model Γ such that ∆ coincides with the
zigzag polygon of Γ. Under the identification of zigzag paths with elements in H1(T), the zigzag
paths on Γ correspond one-to-one to the outer normal vectors of the primitive side segments
of ∆ (see Section 2.1 for more details on the zigzag polygon). Thus, we can consider a consistent
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dimer model giving the outer normal vectors of the polygon ∆(a, b). In general, such a dimer
model is not unique, thus we choose one of them and denote it by Γa,b. Then we consider the
set {u1, . . . , un} of zigzag paths on Γa,b such that [uk] is either (0,−1) or (0, 1) for k = 1, . . . , n,
and a = #{k | [uk] = (0,−1)}, b = #{k | [uk] = (0, 1)}. Note that this set of zigzag paths is
determined uniquely by the correspondence between zigzag paths on Γa,b and the outer normal
vectors of ∆(a, b). We also define a total order < on {u1, . . . , un} as un < un−1 < · · · < u2 < u1.
Then the sequences of zigzag paths u1, . . . , un control the wall-and-chamber structure as follows.

Theorem 1.1 (see Theorem 6.11 and Corollary 6.13 for more details). Let ∆(a, b) be the toric
diagram of the toric cDV singularity Ra,b := C[x, y, z, w]/

(︁
xy − zawb

)︁
. Let Γ := Γa,b be a con-

sistent dimer model associated to ∆(a, b) and Q be the quiver obtained as the dual of Γ. Let
n := a+ b, and consider the set of zigzag paths {u1, . . . , un} as above. Then, there exists a one-
to-one correspondence between the following sets:

(a) the set of chambers in Θ(Q)R,

(b) the set {Zω = (uω(1), . . . , uω(n)) | ω ∈ Sn} of sequences of zigzag paths,

such that under this correspondence, if a chamber C ⊂ Θ(Q)R corresponds to a sequence Zω,
then for any k = 1, . . . , n− 1, we have the following:

(1) We see that Wk :=
{︁
θ ∈ Θ(Q)R |

∑︁
v∈Rk

θv = 0
}︁
is a wall of C, where Rk := R(uω(k),

uω(k+1)) is the region determined by the zigzag paths uω(k), uω(k+1) as shown in Figure 3
(see Section 6.3 for more details).

(2) The wall Wk is of type I if and only if [uω(k)] = −[uω(k+1)].

(2)′ The wall Wk is of type III if and only if [uω(k)] = [uω(k+1)].

(3) Any parameter θ ∈ C satisfies
∑︁

v∈Rk
θv > 0 if uω(k) < uω(k+1).

(3)′ Any parameter θ ∈ C satisfies
∑︁

v∈Rk
θv < 0 if uω(k) > uω(k+1).

R(uω(k), uω(k+1))

uω(k) uω(k+1)

Figure 3. The region R(uω(k), uω(k+1)) which determines the wall Wk given in Theorem 1.1 (1), where

the outer frame is a fundamental domain of the real two-torus T.

Furthermore, wall-crossing in Θ(Q)R is controlled by the action of the symmetric group Sn,
and consequently, the wall-and-chamber structure of Θ(Q)R has the structure of a root system
of type An−1.

Theorem 1.2 (see Theorem 6.12 for more details). Let the notation be as in Theorem 1.1. The
action of the adjacent transposition sk ∈ Sn swapping k and k + 1 on Zω induces a crossing of
the wall Wk in Θ(Q)R. In particular, the chambers in Θ(Q)R can be identified with the Weyl
chambers of type An−1.

Note that this result has already been proved in [45] using a different approach, called the
homological minimal model program, whereas we show this using the combinatorics of dimer
models (see Remark 6.14 for more details).

By combining these theorems with the observations in Proposition 6.3 regarding the signs of
zigzag paths (see Section 6.1), we also obtain the following result.
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Theorem 1.3. Under the correspondence in Theorem 1.1, suppose that a chamber C ⊂ Θ(Q)R
corresponds to a sequence Zω. Then, for any θ ∈ C, the projective crepant resolution Mθ

of SpecRa,b is the toric variety associated to the smooth toric fan induced from the triangulation
of ∆(a, b) having the same sign with Zω.

As mentioned earlier, when two chambers are adjacent across a wall of type I, the correspond-
ing moduli spaces are related by a flop. Therefore, the collection of chambers connected via walls
of type I (such a collection of chambers produces a GIT region introduced in [1]) induces the
flop graph in birational geometry. Using the result that the chambers of Θ(Q)R can be identified
with the Weyl chambers of type An−1, we also obtain the following proposition regarding GIT
regions.

Proposition 1.4 (see Proposition 6.18). Let G be a GIT region of Θ(Q)R. Then G contains
n!
a!b! chambers of Θ(Q)R and any projective crepant resolution of SpecRa,b can be obtained as the
moduli space MC for some C ⊂ G. In particular, the number of GIT regions in Θ(Q)R is a!b!.

The sequences of zigzag paths appeared in Theorem 1.1 give descriptions of θ-stable repre-
sentations associated to each chamber in Θ(Q)R. Thus, as an application, we can track the
variations of stable representations under wall-crossings as shown in Section 7.

In addition, for the cD4 case, we obtain results similar to Theorem 1.1, as shown in Theo-
rem 8.1, although some modifications are required.

We conclude this subsection by discussing some related topics and future perspectives con-
cerning the results of this paper. First, the toric diagram of a toric cDV singularity (see Figure 2)
contains no interior lattice points. As a geometric consequence of this, the exceptional locus
appearing in a crepant resolution consists of curves. This property is crucial both in this pa-
per and in the homological minimal model program [45], which leads to similar results. For
a three-dimensional Gorenstein toric singularity whose toric diagram has interior lattice points,
toric divisors appear as exceptional loci upon resolution, and the presence of these divisors
complicates the situation. However, by using dimer models, a toric divisor can be understood
as a perfect matching (see Section 3.3). Furthermore, zigzag paths, which play a key role in
the main theorem of this paper, can be interpreted as the symmetric difference of two perfect
matchings. Under this background, even for more general three-dimensional Gorenstein toric
singularities, it is expected that the combinatorial structure of the associated dimer model will
be effective for describing crepant resolutions as moduli spaces and for understanding a wall-
and-chamber structure. On the other hand, in the context of physics, dimer models are referred
to as brane tilings and are connected to various topics such as superstring theory, the AdS/CFT
correspondence, and quiver gauge theories. The toric cDV singularities considered in this paper
also appear in physics. Specifically, the toric cDV singularity Ra,b of type cAa+b−1 corresponds
to a family of singularities known as La,b,a (or generalized conifolds), and the cD4 type corre-
sponds to the C3/(Z2 × Z2) singularity, both of which have been extensively investigated. For
example, flops of crepant resolutions (Calabi–Yau threefolds) treated in this paper have been
investigated from a physical perspective, see, e.g., [43]. Furthermore, these singularities are
studied from a physical perspective using brane tilings, see, e.g., [18]. Therefore, we expect that
the results obtained in this paper will contribute to a deeper understanding of these fields in
physics.

1.4 The structure of the paper

In Section 2, we prepare some notation concerning dimer models, and discuss toric rings (sin-
gularities) arising from dimer models. In Section 3, we consider representations of the quiver
obtained as the dual of a dimer model, and review some basic facts concerning moduli spaces
of stable representations obtained as GIT quotients, which are projective crepant resolutions
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of a three-dimensional Gorenstein toric singularity. Since the moduli space is a smooth toric
variety, it can also be understood by using a toric fan. Thus, we review a correspondence among
stable representations, cones in a toric fan, and torus orbits in a toric variety. In particular,
perfect matchings of a dimer model explain this correspondence in terms of dimer models. In
Section 4, we observe some properties of “boundary” perfect matchings which we will use in
later sections. In Section 5, we focus our attention on toric cDV singularities of type cAa+b−1,
and explain how to construct a dimer model giving rise to a projective crepant resolution of
this singularity. Section 6 is dedicated to show our main theorems. First, for the dimer model
constructed in Section 5, we prepare some notions such as sequences of zigzag paths, fundamen-
tal hexagons, and jigsaw pieces, which are the main ingredients of our proof. Then we show
our main results concerning the wall-and-chamber structure of the space of stability parameters
and the variations of projective crepant resolutions, see Theorems 6.11, 6.12 and Corollary 6.13.
These results enable us to observe variations of stable representations and torus orbits under
wall-crossings. Thus, we study such variations in Section 7. In Section 8, we focus on the toric
cDV singularity of type cD4, and show some results similar to the ones for type cAa+b−1.

2 Preliminaries on dimer models and associated toric rings

2.1 Dimer models

In this subsection, we introduce dimer models and related notions which are originally derived
from theoretical physics (e.g., [18, 19, 21]).

A dimer model Γ on the real two-torus T := R2/Z2 is a finite bipartite graph on T inducing
a polygonal cell decomposition of T, see, e.g., the left side of Figure 1. Since Γ is a bipartite
graph, the set Γ0 of nodes of Γ is divided into two subsets Γ+

0 , Γ
−
0 , and edges of Γ connect nodes

in Γ+
0 with those in Γ−

0 . We denote by Γ1 the set of edges. We color the nodes in Γ+
0 white, and

those in Γ−
0 black throughout this paper. A face of Γ is a connected component of T\Γ1. We

denote by Γ2 the set of faces.

We then consider a special class of paths on a dimer model.

Definition 2.1. We say that a path on a dimer model is a zigzag path if it makes a maximum
turn to the right on a black node and a maximum turn to the left on a white node. An edge in
a zigzag path z is called a zig (resp. zag) of z if it is directed from white to black (resp. black
to white) along z. We denote by Zig(z) (resp. Zag(z)) the set of zigs (resp. zags) appearing in
a zigzag path z.

For example, the paths in Figure 4 are all zigzag paths on the dimer model given in Figure 1.

Figure 4. Zigzag paths on the dimer model given in Figure 1.
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Then we fix two 1-cycles on T generating the homology group H1(T), and take a fundamental
domain of T along such two cycles. Since we can consider a zigzag path z on Γ as a 1-cycle on T,
we have the homology class [z] ∈ H1(T) ∼= Z2, which is called the slope of z.

Also, taking the universal cover R2 → T, the preimage of a dimer model Γ determines the
bipartite graph ˜︁Γ on R2, which induces a Z2-periodic polygonal cell decomposition of R2. We
call ˜︁Γ the universal cover of Γ. For a zigzag path z on a dimer model Γ, we also consider the
lift of z to the universal cover ˜︁Γ, that is, for α ∈ Z, let ˜︁z(α) denote a zigzag path on ˜︁Γ whose
projection on Γ coincides with z. When we do not need to specify these paths, we simply denote
each of them by ˜︁z. Then, we see that a zigzag path on ˜︁Γ is either periodic or infinite in both
directions.

In the rest of this paper, we assume that any dimer model satisfies the consistency condition,
see Definition 2.2 below. In the literature, there are several consistency conditions equivalent to
the one given in Definition 2.2 (see, e.g., [3, 23]).

Definition 2.2 (see [23, Definition 3.5]). A dimer model is said to be (zigzag) consistent if it
satisfies the following conditions:

(1) there is no homologically trivial zigzag path, that is, [z] ̸= (0, 0),

(2) no zigzag path on the universal cover has a self-intersection,

(3) any pair of zigzag paths on the universal cover does not intersect each other in the same
direction more than once (note that two zigzag paths are said to intersect if they share an
edge, not a node). In other words, if a pair of zigzag paths (˜︁z, ˜︁w) on the universal cover
intersect at two edges a1 and a2, and ˜︁z passes through a1 first, followed by a2, then ˜︁w
passes through a2 first, followed by a1.

Note that any edge of a dimer model is contained in at most two zigzag paths. By the
condition (2) in Definition 2.2, if a dimer model is consistent, then any edge is contained in
exactly two zigzag paths and any slope is a primitive element. For example, by observing the
zigzag paths in Figure 4, we see that the dimer model given in Figure 1 is consistent.

Then, for a consistent dimer model Γ, we can assign the lattice polygon called the charac-
teristic polygon as explained in [24, Section 5.2]. Here, we introduce another polygon called
the zigzag polygon, which coincides with the characteristic polygon up to translation, see [24,
Theorem 12.1]. Let [z] be the slope of a zigzag path z on Γ, which is not homologically trivial.
By normalizing [z] := (a, b) ∈ Z2, we consider it as an element of the unit circle S1:

(a, b)√
a2 + b2

∈ S1.

Then, the set of slopes has a natural cyclic order along S1. We consider the sequence ([zi])
k
i=1

of slopes of zigzag paths on Γ such that they are cyclically ordered starting from [z1], where k
is the number of zigzag paths. We note that in general, some slopes may coincide. We then set
another sequence (wi)

k
i=1 in Z2 defined as w0 = (0, 0) and

wi+1 = wi + [zi+1]
′, i = 0, 1, . . . , k − 1.

Here, [zi+1]
′ ∈ Z2 is the element obtained from [zi+1] by rotating 90 degrees in the anti-clockwise

direction. One can see that wk = (0, 0) since the sum of all slopes is equal to zero. We call
the convex hull of {wi}ki=1 the zigzag polygon and denote it by ∆Γ. Note that there are several
choices of an initial zigzag path z1, but the zigzag polygon is determined up to unimodular
transformations, and it does not affect our problem, see Section 2.2.

By definition, we see that the slope of a zigzag path is an outer normal vector of some side
of ∆Γ, and the number of zigzag paths having the same slope v ∈ Z2 coincides with the number
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of primitive segments of the side of ∆Γ whose outer normal vector is v. Here, a primitive side
segment of ∆Γ means a line segment on the boundary of ∆Γ divided by a pair of lattice points
not containing any lattice point in its interior.

Example 2.3. We consider the dimer model in Figure 1 and its zigzag paths as in Figure 4.
Then, we have the cyclically ordered sequence of slopes

((0,−1), (0,−1), (0,−1), (1, 1), (0, 1), (0, 1), (−1, 0)),

where we take a Z-basis of H1(T) ∼= Z2 along the vertical and horizontal lines of the fundamental
domain of T. Thus, the zigzag polygon is ∆(3, 2) as in Figure 5.

Figure 5. The zigzag polygon ∆(3, 2) of the dimer model given in Figure 1.

As we have seen in this section, we have a lattice polygon from a dimer model. On the other
hand, any lattice polygon can be described as the zigzag polygon of a consistent dimer model.
However, we note that such a consistent dimer model is not unique in general.

Theorem 2.4 (see, e.g., [20, Theorem 6.1], [24, Corollary 1.2]). For any lattice polygon ∆, there
exists a consistent dimer model Γ such that ∆ = ∆Γ.

2.2 Toric rings associated to dimer models

Let Γ be a consistent dimer model. We next consider the cone σΓ over the zigzag polygon ∆Γ,
that is, σΓ is the cone whose section on the hyperplane at height one is ∆Γ.

Let N := Z3 be a lattice and M := HomZ(N,Z) be the dual lattice of N. We set NR := N⊗ZR
and MR := M ⊗Z R. We denote the standard inner product by ⟨ , ⟩ : MR × NR → R. For the
vertices ˜︁v1, . . . , ˜︁vn ∈ Z2 of ∆Γ, we let vi := (˜︁vi, 1) ∈ N (i = 1, . . . , n). The cone σΓ over ∆Γ is
defined as

σΓ := R≥0v1 + · · ·+ R≥0vn ⊂ NR.

Then, we consider the dual cone

σ∨
Γ := {x ∈ MR | ⟨x, vi⟩ ≥ 0 for any i = 1, . . . , n},

where ⟨−,−⟩ is the natural inner product. Using this cone we can define the toric ring (toric
singularity) R associated to Γ as

RΓ := C
[︁
σ∨
Γ ∩M

]︁
= C

[︁
ta11 ta22 ta33 | (a1, a2, a3) ∈ σ∨

Γ ∩M
]︁
.

By construction, RΓ is Gorenstein in dimension three. We note that any three-dimensional
Gorenstein toric ring can be described with this form. Precisely, let σ be a strongly convex
rational polyhedral cone in NR which defines a three-dimensional Gorenstein toric ring R. Then,
it is known that, after applying an appropriate unimodular transformation (which does not
change the associated toric ring up to isomorphism) to σ, the cone σ can be described as the
cone over a certain lattice polygon ∆R. We call the lattice polygon ∆R the toric diagram
of R. By Theorem 2.4, there exists a consistent dimer model Γ such that ∆Γ = ∆R for any
three-dimensional Gorenstein toric ring R, in which case we have R = RΓ. We note that
unimodular transformations and parallel translations of ∆R do not change the associated toric
ring in the following sense. Let ∆′ ⊂ R2 be a lattice polygon obtained by applying a unimodular
transformation or a parallel translation to ∆R and let σ′ ⊂ NR be the cone over ∆′. Then, we see
that σ and σ′ are unimodularly equivalent, and hence the associated toric rings are isomorphic.
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Example 2.5. Let ∆(a, b) be the trapezoid shown in the left of Figure 2, where a, b are integers
with a ≥ 1 and a ≥ b ≥ 0. By Theorem 2.4, there exists a consistent dimer model whose zigzag
polygon is ∆(a, b), which will be constructed in Section 5. For simplicity, we fix the lower left
vertex of ∆(a, b) as the origin and consider the cone σa,b :=

∑︁4
i=1R≥0vi over ∆(a, b), where

v1 := (0, 0, 1), v2 := (a, 0, 1), v3 := (b, 1, 1), v4 := (0, 1, 1).

Then we see that

C[σ∨
a,b ∩M] = C

[︁
t1, t2, t

−1
2 t3, t

−1
1 tb−a

2 ta3
]︁
.

by computing the Hilbert basis (see [9, Proposition 1.2.23]). We easily show that C
[︁
σ∨
a,b ∩M

]︁
is

isomorphic to the toric cDV singularity Ra,b := C[x, y, z, w]/
(︁
xy − zawb

)︁
of type cAa+b−1 given

in Section 1.2. Note that Ra,b is not an isolated singularity except the case a = b = 1.

Example 2.6. Let ∆ be the triangle shown in the right of Figure 2. A consistent dimer model
giving rise to ∆ as the zigzag polygon will be given in Section 8. As in the previous example,
we consider the cone σ :=

∑︁3
i=1R≥0vi over ∆, where

v1 := (0, 0, 1), v2 := (2, 0, 1), v3 := (0, 2, 1),

and we have

C[σ∨ ∩M] = C
[︁
t1, t2, t3, t

−1
1 t−1

2 t23
]︁
.

We easily show that C
[︁
σ∨∩M

]︁
is isomorphic to the toric cDV singularity C[x, y, z, w]/

(︁
xyz−w2

)︁
of type cD4 given in Section 1.2.

3 Preliminaries on moduli spaces of quiver representations

In this section, we review moduli spaces of quiver representations arising from consistent dimer
models. For this purpose, we introduce quivers associated to dimer models and their represen-
tations.

3.1 Quivers associated to dimer models

Let Γ be a dimer model. As the dual of Γ, we obtain the quiver QΓ associated to Γ, which is
embedded in T, as follows. The quiver Q = QΓ consists of

� the set Q0 of vertices defined as the dual to the set Γ2 of faces of Γ,

� the set Q1 of arrows defined as the dual to the set Γ1 of edges of Γ, where the orientation
of any arrow is defined so that the white node is on the right of the arrow.

For example, Figure 1 shows a dimer model and the associated quiver. We consider two maps

hd : Q1 → Q0 and tl : Q1 → Q0

that assign to each arrow a ∈ Q1 its head and tail, respectively.
A path of length r ≥ 1 is a finite sequence of arrows γ = a1 · · · ar with hd(ai) = tl(ai+1) for

i = 1, . . . , r − 1. We define tl(a) = tl(a1), hd(a) = hd(ar) for a path γ = a1 · · · ar. A path γ is
called a cycle if hd(γ) = tl(γ), and a loop if it is a cycle of length one.

A relation in Q is a C-linear combination of paths of length at least two having the same
head and tail. We consider relations in Q defined as follows. For each arrow a ∈ Q1, there exist
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a
γ+
aγ−

a

Figure 6. An example of γ+
a and γ−

a .

two paths γ+a , γ
−
a such that hd(γ±a ) = tl(a), tl(γ±a ) = hd(a) and γ+a (resp. γ−a ) goes around the

white (resp. black) node incident to the edge dual to a clockwise (resp. counterclockwise) as
shown in Figure 6. We define the set of relations JQ := {γ+a − γ−a | a ∈ Q1} and call the pair
(Q,JQ) the quiver with relations associated to Γ.

Since we consider moduli spaces of quiver representations satisfying a stability condition in
this paper, we now introduce representations of quivers. A representation of (Q,JQ) consists of

� a set of C-vector spaces {Mv | v ∈ Q0},
� a set of C-linear maps φa : Mtl(a) → Mhd(a) satisfying the relations in JQ, i.e., φγ+

a
= φγ−

a

for any a ∈ Q1.

Here, for a path γ = a1 · · · ar, the map φγ is defined as the composite φa1 · · ·φar of C-linear
maps (note that in this paper, a composition of morphism fg means we first apply f then g).
We assume that a representation M = ((Mv)v∈Q0 , (φa)a∈Q1) of (Q,JQ) is finite-dimensional
(i.e., dimCMv is finite for all v ∈ Q0) and call d := (dimCMv)v∈Q0 the dimension vector of M .

For example, if we label each arrow of the quiver Q given in Figure 1 as shown on the left of
Figure 7, then a representation of (Q,JQ) takes the form shown on the right of Figure 7. Here,
each Mi (i ∈ Q0) is a C-vector space, and the arrows between them are C-linear maps satisfying
the relations in JQ. More precisely, for example, due to the relation γ+a1 −γ−a1 = a∗1b1− b2a

∗
1, the

corresponding C-linear maps satisfy φa∗1
φb1 = φb2φa∗1

.

0

1 2

3

4

a0

a1
a2 a3

b1
a∗0

b2
a∗1

a∗2 a∗3

b4
a∗4

a4

M1 M2 M3 M4

M0

φa1 φa2 φa3

φa0 φa4

φa∗
1

φa∗
2

φa∗
3

φa∗
0

φa∗
4

φb1 φb2 φb4

Figure 7. A representation of (Q,JQ) associated to a dimer model given in Figure 1.

Let M , M ′ be representations of (Q,JQ). A morphism from M to M ′ is a family of C-
linear maps {fv : Mv → M ′

v}v∈Q0 such that φafhd(a) = ftl(a)φ
′
a for any arrow a ∈ Q1. We say

that representations M and M ′ are isomorphic, if fv is an isomorphism of vector spaces for all
v ∈ Q0. A representation N of (Q,JQ) is called a subrepresentation of M if there is an injective
morphism N → M .

In the rest of this paper, we consider representations of the quiver with relations (Q,JQ) asso-
ciated to a consistent dimer model Γ and assume that the dimension vector of any representation
is 1 := (1, . . . , 1).

3.2 Stability parameters and crepant resolutions

In this subsection, we introduce moduli spaces parametrizing quiver representations satisfying
a certain stability condition.
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First, we consider the weight space

Θ(Q) :=

{︃
θ = (θv)v∈Q0 ∈ ZQ0 |

∑︂
v∈Q0

θv = 0

}︃

and let Θ(Q)R := Θ(Q)⊗Z R. We call an element θ ∈ Θ(Q)R a stability parameter.

Let M be a representation of (Q,JQ) of dimension vector 1. For a subrepresentation N
of M , we define θ(N) :=

∑︁
v∈Q0

θv(dimCNv), and hence θ(M) = 0 in particular. For a stability
parameter θ ∈ Θ(Q)R, we introduce θ-stable representations as follows.

Definition 3.1 (see [31]). Let θ ∈ Θ(Q)R. We say that a representation M is θ-semistable
if θ(N) ≥ 0 for any subrepresentation N of M , and M is θ-stable if θ(N) > 0 for any non-
zero proper subrepresentation N of M . Then, we say that θ is generic if every θ-semistable
representation is θ-stable.

By [31, Proposition 5.2], for any θ ∈ Θ(Q)R, one can construct the coarse moduli space
Mθ(Q,JQ, 1) of S-equivalence (Seshadri equivalence) classes of θ-semistable representations of
dimension vector 1 (i.e., θ-semistable representations whose Jordan–Hölder filtrations have the
same composition factors). By [31, Proposition 5.3], for a generic parameter θ ∈ Θ(Q)R, one
can construct the fine module space Mθ(Q,JQ, 1) parametrizing isomorphism classes of θ-stable
representations of dimension vector 1 as a GIT (geometric invariant theory) quotient. Moreover,
this moduli space gives a crepant resolution as follows.

Theorem 3.2 (see [22, Theorems 6.3 and 6.4], [25, Corollary 1.2]). Let Γ be a consistent dimer
model, and Q be the associated quiver. Let R be the three-dimensional Gorenstein toric ring
associated to Γ. Then, for a generic parameter θ ∈ Θ(Q)R, the moduli space Mθ(Q,JQ, 1) is
a smooth toric Calabi–Yau threefold and a projective crepant resolution of SpecR.

Moreover, any projective crepant resolution of SpecR can be obtained as the moduli space
Mθ(Q,JQ, 1) for some generic parameter θ ∈ Θ(Q)R.

In the following, we let Mθ = Mθ(Q,JQ, 1) and Mθ = Mθ(Q,JQ, 1) for simplicity. Let G
be the subset of isomorphism classes of representations of (Q,JQ) defined as follows:

G :=
{︁
[((Mv)v∈Q0 , (φa)a∈Q1)] | φa ∈ C× for any a ∈ Q1

}︁
.

This has the structure of an algebraic torus with a multiplication defined as

[((Mv)v∈Q0 , (φa)a∈Q1)] · [((Mv)v∈Q0 , (φ
′
a)a∈Q1)] = [((Mv)v∈Q0 , (φaφ

′
a)a∈Q1)]. (3.1)

Since any representation in G has no proper subrepresentation, it is θ-stable for any θ, and
hence G is contained in Mθ for any θ. If θ is generic, then G is the open dense torus contained
in the toric variety Mθ and G acts on Mθ by the multiplication (3.1), see [22] for more details.

Since Mθ is a fine moduli space for a generic parameter θ ∈ Θ(Q)R, it carries a universal
family Tθ :=

⨁︁
v∈Q0

Lv of θ-stable representations of (Q,JQ) of dimension vector 1, called
a tautological bundle of Mθ, where Lv is a line bundle on Mθ for any v ∈ Q0. In general, there
is an ambiguity of a choice of Tθ, that is, by tensoring a line bundle to Tθ, we have a vector
bundle having the same properties as Tθ. Thus, we fix a vertex of Q, which we denote by 0 ∈ Q0,
as a specific one, and normalize the tautological bundle so that L0

∼= OMθ
. On the other hand,

in our setting, Tθ is a tilting bundle (see [24, Theorem 1.4]), and hence it induces an equivalence
Db(cohMθ) ∼= Db(modEndMθ

(Tθ)), see [6, 40]. By [29, Corollary 4.15], we see that EndMθ
(Tθ)

is a non-commutative crepant resolution (NCCR) in the sense of [44]. This was also proved in [8]
using another method.
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Since Mθ is a smooth toric variety for a generic parameter θ, it can be described by using
a smooth toric fan. Namely, there is a certain smooth subdivision Σθ of the cone σΓ such
that the toric variety XΣθ

associated to Σθ is isomorphic to Mθ (see, e.g., [9, Chapter 11]).
We denote the set of r-dimensional cones in Σθ by Σθ(r) where r = 1, 2, 3. By the orbit-cone
correspondence (see, e.g., [9, Chapter 3]), a cone σ ∈ Σθ(r) corresponds to a (3− r)-dimensional
torus orbit in XΣθ

∼= Mθ, which we will denote by Oσ. The intersection of cones in Σθ and the
hyperplane at height one induces the triangulation of ∆Γ into elementary triangles, and hence
we can identify

� one-dimensional cones (= rays) in Σθ with lattice points in the triangulation of ∆Γ,

� two-dimensional cones in Σθ with line segments in the triangulation of ∆Γ,

� three-dimensional cones in Σθ with triangles in the triangulation of ∆Γ.

We denote the triangulation of ∆Γ induced from Σθ by ∆Γ,θ (or ∆θ for simplicity). It is known
that a crepant resolution XΣθ

→ SpecR is projective if and only if a triangulation ∆Γ,θ of ∆Γ

is regular (or coherent), see [14, Proposition 2.4]. Since Mθ is a projective crepant resolution of
SpecR, the triangulation ∆θ is regular.

On the other hand, since Mθ parametrizes θ-stable representations, each point y ∈ Mθ

corresponds to a θ-stable representation, which we denote by My. Under the isomorphism
Mθ

∼= XΣθ
, we can assign θ-stable representations to cones in Σθ (and hence to torus orbits).

As we will see in Proposition 3.5, a θ-stable representation corresponding to a ray (and hence
a lattice point) in Σθ can be obtained from a perfect matching.

3.3 Perfect matchings corresponding to torus orbits

We then introduce another ingredient in dimer theory called perfect matchings.

Definition 3.3. A perfect matching (or dimer configuration) of a dimer model Γ is a subset P
of Γ1 such that for any node n ∈ Γ0 there exists a unique edge in P containing n as an endpoint.
We denote the set of perfect matchings of Γ by PM(Γ).

Note that any dimer model does not necessarily have a perfect matching, but any consistent
dimer model has a perfect matching (see [24, Proposition 8.1]).

Example 3.4. We consider the dimer model Γ in Figure 1. The following figures show some
perfect matchings of Γ, where the edges contained in perfect matchings are colored red.

P0 P1

P2 P3

Let M = ((Mv)v∈Q0 , (φa)a∈Q1) be a representation of (Q,JQ). We define the support of M ,
denoted as SuppM , as the set of arrows whose corresponding linear maps are not zero, that is,

SuppM := {a ∈ Q1 | φa ̸= 0}.



Variations of GIT Quotients and Dimer Combinatorics 13

We also define the cosupport of M as the complement of SuppM . For θ ∈ Θ(Q)R, we say that
a perfect matching P is θ-stable if the set of arrows dual to edges contained in P is the cosupport
of a θ-stable representation. Any perfect matching of Γ can be obtained from a certain θ-stable
representation as follows.

Proposition 3.5 (see [22, Section 6], [32, Proposition 4.15]). Let Γ be a consistent dimer model
and Q be the associated quiver.

(1) For a generic parameter θ ∈ Θ(Q)R, let Z be a two-dimensional torus orbit of Mθ, which
is denoted by Z = Oρ for some ray ρ ∈ Σθ(1). For any y ∈ Z, the cosupport of the θ-stable
representation My is the set of arrows dual to edges in a certain perfect matching P of Γ.
This perfect matching P does not depend on a choice of y ∈ Z = Oρ, thus we denote it
by Pρ.

(2) For any perfect matching P of Γ, there exists a generic parameter θ ∈ Θ(Q)R such that P
is θ-stable.

By Proposition 3.5 (1), for a generic parameter θ, we can assign a unique θ-stable perfect
matching to each lattice point of ∆Γ. Thus, we have a bijection between lattice points of ∆Γ

and θ-stable perfect matchings. We say that a perfect matching P corresponds to a lattice point
q ∈ ∆Γ if for some generic parameter θ there exists a ray ρ ∈ Σθ(1) such that P = Pρ and
q = ρ∩∆Γ. We denote by PMθ(Γ) the set of θ-stable perfect matchings. By Proposition 3.5 (2),
we see that any perfect matching is contained in PMθ(Γ) for some generic parameter θ.

Definition 3.6. Let ∆Γ be the zigzag polygon of a consistent dimer model Γ. We say that P is

� a corner (or extremal) perfect matching if P corresponds to a vertex of ∆Γ,

� a boundary (or external) perfect matching if P corresponds to a lattice point on the bound-
ary of ∆Γ, and hence a corner perfect matching is a boundary perfect matching in partic-
ular.

� an internal perfect matching if P corresponds to an interior lattice point of ∆Γ.

We here note that corner perfect matchings have typical properties as follows.

Proposition 3.7 ([8, Corollary 4.27], [24, Proposition 9.2]). Let Γ be a consistent dimer model.
Then there is a unique corner perfect matching corresponding to each vertex of ∆Γ, and hence
any corner perfect matching is θ-stable for any generic parameter θ ∈ Θ(Q)R. Moreover, any
corner perfect matching can be obtained from zigzag paths as in [24, Section 8].

Thus, we can give a cyclic order to corner perfect matchings along the corresponding vertices
of ∆Γ in the anti-clockwise direction. We say that two corner perfect matchings are adjacent if
they are adjacent with respect to the above cyclic order.

Next, we discuss the relationship between perfect matchings and zigzag paths. We define
the symmetric difference P⊖ P′ of perfect matchings P,P′ ∈ PM(Γ) as P⊖ P′ := P ∪ P′\P ∩ P′.
Then, P ⊖ P′ can be considered as a 1-cycle on T. We fix the orientation of P ⊖ P′ so that an
edge e ∈ P⊖P′ is directed from a white (resp. black) node to a black (resp. white) node if e ∈ P
(resp. e ∈ P′).

Proposition 3.8 (see [20, Corollary 3.8], [24, Step 1 of the proof of Proposition 9.2, Corol-
lary 9.3]). Let Γ be a consistent dimer model and ∆Γ be the zigzag polygon. Let E be a side
of ∆Γ. Then, all zigzag paths whose slopes coincide with the outer normal vector of E arise
as P⊖ P′ for the adjacent corner perfect matchings P,P′ corresponding to the endpoints of E.
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For example, the perfect matchings P0, P1, P2, P3 in Example 3.4 are corner perfect matchings
and the zigzag paths shown in Figure 4 can be obtained as the symmetric differences Pi ⊖ Pj

for some i, j = 0, 1, 2, 3, see also Example 4.2.

Observation 3.9 (see [32, Proposition 4.15 and the last part of Section 4]). For a generic
parameter θ ∈ Θ(Q)R, there is a certain method to detect a smooth toric fan Σθ such that
XΣθ

∼= Mθ when we know perfect matchings in PMθ(Γ). To do so, we detect a triangulation ∆θ

of ∆Γ which is identical to Σθ. First, we assign each perfect matching in PMθ(Γ) to the cor-
responding lattice point of ∆Γ. Then, for any pair of perfect matchings (P,P′) in PMθ(Γ), we
check whether the set of arrows dual to P ∪ P′ is the cosupport of a θ-stable representation or
not. If so, then we draw a line segment that connects lattice points corresponding to P and P′.
Repeating these arguments, we have a desired triangulation ∆θ.

For a generic parameter θ ∈ Θ(Q)R and an r-dimensional cone σ ∈ Σθ(r), we have a (3− r)-
dimensional torus orbit Oσ in Mθ. For y ∈ Oσ, we have the corresponding θ-stable representa-
tion My of (Q,JQ). Since the action of the open dense torus G on Mθ is defined as in (3.1), we
see that the support of all θ-stable representations corresponding to points in Oσ are the same,
and hence we denote a representative of such θ-stable representations by Mσ. In particular, we
have the following proposition by Observation 3.9.

Proposition 3.10. Let θ ∈ Θ(Q)R be a generic parameter and σ ∈ Σθ(r) be an r-dimensional
cone where r = 1, 2, 3. The cosupport of the θ-stable representation Mσ consists of the arrows
dual to

⋃︁r
i=1 Pi, where P1, . . . ,Pr are θ-stable perfect matchings corresponding to the rays of σ.

For a generic parameter θ ∈ Θ(Q)R, the precise description of the tautological bundle
Tθ =

⨁︁
v∈Q0

Lv can be obtained by using perfect matchings in PMθ(Γ). Here, we note how
to compute Tθ from Γ following [5, Section 2.5]. Let Q be the double quiver of Q, that is, Q can
be obtained by adding an extra arrow a∗ ∈ (Qop)1 in the opposite direction to Q for any arrow
a ∈ Q1. We call a path in Q a weak path. For a perfect matching P of Γ, we define the degree
function degP on Q1 associated to P as

degP(a) =

{︄
1, the edge dual to a ∈ Q1 is in P,

0, otherwise,

for any a ∈ Q1. We extend this degree function to the arrows in the double quiver Q as
degP(a

∗) = −degP(a). Then for a weak path γ = a1a2 · · · ar in Q, we define

degP(γ) =
r∑︂

i=1

degP(ai).

For ρ ∈ Σθ(1), there is a unique θ-stable perfect matching corresponding to ρ (see Propo-
sition 3.5), which we denote by Pρ. Let Dρ be the torus-invariant prime divisor of Mθ corre-
sponding to ρ ∈ Σθ(1). For a weak path γ in Q, we define the divisor Dγ as follows:

Dγ =
∑︂

ρ∈Σθ(1)

(degPρ
γ)Dρ.

Note that for weak paths γ, γ′ such that hd(γ) = hd(γ′) and tl(γ) = tl(γ′), we have Dγ = Dγ′

in PicMθ.

Proposition 3.11 (cf. [2, Theorem 4.2], [5, Lemma 2.10]). Consider the moduli space Mθ for
a generic parameter θ ∈ Θ(Q)R. For the tautological bundle Tθ =

⨁︁
v∈Q0

Lv (see Section 3.2),

we see that Lv
∼= OMθ

(Dγv) for any v ∈ Q0, where γv is a weak path in Q from a vertex 0 to
a vertex v.
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3.4 Wall-and-chamber structures

It is known that the space Θ(Q)R of stability parameters has a wall-and-chamber structure.
Namely, we define an equivalence relation on the set of generic parameters so that θ ∼ θ′ if and
only if any θ-stable representation of (Q,JQ) is also θ′-stable and vice versa, and this relation
gives rise to the decomposition of stability parameters into finitely many chambers which are
separated by walls (cf. [16, 41]). Here, a chamber is an open cone in Θ(Q)R consisting of
equivalent generic parameters and a wall is a codimension one face of the closure of a chamber.
Note that any generic parameter lies in some chamber (see [25, Lemma 6.1]). The moduli
space Mθ is unchanged if a parameter θ moves in a chamber C of Θ(Q)R by definition, thus we
sometimes use the notation MC instead of Mθ for θ ∈ C.

Let C, C ′ be adjacent chambers of Θ(Q)R separated by a wall W , that is, W = C ∩ C ′. We
choose generic parameters θ ∈ C and θ′ ∈ C ′. We also choose a stability parameter θ̃ ∈ W
such that θ̃ does not lie on any other walls. Note that θ̃ is not generic since it is not contained
in any chamber. Let Xθ̃ be the normalization of an irreducible component of Mθ̃ containing
the algebraic torus G ⊂ Mθ̃. Then, there exists a projective morphism from Mθ to Mθ̃
factoring through Xθ̃ : Mθ

f−→ Xθ̃ → Mθ̃, see [25, Section 6], [5, Section 4.2]. Similarly, we have
a projective morphism Mθ′

f ′
−→ Xθ̃ → Mθ̃, and we obtain a wall-crossing diagram:

Mθ Mθ′

Xθ̃

f f ′ (3.2)

The morphism f is a primitive birational contraction which can be classified into several
types as in [47]. In our situation, by [25, Section 11], it is one of the following types:

� Type 0: f : Mθ → Xθ̃ is an isomorphism.

� Type I: f : Mθ → Xθ̃ contracts a torus-invariant curve to a point.

� Type III: f : Mθ → Xθ̃ contracts a torus-invariant surface to a torus-invariant curve.

Note that a morphism contracting a surface to a point, which is called type II, does not appear
in our situation (see [25, Lemma 10.5]). The wall-crossing diagram (3.2) is the Atiyah flop if f is
of type I (see [25, Lemma 11.26]), in which case the contracted curve corresponds to a diagonal
of a parallelogram appearing in the triangulation ∆θ and the Atiyah flop corresponds to the
flip of the diagonal. If f : Mθ → Xθ̃ is of type III, then it contracts a toric divisor D ⊂ Mθ to
a torus-invariant curve ℓ0 ⊂ Xθ̃ and f ′ also contracts a toric divisor D′ ⊂ Mθ′ to ℓ0. Moreover,
we have an isomorphism Mθ

∼= Mθ′ (see [25, Lemma 11.29]). The case of type 0 appears if the
polygon ∆Γ contains an interior lattice point (see [25, Section 11.1]), but in Sections 6–8 which
are the main parts of this paper, we do not encounter such a situation. Thus, we focus on the
cases of types I and III.

For each wall W , we have a primitive birational contraction f (and a wall-crossing diagram)
as above, thus we also classify walls in Θ(Q)R according to the corresponding type of primitive
birational contractions. The precise description of a wall is determined by the degree of a con-
tracted curve on the tautological bundle Tθ =

⨁︁
v∈Q0

Lv by the argument in [25] which was
originally discussed in [12]. More precisely, for a chamber C ⊂ Θ(Q)R and the tautological bun-
dle Tθ with θ ∈ C, we have the linearisation map LC : Θ(Q)R → Pic(Mθ)R (see [12, Section 3.2],
[25, (4.1)]), and the line bundle LC(θ) is ample for θ ∈ C. For a curve ℓ contained in Mθ, we
can write

deg(LC(θ)|ℓ) =
∑︂
v∈Q0

deg(Lv|ℓ)θv (3.3)
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(see [12, equation (5.3)], [25, equation (9.6)]). As the parameter θ varies within the chamber C,
the degree in (3.3) is positive. Moreover, if a wall contracting ℓ lies on the boundary of C, then
this degree becomes 0 on the wall. In particular, we have the following proposition.

Proposition 3.12 ([25, Lemmas 11.21 and 11.30]). Let the notation be as above. We suppose
that a wall W is either

� of type I corresponding to f : Mθ → Xθ̃ that contracts a torus-invariant curve ℓ ⊂ Mθ to
a point, or

� of type III corresponding to f : Mθ → Xθ̃ that contracts a toric divisor D ⊂ Mθ to a torus-
invariant curve ℓ0 ⊂ Xθ̃, and let ℓ be a torus-invariant curve in D which is contracted to
a point in ℓ0 via f .

Then, we have that∑︂
v∈Q0

deg(Lv|ℓ)θ̃v = 0 for any θ̃ =
(︁
θ̃v
)︁
v∈Q0

∈ W . (3.4)

Remark 3.13. As we will see in Theorem 6.11 if Mθ is a projective crepant resolution of
a toric cDV singularity, then any equation with the form (3.4) certainly determines a wall of
some chambers, which is a typical property for a toric cDV singularity. For a certain three-
dimensional Gorenstein toric singularity whose toric diagram contains an interior lattice point,
we encounter the situation that the equation (3.4) derived from a torus-invariant curve in Mθ

with θ ∈ C does not determine a wall intersected with C, see [12, Example 9.13] and [25,
Example 12.6].

4 Observations on boundary perfect matchings

In the latter half of this paper, we mainly use boundary perfect matchings, thus we show some
properties of boundary perfect matchings in this section. Concerning properties of internal
perfect matchings, see, e.g., [36, Sections 3 and 5].

4.1 Descriptions of boundary perfect matchings

Let P⋄, P
′
⋄ be adjacent corner perfect matchings of a consistent dimer model Γ. By Proposi-

tion 3.8, zigzag paths z1, . . . , zr having the same slope (i.e., [z1] = · · · = [zr]) arise as P⋄ ⊖ P′
⋄,

in which case we denote P⋄ ⊖ P′
⋄ = {z1, . . . , zr}. We suppose that P⋄ ∩ zi = Zig(zi) and

P′
⋄ ∩ zi = Zag(zi) for any i = 1, . . . , r. The slope [zi] is the outer normal vector of the side

of ∆Γ whose endpoints are the vertices of ∆Γ corresponding to P⋄, P
′
⋄. We denote such a side

by E = E(P⋄,P
′
⋄). Then, we observe the description of boundary perfect matchings using the

corner ones.

Proposition 4.1 (e.g., [8, Proposition 4.35], [20, Corollary 3.8]). Let P⋄, P
′
⋄, and E be as above.

Let q be a lattice point on E and m be the number of primitive side segments of E between q
and the lattice point corresponding to P⋄. Then, any perfect matching of the following form
corresponds to q, and hence it is a boundary perfect matching:

PI :=

(︃
P⋄\

⋃︂
i∈I

Zig(zi)

)︃
∪
⋃︂
i∈I

Zag(zi) =

(︃
P′
⋄\

⋃︂
i∈Ic

Zag(zi)

)︃
∪

⋃︂
i∈Ic

Zig(zi)

=
⋃︂
i∈Ic

Zig(zi) ∪
⋃︂
i∈I

Zag(zi) ∪ (P⋄ ∩ P′
⋄),
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where I is a subset of [r] := {1, . . . , r} with m = |I| and Ic = [r]\I. Note that P∅ = P⋄ and
P[r] = P′

⋄. Moreover, any boundary perfect matching takes this form. Thus, the number of
boundary perfect matchings corresponding to the lattice point q is

(︁
r
m

)︁
in particular.

Example 4.2. We consider the perfect matchings P0 and P1 in Example 3.4. These are corner
perfect matchings and the symmetric difference P0 ⊖ P1 is equal to the zigzag paths shown in
the following figure.

z1 z2 z3

The slopes of these zigzag paths are the outer normal vectors of the lower base of the zigzag
polygon ∆(3, 2) shown in Figure 5. In particular, P0 (resp. P1) corresponds to the lower left
(resp. right) vertex of ∆(3, 2). We fix the lower left vertex as the origin (0, 0).

For the above zigzag paths z1, z2, z3, we have Zig(zi) = P0∩zi and Zag(zi) = P1∩zi. Applying
Proposition 4.1 to subsets {1} and {1, 3}, we have the perfect matchings as in Figure 8, which
respectively corresponds to the lattice points (1, 0) and (2, 0) in ∆(3, 2).

P{1} =
(︁
P0\Zig(z1)

)︁
∪ Zag(z1) P{1,3} =

(︁
P0\

⋃︁
i∈{1,3} Zig(zi)

)︁
∪
⋃︁

i∈{1,3} Zag(zi)

Figure 8. Examples of boundary perfect matchings determined by the zigzag paths z1, z2, z3.

4.2 Zigzag switchings

In order to handle boundary perfect matchings, we introduce a new operation, which we will
use in Section 7.

Definition 4.3. Suppose that PI is a boundary perfect matching as in Proposition 4.1 for
a subset I of [r]. Let j ∈ [r], and hence j ∈ I or j ∈ Ic. We define the zigzag switching of PI

with respect to zj (or j), denoted by Szj (PI), as follows:

Szj (PI) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⋃︂
i∈Ic∪{j}

Zig(zi) ∪
⋃︂

i∈I\{j}

Zag(zj) ∪
(︁
P⋄ ∩ P′

⋄
)︁

if j ∈ I, equivalently Zag(zi) ⊂ PI ,⋃︂
i∈Ic\{j}

Zig(zi) ∪
⋃︂

i∈I∪{j}

Zag(zj) ∪
(︁
P⋄ ∩ P′

⋄
)︁

if j ∈ Ic, equivalently Zag(zi) ⊂ PI .

By definition and Proposition 4.1, Szj (PI) remains a boundary perfect matching and satisfies
the following properties.

Lemma 4.4. Let PI be a boundary perfect matching as in Proposition 4.1. For j, k ∈ [r], we
have SzjSzj (PI) = PI and SzjSzk(PI) = SzkSzj (PI).
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Lemma 4.5. Let Γ be a consistent dimer model, and PI be a boundary perfect matching as
in Proposition 4.1. Let p, p′ be vertices of ∆Γ corresponding to P⋄, P

′
⋄, respectively. Let q be

a lattice point of ∆Γ corresponding to PI , and q+, q− be the lattice points on E(P⋄,P
′
⋄) next

to q. We assume that q+ (resp. q−) is located between p and q (resp. p′ and q).

E(P⋄,P
′
⋄) :

P⋄ P P′
⋄

p q− q q+ p′

Then we have the following:

(1) If j ∈ I, then the boundary perfect matching Szj (PI) corresponds to q−.

(2) If j ∈ Ic, then the boundary perfect matching Szj (PI) corresponds to q+.

(3) If j ∈ I and k ∈ Ic ∪{j}, then the boundary perfect matching SzkSzj (PI) corresponds to q.

(4) If j ∈ Ic and k ∈ I ∪{j}, then the boundary perfect matching SzkSzj (PI) corresponds to q.

Example 4.6. Let the notation be as in Example 4.2. For the perfect matching

P{1,3} =

(︃
P0\

⋃︂
i∈{1,3}

Zig(zi)

)︃
∪

⋃︂
i∈{1,3}

Zag(zi) = Zig(z2) ∪
⋃︂

i∈{1,3}

Zag(zi) ∪ (P0 ∩ P1),

we see that

Sz3(P{1,3}) = P{1}, Sz2(P{1,3}) = P{1,2,3} = P1,

Sz1Sz3(P{1,3}) = Sz1(P{1}) = P∅ = P0.

4.3 Stable boundary perfect matchings

As we saw in Section 3.3, for a given generic parameter θ ∈ Θ(Q)R, we have the collection
of θ-stable perfect matchings PMθ(Γ) whose elements correspond bijectively to lattice points
on ∆Γ. In what follows, we will identify θ-stable perfect matchings with corresponding lattice
points on ∆Γ.

Setting 4.7. Let Γ, P⋄, P
′
⋄ be the same as Section 4.1. For a generic parameter θ ∈ Θ(Q)R,

let P1, . . . ,Pr−1 ∈ PMθ(Γ) be θ-stable boundary perfect matchings that correspond bijectively
to the r − 1 strict interior lattice points on E = E(P⋄,P

′
⋄). In this setting, we can choose Pj so

that the lattice length from P⋄ is j (and hence the lattice length from P′
⋄ is r− j), which means

that Pj takes the form

Pj =
⋃︂

i∈Icj,θ

Zig(zi) ∪
⋃︂

i∈Ij,θ

Zag(zi) ∪
(︁
P⋄ ∩ P′

⋄
)︁

(4.1)

by Proposition 4.1, where Ij,θ is a subset of [r] with |Ij,θ| = j and Icj,θ = [r]\Ij,θ.

E(P⋄,P
′
⋄) :

P⋄ P1 Pj−1 Pj Pj+1 Pr−1 P′
⋄

Note that for any j = 1, . . . , r − 1 a subset Ij,θ is determined uniquely for a given θ.

Lemma 4.8. Let the notation be as in Setting 4.7. For any i = 1, . . . , r and j = 1, . . . , r − 2,
we see that if Pj ∩ zi = Zag(zi), then Pj+1 ∩ zi = Zag(zi).
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Proof. We assume that Pj ∩ zi = Zag(zi) and Pj+1 ∩ zi = Zig(zi). Since |Ij,θ| + 1 = |Ij+1,θ|,
there exists a zigzag path zk such that Pj ∩ zk = Zig(zk) and Pj+1 ∩ zk = Zag(zk), and hence
zi ̸= zk. Since Pj , Pj+1 are θ-stable, there is a θ-stable representation M = ((Mv)v∈Q0 , (φa)a∈Q1)
of dimension vector 1 such that the cosupport of M contains all arrows dual to edges composing
the zigzag paths zi or zk (see Propositions 3.10 and 4.1). Since the slopes of zi and zk are
the same, these zigzag paths divide the two-torus T into two parts. Thus the quiver support-
ing M is divided into two connected parts which we will denote by Q−, Q+. We note that∑︁

v∈(Q−)0
θv +

∑︁
v∈(Q+)0

θv = 0, and may assume that
∑︁

v∈(Q−)0
θv = −

∑︁
v∈(Q+)0

θv < 0. Then,
a subrepresentation N = ((Nv)v∈Q0 , (φa)a∈Q1) of M such that{︄

dimNv = 1 for any v ∈ (Q−)0,

dimNv = 0 for any v ∈ (Q+)0

satisfies θ(N) < 0, which is a contradiction. ■

Proposition 4.9. Let the notation be as in Setting 4.7. For any θ-stable non-corner boundary
perfect matching Pj (j = 1, . . . , r−1), there exists a unique sequence (zi1 , . . . , zir) of zigzag paths
such that {i1, . . . , ir} = {1, . . . , r} and

Pj =

r⋃︂
k=j+1

Zig(zik) ∪
j⋃︂

k=1

Zag(zik) ∪ (P⋄ ∩ P′
⋄).

Proof. By (4.1), any boundary perfect matching Pj is determined by the set Ij,θ. Thus, we
will detect zigzag paths whose intersections with Pj are their zags for identifying Pj .

For the perfect matching P1, since |I1,θ| = 1, we have a zigzag path zi1 ∈ {z1, . . . , zr} such
that P1 ∩ zi1 = Zag(zi1), that is, I1,θ = {i1}. Next, for the perfect matching P2, since |I2,θ| = 2
and P2 ∩ zi1 = Zag(zi1) by Lemma 4.8, we have a zigzag path zi2 ∈ {z1, . . . , zr}\{zi1} such that
P2∩zi2 = Zag(zi2), thus I2,θ = {i1, i2}. By repeating these arguments, we have the assertion. ■

5 Dimer models associated to Ra,b

Let a, b be integers with a ≥ 1 and a ≥ b ≥ 0. In what follows, we consider toric cDV singularities
discussed in Section 1.2. In particular, we focus on a toric cAa+b−1 singularity:

Ra,b := C[x, y, z, w]/
(︁
xy − zawb

)︁
.

Recall that the toric diagram of Ra,b is the trapezoid ∆(a, b) shown in Figure 2, see also Exam-
ple 2.5.

By Theorem 2.4, there exists a consistent dimer model Γ whose zigzag polygon is the trapezoid
∆(a, b), although it is not unique in general. By the arguments in [34, Section 1.2], such
a consistent dimer model takes the form of a tiling of the real two-torus T = R2/Z2 by rhombi
and hexagons. We here recall the precise construction. First, we place an infinite number of
rhombi (resp. hexagons) in a line as shown in Figure 9, and we denote the union of such rhombi
(resp. hexagons) by S (resp. H). We assume that all sides of rhombi and hexagons have the
same length.

Let n := a+ b. We consider the tuple (i1, . . . , in) defined as

ik :=

{︄
−1, k = 1, 2, . . . , a,

+1, k = a+ 1, a+ 2, . . . , n.
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S: H:

Figure 9. Infinite number of rhombi and hexagons lied in a line.

Then, for π ∈ Sn and the tuple (i1, . . . , in), we define the map tπ : [n] = {1, 2, . . . , n} → {S,H}
as

tπ(k) =

{︄
S if iπ(k) ̸= iπ(k+1),

H if iπ(k) = iπ(k+1)

(5.1)

for any k = 1, . . . , n. We extend the map tπ to ˜︁tπ : Z → {S,H} by setting ˜︁tπ(l) = tπ(k) for
any l ∈ Z with l ≡ k (mod n). We label all rhombi in S with l (mod n) if ˜︁tπ(l) = S, and
label all hexagons in H with l (mod n) if ˜︁tπ(l) = H. Then, we arrange S and H labeled with l
(mod n) along the cyclic order determined by l (mod n) so that they tile the plane R2. By taking
a minimum-area parallelogram such that each vertex lies on the center of rhombi or hexagon
labeled by 0, we can cut out a fundamental domain of T from the tiling of R2. This induces
a cell decomposition of T by rhombi and hexagons, which can be considered as a graph on T. We
color the vertices of this graph with either black or white so that the resulting graph is bipartite,
see Figure 10. Note that there are several choices of a fundamental domain of T and there are
two choices of a coloring of the graph, but in any case the graph is a consistent dimer model
and its zigzag polygon is unimodular equivalent to ∆(a, b). For simplicity, we always choose
a fundamental domain of T (and a Z-basis of H1(T)) such that the resulting dimer model, which
we will denote by Γπ, satisfies ∆Γπ = ∆(a, b). Also, in the following, we reuse the labels of faces
of Γπ as the labels of vertices of the associated quiver Qπ.

Example 5.1. Let a = 3, b = 2. We consider the tuple (i1, i2, i3, i4, i5) = (−1,−1,−1,+1,+1)
and the identity element id ∈ S5. Then we have(︁

tid(1), tid(2), tid(3), tid(4), tid(5)
)︁
= (H,H, S,H, S).

Then we consider the tiling of R2 by labeled rhombi and hexagons determined by
(︁˜︁tid(l))︁l∈Z, and

take a fundamental domain of T. We color the vertices with either black or white, and obtain
the dimer model Γid whose zigzag polygon is ∆(3, 2) as shown in the right of Figure 10. This
dimer model coincides with the dimer model given in Figure 1 up to homotopy equivalence.

We now observe zigzag paths of the dimer model Γπ. Zigzag paths appearing in the parts
originating from S and H in the universal cover ˜︁Γπ take the form shown in Figure 11. Note
that two zigzag paths appearing in each figure share no edges. In the universal cover ˜︁Γπ, rhombi
and hexagons are glued together along these zigzag paths. Since the number of faces of Γπ on
the two-torus T is n = a+ b, if we choose a fundamental domain such that the zigzag paths in
Figure 11 restricted to Γπ have slopes (0, 1) or (0,−1), we obtain ∆Γπ = ∆(a, b). In particular,
these zigzag paths satisfy the following properties.
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Lemma 5.2. Let Γπ be the consistent dimer model for some π ∈ Sn. Let z1, . . . , zn be zigzag
paths on Γπ such that for any i = 1, . . . , n the slope [zi] is either (0,−1) or (0, 1), in which these
zigzag paths take the form shown in Figure 11. Then we have the following:

(1) Any pair of zigzag paths in {z1, . . . , zn} do not intersect each other, that is, they do not
share any edge.

(2) For any i = 1, . . . , n, the zigzag path zi consists of the edges shared by faces labeled k − 1
and k (mod n) for some k = 1, . . . , n.

(3) For any i = 1, . . . , n, the zigzag path zi consists of two edges, and hence both Zig(zi) and
Zag(zi) consist of a single edge.

(4) An edge dual to a loop arrow in Qπ, which appears on a joint of hexagons in H, is not
contained in any zigzag path zi.

Proof. (1) and (2) follow from the explanation preceding the lemma. Furthermore, by defi-
nition, a rhombus or a hexagon with the same label is unique in Γπ, and hence we have (3).
Regarding (4), since each zigzag path zi separates faces with different labels, an arrow appearing
as the dual of an edge on zi can not be a loop. ■

Figure 11.

By the above construction, we can obtain a consistent dimer model Γπ for any π ∈ Sn. For
the adjacent transposition sk (k = 1, . . . , n−1), we have the consistent dimer model Γπsk . Then
we see that the dimer models Γπ and Γπsk are transformed into each other by “mutations”.
First, as we mentioned in Section 3, we have the quiver with potential associated to a dimer
model. In many cases, a mutation of a dimer model, which produces a new dimer model from
a given one, can be defined as the dual of the mutation of a quiver with potential in the sense
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of [15] at a vertex corresponding to a quadrilateral face (see [4, Section 7.2], [35, Section 4],
[36, Section 6.2]). However, this mutation can be applied only to a vertex not lying on 2-cycles
and not having loops. Since any vertex of the quiver associated to the dimer model Γπ lies on
2-cycles and may have a loop, we can not apply this mutation to our dimer model. On the other
hand, there is a certain way to relate the associated Jacobian algebras Aπ and Aπsk as shown
in [34, Section 3.1], and it can be considered as the mutation of tilting modules in the sense of
[28, Section 5]. Since any two elements in Sn can be transformed into each other by the action
of adjacent transpositions, the associated dimer models can also be related by the mutations of
the associated Jacobian algebras.

6 Wall-and-chamber structures and zigzag paths

Setting 6.1. For π ∈ Sn, let Γπ be the consistent dimer model whose zigzag polygon is the
trapezoid ∆(a, b) and Qπ be the associated quiver as in Section 5. Let z1, . . . , za, w1, . . . , wb be
zigzag paths satisfying [z1] = · · · = [za] = (0,−1) and [w1] = · · · = [wb] = (0, 1). Note that these
zigzag paths satisfy the properties as in Lemma 5.2. We fix the lower left vertex of ∆(a, b) as
the origin.

For the space Θ(Qπ)R of stability parameters, any θ ∈ Θ(Qπ)R satisfies θ0 = −
∑︁

v ̸=0 θv.
Thus, in what follows, when we consider Θ(Qπ)R, we employ the coordinates θv with v ̸= 0.
For a generic parameter θ ∈ C in a chamber C ⊂ Θ(Qπ)R, let Pθ

(i,j) be the θ-stable boundary

perfect matching corresponding to the lattice point (i, j) on ∆(a, b).

∆(a, b):

Pθ
(0,0) Pθ

(1,0) Pθ
(i,0) Pθ

(i+1,0) Pθ
(a−1,0) Pθ

(a,0)

Pθ
(0,1) Pθ

(1,1) Pθ
(b−1,1) Pθ

(b,1)

Thus, PMθ(Γπ) =
{︁
Pθ
(i,0) | 0 ≤ i ≤ a

}︁
∪
{︁
Pθ
(j,1) | 0 ≤ j ≤ b

}︁
. We recall that corner perfect match-

ings Pθ
(0,0), P

θ
(a,0), P

θ
(0,1), P

θ
(b,1) are the same for any generic parameter θ ∈ Θ(Qπ)R (see Propo-

sition 3.7). Thus, we simply denote them by P(0,0), P(a,0), P(0,1), P(b,1), respectively. By Propo-
sition 4.1, corner perfect matchings satisfy

a⋃︂
k=1

Zig(zk) ⊂ Pθ
(0,0) = P(0,0),

a⋃︂
k=1

Zag(zk) ⊂ Pθ
(a,0) = P(a,0),

b⋃︂
k=1

Zag(wk) ⊂ Pθ
(0,1) = P(0,1),

b⋃︂
k=1

Zig(wk) ⊂ Pθ
(b,1) = P(b,1). (6.1)

Applying Proposition 4.9 to our situation as in Setting 6.1, we have the following.

Proposition 6.2. Let the notation be as in Setting 6.1. For any generic parameter θ ∈ C
in a chamber C ⊂ Θ(Qπ)R, there exist unique sequences (zk1 , . . . , zka), (wk′1

, . . . , wk′b
) of zigzag

paths with {k1, . . . , ka} = {1, . . . , a} and {k′1, . . . , k′b} = {1, . . . , b} such that

Pθ
(i,0) =

ki⋃︂
k=k1

Zag(zk) ∪
ka⋃︂

k=ki+1

Zig(zk) ∪ (P(0,0) ∩ P(a,0)) for any i = 1, . . . , a− 1, (6.2)

Pθ
(j,1) =

k′j⋃︂
k=k′1

Zig(wk) ∪
k′b⋃︂

k=k′j+1

Zag(wk) ∪ (P(0,1) ∩ P(b,1)) for any j = 1, . . . , b− 1. (6.3)
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6.1 Zigzag paths associated to chambers

Rearranging the zigzag paths z1, . . . , za, w1, . . . , wb as in Setting 6.1, we consider the sequence
(u1, . . . , un) of zigzag paths such that

• {u1, . . . , un} = {z1, . . . , za, w1, . . . , wb} as sets, (6.4)

• uk consists of the edges shared by the faces labeled by k − 1 and k (mod n). (6.5)

Recall that the label of each face used in (6.5) is determined by the map tπ : [n] → {S,H}, see
the sentences following (5.1) and Figure 10. In the following, we consider the set

{Zω := (uω(1), . . . , uω(n)) | ω ∈ Sn}

of sequences of zigzag paths obtained as permutations of (u1, . . . , un). We assign such a sequence
to each chamber in Θ(Qπ)R as follows.

First, for a chamber C in Θ(Qπ)R, we have the fine moduli space MC and the triangulation
of ∆(a, b) as explained in Section 3.2. We will denote such a triangulation by ∆C . Note that the
argument in [14, Section 3] asserts that any triangulation of ∆(a, b) into elementary triangles
is regular, and thus the crepant resolution MC → SpecRa,b induced by a triangulation ∆C is
projective. We draw the line L from

(︁
0, 12

)︁
to

(︁
a, 12

)︁
which passes through ∆C . Let {∆C,k}nk=1

be the set of elementary triangles in ∆C , and we fix the index k so that the line L passes
through ∆C,k first, then it passes through ∆C,k+1 for any k = 1, . . . , n− 1. Then, we define the
sign of ∆C,k as

sgn(∆C,k) =

{︄
+1 if ∆C,k shares a side with the upper base of ∆(a, b),

−1 if ∆C,k shares a side with the lower base of ∆(a, b),

and let sgn(∆C) :=
(︁
sgn(∆C,1), . . . , sgn(∆C,n)

)︁
. For example, if a triangulation ∆C of ∆(3, 2)

takes the form as in Figure 12, then we have sgn(∆C) = (+1,−1,−1,+1,−1).

L

∆C,1

∆C,2 ∆C,3

∆C,4

∆C,5

Figure 12. A triangulation of ∆(3, 2) and the labeling of elementary triangles.

Then we define the sign of a zigzag path in {u1, . . . , un} as

sgn(uk) =

{︄
+1 if [uk] = (0, 1),

−1 if [uk] = (0,−1).

Note that the number of elementary triangles satisfying sgn(∆C,k) = +1 (resp. sgn(∆C,k) = −1)
coincides with that of zigzag paths satisfying sgn(uk) = +1 (resp. sgn(uk) = −1) by the definition
of the zigzag polygon. For example, the zigzag paths u1, . . . , u5 as in Figure 13 satisfy sgn(u1) =
sgn(u2) = sgn(u3) = −1 and sgn(u4) = sgn(u5) = +1. For a sequence Zω := (uω(1), . . . , uω(n))
with ω ∈ Sn, we let sgn(Zω) := (sgn(uω(1)), . . . , sgn(uω(n))).

By definition, combining the sequences (zk1 , . . . , zka) and (wk′1
, . . . , wk′b

), we can obtain the
sequence Zω satisfying sgn(∆C) = sgn(Zω). We record these facts as follows.

Proposition 6.3. Let the notation be as in Setting 6.1. Let u1, . . . , un be the zigzag paths
satisfying the conditions (6.4) and (6.5), in particular the slope [ui] is either (0, 1) or (0,−1).
Then, for any chamber C ⊂ Θ(Qπ)R, there exists a unique sequence Zω = (uω(1), . . . , uω(n)) with
ω ∈ Sn such that
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Figure 13. The zigzag paths u1, . . . , u5 whose slopes are either (0, 1) or (0,−1).

(a) sgn(∆C) = sgn(Zω),

(b) the subsequence of (uω(1), . . . , uω(n)) consisting of zigzag paths with sgn(uω(i)) = −1 coin-
cides with (zk1 , . . . , zka),

(c) the subsequence of (uω(1), . . . , uω(n)) consisting of zigzag paths with sgn(uω(i)) = +1 coin-
cides with (wk′1

, . . . , wk′b
),

where (zk1 , . . . , zka) and (wk′1
, . . . , wk′b

) are sequences of zigzag paths respectively associated to
the upper base and the lower base of ∆(a, b) as in Proposition 6.2.

We will show that the sequence Zω assigned to a chamber C as in Proposition 6.3 determines
the walls of C and reveal the wall-and-chamber structure of Θ(Q)R in Section 6.3.

6.2 Combinatorics of dimer models associated to ∆(a, b)

We keep Setting 6.1, but we write Γ = Γπ, Q = Qπ for simplicity. We recall that each wall
in Θ(Q)R is determined by the equation (3.4) in Proposition 3.12, and the tautological bundle
Tθ =

⨁︁
v∈Q0

Lv used in (3.4) can be obtained by using perfect matchings in PMθ(Γ) as shown
in Proposition 3.11. The combinatorial descriptions of θ-stable representations corresponding
to three-dimensional cones in Σθ are important ingredients to detect the wall-and-chamber
structure of Θ(Q)R. Thus, we review some materials in [22, Section 4], [32, Section 4], [11,
Section 3] which discuss θ-stable representations in terms of perfect matchings.

Let Σθ be the toric fan of Mθ for a generic parameter θ ∈ Θ(Q)R. For a three-dimensional
cone σ ∈ Σθ(3), let ρ0, ρ1, ρ2 ∈ Σθ(1) be the rays in σ. We denote the θ-stable perfect matchings
corresponding to ρ0, ρ1, ρ2 by P0, P1, P2, respectively. Let Qσ be the subquiver of Q such
that the set of vertices coincides with Q0 and the set of arrows consists of arrows dual to edges
not contained in

⋃︁
0≤i≤2 Pi. Note that the arrow set of Qσ coincides with the cosupport of the

θ-stable representation Mσ, and we see that Qσ is connected. Let ˜︁Q be the quiver defined as the
dual of the bipartite graph ˜︁Γ on R2. The inverse image of Qσ under the universal cover R2 → T
defines the subquiver of ˜︁Q whose any connected component is identical to Qσ. We choose one
of such connected components, and denote it by ˜︂Qσ. We consider the subset of R2 covered by
the faces of ˜︁Γ dual to the vertices of ˜︂Qσ. This subset has properties as in Proposition 6.4 below,
thus we call it the fundamental hexagon associated to σ, and denote it by Hex(σ). We denote
the graph obtained as the union of all Z2-translates of the boundary of Hex(σ) by Graph(σ).

Proposition 6.4 (cf. [11, Proposition 3.4 and its proof]). Let the notation be as above. For
σ ∈ Σθ(3), the boundary of Hex(σ) contains precisely six 3-valent nodes of Graph(σ). Each chain
of edges linking adjacent 3-valent nodes on the boundary of Hex(σ) comprises an odd number
of edges, in which the edges belong alternately to either a single perfect matching Pi or to the
intersection Pi−1 ∩ Pi+1 of perfect matchings, where the indices of perfect matchings are taken
modulo 3 (cf. [11, Figure 4]).

Let σ+, σ− ∈ Σθ(3) be three-dimensional adjacent cones in Σθ and let τ := σ+ ∩ σ− ∈ Σθ(2).
Let ρ0, ρ1, ρ2 and ρ1, ρ2, ρ3 be the rays in σ+ and σ−, respectively. On the hyperplane at
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height one, the pair of cones σ+ and σ− takes one of the forms as in Figure 14 up to unimodular
transformations. Thus we will discuss using these figures.

ρ0

ρ1

ρ2

ρ3

σ+

σ−τ

ρ0

ρ1

ρ2 ρ3

σ+ σ−
τ

Figure 14. The intersection of cones in Σθ(3) with the hyperplane at height one.

Let P0, P1, P2, P3 be θ-stable perfect matchings corresponding to ρ0, ρ1, ρ2, ρ3, respectively.
Then, we call the closure of a connected component of T\

⋃︁3
i=0 Pi a jigsaw piece for τ (cf. [11,

Definition 3.10]). By Proposition 6.4, c− := (P1 ⊖P3)∩ (P2 ⊖P3) is a subset of the edges in the
boundary of Hex(σ−). By [11, Lemma 3.11], Hex(σ+) is divided into two pieces along edges of c−
and these pieces are precisely the jigsaw pieces for τ . Similarly, c+ := (P0 ⊖ P1) ∩ (P0 ⊖ P2) is
a subset of the edges in the boundary of Hex(σ+), and Hex(σ−) is divided into two pieces, which
are precisely the jigsaw pieces for τ , along edges of c+. In particular, the following statement
holds.

Proposition 6.5 ([11, Theorem 3.12], see also [37]). Let J , J ′ be the jigsaw pieces for τ obtained
by cutting Hex(σ+) in R2 along the edges of c−. Then, we have the fundamental hexagon Hex(σ−)
by certain Z2-translations of J and J ′.

Example 6.6. We consider the dimer model Γ given in Figure 1, in which the zigzag polygon ∆Γ

is ∆(3, 2). For the zigzag paths u1, . . . , u5 of Γ shown in Figure 13, we consider the sequence

Zω = (uω(1), . . . , uω(5)) = (u4, u1, u3, u5, u2)

with ω = (1452) ∈ S5. We suppose that C ⊂ Θ(Q)R is a chamber associated to the sequence Zω

as in Proposition 6.3. By the condition (a) in Proposition 6.3, we see that the triangulation ∆C

takes the form as in Figure 12 since sgn(Zω) = (+1,−1,−1,+1,−1). For θ ∈ C, let σ+ ∈ Σθ(3)
be the three-dimensional cone whose rays pass through the lattice points (1, 0), (1, 1), and (2, 0)
in ∆C . Similarly, let σ− ∈ Σθ(3) be the three-dimensional cone whose rays pass through the
lattice points (1, 1), (2, 0), and (2, 1) in ∆C .

(1, 0)

(1, 1)

(2, 0)

(2, 1)

σ+

σ−

The θ-stable perfect matchings corresponding to these lattice points can be obtained from Zω

as Proposition 6.2, in particular we have the following:

� Pθ
(1,0) = P{1} and Pθ

(2,0) = P{1,3}, where P{1}, P{1,3} are perfect matchings shown in Fig-
ure 8,

� Pθ
(2,1) is the corner perfect matching P2 shown in Example 3.4,

� Pθ
(1,1) =

(︁
Pθ
(2,1)\Zig(u5)

)︁
∪ Zag(u5).
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Considering the edges in Pθ
(1,0) ∪ Pθ

(1,1) ∪ Pθ
(2,0) and Pθ

(1,1) ∪ Pθ
(2,0) ∪ Pθ

(2,1), we have the funda-

mental hexagons Hex(σ+) and Hex(σ−) associated to σ+ and σ− as shown in Figures 15 and 16,
respectively. Let

c− =
(︁
Pθ
(1,1) ⊖ Pθ

(2,1)

)︁
∩
(︁
Pθ
(2,0) ⊖ Pθ

(2,1)

)︁
, c+ =

(︁
Pθ
(1,0) ⊖ Pθ

(1,1)

)︁
∩
(︁
Pθ
(1,0) ⊖ Pθ

(2,0)

)︁
.

Then, the edge c− cuts Hex(σ+) into two jigsaw pieces, and the edge c+ cuts Hex(σ−) into two
jigsaw pieces. By sliding a jigsaw piece in Hex(σ+), we can obtain Hex(σ−), and vice versa.

0

1 2

3

4

0

1 2

3

4

0

1 2

3

4

0

1 2

3

4

0

1 2

3

4

0

1 2

3

4

Figure 15. A connected component (e.g., the grayed area) is the fundamental hexagon Hex(σ+), and

the blue edge is c−.

0

1 2

3

4

0

1 2

3

4

0

1 2

3

4

0

1 2

3

4

0

1 2

3

4

0

1 2

3

4

Figure 16. A connected component (e.g., the grayed area) is the fundamental hexagon Hex(σ−), and

the blue edge is c+.

We show some combinatorial statements concerning our consistent dimer model Γ = Γπ.

Lemma 6.7. Let the notation be as above. We see that c+ (resp. c−) is a single edge contained
in P0 (resp. P3).

Proof. Since c+ is a subset of the edges in the boundary of Hex(σ+), the edges consisting
of c+ are contained in either P0 or P1 ∩ P2 by Proposition 6.4. In our situation, we claim
that P1 ∩ P2 = ∅. Indeed, since ρ1 (resp. ρ2) corresponds to a lattice point on the upper
(resp. lower) base of ∆(a, b), if there exists an edge e such that e ∈ P1 ∩ P2, then we have
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e ∈ P(0,0) ∩ P(a,0) ∩ P(0,1) ∩ P(b,1) by the description of perfect matchings as in Proposition 6.2
and Lemma 5.2. By Proposition 3.8, this implies that any zigzag path does not pass through
the edge e, which is a contradiction. The assertion for c+ follows from this claim. We have the
assertion for c− by a similar argument. ■

Lemma 6.8. Let the notation be as above. Any edge contained in the strict interior of Hex(σ+)
(resp. Hex(σ−)) does not belong to P0 ∪ P1 ∪ P2 (resp. P1 ∪ P2 ∪ P3). Thus, the subquiver of ˜︁Q
obtained by restricting ˜︁Q to the strict interior of Hex(σ+) (resp. Hex(σ−)) coincides with the

quiver ˜︃Qσ+ (resp. ˜︃Qσ−).

Proof. By [32, Corollary 4.18], we see that if there is an edge e ∈ P0 ∪P1 ∪P2 contained in the
strict interior of Hex(σ+), then it satisfies e ∈ P0 ∩ P1 ∩ P2. Since P1 ∩ P2 = ∅ (see the proof
of Lemma 6.7), we have the assertion for Hex(σ+). The assertion for Hex(σ−) can be shown by
a similar argument. ■

Here, we note that by Proposition 6.3, for any triangulation ∆C associated to a chamber
C ⊂ Θ(Q)R, we can assign the zigzag path zki to the line segment between (i − 1, 0) and (i, 0)
for all i = 1, . . . , a, and assign the zigzag path wk′j

to the line segment between (j − 1, 1) and

(j, 1) for all j = 1, . . . , b. Concerning such zigzag paths, we have the following lemma.

Lemma 6.9. Let the notation be as above.

(1) We consider the cones in Σθ as shown in the left of Figure 14. Let zki (resp. wk′j
) be a zigzag

path with [zki ] = (0,−1) (resp. [wk′j
] = (0, 1)) assigned to the line segment comprised lattice

points corresponding to ρ0 and ρ2 (resp. ρ1 and ρ3). Then we see that c+ ∈ Zig(zki) and
c− ∈ Zig(wk′j

).

(2) We consider the cones in Σθ as shown in the right of Figure 14. Let zki (resp. zki+1
) be

a zigzag path with [zki ] = (0,−1) (resp. [zki+1
] = (0,−1)) assigned to the line segment

comprised lattice points corresponding to ρ0 and ρ2 (resp. ρ2 and ρ3). Then we see that
c+ ∈ Zig(zki) and c− ∈ Zag(zki+1

).

Proof. (1) By Proposition 6.4 and Lemma 6.7, the edge c+ belongs to a single perfect match-
ing P0, and hence c+ ̸∈ P2 in particular. By Proposition 6.2, we know that P0 and P2 are the
same except the edges contained in zki , and Zig(zki) ∈ P0, Zag(zki) ∈ P2. Thus, we see that
c+ ∈ Zig(zki). Similarly, the edge c− belongs to a single perfect matching P3, and hence c+ ̸∈ P1

in particular. Since P1 and P3 are the same except the edges contained in wk′j
and Zig(wk′j

) ∈ P3,

Zag(wk′j
) ∈ P1, we see that c− ∈ Zig(wk′j

).

(2) By the same argument as (1), we see that c+ ∈ Zig(zki). Concerning the edge c−, by
Proposition 6.4 and Lemma 6.7, c− belongs to a single perfect matching P3, and hence c+ ̸∈ P2 in
particular. By Proposition 6.2, we know that P2 and P3 are the same except the edges contained
in zki+1

, and Zig(zki+1
) ∈ P2, Zag(zki+1

) ∈ P3. Thus, we see that c− ∈ Zag(zki+1
). ■

6.3 Wall crossings and zigzag paths

Setting 6.10. Let Γ = Γπ be a consistent dimer model for some π ∈ Sn. Let u1, . . . , un be
zigzag paths on Γ satisfying (6.4) and (6.5). In particular, the slope [uk] is either (0,−1) or
(0, 1) for k = 1, . . . , n. We define a total order < on {u1, . . . , un} as un < un−1 < · · · < u2 < u1.

Suppose that a chamber C ⊂ Θ(Q)R corresponds to a sequence Zω = (uω(1), . . . , uω(n))
with ω ∈ Sn as in Proposition 6.3. Let ∆C be the triangulation corresponding to MC and
{∆C,k}nk=1 be the set of elementary triangles in ∆C , in which we have sgn(∆C,k) = sgn(uω(k))
for any k = 1, . . . , n. In particular, we can assign uω(k) to ∆C,k. Also, for any θ ∈ C, we denote
the associated toric fan by ΣC = Σθ.
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By Lemma 5.2, we see that any pair of zigzag paths (ui, uj) on Γ divide the two-torus T into
two parts (see Figure 17). We denote the region containing the face dual to the specific vertex
0 ∈ Q0 by R−(ui, uj), and the other region by R+(ui, uj). By abuse of notation, we also use
the notation R±(ui, uj) for the set of vertices of Q contained in R±(ui, uj). Since we essentially
use one of R±(ui, uj), we let R(ui, uj) := R+(ui, uj).

R+(ui, uj)R−(ui, uj) R−(ui, uj)

ui uj

Figure 17.

We are now ready to state our theorem.

Theorem 6.11. Let the notation be as in Setting 6.10. We suppose that ℓk is an exceptional
curve in MC and ∆C,k, ∆C,k+1 are elementary triangles in the triangulation ∆C such that
∆C,k ∩∆C,k+1 is the line segment corresponding to ℓk.

(1) For any k = 1, . . . , n− 1, the equation (3.4) derived from ℓk takes the form
∑︁

v∈Rk
θv = 0,

where Rk := R(uω(k), uω(k+1)), and

Wk :=

{︃
θ ∈ Θ(Q)R |

∑︂
v∈Rk

θv = 0

}︃
is a wall of C.

(2) The wall Wk is of type I if and only if [uω(k)] = −[uω(k+1)].

(2)′ The wall Wk is of type III if and only if [uω(k)] = [uω(k+1)].

(3) Any parameter θ ∈ C satisfies
∑︁

v∈Rk
θv > 0 if uω(k) < uω(k+1).

(3)′ Any parameter θ ∈ C satisfies
∑︁

v∈Rk
θv < 0 if uω(k) > uω(k+1).

Proof. First, we assume that ℓ = ℓk is floppable. Then ∆C,k and ∆C,k+1 form a parallelo-
gram and ℓ corresponds to a diagonal of the parallelogram. Suppose that the vertices of the
parallelogram are (i− 1, 0), (i, 0), (j − 1, 1) and (j, 1).

For θ ∈ C, let ρ0, ρ1, ρ2, ρ3 be the rays in ΣC(1) corresponding to the lattice points (i−1, 0),
(j − 1, 1), (i, 0), (j, 1) in ∆C , respectively. Let P0, P1, P2, P3 be θ-stable perfect matchings
corresponding to ρ0, ρ1, ρ2, ρ3, respectively, that is, P0 = Pθ

(i−1,0), P1 = Pθ
(j−1,1), P2 = Pθ

(i,0),

P3 = Pθ
(j,1). We suppose that the diagonal connecting (j − 1, 1) and (i, 0) corresponds to a cone

in ΣC(2). (Note that the case where the diagonal connecting (i− 1, 0) and (j, 1) corresponds to
a cone in ΣC(2) can be shown by a similar argument.) We consider the cones σ+, σ− ∈ ΣC(3)
whose rays are respectively ρ0, ρ1, ρ2 and ρ1, ρ2, ρ3. Thus, τ = σ+ ∩ σ− is the cone in ΣC(2)
corresponding to ℓ (see the left of Figure 14). By these settings, ∆C,k (resp. ∆C,k+1) is obtained
as the intersection of the cone σ+ (resp. σ−) and the hyperplane at height one, and uω(k) = zki ,
uω(k+1) = wk′j

in the terminology of Proposition 6.3, thus [uω(k)] = −[uω(k+1)]. We divide the
arguments into two cases:

(Case 1) The case where zki = uω(k) < uω(k+1) = wk′j
.

(Case 2) The case where zki = uω(k) > uω(k+1) = wk′j
.
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For these cases, we show the following.

(Case 1) We have{︄
deg(Lv|ℓ) = 1 for any v ∈ Rk,

deg(Lv|ℓ) = 0 otherwise,
(6.6)

which means that∑︂
v∈Q0

deg(Lv|ℓ)θv =
∑︂
v∈Rk

θv. (6.7)

(Case 2) We have{︄
deg(Lv|ℓ) = −1 for any v ∈ Rk,

deg(Lv|ℓ) = 0 otherwise,
(6.8)

which means that∑︂
v∈Q0

deg(Lv|ℓ)θv = −
∑︂
v∈Rk

θv. (6.9)

To show this, we compute the coordinate function on the toric chart in MC corresponding
to τ by the argument similar to [11, Proposition 4.9]. Let vρ0 , vρ1 , vρ2 , vρ3 ∈ N be the generators
of the rays ρ0, ρ1, ρ2, ρ3 ∈ ΣC(1), respectively. Let m ∈ M be the primitive vector such that
⟨m,n⟩ = 0 for any n ∈ τ and ⟨m,n⟩ ≥ 0 for any n ∈ σ+. Thus, we have that

⟨m, vρ1⟩ = ⟨m, vρ2⟩ = 0, ⟨m, vρ0⟩ > 0, ⟨m, vρ3⟩ < 0.

Since m is primitive and (vρ0 vρ1 vρ2), (vρ1 vρ2 vρ3) ∈ GL(3,Z), we have ⟨m, vρ0⟩ = 1, ⟨m, vρ3⟩ =
−1. We identify C[M] with a subring of C[t±ρ | ρ ∈ ΣC(1)] via the natural inclusion M ↪→ ZΣC(1).
Then, we can write tm ∈ C[t±ρ | ρ ∈ ΣC(1)] as

tm =
tρ0
tρ3

tu,

where tu is a Laurent monomial not containing tρ0 , tρ1 , tρ2 , tρ3 as its factor.
Then we consider the subquivers ˜︃Qσ+ and ˜︃Qσ− of ˜︁Q (see Lemma 6.8). For each vertex

v ∈ Q0, let γ+v (resp. γ−v ) be a weak path in the double quiver of ˜︃Qσ+ (resp. ˜︃Qσ−) from the
vertex 0 to v. As we saw in Proposition 3.11, the line bundle Lv depends only on the target
vertex v, thus we may choose γ±v so that it passes through the same vertex at most once. We
let Uσ± := SpecC[σ∨

± ∩ M] for the toric chart in MC corresponding to σ±. We consider the
generating sections

tdeg(γ
±
v ) :=

∏︂
ρ∈ΣC(1)

t
degPρ (γ

±
v )

ρ

of H0(Uσ± ,Lv), where Pρ is the θ-stable perfect matching corresponding to a ray ρ ∈ ΣC(1).
Since τ is the common face of σ+ and σ−, these sections can be described as either

tdeg(γ
−
v ) = (tm)d · tdeg(γ

+
v ) or tdeg(γ

−
v ) = (tm)−d · tdeg(γ

+
v ), (6.10)

where d is the minimal integer satisfying (tm)d · tdeg(γ
+
v ) ∈ SpecC[σ∨

− ∩M] or (tm)−d · tdeg(γ
+
v ) ∈

SpecC[σ∨
− ∩M], in which case deg(Lv|ℓ) = d or −d.
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To show (6.6) and (6.8), we let J+, J
′
+ (resp. J−, J

′
−) be the jigsaw pieces for τ obtained

by cutting Hex(σ+) (resp. Hex(σ−)) in R2 along the edge c− (resp. c+). By Proposition 6.5,
considering certain Z2-translations, we may assume that Hex(σ+) ∩ Hex(σ−) = J ′

+ = J ′
− and

the face dual to the vertex 0 ∈ Q0 is contained in this jigsaw piece. Let J0 := J ′
+ = J ′

−. By
Lemma 6.8, any edge contained in the strict interior of J0 does not belong to P0 ∪P1 ∪P2 ∪P3.
Furthermore, since the restrictions of J+ and J− on the two-torus T are identical, any edge
contained in the strict interior of J+ or J− also does not belong to P0 ∪ P1 ∪ P2 ∪ P3.

� If the face dual to v in Hex(σ+) is contained in J0, then the face dual to v in Hex(σ−) is
contained in J0, and vice versa. In this situation, both of γ+v and γ−v comprise the arrows
dual to edges not belonging to P0 ∪ P1 ∪ P2 ∪ P3, and hence neither tρ0 nor tρ3 appears in

tdeg(γ
±
v ). Thus we conclude that d = 0 by (6.10).

� If the face dual to v in Hex(σ+) is contained in J+, then the face dual to v in Hex(σ−) is
contained in J−, and vice versa. Then, we claim that

(Case 1) tρ3 appears in tdeg(γ
+
v ) with multiplicity one and tρ0 appears in tdeg(γ

−
v ) with

multiplicity one,

(Case 2) t−1
ρ3 appears in tdeg(γ

+
v ) with multiplicity one and t−1

ρ0 appears in tdeg(γ
−
v ) with

multiplicity one.

In fact, in this situation, the weak path γ+v crosses over c− in Hex(σ+) and γ−v crosses
over c+ in Hex(σ−). Let ac− , ac+ be the arrows dual to the edges c−, c+, respectively.
Since [zki ] = −[wk′j

], we see that

(Case 1) the vertex v appears on the right of zki and appears on the right of wk′j
,

(Case 2) the vertex v appears on the left of zki and appears on the left of wk′j
.

Since c+ ∈ Zig(zki) and c− ∈ Zig(wk′j
) by Lemma 6.9(1), we see that

(Case 1) ac− is contained in γ+v and ac+ is contained in γ−v ,

(Case 2) a∗c− is contained in γ+v and a∗c+ is contained in γ−v .

Since c+ ∈ P0 and c− ∈ P3 by Lemma 6.7, this shows the claim. It follows from the claim

that tdeg(γ
−
v ) = tm · tdeg(γ

+
v ) for (Case1) and tdeg(γ

−
v ) = (tm)−1 · tdeg(γ

+
v ) for (Case2).

Since the restrictions of J+, J− and Rk on T are identical, we have (6.6) and (6.8).
Next, we assume that ℓ = ℓk is not floppable. Then, ∆C,k and ∆C,k+1 form a large triangle

consisting of two elementary triangles, and a torus-invariant curve ℓ corresponds to a bisector of
the large triangle. Suppose that the lattice points of the triangle formed by ∆C,k and ∆C,k+1 are
(i− 1, 0), (j, 1), (i, 0), and (i+1, 0). (Note that the case where such lattice points are (j− 1, 1),
(i, 0), (j, 1), and (j + 1, 1) can be shown by a similar argument.)

For θ ∈ C, let ρ0, ρ1, ρ2, ρ3 be the rays in ΣC(1) corresponding to the lattice points (i−1, 0),
(j, 1), (i, 0), (i + 1, 0) in ∆C , respectively. Let P0, P1, P2, P3 be θ-stable perfect matchings
corresponding to ρ0, ρ1, ρ2, ρ3, respectively, that is,

P0 = Pθ
(i−1,0), P1 = Pθ

(j,1), P2 = Pθ
(i,0), P3 = Pθ

(i+1,0).

We consider the cones σ+, σ− ∈ ΣC(3) whose rays are respectively ρ0, ρ1, ρ2 and ρ1, ρ2, ρ3.
Thus, the cone τ = σ+ ∩ σ− ∈ ΣC(2) corresponds to the line segment obtained by connecting
(i, 0) and (j, 1) (see the right of Figure 14). By these settings, ∆C,k (resp. ∆C,k+1) is obtained
as the intersection of the cone σ+ (resp. σ−) and the hyperplane at height one, and uω(k) = zki ,
uω(k+1) = zki+1

in the terminology of Proposition 6.3, thus [uω(k)] = [uω(k+1)]. As before, we
divide the arguments into two cases:
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(Case 3) The case where zki = uω(k) < uω(k+1) = zki+1
.

(Case 4) The case where zki = uω(k) > uω(k+1) = zki+1
.

We show that we have (6.6) for (Case 3) and (6.8) for (Case 4). We take a weak path γ+v
(resp. γ−v ) in the double quiver of ˜︃Qσ+ (resp. ˜︃Qσ−) for any v ∈ Q0, and we have the equa-
tion (6.10) by the same argument as above. We define Hex(σ±), c±, J±, J0 in the same way
as above. Then any edge contained in the strict interior of J0, J+ or J− does not belong to
P0 ∪ P1 ∪ P2 ∪ P3 by Lemma 6.8.

� If the face dual to v in Hex(σ+) is contained in J0, then we see that d = deg(Lv|ℓ) = 0 by
the same argument as above.

� If the face dual to v in Hex(σ+) is contained in J+, then we see that tdeg(γ
−
v ) = tm · tdeg(γ

+
v )

for (Case 3) and tdeg(γ
−
v ) = (tm)−1 · tdeg(γ

+
v ) for (Case 4). by the argument similar to the

above one. The difference is that in this situation

(Case 3) the vertex v appears on the right of zki and appears on the left of zki+1
,

(Case 4) the vertex v appears on the left of zki and appears on the right of zki+1
,

since [zki ] = [zki+1
]. Nevertheless, we have the same conclusion since c+ ∈ Zig(zki) ⊂ P0

and c− ∈ Zag(zki+1
) ⊂ P3 by Lemma 6.9 (2).

Since the restriction of J+, J− and Rk on T are identical, we have (6.6) and (6.8).
By the above arguments, the hyperplane Lk = 0, where Lk is either (6.7) or (6.9), would

give a wall of C (see Proposition 3.12). We here show that Lk = 0 certainly determine a wall
of C for k = 1, . . . , n− 1. Let Mσ+ be a representative of θ-stable representations corresponding
to σ+. By Proposition 3.10, the support of Mσ+ is identical with the set of arrows of ˜︃Qσ+ which
is the arrows contained in Hex(σ+). By the same argument as above, we see that hd(ac−) ∈ J+
for (Cases 1 and 3) and tl(ac−) ∈ J+ for (Cases 2 and 4). Thus, we see that

(Cases 1, 3) there exists a subrepresentation N = (Nv)v∈Q0 of Mσ+ with {v ∈ Q0 | dimNv ̸= 0}
coincides with the set of vertices contained in J+,

(Cases 2, 4) there exists a subrepresentation N = (Nv)v∈Q0 of Mσ+ with {v ∈ Q0 | dimNv ̸= 0}
coincides with the set of vertices contained in J0,

since Hex(σ+) is divided into two parts J+, J0 by the edge c−. Identifying J+ with Rk, we see
that such a representation N must satisfy

(Cases 1, 3) θ(N) =
∑︁

v∈Rk
θv > 0,

(Cases 2, 4) θ(N) =
∑︁

v∈Q0\Rk
θv = −

∑︁
v∈Rk

θv > 0.

Thus, any θ ∈ C satisfies Lk > 0 for any k = 1, . . . , n− 1. Then we claim that the inequality
Lk > 0 can not be derived from other inequalities of the form Ls > 0 (s ̸= k). We prove this for
the case where uω(k) < uω(k+1), in which Lk takes the form (6.7) and the set of vertices in the
region Rk is {ω(k+ 1), ω(k+ 1) + 1, . . . , ω(k)− 1}. If Lk =

∑︁
v∈Rk

θv > 0 is derived from other
inequations, then we need at least one of the inequality Ls > 0 (s ̸= k) to be of the form:

� Ls = θω(k+1) + θω(k+1)+1 + · · ·+ θα > 0 for some ω(k + 1) ≤ α < ω(k)− 1,

� Ls = −(θα + · · ·+ θω(k+1)−1) > 0 for some 1 ≤ α ≤ ω(k + 1)− 1.

The former (resp. latter) inequality can be obtained from zigzag paths uω(s), uω(s+1) adjacent
in Zω such that uω(s) < uω(s+1) = uω(k+1) (resp. uω(k+1) = uω(s+1) < uω(s)). In both cases, this
contradicts the condition s ̸= k. The proof for the case uω(k) > uω(k+1) is similar. In conclusion,
the equation

∑︁
v∈Rk

θv = 0 determines a wall of C.
The assertions (2), (2)′, (3), and (3)′ follow from the above arguments. ■
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Theorem 6.12. Let the notation be as in Setting 6.10. Suppose that the sequence of zigzag
paths corresponding to C is Zω = (uω(1), . . . , uω(n)). Let C ′ ⊂ Θ(Q)R be the chamber adjacent
to C and suppose that C and C ′ are separated by the wall Wk given in Theorem 6.11 (1). Then,
the sequence of zigzag paths corresponding to C ′ is Zωsk , where sk is the adjacent transposition
swapping k and k + 1.

Proof. Let θ ∈ C and θ′ ∈ C ′. For the chamber C ′, there exists a unique sequence Zω′ satisfying
the conditions in Propositions 6.2 and 6.3 for some ω′ ∈ Sn.

If Wk is a wall of type I, then ∆C,k and ∆C,k+1 form a parallelogram and a crossing of the
wall Wk induces a flop, which corresponds to a flip of the diagonal. Thus, we have sgn(∆C,k) =
sgn(∆C′,k+1), sgn(∆C,k+1) = sgn(∆C′,k). Also, since a flop preserves a toric divisor, we have

Pθ
(i,0) = Pθ′

(i,0), Pθ
(j,1) = Pθ′

(j,1) (6.11)

for any i = 0, . . . , a, j = 0, . . . , b. The sequence Zω′ satisfying the above conditions is Zωsk .
If Wk is a wall of type III, then ∆ω,k and ∆ω,k+1 form a large triangle, and ∆C = ∆C′ .

Since a crossing of the wall Wk induce a divisor-to-curve contraction, we have (6.11) except the
perfect matching corresponding to the foot of the bisector on the triangle ∆ω,k ∪∆ω,k+1. The
sequence Zω′ satisfying the above conditions is Zωsk . ■

Since the adjacent transpositions sk (k = 1, . . . , n − 1) generate the symmetric group Sn,
Theorems 6.11 and 6.12 show that any sequence Zω corresponds to a certain chamber in Θ(Q)R.
In particular, we have the following.

Corollary 6.13. Let the notation be as in Setting 6.10. There exists a one-to-one correspon-
dence between the following sets:

(a) the set of chambers in Θ(Q)R,

(b) the set
{︁
Zω = (uω(1), . . . , uω(n)) | ω ∈ Sn

}︁
of sequences of zigzag paths.

Under this correspondence, a sequence Zω and the corresponding chamber C satisfy sgn(∆C) =
sgn(Zω). Furthermore, a wall-crossing in (a) corresponds to the action of an adjacent transpo-
sition in (b). In particular, the chambers in Θ(Q)R can be identified with the Weyl chambers of
type An−1.

By Corollary 6.13, we may write a chamber C as Cω when C corresponds to Zω, and can
define the action of Sn on the set of chambers in Θ(Q)R, which is compatible with the action
of Sn on {Zω | ω ∈ Sn}.

Remark 6.14. Note that the identification of the chambers in Θ(Q)R with the Weyl chambers
was already shown in [45, Lemma 6.8] for any cAn−1 singularity. The description of each
chamber in Θ(Q)R given in Theorem 6.11 can also be obtained by the tracking argument of GIT
chambers established in [45, Section 5], which uses mutations of maximal modifying modules. An
advantage of our method is that we can obtain a chamber description directly from a given dimer
model, but it should be emphasized that the method in [45] is valid for any cDV singularity.

Example 6.15. We consider our running example, that is, let Γ be the dimer model as in
Figure 1. Recall that the zigzag polygon of Γ is ∆(3, 2). Let u1, . . . , u5 be zigzag paths shown
in Figure 13, and we fix a total order u5 < · · · < u1.

Let ω = (1452) ∈ S5, and consider the sequence Zω = (uω(1), . . . , uω(5)) = (u4, u1, u3, u5, u2)
of zigzag paths, which satisfy sgn(Zω) = (+1,−1,−1,+1,−1). By Corollary 6.13, there exists
a chamber Cω corresponding to Zω, and it is given as

Cω = {θ ∈ Θ(Q)R | θ1 + θ2 + θ3 > 0, θ1 + θ2 < 0, θ3 + θ4 < 0, θ2 + θ3 + θ4 > 0}
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by Theorem 6.11. In fact, since R1 = R(u4, u1) = {1, 2, 3} and u4 < u1, we have the inequality
θ1 + θ2 + θ3 > 0, and the other inequations can be obtained from other pairs of zigzag paths.
Since the triangulation ∆Cω satisfies sgn(∆Cω) = sgn(Zω) = (+1,−1,−1,+1,−1), we are in the
situation depicted in Figure 12. Thus, the projective crepant resolution MCω is the smooth
toric variety associated to the toric fan induced by the triangulation ∆Cω .

Next, considering the action of s3 ∈ S5 on Zω which swaps uω(3) = u3 and uω(4) = u5, we
have the sequence Zωs3 = (u4, u1, u5, u3, u2). By Theorem 6.12, the chamber Cωs3 corresponding
to Zωs3 is adjacent to Cω. Since R3 = R(u3, u5) = {3, 4} and [u3] = −[u5], the chamber Cωs3 is
separated from Cω by the wall θ3 + θ4 = 0, which is of type I (see Theorem 6.11). Furthermore,
we have

Cωs3 = {θ ∈ Θ(Q)R | θ1 + θ2 + θ3 > 0, θ1 + θ2 + θ3 + θ4 < 0, θ3 + θ4 > 0, θ2 > 0}.

We then consider the action of s2 ∈ S5 on Zω which swaps uω(2) = u1 and uω(3) = u3, and
have the sequence Zωs2 = (u4, u3, u1, u5, u2). By Theorem 6.12, the chamber Cωs2 corresponding
to Zωs2 is adjacent to Cω. Since R2 = R(u1, u3) = {1, 2} and [u1] = [u3], the chamber Cωs2 is
separated from Cω by the wall θ1 + θ2 = 0, which is of type III. Furthermore, we have

Cωs2 = {θ ∈ Θ(Q)R | θ3 > 0, θ1 + θ2 > 0, θ1 + θ2 + θ3 + θ4 < 0, θ2 + θ3 + θ4 > 0}.

Then we define the action ofSa×Sb ⊂ Sn on Zω (and hence on Cω) so thatSa (resp.Sb) acts
on the subsequence (zk1 , . . . , zka) (resp. (wk′1

, . . . , wk′b
)) of Zω as discussed in Proposition 6.3.

Since such an action does not change the sign of a sequence of zigzag paths, the sign of the
corresponding triangulation is also preserved, thus we have the following.

Corollary 6.16. Let the notation be as above. Then we see that MCω
∼= MCω′ if and only if

ω′ = ω · σ for some σ ∈ Sa ×Sb. In particular, projective crepant resolutions of SpecRa,b are
in a one-to-one correspondence with the cosets of Sa ×Sb in Sn.

Remark 6.17. For adjacent chambers C,C ′ ⊂ Θ(Q)R, the moduli spaces MC , MC′ are not
necessarily isomorphic, but for each wall in Θ(Q)R, there exists a functor Ξ giving rise to a derived
equivalence Db(cohMC) ≃ Db(cohMC′) of the adjacent moduli spaces, see [25, Theorem 11.1].
Thus, all projective crepant resolutions of SpecRa,b are derived equivalent. We consider a path γ
in Θ(Q)R starting from a chamber C and terminating at the same chamber. Then the composite
of functors Ξ associated to walls passed by γ, which is also identified with the product of
some transpositions of Sn via the correspondence in Corollary 6.13, gives an autoequivalence
of Db(cohMC). In particular, the mixed braid group Ba,b acts faithfully on Db(cohMC), see
[17, Theorem 1]. Here, the mixed braid group Ba,b is the subgroup of the braid group Bn on n
strands defined as φ−1(Sa ×Sb), where φ is a natural surjection Bn

φ−→ Sn.

For a chamber C ⊂ Θ(Q)R, if the projective crepant resolution MC contains a floppable
curve ℓ (equivalently b ̸= 0), then there exists a wall of type I corresponding to ℓ (see Theo-
rem 6.11). Since all projective crepant resolutions of SpecRa,b (triangulations of ∆(a, b)) are
connected by repetitions of flops, collecting all chambers which can be connected to C by cross-
ings of walls of type I, we have all projective crepant resolutions of SpecRa,b as moduli spaces.
Thus, we can identify these chambers and their walls of type I with the flop graph of projective
crepant resolutions, which is a graph whose vertices are projective crepant resolutions and two
vertices are connected by an edge if the corresponding two crepant resolutions are connected
by a flop at some curve. If Ra,b is isolated (equivalently a = b = 1), then the closures of such
chambers cover Θ(Q)R. However, if a ≥ 2, in which case there exists a wall of type III in Θ(Q)R,
then different chambers would give the same projective crepant resolution up to isomorphism
(cf. Corollary 6.16). To observe this phenomenon in more detail, we consider the notion of
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a GIT region introduced in [1]. First, let C, C ′ be adjacent chambers in Θ(Q)R. If the wall
C ∩C ′ is of type I, then we delete it from Θ(Q)R. After deleting all walls of type I, we have the
coarse wall-and-chamber structure of Θ(Q)R. Each component of the coarse wall-and-chamber
decomposition of Θ(Q)R is said to be a GIT region.

Proposition 6.18. Let G be a GIT region of Θ(Q)R. Then G contains n!
a!b! chambers of Θ(Q)R

and any projective crepant resolution of SpecRa,b can be obtained as the moduli space MC for
some C ⊂ G. In particular, the number of GIT regions in Θ(Q)R is a!b!.

Proof. As we observed above, if MC contains a floppable curve ℓ for some chamber C ⊂ Θ(Q)R
(equivalently b ̸= 0), then we can obtain the GIT region of Θ(Q)R containing C and any
projective crepant resolution can be realized as the moduli space associated to a chamber in this
GIT region. If there is a chamber in Θ(Q)R not contained in the above GIT region, we repeat
the same argument to such a chamber. Then any chamber of Θ(Q)R is eventually contained
in some GIT region. Since the number of triangulations of ∆(a, b) is

(︁
n
a

)︁
= n!

a!b! , we have the
first assertion. Moreover, since the chamber structure of Θ(Q)R can be identified with the Weyl
chambers of type An−1 (see Corollary 6.13), the number of chambers is equal to |Sn| = n!, and
hence the number of GIT regions is a!b!.

We note that when b = 0, a projective crepant resolution is unique up to isomorphism and
n = a, thus the assertions are trivial. ■

Example 6.19 (the suspended pinch point (cf. [25, Example 12.5], [2, Section 5])). Let a = 2,
b = 1. Using the method in Section 5 for (i1, i2, i3) = (−1,−1,+1) and id ∈ S3, we have the
dimer model Γ = Γid shown in the left of Figure 18. In particular, the zigzag polygon of Γ is
∆(2, 1). We consider the zigzag paths u1, u2, u3 shown in the right of Figure 18. In particular,
the slopes of these zigzag paths are [u1] = [u2] = (0,−1), [u3] = (0, 1). We fix a total order
u3 < u2 < u1.

0

1

2

0

1

2

u1 u2

u3

Figure 18. The dimer model Γ whose zigzag polygon is ∆(2, 1) (left), the zigzag paths u1, u2, u3 on Γ

(right).

Let Q be the quiver associated to Γ. Then the space of stability parameters is

Θ(Q)R = {θ = (θ0, θ1, θ2) | θ0 + θ1 + θ2 = 0}.

By Theorem 6.11 and Corollary 6.13, we have the wall-and-chamber decomposition of Θ(Q)R
as shown in Figure 19. For example, the sequence (u3, u2, u1) corresponds to the chamber C
described as C = {θ ∈ Θ(Q)R | θ1 > 0, θ2 > 0}, and the crepant resolution MC is isomorphic
to the toric variety associated to the triangulation of ∆(2, 1) described in the first quadrant of
Figure 19. A crossing of the wall θ2 = 0 of C corresponds to a swapping of u3 and u2. Also, a
crossing of the wall θ1 = 0 of C corresponds to a swapping of u2 and u1.

In Figure 19, the equations θ2 = 0 and θ1 + θ2 = 0 are walls of type I, and θ1 = 0 is a wall
of type III. Thus, three chambers satisfying θ1 > 0 are in the same GIT region, and also the
ones θ1 < 0 are in the same GIT region. Each GIT region induces the flop graph of projective
crepant resolutions of SpecR2,1.
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θ1

θ2

(u3, u2, u1)

(u3, u1, u2)

(u1, u3, u2)

(u1, u2, u3)

(u2, u1, u3)

(u2, u3, u1)

Figure 19. The wall-and-chamber structure of Θ(Q)R

Remark 6.20. As we discussed in Section 5, the consistent dimer models in {Γπ | π ∈ Sn}
are associated to the toric diagram of Ra,b, and they are transformed into one another by the
actions of adjacent transpositions. For any consistent dimer model Γπ with π ∈ Sn, we have
the same results shown in this section. In particular, the chambers in Θ(Qπ)R are identified
with the Weyl chambers of type An−1. There are differences in projective crepant resolutions
associated to some chambers, which correspond to choices of simple roots in the theory of root
systems. For example, let a = 2, b = 1, and s2 = (2 3) ∈ S3. Then we have the consistent dimer
model Γs2 as shown in the left of Figure 20. According to convention (6.5), we label the zigzag
paths of Γs2 as shown in the right of Figure 20.

2

0

1

2

0

1

u′3 u′1

u′2

Figure 20. The dimer model Γs2 whose zigzag polygon is ∆(2, 1) (left), the zigzag paths u′
1, u

′
2, u

′
3

on Γs2 whose slopes are either (0,−1) or (1, 0) (right).

Then, by Theorem 6.11 and Corollary 6.13, we have the wall-and-chamber structure of
Θ(Qs2)R as shown in Figure 21. Note that the wall-and-chamber structure is the same as the
one in Figure 19, but the projective crepant resolution associated to each chamber is different.

7 Variations of stable representations under wall crossings

We keep Settings 6.1 and 6.10. In the previous section, we showed the correspondence be-
tween the chambers in Θ(Q)R and the set {Zω | ω ∈ Sn} of sequences of zigzag paths (see
Corollary 6.13). Also, using this correspondence, we can see the variation of projective crepant
resolutions of SpecRa,b. In this section, we observe the variations of torus orbits in projective
crepant resolutions under wall crossings. First, we recall that for a chamber Cω the torus orbits
in the projective crepant resolution MCω of SpecRa,b can be determined by the set PMCω(Γ) of
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θ1

θ2

(u′
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′
2, u

′
1)

(u′
3, u

′
1, u

′
2)

(u′
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′
3, u

′
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(u′
1, u

′
2, u

′
3)

(u′
2, u

′
1, u

′
3)

(u′
2, u

′
3, u

′
1)

Figure 21. The wall-and-chamber structure of Θ(Qs2)R.

θ-stable perfect matchings of Γ for some (and hence any) θ ∈ Cω. Precisely, for an r-dimensional
cone σ ∈ ΣCω(r) (r = 1, 2, 3), the cosupport of a θ-stable representation Mσ, which corresponds
to a (3 − r)-dimensional torus orbit Oσ ⊂ MCω , consists of the arrows dual to

⋃︁r
i=1 Pi, where

P1, . . . ,Pr are perfect matchings in PMCω(Γ) corresponding to the rays of σ ∈ ΣCω(r), see Propo-
sition 3.10. Thus, in the following, we will observe the variations of stable perfect matchings to
understand the variations of torus orbits under wall crossings.

Setting 7.1. Let Cω be a chamber in Θ(Q)R corresponding to the sequence Zω for some ω ∈ Sn

(see Corollary 6.13). In the following, we use the notation Σω := ΣCω , ∆ω := ∆Cω , and
PMω(Γ) := PMCω(Γ).

We consider the set of elementary triangles {∆ω,k}nk=1 in the triangulation ∆ω as in Set-
ting 6.10. For any k = 1, . . . , n − 1, we denote by σω,k the three-dimensional cone in the toric
fan Σω corresponding to ∆ω,k, and denote by τω,k the two-dimensional cone in Σω corresponding
to the line segment ∆ω,k ∩∆ω,k+1.

Suppose that Wk =
{︁
θ ∈ Θ(Q)R |

∑︁
v∈Rk

θv = 0
}︁
is a wall of Cω (see Theorem 6.11) and

the chamber adjacent to Cω by the wall Wk is Cωsk . For θ ∈ Cω, let P
θ
q be the θ-stable perfect

matching corresponding to a lattice point q ∈ ∆(a, b). By Theorem 6.12 (and its proof), we can
observe the variations of stable perfect matchings as in Propositions 7.2 and 7.3 below.

Proposition 7.2. Let the notation be the same as above. If the wall Wk is of type I, then we
see that Pθ

q = Pθ′
q for any θ ∈ Cω, θ

′ ∈ Cωsk , and any lattice point q ∈ ∆(a, b). In particular, we
have PMω(Γ) = PMωsk(Γ).

Proposition 7.3. Let the notation be the same as above. Suppose that the wall Wk is of type
III, in which case [uω(k)] = [uω(k+1)] and the elementary triangles ∆ω,k and ∆ω,k+1 form a large
triangle. Let m ∈ ∆(a, b) be the foot of the bisector on the triangle ∆ω,k ∪∆ω,k+1.

m

∆ω,k ∆ω,k+1

Then, for any θ ∈ Cω, θ
′ ∈ Cωsk , we see that P

θ
q = Pθ′

q if q ∈ ∆(a, b) is a lattice point with q ̸= m,
and Pθ′

m = Suω(k+1)
Suω(k)

(︁
Pθ
m

)︁
, where Suω(k)

and Suω(k+1)
are the zigzag switchings as defined in
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Section 4.2. In particular, we have

PMωsk(Γ) =
(︁
PMω(Γ)\

{︁
Pθ
m

}︁)︁
∪
{︁
Suω(k+1)

Suω(k)

(︁
Pθ
m

)︁}︁
.

By using Propositions 7.2 and 7.3, we can track the variations of stable perfect matchings
under wall-crossings. Thus, we can also track the variations of stable representations correspond-
ing to torus orbits in projective crepant resolutions by considering their support determined by
stable perfect matchings. In the following, we study stable representations corresponding to
exceptional curves in a projective crepant resolution and observe their variations under wall-
crossings.

We here recall that for any zigzag paths ui as in Setting 6.10 both Zig(ui) and Zag(ui) consist
of a single edge (see Lemma 5.2). We denote the arrows of Q dual to edges in Zig(ui) and Zag(ui)
by zig(ui) and zag(ui), respectively.

Lemma 7.4. Let the notation be as in Setting 7.1. For θ ∈ Cω and a two-dimensional cone
τ = τω,k ∈ Σω(2), we consider the θ-stable representation Mτ . Then, for any zigzag path ui
(i = 1, . . . , n), either zig(ui) or zag(ui) is contained in SuppMτ .

Proof. By Proposition 3.10, the cosupport of Mτ consists of the arrows dual to Pθ
(i,0) ∪ Pθ

(j,1) for
some i = 0, . . . , a and j = 0, . . . , b. Thus, the assertion follows from the description of θ-stable
perfect matchings as in (6.1), (6.2), and (6.3). ■

We then consider a subset V of the arrow set Q1 such that V contains either zig(ui) or
zag(ui). In view of Lemma 7.4, for a zigzag path ui (i = 1, . . . , n) we define

Sui(V ) =

{︄(︁
V \{zig(ui)}

)︁
∪ {zag(ui)} if zig(ui) ∈ V ,(︁

V \{zag(ui)}
)︁
∪ {zig(ui)} if zag(ui) ∈ V .

Note that this can be considered as a variant of the zigzag switching, thus we use the same
notation.

Theorem 7.5. Let the notation be as in Setting 7.1. For k = 1, . . . , n−1, let ℓk be an exceptional
curves in MCω which is the torus orbit Oτ for the two-dimensional cone τ = τω,k ∈ Σω(2). We
consider the chamber Cωsk separated from Cω by the wall Wk determined by

∑︁
v∈Rk

θv = 0.
Then, for the cone τ ′ := τωsk,k ∈ Σωsk(2), we have that

SuppMτ ′ = Suω(k+1)
Suω(k)

(SuppMτ ).

Proof. Let θ ∈ Cω and θ′ ∈ Cωsk .
First, we assume that the wall Wk is of type I, in which ℓk is floppable. We consider the

parallelogram ∆ω,k∪∆ω,k+1 in the triangulation ∆ω. As in the proof of Theorem 6.11, we suppose
that the vertices of the parallelogram are (i− 1, 0), (i, 0), (j − 1, 1) and (j, 1). Also, we suppose
that the diagonal connecting (j−1, 1) and (i, 0) corresponds to τ . Then the cone τ ′ corresponds
to the diagonal connecting (i − 1, 0) and (j, 1) in the triangulation ∆ωsk . By Proposition 7.2,
we have

Pθ
(i−1,0) = Pθ′

(i−1,0), Pθ
(j−1,1) = Pθ′

(j−1,1), Pθ
(i,0) = Pθ′

(i,0), Pθ
(j,1) = Pθ′

(j,1).

By Proposition 6.2, we see that

Zag(uω(k)) ⊂ Pθ
(i,0), Zig(uω(k+1)) ⊂ Pθ

(j−1,1),

Zig(uω(k)) ⊂ Pθ′

(i−1,0), Zag(uω(k+1)) ⊂ Pθ′

(j,1)
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which means that zig(uω(k)), zag(uω(k+1)) ∈ SuppMτ and zig(uω(k+1)), zag(uω(k)) ∈ SuppMτ ′ .
Since SuppMτ and SuppMτ ′ are the same except these arrows, we have the assertion.

Next, we assume that the wall Wk is of type III, in which case we consider the large triangle
∆ω,k ∪∆ω,k+1 in the triangulation ∆ω. As in the proof of Theorem 6.11, we suppose that the
vertices of the large triangle are (i−1, 0), (i, 0), (i+1, 0) and (j, 1). Then, the triangulations ∆ω

and ∆ωsk are the same, and the cones τ and τ ′ correspond to the line segment connecting (i, 0)
and (j, 1). By Proposition 7.3, we have Pθ′

(i,0) = Suω(k+1)
Suω(k)

(︁
Pθ
(i,0)

)︁
, and the other stable perfect

matchings are preserved. Thus we have the assertion. ■

By Theorem 7.5, we see that the support quivers Qτ and Qτ ′ are transformed into each other
by “reflections” of quivers at vertices contained in Rk. More precisely, let (Qτ ,JQτ ) be the
quiver with relations such that (Qτ )0 = Q0, (Q

τ )1 = SuppMτ , and JQτ is the restriction of the
relations JQ on Qτ . Note that JQτ can be described as

JQτ =
{︁
γ+a − γ−a | a ∈ Pθ

(i,0) ∩ Pθ
(j,1)

}︁
,

but the claim shown in the proof of Lemma 6.7 implies that JQτ = ∅. Thus, we consider the
quiver Qτ with no relations. The quiver Qτ ′ is defined in a similar way and Theorem 7.5 shows
that Qτ ′ coincides with the quiver obtained by reversing all arrows of Qτ incident to a vertex
in Rk. Note that if hd(a), tl(a) ∈ Rk for an arrow a ∈ (Qτ )1, then we reverse this arrow twice,
and hence the orientation is restored.

8 Notes on the wall-and-chamber structure for type cD4

In this section, we focus on the toric compound Du Val singularity of type cD4

(cD4) : R := C[x, y, z, w]/
(︁
xyz − w2

)︁
which can be realized as the toric ring whose toric diagram is the triangle shown in the right
of Figure 2, see Example 2.6. Note that R is also isomorphic to the invariant subring SG of
S := C[X,Y, Z] under the action of G := Z/2Z×Z/2Z ∼= ⟨diag(−1,−1, 1)⟩×⟨diag(1,−1,−1)⟩ ⊂
SL(3,C). Since R is a three-dimensional Gorenstein toric ring, we can apply results in Sec-
tions 2–4 to R. First, since the toric diagram ∆R is a triangle, a consistent dimer model Γ
satisfying ∆R = ∆Γ is a hexagonal dimer model (i.e., any face of Γ is a hexagon and any node
of Γ is 3-valent, which means that Γ is homotopy-equivalent to a dimer model whose faces are
all regular hexagons), see [27, 42]. Precisely, Γ is described as in Figure 22.

0

0

1

1

2

3

3

1

1

0

0

Figure 22. A dimer model Γ associated to ∆R, where the dotted parallelogram stands for a fundamental

domain of T.
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Let ∆ = ∆Γ. There are four triangulations of the triangle ∆ which are regular by the
argument in [14, Section 3]. Thus, any triangulation gives rise to a projective crepant resolution
of SpecR. In particular, the flop graph of projective crepant resolutions takes the form of
Figure 23. By Theorem 3.2 (see also [12, Theorem 1.1]), any projective crepant resolution of
SpecR is obtained as the moduli space MC for some chamber C in Θ(QΓ)R. Note that it is
known that the quiver QΓ coincides with the McKay quiver of G = Z/2Z × Z/2Z, and for the
chamber C+ := {θ ∈ Θ(QΓ)R | θv > 0 for any v ̸= 0}, the moduli space MC+ is isomorphic to
G-HilbC3. Furthermore, the skew group algebra S ∗ G is derived equivalent to G-HilbC3 [7,
Theorem 1.2], and thus it is an NCCR of R.

Figure 23. The flop graph of projective crepant resolutions of the toric cD4 singularity R, where each

projective crepant resolution is denoted by the associated triangulation.

The wall-and-chamber structure of Θ(QΓ)R has been studied in [1, Section 6], [10, Section 5],
[33], [2, Section 5], and [45, Remark 7.5, Example 7.6]. In what follows, we revisit the wall-and-
chamber structure of Θ(QΓ)R using the arguments similar to Theorem 6.11.

We fix the lower left vertex of ∆ = ∆Γ as the origin. The dimer model Γ has six zigzag paths
x1, x2, y1, y2, z1, z2 as shown in Figure 24. The corner perfect matchings P(0,0), P(2,0), P(0,2)

of Γ corresponding to the vertices of ∆, which are determined uniquely, can be obtained from
these zigzag paths as follows:

P(0,0) = Zig(x1) ∪ Zig(x2) = Zag(z1) ∪ Zag(z2),

P(2,0) = Zig(y1) ∪ Zig(y2) = Zag(x1) ∪ Zag(x2),

P(0,2) = Zig(z1) ∪ Zig(z2) = Zag(y1) ∪ Zag(y2).

These perfect matchings are θ-stable for any generic parameter θ ∈ Θ(QΓ)R, see Proposi-
tion 3.7. On the other hand, by Proposition 4.9, for a generic parameter θ ∈ Θ(QΓ)R and
θ-stable non-corner boundary perfect matchings Pθ

(1,0), P
θ
(1,1), P

θ
(0,1) respectively corresponding

to (1, 0), (1, 1), (0, 1) ∈ ∆, there exists a unique sequence (xi1 , xi2 , yj1 , yj2 , zk1 , zk2) of zigzag paths
such that {i1, i2} = {j1, j2} = {k1, k2} = {1, 2} and

Pθ
(1,0) = Zag(xi1) ∪ Zig(xi2), Pθ

(1,1) = Zag(yj1) ∪ Zig(yj2),

Pθ
(0,1) = Zag(zk1) ∪ Zig(zk2). (8.1)

Thus we assign the zigzag paths xi1 , xi2 , yj1 , yj2 , zk1 , zk2 to primitive side segments of ∆ as in
Figure 25.
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Figure 24. The zigzag paths of Γ.

xi1 xi2

yj1

yj2

zk2

zk1

Figure 25. The assignment of zigzag paths to primitive side segments of ∆.

Next, by cutting out an elementary triangle from ∆, we consider three types of trapezoids as
shown in Figure 26. We denote these trapezoids by ∆x, ∆y, and ∆z, respectively. A difference
from the case of cAa+b−1 is that one of the parallel sides of a trapezoid is contained in the interior
of ∆. Thus, there is no zigzag path whose slope coincides with the outer normal vector of such
a side. Nevertheless, the symmetric difference of boundary perfect matchings corresponding to
endpoints of the side takes the place of a zigzag path.

∆x ∆y ∆z

(0, 0) (2, 0)

(0, 1) (1, 1)

(1, 0) (2, 0)

(0, 1)

(0, 2)

(0, 0) (1, 0)

(1, 1)

(0, 2)

Figure 26.

For each generic parameter θ ∈ Θ(QΓ)R, the symmetric difference xθ := Pθ
(1,1) ⊖ Pθ

(0,1) satis-
fies

[︁
xθ

]︁
= −[x1] = −[x2] = (0, 1). Similarly, yθ := Pθ

(0,1) ⊖ Pθ
(1,0) and zθ := Pθ

(1,0) ⊖ Pθ
(1,1) satisfy[︁

yθ
]︁
= −[y1] = −[y2] = (−1,−1),

[︁
zθ
]︁
= −[z1] = −[z2] = (1, 0). The slopes

{︁
[x1], [x2],

[︁
xθ

]︁}︁
correspond to outer normal vectors of two parallel lines of the left trapezoid in Figure 26. Also,
the slopes

{︁
[y1], [y2],

[︁
yθ
]︁}︁

and
{︁
[z1], [z2],

[︁
zθ
]︁}︁

respectively correspond to outer normal vectors
of two parallel lines of the center and right trapezoids in Figure 26. The path xθ and xi (i = 1, 2)
would intersect each other, but we can check that intersections are not transversal. Thus, we
can define the regions R

(︁
xi, x

θ
)︁
= R+

(︁
xi, x

θ
)︁
and R−(︁xi, xθ)︁ in a similar way as in Section 6.3.

The cases yθ and zθ are similar. Then we fix a total order on
{︁
x1, x2, x

θ
}︁
so that{︄

x2 < xθ < x1 if xθ contained in R+(x1, x2),

xθ < x2 < x1 if xθ contained in R−(x1, x2).

Also, we fix a total order on
{︁
y1, y2, y

θ
}︁
and

{︁
z1, z2, z

θ
}︁
in a similar way.



Variations of GIT Quotients and Dimer Combinatorics 41

For a chamber C ⊂ Θ(QΓ)R, we consider the triangulation ∆C of ∆ corresponding to MC .
For any θ ∈ C, we can assign the zigzag paths x1, x2, y1, y2, z1, z2 to primitive side segments
of ∆ as in Figure 25. We also assign the paths x3 := xθ, y3 := yθ, and z3 := zθ to the line
segments of ∆x, ∆y, and ∆z whose outer normal vectors respectively correspond to [x3], [y3],
and [z3]. Then we create a new sequence of paths in {x1, x2, x3, y1, y2, y3, z1, z2, z3} as follows.
First, the triangulation ∆C induces triangulations of at least two trapezoids of ∆x, ∆y, ∆z. More
precisely, the center triangulation in Figure 23 induces triangulations of all trapezoids, and the
remaining ones induce triangulations of two trapezoids out of ∆x, ∆y, ∆z. In what follows, when
we consider the center triangulation in Figure 23, we choose two trapezoids from ∆x, ∆y, ∆z

and their induced triangulations. For example, we assume that ∆C induces triangulations
of ∆x and ∆y, and let {∆x

C,k}3k=1 (resp. {∆y
C,k}

3
k=1) be the set of elementary triangles in the

triangulation of ∆x (resp. ∆y) induced from ∆C . Note that we fix the index k so that the line
from

(︁
0, 12

)︁
to

(︁
2, 12

)︁
(resp. from (32 , 0) to

(︁
0, 32

)︁
) passes through ∆x

C,k (resp. ∆y
C,k) first, then

it passes through ∆x
C,k+1 (resp. ∆y

C,k+1) for any k = 1, 2. The assignment of x1, x2, x3 (resp.
y1, y2, y3) to the primitive line segments in the triangulation of ∆x (resp. ∆y) determines the
assignment of these paths to elementary triangles {∆x

C,k}3k=1 (resp. {∆y
C,k}

3
k=1). Then we define

the sequence (u1, . . . , u6) so that uk is the path assigned to ∆x
C,k and uk+3 is the path assigned to

∆y
C,k for k = 1, 2, 3. For the cases where ∆C induces triangulations of ∆y and ∆z or ∆z and ∆x,

we define the sequence (u1, . . . , u6) in a similar way, but when we consider the set {∆z
C,k}3k=1

of elementary triangles in the triangulation of ∆z induced from ∆C , we fix the index k so that
the line from

(︁
1
2 ,

3
2

)︁
to

(︁
1
2 , 0

)︁
passes through ∆z

C,k first, then it passes through ∆z
C,k+1 for any

k = 1, 2. For example, if we consider the triangulation ∆C as in the left of Figure 27, then this
induces triangulations of ∆x and ∆y (see the center and the right of Figure 27). If the paths x1,
x2, x3, y1, y2, y3 are assigned as in Figure 27, then we have (u1, . . . , u6) = (x2, x1, x3, y3, y2, y1).

x2 x1

y2

y1z2

z1
x2 x1

x3

y2

y1

y3

Figure 27. A triangulation of ∆, the induced triangulations of ∆x and ∆y, and an example of the

assignment of the paths x1, x2, x3, y2, y1, y3.

We are now ready to state the theorem for type cD4.

Theorem 8.1. Let C be a chamber in Θ(QΓ)R and ∆C be the triangulation of ∆ giving rise to the
projective crepant resolution MC . Let ℓ be an exceptional curve in MC . We suppose that ∆C,1,
∆C,2 are elementary triangles in ∆C such that ∆C,1 ∩ ∆C,2 is the line segment corresponding
to ℓ, in which case both ∆C,1 and ∆C,2 appear in two of triangulations of the trapezoids ∆x,
∆y, ∆z. Let (u1, . . . , u6) be the sequence defined as above and suppose that uk, uk+1 respectively
correspond to ∆C,1, ∆C,2. Note that k is any of the index in {1, 2, 4, 5}. Then we have the
following.

(1) The equation (3.4) derived from ℓ takes the form
∑︁

v∈R θv = 0 where R = R(uk, uk+1),
and

W :=

{︃
θ ∈ Θ(QΓ)R |

∑︂
v∈R

θv = 0

}︃
is a wall of C.

(2) The wall W is of type I if and only if [uk] = −[uk+1].
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(2)′ The wall W is of type III if and only if [uk] = [uk+1].

(3) Any parameter θ ∈ C satisfies
∑︁

v∈R θv > 0 if uk < uk+1.

(3)′ Any parameter θ ∈ C satisfies
∑︁

v∈R θv < 0 if uk > uk+1.

Proof. The proof is similar to Theorem 6.11. We note some differences:

� When the path uk or uk+1 is one of x3, y3, or z3, we use these paths as substitutes for
zigzag paths.

� Hex(σ+) (resp. Hex(σ−)) might contain an edge e such that e ∈ P0 ∩ P1 ∩ P2 (resp. e ∈
P1∩P2∩P3) in its strict interior. Thus, Lemma 6.8 is false in this situation. Nevertheless,
the arrow dual to such an edge e is not supported by θ-stable representations corresponding
to σ+ (resp. σ−), which means the quiver ˜︃Qσ+ (resp. ˜︃Qσ−) does not contain the arrow dual
to e. Thus, we do not need to take care of e when we compute deg(Lv|ℓ).

� When an edge e as above exists, c− (resp. c+) is not a single edge. Nevertheless, the
edges contained in c− (resp. c+) and supported by θ-stable representations corresponding
to σ+ (resp. σ−) are all zigs or zags of some path in {u1, . . . , u6}. We substitute this
fact for Lemma 6.9. Note that although x3, y3, z3 are not zigzag paths, we use the same
terminologies “zig” and “zag” for an edge directed from white to black and from black to
white. ■

Example 8.2. Let C be a chamber in Θ(QΓ)R. Suppose that the triangulation ∆C takes the
form as in the left of Figure 27, in which the zigzag paths x1, x2, y1, y2, z1, z2 are assigned to
primitive side segments. Then, for any θ ∈ C, non-corner boundary θ-stable perfect matchings
take the following forms:

Pθ
(1,0) = Zag(x2) ∪ Zig(x1), Pθ

(1,1) = Zag(y2) ∪ Zig(y1), Pθ
(0,1) = Zag(z2) ∪ Zig(z1).

From these perfect matchings, we have the paths x3 = xθ, y3 = yθ, and z3 = zθ as in Figure 28.
Also, we see that x2 < x3 < x1, y2 < y3 < y1 and z2 < z3 < z1.

x3 = Pθ
(1,1) ⊖ Pθ

(0,1) y3 = Pθ
(0,1) ⊖ Pθ

(1,0) z3 = Pθ
(1,0) ⊖ Pθ

(1,1)

0

0

1

1

2

3

3

1

1

0

0
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0

0

1

1

2

3

3

1

1

0

0
y3

0

0

1
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3

3

1

1

0

0

z3

Figure 28.

On the other hand, the triangulation ∆C induces the triangulations of ∆x and ∆y. The
assignments of paths as in the center and the right of Figure 27 induce the sequence (u1, . . . , u6) =
(x2, x1, x3, y3, y2, y1).

We first pay attention to the parallelogram whose vertices are (1, 0), (2, 0), (1, 1) and (0, 1).
We consider the elementary triangles ∆C,1 and ∆C,2 in the triangulation ∆C which form this
parallelogram, in which ∆C,1∩∆C,2 is the diagonal connecting (2, 0) and (0, 1). In this situation,
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u2 = x1, u3 = x3 respectively correspond to ∆C,1, ∆C,2. Applying Theorem 8.1, we have that∑︁
v∈R(u2,u3)

θv = θ3 = 0 is a wall of C, and it is of type I. Moreover, any θ ∈ C satisfies
θ3 < 0 since u2 > u3. Note that u4 = y3, u5 = y2 also respectively correspond to ∆C,1, ∆C,2,
and even if we use these paths we have the same conclusion. We then pay attention to the
triangle whose vertices are (0, 0), (2, 0), and (0, 1). We consider the elementary triangles ∆′

C,1

and ∆′
C,2 = ∆C,1 in the triangulation ∆C which form the above triangle, in which ∆′

C,1 ∩∆′
C,2

is the line segment connecting (1, 0) and (0, 1). In this situation, u1 = x2, u2 = x1 respectively
correspond to ∆′

C,1, ∆
′
C,2. Applying Theorem 8.1, we have that

∑︁
v∈R(u1,u2)

θv = θ2 + θ3 = 0
is a wall of C, and it is of type III. Moreover, any θ ∈ C satisfies θ2 + θ3 > 0 since u1 < u2.
Similarly, considering the triangle whose vertices are (2, 0), (0, 2), and (0, 1), we have the wall
θ1 + θ3 = 0 of type III, and any θ ∈ C satisfies θ1 + θ3 > 0. In summary, we see that

C = {θ3 < 0, θ2 + θ3 > 0, θ1 + θ3 > 0}.

Corollary 8.3. The number of GIT regions in Θ(QΓ)R is 8, and each GIT region contains four
chambers which correspond to projective crepant resolutions as in Figure 23. Thus, the number
of chambers in Θ(QΓ)R is 32.

Proof. We first choose a chamber C, in which MC corresponds to one of the triangulations in
Figure 23. Then we have the sequence (xi1 , xi2 , yj1 , yj2 , zk1 , zk2) giving rise to θ-stable perfect
matchings as in (8.1) for any θ ∈ C. Let G be a GIT region of Θ(QΓ)R containing C. By
Theorem 8.1, there exists a type I wall corresponding to any floppable curve in MC . Since
all projective crepant resolutions as in Figure 23 are connected by repetitions of flops and all
chambers in G are connected by crossings of walls of type I, these crepant resolutions can be
obtained from chambers in G. Thus, any GIT region contains four chambers. Since a flop
preserves any toric divisor, θ-stable perfect matchings are the same for any chamber in the same
GIT region. Thus, the same sequence of {x1, x2, y1, y2, z1, z2} is assigned to any chamber in the
same GIT region. Since there are eight choices of such sequences, we have the assertion. ■
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