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Abstract. A dimer model is a bipartite graph described on the real two-torus, from which
we can define the associated quiver. It is known that for any three-dimensional Gorenstein
toric singularity, there exists a dimer model such that a GIT quotient parametrizing stable
representations of the associated quiver is a projective crepant resolution of this singularity
for some stability parameter. It is also known that the space of stability parameters has
a wall-and-chamber structure, and any projective crepant resolution of a three-dimensional
Gorenstein toric singularity can be realized as the GIT quotient associated to a stability
parameter contained in some chamber. In this paper, we consider dimer models giving
rise to projective crepant resolutions of a toric compound Du Val singularity. We show
that sequences of zigzag paths, which are special paths on a dimer model, determine the
wall-and-chamber structure of the space of stability parameters. Moreover, we can track
variations of stable representations under wall-crossing using the sequences of zigzag paths.
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1 Introduction

1.1 Moduli descriptions of crepant resolutions of singularities

For some singularities, resolutions of singularities can be described as moduli spaces of certain
objects. For example, a minimal resolution of a two-dimensional Gorenstein quotient singu-
larity C2/G defined by the action of a finite subgroup G C SL(2,C) on C? can be given as
the G-Hilbert scheme G-Hilb C?, which is the Hilbert scheme parametrizing certain G-invariant
subschemes, see [26]. This result was generalized to three-dimensional Gorenstein quotient sin-
gularities by [37] for the abelian case and by [7] for arbitrary cases. Precisely, for a quotient
singularity C?/G defined by the action of a finite subgroup G' C SL(3,C) on C?, a crepant
resolution of C3/G can be given as G-Hilb C3. Also, G-Hilb C? is described as the moduli space
of representations of the McKay quiver of G satisfying some stability condition. The moduli
space of representations of a quiver, introduced in [31], is defined as the GIT quotient associated
to a stability parameter (see Section 3.2 for the detail). The space ©(Q)r of stability parame-
ters associated to a quiver Q has a wall-and-chamber structure, that is, it is decomposed into
chambers (open cones in ©(Q)r) separated by walls (codimension one faces of the closures of
chambers). The moduli spaces associated to stability parameters contained in the same chamber
are isomorphic, but if we take a stability parameter from other chambers, then it would give
a different moduli space.

For a particular choice of stability parameters, the moduli space of representations of the
McKay quiver of G is isomorphic to G-Hilb C3. On the other hand, a crepant resolution of C?/G
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is not unique in general, thus it is natural to expect that any crepant resolution has a moduli
description. In fact, it was shown in [12] that for any finite abelian subgroup G C SL(3,C), any
projective crepant resolution of C3/G is isomorphic to the moduli space of representations of
the McKay quiver of G for some stability parameter. Recently, it was shown in [49] that the
same statement holds for any finite subgroup G C SL(3,C). These results can be obtained by
observing the variations of moduli spaces under crossing walls. In particular, it is important
to classify walls in ©(Q)r according to an effect on moduli spaces. Along this line, it is also
important to detect the precise description of chambers and walls (i.e., detect the complete
structure of ©(Q)r), although it would not be necessary to obtain the result of [12, 49]. For
example, there are some results, e.g., [10, 33, 38, 48], which describe walls and chambers for
some McKay quivers.

Also, there are several generalizations of the result in [12] for other singularities, e.g., [25,
30, 45]. In particular, it was shown in [25] that any projective crepant resolution of a three-
dimensional Gorenstein toric singularity can be described as the moduli space of representations
of a quiver associated to a dimer model for some stability parameter (see Theorem 3.2). A dimer
model T is a bipartite graph described on the real two-torus T := R? /Z?, which will be introduced
in Section 2.1 in detail. As the dual of a dimer model I', we can obtain the quiver Qr with
relations, see Section 3.1 for more details. For example, the left side of Figure 1 shows a dimer
model on T, where the outer frame represents a fundamental domain of T, and the right side
shows the associated quiver.

Figure 1. An example of a dimer model (left) and the associated quiver (right).

In this paper, using dimer models, we discuss the wall-and-chamber structure and the vari-
ations of moduli spaces (projective crepant resolutions) under crossing walls for a particular
class of three-dimensional Gorenstein toric singularities called toric compound Du Val (cDV)
singularities.

1.2 Toric compound Du Val singularities

Compound Du Val (¢DV) singularities, which are fundamental pieces in the minimal model
program, are singularities giving rise to Du Val (or Kleinian, ADE) singularities as hyperplane
sections. In this paper, we mainly consider toric cDV singularities. It is known that toric cDV
singularities can be classified into the following two types (e.g., see [13, footnote 18]):

(cAgip-1): Clz,y,z, w]/(xy — zawb),
(cDy): Clx,y, z, w]/(xyz — w2),

where a, b are integers with ¢ > 1 and a > b > 0. Note that the former one is a ¢cDV singularity
of type cAqip_1 and the latter one is of type c¢D4. These can be described combinatorially as
follows. If R :=C [UV ﬂZ3] is a three-dimensional Gorenstein toric ring, then we have the lattice
polygon Apg, called the toric diagram of R, as the intersection of the cone ¢ and a hyperplane
at height one (see Section 2.2). The toric diagram of the above toric ¢cDV singularities of
type cAqip_1 and cDy take the forms as shown in Figure 2, respectively, up to unimodular
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transformations (see Examples 2.5 and 2.6). We will denote the polygon of type cA,yp—1 by
Ala,b).

b segments

CAunn): | ’_‘X (¢Dy):

a segments

Figure 2. Toric diagrams of toric ¢cDV singularities.

The toric diagrams of type cAy1p5—1 and cDy4 contain no interior lattice points, which means
that the exceptional locus of a crepant resolution of a toric cDV singularity consists of curves
by the orbit-cone correspondence (e.g., see Section 3.2). See, e.g., [39, 46] for more details on
cDV singularities.

1.3 Summary of results

We now summarize the main results of the paper. Let I' be a dimer model and @ := Qr be the
associated quiver. For the quiver @), we consider the space O(Q)g of stability parameters which
takes the form

O(Q)r = {0 — (6u)ueqy €RP | Y 0, = o},

vEQoD

where Qg is the set of vertices of Q). For a stability parameter § € ©(Q)g, there is a moduli space
My(Q, 1) parametrizing 6-stable representations of @ of dimension vector 1 := (1,...,1), see
Section 3.2. Under some conditions, the moduli space My = My(Q, 1) is a projective crepant
resolution of a three-dimensional Gorenstein toric singularity. The space ©(Q)r has a wall-
and-chamber structure, and the moduli spaces (projective crepant resolutions) associated to
stability parameters contained in the same chamber are isomorphic, whereas a change of stability
parameters crossing a wall would cause a change of the associated moduli space. Precisely,
let C, C’ be adjacent chambers separated by a wall W, and consider stability parameters 6 € C,
0’ € C’. Then we sometimes have that My % My, in which case they are related by a flop
and the wall W is called of type I. Also, if My = My, then although the moduli spaces are
isomorphic the parametrized representations of () differ from each other, in which case the wall
is either of type 0 or type III, see Section 3.4.

The purposes of this paper are to detect the wall-and-chamber structure of ©(Q)r and to
observe the variations of projective crepant resolutions under crossing walls in ©(Q)r for toric
cDV singularities. As we mentioned, toric ¢cDV singularities are classified into type cAqsyp—1
and cDy4. We here consider the case cA,,_1 where n := a + b. In this situation, the walls
in O(Q)gr are either of type I or type IIl. The wall-and-chamber structure of ©(Q)r and the
types of walls can be determined by the combinatorics of the associated dimer models. To
state our theorem, we consider a special class of paths on a dimer model called zigzag paths
(see Definition 2.1). A zigzag path z can be considered as an element in the homology group
H;(T) = Z2, in which we denote by [z] € H;(T). By [20, Theorem 6.1] or [24, Corollary 1.2], for
any lattice polygon A, there exists a consistent dimer model I' such that A coincides with the
zigzag polygon of T'. Under the identification of zigzag paths with elements in H;(T), the zigzag
paths on I' correspond one-to-one to the outer normal vectors of the primitive side segments
of A (see Section 2.1 for more details on the zigzag polygon). Thus, we can consider a consistent
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dimer model giving the outer normal vectors of the polygon A(a,b). In general, such a dimer
model is not unique, thus we choose one of them and denote it by I'; ;. Then we consider the
set {u1,...,u,} of zigzag paths on I'y , such that [ug] is either (0, —1) or (0,1) for k=1,...,n,
and a = #{k | [ux] = (0,—1)}, b = #{k | [ux] = (0,1)}. Note that this set of zigzag paths is
determined uniquely by the correspondence between zigzag paths on I'y ; and the outer normal
vectors of A(a,b). We also define a total order < on {uy,...,up} as uy < up—1 < -+ < ug < uj.
Then the sequences of zigzag paths uy, ..., u, control the wall-and-chamber structure as follows.

Theorem 1.1 (see Theorem 6.11 and Corollary 6.13 for more details). Let A(a,b) be the toric
diagram of the toric cDV singularity Rqp = Clz,y, z,w]/(azy — z“wb). LetT' :=Tgy be a con-
sistent dimer model associated to A(a,b) and Q be the quiver obtained as the dual of T'. Let
n = a+b, and consider the set of zigzag paths {uy,...,u,} as above. Then, there exists a one-
to-one correspondence between the following sets:

(a) the set of chambers in O(Q)g,
(b) the set {2, = (Uy),- - Uu(n)) | W € Bn} of sequences of zigzag paths,
such that under this correspondence, if a chamber C C ©(Q)r corresponds to a sequence Z,,,

then for any k =1,...,n — 1, we have the following:

(1) We see that Wy, == {6 € O(Q)r | > ver,, O = 0} is a wall of C, where Ry, = R(Ueo(k)s
Uy (k+1)) 5 the region determined by the zigzag paths uy(k), Uw(k4+1) s shown in Figure 3
(see Section 6.3 for more details).

2) The wall Wy, is of type 1 if and only if [ug,u)] = — [ty ks1)]-

2)" The wall Wy, is of type I if and only if [ue(k)] = [Ue(r+1)]-

3)

)

3)" Any parameter 0 € C' satisfies ZveRk Oy < 0 if Uy > Ugy(oy1)-

éR(uw(m, uw(k+1)§
Ugy (k)

U (k+1)

Any parameter 6 € C satisfies ZveRk Oy > 0 if uy) < U(t1)-

(
(
(
(

Figure 3. The region R(uy(x), Uw(k+1)) Which determines the wall Wy given in Theorem 1.1 (1), where
the outer frame is a fundamental domain of the real two-torus T.

Furthermore, wall-crossing in ©(Q)g is controlled by the action of the symmetric group S,,,
and consequently, the wall-and-chamber structure of ©(Q)r has the structure of a root system
of type Ap—1.

Theorem 1.2 (see Theorem 6.12 for more details). Let the notation be as in Theorem 1.1. The
action of the adjacent transposition s, € &, swapping k and k 4+ 1 on Z,, induces a crossing of
the wall Wy, in ©(Q)r. In particular, the chambers in ©(Q)r can be identified with the Weyl
chambers of type Ap_1.

Note that this result has already been proved in [45] using a different approach, called the
homological minimal model program, whereas we show this using the combinatorics of dimer
models (see Remark 6.14 for more details).

By combining these theorems with the observations in Proposition 6.3 regarding the signs of
zigzag paths (see Section 6.1), we also obtain the following result.
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Theorem 1.3. Under the correspondence in Theorem 1.1, suppose that a chamber C C O(Q)r
corresponds to a sequence Z,. Then, for any 8 € C, the projective crepant resolution My
of Spec Ry, is the toric variety associated to the smooth toric fan induced from the triangulation
of A(a,b) having the same sign with Z,,.

As mentioned earlier, when two chambers are adjacent across a wall of type I, the correspond-
ing moduli spaces are related by a flop. Therefore, the collection of chambers connected via walls
of type I (such a collection of chambers produces a GIT region introduced in [1]) induces the
flop graph in birational geometry. Using the result that the chambers of ©(Q)gr can be identified
with the Weyl chambers of type A,_1, we also obtain the following proposition regarding GIT
regions.

Proposition 1.4 (see Proposition 6.18). Let G be a GIT region of O(Q)r. Then G contains
% chambers of ©(Q)r and any projective crepant resolution of Spec R, can be obtained as the
moduli space M¢ for some C C G. In particular, the number of GIT regions in O(Q)r is alb!.

The sequences of zigzag paths appeared in Theorem 1.1 give descriptions of #-stable repre-
sentations associated to each chamber in ©(Q)r. Thus, as an application, we can track the
variations of stable representations under wall-crossings as shown in Section 7.

In addition, for the ¢Dy case, we obtain results similar to Theorem 1.1, as shown in Theo-
rem 8.1, although some modifications are required.

We conclude this subsection by discussing some related topics and future perspectives con-
cerning the results of this paper. First, the toric diagram of a toric cDV singularity (see Figure 2)
contains no interior lattice points. As a geometric consequence of this, the exceptional locus
appearing in a crepant resolution consists of curves. This property is crucial both in this pa-
per and in the homological minimal model program [45], which leads to similar results. For
a three-dimensional Gorenstein toric singularity whose toric diagram has interior lattice points,
toric divisors appear as exceptional loci upon resolution, and the presence of these divisors
complicates the situation. However, by using dimer models, a toric divisor can be understood
as a perfect matching (see Section 3.3). Furthermore, zigzag paths, which play a key role in
the main theorem of this paper, can be interpreted as the symmetric difference of two perfect
matchings. Under this background, even for more general three-dimensional Gorenstein toric
singularities, it is expected that the combinatorial structure of the associated dimer model will
be effective for describing crepant resolutions as moduli spaces and for understanding a wall-
and-chamber structure. On the other hand, in the context of physics, dimer models are referred
to as brane tilings and are connected to various topics such as superstring theory, the AdS/CFT
correspondence, and quiver gauge theories. The toric cDV singularities considered in this paper
also appear in physics. Specifically, the toric ¢cDV singularity R, of type cA, 3—1 corresponds
to a family of singularities known as L, (or generalized conifolds), and the cDy type corre-
sponds to the C3/(Zy x Zsy) singularity, both of which have been extensively investigated. For
example, flops of crepant resolutions (Calabi—Yau threefolds) treated in this paper have been
investigated from a physical perspective, see, e.g., [43]. Furthermore, these singularities are
studied from a physical perspective using brane tilings, see, e.g., [18]. Therefore, we expect that
the results obtained in this paper will contribute to a deeper understanding of these fields in
physics.

1.4 The structure of the paper

In Section 2, we prepare some notation concerning dimer models, and discuss toric rings (sin-
gularities) arising from dimer models. In Section 3, we consider representations of the quiver
obtained as the dual of a dimer model, and review some basic facts concerning moduli spaces
of stable representations obtained as GIT quotients, which are projective crepant resolutions
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of a three-dimensional Gorenstein toric singularity. Since the moduli space is a smooth toric
variety, it can also be understood by using a toric fan. Thus, we review a correspondence among
stable representations, cones in a toric fan, and torus orbits in a toric variety. In particular,
perfect matchings of a dimer model explain this correspondence in terms of dimer models. In
Section 4, we observe some properties of “boundary” perfect matchings which we will use in
later sections. In Section 5, we focus our attention on toric cDV singularities of type cAy1p—1,
and explain how to construct a dimer model giving rise to a projective crepant resolution of
this singularity. Section 6 is dedicated to show our main theorems. First, for the dimer model
constructed in Section 5, we prepare some notions such as sequences of zigzag paths, fundamen-
tal hexagons, and jigsaw pieces, which are the main ingredients of our proof. Then we show
our main results concerning the wall-and-chamber structure of the space of stability parameters
and the variations of projective crepant resolutions, see Theorems 6.11, 6.12 and Corollary 6.13.
These results enable us to observe variations of stable representations and torus orbits under
wall-crossings. Thus, we study such variations in Section 7. In Section 8, we focus on the toric
cDV singularity of type ¢Dy4, and show some results similar to the ones for type cAqyp—1.

2 Preliminaries on dimer models and associated toric rings

2.1 Dimer models

In this subsection, we introduce dimer models and related notions which are originally derived
from theoretical physics (e.g., [18, 19, 21]).

A dimer model T on the real two-torus T := R2/Z? is a finite bipartite graph on T inducing
a polygonal cell decomposition of T, see, e.g., the left side of Figure 1. Since I' is a bipartite
graph, the set I'g of nodes of I' is divided into two subsets Fg , 'y, and edges of I connect nodes
in Far with those in I'y. We denote by I'y the set of edges. We color the nodes in Fg white, and
those in I'; black throughout this paper. A face of I' is a connected component of T\I';. We
denote by I's the set of faces.

We then consider a special class of paths on a dimer model.

Definition 2.1. We say that a path on a dimer model is a zigzag path if it makes a maximum
turn to the right on a black node and a maximum turn to the left on a white node. An edge in
a zigzag path z is called a zig (resp. zag) of z if it is directed from white to black (resp. black
to white) along z. We denote by Zig(z) (resp. Zag(z)) the set of zigs (resp. zags) appearing in
a zigzag path z.

For example, the paths in Figure 4 are all zigzag paths on the dimer model given in Figure 1.

N
AL

Figure 4. Zigzag paths on the dimer model given in Figure 1.
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Then we fix two 1-cycles on T generating the homology group H;(T), and take a fundamental
domain of T along such two cycles. Since we can consider a zigzag path z on I as a 1-cycle on T,
we have the homology class [2] € Hy(T) =2 Z2, which is called the slope of z.

Also, taking the universal cover R? — T, the preimage of a dimer model ' determines the
bipartite graph T on R?, which induces a Z?-periodic polygonal cell decomposition of R?. We
call T' the universal cover of T'. For a zigzag path z on a dimer model I', we also consider the
lift of z to the universal cover f, that is, for a € Z, let Z(«) denote a zigzag path on ' whose
projection on I coincides with z. When we do not need to specify these paths, we simply denote
each of them by z. Then, we see that a zigzag path on [ is either periodic or infinite in both
directions.

In the rest of this paper, we assume that any dimer model satisfies the consistency condition,
see Definition 2.2 below. In the literature, there are several consistency conditions equivalent to
the one given in Definition 2.2 (see, e.g., [3, 23]).

Definition 2.2 (see [23, Definition 3.5]). A dimer model is said to be (zigzag) consistent if it
satisfies the following conditions:

(1) there is no homologically trivial zigzag path, that is, [z] # (0, 0),
(2) no zigzag path on the universal cover has a self-intersection,

(3) any pair of zigzag paths on the universal cover does not intersect each other in the same
direction more than once (note that two zigzag paths are said to intersect if they share an
edge, not a node). In other words, if a pair of zigzag paths (Z,w) on the universal cover
intersect at two edges a; and as, and Z passes through a; first, followed by ao, then w
passes through as first, followed by a.

Note that any edge of a dimer model is contained in at most two zigzag paths. By the
condition (2) in Definition 2.2, if a dimer model is consistent, then any edge is contained in
exactly two zigzag paths and any slope is a primitive element. For example, by observing the
zigzag paths in Figure 4, we see that the dimer model given in Figure 1 is consistent.

Then, for a consistent dimer model I', we can assign the lattice polygon called the charac-
teristic polygon as explained in [24, Section 5.2]. Here, we introduce another polygon called
the zigzag polygon, which coincides with the characteristic polygon up to translation, see [24,
Theorem 12.1]. Let [z] be the slope of a zigzag path z on I', which is not homologically trivial.
By normalizing [2] := (a, b) € Z?, we consider it as an element of the unit circle S':

(CL, b) c Sl
JErE S

Then, the set of slopes has a natural cyclic order along S'. We consider the sequence ([z])%_,
of slopes of zigzag paths on I' such that they are cyclically ordered starting from [z1], where k
is the number of zigzag paths. We note that in general, some slopes may coincide. We then set

another sequence (w;)¥_, in Z? defined as wy = (0,0) and

wi+1:wi+[zi+1]’, 1=0,1,...,k—1.

Here, [2;11]' € Z? is the element obtained from [z;;1] by rotating 90 degrees in the anti-clockwise
direction. One can see that wy = (0,0) since the sum of all slopes is equal to zero. We call
the convex hull of {w;}¥_; the zigzag polygon and denote it by Ar. Note that there are several
choices of an initial zigzag path z1, but the zigzag polygon is determined up to unimodular
transformations, and it does not affect our problem, see Section 2.2.

By definition, we see that the slope of a zigzag path is an outer normal vector of some side
of Ar, and the number of zigzag paths having the same slope v € Z? coincides with the number
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of primitive segments of the side of Ar whose outer normal vector is v. Here, a primitive side
segment of Ar means a line segment on the boundary of Ar divided by a pair of lattice points
not containing any lattice point in its interior.

Example 2.3. We consider the dimer model in Figure 1 and its zigzag paths as in Figure 4.
Then, we have the cyclically ordered sequence of slopes

((07 _1)7 (07 _1)7 (07 _1>7 (17 1)7 (07 1)7 (07 1)7 (_170))7

where we take a Z-basis of Hy(T) = Z? along the vertical and horizontal lines of the fundamental
domain of T. Thus, the zigzag polygon is A(3,2) as in Figure 5.

IR

Figure 5. The zigzag polygon A(3,2) of the dimer model given in Figure 1.

As we have seen in this section, we have a lattice polygon from a dimer model. On the other
hand, any lattice polygon can be described as the zigzag polygon of a consistent dimer model.
However, we note that such a consistent dimer model is not unique in general.

Theorem 2.4 (see, e.g., [20, Theorem 6.1], [24, Corollary 1.2]). For any lattice polygon A, there
exists a consistent dimer model I' such that A = Ar.

2.2 Toric rings associated to dimer models

Let I' be a consistent dimer model. We next consider the cone or over the zigzag polygon Ar,
that is, or is the cone whose section on the hyperplane at height one is Ar.

Let N := Z3 be a lattice and M := Homgz(N, Z) be the dual lattice of N. We set Ng := N®zR
and Mg = M ®z R. We denote the standard inner product by (, ): Mg x Ng — R. For the
vertices 1,...,0, € Z? of Ar, we let v; = (0;,1) € N (i = 1,...,n). The cone or over Ar is
defined as

or = Rz(ﬂh + -+ Rzgvn C Ng.
Then, we consider the dual cone
of i={x € Mg | (x,v;) >0 for any i = 1,...,n},

where (—, —) is the natural inner product. Using this cone we can define the toric ring (toric
singularity) R associated to T" as

Rr = C[mY N M] = C[ttlhtgztgg | (a1,a2,a3) € o' N M]‘

By construction, Rr is Gorenstein in dimension three. We note that any three-dimensional
Gorenstein toric ring can be described with this form. Precisely, let ¢ be a strongly convex
rational polyhedral cone in Ng which defines a three-dimensional Gorenstein toric ring R. Then,
it is known that, after applying an appropriate unimodular transformation (which does not
change the associated toric ring up to isomorphism) to o, the cone o can be described as the
cone over a certain lattice polygon Agr. We call the lattice polygon Ag the toric diagram
of R. By Theorem 2.4, there exists a consistent dimer model I" such that Ar = Agr for any
three-dimensional Gorenstein toric ring R, in which case we have R = Rr. We note that
unimodular transformations and parallel translations of Ar do not change the associated toric
ring in the following sense. Let A’ C R? be a lattice polygon obtained by applying a unimodular
transformation or a parallel translation to Ag and let o/ C Ng be the cone over A’. Then, we see
that o and ¢’ are unimodularly equivalent, and hence the associated toric rings are isomorphic.
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Example 2.5. Let A(a,b) be the trapezoid shown in the left of Figure 2, where a, b are integers
with @ > 1 and a > b > 0. By Theorem 2.4, there exists a consistent dimer model whose zigzag
polygon is A(a,b), which will be constructed in Section 5. For simplicity, we fix the lower left
vertex of A(a,b) as the origin and consider the cone o4 = Z?Zl R>ov; over A(a,b), where

vy == (0,0,1), vy = (a,0,1), vy = (b,1,1), vy = (0,1,1).
Then we see that
Cloy, NM] = Clt1,ta, t; 'ts, 7 15 t5].

by computing the Hilbert basis (see [9, Proposition 1.2.23]). We easily show that C [O'Zb N I\/I] is
isomorphic to the toric cDV singularity R,y == Clz,y, 2, w]/(:z;y — zawb) of type cAq+p—1 given
in Section 1.2. Note that R, is not an isolated singularity except the case a = b = 1.

Example 2.6. Let A be the triangle shown in the right of Figure 2. A consistent dimer model
giving rise to A as the zigzag polygon will be given in Section 8. As in the previous example,
we consider the cone o := )7 | R>gv; over A, where

vy == (0,0,1), vy = (2,0,1), vz = (0,2,1),
and we have
CloY NM] = Clt1, ta, ts,t1 't5 '13].

We easily show that C [Jvﬂ I\/I] is isomorphic to the toric ¢cDV singularity Clz, y, z, w]/ (myz—wQ)
of type cD4 given in Section 1.2.

3 Preliminaries on moduli spaces of quiver representations

In this section, we review moduli spaces of quiver representations arising from consistent dimer
models. For this purpose, we introduce quivers associated to dimer models and their represen-
tations.

3.1 Quivers associated to dimer models

Let I" be a dimer model. As the dual of I', we obtain the quiver Qr associated to I', which is
embedded in T, as follows. The quiver ) = Qr consists of

e the set )y of vertices defined as the dual to the set I'y of faces of I,

e the set (1 of arrows defined as the dual to the set I'; of edges of I', where the orientation
of any arrow is defined so that the white node is on the right of the arrow.

For example, Figure 1 shows a dimer model and the associated quiver. We consider two maps

hd: Q1 — Qo and th: Q1 — Qo

that assign to each arrow a € 1 its head and tail, respectively.

A path of length r > 1 is a finite sequence of arrows v = aj - - - a, with hd(a;) = tl(a;41) for
i=1,...,7 —1. We define tl(a) = tl(a1), hd(a) = hd(a,) for a path v = a1 ---a,. A path v is
called a cycle if hd(y) = tl(v), and a loop if it is a cycle of length one.

A relation in @ is a C-linear combination of paths of length at least two having the same
head and tail. We consider relations in ) defined as follows. For each arrow a € ()1, there exist



10 Y. Nakajima

Figure 6. An example of v, and 7, .

two paths 75, v, such that hd(yF) = tl(a), tI(vF) = hd(a) and v, (resp. 7, ) goes around the
white (resp. black) node incident to the edge dual to a clockwise (resp. counterclockwise) as
shown in Figure 6. We define the set of relations Jg = {7/ — 7, | @ € @1} and call the pair
(Q, Jg) the quiver with relations associated to I'.

Since we consider moduli spaces of quiver representations satisfying a stability condition in
this paper, we now introduce representations of quivers. A representation of (Q, Jg) consists of

e a set of C-vector spaces {M, | v € Qo},

e a set of C-linear maps @, : My,) — Mpg(q) satisfying the relations in Jg, i.e., ot = Por
for any a € Q1.

Here, for a path v = a1 ---a,, the map ¢, is defined as the composite @, - - g, of C-linear
maps (note that in this paper, a composition of morphism fg means we first apply f then g).
We assume that a representation M = ((My)veq,, (Pa)acq,) of (Q,Jq) is finite-dimensional
(i.e., dimc M, is finite for all v € Qo) and call d := (dim¢ M, )veq, the dimension vector of M.

For example, if we label each arrow of the quiver ) given in Figure 1 as shown on the left of
Figure 7, then a representation of (Q, Jg) takes the form shown on the right of Figure 7. Here,
each M; (i € Qo) is a C-vector space, and the arrows between them are C-linear maps satisfying
the relations in Jg. More precisely, for example, due to the relation 7[;1 —Ya, = aiby —baaj, the
corresponding C-linear maps satisfy pax©p, = @b, Par -

* A
B 0w a’ ajy

az Pax

« « . «
g a 3 4

Ml < >
by by by Pay
(O

Figure 7. A representation of (Q, Jg) associated to a dimer model given in Figure 1.

Let M, M’ be representations of (@, Jg). A morphism from M to M’ is a family of C-
linear maps {f,: My — M, }veq, such that vufhd@) = fu)py for any arrow a € Q. We say
that representations M and M’ are isomorphic, if f, is an isomorphism of vector spaces for all
v € Qo. A representation N of (Q, Jp) is called a subrepresentation of M if there is an injective
morphism N — M.

In the rest of this paper, we consider representations of the quiver with relations (Q, Jg) asso-
ciated to a consistent dimer model I" and assume that the dimension vector of any representation
isl=(1,...,1).

3.2 Stability parameters and crepant resolutions

In this subsection, we introduce moduli spaces parametrizing quiver representations satisfying
a certain stability condition.
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First, we consider the weight space

0(Q) = {0~ (B)uea, < 29| Y 0, =0

vEQo

and let O(Q)r = 0(Q) ®z R. We call an element 0 € O(Q)r a stability parameter.

Let M be a representation of (@, Jg) of dimension vector 1. For a subrepresentation N
of M, we define (N) = >, o, 0v(dimc N,), and hence §(M) = 0 in particular. For a stability
parameter 0 € O(Q)gr, we introduce #-stable representations as follows.

Definition 3.1 (see [31]). Let 8 € O(Q)r. We say that a representation M is -semistable
if (N) > 0 for any subrepresentation N of M, and M is 6-stable if O(N) > 0 for any non-
zero proper subrepresentation N of M. Then, we say that 6 is generic if every 6-semistable
representation is #-stable.

By [31, Proposition 5.2], for any § € ©(Q)r, one can construct the coarse moduli space
My(Q, Jg,1) of S-equivalence (Seshadri equivalence) classes of 6-semistable representations of
dimension vector 1 (i.e., f-semistable representations whose Jordan—-Holder filtrations have the
same composition factors). By [31, Proposition 5.3], for a generic parameter § € ©(Q)r, one
can construct the fine module space My(Q, Jg, 1) parametrizing isomorphism classes of #-stable
representations of dimension vector 1 as a GIT (geometric invariant theory) quotient. Moreover,
this moduli space gives a crepant resolution as follows.

Theorem 3.2 (see [22, Theorems 6.3 and 6.4], [25, Corollary 1.2]). Let I" be a consistent dimer
model, and @Q be the associated quiver. Let R be the three-dimensional Gorenstein toric ring
associated to I'. Then, for a generic parameter 8 € ©(Q)r, the moduli space My(Q, Jg,1) is
a smooth toric Calabi—Yau threefold and a projective crepant resolution of Spec R.

Moreover, any projective crepant resolution of Spec R can be obtained as the moduli space
My(Q, Tq,1) for some generic parameter 6 € O(Q)r.

In the following, we let My = My(Q, Jg,1) and My = My(Q, Jg,1) for simplicity. Let G
be the subset of isomorphism classes of representations of (Q, Jg) defined as follows:

G = {[((MU)UEQm (‘pa)ate )] | ©Ya € C* for any a € Ql}

This has the structure of an algebraic torus with a multiplication defined as

[((Mo)veqo: (Pa)ac@)] - [((Mv)veqo: (Pa)acqi)] = [(My)veqo, ($aPa)acan)] (3.1)

Since any representation in GG has no proper subrepresentation, it is #-stable for any 6, and
hence G is contained in My for any 6. If @ is generic, then G is the open dense torus contained
in the toric variety My and G acts on My by the multiplication (3.1), see [22] for more details.

Since My is a fine moduli space for a generic parameter § € O(Q)g, it carries a universal
family T = @UEQO L, of f-stable representations of (@, Jg) of dimension vector 1, called
a tautological bundle of My, where L, is a line bundle on My for any v € QQy. In general, there
is an ambiguity of a choice of Ty, that is, by tensoring a line bundle to Ty, we have a vector
bundle having the same properties as Ty. Thus, we fix a vertex of ), which we denote by 0 € Qy,
as a specific one, and normalize the tautological bundle so that Ly = Oaq,. On the other hand,
in our setting, 7y is a tilting bundle (see [24, Theorem 1.4]), and hence it induces an equivalence
DP(coh My) = DP(mod End u, (T5)), see [6, 40]. By [29, Corollary 4.15], we see that End g, (75)
is a non-commutative crepant resolution (NCCR) in the sense of [44]. This was also proved in [§]
using another method.
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Since My is a smooth toric variety for a generic parameter 6, it can be described by using
a smooth toric fan. Namely, there is a certain smooth subdivision ¥y of the cone or such
that the toric variety X, associated to ¥y is isomorphic to My (see, e.g., [9, Chapter 11]).
We denote the set of r-dimensional cones in ¥y by Yg(r) where r = 1,2,3. By the orbit-cone
correspondence (see, e.g., [9, Chapter 3]), a cone o € Xg(r) corresponds to a (3 —r)-dimensional
torus orbit in Xy, = My, which we will denote by O,. The intersection of cones in ¥y and the
hyperplane at height one induces the triangulation of Ar into elementary triangles, and hence
we can identify

e one-dimensional cones (= rays) in ¥y with lattice points in the triangulation of Ar,
e two-dimensional cones in Yy with line segments in the triangulation of Ar,

e three-dimensional cones in ¥y with triangles in the triangulation of Ar.

We denote the triangulation of Ar induced from ¥y by Arg (or Ag for simplicity). It is known
that a crepant resolution Xy, — Spec R is projective if and only if a triangulation Ar s of Ar
is regular (or coherent), see [14, Proposition 2.4]. Since My is a projective crepant resolution of
Spec R, the triangulation Ay is regular.

On the other hand, since My parametrizes f-stable representations, each point y € My
corresponds to a @-stable representation, which we denote by M,. Under the isomorphism
My = X5, we can assign #-stable representations to cones in ¥y (and hence to torus orbits).
As we will see in Proposition 3.5, a #-stable representation corresponding to a ray (and hence
a lattice point) in ¥y can be obtained from a perfect matching.

3.3 Perfect matchings corresponding to torus orbits
We then introduce another ingredient in dimer theory called perfect matchings.

Definition 3.3. A perfect matching (or dimer configuration) of a dimer model T is a subset P
of I'y such that for any node n € I'y there exists a unique edge in P containing n as an endpoint.
We denote the set of perfect matchings of I' by PM(T").

Note that any dimer model does not necessarily have a perfect matching, but any consistent
dimer model has a perfect matching (see [24, Proposition 8.1]).

Example 3.4. We consider the dimer model I' in Figure 1. The following figures show some
perfect matchings of I'; where the edges contained in perfect matchings are colored red.

P(] Pl

P2 P3

Let M = ((My)veqo, (¥a)acq,) be a representation of (Q, Jg). We define the support of M,
denoted as Supp M, as the set of arrows whose corresponding linear maps are not zero, that is,

Supp M = {a € Q1 | pa # 0}.
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We also define the cosupport of M as the complement of Supp M. For 6§ € ©(Q)r, we say that
a perfect matching P is 0-stable if the set of arrows dual to edges contained in P is the cosupport
of a f-stable representation. Any perfect matching of I' can be obtained from a certain 6-stable
representation as follows.

Proposition 3.5 (see [22, Section 6], [32, Proposition 4.15]). Let T' be a consistent dimer model
and @) be the associated quiver.

(1) For a generic parameter 6 € O(Q)r, let Z be a two-dimensional torus orbit of My, which
is denoted by Z = O, for some ray p € Xg(1). For anyy € Z, the cosupport of the 0-stable
representation M, is the set of arrows dual to edges in a certain perfect matching P of T.
This perfect matching P does not depend on a choice of y € Z = O,, thus we denote it
by P,.

(2) For any perfect matching P of T', there exists a generic parameter 8 € O(Q)r such that P
is 0-stable.

By Proposition 3.5 (1), for a generic parameter 6, we can assign a unique #-stable perfect
matching to each lattice point of Ar. Thus, we have a bijection between lattice points of Ap
and f-stable perfect matchings. We say that a perfect matching P corresponds to a lattice point
q € Ar if for some generic parameter ¢ there exists a ray p € ¥g(1) such that P = P, and
g = pNAp. We denote by PMy(T") the set of #-stable perfect matchings. By Proposition 3.5 (2),
we see that any perfect matching is contained in PMy(T") for some generic parameter 6.

Definition 3.6. Let Ar be the zigzag polygon of a consistent dimer model I'. We say that P is

e a corner (or extremal) perfect matching if P corresponds to a vertex of Ap,

e a boundary (or external) perfect matching if P corresponds to a lattice point on the bound-
ary of Ar, and hence a corner perfect matching is a boundary perfect matching in partic-
ular.

e an internal perfect matching if P corresponds to an interior lattice point of Ar.
We here note that corner perfect matchings have typical properties as follows.

Proposition 3.7 ([8, Corollary 4.27], [24, Proposition 9.2]). Let I' be a consistent dimer model.
Then there is a unique corner perfect matching corresponding to each vertex of Ar, and hence
any corner perfect matching is 0-stable for any generic parameter 6 € ©(Q)r. Moreover, any
corner perfect matching can be obtained from zigzag paths as in [24, Section 8.

Thus, we can give a cyclic order to corner perfect matchings along the corresponding vertices
of Ar in the anti-clockwise direction. We say that two corner perfect matchings are adjacent if
they are adjacent with respect to the above cyclic order.

Next, we discuss the relationship between perfect matchings and zigzag paths. We define
the symmetric difference P & P’ of perfect matchings P,P’ € PM(T') as P& P :=PUP\PNP’.
Then, P & P’ can be considered as a 1-cycle on T. We fix the orientation of P & P’ so that an
edge e € PO P’ is directed from a white (resp. black) node to a black (resp. white) node if e € P
(resp. e € P').

Proposition 3.8 (see [20, Corollary 3.8], [24, Step 1 of the proof of Proposition 9.2, Corol-
lary 9.3]). Let I' be a consistent dimer model and Ap be the zigzag polygon. Let E be a side
of Ar. Then, all zigzag paths whose slopes coincide with the outer normal vector of E arise
as P & P’ for the adjacent corner perfect matchings P, P’ corresponding to the endpoints of E.
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For example, the perfect matchings Py, P1, P2, P3 in Example 3.4 are corner perfect matchings
and the zigzag paths shown in Figure 4 can be obtained as the symmetric differences P; © P;
for some 7,57 = 0,1, 2, 3, see also Example 4.2.

Observation 3.9 (see [32, Proposition 4.15 and the last part of Section 4]). For a generic
parameter § € O(Q)g, there is a certain method to detect a smooth toric fan ¥y such that
Xy, = My when we know perfect matchings in PMy(I"). To do so, we detect a triangulation Ag
of Ar which is identical to ¥y. First, we assign each perfect matching in PMy(I") to the cor-
responding lattice point of Ap. Then, for any pair of perfect matchings (P,P’) in PMy(T"), we
check whether the set of arrows dual to P U P’ is the cosupport of a #-stable representation or
not. If so, then we draw a line segment that connects lattice points corresponding to P and P’.

Repeating these arguments, we have a desired triangulation Ag.

For a generic parameter § € O(Q)r and an r-dimensional cone o € ¥y(r), we have a (3 —r)-
dimensional torus orbit O, in My. For y € O,, we have the corresponding f-stable representa-
tion M, of (Q, Jg). Since the action of the open dense torus G on My is defined as in (3.1), we
see that the support of all f-stable representations corresponding to points in O, are the same,
and hence we denote a representative of such #-stable representations by M, . In particular, we
have the following proposition by Observation 3.9.

Proposition 3.10. Let 6 € O(Q)r be a generic parameter and o € Xy(r) be an r-dimensional
cone where r = 1,2,3. The cosupport of the 0-stable representation M, consists of the arrows
dual to |J;_, Pi, where P1,... P, are 0-stable perfect matchings corresponding to the rays of o.

For a generic parameter § € ©(Q)r, the precise description of the tautological bundle
To = D.ecq, Lv can be obtained by using perfect matchings in PMy(T'). Here, we note how
to compute 7y from I' following [5, Section 2.5]. Let @ be the double quiver of @, that is, () can
be obtained by adding an extra arrow a* € (Q°P); in the opposite direction to @ for any arrow
a € Q. We call a path in Q a weak path. For a perfect matching P of ', we define the degree
function degp on @)1 associated to P as

1, the edge dual to a € ()1 is in P,

0, otherwise,

degp(a) = {

for any @ € Q;. We extend this degree function to the arrows in the double quiver Q as
degp(a*) = —degp(a). Then for a weak path v = ajas---a, in @), we define

degp(y) = > _ degp(as).
i=1

For p € ¥y(1), there is a unique #-stable perfect matching corresponding to p (see Propo-
sition 3.5), which we denote by P,. Let D, be the torus-invariant prime divisor of My corre-
sponding to p € ¥y(1). For a weak path 7 in @), we define the divisor D, as follows:

Dy= Y (degp,7)Dp.
pEXH(1)

Note that for weak paths 7, v such that hd(y) = hd(y’) and tl(y) = tI(y’), we have D, = D.,
in Pic M.

Proposition 3.11 (cf. [2, Theorem 4.2], [5, Lemma 2.10]). Consider the moduli space My for
a generic parameter § € O(Q)r. For the tautological bundle Ty = @, cq, Lo (see Section 3.2),

we see that L, = Opm,(D,,) for any v € Qo, where 7y, is a weak path in Q from a vertex 0 to
a vertex v.
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3.4 Wall-and-chamber structures

It is known that the space ©(Q)r of stability parameters has a wall-and-chamber structure.
Namely, we define an equivalence relation on the set of generic parameters so that 6 ~ 6’ if and
only if any @-stable representation of (@, Jg) is also ¢'-stable and vice versa, and this relation
gives rise to the decomposition of stability parameters into finitely many chambers which are
separated by walls (cf. [16, 41]). Here, a chamber is an open cone in ©(Q)r consisting of
equivalent generic parameters and a wall is a codimension one face of the closure of a chamber.
Note that any generic parameter lies in some chamber (see [25, Lemma 6.1]). The moduli
space My is unchanged if a parameter § moves in a chamber C of O(Q)r by definition, thus we
sometimes use the notation M instead of My for 6 € C.

Let C, C' be adjacent chambers of ©(Q)g separated by a wall W, that is, W = C N C’. We
choose generic parameters § € C and @ € C’. We also choose a stability parameter § € W
such that 0 does not lie on any other walls. Note that 6 is not generic since it is not contained
in any chamber. Let Xj; be the normalization of an irreducible component of ﬂ containing
the algebraic torus G C /\/l Then, there exists a projective morphism from /\/lg to ./\/l~
factoring through Xj; : My —> Xz — Mg, see [25, Section 6], [5, Section 4.2]. Similarly, we have
a prOJectlve morphlsm My — X — M, and we obtain a wall-crossing diagram:

M

RN

The morphism f is a primitive birational contraction which can be classified into several
types as in [47]. In our situation, by [25, Section 11], it is one of the following types:

e Type 0: f: My — X is an isomorphism.
e Type I: f: My — X contracts a torus-invariant curve to a point.

o Type IIl: f: My — X contracts a torus-invariant surface to a torus-invariant curve.

Note that a morphism contracting a surface to a point, which is called type II, does not appear
in our situation (see [25, Lemma 10.5]). The wall-crossing diagram (3.2) is the Atiyah flop if f is
of type I (see [25, Lemma 11.26]), in which case the contracted curve corresponds to a diagonal
of a parallelogram appearing in the triangulation Ay and the Atiyah flop corresponds to the
flip of the diagonal. If f: My — X is of type III, then it contracts a toric divisor D C My to
a torus-invariant curve £y C X and f also contracts a toric divisor D" C My to £y. Moreover,
we have an isomorphism My = My (see [25, Lemma 11.29]). The case of type 0 appears if the
polygon Ar contains an interior lattice point (see [25, Section 11.1]), but in Sections 6-8 which
are the main parts of this paper, we do not encounter such a situation. Thus, we focus on the
cases of types I and III.

For each wall W, we have a primitive birational contraction f (and a wall-crossing diagram)
as above, thus we also classify walls in ©(Q)gr according to the corresponding type of primitive
birational contractions. The precise description of a wall is determined by the degree of a con-
tracted curve on the tautological bundle 7y = P,cq, Lo by the argument in [25] which was
originally discussed in [12]. More precisely, for a chamber C' C ©(Q)r and the tautological bun-
dle Ty with 6 € C, we have the linearisation map Lo : ©(Q)r — Pic(My)r (see [12, Section 3.2],
[25, (4.1)]), and the line bundle L () is ample for 6 € C. For a curve ¢ contained in My, we
can write

deg(Lc (0 Z deg(Ly|¢)0, (3.3)
vEQo
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(see [12, equation (5.3)], [25, equation (9.6)]). As the parameter # varies within the chamber C,
the degree in (3.3) is positive. Moreover, if a wall contracting ¢ lies on the boundary of C, then
this degree becomes 0 on the wall. In particular, we have the following proposition.

Proposition 3.12 ([25, Lemmas 11.21 and 11.30]). Let the notation be as above. We suppose
that a wall W is either

e of type I corresponding to f: My — Xj that contracts a torus-invariant curve £ C My to
a pownt, or

e of type Il corresponding to f: My — X that contracts a toric divisor D C My to a torus-
invariant curve by C X;, and let £ be a torus-invariant curve in D which is contracted to
a point in £y via f.

Then, we have that

Z deg(Ly|¢)0, = 0 for any 0 = (év)veczo ew. (3.4)
vEQo

Remark 3.13. As we will see in Theorem 6.11 if My is a projective crepant resolution of
a toric ¢cDV singularity, then any equation with the form (3.4) certainly determines a wall of
some chambers, which is a typical property for a toric ¢cDV singularity. For a certain three-
dimensional Gorenstein toric singularity whose toric diagram contains an interior lattice point,
we encounter the situation that the equation (3.4) derived from a torus-invariant curve in My
with § € C does not determine a wall intersected with C, see [12, Example 9.13] and [25,
Example 12.6].

4 Observations on boundary perfect matchings

In the latter half of this paper, we mainly use boundary perfect matchings, thus we show some
properties of boundary perfect matchings in this section. Concerning properties of internal
perfect matchings, see, e.g., [36, Sections 3 and 5].

4.1 Descriptions of boundary perfect matchings

Let Py, P, be adjacent corner perfect matchings of a consistent dimer model I'. By Proposi-

tion 3.8, zigzag paths zi,..., 2, having the same slope (i.e., [z1] = -+ = [2,]) arise as P, © P},
in which case we denote P, & P, = {21,...,2,}. We suppose that P, N 2; = Zig(z;) and
P.L N z; = Zag(z;) for any i = 1,...,r. The slope [z] is the outer normal vector of the side

of Ar whose endpoints are the vertices of Ar corresponding to P, P,. We denote such a side
by E = E(P,P,). Then, we observe the description of boundary perfect matchings using the
corner ones.

Proposition 4.1 (e.g., [8, Proposition 4.35], [20, Corollary 3.8]). Let P, P., and E be as above.
Let q be a lattice point on E and m be the number of primitive side segments of E between q
and the lattice point corresponding to P,. Then, any perfect matching of the following form
corresponds to q, and hence it is a boundary perfect matching:

Py = P\ U Zin(e) ) U Zaste) = (P2 U Zoa(e) ) u U Zie(e)

el iel S iel¢

= U Zig(z;) U U Zag(z;) U (Ps N PY),

i€lc i€l
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where I is a subset of [r] == {1,...,r} with m = |I| and I¢ = [r]\I. Note that Pz = P, and
P = P.. Moreover, any boundary perfect matching takes this form. Thus, the number of
boundary perfect matchings corresponding to the lattice point q is (;) in particular.

Example 4.2. We consider the perfect matchings Py and P; in Example 3.4. These are corner
perfect matchings and the symmetric difference Py © Py is equal to the zigzag paths shown in
the following figure.

21 z9 z3

The slopes of these zigzag paths are the outer normal vectors of the lower base of the zigzag
polygon A(3,2) shown in Figure 5. In particular, Py (resp. P1) corresponds to the lower left
(resp. right) vertex of A(3,2). We fix the lower left vertex as the origin (0,0).

For the above zigzag paths 21, 22, 23, we have Zig(z;) = PoNz; and Zag(z;) = P1Nz;. Applying
Proposition 4.1 to subsets {1} and {1, 3}, we have the perfect matchings as in Figure 8, which
respectively corresponds to the lattice points (1,0) and (2,0) in A(3,2).

Py = (Po\Zig(z1)) U Zag(z1) P13y = (Po\Uicq 3y Zig(2:)) UUieqn 3y Zag(2:)

Figure 8. Examples of boundary perfect matchings determined by the zigzag paths z1, 2o, 23.

4.2 Zigzag switchings

In order to handle boundary perfect matchings, we introduce a new operation, which we will
use in Section 7.

Definition 4.3. Suppose that P; is a boundary perfect matching as in Proposition 4.1 for
a subset I of [r]. Let j € [r], and hence j € I or j € I°. We define the zigzag switching of P
with respect to z; (or j), denoted by S, (Py), as follows:

U Zig(z;) U U Zag(z;) U (P<> N Pg)
iel°u{j} i€e\{j}
if j € I, equivalently Zag(z;) C Py,
U Zigz)u | Zag(z)u (PonPy)
i€I\{j} 1€IU{j}
if j € I°, equivalently Zag(z;) C Py.

By definition and Proposition 4.1, S, (Py) remains a boundary perfect matching and satisfies
the following properties.

Lemma 4.4. Let P; be a boundary perfect matching as in Proposition 4.1. For j, k € [r], we
have S.,S.;(Pr) = Pr and S.,S;, (Pr) = S, S, (Pr).
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Lemma 4.5. Let I' be a consistent dimer model, and Py be a boundary perfect matching as
in Proposition 4.1. Let p, p’ be vertices of Ar corresponding to P, P, respectively. Let q be
a lattice point of Ar corresponding to Py, and q*, q~ be the lattice points on E(P.,PL) next
to q. We assume that q* (resp. q~) is located between p and q (resp. p' and q).

p q q q" 4
E'(P<>7 P’o): P L Ly - Y
P. P P

Then we have the following:

1) If j € I, then the boundary perfect matching S..(Pr) corresponds to q~.

(1)

(2) If j € I°, then the boundary perfect matching S, (P) corresponds to q".

(3) Ifj €I and k € I°U{j}, then the boundary perfect matching S, S, (Pr) corresponds to q.
(4)

4) Ifj € I° and k € I U{j}, then the boundary perfect matching S.,S.,(Pr) corresponds to q.

Example 4.6. Let the notation be as in Example 4.2. For the perfect matching

P{L3}:(Po\ U Zig(zi)>u | Zag(z) =Zig(z2) U | Zag(zi) U(PonPy),

1€{1,3} 1€{1,3} 1€{1,3}

we see that

Sz (P13y) = Py, Sz (Pf131) = Pi2,3y = Pa,
821 z3(P{1,3}) = Sz1(P{1}) = Py = Py.

4.3 Stable boundary perfect matchings

As we saw in Section 3.3, for a given generic parameter § € ©(Q)gr, we have the collection
of f-stable perfect matchings PMy(I') whose elements correspond bijectively to lattice points
on Ar. In what follows, we will identify #-stable perfect matchings with corresponding lattice
points on Ap.

Setting 4.7. Let T, P,, P, be the same as Section 4.1. For a generic parameter § € O(Q)g,
let Py,...,P._1 € PMy(T") be #-stable boundary perfect matchings that correspond bijectively
to the r — 1 strict interior lattice points on E = E(P,, P). In this setting, we can choose P; so
that the lattice length from P, is j (and hence the lattice length from P/ is 7 — j), which means
that P; takes the form

P, = | Zig(z:) U | Zag(z)U (PonPY) (4.1)

i€l , i€l; g
by Proposition 4.1, where I; g is a subset of [r] with [I;¢| = j and I, = [r]\I; .

E'(P<>7 P:}) !V G— s s eanes L Ly - Y
Ps P Pin P Pin Py PO
Note that for any j =1,...,r — 1 a subset I; ¢ is determined uniquely for a given 6.

Lemma 4.8. Let the notation be as in Setting 4.7. For anyi=1,....,r and j =1,...,1r — 2,
we see that if P; N z; = Zag(z;), then Pji1 Nz = Zag(z).
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Proof. We assume that P; N z; = Zag(z;) and P11 Nz = Zig(z;). Since |Ljg| + 1 = |Ij110],
there exists a zigzag path zj, such that P; Nz, = Zig(2;) and Pj41 N 2, = Zag(2y), and hence
zi # zi. Since P, P,y are f-stable, there is a f-stable representation M = ((My)veQq, (Pa)ac@:)
of dimension vector 1 such that the cosupport of M contains all arrows dual to edges composing
the zigzag paths z; or z; (see Propositions 3.10 and 4.1). Since the slopes of z; and z; are
the same, these zigzag paths divide the two-torus T into two parts. Thus the quiver support-
ing M is divided into two connected parts which we will denote by @Q_, Q+. We note that

Zve(Q7)0 0y + ZU‘E(Q+)0 0, = 0, and may assume that ZUE(Q,)O 0, = — Zve(ng 0, < 0. Then,
a subrepresentation N = ((Ny)veq,, (Pa)ac,) of M such that

dim N, =1 for any v € (Q-)o,
dim N, =0 for any v € (Q+)o

satisfies (') < 0, which is a contradiction. [

Proposition 4.9. Let the notation be as in Setting 4.7. For any 0-stable non-corner boundary
perfect matching Pj (j = 1,...,r—1), there exists a unique sequence (2;,, ..., z,) of zigzag paths
such that {i1, ..., iy} ={1,...,7} and

r J
Pi= | Ziglzi,) U Zag(zi,) U (Po NPY).
k=j+1 k=1

Proof. By (4.1), any boundary perfect matching P; is determined by the set I;9. Thus, we
will detect zigzag paths whose intersections with P; are their zags for identifying P;.

For the perfect matching Py, since |1 9| = 1, we have a zigzag path z;, € {21,...,2,} such
that P1 N 2, = Zag(z;, ), that is, I 9 = {i1}. Next, for the perfect matching Po, since |Iy 9| = 2
and Py N z;, = Zag(z;,) by Lemma 4.8, we have a zigzag path z;, € {z1,...,2.}\{z, } such that
PoNzi, = Zag(zi,), thus Iy g = {i1,i2}. By repeating these arguments, we have the assertion. W

5 Dimer models associated to R,

Let a, b be integers with @ > 1 and a > b > 0. In what follows, we consider toric cDV singularities
discussed in Section 1.2. In particular, we focus on a toric cA,yp—1 singularity:

Rop = Clz,y, 2, w]/(xy - zawb).

Recall that the toric diagram of R, is the trapezoid A(a,b) shown in Figure 2, see also Exam-
ple 2.5.

By Theorem 2.4, there exists a consistent dimer model I" whose zigzag polygon is the trapezoid
A(a,b), although it is not unique in general. By the arguments in [34, Section 1.2], such
a consistent dimer model takes the form of a tiling of the real two-torus T = R?/Z? by rhombi
and hexagons. We here recall the precise construction. First, we place an infinite number of
rhombi (resp. hexagons) in a line as shown in Figure 9, and we denote the union of such rhombi
(resp. hexagons) by S (resp. H). We assume that all sides of rhombi and hexagons have the
same length.

Let n := a4+ b. We consider the tuple (i1, ...,i,) defined as

. -1, k=12,...,a,
1 =
F +1, k=a+1l,a+2,...,n.
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Figure 9. Infinite number of rhombi and hexagons lied in a line.

Then, for 7 € &,, and the tuple (i1, ...,i,), we define the map t,: [n] = {1,2,...,n} — {S,H}
as

"y .
ek = 5 100 7 ey (5.1
H itirg) =irgs)

for any k = 1,...,n. We extend the map ¢, to t;: Z — {S, H} by setting t(I) = t(k) for
any | € 7Z with [ = k (mod n). We label all thombi in S with I (mod n) if t;(I) = S, and
label all hexagons in H with [ (mod n) if £,(l) = H. Then, we arrange S and H labeled with
(mod n) along the cyclic order determined by I (mod n) so that they tile the plane R?. By taking
a minimum-area parallelogram such that each vertex lies on the center of rhombi or hexagon
labeled by 0, we can cut out a fundamental domain of T from the tiling of R%2. This induces
a cell decomposition of T by rhombi and hexagons, which can be considered as a graph on T. We
color the vertices of this graph with either black or white so that the resulting graph is bipartite,
see Figure 10. Note that there are several choices of a fundamental domain of T and there are
two choices of a coloring of the graph, but in any case the graph is a consistent dimer model
and its zigzag polygon is unimodular equivalent to A(a,b). For simplicity, we always choose
a fundamental domain of T (and a Z-basis of H;(T)) such that the resulting dimer model, which
we will denote by 'y, satisfies Ap_ = A(a,b). Also, in the following, we reuse the labels of faces
of I'; as the labels of vertices of the associated quiver Q).

Example 5.1. Let a = 3, b = 2. We consider the tuple (i1, 12, 13,14,75) = (—1,—1,—1,+1,+1)
and the identity element id € &5. Then we have

(tia(1), tia(2), tia(3), tia(4), ta(5)) = (H, H, S, H, S).

Then we consider the tiling of R? by labeled thombi and hexagons determined by (%Vid(l)) 1ez and
take a fundamental domain of T. We color the vertices with either black or white, and obtain
the dimer model T'jq whose zigzag polygon is A(3,2) as shown in the right of Figure 10. This
dimer model coincides with the dimer model given in Figure 1 up to homotopy equivalence.

We now observe zigzag paths of the dimer model I';. Zigzag paths appearing in the parts
originating from S and H in the universal cover 1:7r take the form shown in Figure 11. Note
that two zigzag paths appearing in each figure share no edges. In the universal cover f,r, rhombi
and hexagons are glued together along these zigzag paths. Since the number of faces of I'; on
the two-torus T is n = a + b, if we choose a fundamental domain such that the zigzag paths in
Figure 11 restricted to I'; have slopes (0,1) or (0,—1), we obtain Ar, = A(a,b). In particular,
these zigzag paths satisfy the following properties.
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Figure 10.

Lemma 5.2. Let I'; be the consistent dimer model for some m € &,,. Let z1,...,z, be zigzag
paths on 'z such that for any i = 1,...,n the slope [z;] is either (0,—1) or (0, 1), in which these
zigzag paths take the form shown in Figure 11. Then we have the following:

(1) Any pair of zigzag paths in {z1,...,2z,} do not intersect each other, that is, they do not
share any edge.

(2) For anyi=1,...,n, the zigzag path z; consists of the edges shared by faces labeled k — 1
and k (mod n) for some k=1,...,n.

(3) For anyi=1,...,n, the zigzag path z; consists of two edges, and hence both Zig(z;) and
Zag(z;) consist of a single edge.

(4) An edge dual to a loop arrow in Qr, which appears on a joint of hexagons in H, is not
contained in any zigzag path z;.

Proof. (1) and (2) follow from the explanation preceding the lemma. Furthermore, by defi-
nition, a rhombus or a hexagon with the same label is unique in I';, and hence we have (3).
Regarding (4), since each zigzag path z; separates faces with different labels, an arrow appearing
as the dual of an edge on z; can not be a loop. |

Shs

Figure 11.

By the above construction, we can obtain a consistent dimer model I'; for any 7 € &,,. For
the adjacent transposition s; (kK =1,...,n—1), we have the consistent dimer model I'z,, . Then
we see that the dimer models I'; and I'z, are transformed into each other by “mutations”.
First, as we mentioned in Section 3, we have the quiver with potential associated to a dimer
model. In many cases, a mutation of a dimer model, which produces a new dimer model from
a given one, can be defined as the dual of the mutation of a quiver with potential in the sense
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of [15] at a vertex corresponding to a quadrilateral face (see [4, Section 7.2], [35, Section 4],
[36, Section 6.2]). However, this mutation can be applied only to a vertex not lying on 2-cycles
and not having loops. Since any vertex of the quiver associated to the dimer model I'; lies on
2-cycles and may have a loop, we can not apply this mutation to our dimer model. On the other
hand, there is a certain way to relate the associated Jacobian algebras A, and Ay, as shown
in [34, Section 3.1], and it can be considered as the mutation of tilting modules in the sense of
[28, Section 5]. Since any two elements in &,, can be transformed into each other by the action
of adjacent transpositions, the associated dimer models can also be related by the mutations of
the associated Jacobian algebras.

6 Wall-and-chamber structures and zigzag paths

Setting 6.1. For 7 € G,,, let I'; be the consistent dimer model whose zigzag polygon is the
trapezoid A(a,b) and @, be the associated quiver as in Section 5. Let z1,..., zq, w1, ..., wp be
zigzag paths satisfying [z1] = -+ = [z, = (0, —1) and [w1] = -+ = [wp] = (0,1). Note that these
zigzag paths satisfy the properties as in Lemma 5.2. We fix the lower left vertex of A(a,b) as
the origin.

For the space ©(Q,)r of stability parameters, any 6 € ©(Q,)r satisfies 6y = — ZW&O 0,.
Thus, in what follows, when we consider ©(Q)r, we employ the coordinates 6, with v # 0.
For a generic parameter § € C in a chamber C C O(Q)r, let P?i,j) be the #-stable boundary

perfect matching corresponding to the lattice point (4,7) on A(a,b).

P?U,l) P((gl,l) P?b714’1) P?b,l)
@ e
A(a,b):
@ e
0 0 0 0 0 0
Po,0) P10 Pioy  Plu+o Pla-10 Pl

Thus, PMy(T';) = {P?Z. 0) |0<i< a}U{P?j 1) [0<j< b}. We recall that corner perfect match-
ings P((;O,O ) P?a 0y’ P?O 17), P((’b 1) are the same for any generic parameter 6 € ©(Q)r (see Propo-
sition 3.73. Thﬁs, we 7simpl}; denote them by P g ), P(a,0), P(0,1)s Ps,1), respectively. By Propo-
sition 4.1, corner perfect matchings satisfy

U Zig(zk) C P?o,o) =Pw,0), U Zag(2k) C P?a,o) =P,0);
k=1 k=1
b b
U Zag(wy) C P?o,1) = P,1) U Zig(wy,) C P?b,l) =P@,1)- (6.1)
k=1 k=1

Applying Proposition 4.9 to our situation as in Setting 6.1, we have the following.

Proposition 6.2. Let the notation be as in Setting 6.1. For any generic parameter 8 € C
in a chamber C C O(Qr)r, there exist unique sequences (zk, ..., 2k, ), (wkll, .. .,wké) of zigzag
paths with {k1,...,kq} ={1,...,a} and {k,... k;} ={1,...,b} such that

k'i ka
Plioy = | Zag(z)U |J Zig(zk) U (Po0) NPa) foranyi=1,...,a—1, (6.2)
k=k, k=ki 1

K

k‘l
J
Pl.y = U Zigtw)u | Zag(wr) U Py NPuy) foranyj=1,....b—1. (6.3)
k=k} k=K'
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6.1 Zigzag paths associated to chambers

Rearranging the zigzag paths z1,..., 24, w1, ..., wp as in Setting 6.1, we consider the sequence
(u1,...,uy) of zigzag paths such that

o {uy,...,upt ={z1,...,2q,w1,...,wp} as sets, (6.4)
e vy, consists of the edges shared by the faces labeled by £ — 1 and k£ (mod n). (6.5)

Recall that the label of each face used in (6.5) is determined by the map t,: [n] — {S, H}, see
the sentences following (5.1) and Figure 10. In the following, we consider the set

{Zw = (uw(l)a cee 7uw(n)) ‘ w e 671}

of sequences of zigzag paths obtained as permutations of (u1, ..., u,). We assign such a sequence
to each chamber in ©(Q,)r as follows.

First, for a chamber C in ©(Qr)r, we have the fine moduli space M¢ and the triangulation
of A(a,b) as explained in Section 3.2. We will denote such a triangulation by A¢. Note that the
argument in [14, Section 3] asserts that any triangulation of A(a,b) into elementary triangles
is regular, and thus the crepant resolution M¢c — Spec R, induced by a triangulation Ac is
projective. We draw the line L from (O, %) to (a, %) which passes through Ac. Let {Ac i},
be the set of elementary triangles in A¢, and we fix the index k so that the line L passes
through Ac, first, then it passes through A ;41 for any k =1,...,n — 1. Then, we define the
sign of Acy as

+1 if Acy, shares a side with the upper base of A(a,b),
—1 if A shares a side with the lower base of A(a,b),

and let sgn(Ac) = (sgn(Acp),...,sgn(Ac,,)). For example, if a triangulation Ac of A(3,2)
takes the form as in Figure 12, then we have sgn(A¢) = (+1,—1,—1,+1,—1).

Ao Ac,a

\
2> L
Ac,2|Ac,s\]Ac,5

Figure 12. A triangulation of A(3,2) and the labeling of elementary triangles.

Then we define the sign of a zigzag path in {ui,...,u,} as

1 if fug] = (0,1),
senuy) = ¢ 1 B = O

=1 if [ug] = (0, —1).
Note that the number of elementary triangles satisfying sgn(Ac ) = +1 (resp. sgn(Ac k) = —1)
coincides with that of zigzag paths satisfying sgn(ug) = +1 (resp. sgn(uy) = —1) by the definition
of the zigzag polygon. For example, the zigzag paths u1, ..., us as in Figure 13 satisfy sgn(uy) =

sgn(uz) = sgn(us) = —1 and sgn(ug) = sgn(us) = +1. For a sequence Z,, = (Uy(1); - - - Ue(n))
with w € &, we let sgn(Z,) = (sgn(uey(1)); - - - » 580 (Uy(n)))-
By definition, combining the sequences (zg,,. .., 2k,) and <wk’1’ .. ,wk/b), we can obtain the

sequence Z,, satisfying sgn(A¢) = sgn(Z,,). We record these facts as follows.

Proposition 6.3. Let the notation be as in Setting 6.1. Let uy,...,u, be the zigzag paths
satisfying the conditions (6.4) and (6.5), in particular the slope [u;] is either (0,1) or (0,—1).
Then, for any chamber C C ©(Qxr)r, there exists a unique sequence Z, = (Ugy(1); - - -  Ugy(n)) With
w € &, such that
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Us

Uy (5] us

Figure 13. The zigzag paths u, ..., us whose slopes are either (0, 1) or (0, —1).

(a) sgn(Ac) = sgn(2y),

(b) the subsequence of (Uwy(1), - - -, Uy(n)) consisting of zigzag paths with sgn(u,;)) = —1 coin-
cides with (zky, ... 2k, ),

(c) the subsequence of (Uy(1), - - -, Uy(n)) consisting of zigzag paths with sgn(uy;y) = +1 coin-
cides with (wkfl, e wkl’));

where (Zkyy - - -, 2k,) and (wkxl, .. ’wki) are sequences of zigzag paths respectively associated to

the upper base and the lower base of A(a,b) as in Proposition 6.2.

We will show that the sequence Z, assigned to a chamber C' as in Proposition 6.3 determines
the walls of C' and reveal the wall-and-chamber structure of ©(Q)r in Section 6.3.

6.2 Combinatorics of dimer models associated to A(a,b)

We keep Setting 6.1, but we write I' = 'y, @ = @, for simplicity. We recall that each wall
in O(Q)r is determined by the equation (3.4) in Proposition 3.12, and the tautological bundle
To = Doeq, Lo used in (3.4) can be obtained by using perfect matchings in PMg(T") as shown
in Proposition 3.11. The combinatorial descriptions of f-stable representations corresponding
to three-dimensional cones in Yy are important ingredients to detect the wall-and-chamber
structure of O(Q)r. Thus, we review some materials in [22, Section 4], [32, Section 4], [11,
Section 3] which discuss #-stable representations in terms of perfect matchings.

Let Xy be the toric fan of My for a generic parameter § € O(Q)r. For a three-dimensional
cone o € Xy(3), let po, p1, p2 € 3p(1) be the rays in 0. We denote the #-stable perfect matchings
corresponding to pg, p1, p2 by Po, P1, Pa, respectively. Let @ be the subquiver of () such
that the set of vertices coincides with Qg and the set of arrows consists of arrows dual to edges
not contained in U0<7,<2 P;. Note that the arrow set of Q¢ coincides with the cosupport of the
¢-stable representation M,, and we see that Q7 is connected. Let Q be the quiver defined as the
dual of the bipartite graph T on R2. The inverse image of Q° under the universal cover R? — T
defines the subquiver of @ whose any connected component is identical to Q7. We choose one
of such connected components, and denote it by ()7. We consider the subset of R? covered by
the faces of I dual to the vertices of Q" This subset has properties as in Proposition 6.4 below,
thus we call it the fundamental hexagon associated to o, and denote it by Hex(o). We denote
the graph obtained as the union of all Z2-translates of the boundary of Hex(o) by Graph(c).

Proposition 6.4 (cf. [11, Proposition 3.4 and its proof]). Let the notation be as above. For
o € ¥¢(3), the boundary of Hex(o) contains precisely siz 3-valent nodes of Graph(o). Fach chain
of edges linking adjacent 3-valent nodes on the boundary of Hex(o) comprises an odd number
of edges, in which the edges belong alternately to either a single perfect matching P; or to the
intersection P;_1 N P;11 of perfect matchings, where the indices of perfect matchings are taken
modulo 3 (cf. [11, Figure 4]).

Let 04, o_ € 3y(3) be three-dimensional adjacent cones in ¥y and let 7:= o, No_ € Ly(2).
Let po, p1, p2 and p1, pa, p3 be the rays in o4 and o_, respectively. On the hyperplane at
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height one, the pair of cones o, and o_ takes one of the forms as in Figure 14 up to unimodular
transformations. Thus we will discuss using these figures.

P1 P3 P1
po p2 Po p2 p3

Figure 14. The intersection of cones in ¥y (3) with the hyperplane at height one.

Let Pg, P1, P2, P3 be #-stable perfect matchings corresponding to pg, p1, p2, p3, respectively.
Then, we call the closure of a connected component of T\ U?:o P; a jigsaw piece for 7 (cf. [11,
Definition 3.10]). By Proposition 6.4, ¢ := (P; © P3) N (P2 © P3) is a subset of the edges in the
boundary of Hex(o_). By [11, Lemma 3.11], Hex(o ) is divided into two pieces along edges of ¢_
and these pieces are precisely the jigsaw pieces for 7. Similarly, ¢ = (Pog© P1) N (Py © P2) is
a subset of the edges in the boundary of Hex(o), and Hex(o_) is divided into two pieces, which
are precisely the jigsaw pieces for 7, along edges of ¢,.. In particular, the following statement
holds.

Proposition 6.5 ([11, Theorem 3.12], see also [37]). Let J, J' be the jigsaw pieces for T obtained
by cutting Hex(oy ) in R? along the edges of c_. Then, we have the fundamental hexagon Hex(o_)
by certain Z2-translations of J and J'.

Example 6.6. We consider the dimer model I" given in Figure 1, in which the zigzag polygon Ap
is A(3,2). For the zigzag paths uq,...,us of I shown in Figure 13, we consider the sequence

Ziy = (Ue(1)s -+ -5 U (5)) = (U, u1,us, us, ug)

with w = (1452) € &5. We suppose that C C O(Q)r is a chamber associated to the sequence 2,
as in Proposition 6.3. By the condition (a) in Proposition 6.3, we see that the triangulation A¢
takes the form as in Figure 12 since sgn(Z2,,) = (+1,—1,—1,+1,—1). For § € C, let o € ¥4(3)
be the three-dimensional cone whose rays pass through the lattice points (1,0), (1,1), and (2,0)
in A¢. Similarly, let o_ € 34(3) be the three-dimensional cone whose rays pass through the
lattice points (1,1), (2,0), and (2,1) in Ac.

(1,1 (2,1
04 .
(1,0) (2,0)

The #-stable perfect matchings corresponding to these lattice points can be obtained from Z,
as Proposition 6.2, in particular we have the following:

. P?LO) = Py and P?Q,o) = Py1,3), where Py, Py 3) are perfect matchings shown in Fig-
ure 8,
o PY

2,1) is the corner perfect matching P2 shown in Example 3.4,

¢ P?l,l) = (P€2,1)\Zig(us)) U Zag(us).
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Considering the edges in P(Zl,o) U P?l,l) U P(ZZO) and P?l,l) U P?z,o) U P?2,1)’ we have the funda-
mental hexagons Hex(o4) and Hex(o_) associated to oy and o_ as shown in Figures 15 and 16,
respectively. Let

c = (P?M) S P?2,1)) N (P?Z,O) S P?g,l)), 0 = (P?l,o) S P?1,1)) N (P?l,o) S P?z,o))-

Then, the edge ¢_ cuts Hex(o4) into two jigsaw pieces, and the edge ¢, cuts Hex(o_) into two
jigsaw pieces. By sliding a jigsaw piece in Hex(o4.), we can obtain Hex(o_), and vice versa.

Figure 15. A connected component (e.g., the grayed area) is the fundamental hexagon Hex(c, ), and

the blue edge is ¢_.

%

Figure 16. A connected component (e.g., the grayed area) is the fundamental hexagon Hex(o_), and

the blue edge is c.

We show some combinatorial statements concerning our consistent dimer model I' = T';.

Lemma 6.7. Let the notation be as above. We see that ¢y (resp. c_) is a single edge contained
in Py (resp. P3).

Proof. Since ¢4 is a subset of the edges in the boundary of Hex(o4), the edges consisting
of ¢, are contained in either Py or P; N Py by Proposition 6.4. In our situation, we claim
that Py N Py = @. Indeed, since p; (resp. pa2) corresponds to a lattice point on the upper
(resp. lower) base of A(a,b), if there exists an edge e such that e € P; N Py, then we have
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e € P0,0) N P(a,0) N P(o,1) N P,1) by the description of perfect matchings as in Proposition 6.2
and Lemma 5.2. By Proposition 3.8, this implies that any zigzag path does not pass through
the edge e, which is a contradiction. The assertion for ¢, follows from this claim. We have the
assertion for ¢_ by a similar argument. |

Lemma 6.8. Let the notation be as above. Any edge contained in the strict interior of Hex(o )

(resp. Hex(o-)) does not belong to Po U Py UPy (resp. P1UP2UP3). Thus, the subquiver of Q
obtained by restricting Q to the strict interior of Hex(o) (resp. Hex(o_)) coincides with the

quiver Qo+ (resp. Q7).

Proof. By [32, Corollary 4.18], we see that if there is an edge e € Py U P U P contained in the
strict interior of Hex(o ), then it satisfies e € Po N Py N Py. Since P NPy = & (see the proof
of Lemma 6.7), we have the assertion for Hex(o4). The assertion for Hex(o_) can be shown by
a similar argument. |

Here, we note that by Proposition 6.3, for any triangulation A¢c associated to a chamber
C C O(Q)r, we can assign the zigzag path zj, to the line segment between (i — 1,0) and (3,0)
for all e = 1,...,a, and assign the zigzag path Wy to the line segment between (j — 1,1) and
(7,1) for all j =1,...,b. Concerning such zigzag paths, we have the following lemma.

Lemma 6.9. Let the notation be as above.

(1) We consider the cones in g as shown in the left of Figure 14. Let zy, (resp. wk;) be a zigzag
path with [zx,] = (0, —1) (resp. [wk;_] = (0,1)) assigned to the line segment comprised lattice
points corresponding to po and pa (resp. p1 and p3). Then we see that ¢y € Zig(z,) and
€ Zig(wk}).

(2) We consider the cones in X as shown in the right of Figure 14. Let 2y, (resp. zx,,,) be
a zigzag path with [z,] = (0,—1) (resp. [z,.,] = (0,—1)) assigned to the line segment
comprised lattice points corresponding to py and ps (resp. pa and ps3). Then we see that
¢t € Zig(zy,) and c_ € Zag(z,,,)-

Proof. (1) By Proposition 6.4 and Lemma 6.7, the edge ¢, belongs to a single perfect match-
ing Py, and hence ¢ ¢ Py in particular. By Proposition 6.2, we know that Py and Py are the
same except the edges contained in zy,, and Zig(z,) € Po, Zag(zx,) € P2. Thus, we see that
¢y € Zig(zg,). Similarly, the edge c_ belongs to a single perfect matching P3, and hence ¢, ¢ Py
in particular. Since P; and P3 are the same except the edges contained in Wy and Zig(wk;) € Ps,
Zag(wk;_) € Py, we see that ¢_ € Zig(wkg).

(2) By the same argument as (1), we see that ¢, € Zig(zk;). Concerning the edge c¢_, by
Proposition 6.4 and Lemma 6.7, ¢_ belongs to a single perfect matching P3, and hence ¢y & Ps in
particular. By Proposition 6.2, we know that Py and P3 are the same except the edges contained

in 2x,,,, and Zig(z,,,) € P2, Zag(zx,,,) € P3. Thus, we see that ¢ € Zag(z,,,)- [ |
6.3 Wall crossings and zigzag paths

Setting 6.10. Let I' = I'; be a consistent dimer model for some ©m € &,,. Let uq,...,u, be
zigzag paths on I' satisfying (6.4) and (6.5). In particular, the slope [ug] is either (0,—1) or
(0,1) for k =1,...,n. We define a total order < on {u1,...,up} as u, < up—1 < -+ < ug < uj.

Suppose that a chamber C' C ©(Q)gr corresponds to a sequence Z, = (Uy(1);-- -, Uy(n))
with w € &,, as in Proposition 6.3. Let A¢ be the triangulation corresponding to Mg and
{Ack}i—, be the set of elementary triangles in A, in which we have sgn(Ac k) = sgn(uey))
for any k =1,...,n. In particular, we can assign u,x) to Ac k. Also, for any § € C, we denote
the associated toric fan by X¢o = 3.
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By Lemma 5.2, we see that any pair of zigzag paths (u;, u;) on I' divide the two-torus T into
two parts (see Figure 17). We denote the region containing the face dual to the specific vertex
0 € Qo by R~ (ui,uj), and the other region by R (u;, u;). By abuse of notation, we also use
the notation R* (u;, u;) for the set of vertices of @ contained in R*(u;, u;). Since we essentially
use one of R¥ (u;,uj), we let R(ui, u;) = R¥ (uy, uy).

R~ (wi, uj) R* (ui, uj) R~ (i, uy)

’U,i 71/j
Figure 17.

We are now ready to state our theorem.

Theorem 6.11. Let the notation be as in Setting 6.10. We suppose that L is an exceptional
curve in Mg and Acy, Acry1 are elementary triangles in the triangulation Ac such that
Aok N Ac k1 is the line segment corresponding to (.

(1) Foranyk=1,...,n—1, the equation (3.4) derived from ly, takes the form > p 6, =0,
where Ry, = R(Uy(k), Up(kt1)), and

W= {o 0| 3 0.0}

vER

is a wall of C.
(2) The wall Wy, is of type 1 if and only if [uy)] = —[Uykt1)]-
(2
(3
(

3)" Any parameter 6 € C satisfies ZveRk Oy < 0 if uyr) > U(ht1)-

/

The wall Wy, is of type TL if and only if [ue(k)] = [Ue(t1)]-
Any parameter 0 € C satisfies ZveRk Oy > 0 if uym) < U(ht1)-

)
)
)
)
Proof. First, we assume that ¢ = /; is floppable. Then Acj and Ag 41 form a parallelo-
gram and ¢ corresponds to a diagonal of the parallelogram. Suppose that the vertices of the
parallelogram are (i — 1,0), (¢,0), (j —1,1) and (j,1).

For 6§ € C, let py, p1, p2, p3 be the rays in X (1) corresponding to the lattice points (i — 1, 0),
(j — 1,1), (4,0), (j,1) in Ag, respectively. Let Py, Py, P2, P3 be #-stable perfect matchings
corresponding to pg, p1, p2, pP3, respectively, that is, Pg = P?i_l 0y’ Py = P?j_l 1) Py = P((’Z. 0y’
Ps = P?j 1) We suppose that the diagonal connecting (j — 1,1) and (7,0) corresponds to a cone
in ¥¢(2). (Note that the case where the diagonal connecting (i — 1,0) and (j, 1) corresponds to
a cone in Y (2) can be shown by a similar argument.) We consider the cones o, o_ € ¥¢(3)
whose rays are respectively po, p1, p2 and p1, p2, ps. Thus, 7 = o4 No_ is the cone in 3¢ (2)
corresponding to £ (see the left of Figure 14). By these settings, Ac ; (resp. Ac x+1) is obtained
as the intersection of the cone o (resp. o_) and the hyperplane at height one, and Ug(k) = 2k
Us(k1) = W in the terminology of Proposition 6.3, thus [uyg)] = —[uyk+1)]- We divide the
arguments into two cases:

(Case 1) The case where zp, = Uy ) < Uy (ky1) = W -

(Case 2) The case where zp, = Uy (k) > Uy (kt1) = W -
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For these cases, we show the following.

(Case 1) We have

deg(Lyl¢e) =1 for any v € Ry,
deg(Lyle) =0 otherwise,

which means that

> deg(Lole)by = > 0. (6.7)

’UEQ() VERL

(Case 2) We have

{deg(ﬁv]g) = -1 for any v € Ry, (6.8)

deg(Lyl¢) =0  otherwise,

which means that

D deg(Lye)by ==Y _ 6, (6.9)

UEQO ’UE'Rk

To show this, we compute the coordinate function on the toric chart in Mg corresponding
to 7 by the argument similar to [11, Proposition 4.9]. Let v,,,vp,,Vp,, vp, € N be the generators
of the rays po, p1, p2, p3 € (1), respectively. Let m € M be the primitive vector such that
(m,n) =0 for any n € 7 and (m,n) > 0 for any n € o4. Thus, we have that

(m,vp,) = (M, vp,) =0, (m,vp,) >0, (m,vp,) <O.

Since m is primitive and (v,, Vp, Vp, ), (Up; Vps Vpy) € GL(3,Z), we have (m,v,,) =1, (m,v,,) =
—1. We identify C[M] with a subring of C[ti | p € B¢ (1)] via the natural inclusion M — Z¥c (1),
Then, we can write t"* € (C[tjE | p€3c(1)] as

tps

where ¢ is a Laurent monomial not containing t,, t,,, ts,, tps as its factor.

Then we consider the subquivers Q%+ and Q"— of Q (see Lemma 6.8). For each vertex
v € Qo, let vy (resp. 7, ) be a weak path in the double quiver of Q7+ (resp. Q°~) from the
vertex 0 to v. As we saw in Proposition 3.11, the line bundle £, depends only on the target
vertex v, thus we may choose v so that it passes through the same vertex at most once. We
let U, = SpecC[oY N M] for the toric chart in M¢ corresponding to 0. We consider the

generating sections

+
1es0®) = PR

peXc(1)

of HY(U,,, L), where P, is the §-stable perfect matching corresponding to a ray p € ¥¢(1).
Since 7 is the common face of o4 and o_, these sections can be described as either

plog() = (pmyd . gdes()  op  ydes(n) = (ym)=d . ydeg(n), (6.10)

where d is the minimal integer satisfying (¢™)? - tdeg() € Spec CleY N M] or (t™)~9. tdeg() ¢
Spec ClgY N M], in which case deg(L,|¢) = d or —d.
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To show (6.6) and (6.8), we let Ji, J\ (resp. J_, J_) be the jigsaw pieces for 7 obtained
by cutting Hex(c) (resp. Hex(o_)) in R? along the edge ¢_ (resp. ¢;). By Proposition 6.5,
considering certain Z>-translations, we may assume that Hex(o,) N Hex(o_) = J = J' and
the face dual to the vertex 0 € Qo is contained in this jigsaw piece. Let Jy = J| = J_. By
Lemma 6.8, any edge contained in the strict interior of Jy does not belong to Po UP; U Py U P3.
Furthermore, since the restrictions of J; and J_ on the two-torus T are identical, any edge
contained in the strict interior of J; or J_ also does not belong to Po U Py U P2 U P3.

e If the face dual to v in Hex(o4) is contained in Jy, then the face dual to v in Hex(o_) is
contained in Jy, and vice versa. In this situation, both of 4;" and ~, comprise the arrows
dual to edges not belonging to Po U P1 U P2 U P3, and hence neither ¢,, nor ¢,, appears in

t4e8(%") . Thus we conclude that d = 0 by (6.10).

e If the face dual to v in Hex(o4) is contained in .Jy, then the face dual to v in Hex(o_) is
contained in J_, and vice versa. Then, we claim that

(Case 1) t,, appears in tdeg(v) with multiplicity one and t,, appears in tdee() with
multiplicity one,

(Case 2) t;31 appears in ¢deg(n) with multiplicity one and t;ol appears in t48(0w) with
multiplicity one.

In fact, in this situation, the weak path 7,5 crosses over ¢_ in Hex(o;) and v, crosses
over c; in Hex(o_). Let a._, ac, be the arrows dual to the edges c_, ¢, respectively.
Since [zg,] = —[wy], we see that

J

(Case 1) the vertex v appears on the right of zj, and appears on the right of Wit

(Case 2) the vertex v appears on the left of zj, and appears on the left of W
Since ¢y € Zig(z,) and ¢_ € Zig(wk;) by Lemma 6.9(1), we see that

(Case 1) a._ is contained in 7, and ac, is contained in 7, ,

(Case 2) af is contained in ;" and af, is contained in 7, .

Since ¢4 € Pg and ¢ € P3 by Lemma 6.7, this shows the claim. It follows from the claim
that tdee(w) = ¢m . ¢des(v) for (Casel) and tdee(r) = (¢m)~1 - tdee(v) for (Case2).

Since the restrictions of Jy, J_ and Ry on T are identical, we have (6.6) and (6.8).

Next, we assume that ¢ = ¢}, is not floppable. Then, Ac and Ac 41 form a large triangle
consisting of two elementary triangles, and a torus-invariant curve ¢ corresponds to a bisector of
the large triangle. Suppose that the lattice points of the triangle formed by Ac ; and A ;41 are
(1—1,0), (4, 1), (4,0), and (¢4 1,0). (Note that the case where such lattice points are (j —1,1),
(,0), (4,1), and (j + 1,1) can be shown by a similar argument.)

For 6 € C, let pg, p1, p2, p3 be the rays in ¥ (1) corresponding to the lattice points (i —1,0),
(7,1), (4,0), (i + 1,0) in A¢, respectively. Let Py, P1, Py, P3 be f-stable perfect matchings
corresponding to pg, p1, p2, p3, respectively, that is,

0 [ 0 0
Po=Pi 10 P1=PG1,  P2=Phg,  Ps=Phii);

We consider the cones oy,0_ € Y (3) whose rays are respectively po, p1, p2 and p1, p2, ps.
Thus, the cone 7 = 04 No_ € ¥ (2) corresponds to the line segment obtained by connecting
(,0) and (j,1) (see the right of Figure 14). By these settings, Ac (resp. Ac k1) is obtained
as the intersection of the cone o (resp. o) and the hyperplane at height one, and ) = 2,
Ugy(kt1) = Zk;4, 10 the terminology of Proposition 6.3, thus [u, )] = [uyk+1)]- As before, we
divide the arguments into two cases:
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(Case 3) The case where 2k, = Uy (k) < Ugs(ht1) = Zhy 1 -

(Case 4) The case where 2k, = Uy (k) > Ugy(ht1) = Zhy 1 -
We show that we have (6.6) for (Case 3) and (6.8) for (Case 4). We take a weak path ~,
(resp. 7, ) in the double quiver of Cfﬂ (resp. QTf) for any v € Qp, and we have the equa-
tion (6.10) by the same argument as above. We define Hex(o4), ¢4, Jyx, Jo in the same way
as above. Then any edge contained in the strict interior of Jy, J4+ or J_ does not belong to
Py UP; UP2UP3 by Lemma 6.8.

o If the face dual to v in Hex(o4) is contained in Jy, then we see that d = deg(L,|s) = 0 by
the same argument as above.

e If the face dual to v in Hex(o) is contained in J,, then we see that tdegs(mw) = ¢m. pdeg(2)

for (Case 3) and tde8(v) = (¢m)-1. ¢des(0) for (Case 4). by the argument similar to the
above one. The difference is that in this situation

(Case 3) the vertex v appears on the right of z;, and appears on the left of 2z, ,,

(Case 4) the vertex v appears on the left of zj, and appears on the right of 2, ,

since [zx,] = [2k,,,)- Nevertheless, we have the same conclusion since ¢ € Zig(z,) C Po
and ¢_ € Zag(zk,,,) C P3 by Lemma 6.9 (2).

Since the restriction of J;, J_ and Ry on T are identical, we have (6.6) and (6.8).

By the above arguments, the hyperplane Ly = 0, where Ly is either (6.7) or (6.9), would
give a wall of C' (see Proposition 3.12). We here show that Ly = 0 certainly determine a wall
of Cfor k=1,...,n—1. Let M, be a representative of f-stable representations corresponding
to o4. By Proposition 3.10, the support of M, is identical with the set of arrows of Q°" which
is the arrows contained in Hex(oy). By the same argument as above, we see that hd(a,_) € J4
for (Cases 1 and 3) and tl(a._) € J for (Cases 2 and 4). Thus, we see that

(Cases 1, 3) there exists a subrepresentation N = (N,)veq, of M,, with {v € Qo | dim N, # 0}
coincides with the set of vertices contained in J,

(Cases 2, 4) there exists a subrepresentation N = (Ny)veq, of My, with {v € Qo | dim N, # 0}
coincides with the set of vertices contained in Jy,

since Hex(c) is divided into two parts J;, Jo by the edge ¢_. Identifying J; with Ry, we see
that such a representation N must satisfy

(Cases 1, 3) O(N) =3 ,cr, b >0,
(Cases 2, 4) O(N) =3 conry, v = = 2 per, v > 0.

Thus, any 0 € C satisfies Ly > 0 for any £k = 1,...,n — 1. Then we claim that the inequality
Lj, > 0 can not be derived from other inequalities of the form Lgs > 0 (s # k). We prove this for
the case where wuy(r) < Uy (r41), in which Ly takes the form (6.7) and the set of vertices in the
region Ry is {w(k+1),w(k+1)+1,... ,w(k) —1}. If Ly, = 3, cr, 0y > 0 is derived from other
inequations, then we need at least one of the inequality Ls > 0 (s # k) to be of the form:

® Ls=0ukt1) T Ouor1)+1 + -+ 0o >0 for some w(k +1) < a <w(k) -1,
 Ly=—(0a+ 4+ 0yp41)—1) >0 for some 1 <a <w(k+1)—1.

The former (resp. latter) inequality can be obtained from zigzag paths u,(s), Uy(s41) adjacent
in Z, such that s < Uy (s41) = Ueo(kr1) (TESP- Ue(rp1) = Ueo(s41) < Ue(s))- In both cases, this
contradicts the condition s # k. The proof for the case u, () > Uy r41) is similar. In conclusion,
the equation » . 6, = 0 determines a wall of C.

The assertions (2), (2)’, (3), and (3) follow from the above arguments. |
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Theorem 6.12. Let the notation be as in Setting 6.10. Suppose that the sequence of zigzag
paths corresponding to C'is Z, = (Uy(1), - - - Uu(n))- Let C" C O(Q)r be the chamber adjacent
to C and suppose that C and C' are separated by the wall Wy, given in Theorem 6.11 (1). Then,
the sequence of zigzag paths corresponding to C' is Z,s,, where sy, is the adjacent transposition
swapping k and k + 1.

Proof. Let § € C' and #' € C'. For the chamber C’, there exists a unique sequence 2, satisfying
the conditions in Propositions 6.2 and 6.3 for some W' € &,,.

If Wy, is a wall of type I, then Acj and Ag 41 form a parallelogram and a crossing of the
wall W, induces a flop, which corresponds to a flip of the diagonal. Thus, we have sgn(Ac ) =
sgn(Acr k1), s80(Ac k1) = sgn(Acr k). Also, since a flop preserves a toric divisor, we have

[ _ pt¢ 0 _ pd
Pioy=Puoy PGy =Pu (6.11)
forany i =0,...,a, j =0,...,b. The sequence Z,, satisfying the above conditions is Z,, .

If Wy, is a wall of type III, then A, ; and A, 41 form a large triangle, and A¢ = Acr.
Since a crossing of the wall W}, induce a divisor-to-curve contraction, we have (6.11) except the
perfect matching corresponding to the foot of the bisector on the triangle A, U A, 1. The
sequence Z,, satisfying the above conditions is Z,, . |

Since the adjacent transpositions s (k = 1,...,n — 1) generate the symmetric group &,,
Theorems 6.11 and 6.12 show that any sequence Z,, corresponds to a certain chamber in O(Q)g.
In particular, we have the following.

Corollary 6.13. Let the notation be as in Setting 6.10. There exists a one-to-one correspon-
dence between the following sets:

(a) the set of chambers in O(Q)r,
(b) the set {Z, = (Ugs(1ys - -+ Ugy(n)) | w € Sn} of sequences of zigzag paths.

Under this correspondence, a sequence Z,, and the corresponding chamber C satisfy sgn(Ac) =
sgn(2,). Furthermore, a wall-crossing in (a) corresponds to the action of an adjacent transpo-
sition in (b). In particular, the chambers in ©(Q)r can be identified with the Weyl chambers of
type Ap_1.

By Corollary 6.13, we may write a chamber C as C, when C corresponds to Z,, and can
define the action of &,, on the set of chambers in O(Q)r, which is compatible with the action
of &, on {Z, |w e &,}.

Remark 6.14. Note that the identification of the chambers in ©(Q)r with the Weyl chambers
was already shown in [45, Lemma 6.8] for any cA,_; singularity. The description of each
chamber in ©(Q)r given in Theorem 6.11 can also be obtained by the tracking argument of GIT
chambers established in [45, Section 5], which uses mutations of maximal modifying modules. An
advantage of our method is that we can obtain a chamber description directly from a given dimer
model, but it should be emphasized that the method in [45] is valid for any ¢DV singularity.

Example 6.15. We consider our running example, that is, let I' be the dimer model as in
Figure 1. Recall that the zigzag polygon of I" is A(3,2). Let wuy,...,us be zigzag paths shown
in Figure 13, and we fix a total order us < --- < uy.

Let w = (1452) € &5, and consider the sequence Z, = (Ug(1); - - - Ugy(s)) = (Ua, U1, U3, U5, U2)
of zigzag paths, which satisfy sgn(Z,) = (+1,—1,—1,+1,—1). By Corollary 6.13, there exists
a chamber C,, corresponding to Z,,, and it is given as

Cw:{QEG(Q)R‘91+92+93>O, 014+ 60, <0, 05+64 <0, 92+93+94>0}
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by Theorem 6.11. In fact, since Ry = R(u4,u1) = {1,2,3} and ug < uj, we have the inequality
01 + 02 + 63 > 0, and the other inequations can be obtained from other pairs of zigzag paths.
Since the triangulation A¢,, satisfies sgn(Ac,) = sgn(2,) = (+1,—1,—1,+1,—1), we are in the
situation depicted in Figure 12. Thus, the projective crepant resolution M¢, is the smooth
toric variety associated to the toric fan induced by the triangulation Ac,.

Next, considering the action of s3 € &5 on Z,, which swaps u,,3) = u3 and uy4) = us, we
have the sequence Z,,s, = (u4, u1, us, us, uz). By Theorem 6.12, the chamber C,s, corresponding
to Z,s, is adjacent to C,,. Since R3 = R(us,us) = {3,4} and [ug] = —[us], the chamber C,, is
separated from C,, by the wall 65 + 6, = 0, which is of type I (see Theorem 6.11). Furthermore,
we have

Cws3Z{HGG(Q)R‘91+92+93>0, 01+02+635+0, <0, 63+ 60, >0, 92>0}.

We then consider the action of so € &5 on Z,, which swaps u,,2) = u1 and uy3) = ug, and
have the sequence 2,5, = (u4, us, u1, us, uz). By Theorem 6.12, the chamber Cs, corresponding
to Z,s, is adjacent to Cy,. Since Ra = R(ui,u3) = {1,2} and [u1] = [us], the chamber Cys, is
separated from C,, by the wall 81 + 65 = 0, which is of type Ill. Furthermore, we have

Cw52={9€@(Q)R|93>0, 01405 >0,0,+65+605+04 <0, 92+93+94>0}.

Then we define the action of 6, x&;, C &,, on Z,, (and hence on C,) so that &, (resp. &) acts
on the subsequence (2, ..., 2k,) (resp. (wg,...,wy)) of Z, as discussed in Proposition 6.3.
Since such an action does not change the sign of a sequence of zigzag paths, the sign of the
corresponding triangulation is also preserved, thus we have the following.

Corollary 6.16. Let the notation be as above. Then we see that Mc,, = Mc , if and only if
W' =w-o for some o € &, x &y. In particular, projective crepant resolutions of Spec R, are
in a one-to-one correspondence with the cosets of G4 X Gy in Sy,

Remark 6.17. For adjacent chambers C,C’ C ©(Q)g, the moduli spaces M, Mer are not
necessarily isomorphic, but for each wall in O(Q)g, there exists a functor = giving rise to a derived
equivalence D?(coh M¢) ~ D®(coh M) of the adjacent moduli spaces, see [25, Theorem 11.1].
Thus, all projective crepant resolutions of Spec R, are derived equivalent. We consider a path ~y
in ©(Q)gr starting from a chamber C' and terminating at the same chamber. Then the composite
of functors = associated to walls passed by +, which is also identified with the product of
some transpositions of &,, via the correspondence in Corollary 6.13, gives an autoequivalence
of Db(coh M¢). In particular, the mixed braid group B, acts faithfully on D?(coh M(), see
[17, Theorem 1]. Here, the mixed braid group B, is the subgroup of the braid group B, on n
strands defined as cpfl(Ga x &), where ¢ is a natural surjection B, LN G,.

For a chamber C' C O(Q)g, if the projective crepant resolution M¢ contains a floppable
curve ¢ (equivalently b # 0), then there exists a wall of type I corresponding to ¢ (see Theo-
rem 6.11). Since all projective crepant resolutions of Spec R, (triangulations of A(a,b)) are
connected by repetitions of flops, collecting all chambers which can be connected to C by cross-
ings of walls of type I, we have all projective crepant resolutions of Spec R, ; as moduli spaces.
Thus, we can identify these chambers and their walls of type I with the flop graph of projective
crepant resolutions, which is a graph whose vertices are projective crepant resolutions and two
vertices are connected by an edge if the corresponding two crepant resolutions are connected
by a flop at some curve. If R, is isolated (equivalently a = b = 1), then the closures of such
chambers cover ©(Q)r. However, if a > 2, in which case there exists a wall of type IIl in ©(Q)g,
then different chambers would give the same projective crepant resolution up to isomorphism
(cf. Corollary 6.16). To observe this phenomenon in more detail, we consider the notion of
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a GIT region introduced in [1]. First, let C', C’ be adjacent chambers in O(Q)r. If the wall
C'NC" is of type I, then we delete it from ©(Q)r. After deleting all walls of type I, we have the
coarse wall-and-chamber structure of ©(Q)r. Each component of the coarse wall-and-chamber
decomposition of ©(Q)r is said to be a GIT region.

Proposition 6.18. Let G be a GIT region of ©(Q)r. Then G contains a’,‘—;}, chambers of ©(Q)r
and any projective crepant resolution of Spec R,y can be obtained as the moduli space Mc for
some C C G. In particular, the number of GIT regions in ©(Q)r is albl.

Proof. As we observed above, if M contains a floppable curve ¢ for some chamber C' C O(Q)r
(equivalently b # 0), then we can obtain the GIT region of ©(Q)r containing C' and any
projective crepant resolution can be realized as the moduli space associated to a chamber in this
GIT region. If there is a chamber in ©(Q)gr not contained in the above GIT region, we repeat
the same argument to such a chamber. Then any chamber of ©(Q)r is eventually contained
in some GIT region. Since the number of triangulations of A(a,b) is (Z) = ﬁ;ﬂ, we have the
first assertion. Moreover, since the chamber structure of O(Q)r can be identified with the Weyl
chambers of type A,,_1 (see Corollary 6.13), the number of chambers is equal to |&,,| = n!, and
hence the number of GIT regions is a!b!.

We note that when b = 0, a projective crepant resolution is unique up to isomorphism and
n = a, thus the assertions are trivial. |

Example 6.19 (the suspended pinch point (cf. [25, Example 12.5], [2, Section 5])). Let a = 2,
b = 1. Using the method in Section 5 for (i1,i2,i3) = (—1,—1,41) and id € &3, we have the
dimer model I' = I'jg shown in the left of Figure 18. In particular, the zigzag polygon of I is
A(2,1). We consider the zigzag paths wuj, ug, ug shown in the right of Figure 18. In particular,
the slopes of these zigzag paths are [ui] = [uz] = (0,—1), [us] = (0,1). We fix a total order
uz < ug < uUp.

Figure 18. The dimer model I" whose zigzag polygon is A(2,1) (left), the zigzag paths uq, ug, uz on T
(right).

Let ) be the quiver associated to I'. Then the space of stability parameters is
O(Q)r = {0 = (60,61,62) | 6o + 01 + 62 = 0}.

By Theorem 6.11 and Corollary 6.13, we have the wall-and-chamber decomposition of O(Q)r
as shown in Figure 19. For example, the sequence (us,uz,u1) corresponds to the chamber C
described as C' = {§ € ©(Q)r | 61 > 0, 02 > 0}, and the crepant resolution M is isomorphic
to the toric variety associated to the triangulation of A(2,1) described in the first quadrant of
Figure 19. A crossing of the wall #; = 0 of C' corresponds to a swapping of uz and us. Also, a
crossing of the wall #; = 0 of C' corresponds to a swapping of us and u;.

In Figure 19, the equations 2 = 0 and 61 + 03 = 0 are walls of type I, and #; = 0 is a wall
of type IIl. Thus, three chambers satisfying 87 > 0 are in the same GIT region, and also the
ones 01 < 0 are in the same GIT region. Each GIT region induces the flop graph of projective
crepant resolutions of Spec Ra 1.
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Figure 19. The wall-and-chamber structure of O(Q)r

Remark 6.20. As we discussed in Section 5, the consistent dimer models in {T'; | 7 € &,,}
are associated to the toric diagram of R,;, and they are transformed into one another by the
actions of adjacent transpositions. For any consistent dimer model I'; with 7 € &,,, we have
the same results shown in this section. In particular, the chambers in ©(Q,)r are identified
with the Weyl chambers of type A,_1. There are differences in projective crepant resolutions
associated to some chambers, which correspond to choices of simple roots in the theory of root
systems. For example, let a =2, b =1, and s2 = (23) € &3. Then we have the consistent dimer
model T, as shown in the left of Figure 20. According to convention (6.5), we label the zigzag
paths of I';, as shown in the right of Figure 20.

Figure 20. The dimer model I'y, whose zigzag polygon is A(2,1) (left), the zigzag paths v}, ub, uf
on I';, whose slopes are either (0,—1) or (1,0) (right).

Then, by Theorem 6.11 and Corollary 6.13, we have the wall-and-chamber structure of
O(Qs,)r as shown in Figure 21. Note that the wall-and-chamber structure is the same as the
one in Figure 19, but the projective crepant resolution associated to each chamber is different.

7 Variations of stable representations under wall crossings

We keep Settings 6.1 and 6.10. In the previous section, we showed the correspondence be-
tween the chambers in ©(Q)r and the set {Z, | w € &,} of sequences of zigzag paths (see
Corollary 6.13). Also, using this correspondence, we can see the variation of projective crepant
resolutions of Spec R, ;. In this section, we observe the variations of torus orbits in projective
crepant resolutions under wall crossings. First, we recall that for a chamber C,, the torus orbits
in the projective crepant resolution Mc¢,, of Spec R, can be determined by the set PM¢, (') of
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(g, ui, up)
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(e, )

(uy, up, uz)

(uh, uy, uy)

Figure 21. The wall-and-chamber structure of ©(Qs, )r.

O-stable perfect matchings of I" for some (and hence any) 6 € C,,. Precisely, for an r-dimensional
cone o € Y, (r) (r =1,2,3), the cosupport of a f-stable representation M, which corresponds
to a (3 — r)-dimensional torus orbit O, C M, consists of the arrows dual to | J;_; P;, where
Pi,..., P, are perfect matchings in PM¢, (I') corresponding to the rays of o € ¥¢_ (), see Propo-
sition 3.10. Thus, in the following, we will observe the variations of stable perfect matchings to
understand the variations of torus orbits under wall crossings.

Setting 7.1. Let C,, be a chamber in O(Q)r corresponding to the sequence Z,, for some w € &,
(see Corollary 6.13). In the following, we use the notation ¥, = X, A, = A¢,, and
PM,(T) :== PM¢, (T).

We consider the set of elementary triangles {A, ;}7_; in the triangulation A, as in Set-
ting 6.10. For any k = 1,...,n — 1, we denote by oy, the three-dimensional cone in the toric
fan ¥, corresponding to A, 1, and denote by 7,, ; the two-dimensional cone in ¥, corresponding
to the line segment A, . N Ay r41.

Suppose that Wy, = {6 € O(Q)r | > ver,, O = 0} is a wall of C, (see Theorem 6.11) and
the chamber adjacent to C,, by the wall Wy, is C,,. For 8 € C,, let Pg be the 6-stable perfect
matching corresponding to a lattice point ¢ € A(a,b). By Theorem 6.12 (and its proof), we can
observe the variations of stable perfect matchings as in Propositions 7.2 and 7.3 below.

Proposition 7.2. Let the notation be the same as above. If the wall Wy, is of type 1, then we
see that PZ = PZI for any 0 € Cy,, 0" € Cys,, and any lattice point g € A(a,b). In particular, we
have PM,(I') = PMy,, (T').

Proposition 7.3. Let the notation be the same as above. Suppose that the wall Wy, is of type
T, in which case [uy )] = [Uyks1)] and the elementary triangles Ay i and Ay g1 form a large
triangle. Let m € A(a,b) be the foot of the bisector on the triangle Ay ;U Ay py1-

Then, for any 0 € C,,, 0" € Cys, , we see that Pg = PZ’ if ¢ € A(a,b) is a lattice point with ¢ # m,
and PY, =S Su, . (P4,), where S, and S

Uy (1) Do (k) \Fm U () uohery OT€ the zigzag switchings as defined in
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Section 4.2. In particular, we have

PMus (1) = (PMo(DN{P7 1) U {Suse Sy (Pn) }-

By using Propositions 7.2 and 7.3, we can track the variations of stable perfect matchings
under wall-crossings. Thus, we can also track the variations of stable representations correspond-
ing to torus orbits in projective crepant resolutions by considering their support determined by
stable perfect matchings. In the following, we study stable representations corresponding to
exceptional curves in a projective crepant resolution and observe their variations under wall-
crossings.

We here recall that for any zigzag paths w; as in Setting 6.10 both Zig(u;) and Zag(u;) consist
of a single edge (see Lemma 5.2). We denote the arrows of ) dual to edges in Zig(u;) and Zag(u;)
by zig(u;) and zag(u;), respectively.

Lemma 7.4. Let the notation be as in Setting 7.1. For 0 € C,, and a two-dimensional cone
T = Tuk € Lu(2), we consider the 6-stable representation M. Then, for any zigzag path u;
(t=1,...,n), either zig(u;) or zag(u;) is contained in Supp M.

Proof. By Proposition 3.10, the cosupport of M, consists of the arrows dual to P?Z. 0) U P((’j 1) for
some ¢ =0,...,a and j = 0,...,b. Thus, the assertion follows from the description of #-stable
perfect matchings as in (6.1), (6.2), and (6.3). [

We then consider a subset V' of the arrow set 1 such that V' contains either zig(u;) or
zag(u;). In view of Lemma 7.4, for a zigzag path u; (i =1,...,n) we define

Su(V) = {(V\{Zig(%)}) U {zag(u)} it zig(u) € V.,
u; (V\{zag(wi)}) U {zig(u;)} if zag(u;) € V.

Note that this can be considered as a variant of the zigzag switching, thus we use the same
notation.

Theorem 7.5. Let the notation be as in Setting 7.1. Fork =1,...,n—1, let ¢, be an exceptional
curves in Mc,, which is the torus orbit O for the two-dimensional cone T = 7, € £.,(2). We
consider the chamber C,g, separated from C, by the wall W), determined by Z%Rk 6, = 0.
Then, for the cone T' = Ty, 1 € Luws, (2), we have that

Supp M, =S S (Supp M,).

Uy (k4+1) ~ o (k)

Proof. Let 0 € C,, and ¢’ € C,, .

First, we assume that the wall Wy is of type I, in which ¢ is floppable. We consider the
parallelogram A, ;UA,, ;11 in the triangulation A,,. As in the proof of Theorem 6.11, we suppose
that the vertices of the parallelogram are (i — 1,0), (¢,0), (j —1,1) and (j,1). Also, we suppose
that the diagonal connecting (j —1,1) and (i, 0) corresponds to 7. Then the cone 7" corresponds
to the diagonal connecting (¢ — 1,0) and (j,1) in the triangulation A, . By Proposition 7.2,
we have

[ _ pb [ _ pb 0 _ pb [ _ pb
Pi-10=Pi-100 PGy =PG-110  Pao=Pao PGy =Puu-

By Proposition 6.2, we see that

Zag(uu)) C Plig), Zig(uy (1)) C P(i_ 1),

Zig(ur) C Pl 1oy Zag(tursn) C Py
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which means that zig(uy(x)), zag(Uwk+1)) € Supp M and zig(uy(r41)), 2ag(Uew(k)) € Supp M.
Since Supp M, and Supp M, are the same except these arrows, we have the assertion.

Next, we assume that the wall Wy, is of type I, in which case we consider the large triangle
Ay r UA, k41 in the triangulation A,. As in the proof of Theorem 6.11, we suppose that the
vertices of the large triangle are (i —1,0), (4,0), (¢+1,0) and (j,1). Then, the triangulations A,
and A, are the same, and the cones 7 and 7/ correspond to the line segment connecting (7,0)
and (j,1). By Proposition 7.3, we have P?;,o) = Su g1y Sug ) (P?LO))’ and the other stable perfect
matchings are preserved. Thus we have the assertion. |

By Theorem 7.5, we see that the support quivers Q™ and Q7 are transformed into each other
by “reflections” of quivers at vertices contained in Rj. More precisely, let (Q7, Jo-) be the
quiver with relations such that (Q7)o = Qo, (Q7)1 = Supp M, and Jg- is the restriction of the
relations Jg on Q7. Note that Jp- can be described as

— 0 6
Jor = {')’;r — %, la€ P(i,O) N P(j,l)}?

but the claim shown in the proof of Lemma 6.7 implies that Jgr = @. Thus, we consider the
quiver Q" with no relations. The quiver Q" is defined in a similar way and Theorem 7.5 shows
that QT/ coincides with the quiver obtained by reversing all arrows of Q7 incident to a vertex
in Ry. Note that if hd(a),tl(a) € Ry for an arrow a € (Q7)1, then we reverse this arrow twice,
and hence the orientation is restored.

8 Notes on the wall-and-chamber structure for type cDy4
In this section, we focus on the toric compound Du Val singularity of type c¢Dy
(¢Dy4): R :=Clz,y,z, w]/(acyz — w2)

which can be realized as the toric ring whose toric diagram is the triangle shown in the right
of Figure 2, see Example 2.6. Note that R is also isomorphic to the invariant subring S¢ of
S = C[X,Y, Z] under the action of G := Z /27 x Z/2Z = (diag(—1, -1, 1)) x (diag(1,—1,—1)) C
SL(3,C). Since R is a three-dimensional Gorenstein toric ring, we can apply results in Sec-
tions 24 to R. First, since the toric diagram Ap is a triangle, a consistent dimer model I’
satisfying Ar = Ar is a hexagonal dimer model (i.e., any face of I is a hexagon and any node
of I' is 3-valent, which means that I' is homotopy-equivalent to a dimer model whose faces are
all regular hexagons), see [27, 42]. Precisely, I' is described as in Figure 22.

Figure 22. A dimer model T" associated to A g, where the dotted parallelogram stands for a fundamental
domain of T.
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Let A = Arp. There are four triangulations of the triangle A which are regular by the
argument in [14, Section 3]. Thus, any triangulation gives rise to a projective crepant resolution
of Spec R. In particular, the flop graph of projective crepant resolutions takes the form of
Figure 23. By Theorem 3.2 (see also [12, Theorem 1.1]), any projective crepant resolution of
Spec R is obtained as the moduli space M¢ for some chamber C' in ©(Qr)r. Note that it is
known that the quiver Qr coincides with the McKay quiver of G = Z/27 x Z/27Z, and for the
chamber C = {0 € ©(Qr)r | 6, > 0 for any v # 0}, the moduli space M, is isomorphic to
G-Hilb C3. Furthermore, the skew group algebra S * G is derived equivalent to G-Hilb C? [7,
Theorem 1.2], and thus it is an NCCR of R.

PN

Figure 23. The flop graph of projective crepant resolutions of the toric ¢D, singularity R, where each
projective crepant resolution is denoted by the associated triangulation.

The wall-and-chamber structure of ©(Qr)gr has been studied in [1, Section 6], [10, Section 5],
[33], [2, Section 5], and [45, Remark 7.5, Example 7.6]. In what follows, we revisit the wall-and-
chamber structure of ©(Qr)r using the arguments similar to Theorem 6.11.

We fix the lower left vertex of A = Ar as the origin. The dimer model I" has six zigzag paths
x1, T2, Y1, Y2, 21, #2 as shown in Figure 24. The corner perfect matchings P g0y, P20y, P(0,2)
of I' corresponding to the vertices of A, which are determined uniquely, can be obtained from
these zigzag paths as follows:

P(070) = Zig(xl) U Zig(:vg) = Zag(zl) U Zag(zg),
P20y = Zig(y1) U Zig(ye) = Zag(w1) U Zag(za),
Po,2) = Zig(21) U Zig(22) = Zag(y1) U Zag(y2).

These perfect matchings are f-stable for any generic parameter 6 € ©(Qr)g, see Proposi-
tion 3.7. On the other hand, by Proposition 4.9, for a generic parameter § € O(Qr)r and
f-stable non-corner boundary perfect matchings P?LO), P?l,l)’ P?O,l) respectively corresponding
to (1,0),(1,1),(0,1) € A, there exists a unique sequence (Z;, , iy, Yj1 » Yjo, 2y » Zko ) Of zigzag paths

such that {il,ig} = {jl,jg} = {kl,kg} = {1,2} and

P?I,O) = Zag(xil) U Zig(xb)a P?l,l) = Zag(yjl) U Zig(yj2)7
P?OJ) = Zag(zk1) U Zig('zkz)' (8.1)

Thus we assign the zigzag paths ;,, Ti,, Y, Yj»» 2k, 2k, tO Primitive side segments of A as in
Figure 25.
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Figure 25. The assignment of zigzag paths to primitive side segments of A.

Next, by cutting out an elementary triangle from A, we consider three types of trapezoids as
shown in Figure 26. We denote these trapezoids by A%, AY, and A?, respectively. A difference
from the case of cA,p—1 is that one of the parallel sides of a trapezoid is contained in the interior
of A. Thus, there is no zigzag path whose slope coincides with the outer normal vector of such
a side. Nevertheless, the symmetric difference of boundary perfect matchings corresponding to
endpoints of the side takes the place of a zigzag path.

00 (0,2) (0,2)
<
(0,0) (2,0) (1,0) (2,0 (0,0) (1,0)
AZ AY A%
Figure 26.

For each generic parameter § € ©(Qr)g, the symmetric difference z? := P?l,l) S) P?O,l) satis-

fies [27] = —[21] = —[z2] = (0,1). Similarly, 4 = P?0,1) o P?l,o) and 27 = P?I,O) o P?l’l) satisfy
W] = ~ln] =[] = (~1.~1), [2"] = ~[za] = ~[za] = (1,0). The slopes {[m], 2], [+7]}

correspond to outer normal vectors of two parallel lines of the left trapezoid in Figure 26. Also,
the slopes {[y1], [y2], [¥°] } and {[z1], [22], [2°] } respectively correspond to outer normal vectors
of two parallel lines of the center and right trapezoids in Figure 26. The path 2 and z; (i = 1,2)
would intersect each other, but we can check that intersections are not transversal. Thus, we
can define the regions R(aji, me) =R" (mi, xe) and R~ (xi, acg) in a similar way as in Section 6.3.
The cases y? and z? are similar. Then we fix a total order on {xl, 9, xe} so that

{xz < 2% <y if 2% contained in R (x1, z2),

2? < 29 <21 if 2% contained in R~ (z1,z2).

Also, we fix a total order on {yl, Y92, ye} and {zl, 29, 29} in a similar way.
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For a chamber C' C O(Qr)r, we consider the triangulation A¢ of A corresponding to M.
For any 0 € C, we can assign the zigzag paths z1, z2, y1, ¥2, 21, 22 to primitive side segments
of A as in Figure 25. We also assign the paths z3 = 2%, y3 = 3, and 23 := 2% to the line
segments of A* AY, and A® whose outer normal vectors respectively correspond to [z3], [ys],
and [z3]. Then we create a new sequence of paths in {x1, z2,x3,y1, 92, Y3, 21, 22, 23} as follows.
First, the triangulation A¢ induces triangulations of at least two trapezoids of A%, AY, A*. More
precisely, the center triangulation in Figure 23 induces triangulations of all trapezoids, and the
remaining ones induce triangulations of two trapezoids out of A%, AY, A%, In what follows, when
we consider the center triangulation in Figure 23, we choose two trapezoids from A¥*, AY S A*?
and their induced triangulations. For example, we assume that A¢ induces triangulations
of A and AY, and let {Aak}zzl (resp. {A%,k}zﬂ) be the set of elementary triangles in the
triangulation of A” (resp. AY) induced from A¢c. Note that we fix the index k so that the line
from (0, %) to (2, %) (resp. from (%,O) to (0, %)) passes through AZ ;. (resp. A?ék) first, then
it passes through AZ (resp. A%,k+1) for any k = 1,2. The assignment of x1, xa, z3 (resp.
Y1, Y2, y3) to the primitive line segments in the triangulation of A* (resp. AY) determines the
assignment of these paths to elementary triangles {A7 W ha_y (resp. {Aék}%zl). Then we define
the sequence (u1, ..., ug) so that uy is the path assigned to A”ak and uy43 is the path assigned to
Ayc,k for k = 1,2, 3. For the cases where A¢ induces triangulations of AY and A* or A% and A”,
we define the sequence (ui,...,ug) in a similar way, but when we consider the set {Aak}zzl
of elementary triangles in the triangulation of A% induced from Ag, we fix the index k so that
the line from (%, %) to (%,O) passes through Azc,k first, then it passes through Aé‘,kJrl for any
k = 1,2. For example, if we consider the triangulation A¢ as in the left of Figure 27, then this
induces triangulations of A* and AY (see the center and the right of Figure 27). If the paths 1,

X2, T3, Y1, Y2, Y3 are assigned as in Figure 27, then we have (u1,...,ug) = (x2, 21, T3, Y3, Y2, Y1)
q
2|\ . 3 Y1
<
L D) T Ys
T2 I

Figure 27. A triangulation of A, the induced triangulations of A* and AY, and an example of the
assignment of the paths x1, x2, x3, y2, y1, Y3

We are now ready to state the theorem for type cDjy.

Theorem 8.1. Let C be a chamber in ©(Qr)r and Ac be the triangulation of A giving rise to the
projective crepant resolution Mc. Let £ be an exceptional curve in Mc. We suppose that Ac 1,
Aco are elementary triangles in Ac such that Aci N Ac is the line segment corresponding
to £, in which case both Ac; and Acya appear in two of triangulations of the trapezoids A*,
AY, A*. Let (uq,...,ug) be the sequence defined as above and suppose that ug, uky1 respectively
correspond to Ac1, Acga. Note that k is any of the index in {1,2,4,5}. Then we have the
following.

(1) The equation (3.4) derived from ( takes the form Y 0, = 0 where R = R(ug, up41),
and

W= {9 € O(Qr)r | ;91) = 0}

is a wall of C.
(2) The wall W is of type 1 if and only if [ux] = —[ug+1]-
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(2)" The wall W is of type Il if and only if [ux] = [ukt1]-
(3) Any parameter 6 € C satisfies Y o 0p > 0 if up < up1.

(3)" Any parameter 6 € C satisfies Y, cp 0o < 0 if up > upy1.

Proof. The proof is similar to Theorem 6.11. We note some differences:

e When the path uy or ug4; is one of x3, ys, or z3, we use these paths as substitutes for

zigzag paths.

Hex(o4) (resp. Hex(o_)) might contain an edge e such that e € Po NPy NPy (resp. e €
P1NP2NP3) in its strict interior. Thus, Lemma 6.8 is false in this situation. Nevertheless,
the arrow dual to such an edge e is not supported by #-stable representations corresponding
to o4 (resp. o_), which means the quiver Q7+ (resp. Q°-) does not contain the arrow dual
to e. Thus, we do not need to take care of e when we compute deg(L,|¢).

When an edge e as above exists, ¢ (resp. ¢4) is not a single edge. Nevertheless, the
edges contained in ¢_ (resp. ¢4 ) and supported by 6-stable representations corresponding
to o4 (resp. o_) are all zigs or zags of some path in {uy,...,ug}. We substitute this
fact for Lemma 6.9. Note that although x3, y3, 23 are not zigzag paths, we use the same
terminologies “zig” and “zag” for an edge directed from white to black and from black to
white. |

Example 8.2. Let C be a chamber in ©(Qr)r. Suppose that the triangulation A¢ takes the
form as in the left of Figure 27, in which the zigzag paths x1, xo, y1, ¥2, 21, 22 are assigned to
primitive side segments. Then, for any 6 € C, non-corner boundary #-stable perfect matchings
take the following forms:

From these perfect matchings, we have the paths z3 = 2%, y3 = ¢?, and 23 = =

P?l,o) = Zag(x2) U Zig(z1), P((91,1) = Zag(y2) U Zig(y1), P?O,l) = Zag(z2) U Zig(z1).

0

as in Figure 28.

Also, we see that 1o < 3 < 21, ¥2 < y3 < y1 and 29 < z3 < 21.

vs = Plo1) © Pl

Figure 28.

On the other hand, the triangulation A¢ induces the triangulations of A* and AY. The

assignments of paths as in the center and the right of Figure 27 induce the sequence (u1, ..., ug) =
(:UQ) X1,T3,Y3,Y2, yl)

We first pay attention to the parallelogram whose vertices are (1,0), (2,0), (1,1) and (0,1).

We consider the elementary triangles Ac; and Ag in the triangulation Ac which form this
parallelogram, in which Ac1NA¢ 2 is the diagonal connecting (2,0) and (0, 1). In this situation,
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up = o1, uz = x3 respectively correspond to A¢1, Ac2. Applying Theorem 8.1, we have that
Zven(u%%) 0, = 03 = 0 is a wall of C, and it is of type I. Moreover, any 8 € C' satisfies
03 < 0 since up > uz. Note that us = y3, us = y2 also respectively correspond to Ac 1, Ac,2,
and even if we use these paths we have the same conclusion. We then pay attention to the
triangle whose vertices are (0,0), (2,0), and (0,1). We consider the elementary triangles A,
and A, = Ac;1 in the triangulation Ac which form the above triangle, in which Al ; N Ag,
is the line segment connecting (1,0) and (0,1). In this situation, u; = x9, ug = 1 respectively
correspond to Ag;, Apy. Applying Theorem 8.1, we have that ZUGR(ULW) 0, =6+63=0
is a wall of C, and it is of type II. Moreover, any 6 € C satisfies 05 + 03 > 0 since u; < us.
Similarly, considering the triangle whose vertices are (2,0), (0,2), and (0, 1), we have the wall
01 + 05 = 0 of type III, and any 6 € C satisfies 6; 4+ 03 > 0. In summary, we see that

02{93<0, 0y + 63 > 0, 91+03>0}.

Corollary 8.3. The number of GIT regions in ©(Qr)r is 8, and each GIT region contains four
chambers which correspond to projective crepant resolutions as in Figure 23. Thus, the number
of chambers in O(Qr)r is 32.

Proof. We first choose a chamber C, in which M corresponds to one of the triangulations in
Figure 23. Then we have the sequence (i, Zi,, Yj,, Yjos 2k1 » 2ky) giving rise to #-stable perfect
matchings as in (8.1) for any § € C. Let G be a GIT region of ©(Qr)r containing C. By
Theorem 8.1, there exists a type I wall corresponding to any floppable curve in M. Since
all projective crepant resolutions as in Figure 23 are connected by repetitions of flops and all
chambers in G are connected by crossings of walls of type I, these crepant resolutions can be
obtained from chambers in G. Thus, any GIT region contains four chambers. Since a flop
preserves any toric divisor, f-stable perfect matchings are the same for any chamber in the same
GIT region. Thus, the same sequence of {x1,x2,y1,y2, 21, 22} is assigned to any chamber in the
same GIT region. Since there are eight choices of such sequences, we have the assertion. |
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