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Abstract. We study polygon equations and their connections to simplex equations, which
generalize the pentagon and Yang-Baxter equations, respectively. First, we show that cer-
tain “commutative” pairs of solutions of (dual) polygon equations give rise to solutions of
higher-order polygon equations. Next, we define an explicit compatibility condition be-
tween solutions of the n-gon and dual n-gon equations and use it to construct solutions of
the (n — 2)- and (n — 1)-simplex equations. This extends earlier work by Kashaev—Sergeev
and Dimakis—Miiller-Hoissen.
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1 Introduction
The Yang-Baxter equation [2, 28],
Ri2R13R23 = Ro3R13R2,

originally introduced in the study of integrable models in statistical mechanics, is now fundamen-
tal to mathematical physics, topology, and many other areas of mathematics. A.B. Zamolod-
chikov [29, 30] considered a three-dimensional analog of the Yang—Baxter equation, known as the
tetrahedron equation. Later, higher-dimensional analogs of these equations, called the simplex
equations, were defined in [3], including the Yang-Baxter equation as the 2-simplex equation,
Zamolodchikov’s tetrahedron equation as the 3-simplex equation, and so on. See, for example,
[1, 4,7, 11, 19, 20] for more details.

Another important equation with a flavor similar to the Yang—Baxter equation is the pentagon
(5-gon) equation,

ThoT13T53 = To3Tho,

which again appears as a fundamental equation in mathematical physics and topology. Subse-
quently, Dimakis and Miiller-Hoissen [7] defined the class of polygon equations. Just as simplex
equations generalize the Yang-Baxter and tetrahedron equations, polygon equations generalize
the pentagon equation. In [21], Miiller-Hoissen explored (set-theoretic) polygon equations, in-
vestigating the relationship between neighboring polygon equations and how a solution of the
k-gon equation lifts or descends to a solution of the (k £ 1)-gon equation. Also, in topology,
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polygon equations play a key role in constructing state sum invariants of manifolds from their
triangulations [14, 17, 18]. In particular, they guarantee invariance under a certain Pachner
move.

As for the relationship between simplex equations and polygon equations, there have been
several attempts to construct solutions of simplex equations from solutions of polygon equations.
In [15], R.M. Kashaev and S.M. Sergeev showed that whenever a solution of the pentagon
equation and a solution of its dual satisfy a certain compatibility condition, called the “ten-
term relation”, they give rise to solutions of the tetrahedron (3-simplex) equation and the
4-simplex equation. See also [16]. Later in [7], Dimakis and Miiller-Hoissen associated simplex
equations with higher Bruhat orders and polygon equations with higher Tamari orders. Then, by
considering the “three color decomposition”, which is a decomposition of the higher Bruhat order
into the higher Tamari order, its dual, and what they called the mixed order, they constructed
a solution of the (n — 1)-simplex equation from a compatible pair of solutions of the n-gon
equation and its dual. This generalizes Kashaev and Sergeev’s construction of a solution of the
4-simplex equation from solutions of the pentagon equation and its dual. However, as pointed
out in [7, Section 6], they were unable to fully explore the relationship between solutions of
the 3-simplex equation and those of the pentagon equation. Also, the compatibility condition
between solutions of the n-gon equation and its dual was not made explicit, by which we mean
that although one can write the compatibility condition for each n individually, it is still unclear
how to express it uniformly. A similar study, particularly for the class of odd-gon equations,
also appears in Dimakis and Korepanov’s work [6].

In this paper, we study polygon and simplex equations. We begin by exploring polygon equa-
tions within a general framework. We show that if two solutions of (dual) polygon equations are
“commutative” in the sense of Section 4, their (partial) composition and tensor product yield
a solution of a higher-order polygon equation. In the second part, we explore the relationship
between simplex equations and polygon equations. We explicitly define the compatibility con-
dition above for solutions of the n-gon and dual n-gon equations and observe how these two
solutions give rise to a solution of the (n — 2)-simplex equation and, for completeness, to a so-
lution of the (n — 1)-simplex equation. We provide direct proofs of these connections for both
even- and odd-gon cases.

There is also an observation of the relationship between the pentagon equation and the Yang—
Baxter (2-simplex) equation in [8, 12, 25]. It is natural to ask for a generalization of this result,
namely the relationship between the n-gon equation and the (n — 3)-simplex equation, and we
leave this for future work.

The rest of the paper is organized as follows: In Section 2, we develop graphical techniques
for representing linear maps. We employ them throughout the paper to visualize simplex and
polygon equations and to prove most of the theorems and propositions. In Section 3, we define
polygon and dual polygon equations using both multi-index notation and graphical representa-
tions. We then prove some properties of solutions of (dual) polygon equations. In Section 4, we
consider constructing a new solution by (partially) composing two solutions of lower polygon
equations that are commutative in a certain sense. As a corollary, we prove all the conjectures
posed in [21]. Examples of solutions of polygon equations are given in Section 5. In Section 6,
we define the mixed relation between solutions of the n-gon and the dual n-gon equations. Out
of such a mixed pair of solutions, we construct solutions of the (n—1)- and (n — 2)-simplex equa-
tions. This generalizes the construction of solutions for both 3-gon and 4-gon equations given
by Kashaev and Sergeev [15]. In Appendix A, we explain the relationship between Pachner
moves in PL topology and polygon equations. Diagrammatic constructions of (non-constant)
polygon and simplex equations are presented. Appendix B considers a generalization of the
mixed relation and Theorems 6.7 and 6.8 in the non-constant setting. Appendix C compares
the definition of polygon equations given in [7] with ours.
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Throughout the paper, we fix a field k, and vector spaces, linear maps, tensor products, duals,
etc., are considered to be over k unless otherwise stated. Note that many of the arguments in this
paper can be generalized to polygon and simplex equations in a symmetric monoidal category.

2 Representing linear maps

In this section, we describe how a linear map indexed by a multi-index acts on a tensor product
of vector spaces and introduce graphical representations of such linear maps. This setup will be
used throughout the paper to define polygon and simplex equations and to prove most of our
results.

Let V be a vector space, F: Vi ®---®V, > V1 ®---® V] be a linear map, where each V; is
just a copy of V', and n > k be an integer. Let (a,b) be a pair of multi-indices (i.e., row vectors)

a=lai,ag,...,ax and b=1[b1,ba,...,b]

suchthat 1 <ag1 <as < - <ap<nand 1 <by <by<---<b<n—k+L

Then Fup): Vi@ @V, = V1 ®--- ®V,_y is the map obtained by letting F' act non-
trivially only on the positions in V®" specified by a and placing its outputs on the positions in
YV ®n—k+l) gpecified by b. Formally,

R e | -1 ®(n—k
Flap = T 72,00 " Ty (F ® ldv(n ))Tkﬂk © 72,051,015
where 7; ; is a map that sweeps the j-th factor to the i-th position if i # j, i.e.,
Ti,j("'®$z’®"'®xj—1®l“j®$j+1®"‘) = QT QT,Q L1 QTj41 Q-+,

and is the identity if ¢ = j.
We mainly use the following notation:

e For a linear map F: V®F — Y&k (I = k case) and a multi-index a, F, denotes the map

Fl4,q)- This is just the standard notation specifying which factors of the tensor product
the map F' acts on.

e For a linear map F: VOF — V&L (] = k + 1 case), if multi-indices a and b are of the
forms

a=lai,ag,...,ak and b=lai,ag,...,ax, ar + 1],

respectively, then we write F, for Fi, ).

e For a linear map F: V& — V&1 (] = k — 1 case), if multi-indices a and b are of the
forms

a=la,as,...,ax_1,ap-1 + 1] and b=lai,as,...,ar_1],
respectively, then we write F}, for Fgp).

Next, we introduce graphical representations of linear maps. Since our definition and treat-
ment of polygon equations and simplex equations rely heavily on these graphical representations,
we give a detailed explanation of them here.

Given a linear map T: V®* — V®* we will represent T by an oriented (blue) line with k&
dots:

S
— e —
DN —o—— DN

W —e>— W
——
*——
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The i-th vertical line represents the i-th input/output of the linear map 7', where the incoming
vertical line represents the input and the outgoing vertical line represents the output.

Similarly, given linear maps Q: V=1 — V& and U: VO - V1 we will draw Q and U
as

1 2 3 k-2 k-1 k 1 2 3 k-2 k-1
@ b0 e
1 2 3 k—2 k-1 1 2 3 k—2 k-1 k

The (partial) composition of linear maps is represented by stacking the diagrams and con-
necting the output legs to the input legs. For example, the linear map (idy ®U) o (Q ® idy)
acting on V& is represented as

o U

|

In the next section, we will define the main object of this paper, the n-gon equations. These
equations will be given by specifying indexing, and then translated into the graphical represen-
tation introduced in this section. To help the reader understand the graphical representation
of n-gon equations given in Section 3, we give examples of the 5-gon (pentagon) and 6-gon
(hexagon) equations.

For a map T': V®2 — V®2 the 5-gon (pentagon) equation is given by

—

T12T13T53 = 123112

in End(V®3), and the map T is called a solution of the 5-gon equation. The graphical repre-
sentation of this equation is given as follows:

1 2 3 1 2 3

These diagrams are read from bottom to top, unless stated otherwise. The map T3 appearing
in the pentagon equation acts on the vector spaces in the first and third positions, which are
not consecutive. So, to draw the diagram, one has to “stretch” the map 7. In order to avoid
this “stretching”, we regard the diagram as embedded in R?, which is depicted on the left-hand
side of the figure below:

---------------

1
projection 1\?
= — =
/ onto the zy-plane N 4 —*
/ﬂ— — Y o1 — Y

/ L 3 / A 3]
x x z
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If we project it onto the yz-plane (with a small perturbation), we recover the original diagram
of the 5-gon equation. We will instead project this embedded diagram in R? onto the xy-plane.
The result is depicted on the right-hand side of the above figure. In order to make clear both
(1) which outputs are used as inputs of each map and (2) the order in which the maps are
composed, we depict this projection onto the zy-plane at a slight angle. This allows us to
recover the original diagram from the projected one. As we will see in Section 3, the resulting
diagram is easily generalized to the general form of the n-gon equation.

Another example is the 6-gon (hexagon) equation. For a map T: V®2 — V3 the 6-gon
(hexagon) equation is given by

T19T13T23 = T35T4T12,

in Hom(V®3, V®6) and the map T is called a solution of the 6-gon equation. The graphical
representation of this diagram is given as follows:

1 2 3 45 6 1 2 3 45 6

| |
|- |

1 2 3 1 2 3

We can apply the same procedure as in the 5-gon case above. Namely, we embed the diagram
into R? and project it onto the xy-plane to get a nice graphical representation:

1

projection j \\\ 4

onto the zy-plane T%J

—i—y 63 oF o6

o

i—) Y

We finally introduce the left and right partial traces. Suppose that V is finite-dimensional.
For F € Hom (V®, V®J), the left (resp. right) partial trace tr;(F) (resp. tr,(F)) € Hom (V&1
Ve _1) is defined by taking the trace over the leftmost (resp. rightmost) input and output, or
graphically, (just as in the case of string diagrams) by a circle looping at the leftmost (resp.
rightmost) dot:

oo [fpdt e e

3 Polygon equations

In this section, we define the polygon and dual polygon equations. The polygon and dual polygon
equations are a family of equations indexed by an integer n > 3, where the equations associated
to a specific n are called the n-gon and dual n-gon equations.
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Originally, the definitions were given in [7] in terms of the higher Tamari order. Instead, we
define them in tensor notation, namely by directly specifying the factors on which each operator
in the equation acts. We also give definitions in graphical representation. See Appendix A for
a geometric background of these equations.

Definition 3.1 (odd-gon equation). For an integer k > 1, the (2k + 1)-gon equation for a lin-
ear map T': VO — V& is an equation in End (VE**+1/2) of the form
Ty Toy - T,

Ak+1

= Tkabk—l . pr

where a; = [a;1,ai2,...,0;%] and bj = [bj1,bj2,...,b;%] are multi-indices indicating which
factors of V®k(E+1)/2 the operator T acts on and are given by the following matrices Aok
and Bag.1, respectively:

_ 1 2 e k
aq 1
Agr= | 2| =2
S I A1+ [klep—1 |’
| Qk+1 k:
(b, 1] 2 k
B by 2
AT T Bog—1+ [k k=161
b 2

with A3 = [1,1]T and B3 = [1], where [r]; ; denotes the i x j matrix whose entries are all .
Alternatively, the (2k + 1)-gon equation can be defined graphically by

A
o

AL
S

aarn s ;

{f.}i'g ’zis’i“’ﬁ """" j\' - lfﬁ «/‘ﬁ tff B

REW SN N SR P -
ISR Wé;@ :{;;.ﬂ

(it is read from bottom to top).

We can also define the dual version of Definition 3.1.

Definition 3.2 (dual odd-gon equation). For an integer k£ > 1, the dual (2k + 1)-gon equation
for a linear map T': V& — V®* is an equation in End(V®k(k+1)/2) of the form:
T\ Tap - Toy = Ty, Ty -+ - Ty

Ap+17 Ak

where the multi-indices a; and b; are the same as in Definition 3.1.

Since the dual version is obtained by just reversing the order of compositions, the graphical
representation of the dual (2k + 1)-gon equation is given by reversing the composition arrows in
the diagram of the (2k + 1)-gon equation, or, in other words, reading the diagram from top to
bottom.
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Definition 3.3 (even-gon equation). For an integer k > 2, the 2k-gon equation for a linear map
T: V&=Ll 5 V& is an equation in Hom (VEKk-1/2 yy@k(k+1)/2) of the form:

TalTaQ e Tak = Tkabk_l e Tb17

where the multi-indices a; = [a;1,a;2,...,a;,—1] and b; = [bj1,bj2, ..
following matrices Agr and Bsyg, respectively:

.,bjk—1] are given by the

a b1
a9 b2

Aoy = = Aop_1, Bop = := Boy1 with the last column deleted.
ag bk

Alternatively, the 2k-gon equation can be defined graphically by

1.

PPy I
/'“.x'%v'j ,,,,, Jﬁ‘“‘w -
S S C A

(k2 4k-2)/2
(it is read from bottom to top).

o] O o]

Similarly, we can define the dual version.

Definition 3.4 (dual even-gon equation). For an integer & > 2, the dual 2k-gon equation for
a linear map T': V® — V@1 ig an equation in Hom (V®kKk+1/2 yy@k(k=1)/2) of the form

TakTa . 'Ta1 = TblTbg T Tbkv

k=1~

where the multi-indices a; and b; are the same as in Definition 3.3.

Again, since the dual version is obtained by just reversing the order of compositions, the
diagram of the dual 2k-gon equation is obtained by reversing the composition arrows in the
diagram of the 2k-gon equations, or by reading the diagram from top to bottom.

We have defined each type of polygon equation in two ways: tensor notation and graphical
notation. Comparing these, the tensor notation arranges the input vectors of the (dual) polygon
equation linearly and specifies the action of each T' by a multi-index, whereas the graphical
notation places these input vectors on the R? plane and connects them according to the action
of T'. This not only makes the structure of the equation much easier to understand but also, as
will be seen later, allows us to treat the odd-gon and even-gon cases in a unified way. For this
reason, graphical methods will be heavily used in arguments involving polygon (and simplex)
equations throughout the paper.

Example 3.5. The n-gon equations for small n are given as follows:

S—gon: T1T1 = Tl, 4—gon: T1T1 = Tng,
9-gon: T12T13T23 = T3T12, 6-gon: T12T13T23 = 135154112,
7-gon: T123T145T246 1356 = 135612451123, 8-gon:  T123T145T2461356 = Tar9 136812561123,
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9-gon: Th234T15671258901368,101479,10 = Ta79,1013689 1256711234,
10-gon: Th234T1567T25891368,101479,10 = T59,12,14748,11,13137,10,11 26781 1234-

Remark 3.6.

1. Note that we only treat the so-called constant polygon equations, where the maps T
appearing in the equation are all the same and act on copies of the same vector space V.
In general, one can consider the non-constant version, in which maps 1" appearing in the
equation, as well as vector spaces V' on which they act, are allowed to be different. See [7]
for a general treatment.

2. This definition of polygon equations looks slightly different from the definition given in [7,
Section 4.2], but they are indeed equivalent. The details are given in Appendix C.

3. The tensor notation for odd-gon equations is also given in [6, Proposition 3]. Since their
notation satisfies the recurrence formula in Definition 3.1, it defines the same family of
equations as ours.

We list some useful properties of solutions of polygon equations, many of which are similar
to the properties of solutions of simplex equations [1].

Proposition 3.7.

(1) A map T is a solution of the (2k + 1)-gon equation if and only if T~1 (if it ewists) is
a solution of the dual (2k + 1)-gon equation

(2) For a solution of the (dual) (2k + 1)-gon equation T and any ¢ € Aut(V), the map
(p~1)®% 0 T o ¢®* is a solution of the (dual) (2k + 1)-gon equation.

For a solution of the 2k-gon (resp. dual 2k-gon) equation T and any ¢ € Aut(V'), the map
(6B o T o ¢®Hh=1) (resp. (q[)_l)@(k_l) o T o ¢®F) is a solution of the 2k-gon (resp. dual
2k-gon) equation.

(3) A map T is a solution of the (2k + 1)-gon equation if and only if 6Ty is a solution of
the dual (2k + 1)-gon equation, where G1,: VEF — VEF is an inversion given by

Op(T1 @2 ® - R ap) =T Qxp_1 Q-+ @ x7. (3.1)

(4) A map T is a solution of the 2k-gon (resp. dual 2k-gon) equation if and only if 61 T5x—1
(resp. ox_1Tak) is a solution of the 2k-gon (resp. dual 2k-gon) equation.

(5) If T is an invertible solution of the (dual) (2k + 1)-gon equation over a finite-dimensional
vector space V, then dim(V)~Ltr)(T) and dim(V)~Ltr,(T) are solutions of the (dual)
(2k — 1)-gon equation.

Proof. (1), (2) They are obvious from the definition of the (dual) n-gon equation.
(3) For a multi-index a; = [aj1,a:2,...,aik), set @; == [aik, @i k—1,-.-,a;1]. Then it is easy

to see that Ty, = (677),,. If we substitute 7' into the polygon equation, we get
ToTa, - T

k41

=115, Tp,-

The diagram representing this equation is obtained from that of the odd-gon equation in Defini-

tion 3.1 by reversing the orientation of each line. If we rotate both left-hand and right-hand sides

of the diagram by 90 degrees counter-clockwise, and then take mirror images of both left-hand

and right-hand sides of the diagram across a vertical line, the result is the dual (2k+1)-equation.
(4) It can be proved in a similar way to (3).
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(5) We show this for the 9-gon equation (k = 4). The general case can be proved in the exact
same way. The proof proceeds using the following graphical calculus:

= dim(V)

®

: Q.
@ L
Q [

v

? i\;s

(recall that the loop represents the partial trace). We compose with T, a_ll (: T 1;11) (shown in
red) and take the partial trace over the position a; (= b1) on both sides of the 9-gon equation,
yielding the two middle diagrams. By the cyclicity of the trace, we then cancel T,, and T,
against T~! and obtain the equality between the leftmost and rightmost diagrams. Thus if
we normalize tr;(T) by dim(V)~!, the proposition follows. For the tr,.(T') by dim(V)~! case,

replace a1 (= by) with ax1 (= bg). [

>
)

\M%
OO D) O D ) NG

4 Stacking solutions

For a linear map F: V& — V& Jet Fln. (V®”)®I€ (V®")®l be the linear map defined by
(vom) o e (ver) s 25 (ve) o e (ven) e,

Explicitly, for a pure tensor (vi,1 ® - @ Vi) @ -+ @ (Vk1 @ -+ ® Vi), we first rearrange it
as (V11 ® - QUg1) ® +++ @ (V1 @+ @ Vg ). We then apply F®" and write the resulting
tensor formally as > (w11 ® - Qw;1) ® -+ @ (Wi, @ -+ @ wyy,). We finally rearrange it back
to > (w11 ®--- ®w1,n)‘® cee ®'(wl,1 Q- @ Wiy).

A linear map G: V®" — V7 is said to commute with F', written as F' < G, if

G® o Flil = Fll o G®F, (4.1)

Note that this condition is equivalent to F®/ o G*! = Gl o F®. Thus, the relation F < G is
symmetric in F and G. When F is a product on V, i.e., F': V€2 — V_ then F <+ G is precisely
the condition that G be an algebra map.

For example, in the case of k =1 and i = j, the diagram of (4.1) is given by

where F' is represented in blue, and G in red.
Let 70 and 7' denote solutions of the n-gon equation, and let S and S denote
solutions of the dual n-gon equation.

Proposition 4.1. Let n and k be any positive integers. Then the following statements hold for
the partial composition and tensor product:

TR o, T s a solution of the (n 4 2k — 2)-gon equation,

1) If T s 7/ then
(L) 1 T @ T s a solution of the (n + 2k)-gon equation.
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Sk o 81 s g solution of the dual
(2) If G+ 5 §' () then, (n 4+ 2k — 2)-gon equation,
Sk @ 8 s a4 solution of the dual (n + 2k)-gon equation.

9 t”/en q l)”,}

T o, 8™ s a solution of the (n + 2k — 3)-gon equation,

(4) If TR « S| then . _ .
TR @ SM s a solution of the (n + 2k — 1)-gon equation.

Proof. We only prove (1) for odd n. The others are proved in the same way.
Set m = 2k + 1. The partial composition 7™ o; /") and tensor product 7™ @ T'(™ are
represented, respectively, by

T(m) 7(m) (1)

T(m) o] T/(n) — 2 7" T @T!(") = o o o o+ oo o

(The figure corresponds to the m = 7 and n = 9 case.) Then the proof for the partial composition
case proceeds graphically as follows:

e o

The left-most and right-most figures are graphical representations of the (m+n—3)-gon equation
for T(™) o, 7). The first equality follows from the commutativity of 70" and 77, and the
second from 7™ and T"(™) being solutions of the m- and n-gon equations, respectively.

The tensor product case is more direct, as it is decomposed into three parts: the commutative
part, m-gon equation, and n-gon equation

=
P
jh 'Jfb J{ di = n

17
v

A ’
P - A_Lb Wg't:gf SV

As a corollary, we are now able to prove all the conjectures proposed in [21]. Note that in [21],
this corollary is stated in terms of the non-hatted version, and we have translated it here into
our convention (see also Remark 3.6).

LN
g S W N

Corollary 4.2. Here we consider set-theoretic polygon equations over a set X. Let k be a positive
integer.



Constructing Solutions of Simplex Equations from Polygon Equations 11

(1) Let S®%) be a solution of the dual 2k-gon equation. Then
T(2k+1) (al, PN ,ak) = (al, S(zk) (al, ce ,ak))

is a solution of the (2k + 1)-gon equation [21, Conjecture 7.32].
(2) Let S®¥) be a solution of the dual 2k-gon equation, and u € X. Then

T(2k+1)(a1’ cyap) = (u, S(2k)(a1, ce ak))

is a solution of the (2k + 1)-gon equation if and only if S®¥) (u,...,u) = (u,...,u) [21,
Conjecture 7.33].
(3) Let TCH+Y) be a solution of the (2k + 1)-gon equation. Then

T(2k+2) (a1,...,a5) = (T(%H)(ala S Ag), a’f)

is a solution of the (2k + 2)-gon equation [21, Conjecture 7.34].
(4) Let T®**D be a solution of the (2k + 1)-gon equation, and u € X. Then

T(%k+2) (at,...,a) = (T(2k+l)(a1a Ce s k), “)

is a solution of the (2k + 2)-gon equation if and only if T*+D (u, ... u) = (u,...,u) [21,
Conjecture 7.35].

(5) Let S@*+1) be a solution of the dual (2k + 1)-gon equation. Then
T(2k+2) (ala s ,(Ik;) = (ala S(2k+1)(a1> s 7a'k))
is a solution of the (2k + 2)-gon equation [21, Conjecture 7.36].
(6) Let SCH+1) be a solution of the dual (2k + 1)-gon equation, and u € X. Then

T2 (. ag) = (u, S (ay,. .., ax))

is a solution of the (2k + 2)-gon equation if and only if SP*+D (u, ... u) = (u,...,u) [21,
Conjecture 7.37].

Proof. We will only prove (1) and (2). The others can be proved similarly.
(1) Define A: X — X x X by A(x) = (z,x). It is then easy to see that A is a solution of
the 4-gon equation, and A <> S(2%). Hence,

T(2k+1) =Ao, S(Qk’)

is a solution of the (2k + 1)-gon equation by Proposition 4.1 (4).
(2) For the “if” part, define A,: X — X x X by A,(z) = (u,x). It is also easy to see that A,
is a solution of the 4-gon equation and A, <> S¥). Hence,

TERHD) Z A o §(2H)

is a solution of the (2k+1)-gon equation by Proposition 4.1 (4). For the “only if” part, substitute
(u,...,u) into the (2k 4+ 1)-gon equation. Then, by comparing the outputs at the position
a1(=by), we obtain S®F)(u, ... u) = (u,..., u). [

Note that the above corollary also works for the n-gon equation in a cartesian monoidal
category, such as the category of vector spaces with the product given by the direct sum.
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5 Examples of solutions of polygon equations

The following corollary follows directly from Proposition 4.1 and will be useful when constructing
examples of solutions of polygon equations.

Corollary 5.1.

(1) Let {T;}i=1,...n be a family of solutions of the 5-gon equation such that T; <+ Tj for i # j,
and let A be a solution of the 4-gon equation such that T; <> A for all 1 < i <n. Then
Ty 0;Tyop -0, Ty is a solution of the (2n + 3)-gon equation, and Ty oy Ty oy - -+ o; T,, of A
is a solution of the (2n + 4)-gon equation.

(2) Let {Si}i=1,.. n be a family of solutions of the dual 5-gon equation such that S; < S;
for i # j, and let M be a solution of the dual 4-gon equation such that S; <> M for all
1 <i<mn. Then Sy 0, S20. 0.8y, is a solution of the dual (2n + 3)-gon equation, and
Sy 0y Sy 0, -0, 8y, 0. M is a solution of the dual (2n + 4)-gon equation.

Example 5.2. Let H be a commutative and cocommutative bialgebra with product M and
coproduct A. Then A is a solution of the 4-gon equation, and M is a solution of the dual 4-gon
equation. For an integer n > 3, we define T by

TP+ = Ao, Moy Ao, Moj---0, M, T .= Ao, Moy Ao, Mop--- o A,

/

%2 %3

and T®) := idy. Let T = Ao, M. From the bialgebra axioms and the (co)commutativity
of M and A, one can easily check that T <+ T and T > A. Since TZ¥*1D) = T o; ... 0; T and
TR =Top-- 0T o; A, T™ is a solution of the n-gon equation by Corollary 5.1.

Similarly, for an integer n > 3, if we define S by

S(2k+1) =Mooy Ao, Moy Ao, -0 A, S(Zk) =Moj Ao, Moy Ao, -0, M,
2%—2 %3

and S®) = idy, then S™ is a solution of the dual n-gon equation.

Example 5.3. Let (H;,1;, M;, e, Aj)1<i<n be a family of bialgebras with (co)unit. Set H =
;| H; and define pairs of product and coproduct (M;, A;)o<i<n—1 over H by

My((z1® - ®a) @ (1 © - @) = Mi(21 @ 1) @ -+ @ My (0 @ Yn),

Ao(z1 ® - @) = (T11); @+ ® Tp(1),,) ® (T1(2), @+ B Tn(2),,),
where we use Sweedler notation A;(z) = x(1), ® z(9),, and for 1 <i <n —1,

—

Mi((21 Q- @2p) @ (Y1 @ -~ @ Yn))

K2 n
= Hej(yj) H gj(zj)(X1® - QX QYit1 ® -+ QYn),
j=1 j=it+1

A1 @ Qup) =(11Q 27,0111 01,0 (11 @1, QT Q- R Ty).

Then the tuple (H, ]\Z, 31) forms a bialgebra for each i. If we set T; = ﬁl o, ]/\4\1-, a tedious but
straightforward calculation shows that T; <+ T} for i # j and T; <+ Aj4q for 0 < < j. Thus,
by Corollary 5.1,

hil) . A T x w _
TEHY = Ay o, My oy Ay op My oy - 0 M_y,
T2 .= Ay o, My oy Ag o, Myoy -+ oy Ay

are solutions of the (2k + 1)- and (2k + 2)-gon equations, respectively.
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Example 5.4. A strict n-category C consists of sets (Cp,Cy,--- ,Cy,) and maps

Syt Cr — Cp_q for1<k<mn,
119: Ck—>Ck+1 fOFOSkSn—l,
opgt 1(f19) € Cp x Cp | spg(f) =tpe(9)} — Cp for 0 < g < p,

where s,q == Sg41° - Sp—15p, tpg = tg41- - tp—1tp and 1y, = 1,1 ---14411,. Elements of C, are
called p-morphisms. We will write o, for o, , when p is obvious from the context.

These maps should satisfy the following axioms:

® Sp_18p = Sp—1tp, tp—18p = tp—1tp and sp111) =ide, = tp111p.

For f,g € C, and g < p with sp,(f) = tpe(9),

asplg) ifg<p—1,

—
~
O
Q
<
~—
Il
—
»
bS]
~~
)
N~—
O

sp(g) ifg=p—1,
o _ tp(f) og tp(g) ifqg<p—1,
Fead) {tp(f) ifg=p—1.

o For f,g,h € Cp, (fog9) ogh = foq(goqh).
o For g <p<rand f,g,h k €Cr with t,(f) = sq4(9), tq(h) = s4(k) and t,(f) = sp(h),

(foqg)op (hogk)=(foph)oq(gopk).

e For f €Cpand g <p, foglg(spg(f)) =f=1Lgp(tpe(f)) oq -

A strict n-groupoid G = (Go,G1,...,Gyn) is a strict n-category where each i-morphism is
invertible with respect to o; for 0 < j < 4, ie.,, for any 1 < i < mn, any 0 < j < ¢ and any
a € Qi, there exist b € gl such that sij(a) = tij(b), Sij(b) == ti]’(a), a o; b= 1ji(tij(a)), and
boja = Lji(sij(a)).

Let H be the vector space spanned by all the n-morphisms of the strict n-groupoid G. For
each 0 <7 <n—1, set

A HoH®H,  fofof, M: HoH— H, f®g»—>5m(f)folg,

where § ”((;)) =1if si5(f) = tij(g ) d 0 otherwise. Then for any i, the tuple (H, A;, M;) forms
(weak) "bialgebra. For 2 < k < 2=2 if we set
TR = Ag o, My oy Ay oy -+ 0p My_a, TR = Agop Mooy Ay oy -+ o Ay,

SCRHL = M,y o) Ap_y 0p -+ 0 Ay, SCR) = M,y 0f Apy 0p -+ 0p My_gy1,

then an argument similar to those above shows that these are solutions of the polygon and dual
polygon equations.

Remark 5.5. These examples suggest the following algebraic structure for constructing solu-
tions of polygon equations: Let (H, u1, ..., u,) be a tuple where H is a vector space, and y; is an
associative product when 7 is even, and a coassociative coproduct when ¢ is odd. Furthermore,
pi+1 should be commutative with p1 o, 12 o) f13 0 f14 07 - - 0(p o gy p1; for each 4. In other words,
the map gy oy pg 0f p3 0 pa 0y - - 0y op 1y pi should be an algebra or a coalgebra map with respect
to pir1. Then, by Proposition 4.1, the map p1 oy fi2 0 -+ Oy or 1) pin SOlVes the (n + 3)-gon
equation. For n = 1 and n = 2, this matches the definitions of a coalgebra and a bialgebra
(without (co)unit), respectively, and for n = 3, this seems to be related to the (dual) notion of
a trialgebra [5, 9, 10, 24].
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6 Solutions of simplex equations from polygon equations

In this section, we explore the relationship between simplex equations and polygon equations.
The main theorems (Theorems 6.7 and 6.8) generalize the result from [15].
We first define simplex equations.

Definition 6.1 (simplex equation). For a positive integer n, the n-simplex equation for a linear
map R: VO — V" is an equation in End(V®"(”+1)/2) of the form

Rtll Raz e 'Ran+1 - Ran+1Ran T Rau

where [a1,as,...,a,+1]" is the matrix As, 1 defined in Definition 3.1.
Alternatively, the n-simplex equation can be defined graphically by

.)(01
E \n+1

\
s ™

F—

s ><? ﬁf\f\

A 4 7
7

| i°g
= 2"’2,71"%, 77777 i # n(n+1)/2 7
P s o S S s e

(the left-hand side of the figure is read from bottom to top, and the right-hand side is read from
top to bottom).

Example 6.2. The n-simplex equations for lower n are given as follows:

1-simplex: R;R{ = Ri1Rj,

2-simplex: R1aR13R23 = RogR13Ryo,

3-simplex:  Riy23R145R246 356 = R356 R246 R145R123,

4-simplex:  Ry234R1567R258002368,1042479,10 = Ra79,10R368,10 2589 156721234

We have the following property of solutions of simplex equations:

Proposition 6.3. If R is an invertible solution of the n-simplex equation over a finite-dimen-
sional vector space V', then trj(R) and tr,(R) are solutions of the (n — 1)-simplex equation.

Proof. The proof proceeds as in Proposition 3.7 (5). For the tr;(R) case, compose with R, ' and
take the trace over the position a; on both sides. For the tr,(R) case, replace a; with a,4+1. W

6.1 Mixed relation

Let us define the mixed relation explicitly, which corresponds to the equation associated with
the mixed order in [7].

Definition 6.4 (mixed relation for odd-gon). Let T be a solution of (2k+1)-gon equation and S
a solution of the dual (2k + 1)-gon equation. Then the mixed relation is

Tdk+1SEdek T Selel = Sf1T915f2 o 'Tngkav
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where the multi-indices d;, e;, f; and g; are as follows:

(1 k+1 E+2 -+ 2k—17
€1 2
Epp=|:|=|3 )
: | Bor—1 + 2k — 1101
(&7 :
- k -
Es =[1],
_91
Gopr1=| | = (Eoyr) ',
| 9k
i 1 2 3 k]
- 1
d} k+1
D2k+1 = : = k + 2 JD2k_1 + [Qk B 1]k,k—1 )
| k41 :
2k — 1 |
1
[ 1| k+1 k+2 oo 2k—117
J1 1
N B I
Forn =1 ) Fop—1+ 2k — 1] 51 ’
_fk+1 :
L. k -
.
a1

The graphical definition is

- 2k-2
iﬁL AN S o & o ; ¢ ¢ T o Fd Fd
1 k+1 k+2 2k-3 2k-2 2k-1 I l
‘ 2k 3k-1 4k-6 4k-5 4k-4
IR &
2 2k ‘fxlsk.l 4k-6 4k-5 4k-4

\ L ] & &
4k-31 \\

6k-11 6k-10 6k-9

o,
e,
S NP N
e
““7):.; GT
r:a '
N
[=)
: ?
e a
7
5 ?
2 %
©

30 2141

| - _—ﬁ%f\ﬂ'

k-1 3k-3 5k-7] K2 7+ k2.3 k2-1
\
e —

k 3k-2 5k-6 k2.6 k2.2 k2

(the left-hand side is read from bottom to top, and the right-hand side is read from top to
bottom).

For k = 2, this recovers the ten-term relation of the (dual) pentagon equations in [15].
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Definition 6.5 (mixed relation for even-gon). Let T" be a solution of the 2k-gon equation and S
a solution of the dual 2k-gon equation. Then the mixed relation is graphically defined by

of e} qf’_)_ﬁ'_ ------- o o =g
i)

o o) B‘E‘ o B B e e 3
| i\J\

o o} i':‘ il—>— .4\?_ --------- & P &

(the left-hand side is read from bottom to top, and the right-hand side is read from top to
bottom).!

Proposition 6.6. Let T be an invertible solution of the (2k+1)-gon equation, and S an invertible
solution of the dual (2k 4+ 1)-gon equation. If (T,S) satisfies the mized relation, then the pairs
(dim(V) =t try(T), dim(V) " try(S)) and (dim(V)~* tr,(T), dim(V) ! tr,(S)) do as well.

Proof. By Proposition 3.7 (5), dim(V)~!try(7T) is a solution of the (2k — 1)-gon equation (and
similarly, dim(V)~!tr;(.9) is a solution of the dual (2k — 1)-gon equation).

The figure shows the graphical proof for the 7-gon case (the general case follows in the exact
same way):

Q Q Q

N

(inverses are shown in corresponding colored lines with empty dots). Composing with S;ll

(: ijll) and sz1 (: Tg_ll), and taking the partial trace over the positions e; (= f1) and d;

(= g1) shows that (dim(V)~"tr;(T),dim(V) ! tr;(S)) satisfies the mixed relation. [

6.2 From n-gon to (n — 1)-simplex

We construct a solution of the (n—1)-simplex equation from a pair consisting of a solution of the
n-gon and a solution of the dual n-gon equation, satisfying the mixed relation. Although this
result was previously discussed in [7] and proved in [6] for the odd-gon equations, we provide
a more direct proof using graphical calculus here.

Theorem 6.7. Let T be a solution of the n-gon equation, and S be a solution of its dual.
Suppose that T and S satisfy the mized relation. Then

Rn-1) . ] 012084 Ook—1,2k12.4,... 2k:51,3,... 2k—1 if n=2k+1,
01,2034 Ook—32k—2124, . 2k—2513,. 2t if n =2k,

"Writing the mixed relation for even-gon in our tensor notation is complicated, and so we define it graphically.
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or graphically,
g Ii’?—?—m ; *7 T~ ifn=2k+1,
R-1) .— 1 2 3 4 2k-3 2k-2 2k-1 2k
e ==
1 2 3 4 2k-4 2k-3 2k-2 2k-1

is a solution of the (n — 1)-simplex equation, where o;; flips the i-th and j-th factors if i # j
and is the identity if © = j, and is represented in green.

Proof. We prove the 2k-gon case. The odd-gon case is proved similarly, or the reader may also
refer to [6, Section 2.5].

We first substitute a map of the form

01,2034 Oo_32k—2F (= S S S S S S, graphically),

where F': V®@k—1) _, y®2k=1) i5 any map, into the (2k — 1)-simplex equation and separate the
transpositions o; ; from F’s as follows:

q 3
= A
i 44Xy
(LHS) — T :?'Lz’j — ‘ : ‘ ‘ o A
o AA A A >>\/
gﬁ.}i{T gﬁ.}i{”} f\ AA A4 4 A /
e g}};‘?\ A A A A yi
&y &7 L7 7 JATTT) }l >~

—~
—
=

) \m " T)\\
(RHS)Z:)::\TX‘\ = 0/////}
; )s ; ; " ) ./ .f 7 _f ((\T
‘ ‘ g\zg . O
. I/'\w' . ffffff%\
RN
n
Note that we used the following formulas for transpositions:
e I O A A SN AN
A A A S o G R
It now suffices to verify the equality (I) = (II) for the map
T
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This is also done by graphical calculus:

N
: 7
4 =t
A O
1) = 4 (I =1 |
< -
A |~
A O
Z [ v

Let us assign coordinates of the input /output vector spaces as in Figure 1. Then, one can see that
the diagrams (I) and (II) decompose into three independent parts (indeed, this decomposition
is called the three color decomposition in [7]):

e the part lying on input coordinates of type (even, even), forming the 2k-gon equation,

e the part lying on input coordinates of type (odd, odd), forming the dual 2k-gon equation,

e the part lying on input coordinates of type (even, odd) or (odd, even), forming the mixed

relation.

Note that the mixed relation appearing in the diagrams (I) and (II) is “folded” along the diagonal
line, and if we unfold it by moving each (odd,even) coordinate (a,b) to (b, a), this matches the

graphical definition of the mixed relation given in Definition 6.5. |
(1, 1)
(2,1) 2,2)
(3,1) (3,2) (3,3)
2k —1,1)|(2k —1,2)|(2k — 1,3)| - - - |(2k—1,2k—1)

Figure 1. Coordinates of the input/output vector spaces.

6.3 From n-gon to (n — 2)-simplex

The same condition as in Theorem 6.7 also gives rise to a solution of the (n—2)-simplex equation.
This generalizes the result from [15, Propositions 4, 5].

Theorem 6.8. Let T be a solution of the n-gon equation and S be a solution of its dual. Suppose
that T and S satisfy the mixed relation. Then

Rn—2) ._ 1 2 3 4 2k-4 2k-3 2k-2 2k-1
T T = Tl e TR = —
R e 8 g =2
1 2 3 4 2k-5 2k-4 2k-3 2k-2
2

is a solution of the (n — 2)-simplex equation.

2Writing the map R™2 in our tensor notation is complicated, and so we represent it graphically.
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Proof. We prove the (2k + 1)-gon case. The even-gon case is proved similarly.

We take a similar step to the proof of Theorem 6.7. We substitute a map of the form
023045 Ook—29k1F (=, 3 3 ¢ 3 3 3 graphically),

where F: V®@k—1) _ y®2k—1) is any map, into the (2k — 1)-simplex equation and separate
transpositions from F’s as follows:

/ %
i T ¥
=y 7
(LHS)=/”(7 . ° 4 4
A A
X";{”} {T, A A A Xi
P P S I e
fif}
\— A\
ik ’
r"’+ w}f\ri N
RES =i = ° by
o »‘§ W}VW7»7ih;i I
3—1—3 3\
t »‘f b ».‘f ».‘/' H/"\ k e
e ,

This is also done by graphical calculus. However, unlike Theorem 6.7, the diagrams are not
decomposed into three independent parts corresponding to the (2k 4 1)-gon, its dual, and the
mixed relation. Instead, these equations are applied in turn. We have

i~y

" uki

P

ra

0. W

ﬂk .
L
LN

TRe_TR T, M
P d I I
N N,
b .
Mo N, .
LY
'\"\d
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As in the proof of Theorem 6.7, we put coordinates of the input/output vector spaces as in
Figure 1. Then,

e the third equality follows from the dual (2k + 1)-gon equation, consisting of the spaces
with coordinates of type (1,1), (even, 1), or (even,even),

e the fourth equality follows from the mixed relation, consisting of the spaces with coordi-
nates of type (1,x), (even,odd), or (odd,even) (again the mixed relation is “folded” just
as in the case of the proof of Theorem 6.7), and

e the fifth equality follows from the (2k + 1)-gon equation, consisting of the spaces with
coordinates of type (odd,odd). [

Remark 6.9. One may notice that R 2 = tr, (R(”*l)), i.e., R"2 is the left partial trace of
R(™=1 in Theorem 6.7. Thus, if R~ is invertible, Theorem 6.8 follows from Proposition 6.3.
However, even if R™~Y is not invertible, the theorem still holds.

Similarly, one can show that the right partial trace of R(~1 also satisfies the (n —2)-simplex
equation (Figure 2).

A A N i'i A4 4 Y S S ps 2 X
e e e e e T B e e e o e S e S
k-1 2 3 4 2k-4 2k-3 2k-2 2k-1

b

2

""""" 1

®
4 2k-4 2k-3 2k-2 2

w -9-[>0-
——e -

w2
= -—>0-

Figure 2. Right partial trace version of R("~2), from odd-gon (left), and even-gon (right).

Remark 6.10. Note that our proofs of Theorems 6.7 and 6.8 also work in the non-constant set-
ting, in which each T and S is appropriately parametrized by an (n—2)-face of the simplex A"~ 1,
see Appendix B.

6.4 Examples

In [6], the authors constructed a solution of the (non-constant) 2n-simplex equation from so-
lutions of the (non-constant) (2n + 1)-gon and dual (2n + 1)-gon equations, which form a pair
satisfying the mixed relation. Using Theorem 6.8, we know that their construction further de-
scends to a solution of the (2n — 1)-simplex equation. Another example of a pair of solutions of
the 5-gon and dual 5-gon equations satisfying the mixed relation is given in [8].

Let us give a few examples of pairs of solutions of the n-gon and dual n-gon equations
satisfying the mixed relation.

Example 6.11. We apply the idea from [15, Section 4] to construct solutions of the 3- and
4-simplex equations from solutions of the pentagon equation and its dual satisfying the mixed
relation.

Let H = (H,1,M,s,A,s) be a finite-dimensional Hopf algebra. The O-double O(H) of H is
an algebra H* ® H ® H* with unit ¢ ® 1 ® € and multiplication

(feree)(geyey) = flza) — 9) @ze)(pa) = Y) @ g
for f, 9,0, € H*, z,y € H, where
(:L‘Af,y>=f(y:£), f—\ﬂl':l'(l)f(l'(g)), fGH*, z,y € H,

are the left actions of H on H*, and of H* on H, respectively [22].? For an arbitrary basis {e;};
of H and its dual basis {e'};, Kashaev and Sergeev showed that

T=(c®e®e)®(€E®1®e) and S=(®e®e)®(e®1ee)cO(H)®O(H)

3The subalgebra H* @ H ® ¢ is isomorphic to the Heisenberg double of H.
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satisfy the pentagon equation and its dual, respectively, and moreover satisfy the mixed relation
(in particular, (6.1)—(6.3) below).
We now consider the action F': O(H) — End(H*) of O(H) on H* given by*

F(foz®@ye)(a)=flz—a)s"(p) (a€H).

We extend this diagonally to the action FF ® F': O(H) ® O(H) — End(H* ® H*) and see the
images of T and S. We have for o, 5 € H*

(FRF(M)(a®p)=an®agpf and (FRF(S))(a®pB)=an)®Bs  (ag).

Since T and S satisfy the pentagon equation and its dual, respectively, and also the mixed
relation, the same properties descend to T':= FF @ F(T) and S := F ® F(S) (of course, one can
verify this directly). If we start this argument with H*, we eventually arrive at the two maps
T.S:H®H — HQ® H:

T(x®y) =z1)@zey, Sy =200y (7))
The solutions of the 3- and 4-simplex equations obtained from them are

ROz @y®z) =20) @25 (23) ® 2y,
RY(@ey®zew) =yu) ®z0) @ yow @ 25 (zm),

respectively.

Remark 6.12. Additionally, one can see that SoT: H® H — H ® H satisfies the Yang—Baxter
(2-simplex) equation.’ Kashaev [12] also showed that S14T13524T%3: (H @ H) ® (H ® H) —
(H® H) ® (H® H) solves the Yang—Baxter equation. A natural question is whether these
constructions extend to the general case, that is, whether one can construct a solution of the
(n — 3)-simplex equation from solutions of the n-gon and dual n-gon equations. We leave this
question for future work.

Let T and S be solutions of the pentagon and dual pentagon equations, respectively. Kashaev
and Sergeev [15, equation(4.1)] showed that if 7" and S satisfy

113593 = So3T13, (6.1)
T53T13512 = S12153, (6.2)
T125135923 = Sa3T12, (6.3)

then they satisfy the mixed relation. The graphical representations of these relations are

- L. 50T -]
- o—)7a /(, - | ) ‘ - .7(.—>—.)
respectively (the blue line represents T', and the red line S ).
We now look for a similar condition for solutions of higher-order polygon equations. In

particular, we consider solutions of the form T(2k+1) .— To;To---0;T and S(2k+1) . So.S0-.0.5
in Corollary 5.1, in the case where T'=T; and S = .5; for all i.

4The restriction of F to the subalgebra H* ® H ® ¢ is known as the Fock representation.
"We have SoT(z®y) = T(1) ®x(3>y5_1(x(2)), and this map, post-composed with the transposition o, coincides
with the solution 7" of the braid equation given in [27].
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Lemma 6.13. Let T**Y) and SGFD be as above. Suppose that T and S satisfy (6.1)~(6.3),
and when k > 1, in addition, satisfy the following relations:

T12513 = S13T12,
153534113512 = 534154512103,
T12513134.523 = S23T12524T34.

Graphically, they are

S AP S s/

respectively. Then TR and SCEY) satisfy the mized relation.

Proof. We treat the k = 3 case, and the general case follows in the same way.
The graphical representations of T(7) and S(7) are

(7) — F)—%—»—g . and 5(7) — ._)_z—>—€

N

Now, we need to show the following equality, obtained by substituting 77 and S(¥) into the
mixed relation:

Then the proof proceeds graphically as follows, where we apply the relation indicated above

each = sign to the highlighted edges:
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Example 6.14. Let H be a commutative and cocommutative Hopf algebra with antipode s,

and T(?+1) be the solution of (2k + 1)-gon equation in Example 5.2. Set Mg = M o (s ® idy)
and

S(2k+1) AO MS Oer'r MS Op ++* Op MS7 k> 17 and 5(3) = ldH
2k—2

Then SCk+1) is a solution of the dual (2k + 1)-gon equation. One can also check that 7¢)
and S®) satisfy (6.1)-(6.6) in Lemma 6.13, and therefore the pair (721, SZk+1)) gatisfies the
mixed relation.

A Diagrammatic construction of polygon and simplex equations

In this appendix, we present a systematic method for constructing (possibly non-constant) poly-
gon and simplex equations in relation to simplices in PL topology.

A.1 Pachner moves and polygon equations

This section reviews the relationship between Pachner moves and polygon equations. (See also
[13, 17, 26].)

Let A"H [0,1,...,n+1] be the standard (n+1)-simplex. We write the boundary OA™ ! =
AUB of the (n+1)-simplex A" as the union of two n-dimensional subcomplexes A and B. Each
of A and B is homeomorphic to an n-disk, and they share a common (n — 1)-sphere boundary.
Let i and j denote the numbers of n-simplices of A and B, respectively. A Pachner (7, j)-move
on an n-dimensional manifold is the operation that replaces a subcomplex isomorphic to A with
one isomorphic to B, glued along the common boundary. Pachner’s theorem [23] states that
any two triangulations of a closed n-dimensional piecewise-linear manifold are related by a finite
sequence of Pachner (k,n+2— k)-moves, where 1 < k < n+1. Examples are shown in Figure 3.

Let V be a vector space. We specify the (n + 1)-simplex by its n 4+ 2 vertices (equipped with
the standard ordering): A" =10,1,...,n+1]. To each (n—1)-simplex s of A", we associate
a vector space V(s) = V, and to each n-simplex p of A"*! we associate a linear map

T(p): V(01p) @V (93p) @ - ® V (Oynir|_p) = V(00p) ® V(D2p) @ - @ V(Do p).

where 0;p = [vg,...,0iy...,v,] for p = [vg...,v,] and 0 < i < n. We draw the map T'(p) as
below and read it from bottom to top:

V(dop) V(0212p)
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’ —>
Pachner (2, 2)-move Pachner (1, 3)-move
Pachner ( -move Pachner ( -move

Figure 3. Pachner moves in two dimensions (top) and three dimensions (bottom).

234 124 014

23 12 01 23 12 01

123 012
13 — 02
013 023

03 03 034 023 012 034 023 012
4-gon equation 5-gon (pentagon) equation

Figure 4. Realizations of 4- and 5-gon equations, read from bottom to top. Here we omit the notations
T for maps and V for spaces. Reading from top to bottom yields the dual 4- and 5-gon equations.

We now split the vertex set {0,1,...,n + 1} of A" into two subsets

:{0,2,4,...,2{";1” and  J = {1,3,5,...,2{% +1}.

We then compose the maps T'(9; A1) for i € I along the matching labeled outputs and inputs,
and arrange the remaining free outputs and free inputs, each in reverse lexicographic order. We
do the same for T(8jA”+1) for j € J. The resulting equality between these two compositions
is called the Pachner (|(n+1)/2] 4+ 1, [n/2] + 1)-relation, which coincides with the (n + 2)-gon
equation. We think of it as an algebraic realization of the Pachner (|(n+1)/2| + 1, |n/2] + 1)-
move

Jaam «— | ;A
icl jeJ
Pictures of Pachner relations in 2- and 3-dimensions, corresponding to 4- and 5-gon equations,

respectively, are shown in Figure 4.
If we instead associate

S(p): V(aop) & V(81p) R ® V(agthp) — V(81p) RV (03p) @@ V(82L"T+1J71p)

to each n-simplex p C A"*! the same procedure yields the dual (n+2)-gon equation (Figure 4).
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23 13 12 03 02 01 23 13 12 03 02 01

23 13 12 03 02 01 23 13 12 03 02 01

2-simplex (Yang—Baxter) equation 3-simplex (tetrahedron) equation

Figure 5. 2- and 3-simplex equations.

Remark A.1. Note that, in this case, the maps T'(p) (and S(p)) are not necessarily the same
for all n-simplices p of A"*!. So such a family is called a non-constant solution of the (dual)
(n + 2)-gon equation. If all the maps T'(p) (and S(p)) are the same, the solution is constant.

A.2 Simplex equations

A similar systematic construction of simplex equations is also possible.

Let A" =[0,1,...,n] denote the standard n-simplex, and let V' be a vector space. Consider
the n(n + 1)/2-fold tensor product V@n(n+1)/2 and label each factor by the (n — 2)-simplices
ai,jA” =10,...,%,...,7,...,n]. Thus, ®0§i<j§n V(@Z,JA”) = V(@o,lA”) & V(@O,QA") R ®
V(On—1,A"), where the factors are aligned in reverse lexicographic order. To each (n — 1)-
simplex 0;A™, we associate a linear map

R@OA™): Q) V(0A" = Q) V(9;:A").

0<j<n,j#i 0<j<n,j#i

Now, for each 0 < ¢ < n — 1, we connect the inputs of R(9;A") with outputs of R(J;A")
(1 < j) along the matching labels of (n — 2)-simplices, yielding the left-hand side of the n-
simplex equation @o<;j<, V(9i;A") = Qo<icj<n V(9i;A"). The right-hand side is obtained
by reversing the order of composition, i.e., we connect the outputs of R(9;A™) with inputs of

R(0;A™). See Figure 5.

Remark A.2. As in the polygon equation case, an n-simplex equation is constant when the
maps R(p) coincide for all (n — 1)-simplices p, and non-constant otherwise.

B Mixed relation and non-constant versions
of Theorems 6.7 and 6.8

This approach also provides a systematic construction of the mixed relation, from which we
obtain non-constant versions of Theorems 6.7 and 6.8.
B.1 Mixed relation

Let {T(oA™1), ..., T(9p41A"1)} be a (non-constant) solution of the (n + 2)-gon equation
and {S(9A™1),...,5(8n11A™)} be a (non-constant) solution of its dual. They are labeled
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with the n-simplices of A"*! as before. Then one side of the mixed relation is obtained by
placing, from top to bottom, the maps

S(Op1 A1) if nis odd,

S(a(]An—H)’ T(alATH-l)’ ey {T(an+1An+l) if nis even,

composing them along the matching labeled outputs and inputs, and arranging the remaining
free outputs and free inputs, each in reverse lexicographic order. The other side is obtained by
placing, from bottom to top, the maps

T (On1A™TY) if n s odd,

T(@oA"H), S(alATH-l), cey {S(8n+1An+1) if n is even,

and repeating the same procedure. Examples are shown in Figure 6.

134 123 024 013 134 123 024 013

134 123 024 013 134 123 024 013

Figure 6. Mixed relations for 4-gon (left) and 5-gon (right). The blue boxes represent a map 7" and the
red boxes represent a map S (dual). The free outputs/inputs are labeled with inner simplices, and the
inner edges are labeled with the boundary simplices in the Pachner move (compare with Figure 4).

B.2 Non-constant versions of Theorems 6.7 and 6.8

Now, given a mixed pair of (non-constant) solutions {7'(9;A"!) ?:01 and {S (&A”H)}?:Ol,
we construct (non-constant) solutions of the (n + 1)- and n-simplex equations as follows. For

1=0,1,...,n+1, set
R(0,A™1) == o o (S(9;A") @ T(9,A™1)) o7,

where o permutes the labeled outputs of S(8;A™*!) ® T(9;A™!) to the labeled outputs of
R(9;A™1), and 7 permutes the labeled inputs of R(8; A1) to the labeled inputs of S(8;A™!)
® T (8;A"), ie.,

outputs of S outputs of T'
S (L3 210 2 2y
O 1 ceeeee n )’

outputs of R
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dop O1p  Oap Oop O1p O2p Osp
S(p) | T(p)
dop Oip Sp dop O1p Oz2p Osp

Figure 7. Left: the solution R(p) of the 3-simplex equation from the (dual) 4-gon equations, where p is
any 2-simplex of A3. Right: the solution R(p) of the 4-simplex equation from the (dual) 5-gon equations,
where p is any 3-simplex of A%,

23 03 02
134 034 014 013 034 014 013

/ >\
—

134 034 014 013 034 014 013

/>N
I — 134 =: Q(023)

23 03 02

Figure 8. A construction of Q(g) from the 5-gon equation, in which we take the 2-simplex ¢ = [023]
as an example. The first part connects the edges of R(0134) with the label 134, and the second part
arranges the diagram and reindexes the edge labels.

inputs of R

inputs of S inputs of T

(See Figure 7.) Then {R(0;A™") ?:01 is a solution of the (n + 1)-simplex equation.
For the n-simplex equation case (Theorem 6.8), one has to note that the n-gon equation
is labeled with the (n — 1)-simplices of A", whereas our present solutions {T(@Z-A”H)}i and
{S (&'A"H) }Z of the (n 4+ 1)-gon equation and its dual, respectively, are labeled with the n-
simplices of A"*1. We construct a solution {Q(q)} of the n-simplex equation as follows.

Let ¢ = [vo,v1,...,vn—1] be an (n — 1)-simplex of A", with which the map Q(q) is labeled.
We set ¢ := [0,v1 + 1,09 +1,...,v,_1 + 1] and regard it as an n-simplex of A"*!. We then
connect the input and output of R(q') labeled with 9yq’ and arrange the diagram so that the
order of the rest of the free inputs and outputs is preserved. Finally, we reindex the edge labels
via 014’ — 0oq, O2¢' — O1q, ..., 0nq > Op_1q. This yields a map V& — V" which we define
as Q(q). The family {Q(q)}q, taken over all (n — 1)-simplices ¢ of A", now solves the n-simplex
equation. See Figure 8.

Remark B.1. Note that in both cases, the solutions coincide with those given in Theorems 6.7

and 6.8 when both {T(@iA"H) }?:Jrol and {S(@iA"+1) }Z:OI are constant.

C Equivalence of two definitions of polygon equations

In this appendix, we explain the correspondence between our definition of polygon equations
and the definition given in [7].

In Appendix A, we discuss the relationship between polygon equations and Pachner moves.
Let us return to this discussion and look carefully at how each map T'(p) acts on the tensor
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product of vector spaces V(s). The domain of the n-gon equation, corresponding to the free
inputs of the Pachner (| (n—1)/2| 41, [(n—2)/2] + 1)-move, is labeled by the (n — 3)-simplices
f)i(‘)jA"_l, where ¢ is odd, j is even, and i < j:

&) V(aoAm. (C.1)
0<i<j<n—1
i: odd, j: even
Then for the construction of the left-hand side of the n-gon equation, we first apply the map
n—1
which replaces the spaces in (C.1) labeled by
n—1 n—1 n—1
with the spaces labeled by
n—1 n—1 n—1

We next apply T(82LL—1 J_QA”_l) and continue in the same way down to T’ (80A"_1). Finally,
we arrive at the codonrzlain, corresponding to the free outputs, which is labeled by the (n — 3)-
simplices 0,0, A" !, where k is even, [ is odd, and k < I

Q) V(okaart). (C.2)
0<k<i<n—1
k: even, l: odd

Similarly, for the construction of the right-hand side of the n-gon equation, we apply
-1 -1 -1
T(@lA” ), T(@gA” ) R T(@QLnT_zHlA" )

in turn to (C.1), and arrive at the same codomain labels (C.2).

Therefore, we obtain the following two chains of transitions of (n—3)-simplices, corresponding
to the left- and right-hand sides of the n-gon equation. In these chains, the (n — 3)-simplices are
arranged in reverse lexicographic order (with respect to the ordered vertices of (n — 3)-simplices

[vg, V1, ,Un_3]), and the symbol A"~! is omitted,
0102 aoa%n%lj
. 010, ooh
T 5 Besl L _a b
S 020y nc1 :

Oy 52Oy n52 1

Oy 5t 10y n51 )

Oy 52O n51
50 0001
s 0103 Bodr
’ 0, n—2 0003
0105 n—1 () , e 03 o 2| 5= 41
: Oy 5210y n52 | 1
2 2

(9 n—1|_ 3 n—1 '
QI_TJ 1 2'. 2 J 82L%J_182L%4J
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Let us now compare this definition of polygon equations with the definition given in [7]. We
first note that the numbering in [7] starts from 1, whereas ours starts from 0. Thus, to convert
their notation to ours, one should subtract 1 from each index. For example, [i, 7], k| in their
notation corresponds to [i — 1,7 — 1,k — 1] in ours.

In both our definition and that in [7], the n-gon equation maps the spaces labeled by the
(n — 3)-simplices ai(?jAnfl, where 7 is odd, j is even, and ¢ < j, to the spaces labeled by
0,0, A" 1 where k is even, [ is odd, and k < . Moreover, each linear map appearing in the
n-gon equation is labeled by an (n — 2)-simplex, and the labels of its input and output spaces
agree in the two definitions. The only difference lies in how the (n — 3)-simplices are arranged.
In the definition in [7], the domain of the n-gon equation is first arranged in lexicographic order.
Each time a linear map acts, it changes the corresponding lexicographically ordered inputs
into reverse lexicographically ordered outputs, and the process finally reaches its codomain,
which is arranged in reverse lexicographic order. On the other hand, in our definition, the
(n — 3)-simplices are always arranged in reverse lexicographic order. Therefore, by applying the
appropriate inversion to each map, we can translate one definition into the other.

Proposition C.1.

(1) A map T satisfies the (dual) (2k + 1)-gon equation in [7] if and only if T o &y, satisfies the
(dual) (2k + 1)-gon equation in this paper, where Gy, is the inversion defined in (3.1).

(2) A map T satisfies the 2k-gon (resp. dual 2k-gon) equation in [7] if and only if T oGy, (resp.
T o k1) satisfies the dual 2k-gon (resp. 2k-gon) equation in this paper.

To obtain the graphical representation of the polygon equation in Section 3 from this Pachner-
based formulation, we place each space V(@iajA"*) (1is odd, j is even, and i < j) in the domain
at the point (j/2, (i+1)/2) € R% Then on each side, we apply T'(8; A" ') successively, building
up the graphical representation. Finally, each space V(@k&A”_l) (k is even, [ is odd, and k < [)
in the codomain corresponds to the point ((I +1)/2, (k + 2)/2).

Example C.2. Here we consider the dual 4-gon and 5-gon cases. These may be compared with
[7, Section 4.2]. See also Figure 4.

For the dual 4-gon equation, which corresponds to the 4-gon equation in [7], the chains
corresponding to the left- and right-hand sides are:

23 13 23 93
19 123 013 (13 and 19 012 023 03,
01 02
01 01
respectively.

For the 5-gon equation, the chains corresponding to the left- and right-hand sides are:

034 123 134 234 034 234 234
023 22, 034 224 q93 24 994 and 023 24 024 22 194,
012 013 014 014 012 012 014
respectively.
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