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Abstract. It is well known that tau functions of the KP hierarchy satisfy addition formulas.
Among them we consider the formula which expresses a tau function with shifted arguments
by 2n parameters in terms of the same tau function with shifted arguments by two param-
eters in the form of determinant. We then take the limits of it tending some of parameters
to zero. As an important special case we obtain the formula which connects the shifted tau
function to the Wronskian of functions obtained by substituting parameter values into the
spectral variable of the wave function. As an application, we prove the equivalence of vertex
operators and Darboux transformations. As another application, we derive a new addition
formula for Riemann’s theta functions of Riemann surfaces by considering theta function
solutions of the KP hierarchy. It can be considered as a limit of Fay’s famous formula (43)
in the book [Lecture Notes in Math., Vol. 352, Springer, Berlin, 1973]. But the formula we
have derived is a different limit from the limits of (43) considered in that book.
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1 Introduction

Motivated by the recent study by Kodama and others [1, 9, 10, 11] on shapes of soliton solutions
of the KP equation and their relations to totally non-negative Grassmannians, cluster algebras,
etc. the author [17] has studied the action of vertex operators to quasi-periodic solutions of the
KP hierarchy, that is, solutions corresponding to smooth algebraic curves [12, 23]. The vertex
operators of the KP hierarchy had been introduced by Date et al. [2] and act on the space of
solutions of the KP hierarchy. In [17], it is shown that the solution obtained by applying a vertex
operator to a solution corresponding to a smooth algebraic curve C becomes some solution
corresponding to a singular algebraic curve whose normalization is the curve C'. Moreover, the
solution obtained in this way is shown to represent a soliton on the quasi-periodic background,
where the background wave is the solution corresponding to C' chosen at the beginning.

Darboux transformations of the KP hierarchy also carry solutions of the KP hierarchy to
themselves [5, 7, 14, 20]. In [7], Kakei has studied in detail Darboux transformations of solutions
corresponding to genus one algebraic curves motivated by the work of Li and Zhang [13] on
elliptic solitons.

In [17], graphs of solutions obtained by applying vertex operators to genus one solutions are
shown. Graphs of solutions obtained by applying Darboux transformations to solutions of genus
one are shown in [7]. Surprisingly both graphs look quite similar. So it is natural to expect that
two transformations are equivalent.

In this paper, we show this using the addition formula of the KP hierarchy. More precisely
we first establish a certain addition formula (see Theorem 2.2) by taking a limit of the known
general addition formula (2.5) proved in [24]. Using this, we prove that the vertex operator
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and Darboux transformation, if the parameters of the transformations are appropriately chosen,
produce the same solution from the same initial solution which is not necessarily a solution
corresponding to a genus one curve. We will explain the results in more detail below.

The addition formula for tau functions of the KP hierarchy was discovered by M. Sato and
Y. Sato [22]. The simplest addition formula takes the form

Q12034T127T34 — (1130024 T13T24 + Q1423 T14T23 = Oa

where a;; = a; — o,

a? o
TijZT(t—i-[Cki]-i-[Oéj])? t:t(tl,tg,tg,...), [a]:t<a,2,3,...>.
In [24, 25], this single equation is proved to be equivalent to the KP hierarchy itself. From
this formula, the addition formula of the determinant form (2.5) had been derived in [24]. For
mutually distinct parameters «;, 5;, 1 < i < n, it expresses the shifted tau function 7(¢ +
Yo ([8i) = [ew])) in terms of 7(t + [Bi] — [ay]), 1 <@, j < n, as a certain determinant.

In order to prove the equivalence between vertex operators and Darboux transformations,
we need some formula for T(t - Z?zl[ai]). If we set 5; =0, j=1,...,n,in (2.5), we shall get
a desired formula.

The problem here is that the expression (2.5) contains the difference product of {3;} in the
denominator. It means that we need to differentiate the determinant with respect to g; if we
want to set 3; = 0. At a glance such a formula becomes very messy since if we rewrite the
derivative with respect to 8 of the function like 7(¢ + [5]) in terms of derivatives of ¢;, j > 1,
derivatives with respect to all ¢; appear.

We have found that, if we use linear differential equations satisfied by the wave function
(cf. (2.3)), the b1, ..., Bn — 0 limit of (2.5) can be written entirely in terms of the wave function
and its t;-derivatives. Finally, we obtain a beautiful formula which connects (¢t — Y1, [oy])
to the Wronskian of the functions obtained by substituting parameter values into the spectral
variable of the wave function (see Theorem 2.2).

In a similar manner, it is possible to take the partial limits as 81,...,8; = Ooray,...,ar — 0
with & < n of the formula (2.5). The results are given by Theorems 2.5 and 2.6 which, together
with Theorem 2.2, constitute main results of this paper.

As an application of Theorem 2.2, the equivalence of vertex operators and Darboux transfor-
mations is proved based on the expressions of solutions derived in [7, 16, 17].

As another application of main results, we prove identities of theta functions. Any identity for
tau functions implies an identity for theta functions of Riemann surfaces if we consider solutions
of the KP hierarchy expressed by theta functions. For example, the addition formula (2.5)
corresponds to Fay’s celebrated formula in [3, equation (43)] for Riemann’s theta function 6(v)
of a Riemann surface C of genus g. It is described as follows. Taking a symplectic basis of the
homology group of C, let dv;, ¢ = 1,..., g, be the normalized basis of holomorphic one forms,
t(p) = f;oo dv, dv = *(dvy, . ..,dv,) the Abel-Jacobi map with a base point ps € C and E(p, q)
the prime form. Then for n > 1, mutually distinct points p;,q¢; € C, i = 1,...,n, and ¢ € CY
such that 6(c) # 0 the following identity holds:

o) NS e 1 o) gyt i< B i) Blg, 60)
’ (Z; ) ; i)+ )6( ) H” E(pi,q]')

_ qet ((80pi) = lgj) +¢)
= det ( E(pi, qj) >1<i,j<n. (1)

In Fay’s book [3], two kinds of limits of (1.1) are computed. The first one is the limit as ¢ — ¢/,
where ¢ is such that 0(c') = 0 and ¢’ is not a singular point of the theta divisor (#(v) = 0). The
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second one is the limit as all ¢; approach the same point in the first limit. We derive the formula
for theta functions corresponding to Theorem 2.2, which is given by Theorem 6.2. It corresponds
to the limit of (1.1), where all ¢; tend to the same point po, while keeping 6(c) # 0. Therefore,
formulas in Theorem 6.2 are different from two limit formulas of Fay. In the case of genus
one, the formulas of Theorem 6.2 had been considered and proved in [13] with the aid of some
formulas of elliptic functions.

Finally, we would like to mention recent papers [26, 28] where Darboux transformations are
studied from the view point of free fermions. They are closely related with the content of this
paper. In particular, in [26], determinant formulas of some expectation values of free fermions
are derived. Taking a generating function of them and using the boson-fermion correspondence,
they correspond to the formulas in Theorem 2.6. They are derived using the determinantal
structure of the Darboux transformations of [4]. While Theorem 2.6 is proved in another direct
and simple way as explained above. Moreover, in our theorems it is important for applications
that the formulas are written in the form of addition formulas. While the fermionic formulas
in [26] do not apparently take the form of addition formulas.

The present paper is organized as follows. In Section 2 after a brief review of the KP hierarchy
and the addition formula for tau functions, the main theorems are stated and proved. The vertex
operators and related formulas are summarized in Section 3. Section 4 provides a brief review of
the Darboux transformation and the necessary formulas. The equality of tau functions obtained
by vertex operators and those obtained by Darboux transformations is proved in Section 5.
In Section 6, new addition formula for Riemann’s theta function of Riemann surfaces is given.
In the case of genus one, the addition formulas rewritten in terms of Jacobi-Riemann theta
functions and Weierstrass functions without prime form are also given.

2 KP hierarchy and addition formula for tau function

In this section, we first review the KP hierarchy [2, 21, 22] and addition formulas for tau
functions [22, 24]. Then the main results of the paper are presented and proved.

Let L(t) =0+ 372, w;O'I t =1ty ta,ts,...), x = t1, d = 9/dz be a monic microdifferen-
tial operator of order one without 8° term. By defining, for m > 1 and a function f,

g = i (‘}”) fig-m—i ) = of
=0

- Oxd’

the set of microdifferential operators { > i<n a;0’ for some n}, where a;’s belong to some ring
of functions on which 9 acts, becomes a ring. The differential operator part of P = Zj ajaj is
defined by Py =35 a;07.
The KP hierarchy is the set of nonlinear differential equations for {u;}52, given by
OL(t)
Ot
where [B,,, L(t)] = By L(t) — L(t) By, In particular, u = uy satisfies the KP equation

= [Bm, L(t)], By, = (L(t)™) m=1,23,..., (2.1)

—+

Bttty + (—4us, + 6uty + Upgsr)g = 0.

It describes shallow water waves [9], where (z,t2) is the space variables and ¢z is the time
variable.

For a solution L(t) of the KP hierarchy, there exists a function W(¢,z), called the wave
function of L(t), of the form

o oo
U(t,z)= |1+ ij(t)zj ezl n(t,z) = thzj,
j=1 j=1



4 A. Nakayashiki

which satisfies

W(t
‘9a(t’z> = B, U(t,z),  L)U(t2) =2 U(t,2). (2.2)
So the variable z is the spectral parameter. A tau function of L(¢) can be introduced as a func-
tion 7(¢) which satisfies

T(t — [2]) —1 22 23
U(t,2) = —— etz =1z, ). 2.3
R I C B G (23)
For an L(t), a tau function exists and unique up to constant multiples [2].

The operator L(t) can be recovered from a tau function through W(¢, z) and the KP hierarchy
can be expressed as a system of differential equations for 7(t) as

—1yd
Reg,T(t — s —[)T(t+ s + [2])e 252 1)—'22 =0, (2.4)

2= z
where s = !(s1,52,...) is a set of parameters. Expanding (2.4) in sy, s2,..., we have a set of

differential equations for 7(¢) in the form of so called Hirota’s bilinear equations.

The function ug(t) is recovered from 7(t) by us(t) = 20%log(t). It follows from (2.4)
that, if 7(t) satisfies (2.4), so does e®+2i=1%%(¢) for any constants ¢;, i = 0,1,2,.... This
transformation 7(t) — e®025=1 %1 (1) is called a gauge transformation.

It is discovered in [22] that a tau function of the KP hierarchy satisfies addition formulas and
that the totality of addition formulas is equivalent to the KP hierarchy.

The following addition formula of the determinant form is proved in [24].

Theorem 2.1 ([24]). Let n > 1 and aq,...,an, B1,...,Bn be mutually distinct parameters.
Then the following equation holds:

(13- S

=1

it =1 (Bi = o) T(t + [Bi] — o))
=T n+1 5] e J .
=7() [Tic;(@ijBi) det ( Bi — >1<i”j<n’ (25)

where a;; = a; — o, Bij = Bi — B;.

Our main aim is to get the formula for (¢ — Z?zl[ozj]). To this end, we should set 3; = 0
for all j in (2.5). Notice here that the right-hand side of (2.5) contains a term [[,_; B;; in the
denominator. So we consider the limit £i,...,8, — 0. To take the limit, we need to take
derivatives with respect to ;. If we expand 7(t + [B;] — [o]) in §;, its coefficients contain
derivatives of 7(¢) in all ¢;. However, we can prove that the final result contains derivatives with
respect to only the variable 2 (= ¢1). The result is described in the following theorem which,
together with Theorems 2.5 and 2.6, constitute main results of this paper.

Theorem 2.2. Letn > 1 and aq,...,a, be mutually distinct non-zero parameters. Then we
have

' (t ) ZM) - n<‘(a11 oy W8 ), W ) rig)e” B nte? gl

9iU(t, a)

Wr(U(t, o), ..., Ut an)) = det (WD (2, ;) ot

Ot ) =

1<i,j<n’

is the Wronskian of ¥(t, ), ..., ¥(t, o) with respect to the variable x = t;.
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Proof. Let us set f(t,a, ) = w Assuming |f| < |a|, we consider f(t, «, 3) as a series
of # and we write it as

fltonB) =Y fi(t, ). (2.6)
j=0
Set
1
F = mn, D = det (f(t, 05, 8:)) 1< j<n (2.7)
and

Fy =F, Fy, = Fy_1]g,—o0, kE>1,
Bo= [[ Bii» 1<k<n-1, By,=B,a=1 (2.8)

k<i<j<n
Notice that each F} is well defined due to (2.5).

Lemma 2.3. For1 <k <n,

Dy,
Bp.11 Hj:k-i—l 5;;
where Dy, is the following determinant:
fo(t, a1) fo(t, an)
Dy = fraton) e fra(t om)
f(taah/@k-Fl) f(tvanaﬂk—Fl) ’
f(taalaﬁn) T f(tvanaﬁn)

and the empty product H?:kH ﬂ;-“ for k = n is understood to be 1. In particular,

Fn = det (fifl(t’aj))lgi,jgn' (2.10)

Proof. Notice that Bylg,_, = Br+1 H?:kﬂ Bj. We prove (2.9) by induction on k. For k =1,
we have

fO(taal) fO(tv Oén)
1 1 f(t,Oél,/BQ) f(t)anaﬂ2)
R e vl
f(t7 a, Bn) e f(t7 Qn, Bn)
— L
B2 H;’L:Q ﬁj.

Therefore, (2.9) is valid.
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Suppose that (2.9) holds for k. Then

Dk 1 —k
Fit1 = Filgy, =0 = = Dy
N Pt Bi11 H;’L:k:—&-l Bjk Br41=0 Bk+1|:8k+1:0 H?:k+2 /Bf( k+1) Br1=0
1 —k
(Dkﬁlﬂ—l)‘

= n k+1 _n
Bio+2 Hj:k+2 Bj Br+1=0

Here, by expanding each element of (k + 1)th row of Dy in S, using (2.6), we get

fo(tval) fO(tyO‘n)
o0 fkfl(.t, ) fkf1(‘t, )
Dkﬁ];_fl = Z fi(tv al) T fi(tv an) Bkz—i—l

=0 f(t, aq, 6k+2) e f(t7 Qn, ﬁk+2)

FtanBa) - f(t )

Notice that the coefficient of ﬁk 41 for 0 <@ <k —1 becomes zero due to a property of determi-
nants. Thus (DkBkJrl) |841=0 = D41 and

Fioy = D11
+1 = n ’
Biro ITj—pya 87
which shows (2.9) for k + 1. Therefore, (2.9) is proved. [

Next let us calculate the determinant of the right-hand side of (2.10). By (2.3),

_ T(t + [,8] - [Z]) n(t+(8],2~1)
U(t+[6],2) = TR : (2.11)
Assuming |B] < |z|, we have
51
(Bl — gtz (8l — @t DA FE) _ n(te ) —log(1-2) _ ents )
z—p
Putting it into (2.11) and replacing z by «, we obtain
T+ B —la]) e
U(t+[8],a) = —a enta™)
tHPhe) = =0 —ayrir 1)
Therefore,
J(t,a,B) = —a " W(t + [B], a)r(t + [ 1. (2.12)

Let us calculate f;(¢,«) by expanding the right-hand side of (2.12) in 8. For this purpose, let
> ~ 0
1) =N "pr(t)zh, 0 ="(01,00/2,05/3,...),  Oh = (2.13)

Notice that the Schur function pg(t) is a homogeneous polynomial of degree k if we define
degty = k. For example, pg = 1, p1 = t1, poa = ta + t2 , P3 = t3 + t1to + . We have

U(t+ 8], @) = "@Ou(t,a) = Zpk (9)W(t, a)8",

r(t+18) = "@)r Zpk
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Therefore,
U+ [Bla)rt+8) =Y Y (pe(0)(t, a)p()7(t)) 8™ (2.14)
m=0k+Il=m
Lemma 2.4. The equation
Dk (5)‘11(t, a) = (0" + (lower order))¥(t, @) (2.15)

holds.

Proof. In the left-hand side of (2.15), we can replace 0; in py, (5) by &7+ (lower order) using (2.2)
Replacing t; by 0% /k in (2.13), we have

k
Sy (z0) —log(1—20) k. k.
Zp’“ Jloj=oi2" = e 1—za Za

Therefore, py (5)]aj:3j = 9%, Taking into account that py(t) is a homogeneous polynomial,
we have the assertion of the lemma. |

Using (2.12), (2.14) and (2.15), we have

l
filt,0) = C(t,a) > At U(t,a),  C(ta) = (—a) te b, (2.16)
k=0

where A; 1 is independent of o and A;; = 7(¢t). Namely,

fo(t,a) = C(t,a)T(t)V(t, ), fit, o) = C(t,a)(T(t)0 + A10)¥(t, o),
fot,a) = C(t,a) (T(£)0? + A210 + Asg) U(t, ),

Substituting them into the right-hand side of (2.10) and using the properties of determinants,
we have

F, = det(fi—1(t, a;)) HC (t,a;) det(\I/(ifl)(t,aj)). (2.17)

By (2.5), (2.7), (2.8), we have

P _ - Oé‘ =7 (n— 1)Hz 1( al)
(t > A) I

=1

Substitute (2.17) into this equation and get

n n n—1
T (t — Z[aJ) = 71_11':1 % Wr(U(t,ar1),..., Ut a,))T(t)e” Sinta; )
ij

i=1 HZ'<j o
Finally, the proof of the theorem is completed if we notice
-1
[lio o™ 1 m

Hi<j @ij Hi<j (O‘j_l - O‘z‘_l).
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In a similar way, it is possible to construct the formula for T(t + Z?Zl[ﬂi}) in terms of the
Wronskian of the adjoint wave functions. Let

w1, = T o)

be the adjoint wave function of L(t). It satisfies

ov*(t,z) .
W = Bm\I/ (t, Z),

where B}, is the formal adjoint of By, [2].

Theorem 2.5. Let n > 1 and B1,..., B, be mutually distinct non-zero parameters. Then we
have

S 1 n -1
i = Wr(T* , e g* , Bn > n(t.B; ).
T <t+;[5]> 0,5, r(U*(t, B1) (t, Bn))7(t)e

Proof. It is possible to prove the theorem by taking the limit as o; = 0, j = 1,...,n, of (2.5) in
a similar manner to the proof of Theorem 2.2. Here we give another proof based on Theorem 2.2.

It is easily proved that if 7(¢) is a solution of (2.4) so is 7(—t). We apply Theorem 2.2
to 7(t) = 7(—t) and use

U(t,z) = U*(—t, 2), (2.18)
where W(t,z) is the wave function of 7(t). Then we substitute ¢ by —t and obtain Theo-
rem 2.5. |

More generally, there are formulas which contain Theorems 2.2 and 2.5 as special cases. We
simply tend f1,...,8m — 0or ag,...,a, — 0 for m <nin (2.5).
We set
—a 7(t+ B —[a]) et
W(t = o) 2.19
(1 ) = = et (219)
B+ B —[a]) s
\Ij* t — n(tﬁ )'

Theorem 2.6. Let m, n be nonnegative integers such that n > m.

(1) For mutually distinct non-zero parameters oy, ...,om, Bi, ..., Pn—m, we have

<t+2@ z;a>

\Ij(ta al) T \Il(tvan)
B _ Zr}z n(t,afl) \I](mfl) (t7 al) e \I/(mfl) (t7 an)
= mm,e j=1 J T(t) \If(t,ahﬁl) ‘Il(t,an,ﬁl) )
\I/(t, ar, anm) T \I’(t, Qn, anm)

where

C _ (_1)n(m,1) H? 104m ! H H] 1(6@ - )
" Hz<] Qi Hz<] BJZ H
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(i) For mutually distinct non-zero parameters aq,...,0n—m, Pi,. .., Pn, we have
r (t DYCEY [ad)
=1 =1
_ o Ty | CTI@ ) e G B |
mn \I’*(taalaﬁl) \I]*(t7 Oél,ﬁn)
\I’*(taanfmaﬁl) T \Ij*(tanfmaﬁn)
where

(n—1) H?:l 5?]71 H?:l H;lz_lm(ﬁl - aj)

H:Z]m Qij H:‘L<j Bji H:L;{n a;”
Proof. (i) Substitute (2.16) to (2.9) with k£ = m and change the index of §; as (Bm+1,--.,5n)
to (B1,---,Bn—m). Then we get (i) of Theorem 2.6 after a simple calculation.

(ii) As in the proof of Theorem 2.5, we should simply apply the formula (i) to 7(t) = 7(—t).
Let us denote the functions (2.19) corresponding to 7(t) by ¥(t, 5, «). Then

U(t,a,B) = U*(—t, B, ). (2.20)
Using (2.18) and (2.20) and substituting ¢ by —¢, we obtain (ii) of the theorem. [

Cpn = (<1)"

3 Vertex operator

The results of the previous section are used to prove the equivalence between solutions of the
KP hierarchy generated by vertex operators and those generated by Darboux transformations.

In this section, we recall the general formulas of solutions generated by vertex operators [17].
Let

X(p,q) = o(t.p)=n(t,a) o= (0,p~ ) +n(d,a7")

be the vertex operator of the KP hierarchy [2]. It acts on a function f(t) as
X(p, @) f(t) = MDD f (¢ — [p=1] 4 [¢71]). (3.1)

The importance of the vertex operator is stated in the following theorem.
Theorem 3.1 ([2]). If 7(t) is a solution of the KP-hierarchy, so is e*X®97(t) for any a € C.

We consider the composition of X% with various values of a, p, ¢, and apply it to 7(t).
The result can be written quite explicitly in a simple form.
The vertex operators satisfy the following commutation relations:

X(p1,01) X (p2,q2) = X (p2,92) X (p1,q1) if p1 # q2 and q1 # po,
X(p1,91)X(p2,q2) =0 if p1 = p2 or q1 = qo.

It follows that two vertex operators commute for general values of parameters and X (p, q)? = 0.
Then

Based on these facts, we consider the following general composition of vertex operators.
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Let M, N be positive integers, L = M + N, p1,...,pr, mutually distinct non-zero complex
parameters and (a; ;) an M x N complex matrix. For these data, we set

G = eXit1 i ai X0y iny ) (3.3)

Let 7(t) be a solution of the KP hierarchy. We apply G to 7(t). In order to have a formula
similar to soliton solutions in [9], we first make a certain shift to 7(¢), then apply G and make
a gauge transformation. In this way, we define a new tau function 7(¢) by

N

Ft) = AlprY, ..., pyt)ezim 1R )Gy t=> Il ], (3.4)
j=1

where A(p1,...,pn) = [[1<icj<,(Pj—pi). By (3.1) and (3.2), 7(t) is expressed as linear combina-
tion of shifts of 7(¢). To give an explicit formula for it, let us define the L x N matrix B = (b; ;) by

1
1
B= , 3.5
bnt1a 0 bNN (3.5)
bNym cr bNimN
where
b"j:(sij, 1§i,j§N,
Py — o
bN+ij = auﬂji"il, 1<i<M, 1<j<N. (3.6)

m#JpNJ” pm

Notice that a;; is recovered from byy;; uniquely by (3.6). Therefore, if a set of parame-
ters (p1,...,pr) is fixed, the set of M x N matrices (a;;) and the set of L x N matrices B of
the form (3.5) correspond bijectively.

We use the following notation

[L]:{l,...,L}, <[JI\}]> :{(il,...,i]v)|1§i1<‘--<iN§L},

and for I = (i1,...,iN) € ([ﬁf])
A=A ), =D ntet), =D ol
iel iel
By = det(bs, s)1<r,s<N-
The formula for 7(¢) is given in [16, 17] as described in the following proposition.

Proposition 3.2 ([16, 17]). The function 7(t) defined by (3.4) is expressed as

= > BiAjer(t— [pi]). (3.7)
1e('&h)

This is the general formula for a solution of the KP hierarchy generated by vertex operators.
In [17], it is shown that, if 7(¢) is a solution associated with a nonsingular algebraic curve
(Riemann surface), 7(¢) is a solution associated with a singular algebraic curve whose nor-
malization is the algebraic curve corresponding to 7(t). In this case, it is also observed in [17]
that 202 log 7(t) describes a soliton on a quasi-periodic background corresponding to 202 log 7(t).
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4 Darboux transformation

Similarly to vertex operators, Darboux transformation also takes a solution of the KP hierarchy
to another one. In this section, we review the definition and properties of Darboux transforma-
tions of the KP hierarchy following [5, 7]. Our aim here is to present the general formula for the
tau function obtained by successive applications of elementary Darboux transformations.

We use the symbols M, N, L, p; as in Section 3. Let L(¢) be a solution of the KP hierarchy.

Definition 4.1. A function ¢(¢) is called an eigenfunction of L(t) if it satisfies

20— Baplt), B = (O™

For an eigenfunction ¢(t) of L(t), we set
G, = wdp~t =9 — d(log ), L,(t) = GwL(t)Ggl, To(t) = @(t)T(1).

Theorem 4.2 ([5, 6, 7, 20]). Let L(t) be a solution of the KP hierarchy (2.1) and ¢(t) be an
eigenfunction of L(t). Then
(1) The operator L,(t) is a solution of the KP hierarchy and 7,(t) is a tau function of Ly(t).
(2) For any eigenfunction ¥(t) of L(t), G,(v) is an eigenfunction of L,(t).
The transformation from L(t) to L,(t) or from 7(t) to 7,(t) is called an elementary Darboux
transformation.
It is possible to repeat elementary Darboux transformations using a set of eigenfunctions of
an initial solution L(t) with the help of this theorem

Let N > 2 and ¢1,...,9on be eigenfunctions of L(t). We first consider the elementary
Darboux transformation of L(t) by 1. By Theorem 4.2 (2), the functions

Gipl(@]) = gpg‘l}’ j:25"'aNa

become eigenfunctions of L, (t). Notice that G,(¢) = 0 for any ¢. That is why we consider j > 2
here. Next we transform L, (t) by go[zl]. Then

(21]

G(p[;] (Sogl]) = G GSOI(SOJ) = 90] ) ] - 37 e 7N7

oA

are eigenfunctions of

(Lcm)(p[zl] (t) = (ngu G«pl)L(t)(G(pg] Gy )

We proceed in this way. In general, for ¢ > 2 and j > ¢ + 1, we set
ooyl
Gi=G i G nG pGey ¢ = Gilgy):

Then gog-i""’l] is an eigenfunction of G;L(t)G; ' by Theorem 4.2 (2) and

S0£i-1,...,1] N -cp?l]gog]smT(t)

is a tau function of G;L(t)G;* by Theorem 4.2 (1). We set

7(t) = oy ot PG 2 (). (4.1)
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Example 4.3. For N = 2, we have

7(t) = @3 (D1 ()7(t) = G (p2)r7(1) = (910(02) = Dipr)2)7(t) = Wilpr, 02)7(1).
The appearance of the Wronskian is a general feature of the transformation.
Theorem 4.4 ([5, 6, 7, 20]). The equality 7(t) = Wr(e1,...,on)7(t) holds.
Let C = (¢;j) be an L x N complex matrix of rank N. We take

L

pit) = aU(tp), j=1,...,N, (4.2)
=1

as a set of eigenfunctions of L(¢). Then

Wr(p1,...,0N) = det((\y(i_l)(tvpj))lgiSN’lngLC)'

Using the Binet—Cauchy formula, we have

Wr(@la"w(p]\/) = Z C]WI‘(\I’(t,pil),...,‘Ij(t,piN)),

I=(i1,...in)€('H))
Where, for I = (il, e ,iN>, C[ = det(cir,s)lgr,sgN-
Thus we have the following proposition.

Proposition 4.5. The tau function 7(t) defined by (4.1) with ¢1,...,oN given by (4.2) is
expressed as

?(t) = T(t) Z Cr Wr(lll<t7pi1)7 Tt \P(t7p’iN))‘ (43)

[:(il,myiN)e([][\‘f])

This is the general formula for a solution generated by Darboux transformations. In the next
section, we compare this formula with the formula (3.7) in Proposition 3.2.

Remark 4.6. We denote by Gr(N, L) the Grassmannian which consists of N dimensional
subspaces of CF. A point of Gr(NV, L) is represented by an L x N matrix of rank N. Two L x N
matrices Y7 and Ys represent the same point of Gr(N, L) if and only if Y7 = Y2G for some
invertible N x N matrix G.

If the matrix C in (4.2) is replaced by CG with an invertible constant matrix G, then 7(t)
changes to det(G)7(t) and u(t) = 20?log7(t) is unchanged. So if we are interested in solu-
tions u(t) of the KP equation, C' can be considered as an element of Gr(N, L).

5 Connecting vertex operators to Darboux transformation

In this section, we prove, using Theorem 2.2, that two tau functions (3.7) and (4.3) obtained by
vertex operators and Darboux transformations respectively coincide.

Consider the term corresponding to I = (i1,...,in) € ([ﬁ]) in the formula (3.7). We
take n = N, (ai1,...,an) = (piy,--.,piy) in Theorem 2.2. Then

A;enl_T(t - [p[]) = Wr (\Ij(taph)v R \Ij(t7piN)) T(t)'

Substituting this formula into (3.7), we have the following corollary.
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Corollary 5.1. If two matrices B of (3.5) and C' given just before (4.2) coincide, the equation
7(t) = 7(t) (5.1)
15 valid.

It looks that the matrix B of (3.5) seems special compared with the matrix C' which is
an L x N matrix of rank N. But this is not the case.

Let Sy, be the set of permutations of {1,...,L}. By the reason explained in Remark 4.6,
we consider the matrix C' as an element of Gr(N, L). Then we can prove the following.

Proposition 5.2. For any L x N matriz C' from Gr(N, L), there exists a matriz B and o € Sy,
such that (5.1) holds up to constant multiples, where 7(t) corresponds to {B, (py(1),- - - Po(r))}
and 7(t) corresponds to {C, (p1,...,pL)}-

The strategy of the proof is as follows. We take C in the reduced column echelon form
(cf. Example 5.4). We then change the order of rows of C' appropriately so that the resulting
matrix C takes the form of (3.5) and define the components of B in such a way that B = C
holds.

Lemma 5.3. Let C = (¢; ;) be an arbitrary L x N matriz and p1, ..., pr, mutually distinct non-
zero parameters. For an element o of St,, define the matriz C = (¢; ;) and parameter pi,...,pr

by Cij = Co(i),j» Di = Po(i), Then
Y CrWr(¥(pr) = Y CrWi(¥(pp)),
re(F) re(%F)

where, for I = (i1,...,in), Cr = det(ci, s)1<rs<n, Wr(¥(pr)) = Wr(¥(t,piy), ..., ¥U(t, piy))
and similarly for Cr, Wr(¥(pr)) in which ¢;, s and pi; are replaced by ¢, s and p;;, respectively.

Proof. For I = (i1,...,in) € ([]{7]) we have
é[ WI‘(\I/(ﬁ])) = det(éihs)lgr,SSN det(\p(r_l)(t’ﬁis»lgr,SSN
= det (¢, 12rs<n Aot (T (6 Po(i)) 1y s (5.2)
Let

{U(il),...,a(iN)}:{ll,...,lN}, l1<-‘-<lN,
and I = (l1,...,In). Due to the skew symmetry of the determinant, we have

RHS of (5.2) = det(cy,¢) det (T (t,py,)) = C; Wr(¥(p;)),

and

Cr Wr(¥(pr)) = Cf Wr(¥(pj))- (5.3)
The lemma follows from (5.3) by summing up in I, since the map sending (i,...,in) to
(l1,...,In) is a bijection from ([LN]) to itself. [

Proof of Proposition 5.2. Let C € Gr(N,L) and B a matrix of the form (3.5) with its
components by y; ; to be determined. We can assume that ' is in reduced column echelon form
(see (5.4), for example). We suppose that pivots of C' are in (i1,1),..., (ixy, N) components with
1<ip <<y < L. Let {1,2,...,L} = {il,...,iN,jl,...,jL_N)} with j; < --- < jr_nN.
Then we define o € Sy, by

U(il,...,iN,jl,...,jL_N):(1,2,...,L).

and the L x N matrix C = (¢ij) by Cij = ¢s(i),;- Then C becomes the matrix of the form (3.5).
We define by ; by byi; = ¢n+ij- Then the proposition follows from Lemma 5.3. |
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Example 5.4. The case of Gr(2,4). Consider the matrix C' given by

(5.4)

SO Q=
o = O O

and parameters (p1, p2, p3,p4). We shall show how to construct the matrix

1 0
0 1
B =
bs1 D32
b1 ba2

corresponding to C'. The pivots of C are in (1, 1), (3,2) components. So i3 = 1, iy = 3, j1 = 2,
ja=4and o € Sy is defined by o(1,3,2,4) = (1,2, 3,4), that is, o is the permutation of 2 and 3.
The matrix C is obtained by exchanging 2nd and 3rd rows of C,

(@}

Il
SR O -
o O = O

We define b31 = a, b32 = 0, by1 = b, bys = c¢. Then B = C. The associated parameters are
(Po(1)s - -+ > Po(a)) = (P1,P3,P2,pa). With this B and parameters, 7(t) given by (3.7) and 7(t)
given by (4.3) coincide.
The vertex operator G corresponding to (C, (p1,...,p4)) is given by (3.3) with
—1 -1 -1 -1 -1 -1
ain = a%a aj2 =0, a1 = b%, ags = C%-
Py —P3 Py —Ps Ps —D

6 New addition formula for theta functions of Riemann surfaces

If we consider a solution of the KP hierarchy expressed by a theta function of a Riemann surface,
the addition formula of Theorem 2.2 for tau functions becomes that for a theta function. In this
section, we derive it.

Let C be a compact Riemann surface of genus g, {A;, B;} a homology basis with the in-
tersections A; - A; = 0, B; - B; = 0, A; - B; = §; j, {dv;}{_; the normalized basis of Abelian
differentials of the first kind, dv = *(dvy,...,dvy), Q;; = fB- dv;, Q = (€Q;;) the normalized
period matrix, ps a point of C, t(p) = | ;oo dv the Abel map and z a local coordinate around Poo
that satisfies z(poo) = 0. We notice that, as a local coordinate around p.,, we always use the
same local coordinate z specified here unless otherwise stated.

Riemann’s theta function with the characteristics e = (Z), a,b € RY is defined by

0 [Z] (v, ) = Z eXP(?Tit(m +a)Q(m + a) + 27t (m + a) (v + b))’
meZ9

where v = *(v1,...,vy). In the following, it is denoted by 6 [¢] (v) by omitting the {2 dependence,
since we do not consider changing €2 in the following. Moreover, the theta function with the
characteristics [J] is denoted by 6(v).
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We need the prime form E(z,y), z,y € C (see [3, 8, 15] for details). It is defined as follows.
Let € = | 66,',], e, e e %Zg be a non-singular odd half period, which means that e satisfies the
following two conditions,

Ole](—v) = —0[¢](v), 889[ ]( 0) #0 for some 1.

It can be proved that such € exists but it is not necessarily unique [3, 15]. We take any one of
them. Let h¢(x) be such that

g9
00[€] [e
Z 8Uk dvk )

It can be considered as a section of a certain holomorphic line bundle on C and is unique up to
sign [3]. We choose any sign and define h¢(z). Then the prime form is defined by

Ole](e(y) — ¢())
he(z)he(y)

It is the section of a certain holomorphic line bundle on C x C independent of € and the choice
of the sign of h¢(x). The prime form satisfies the following properties:

(1) E(%‘,y) - _E(yax)a
(ii) E(z,y) =0 if and only if z =y,

E(.%',y) -

(iii) for any point p € C, x,y € C near p and a local coordinate u around p the expansion
of E(z,y) in u(y) at u(z) is of the form

E(z,y)\/du(z)/du(y u(z) + O((uly) — u(z))?).
For points z, y around ps, using the local coordinates z = z(z), w = 2(y), define E(z,w)
and E(pes,y) by
B(zw) w)
vdzvdw T=poc Vdw

Notice that E(pso,y) depends on the choice of a local coordinate z.
We define v; j, g; ; as the expansion coefficients with respect to z = z(z), w = 2(y)

B E(0,w)

E(pso,y) = E(z,y)Vdz

E(x,y) =

dv; = Zvi7jzj_1dz near peo, (6.1)
j=1
d.d logM Z g2t dzdw near (0,0) (6.2)
2w w— 2 = 1,7 yJ)- .

Since E(z,w) is skew symmetric in z and w, we have ¢; ; = ¢;;.
We set

V = (vij)1<i<g1<> Vi ="v11,021,. ., 0g1), (6.3)

ts)= > aijtisy,  a(t) =qltlt). (6.4)

ij=1

By Krichever’s theory on Baker—Akhiezer function [12], solutions of the KP hierarchy ex-
pressed by Riemann’s theta function of Riemann surfaces had been derived [8, 23].
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Theorem 6.1 ([8, 23]). For any ¢ = ‘(c1,...,¢c,) € CY,

1

7(t) = e21DY(V - t + ¢) (6.5)
is a solution of the KP hierarchy, where
V.t—}—c:t (Zvl,it’i —I—Cl,...,zvg7iti+Cg> .
i=1 i=1

We take (6.5) as 7(¢) in Theorem 2.2 and derive the corresponding formula for #(v). To this
end we need to prepare some notation.

Let dry, k = 1,2, ..., be the differentials of the second kind with a pole only at p,, normalized
by the conditions

1
/ drp, =0 for any 1, drp =d (zk + O(l)) near Poo.
A

It is well known that such drj exists and unique if a local coordinate around p., is fixed. The
differential dry can be described using the prime form. Let

w(z,y) = dgdy log E(z,y) = 5 T Z Qi ;2 27w ™) dzdw
i,j=1

be the bilinear meromorphic differential on C x C with a double pole on the diagonal {x = y}.
Due to the quasi-periodicity of the theta function, w(z,y) satisfies

/ w(a:,w:/ olzy) =0, 1<i<g,
Ai(x) Ai(y)

where [ Ay(x) signifies the integral over A; in z variable and similarly for [ A

We consider w = z(y) as a parameter. Then we take the coefficient of dw of w(x,y) and
differentiate it several times in w. In this way, we get the differential in x variable which
gives drg. Explicitly,

1 ok
dry, = S -d log B(2,w)]w—o = Zq], : (6.6)

We denote [ ¥ dry, the indefinite integral of dry such that the expansion near p., in z = z(x) has
no constant term, that is,

2
/ dry = qg k-
J

In particular,

v 0
/ dry = — %logE(z,w)

w=0

Consider points p1,...,p, of C and define, for 1 < j < n,

— i +/pj dry. (6.7)

k=1
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In terms of dvg and E(z,w), it can be written as

O O g By w)| (6.5)

With these notation, we can rewrite the formula in Theorem 2.2 in terms of #(v) which is
the main theorem in this section.

Theorem 6.2. Let n > 1, p1,...,pn be mutually distinct points of C different from poo and
c € C9 a vector satisfying 0(c) # 0. Then we have the following assertions:

(1)

0(V1£IJ +c— Z?:l L(pj)) Hi<j E(pjapi)ex Sy [P dry
O(WVrz + ¢) I[;2y E(pos, pi)"~!

— det (8i—1 (9(V193+C—L(Pj))ezfpj dr1>) '
9(V1l’ —l—C) 1<ij<n

9(‘3 - Z?:l L(pj)) Hi<j E(pj. pi)
0(c) [Ti=1 E(pos, pi)"!

= det (di(p))) 1< j<n -

where

n) — ;—19(U_L(Pj))
¢z(p]) D] 9(1)) ,

v=C

1> 1.

Remark 6.3. The formula (1), (2) of this theorem can be considered as a limit of Fay’s general
addition formula (1.1). It is the limit as all p1, . . ., p, approach the same point p, while keeping ¢
so that 0(c) # 0. In [3], two limits of (1.1) are computed. The first one is the limit as ¢ tends
to ¢ where ¢’ is a non-singular point of (#(v) = 0). The second one is the limit, in the first limit,
as all p; tend to the same point. Therefore, the formulas (1), (2) are different from those in [3,
Corollary 2.19]. Moreover, in [3] the notion of = derivative is not introduced. The z derivative
structure in Theorem 6.2 (2) is reflected in the fact that the coefficient of 9/d0vg, 1 < k < g,
in D; consists of only the first term of the expansion of dv, at po (see (6.1), (6.7), (6.8)).

Proof of Theorem 6.2. We use the following formulas:

Zw E(z,w)
w—z E(0,2)E(0,w)

atelizh =tz = Yot [ an (6.10)
=1

ca((All[w]) — for 2 £w,  esaEIED —

(6.9)

E(0,2)

VIz] =ulp) = /p dv, (6.11)

where z = z(p) in (6.10) and (6.11). Those formulas can be verified using (6.2), (6.3), (6.4),
(6.6).

Firstly, let us calculate the left-hand side of the formula of Theorem 2.2 divided by 7(¢).
Set a; = z(p;), pi € C. By (6.11), we have

T (t — imi]) — e3a(t=7 i) g <V = i v(ps) + C) .

i=1 =1
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Then, using (6.9), (6.10), we have

re=iled) - Tye i Banay) s a0
7(t) ITic; (O‘i_l - 0‘]'_1) [T E(0,aq)™
Q(V -t — Z?zl L(pi) + C) ezz?il t Z?:l [P dr; (6 12)
OV -t+c) ‘ :

Next, let us calculate the Wronskian part of the right-hand side of the formula in Theorem 2.2.
The wave function at z = a; becomes

aj OV -tte—upy)) s b pmidn

Y09 = Ea) a0 tto)

Then
Wr(U(t, a1),...,Y(t an))

— H Oéi det (81—1 (G(V i t+ c— L(p]))exfpj dT1>> eZ?:l ZEO:th fpj drk. (613)
i—1 E(O,ai)

OV -t+c)
By (6.12) and (6.13), the formula of Theorem 2.2 becomes
Q(V - 2?:1 L(pi) + C) o oGy P9 dr

(V- -t+c)
= H?: E(O’ ai)ﬂil i — Q(V “t+c— ['(pj)) xfpj T1
N Hlij E(Ozj,ai) det (8 1 ( 9(V t+ C) € d )) . (6.14)

The first product term of the right-hand side can be written as
Hn E(O,Z(pi))izl
[T, B0, a)™t M= Jazin)” IT ) E(oes pi)™ !

[Tie: E(ay,cu) 11 _EC@D=0)  — TL._. E(pj,pi)
<j J [Tic; N ErNET) <j = \Pj

Substituting this into (6.14) and setting t; =z, t; = 0 for j > 2, we get (1) of the theorem.
The formula (2) of the theorem follows from (1) as follows. If we set

0(v — u(pj))

_ _t
f(U)— 9(7]) ’ v = (vlv"'vvg)v
then
g
of (v)
AfWVix +¢)) = Uk 1
; 8’Uk v=V1x+c
Therefore,

efxfpj dr1ai71 (exfpj drlf(le + C))
(e g )

; i1
= <8+/p drl) fViz+c¢)

g ;i i—1 '
<Z vk’la(?)k + / d7’1> f(v) = (D;_lf(v)) ‘U=V1x+c' (6.15)

k=1 v=Vix+cC

Now, multiply the formula (1) of the theorem by e Xj= [ A g0 (6.15) and set = = 0.
Then we get (2). [
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The case of g = 1. In the g = 1 case, a non-singular odd half period used to define the
prime form is explicitly known so that the formulas in Theorem 6.2 can be rewritten in terms
of theta functions only without using the prime form. We shall give them here.

Let wy, we be complex numbers such tat = ws/wy has positive imaginary part, o(u), ((u),
p(u) Weierstrass sigma, zeta, p-functions corresponding to 2wy, 2wy respectively [27]. We denote
by X the Weierstrass cubic y? = 42® — gox — g3, which is parametrized as (z,y) = (p(u), ¢’ (u)).
The segments 0(2w1), 0(2ws) define closed curves on X which we denote by A, B. Then {A, B}
is a basis of the homology group of X with the intersections A-A =B -B =0, A-B = 1.
Let du = dz/y. Then

/ du = 2wy, / du = 2ws,
A B

and the normalized differential of the first kind becomes dv = Toaldu. The non-singular odd half
period of X is /2 + 1/2 whose characteristics is € = £(1/2,1/2). We set 011(v) = 0[¢](v, Q).
We take po, = 00 as a base point and set v(p) = f :; dv, which we adopt as a local coordinate
around oo, z = v(p). Then vy ; = &1 ; and V; = ¥(1,0,0,...). We have h2(p) = 6},(0)dv(p), and
the prime form is given by

() dv) g1(0) 700 (2(g) — 2(p))

Elp.q) = he(p)he(q) Vdz(p)y/dz(q) ’

where 0/, (v) denotes the derivative of f11(v). Therefore, E(z,w) = 07;(0)71011(w — z). We also
have

E(0,z(p)) _ 9’11(0)‘1911(2(17))'
dz(p) dz(p)

The normalized differential of the second kind dr; is given by

E(poo,p) =

2

Set {(2) = Llog#i1(2). Then D; = 2 + (o)), aj = 2(p;).
Theorem 6.2 for g = 1: In terms of Jacobi—Riemann theta functions. Let n > 1,

ai,...,a, € C be parameters which are mutually distinct and non-zero mod Z + Z£2 and ¢ € C.

(1) The following equation holds as a function of z:
9($ +c— ijl Oz) Hz’<j 911(0@ — aj)e$2?:1 E(aj)
0(x + c) [ [y 011 (i)™t

_ 9/11(0)—%11(71,—1) det [ 1 MeIA(O‘j) . (616)
0(x +c) 1<i,j<n

(2) If 6(c) # 0, we have

0(c— G- a)) [Tic; Or1 (i — j) RV
H(Jc)lH"j 9:(;@)71_1 2= 01,(0) 72" det (¢i(ay)) ;<5 i<
=1 7

where

(o) = Dyt ()
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Next, we rewrite these formulas in terms of Weierstrass functions o(u), {(u).
Firstly, replace ¢ by ¢+ /2 +1/2 in (6.16). Then replace z, ¢, a;j by x/2w1, ¢/2w1, o /2w,
respectively. After that use

011 <u> = O B0, = ),

2(,01 2w1
Q 1 i .
0 (U + b} + 2) = —ie*TQ*W’Qll(v).

We express the final formula using the Lamé function [27] (or Baker—Akhiezer function of genus
one [12]) defined by

&(z,a) = Mewda).

o(z)o(a)

Set @) (z,a) = 8'®(x, ). Then we have the following formulas.
Theorem 6.2 for g = 1: In terms of Weierstrass functions. Let n > 1 and aq, ..., ap
be parameters which are mutually distinct and non-zero mod Z(2w1) + Z(2ws).

(1) The following equation holds as a function of z:
U(x — i 0‘]’) Hi<j o(a; —

o(x) [[izy o(ai)”
(2) If ¢ € C satisfies o(c) # 0, we have

U(C =i O‘j) Hi<j oo — aj)
o(e) [Tizy o(aa)™

(6] n .
5) @S o) _ 4t (26 (2, a)) (6.17)

1<i,j<n’

= det(¢s(;)) 1<i,j<n’
where
o) = () ()

Remark 6.4. Formula (6.17) is proved in [13, Lemma 3.1] using the Frobenius—Stickelberger
formula (see [27], for example) and some related formulas proved in [18, 19].

v=cC
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