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Abstract. We consider various notions of completeness in symplectic topology and ask
two related questions. Does a complete open symplectic manifold remain complete after
excising a subset? Can two sets be made arbitrarily far apart by adjusting the almost
complex structure within an appropriate class of complete almost complex structures? We
find rigidity phenomena when the excised set is a symplectic hypersurface. These arise
from certain open Gromov-Witten invariants. We contrast this with flexibility that often
occurs when the excised set is coisotropic. We also briefly touch on the opposite question
of obstructions to existence of a complete symplectic structure compatible with a given
complex structure. For the notion of completeness we first consider the traditional notion
of geometric boundedness. We then introduce a broader notion of normalized completeness,
related to the notion of intermittent boundedness of [Geom. Topol. 27 (2023), 1273-1390,
arXiv:1510.04265], which depends on C° properties and is a contractible condition. Finally,
we speculate about the relation to a Fukaya-categorical notion of completeness.
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1 Introduction

Let (M,w) be an open symplectic manifold and consider the space J of smooth w-tame almost
complex structures on M. Since w-tameness is a pointwise condition, the associated metrics g
exhibit considerable flexibility. It is natural to ask whether any geometric features are com-
mon to all elements of 7. For this question to be productive, one needs to impose additional
completeness conditions on the almost complex structures. The geometric features we then con-
sider are distances between subsets of M. We find rigidity phenomena when one considers the
distance to symplectic hypersurfaces which contrast with flexibility that often occurs when the
excised set is coisotropic.

1.1 The results

As our first proxy for completeness, we use the well-established notion of geometric boundedness
(see, e.g., [14, Section 4.2]): an w-compatible almost complex structure J on M is called geo-
metrically bounded if the associated Riemannian metric gs(-, ) = w(-,J-) is complete and has
uniformly bounded sectional curvature and uniformly positive injectivity radius.’

We begin with an existence question.

This paper is a contribution to the Special Issue on Geometry and Dynamics in memory of Will Merry.
The full collection is available at https://sigma-journal.com/Merry.html

ITo treat w-tame almost complex structures, one must also impose a uniform bound on the norm of w with
respect to g (i.e., lwlg, < O).
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Question 1.1. Given w, does there exist a geometrically bounded w-compatible almost complex
structure J on M?

It is customary to call (M,w) itself geometrically bounded if the answer to Question 1.1 is
affirmative. We consider this question when we start with a geometrically bounded M and excise
a subset N C M. Question 1.1 can be understood as the question: can the distance to N of any
compact subset of M \ N be made arbitrarily large by adjusting the almost complex structure?

Theorem 1.2. Let M be a geometrically bounded symplectic manifold with finitely generated
spherical homology, and suppose w s rational. Let N C M be a properly embedded symplectic
hypersurface. Then M\ N is not geometrically bounded.

Theorem 1.3. Let U C R” be convex. Let w be the standard symplectic form on R™ x T™. If
there exists an w-compatible almost complex structure on U X T™ which is geometrically bounded,
then U = R™.

Theorem 1.3 follows from the following more quantitative statement which is of independent
interest. Identify primitive classes in H;(T™;Z) with primitive vectors v € Z™, hence with
integral conormals. For an open convex set U C R® and p € U, let L, := {p} x T" C U x T™.
Define the “flux distance” to the boundary by

dux(p; OU ) := inf  sup (v,p—z) € (0,400).
vEZMprimitive pcHUr
Proposition 1.4. Fix a > 0. There exists a universal dimensionless constant C' > 0 such that
for every open convex U C R", every p € U, and every w-compatible almost complex structure J
on R™ x T™ for the standard symplectic form with g; a-bounded (see Definition 2.3 below), one
has

dg,(Ly,(R"\U) x T") < Cadaux(p; OU)
provided dgux(p; OU) > 1/a.
This is proved in Section 2 and immediately implies Theorem 1.3.

Remark 1.5. A more precise formulation is given at the beginning of the proof (equation (2.1)).
Note that if we use the normalized distance %dg , we obtain an estimate which is independent of
the bound on the geometry. We revisit this point in Section 1.4. It is worth pointing out that
since a-boundedness implies an injectivity radius lower bound of 1/a, it naturally constrains the
lengths of the circle fibers in U x T"; for a flat product metric on T*R", 1/a is exactly the length
of the S* fiber.

Remark 1.6. Theorem 1.2 too follows from a quantitative statement. For certain tori that are
close enough to the divisor, we shall show that there is an a priori upper bound on the distance
between the torus and the divisor. This upper bound is linear in a certain flux distance to the
divisor, for small enough flux distance.

Before proceeding, we point out an elementary obstruction: if g is geometrically bounded,
Glinther’s volume comparison [5, 9] implies uniform lower bounds on volumes of balls of radius
smaller than the injectivity radius. In particular, the complement of a compact subset of a sym-
plectic manifold is not geometrically bounded. That is, the theorems above are only non-trivial
when the excised set is properly embedded and non-compact. However, we do not know whether
this is an artifact of this specific notion of completeness. In Section 1.4, we revisit the main re-
sults considering a more general notion of completeness. It is not clear whether volume finiteness
remains an obstruction. We shall return to this question numerous times in the introduction in
connection with C2\ {0}.

We also briefly address the opposite direction.
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Question 1.7. Given J, does there exist a symplectic form w on M such that J is w-compatible
and geometrically bounded?

We prove the following non-existence results.

Theorem 1.8. Let M be the total space of a nontrivial effective holomorphic line bundle over
a compact Riemann surface, with its integrable complexr structure J. Then M admits no sym-
plectic form w such that J is w-compatible and geometrically bounded.

Theorem 1.9. Let X be a projective variety with an effective divisor D admitting a curve C
such that C - D > 0. Then the total space of O(D) admits no symplectic form w such that the
integrable complex structure J is w-compatible and geometrically bounded.

1.2 Holomorphic-curve mechanism and the surface case

As already indicated, the proofs of Theorems 1.2 and 1.3 rely on hard holomorphic curve argu-
ments. As is typical for results of this type, the phenomenon is elementary in dimension 2n = 2,
and persists in higher dimensions due to holomorphic-curve mechanisms. Let us expand on this
point.

If p e D C C is a point inside a disk, then D \ {p} has finite area, so any complete metric
on D\ {p} must have unbounded geometry. At the same time, there is also a holomorphic-
curve viewpoint: 0D is a Lagrangian circle, and D is a J-holomorphic Maslov index 2 disk
with nonvanishing open Gromov-Witten invariant; confinement estimates then yield distance
bounds. This latter mechanism persists in higher dimensions and underlies Theorem 1.2.

Consider now Proposition 1.4 in the n = 1 case. One might try to vary J so that g;
is stretched in the R-direction and compressed in the circle direction, in order to make the
distance between two circle fibers as large as possible. It is elementary to see that if one insists
on a uniform sectional curvature bound, such stretching forces the circle fibers to become very
short somewhere along the way, and hence forces the injectivity radius to become small.

But there is also a holomorphic-curve mechanism. Omne can create a Maslov index 2 disk
with boundary on one of the circle fibers by a boundary reduction, or, symplectic cutting, at
the other end. The resulting open Gromov-Witten invariant again yields a distance bound.
The boundary reduction is why in higher dimensions the result involves the distance between
a Lagrangian fiber and a real hypersurface.

This suggests the following question.

Question 1.10. In the setting of Theorem 1.3, fix two distinct torus fibers L,, L, C U x T".
Is there an analogue of Proposition 1.4 giving an a priori upper bound on dy, (L, Ly) in terms
of a symplectic/flux quantity depending only on the straight-isotopy flux p — ¢ € H'(T";R)
(equivalently, an integral-affine notion of distance between p and ¢)?

One is naturally led to consider open Gromov—Witten invariants defined by counting J-
holomorphic annult with boundary on L,UL, and with varying modulus. For primitive boundary
classes, one can show (by a Gromov compactness argument) that an appropriate 0-dimensional
moduli space defines a well-defined invariant. In dimension n = 1, this annulus invariant equals 1.
Unfortunately, in higher dimensions the same invariant can be shown to vanish identically. To
see this, note first that by the Fukaya trick, the invariant as a function of ¢, for fixed p, is locally
constant. On the other hand, in dimension > 2, one can continuously move ¢ to a position where
the flux from p to ¢ is non-positive. This forces the invariant to vanish by energy considerations.

Finally, since the holomorphic-curve input behind Theorems 1.2 and 1.3 is inherently codi-
mension 2, it is natural to ask the following.

Question 1.11. Do analogues of Theorem 1.2 hold for higher-codimension symplectic submani-
folds?
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1.3 Flexibility of coisotropic excision

The rigidity phenomena above contrast sharply with flexibility results in the coisotropic setting.
Let us consider two related mechanisms.

e Symplectic excision. In [10, 15], one removes a closed coisotropic subset Z C (M, w) (e.g.,
a ray, or more generally a parametrized ray) and constructs a symplectomorphism

®: M\ Z— M.

In particular, if J is a geometrically bounded w-compatible almost complex structure on M,
then ®*J is geometrically bounded on M \ Z.

e Integrable anti-surgery. [8] construct a variety of examples of complete embeddings, i.t.,
excisions Y := M \ Z where Y is not symplectomorphic to M but is nevertheless geo-
metrically bounded and embeds symplectically ¢: Y < M with good control at infinity.
These examples arise in particular from singular Lagrangian torus fibrations and an explicit
modification procedure called integrable anti-surgery.

In both cases, flexibility has a quantitative version: In the symplectic excision case, the
symplectomorphism ® can be chosen to be the identity outside an arbitrarily small prescribed
neighborhood of Z. In particular, the distance from a prescribed compact set to the excised
region can be made arbitrarily large while maintaining fixed bounds on the geometry. The
case of integrable anti-surgery is similar in this respect. See [8, Theorem 7.33] for a precise
statement.

Let us emphasize a key consequence: by excising a suitably chosen embedded coisotropic
subset Z, one can make the distance between any two prescribed points—or more generally
between a prescribed point and a prescribed compact subset—arbitrarily large while maintaining
fized bounds on the geometry.

1.3.1 A basic 4-dimensional example

The following example taken from [8, Remark 7.32] illustrates the contrast between the rigidity
and flexibility phenomena. Consider the complex surface X := C? \ {zy = 1}, equipped with
the symplectic form

dx A dy
w=Im—7-".

zy — 1
The manifold X admits a Lagrangian torus fibration (the Auroux fibration) with a single focus—
focus singular fiber; see [1, Section 5] for a discussion. It is shown in [8] that X with this
symplectic form is geometrically bounded.

Emanating from the origin (which is a focus—focus singularity for the Auroux fibration),
there are two notable configurations: First, a pair of properly embedded Lagrangian discs L™
and L~ (called Lagrangian “tails” in [8]), lying over the monodromy-invariant line in the base
of the Auroux fibration. Second, the degenerate cone given by the equation xy = 0, which
consists of a pair of properly embedded holomorphic copies of C intersecting at the origin. This
configuration projects to a properly embedded curve which is transverse to the monodromy-
invariant line in the base.

It is shown in [8] that integrable anti-surgery allows one to excise either Lagrangian tail while
preserving geometric boundedness; in fact, excising one tail recovers the cotangent bundle T*T?.
By contrast, the present paper shows that excising components of the degenerate cone obstructs
geometric boundedness.
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Remark 1.12. In the example above, X \ C_ contains the punctured holomorphic curve C.
One might wonder whether the obstruction is explained, forgoing holomorphic curves, simply
by the appearance of a properly embedded symplectic surface whose end has finite area when
enclosed by loops. However this phenomenon alone is not an obstruction: such symplectic
surfaces can occur inside geometrically bounded symplectic manifolds. For example, in the
cotangent model R? x T? with w = dp; Adgq; +dps Adge, take a properly embedded curve v C R?
which is asymptotic to the coordinate axes and has finite total pi-variation along one end; then
the surface

S = {(p7q) ‘pef)@ QQZO, Q1€T1}

is symplectic and has an end of finite symplectic area yet the ambient manifold is geometrically
bounded.

1.4 Completeness in symplectic topology

The obstructions to geometric boundedness in Question 1.1 come from J-holomorphic curves
with finite energy connecting distant compact subsets. This suggests viewing geometric bound-
edness as a symplectic counterpart of geodesic completeness [11], with J-holomorphic curves
playing the role of geodesics.

However, geometric boundedness has drawbacks: it involves curvature (second derivatives),
and the space of geometrically bounded structures may not be contractible or even connected.
At the other extreme, one can consider the weakest completeness property.

Definition 1.13 (J-completeness). An w-tame almost complex structure J on a symplectic
manifold (M,w) is said to be J-complete if the associated Riemannian metric ¢g; is complete
and for every compact subset K C M and every E > 0 there exists R > 0 such that any
connected J-holomorphic curve whose boundary meets both K and M \ Br(K) has energy at
least E.

This is stronger than metric completeness but too weak to control the topology of the space
of J-complete structures.

We now consider an intermediate notion between J-completeness and geometric boundedness
which is of a C° nature and which gives rise to a contractible condition. It is closely related
to that of intermittent boundedness which was introduced in [6]. For each .J, we construct in
Section 3 an intrinsically defined continuous scale function py: M — (0,400] measuring the
isoperimetric scale at each point. The normalized distance dyorm,; measures path lengths in
units of py

1
Luorm s(7) = / P (V) (1),

with dporm,s the induced path metric. The scale function depends on the choice once and for
all of a cutoff constant ¢y > ﬁ. The constant ¢y measures the allowable deviation of the metric
from being flat whereas the scale function at a point p measures the size of a neighborhood in
which the metric does not deviate from flatness more than is allowed by the cutoff constant.

Definition 1.14 (normalized completeness). An w-compatible almost complex structure J is
normalized complete if the metric space (M, dnorm,s) is complete.

Remark 1.15. In this definition and Theorem 1.16, we focus on the w-compatible case. The
statements are true for the w-tame case with a very slight adjustment. See Remark 3.10.
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Theorem 1.16 (basic properties of normalized completeness). Let (M,w) be a symplectic mani-
fold.

(1) Connectedness. The space of normalized complete w-compatible almost complex structures
1 path connected.

(2) Confinement and J-completeness. If J is normalized complete, then J is J-complete (Def-
inition 1.13). More precisely, any connected J-holomorphic curve u: (X,0%) — (M,w)
satisfies a confinement estimate of the form

dnorm
u(X) C BCE(uS{&-C’ (u(0%)),

where E(u) = [ u*w and the constants C,C’" > 0 are universal constants.

(3) Equivalence to standard metric under uniform bounds. If g; has uniformly bounded sec-
tional curvature and uniformly positive injectivity radius, then dnorm,s and dy, are bi-
Lipschitz equivalent. In this case, normalized completeness is equivalent to metric com-
pleteness of g;.

Proofs are given in Section 3.

Remark 1.17 (weak contractibility). The space of normalized complete almost complex struc-
tures is path connected, but not necessarily weakly contractible as a topological space. Rather,
it can be given the structure of an co-groupoid which is contractible. Namely, one restricts to
certain admissible paths modeled on the zig—zag construction in the proof of Theorem 1.16 (1);
see [6] for the analogous framework with uniform intermittent boundedness.

Remark 1.18. By considering, the set of almost complex structures J that are normalized
complete for all cutoff constants ¢y > ﬁ, we obtain a contractible class of almost complex
structures whose definition involves no arbitrary choices. By standard comparison theorems, this
contractible class contains all geometrically bounded metrics, since curvature precisely controls
the scale at which deviation from flatness occurs above any given threshold. For the purposes of
Floer theory, one generally uses perturbations that decay at infinity, and this class is closed under
such perturbations. Another choice-free contractible class consists of all J whose associated
metric is uniformly equivalent to one in the previous class. Any such J is easily seen to be
normalized complete with respect to some cutoff constant, providing a notion that is stable
under uniform equivalence.

Remark 1.19. The previous remark allows us to define a robust class of normalized com-
plete structures with good properties and no arbitrary choices. However, to define an actual
metric dporm,7, One must commit to a specific choice of cutoff constant and scale function. For
a given J, the resulting normalization can depend very strongly on this choice, yielding distances
that are not necessarily uniformly equivalent for different cutoffs. The exception is when J is
already geometrically bounded: in that case, the resulting normalized metrics are always bi-
Lipschitz equivalent to the standard metric g; (see Theorem 1.16 (3)).

Theorem 1.20 (reformulation with normalized completeness). The main results of this work
hold with geometric boundedness replaced by normalized completeness. Concretely:

e Theorem 1.2. If (M,w) is normalized complete (with the same hypotheses on M and w as
in Theorem 1.2) and N C M is a properly embedded symplectic hypersurface, then M \ N
is not normalized complete.

e Theorem 1.3. Let U C R" be convex. If there exists an w-compatible almost complex
structure on U x T™ (with the standard symplectic form) that is normalized complete,
then U = R™.
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e Proposition 1.4. For a universal constant C, we have
duorm,J (Lp, (R" \ U) x T") < Cdpux(p; OU)

provided dgux(p; OU) > 1.

e Theorem 1.8. The total space of a nontrivial effective holomorphic line bundle over
a compact Riemann surface, with its integrable complex structure J, admits no symplectic
form w such that J is w-compatible and normalized complete.

e Theorem 1.9. Let X be a projective variety with an effective divisor D admitting
a curve C such that C - D > 0. Then the total space of O(D) admits no symplectic form
w such that the integrable complex structure J is w-compatible and normalized complete.

We conclude with the following question.

Question 1.21. Does C? \ {0} admit a normalized complete w-compatible almost complex
structure?

1.5 Fukaya-categorical completeness

So far we have considered completeness from a geometric point of view. One can also consider
completeness in terms of moduli spaces of objects in the Fukaya category. That is, completeness
in the sense that there are no missing objects. To discuss this we recall the definition of the flux
of a Lagrangian isotopy and the star-shape.

Let I: L x [0,1] — M be a smooth isotopy through Lagrangian embeddings, and write
ts := I(,s). For each s, let X be the vector field along ts(L) defined by X 0 t5 = 0s1.
Because t5(L) is Lagrangian, the 1-form Ag := ¢X(¢tx,w) on L is closed. The (symplectic) flux of
the isotopy from s = 0 to s = 1 is the cohomology class

Flux(I) := Uol Asds} € H'Y(L;R).

A star-isotopy is a Lagrangian isotopy whose flux develops linearly in time. The star-shape
Sh*(L) € HY(L;R) of a Lagrangian L is the set of all fluxes of star-isotopies starting at L
(see [3, 13]). It can be thought of as a tropicalization of a moduli space of objects of the Fukaya
category which are connected to L. The following proposition is proved at the end of Section 2.2.

Proposition 1.22 (cf. [13, Theorem 2.2]). Let (M,w) be a geometrically bounded symplectic
manifold. Let N be a properly embedded symplectic hypersurface.

For each p € N, and a sufficiently small open neighborhood U C M of p, there exists a La-
grangian L C U, and a class a € ma(M,L) with oo - N = 1, such that the following holds.
Let Sh*(L; M \ N) C HY(L;R) be the star-shape of L relative to M \ N. Then the star-
shape Sh*(L; M \ N) is strictly contained within the open affine half-space {§ € H'(L;R) |
f-0a > —w(a)}. Furthermore, the boundary of Sh*(L; M \ N) intersects the affine bounding
hyperplane {f - 0o = —w()} in a nontrivial open subset. Points in this boundary subset arise
as limits of star-fluzes realized by Lagrangian tori embedded entirely within M \ N.

This shows an additional defect that occurs when one removes a symplectic divisor: some
boundary fluxes in the star-shape are “missing”, in the sense that they cannot be realized
either by a Lagrangian or by a J-holomorphic disc. The disc can be seen as encoding some
compactification of the moduli space. By contrast, the proof of geometric boundedness of
integrable anti-surgery in [8] proceeds, in effect, by showing that some relevant star-shapes are
all of H'(L;R).

This suggests that the geometric notion of normalized completeness is closely linked with
some notion of completeness of moduli spaces of objects in the Fukaya category.
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Question 1.23. In a normalized-complete symplectic manifold (M,w), is it always the case
that every boundary segment of the star-shape Sh*(L) (for a given Lagrangian L) is accounted
for by some J-holomorphic disc?

2 Proofs

2.1 Energy confinement for J-holomorphic curves

Throughout, if u: (X,0%) — (M,w) is a J-holomorphic curve with (possibly empty) boundary,
its energy is F(u) := [y u*w > 0.

The following confinement lemmas are stated for w-compatible J. At the end of this sub-
section we note that both hold for w-tame J under the uniform tameness condition from the
footnote to the definition of geometric boundedness on page 2 (in Section 1.1).

Lemma 2.1 (Sikorav’s confinement estimate). Let (M,w) be a symplectic manifold and let J
be an w-compatible almost complex structure such that the associated metric g;(-,-) = w(-,J+)
is complete and has uniformly bounded sectional curvature and positive injectivity radius (i.e.,
J is geometrically bounded). Then there exist a constant ro > 0 depending on the geometry and
a universal constant ¢ > 0 such that for every connected J-holomorphic curve u one has

w(X) C By 1w /()] (W(0%)),
where By.(-) denotes the closed gj-ball of radius r about a subset and [-] is the ceiling function.
Proof. See [14, Proposition 4.4.1]. |

This confinement estimate is concerned with the large scale. Namely, it contains no information
about curves with energy much smaller than cr3 other than that the diameter is < ry. In some
cases, e.g., in the proof of Proposition 1.22, we need an estimate for the small scale. This is
taken care of by the following lemma.

Lemma 2.2 (improved confinement). In the setting of Lemma 2.1, with the same ro and ¢, and
letting C := 1/¢, one has

uw(X) C B,(u(0Y)), p :=max(3CE(u)/ro, /CE(u)).

Proof. The argument relies on the same monotonicity inequality used for Sikorav’s lemma: if
a J-holomorphic curve meets the center of a ball of radius r < 7o and the boundary of the
J-holomorphic curve does not meet the interior of the ball, then the energy in that ball is at
least cr?.

If E(u)/(crd) < 1, we apply the monotonicity inequality directly: if the image contained
a point at the center of a ball of radius greater than \/ E(u)/c whose interior did not meet u(9%),
then monotonicity would force E(u) > cr? > E(u) (since E(u) > cr? implies r < \/E(u)/c).
Hence u(Y) is contained in a ball of radius \/E(u)/c = \/CE(u) about u(0%).

If E(u)/ (cr%) > 1, take the maximum number n of disjoint balls of radius rg that the image
of u can meet. Then n < E(u)/(crd) by monotonicity, and the image is contained in a ball of
radius (2n + 1)rg < ro(1 4 2E(u)/(crd)) < 3E(u)/(cro) = 3CE(u)/ro around u(0%). |

For later use, we also record a localized version, originally observed in [6].

Definition 2.3. For a > 0, we say that the complete Riemannian metric g is a-bounded at
a point p € M if injy, (p) > é and secy, < a® on Bl/a(p). We say that g; is a-bounded on a set
if it is a-bounded at every point of that set.
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Remark 2.4. When g; is a-bounded, we can take rg = 1/(2a) [12, Theorem 4.4.1 and Re-
mark 4.4.3].

Lemma 2.5 (local confinement). Fiza > 0. There exist ro = ro(a) > 0 and a universal constant
C > 0 with the following property. Let K C M be compact and let R > 0. Assume J is w-
compatible and gy is complete and is a-bounded on the gj-ball Br(K). Let u be a J-holomorphic
curve u with uw(0Y) C K and write

p :=max(2CE(u)/ro,/CE(u)).
If p <R, then uw(X) C Br(K).

Proof. The proof of Lemma 2.2 relies on the monotonicity inequality which depends only on
the local geometry of a complete Riemannian metric. So taking rp and C' as in Lemma 2.2, we
obtain by the same argument that u(X) C B,(u(0%)). [ |

Remark 2.6. Lemmas 2.1, 2.2, and 2.5 also hold for w-tame almost complex structures J that
are geometrically bounded (respectively a-bounded on the relevant set) and satisfy the uniform
tameness condition |w|y, < C. The constants then depend on the tameness bound as well. See
Remark 3.10.

2.2 Proof of Theorem 1.2

We now turn to the proof of Theorem 1.2. The idea is to pick a small Lagrangian torus L linking
the hypersurface N, consider the class of the obvious “meridian” holomorphic disc intersecting N
once, and show that the corresponding moduli space has nonzero evaluation degree.

Fix p € N. Choose a Darboux chart ¢): U — C™ centered at p such that ¢(p) = 0 and, in
these coordinates, Y(UNN) = ({0} x C"~1) N B,(0) for some r > 0. For sufficiently small ¢ > 0,
define a Lagrangian torus L; C U by

Ly :={(z1,...,2n) € C" | |z1]| =, |z| = 10t for i = 2,...,n}.

Let a € ma(M, L) be the relative homotopy class represented in the chart by the disc ug: (D, 9D)
— (C", Ly), uo(¢) = (t¢,0,...,0), so E(ug) = [p ujwsa = 7t2.

For an almost complex structure J on M, denote by M (L, ) the moduli space of J-holo-
morphic discs u: (D,0D) — (M, L) in class a with one boundary marked point, modulo
reparametrization. Let ev: M j(Ls, o) — L; be the evaluation map at the marked boundary
point.

Lemma 2.7. There exist arbitrarily small t > 0 such that the following holds. For a generic
geometrically bounded w-tame almost complex structure J on M, the moduli space M j(Ly, c)
is a smooth closed manifold of dimension n, and the evaluation map ev: M j(Ly, o) — Ly has
degree 1.

Proof. Step 1: Index and regularity. 'Trivialize TM over the chart and use the standard
computation for the product torus to see that the Maslov index of a equals 2. Since the disc
is simple (in particular not multiply covered), for a generic choice of w-tame J the linearized
dj-operator is surjective (see, e.g., [12]), hence the regular part M ;¢4 (L¢, @) consisting of maps
from the disc to M is a smooth manifold of the expected dimension n + p(a) — 2 = n.

Step 2: Compactness (no bubbling). Since w is a rational form and Hy(M;Z) is finitely
generated, the image of w on my(M) is a discrete subgroup of R, say xZ for some x > 0.
Thus there exists & > 0 such that every nonconstant J-holomorphic sphere has area at least h.
Choose a sufficiently large integer m and define ¢ > 0 by the relation 7t = x/m. By choosing m
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large enough, we ensure both 7t> < h and t < r/10, so the construction stays well inside
the Darboux chart. The image of w on the relative homotopy group me(M, L;) is generated
over Z by the absolute periods on mo(M) and the areas of the basic discs spanning the factors
of the torus L; in the chart. These generators are s, nt?> = k/m, and 1007t> = 100k /m.
Consequently, the area of any relative class in mo(M, L¢) is an integer multiple of x/m. Any
stable map in class a has total area 7t?> = x/m. It cannot contain a nonconstant sphere
component because k/m < h. Moreover, any disc bubbling would split « as a sum of two
or more nontrivial relative classes, each requiring a strictly positive area. Since the minimal
positive area available in mo(M, L;) is exactly k/m, and the total area of « is k/m, such a split
is impossible. Thus M jeg(Lt, ) = M j(Ls, @) is a closed manifold.

Step 3: Independence of deg(ev) and normalization. Let Jy, J; be geometrically bounded
and w-tame. By [6, Theorem 4.15 (a)] (or, alternatively, Theorem 1.16 (2), (3)), one can choose
a generic path {Js}sc(0,1) from Jo to Ji so the moduli space of pairs {(s,u) | u € My, (L, o)}
is contained in a compact set. Since disc bubbling is excluded as above, this gives a compact
cobordism showing that deg(ev) is independent of J.

Finally, take J which agrees with the standard complex structure on the Darboux chart and
is geometrically bounded on the complement of a compact set (hence geometrically bounded
globally). For ¢ sufficiently small, Lemma 2.1 forces any J-holomorphic disc in class a with
boundary on L; to remain inside the chart, where the computation reduces to the standard toric
case. In that case, regularity and deg(ev) = 1 are well known; see [2, 4]. [

We can now prove Theorem 1.2.

Proof of Theorem 1.2. Suppose by contradiction that M\ N admits a geometrically bounded
w-tame almost complex structure J, and choose a > 0 such that g; is a-bounded. Fix the small
parameter ¢ so that Lemma 2.7 applies, and note that « has algebraic intersection number 1
with N (it is the meridian disc in the local model).

Set E := E(ug) = nt? and R > max(2CE/r¢(a), VCE), with r¢(a) and C from Lemma 2.5
(so that the confinement radius p = max(2CE/rg,vVCE) < R). Let B := Bg(L;) C M \ N be
the closed gj-neighborhood of L; of radius R. Since J is geometrically bounded on M \ N, the
metric gy is complete; hence closed bounded subsets are compact, so B is compact.

Choose an w-tame almost complex structure J’ on M which agrees with J on an open
neighborhood of B and is geometrically bounded on M (e.g., interpolate to a fixed geometrically
bounded structure outside a compact set). By Lemma 2.7, there exists a stable J'-holomorphic
disc u in class a with boundary on L;. Its energy equals E.

Since J' = J near B and g; is a-bounded on B, Lemma 2.5 implies u(D) C B. (We use
local confinement here because J' is only guaranteed to be a-bounded on B, not globally on M)
But a- N =1 forces any representative of « to intersect N, contradicting B C M \ N. |

2.3 Proof of Theorem 1.3

Let X be a closed symplectic toric manifold with moment polytope P C R"™ and moment
map p: X — P. For p € IntP, let L, :== p~Y(p) = T" A basic (Maslov index 2) class
in mp(X, Lp) is a relative class S corresponding to a facet F' of P. Geometrically, Sr can be
constructed as follows. Let vy € Z™ be the primitive integral inward-pointing normal vector
to F'. The circle action generated by vg acts freely on the interior of P but collapses to a point
over the facet F'. Thus, if we draw a line segment L in the moment polytope P from p to a point
in the interior of F' and, transporting along the orbit of this action as one traverses L, we obtain
a disc in the class Sp.
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Proposition 2.8. For any p € Int P and any w-tame almost complex structure J on X, there
exists a stable J-holomorphic map with boundary on L, whose domain has at least one disc
component up: (D,0D) — (X, L) of positive symplectic area such that

/ w'w < minw(fBr),
D F

where the minimum is taken over facets F' of P.

Remark 2.9. The inequality above is stated for the disc component up: The configuration
guaranteed by the proposition may contain sphere bubbles. In that case, the disc component
has strictly smaller area than w(fSF).

Proof. We use the U-invariant of a Lagrangian submanifold considered by Shelukhin—Tonko-
nog—Vianna [13]. Fix an w-tame almost complex structure J and auxiliary choices (virtual
perturbations) defining the Fukaya A..-algebra of L, and pass to a classically minimal model.
The quantity W(L,) € (0,400] is defined as an infimum of valuations of the Maurer—Cartan
prepotential m(e®); it is independent of all choices (in particular of J) by [13, Theorem 4.2].
Furthermore, expanding the definition, W(L,) is the minimum of the symplectic areas w(/3) over
those relative classes 5 € Ha(X, Ly;Z) which contribute nontrivially to some symmetrized A
operation; see [13, Theorem 4.8]. Note this includes the classes which contribute to the curvature
term.

For any such class 8 contributing to the curvature term there exists a stable J-holomorphic
map u representing 3 with at least one nonconstant disc component.? The class area decomposes
as a sum of the symplectic areas of the disc and sphere components of u, so every nonconstant
disc component up satisfies

/ whw < w(B),
D

with strict inequality whenever u also has a nonconstant sphere component.

Now take the standard toric almost complex structure Jioric. Fukaya—Oh-Ohta-Ono [4]
(and earlier Cho—Oh [2]) compute the leading-order terms of the toric superpotential /potential
function: for each facet F' the basic Maslov index 2 class S contributes nontrivially to the
curvature term (equivalently, to the potential), with coefficient 1; see [4, Section 11] and [2].
Therefore, for a facet F' minimizing w(fSr), the class Sr witnesses W(L,) for Jioric, and hence

V(L) < w(fr) = minw(Bp).
Since V(L,) is independent of J, the same inequality holds for our given J. Applying [13,
Theorem 4.8] for this J, we obtain a stable J-holomorphic map representing some class /3

with w(8) = V(L,) < ming w(Brr). Choosing a disc component up of this stable map, the
discussion above gives

| b <w(8) = ¥(Ly) < mipw(Be),
D

which is the claimed inequality. |

2To see this, note that otherwise B would be a purely spherical class. The invariance of the indicator func-
tion [13, Proposition 5.1] would then dictate that it must also realize the ¢ invariant for Jioric. However, for Jioric,
all non-constant holomorphic spheres are confined to the toric boundary divisor and are strictly disjoint from the
interior fiber Ly, so their contributions to the A.-algebra of L, necessarily vanish. Hence, 95 # 0.
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To prove Theorem 1.3, it suffices to prove Proposition 1.4 from the introduction.
Write 7: R"™ x T" — R" for the projection, and for ¢ € R™ write L, := {¢} x T™ C R™ x T".
Recall the definition of dgux(p; OU) from the introduction. For later use, given v € Z™ we write

cou(v) := inf (v,2) € [-00,+00),  dou(p;v) = (v, p) — cou(v) € (0, +o0,
80 v (p; v) < 400 precisely when ¢y (v) > —o0.
We will deduce Theorem 1.3 and Proposition 1.4 from the following stronger version of
Proposition 1.4.

Proposition 2.10. Let U C R™ be an open conver set, and let V be an open neighborhood
of UxT™ in R™ x T". Let J be an w-tame almost complex structure on V such that the
associated metric gy is complete on V and is a-bounded on U x T™ for some a > 0. Then for
every p € U,

dg,(Ly, V \ (U x T")) < max (4Cadaux(p; OU ), v/ Cgux(p; OU)),

where C 1s a universal constant.
To prove Proposition 2.10, we formulate a basic lemma.

Lemma 2.11. Let U C R™ be an open convex set, let K C U be compact, and let v € Z™
be primitive with cgy(v) > —oo. Then there exists a compact Delzant polytope P such that
K Cc Int P C U and such that one facet of P has outward primitive normal v (equivalently, is
parallel to the supporting hyperplane {{v,-) = cau(v)}).

Proof. Choose ¢ > 0 such that the closed e-neighborhood K. := {z | d(z,K) < e} is still
contained in U (possible since U is open and K is compact). Pick ¢ < cyy(v) close enough
to car(v) so that K. C {x | (v,z) > ¢}, and set H :={z | (v,z) =c} and H™ :={z | (v,z) > c}.

Since K. is compact, we can find finitely many supporting half-spaces with rational (hence
integral after scaling) outward normals whose intersection contains K. and is contained in U.
Intersecting these half-spaces together with H~ yields a compact simple rational polytope P
with K C Int Py C U and with a facet parallel to H.

Finally, by applying arbitrarily small corner cuts one can make the polytope smooth/Delzant
while keeping the containments K C Int P C U and without changing the facet with outward
normal v. |

Proof of Proposition 2.10. Let ¢ := dgux(p; OU). Fix € > 0, and choose a primitive v € Z"
with cypy(v) > —oo and dgy(p;v) < § +e. Put ¢ := cgy(v) and (x) := (v,x) — ¢, so £(p) =
dou (p; v)-

Let J be as in the statement. We will prove the inequality

dg,(Lp, V \ (U x T")) < max(4Cadaux(p; OU), v/ Céux(p; OU)). (2.1)

Let R > 0 be such that the closed metric ball B := Bg(L,) with respect to g is contained
in U x T". Since gy is complete on V and B C U x T™ C V, the closed ball B is compact. In
particular, 7(B) C U is compact.

Apply Lemma 2.11 to K := 7(B) C U and the chosen v to obtain a Delzant polytope P
with m(B) C IntP C U and with a facet ' C OP whose outward primitive normal is v.
Let (Xp,wp, up) be the associated compact symplectic toric manifold with moment polytope P.
By the action—angle identification, ,uf,l (Int P) is symplectomorphic to Int P x T"; we use this to
view B as a subset of Xp. Extend J|p arbitrarily to an wp-tame almost complex structure J
on X P.
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Let A := ming wp(Br), where F’ ranges over facets of P. Since F is one of the facets,
we have A < wp(Br). Moreover, because P C U and the facet F' has outward normal v, the
defining constant cp of that facet satisfies cp > csy(v) = ¢, hence

wp(Br) = (v,p) —cp < (v,p) —c = dau(p;v) <6 +e.

By Proposition 2.8 applied to (Xp,wp, Lp) and J, there exists a stable J-holomorphic map with
a disc component up and dup C L, satisfying

E(uD):/ upwp < A<d+e.
D

The disc component up must meet the toric boundary Xp \ pup'(Int P) = pp'(9P). Indeed,
one can pick a primitive of wp on pp' (Int P) for which L, is exact, showing that any disc with
boundary on L, with positive symplectic area must meet the toric boundary.

On the other hand, since g7 is a-bounded on B = Bg(L,), Lemma 2.5 implies that up(D)
is contained in the ball of radius p = max(2CE(up)/ro, /CE(up)) about Ly, with ro = ro(a)
and the universal constant C' from that lemma. Since up meets ,u];l (OP) while, by construction,
Br(Ly) does not, we must have R < p < C(a) max((5 +e&,V0+ 5). Since € > 0 was arbitrary,
this gives the claim. |

Proof of Proposition 1.4. Apply Proposition 2.10 with V' = R xT". Since J is w-compatible
and gy is a-bounded globally on R™ x T", it is a-bounded on U x T™. Moreover, gs is complete
on V. The conclusion of Proposition 2.10 exactly yields the desired inequality. |

Proof of Theorem 1.3. Suppose for contradiction that U # R™. Since U is open and convex,
its boundary is nonempty, so dgux(p; OU) is finite for any p € U. The hypothesis states that
there exists a geometrically bounded w-compatible almost complex structure J on U x T™.
This means gy is complete on U x T and is a-bounded for some a > 0. Apply Proposition 2.10
with V' =U x T". Since V'\ (U xT") = @, the distance dg, (Ly, V\ (U xT")) is infinite. However,
Proposition 2.10 provides a finite upper bound in terms of dgux(p; OU ), which is a contradiction.
Hence U = R"™. |

2.4 Proof of Proposition 1.22

Proof of Proposition 1.22. Fix p € N. Choose a Darboux chart ©»: U — C" centered at p
with ¢ (p) = 0 and »(UNN) = ({0} x C*~1) N B,(0) for some r > 0; in the chart, NNU is given
by {z1 = 0}. For t > 0 sufficiently small, let L;,.x C U be the Lagrangian product torus |z;| = t,
|zi| = 10t for i > 2.

Pick a geometrically bounded almost complex structure J which coincides with the standard
one in the Darboux chart. If a Lagrangian L is contained in a smaller pre-compact open set V'
such that V C U, which we fix henceforth, Lemma 2.2 guarantees there is an i > 0 so that any
J-holomorphic disc with boundary on a Lagrangian contained in V of energy less than A stays
confined in U.

Choose t > 0 so small that 1007t < A. Identify H'(Lmyay;R) = R™ using the basis given by
the boundary loops of the coordinate discs for the product torus. With respect to this basis,
consider the rectangle

Ri= (0] x [10772, 0" € HY(Luwci )

Figure 1 illustrates the case n = 2 in flux coordinates H'(Lpax; R) = R?: the torus Lyay is the
origin, and the rectangle R has Ly, as its upper-right corner, extending down and left precisely
until it hits the bounding hyperplane.
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Figure 1. Schematic representation of the flux rectangle. The y-axis is the projection of the hypersur-
face N. The bounding point L. sits at the top right. The chosen base Lagrangian L* lies strictly in
the interior of the realizable region R, providing space in all directions before hitting the bounds.

Realizability inside the Darboux chart. Inside U \ N, we have the explicit family of product
Lagrangian tori

Ky vy ={(21,...,20n) € U\ N | |21] =11, |2i| = 7; for i > 2},

with 1 € (0,¢] and r; € (9¢,10¢] for i > 2 (so Kt 1ot,....10t = Lmax). Each such torus is contained
in the Darboux chart and determines a flux f(r1,...,7,) € H'(Lmax;R). Varying the radii
exactly realizes the region R.

To satisfy the claim of the proposition, we explicitly pick the base Lagrangian L* to be a torus
from this family whose flux lies strictly in the interior of R. For instance, let L* := Kj /3954, 9.5¢-
Let o € (M, L*) be the corresponding meridian class, which has area w(a*) = m(t/2)2.

Obstruction for arbitrary star-isotopies. Now let {Ks}se[()’l] be an arbitrary Lagrangian star-
isotopy in M \ N starting at Ko = L*, and let f € H'(L*;R) be its total flux. Because Kj
undergoes a straight isotopy, the symplectic area of any relative homology class changes affinely:

w(ai) =w(a®) + s(f- 0a™).

s

Consider the W-invariant ¥(s) := U (Kj).

We first prove ¥(s) = w(a}) on a small interval [0,d]. At s = 0, the Lagrangian L*
lies inside the Darboux chart. The meridian class a* is a regular Maslov index 2 disc with
area w(a*) =7(t/2)%. Any other J-holomorphic disc on L* either leaves U (energy > h >
1007Tt2) or stays in U and is a standard disc of energy at least 7(9t)% > 80xt>.

To extend this analysis to small s > 0, we apply Fukaya’s trick. See [13, Section 2.1].
Namely, we choose diffeomorphisms fs: M — M with fs(L*) = K, and define pushed-forward
almost complex structures J; := (fs)«J. Composition with f; ! gives a bijection between J;-
holomorphic discs with boundary on K, and J-holomorphic discs with boundary on L*. Under
the star-isotopy with total flux §, the area of any continued relative class s € mo(M, K) changes
by exactly the flux w(f8s) = w(B) + s(f - 9B). Since fs depends smoothly on s and fy = id, the
structures Js; remain w-tame and the exit energy threshold degrades continuously. Thus, for
a small enough interval [0, d], it still takes at least 1007t energy for any Js-holomorphic disc
on K to exit the Darboux chart U. For the discs that stay inside U, they correspond to the
known basic classes. Their areas w(fs) differ from their initial area (which is at least 807t?)
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by the flux variation s(f - 95), which is O(d). While these areas may decrease for sufficiently
small §, the initial area gap between the meridian o* and all other discs is vast, so the areas of
all other discs cannot decrease by enough to drop below the area w(a}) = m(t/2)? + s(f - 0a*)
of the meridian class. Therefore, af remains the unique minimal-area holomorphic disc class
contributing to the potential, and we conclude that ¥(s) = w(aZ) for all s € [0, J].

It is shown in [13] that W(s) > O for all s and that W(s) is strictly concave on [0, 1].
Since a concave function that coincides with a linear function on an initial segment must be
bounded above by that linear function everywhere, we have ¥(s) < w(a}) for all s € [0,1].
Since w(a}) > ¥(s) > 0, evaluating at s = 1 yields w(a*) +f- da* > 0, so f- da* > —w(a*),
which proves that the star-shape of L* is contained in the open half-space.

Finally, consider the boundary of the star-shape of L*. In the flux space H'(L*;R), the affine
hyperplane {f - da* = —w(a*)} corresponds geometrically to the limit as 7y — 0. The closure
of the explicitly realized region R, translated to the base point L*, intersects this bounding
hyperplane exactly in the face corresponding to 71 = 0 while r; € [9¢,10¢]. Because this face
has positive extent in the remaining dimensions, it constitutes a nontrivial open subset of the
hyperplane. Since every flux in R is realized by a product torus in M \ N, this open subset is
approached by realizable star-fluxes, completing the proof. |

2.5 Proof of Theorems 1.8 and 1.9

Proof of Theorem 1.8. Let L — X be a nontrivial effective holomorphic line bundle over
a compact Riemann surface, and let M := Tot(L) with its integrable complex structure J.
Suppose for contradiction that there exists a symplectic form w on M such that J is w-compatible
and geometrically bounded. Let g; be the associated metric.

Since L is effective, it admits a nonzero holomorphic section o. Fiberwise complex scalar
multiplication defines a holomorphic C*-action on Tot(L); in particular, for each ¢ > 0 the map

my: Tot(L) — Tot(L), my () = tl

is biholomorphic. Thus the maps u;: 3 — M given by us := my o o are J-holomorphic. Their
images uy(3) C M are compact complex curves. The curves u; are all cohomologous since they
are connected by an isotopy, so the symplectic area of u; is independent of £. By the improved
confinement estimate (see Lemma 2.2), we have diamg, (us(X)) < Cmax(E(uo)/ro, /E(uo))
for a constant C' and 7y depending on the geometry. On the other hand, since L is nontrivial,
any holomorphic section has a zero, so choose x; € ¥ with o(z1) = 0; then ui(x1) lies in the
zero section for all ¢. It follows u(X) is contained in a fixed ball around the zero section. By
completeness, this ball is compact. But for any xy € ¥ with o(zg) # 0 we have u(xg) escaping
every compact subset of M as t — oo. Contradiction. |

Proof of Theorem 1.9. Let X be a projective variety, let D C X be an effective divisor, and
let M := Tot(O(D)) with its integrable complex structure J. Suppose for contradiction that
there exists a symplectic form w on M such that J is w-compatible and geometrically bounded.

Let sp be the canonical holomorphic section of O(D) whose zero locus is D. Let C' C X be
a curve not contained in D with C'- D > 0. Then for any ¢t # 0 the curve sp(C) is a curve
in M which is not contained in the zero section. As in the previous proof, fiberwise scalar
multiplication m; on Tot(O(D)) is biholomorphic, hence the curves C; := m(sp(C)) are J-
holomorphic with symplectic area independent of t. They pass through the zero section for
all t (at the zeros of sp(C')), while also escaping every compact subset as t — oo (at a point
where sp(C) # 0). Therefore diamg, (C) — co. This contradicts the confinement estimate (see
Lemma 2.2). [
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3 Normalized completeness

3.1 An isoperimetric scale

Let (M,w) be a symplectic manifold and let J be an w-compatible almost complex structure.
Write ¢ (-, ) := w(-, J-) for the associated Riemannian metric, and write £, () for the g -length
of a piecewise smooth loop v C M.

Definition 3.1 (isoperimetric ratio on a ball). For p € M and r > 0, define

Jputw

Z;(p;r) := supinf € [0, +oo,

v u ly, (7)?

where the supremum ranges over all contractible piecewise smooth loops v C B’ (p) with
lg,(v) > 0, and the infimum ranges over all smooth discs u: (D,dD) — (B’ (p),~) with du = 1.

Fix once and for all a cutoff constant cg > 0.

Definition 3.2. For p € M, let

Tiso,J () 1= sup{r € [0,+00) | Z;(p;7) < co}
and define the isoperimetric scale pj(p) := min{1, ris, 7(p)} € [0, 1].

Remark 3.3. The constant ¢y is an arbitrary fixed numerical cutoff. The effect of changing cg
is discussed below.

Lemma 3.4 (properties of the scale function). The function py: M — [0,1] is positive every-
where and 1-Lipschitz with respect to dg,. In particular, py is bounded away from 0 on compact
subsets.

Proof. Positivity follows from the fact that inside a small enough geodesic ball one has curvature
bounds, hence a quadratic isoperimetric inequality for filling contractible loops by discs; see [12,
Theorem 4.4.1].

Fix p,q € M and set ¢ := dg,(p,q). Then for every r > § one has the inclusion B/ ;(q) C
B!’ (p). By Definition 3.1, this implies

Ti(q;r —0) < Iy(p;7).

Consequently, if Zy(p;r) < co, then Zj(q;7—06) < ¢o, hence riso 7(q) > Tiso,7(p) — 6. By symmetry
we also obtain ris j(p) > Tiso,s(q) — 0, SO |Tiso,7(P) — Tiso,7(q)| < dg,(p,q). This proves the claim,
and hence the same for p; = min{1, ris s} |

3.2 Normalized length and normalized completeness

Definition 3.5 (normalized length and distance). Let J be w-compatible and let p; be as in
Definition 3.2. For a piecewise smooth path v: [0,1] — M, define its normalized length by

1
Luorm () = /0 P (LA (D), dt.

The induced path metric is denoted dyorm,s. Equivalently, dnorm,s is the distance associated to
the conformal metric gy := p%g J-

Remark 3.6. Note that the metric gy is generally not smooth.
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Definition 3.7 (normalized completeness). An w-compatible almost complex structure J is
normalized complete if the metric space (M, dyorm,s) is complete.

Lemma 3.8 (closed bounded balls are compact). If J is normalzzed complete, then for any
basepoint pg € M and any n € N, the closed dyporm j-ball K, := B, Gnorm, (po) is compact in the
manifold topology.

Proof. Since p; is continuous and positive, we can approximate it by a smooth positive func-
tion py such that the ratio ps/p; is uniformly bounded away from 0 and +occ. The smooth
Riemannian metric g; := ﬁ?]g 7 is then uniformly equivalent to g; = pQJg 7, hence the dis-
tances dg, and dyorm,s are bi-Lipschitz equlvalent Since (M, dnorm,s) is complete, (M, dg,) is
also complete Each closed ball K, = B,, Gnorm, /(po) is bounded with respect to dg, (by uniform
equivalence), and since gy is smooth, the Hopf Rinow theorem implies that closed bounded sets
are compact. Thus each K,, is compact in the manifold topology. |

3.3 Proof of Theorem 1.16
3.3.1 Connectedness (Theorem 1.16 (1))

Proof. The proof of connectedness is precisely the zigzag construction in [6, Theorem 4.7].

Denote by J5°"P the space of smooth w-compatible almost complex structures with the
O™ topology and by J5“™P C Js°™P the subspace of normalized complete structures. As-
sume J,°"P £ @. Without loss of generality, assume that M is connected and fix a base-
point pg € M. Given Jy, J; € TP, consider the closed normalized balls

7dnorm 7dnorm
BY =B ™™ (py),  Bl:=B"""(py), neN.

By Lemma 3.8, each of these balls is compact. By construction of the normalized distance,
successive balls in each sequence are at normalized distance at least 1

dnorm,JO( M\BnH) > 1, [ — (Bn,M \ BnH) > 1, n € N. (3.1)

We choose inductively increasing subsequences nd < nJ < --- and n} < nl < ... in N with

the following nesting property: for each ¢ > 1,
By, CInt B, and B, CInt BOM

(So the ball of radius ni + 1 for Jy is contained in the ball of radius nzl for Jq, and the ball
of radius nzl + 1 for J; is contained in the ball of radius n? 1 for Jp.) Such subsequences exist
because both sequences exhaust M as n — oo. For each ¢ > 1, set VO Int BO0 1\BO
and V1 = Int B1 4 \B L . These are pairwise disjoint shells escaping to infinity, and each has
normalized transverse Wldth at least 1 with respect to the corresponding Jy or J; by (3.1).

We choose a smooth path Js, s € [0,1], in J5""F from Jy to Ji (through w-compatible
structures) which satisfies

Js=Jy on UVZ-O for s € [0,2/3], Js=Ji on LJVZ1 for s € [1/3,1].

We claim that each J; is normalized complete. Indeed, fix s € [0,1]. Then at least one
of the two collections of shells, {V°} (if s < 2/3) or {V;'} (if s > 1/3), consists of shells on
which J; agrees with a normalized complete structure (either Jy or J;) and hence has normalized
transverse width > 1. Any dyorm, ,-Cauchy sequence cannot cross infinitely many such shells
(each crossing costs at least 1), so it is eventually contained in some Bgo or B}ﬁ, which is
compact in the manifold topology. Since dnorm, j, induces the manifold topology (it is the length
metric of a continuous conformal factor p?] gg. with pj, > 0), Cauchy sequences in a compact
set converge. Thus (M, dnorm,s,) is complete. This shows in particular that J, SOCOMP s path
connected. |
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3.3.2 Normalized confinement and J-completeness (see Theorem 1.16 (2))

Proof. The proof is an adjustment to Sikorav’s confinement argument [14, Proposition 4.4.1],
with the bounded-geometry radius replaced pointwise by the scale function p; coming from the
local quadratic isoperimetric inequality Z; < cg.

Fix p € M and set r := py(p) € (0,1]. By definition of ris, s and cg, every contractible
loop v C B{’ (p) has a smooth filling u with [, u*w < ¢o £y, (7)?. The standard monotonicity es-
timate for J-holomorphic curves (see [14, Proposition 4.3.1]) therefore applies on the ball BY’ (p)
and gives: if u is a J-holomorphic curve whose image meets p and whose boundary is disjoint
from B’ (p), then

2
E(u;u~t(BY > — 2
(oo (B 0) 2 T 32)
Let u: (X,0¥) — (M,w) be a connected J-holomorphic curve, and set A := u(9%). We
define the core of the image as the set of points sufficiently far from the boundary:

U:= {iL' € u(z) ‘ ng('va) 2 pJ(.le)}.

For every x € U, the extrinsic ball BY’ (Z)( x) is disjoint from A. Consequently, applying the
monotonmlty estimate (3.2) to each such ball guarantees that the energy of the curve within it
is at least py(z)2/4co.

Consider the family of extrinsic balls B = {Bp (x) )}x cu- BY the Vitali covering lemma,
there exists a countable subcollection

{BZ — Bg;f (xi>}i617 with a; = pJ(xi)7

consisting of pairwise disjoint balls such that their 5-times expansions B; = Bg;i (x;) completely
cover U. Because the balls B; are pairwise disjoint in M, their preimages are disjoint in X.
Summing the energy over this subcollection avoids any overcounting, yielding

Za <4C()ZEUU Bj)) < 4coE(u).

el el

We now estimate the dyorm,j-diameter of the expanded balls Ez For any two points y, z € B\i,
consider a gj-geodesic v connecting them; its length satisfies L < 10a;. Since p; is 1-Lipschitz,
the value of the scale function along v is bounded by p(x;) + dg, (xi,(t)) < a; + ba; = 6a;.
The normalized distance is thus bounded by the integral of the scale along ~y

dhorm s (4, 2) < / ps(v(£)dt < (6a;) - L < 60a2.
Yy

Thus, the normalized diameter of each B is at most 60a Because the normalized metric
integrates the scale, the normalized diameter of B; is bounded by its maximum scale (6a;) times
its gs-diameter (10a;), which is at most 60a?.

For any point p € u(X), we can now bound its normalized distance to the boundary A.
Ifp ¢ U, thendy,(p, A) < ps(p). A gs-shortest path from p to A has g;-length at most ps(p), and
the scale along this path is at most 2p(p). Thus, its normalized length is at most 2p,(p)? < 2.
If p € U, any path in M connecting p to A must exit U. We can trace a path to the boundary
of U entirely within the cover {Ez} The normalized distance to traverse this cover is strictly
bounded by the sum of the normalized diameters of all the expanded balls. Once outside U, the
remaining normalized distance to A is at most 2.

We can therefore unconditionally estimate the normalized distance from any p € u(X) to the
boundary A by combining these bounds

dnorm, (p; A) <> 60a7 + 2 < 2400 E(u) + 2. m
el
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In the formulation of Theorem 1.16 (2), we only dealt with the larger energy regime. Here
we record a localized version which includes also the low-energy regime.

Lemma 3.9 (normalized local confinement). Let J be an w-compatible almost complex structure
that is normalized complete. There exist universal constants C1,Co > 0 such that for every
connected J-holomorphic curve u: (£,0%) — (M,w),

u(®) C By (w(dY)),  pi=max(Cy B(u),Cy /E(u)).

In particular, as E(u) — 0 the dporm,Jj-diameter of u(X) tends to zero. Moreover, this contain-
ment is unaffected by the behavior of J outside the normalized ball of radius p.

Proof. We revisit the end of the proof of Theorem 1.16 (2). Using the same notation, the
normalized distance from any point p € u(X) to the boundary A = u(9Y) is at most the sum
of the normalized diameters of the expanded balls El covering the core U, plus the normalized
distance from an exit point ¢ ¢ U to A.

As observed there, the normalized diameter of the cover ng is bounded by ,60a?. By
monotonicity, Y, a? < 4coE(u), so the sum of the diameters is at most 240co E(u).

For the final segment from ¢ ¢ U to A, the gj-distance is some length L < ps(q) < 1.
Because the scale function is globally bounded by 1, the normalized distance of this shortest
path is at most its gj-length L. Furthermore, the standard monotonicity estimate applied to
the ball BY'(q) gives E(u) > L?/4cy. Thus, the normalized distance from ¢ to A is bounded
by L < \/4coE(u).

Combining these yields
dnorm,J(p7 A) S 24OCQE(U) + 4COE(U).

If E(u) > 1, we have /E(u) < E(u), and we can absorb the square root term into the linear
term by taking C7 = 240cq + /4co. If E(u) < 1, we have E(u) < y/E(u), and we can absorb
the linear term to get an estimate < Cyy/FE(u) by taking Co = 240cq + /4co.

The last sentence is immediate since the monotonicity estimate depends only on the local
behavior. |

3.3.3 Equivalence to standard metric under uniform bounds (Theorem 1.16 (3))

Proof. Under the assumption, g; is a-bounded at every point p € M. See Definition 2.3. So
the scale function satisfies ps(p) € [2/a,1]. See [6, Lemma 4.10]. Therefore, the scaled metric is
bi-Lipschitz equivalent to the metric g . |

Remark 3.10 (w-tame case). If instead of w-compatible one uses an w-tame almost complex
structure that is geometrically bounded and satisfies the uniform tameness condition |w|,, < C,
then one still obtains an isoperimetric scale and scale function as in Section 3.1, but with
a cutoff constant ¢, depending on C' in place of ¢y = % See [12, Section 4.4] and [7, Section 3,
Appendix B]. The statements of Theorem 1.16 (2) and (3) then hold with the same proofs after
adjusting constants.

3.4 Proof of Theorem 1.20

Proof. In all cases, we replace the local confinement estimate (see Lemma 2.5) by the nor-
malized local confinement estimate (see Lemma 3.9) and the proofs then are word for word the
same. |
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