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1 Introduction

A Cartan geometry is a manifold infinitesimally modeled on a homogeneous space G/P , where G
is a Lie group and P is a closed subgroup. It comprises a principal P -bundle over the manifold,
equipped with a Cartan connection taking values in g; see Definition 2.1 below. Essentially all
classical rigid differential-geometric structures correspond canonically to Cartan geometries for
a suitable homogeneous model, in such a way that the automorphisms of the structure are the
same as the automorphisms of the Cartan geometry.

Our results concern Cartan geometries, particularly parabolic geometries, having large au-
tomorphism group. This property typically implies further special properties of the geometry,
for example, the existence of solutions to natural overdetermined geometric PDEs. Conversely,
when there are many solutions to such PDEs, one may expect a large automorphism group.
Either property implies restrictions on the curvature. The results of this paper are intended to
contribute to the concrete understanding of this interplay.

1.1 Parabolic geometries and tractor bundles

A parabolic geometry is a Cartan geometry infinitesimally modeled on a homogeneous spaceG/P ,
where G is a semisimple Lie group and P < G a parabolic subgroup. This rich family of
geometries includes conformal and projective structures, along with many others. In general,
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a parabolic geometry on a manifold M corresponds to a filtration of the tangent bundle, TM ,
with some additional geometric structures on the subquotients of the filtration.

Tractor bundles are vector bundles V = M̂ ×ρ V associated to the Cartan bundle M̂ ,
for G-representations ρ restricted to P , and equipped with certain geometrically significant,
automorphism-invariant connections. On the one hand, any tractor bundle is equipped with
the tractor connection ∇ω, induced by the Cartan connection ω, and on the other hand with
the prolongation connection ∇V of the first BGG-operator corresponding to V, which in general
differs from ∇ω by curvature terms; see Section 2.1.3 for details. Parallel sections for these
connections correspond to solutions of overdetermined geometric PDEs on the manifold; they
form a finite-dimensional vector space.

The conformal class of a metric of signature (p, q) on a manifoldM , with p+q = dim M ≥ 3,
corresponds to a Cartan geometry modeled on G/P for G = PO(p+ 1, q + 1) and P the maxi-
mal parabolic subgroup stabilizing an isotropic line in Rp+1,q+1. The homogeneous space G/P
is called the Möbius space of type (p, q), denoted Möbp,q, and is diffeomorphic to a two-fold
quotient of Sp × Sq. It carries a conformally G-invariant, conformally flat metric of signa-
ture (p, q). The Cartan bundle is a principal P -subbundle of the second-order frame bundle
of M . The Cartan connection ω has been a valuable tool in recent progress on rigidity of con-
formal transformations of semi-Riemannian manifolds (see, for example, [26] for an overview).
Vanishing of the Cartan curvature of this connection over an open subset U ⊆ M is equivalent
to conformal flatness of the metric on U .

A semi-Riemannian metric g on Mn, n ≥ 3, is Einstein if Ric g = S
2 g, where Ric is the Ricci

curvature tensor and S is the scalar curvature. It is conformally almost-Einstein if there exists
a smooth function σ, not constant 0, and a smooth function ν such that

∇2σ + σ · P = ν · g, (1.1)

where ∇2 is the Hessian, and

P =
1

n− 2

(
Ric− S

2(n− 1)
· g

)
is the Schouten tensor ; in other words, ∇2σ + σ · P is pure trace. When σ is nonvanishing,
then σ−2 · g is an Einstein metric in the conformal class of g (see, e.g., [14, Proposition 3.6]).

Suppose M̂ → M is the Cartan bundle of a conformal semi-Riemannian structure. Let
V = Rp+1,q+1 and ρ the standard representation of O(p + 1, q + 1). The (standard) conformal
tractor bundle of such a structure is the associated vector bundle V = M̂×ρV and it is equipped
with the ω-induced tractor connection ∇ω. Sections of V yield, via projection to a certain
line bundle and a choice of metric in the conformal class, functions on M ; functions coming
from parallel sections for ∇ω correspond to solutions of the conformal almost-Einstein equation.
In this case, the tractor connection equals the prolongation connection ∇V of the first BGG
operator. See Section 2.1.5 below, and the references [9, 14] for more details.

There are many other significant geometric PDEs on conformal manifolds, and more generally
on manifolds equipped with parabolic geometries, whose solutions correspond under prolonga-
tion to parallel sections of the prolongation connection of a first BGG-operator; on conformal
manifolds this applies for instance also to the equations for conformal Killing forms [20, 35] and
for twistor spinors [5], and for projective and c-projective structures to the equation controlling
the metrizability of these structures [7, 17], among many others.

Infinitesimal automorphisms of geometric structures underlying Cartan geometries also be-
long to the framework of parallel sections of natural connections on tractor bundles. Let(
M,M̂, ω

)
be any Cartan geometry modeled on (g, P ). The adjoint tractor bundle is the associ-

ated vector bundle A for V = g with the adjoint representation. A section of A gives rise via the



Tractor Embedding Theorem with Conformal Application 3

Cartan connection to a vector field on M̂ which is invariant under the right-P -action, and thus
descends to a vector field on M . Čap observed that for a certain connection on A, again related
to an intrinsically defined differential operator on M , parallel sections correspond to infinitesi-
mal automorphisms of the Cartan geometry – that is, vector fields for which the flow preserves
the Cartan connection [8]. These descend to vector fields on M for which the flow preserves
the geometric structure encoded by the Cartan geometry, called infinitesimal automorphisms or
Killing fields of the structure.

This article concerns a generalization of the Gromov–Zimmer embedding theorem, which orig-
inally pertains to infinitesimal automorphisms, to general parallel sections for automorphism-
invariant connections of tractor bundles. We briefly recall the embedding theorem for infinites-
imal automorphisms.

1.2 Gromov–Zimmer embedding theorem

Zimmer’s embedding theorem first appeared in [41] in the context of a noncompact simple Lie
group H acting by automorphisms of a G-structure ω of algebraic type on a compact mani-
fold Mn, such that G also defines a volume form. In this context, the theorem gives a linear
injection ι : h → Rn and an algebraic group Ȟ < G locally isomorphic to H such that ι inter-
twines the adjoint representation AdhH with the representation of Ȟ on ι(h) ⊆ Rn; in partic-
ular, H locally embeds in the structure group G. Zimmer provided an impressive application
for ω a Lorentzian metric, proving that H must be locally isomorphic to SL(2,R).

Gromov subsequently gave a very general version of the embedding theorem in [21, The-
orem 5.2.A], which applies to a Lie algebra h of infinitesimal automorphisms of a Gromov-
rigid geometric structure ω of algebraic type on a compact manifold M , together with a group
B ≤ Aut(M,ω) preserving a finite measure µ onM and normalizing h. Combined with Gromov’s
Frobenius theorem [21, Theorem 1.3.A], the embedding theorem led to the Gromov–Zimmer cen-
tralizer and representation theorems (see [43]).

Our version of the embedding theorem will be a direct generalization of the following version
proved by Bader, Frances, and the first author in [3, Theorems 1.2 and 4.1] for Cartan geometries.

Theorem 1.1. Let
(
M,M̂, ω

)
be a Cartan geometry modeled on (g, P ) and assume that AdgP <

Aut g is Zariski closed. Let H ≤ Aut(M,ω) be a Lie subgroup. Let B ≤ H preserve a probability
measure µ on M . Then for µ-almost-every x ∈ M , for all x̂ ∈ M̂x, there exists an algebraic
subgroup B̌ < P and an algebraic epimorphism R : B̌ → B̄d such that

(Ad g)(ιx̂(X)) = ιx̂(R(g).X) ∀X ∈ h, g ∈ B̌,

where ιx̂ : h → g is the linear injection X 7→ ωx̂(Xx̂).

The group B̄d is the discompact radical of AdhB ≤ Aut h, see Definition 2.4 below. Injectivity
of ιx̂ is evident from the axioms for the Cartan connection ω, see Definition 2.1 below.

This embedding theorem says that for µ-almost-every x ∈M , for all x̂ ∈ M̂x, the injection ιx̂
intertwines the B-representation on h with that of an algebraic subgroup B̌ < P on ιx̂(h) ⊆ g.

1.3 Results

Here is our tractor generalization of the embedding theorem. By invariant connection is meant
one which is invariant by all automorphisms; in practice, such connections will be defined in
a manner intrinsic to the geometry and invariant for this reason.

Theorem 1.2. Let
(
M,M̂, ω

)
be a Cartan geometry modeled on (g, P ). Let ρ be an infinitesi-

mally faithful, completely reducible G-representation on V with ρ(P ) algebraic, with associated
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tractor bundle V, equipped with any invariant connection ∇. Let B ≤ Aut(M,ω) be a Lie
subgroup preserving a probability measure µ on M .

Let S denote the ∇-parallel sections of V. Then for µ-almost-every x ∈ M , for all x̂ ∈ M̂x,
there exists an algebraic subgroup B̌ < P with an algebraic epimorphism R : B̌ → B̄d such that

g.ιx̂(X) = ιx̂ (R(g).X) ∀X ∈ S, g ∈ B̌.

The linear injection ιx̂ : Γ(V) → V is determined by x̂ ∈ M̂ as described in Section 2.1, and B̄d

denotes the discompact radical of the image of B in GL(S) (see Definition 2.4 below).
As an application, we prove the following rigidity theorem in conformal pseudo-Riemannian

geometry.

Theorem 1.3. Let (M, g) be a closed pseudo-Riemannian manifold of type (p, q) with p ≤ q
and p + q = dimM ≥ 3. Suppose that a group H locally isomorphic to SU(p′, q′), with p′ < q′,
acts conformally on (M, g). Then p ≥ 2p′− 1. If p = 2p′− 1, then necessarily p < q; if (M, g) is
moreover real-analytic and simply connected, then it is conformally equivalent to the universal
cover of Möbp,q, with H acting via a homomorphism to O(p+ 1, q + 1).

Without assuming (M, g) simply connected or real-analytic, Pecastaing proved this result for
p′ = 1 [32, Corollary 1]. He proved in [33, Theorem 3] that any simple group H < Conf(M, g),
forM closed and g Lorentzian, locally embeds in O(2, n+1). In analogy with Zimmer’s result on
volume-preserving actions of simple groups in Section 1.2 above, the following question arises.

Question 1.4. Let (M,ω) be a closed manifold with a parabolic geometry modeled on (g, P ).
Suppose that H ≤ Aut(M,ω) is a simple Lie group. Does the Lie algebra h of H embed in g?

For the proof of Theorem 1.3, we apply the embedding theorem to two tractor bundles
simultaneously: to the conformal Killing fields, as in the usual version of the theorem, and also
to the conformal-to-almost-Einstein scales, corresponding to the parallel sections of the standard
conformal tractor bundle. From the first embedding, we prove the algebraic Proposition 4.12,
which says p ≥ 2p′−1; in the case of equality, it gives p < q as well as precise information about
how the positive root spaces of h embed in those of g. Proposition 4.12 demonstrates how in
an extremal case, and with H simple, careful algebraic analysis of the output of the classical
embedding theorem yields that it is very close to a Lie algebra embedding of h into g.

Using the conclusions of Proposition 4.12, we obtain a special one-parameter subgroup in
B̌, which is of balanced linear type. The Frobenius theorem ensures that this one-parameter
subgroup is the isotropy of a one-parameter group of local conformal transformations fixing a
point x (see Corollary 3.5); analyticity is used at this step. This conformal flow in turn implies
the existence of local tractor solutions, more precisely of a 2-parameter family of Ricci-flat
metrics in the conformal class restricted to a neighborhood of x. Analyticity of the metric and
1-connectedness of M allow us to extend these solutions to all of M . The embedding theorem
applied to the second bundle implies H acts nontrivially on the space S of conformal-to-Einstein
tractor solutions. Many more solutions ensue, enough to guarantee conformal flatness. The
topological assumptions on M then imply

(M, [g]) ∼= M̃öb
p,q
.

If H locally isomorphic to SU(p′, q′) acts isometrically on (M, g) as above, then by Zimmer’s
result there is a Lie algebra embedding su(p′, q′) ↪→ so(p, q), which implies p ≥ 2p′ (see Proposi-
tion 4.12). Thus the extremal case p = 2p′−1 of Theorem 1.3 corresponds to essential conformal
transformations.

A version of Question 1.4 for conformal transformations, in particular for essential conformal
groups, is discussed in [33]. See [4, 19] for important results in this direction in terms of the real
rank of H.
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2 Background

2.1 Parabolic geometries and tractor connections

We will now briefly recall some basics about Cartan geometries, and parabolic geometries in par-
ticular. For a general introduction to Cartan geometries, see [37]. The comprehensive reference
on parabolic geometries is [12].

2.1.1 Cartan geometries and parabolic geometries

Suppose G is a Lie group and P < G a closed subgroup. We will always assume that P contains
no nontrivial normal subgroup of G.

Definition 2.1. A Cartan geometry modeled on (g, P ) on a manifold M is given by a princi-
pal P -bundle π : M̂ →M equipped with a Cartan connection, that is, a P -equivariant 1-form
ω ∈ Ω1

(
M̂, g

)
such that

� ωx̂ : Tx̂M̂ → g is an isomorphism for all x̂ ∈ M̂ ;

� ω(X) = X̌ for any X̌ ∈ p, where Xx̂ = d
dt

∣∣
t=0

x̂ · etX̌ is the vertical vector field on M̂

generated by X̌ ∈ p.

The homogeneous model of a Cartan geometry as in Definition 2.1 is the homogeneous
space G/P equipped with the natural projection G → G/P and the Maurer–Cartan form
ωG ∈ Ω1(G, g) of G, which encodes the natural trivialization TG ∼= G × g by left-invariant
vector fields. The curvature of a Cartan geometry is given by the following semibasic, g-valued,
P -equivariant 2-form on M̂ :

K(ξ, η) = dω(ξ, η) + [ω(ξ), ω(η)] for ξ, η ∈ X(M̂).

The significance of the curvature is that it vanishes if and only if the Cartan geometry is locally
isomorphic to its homogeneous model.

Given a Cartan geometry, any representation ρ : P → GL(V) of P induces a vector bundle
by forming the associated bundle to the Cartan bundle:

V = M̂ ×ρ V.

Recall that the space of smooth sections Γ(V) of V can be identified with the space C∞(
M̂,V

)P
of smooth, P -equivariant functions f : M̂ → V, that is,

f(x̂ · p) = ρ
(
p−1

)
.f(x̂).

In this way, each x̂ ∈ M̂ gives a linear function ιx̂ : Γ(V) → V by evaluation.

Sections of the adjoint bundle A = M̂ ×P g from Section 1.1 correspond via ω to right-P -
invariant vector fields on M̂ , which descend to vector fields on M . The Cartan connection ω
induces isomorphisms of vector bundles

TM ∼= M̂ ×P g/p and T ∗M ∼= M̂ ×P (g/p)∗. (2.1)

These identifications can easily be derived from the axioms for ω (see also [37, Theorem 5.3.15]).
Because the curvature K is semibasic and P -equivariant, it descends to a 2-form on M with
values in A, which, via (2.1), can be identified with a P -equivariant Cartan curvature function

κ : M̂ → Λ2(g/p)∗ ⊗ g.
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Many important geometric structures admit equivalent descriptions as Cartan geometries, in
particular semi-Riemannian metrics. A broad and interesting class of examples are the geometric
structures underlying parabolic geometries, which are Cartan geometries of type (g, P ), where
P < G is a parabolic subgroup of a semisimple Lie group. These correspond to certain bracket-
generating distributions on M endowed with a geometric structure defined by G0, the reductive
complement in a Levi decomposition of P ∼= G0⋉P+. These structures correspond canonically to
normal parabolic Cartan geometries. See [11, 28, 38] for the precise general statements, including
the notions of normal and regular. In the table below, we list some of the most prominent
examples of geometric structures admitting an equivalent description as regular normal parabolic
geometries of type (g, P ). For more examples, see [12]. A concise reference on the construction
of the Cartan connection in conformal or projective geometry is [23, Section IV]. All parabolic
geometries will be assumed to be regular and normal throughout the sequel.

Geometric structure g P

Projective structures on n-manifolds sl(n+ 1,R) stabilizer of line in Rn+1

Almost c-projective structures sl(n+ 1,C) stabilizer of complex

on 2n-manifolds, n ≥ 2 line in Cn+1

Conformal n-manifolds of so(p+ 1, q + 1) stabilizer of an isotropic

signature (p, q), n = p+ q ≥ 3 line in Rp+1,q+1

Almost quaternionic 4n-manifolds sl(n+ 1,H) stabilizer of a quaternionic

line in Hn+1

Non-degenerate partially integrable su(p+ 1, q + 1) stabilizer of an isotropic

CR-structures of hypersurface type complex line in Hermitian

of signature (p, q) vector space Cp+1,q+1

Generalized path geometries sl(n+ 2,R) stabilizer in Rn+2 of a flag

on 2n+ 1-manifolds, n ≥ 2 of line inside a plane

(2,3,5)-distributions on 5-manifolds G2 stabilizer of highest weight

line in the 7-dimensional

fundamental representation

On the Lie algebra level, a Levi decomposition will be denoted p ∼= g0 ⋉ p+. There is a G0-
invariant subspace of g complementary to p, which is denoted g−; it is of course isomorphic as
a G0-module to g/p. The nilradical p+�p is moreover isomorphic as a P -module to (g/p)∗. Any
representation V of p on which the center of g0 acts diagonalizably has a P -invariant filtration

V = V−ℓ ⊃ V−ℓ+1 ⊃ · · · ⊃ V0 ⊃ V1 ⊃ · · · ⊃ Vm ⊃ 0 (2.2)

such that each quotient Vi/Vi+1 is a completely reducible p-representation, which implies
that p+ acts trivially on Vi/Vi+1. In particular, the p-representation g admits such a filtration

g = g−k ⊃ · · · ⊃ g0 ⊃ · · · ⊃ gk,

where g0 = p and g1 = p+, and so does the isotropy representation

g/p = g−k/p ⊃ · · · ⊃ g−1/p. (2.3)

Given two filtered vector spaces V and W, there is an induced filtration by homogeneity on the
linear maps Hom(V,W) = V∗ ⊗W, in which ϕ ∈ Hom(V,W)i if ϕ(Vj) ⊂ Wi+j for all j.

2.1.2 Tractor connections

For a Cartan geometry
(
M, M̂, ω

)
of any type (g, P ), the natural vector bundles associated

to G-representations play a distinguished role. The Cartan connection ω can be canonically
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extended to a principal connection on the principal G-bundle M̃ = M̂ ×P G and as such it
induces a linear connection ∇ω on all vector bundles of the form

V = M̃ ×G V = M̂ ×P V.

Definition 2.2. Given a Cartan geometry, the vector bundles associated to G-representations
are called tractor bundles and ∇ω the tractor connection.

The adjoint tractor bundle comes with a natural projection Π: A → TM to the tangent
bundle induced by the projection g → g/p, and an algebraic action on any other tractor bundle
A× V → V, denoted by (s, t) 7→ s • t, induced by the action of g on V.

For any vector bundle W associated to any P -representation W, there is a natural differential
operator, called the fundamental derivative, denoted by

D : Γ(A)× Γ(W) → Γ(W), (s, t) 7→ Dst.

Viewing t in C∞(
M̂,W

)P
and s in C∞(

M̂, g
)P

, the section Dst ∈ C∞(
M̂,W

)P
evaluates at

x̂ ∈ M̂ to the derivative of t in the direction of ω−1
x̂ (s(x̂)). The tractor connection on a tractor

bundle V can then be expressed in terms of the fundamental derivative as follows:

∇ω
Π(s)t = Dst+ s • t for s ∈ Γ(A), t ∈ Γ(V). (2.4)

It is a routine verification that this expression defines a connection; in particular, at any point,
the right-hand side only depends on Π(s) at that point and on t in a neighborhood. If t is
a parallel section, it is the unique one with a given value t(x) at any x ∈ M ; it follows that ιx̂
is an injective linear map to V when restricted to parallel sections in Γ(V), for any x̂ ∈ M̂ .

As discussed in the introduction, parallel sections of tractor connections typically correspond
to solutions of interesting equations for the geometric structure on M described by the Cartan
geometry. More precisely, in many contexts, certain deformations of the tractor connections
by curvature terms yield invariant connections on the tractor bundles for which the parallel
sections correspond to the solutions to a particular geometric PDE of interest. In the case of
parabolic geometries, there is a powerful framework for constructing such connections, which we
now briefly present.

2.1.3 First BGG-operators of parabolic geometries

Suppose
(
M, M̂, ω

)
is a regular normal parabolic geometry of type (g, P ) with dimM = n.

It was shown in [6, 13] that any G-representation V induces a BGG-sequence of intrinsically
defined differential operators of the form

Γ(H0)
DV

0→ Γ(H1)
DV

1→ · · ·
DV

n−1→ Γ(Hn), (2.5)

where

Hk = Hk(M,V) = M̂ ×P Hk(p+,V)

is the bundle associated to the k-th homology Hk(p+,V) of p+ with coefficients in V. By [24],
the bundles Hk are weighted tensor bundles on M . In the case of the homogeneous model
M ∼= G/P , the BGG-sequence is a complex, which is dual to the BGG-resolution of V by
generalized Verma modules, whence the terminology.

The first operator DV = DV
0 : Γ(H0) → Γ(H1) in (2.5) always defines an overdetermined

system of PDEs, the domain of which is easily computed to be H0 = V/V+, where V+ ⊂ V is the
subbundle corresponding to the P -submodule p+V ⊂ V. We denote by ΠV : V → V/V+ = H0
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the natural projection. Then, [22, 30] shows that the projection ΠV restricts to a bijection
between sections of V that are parallel for a particular linear connection on V and solutions
to DV(σ) = 0.

The linear connection on V, as constructed in [22], the parallel sections of which correspond to
solutions of DV(σ) = 0, is called the prolongation connection of DV and will be denoted by ∇V .
In general, ∇V differs from the tractor connection ∇ω by tensors built from the curvature of ∇ω.
As above, the linear map ιx̂ is injective when restricted to parallel sections for ∇V for all x̂ ∈ M̂ .

2.1.4 Automorphisms acting on tractor bundles

The automorphisms of a Cartan geometry
(
M,M̂, ω

)
are the diffeomorphisms of M that lift

to principal bundle automorphisms of M̂ which preserve ω. For f ∈ Aut(M,ω), we will also
denote by f its lift to M̂ , satisfying f∗ω = ω. The automorphisms of a Cartan geometry
naturally preserve the underlying geometric structure; for example, the automorphisms of the
Cartan geometry associated to a conformal semi-Riemannian structure are precisely the confor-
mal transformations.

Because it preserves the framing by ω, the action of Aut(M,ω) on M̂ is free and proper.
If f ∈ Aut(M,ω) stabilizes x ∈ M , then for any x̂ ∈ M̂x, there is a unique p ∈ P such that
f.x̂ = x̂.p, called the isotropy of f at x with respect to x̂.

For any P -module W, the group Aut(M,ω) acts on the associated bundle W = M̂ ×P W.
The action of f ∈ Aut(M,ω) on a sectionX ∈ Γ(S) ∼= C∞(

M̂,W
)P

is simply by f∗X = X◦f−1.
Assume now that

(
M,M̂, ω

)
is a regular parabolic geometry modeled on (g, P ), and that

ρ : G→ GL(V) is a G-representation. Let V = B×P V be the corresponding tractor bundle with
tractor connection ∇ω. Let ∇V be the prolongation connection of the first BGG-operator DV

corresponding to V.

Proposition 2.3. Any f ∈ Aut(M,ω) preserves both ∇ω and ∇V , that is, f∗∇ω = ∇ω

and f∗∇V = ∇V .

Proof. Since f∗ω = ω for any f ∈ Aut(M,ω), the fundamental derivative is invariant:

Df∗Xf
∗Y = f∗(DXY ) ∀X ∈ Γ(A), Y ∈ Γ(V).

The algebraic action of Γ(A) on Γ(V) is evidently invariant by any principal bundle automor-
phism. Thus it follows from (2.4) that f∗∇ω = ∇ω.

Set Λ = ∇V − ∇ω ∈ Ω1(M,End(V)) and denote by RV ∈ Ω2(M,End(V)) the curvature
of ∇V . The differential computing the Lie algebra homology of p+ with values in V induces via
the identification

T ∗M ∼= M̂ ×P (g/p)∗ ∼= M̂ ×P p+

a bundle map ∂∗V : Ω
ℓ(M,V) → Ωℓ−1(M,V). The connection ∇V is characterized by the two

properties [22]:

(1) Λ ∈ Ω1(M,End(V))1 ∩ Γ(Im(∂∗V ⊗ IdV∗)),

(2) RV ∈ Γ(ker(∂∗V ⊗ IdV∗)).

The vector bundle (T ∗M ⊗ End(V))1 is the subbundle of

T ∗M ⊗ End(V) ∼= M̂ ×P Hom(g/p,End(V))

corresponding to the first filtration component, that is, the homogeneity-one component, of
the filtered P -representation Hom(g/p,End(V)), where the filtration on that space is induced
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by (2.2) and (2.3); as it is an associated bundle to the Cartan bundle, it is acted on by Aut(M,ω).
The subbundle Im(∂∗V ⊗ IdV∗) is similarly Aut(M,ω)-invariant, so any f ∈ Aut(M,ω) preserves
their intersection, thus f∗Λ is a section of this intersection. As f∗Λ = f∗∇V − ∇ω, the pull-
back f∗∇V satisfies (1). Similarly, the curvature of f∗∇V , namely f∗RV , is a section of the
associated vector bundle ker(∂∗V ⊗ IdV∗), so f∗∇V satisfies (2) as well. We conclude f∗∇V = ∇V

thanks to this characterization. ■

2.1.5 The conformal tractor connection

Let (M, g) be a semi-Riemannian manifold of dimension n ≥ 3 and let
(
M,M̂, ω

)
and V

be the corresponding parabolic Cartan geometry with model (g, P ) and conformal tractor
bundle, respectively, as in Section 1.1. Recall that P is the stabilizer of an isotropic line
V1 ⊂ V ∼= Rp+1,q+1. Setting V1 = V1 and V0 = V⊥

1 , there is a P -invariant filtration
V1 ⊂ V0 ⊂ V−1 = V, cf. (2.2), giving rise to an intrinsic filtration V1 ⊂ V0 ⊂ V.

A Levi complement G0 < P preserves a splitting V = V1 ⊕V0 ⊕V−1. A choice of metric
g0 ∈ [g] gives a corresponding decomposition

V = V1 ⊕ V0 ⊕ V−1 (2.6)

in which V0
∼= TM and V−1 is identified with the line bundle of conformal scales. References

for the formulas in this section are [14, equations (22) and (32)]. With respect to a decomposi-
tion (2.6), the standard conformal tractor connection ∇ω is

∇ω :

 ν
X
σ

 7→

 dν − P⌞X
∇X + ν · Id + σP ♯

dσ −X∗

 , (2.7)

where P ♯ is the symmetric endomorphism corresponding to the Schouten tensor P , and all
duals are with respect to g0. Changing the metric g0 ∈ [g] corresponds to applying an element
of P\G0 to the decomposition of tractor sections, and this transformation commutes with the
tractor covariant derivative. It follows that the intrinsic (p+1, q+1)-metric on V is ∇ω-parallel.

Continuing with g0 ∈ [g], the σ-component of a ∇ω-parallel section satisfies

∇grad σ + σP ♯ = −ν · Id,

which is equivalent to (1.1) (with the sign of ν switched). Parallel sections have constant
self-scalar products with respect to the tractor metric and in particular have a well-defined
causal type.

The curvature of ∇ω has the form, in the decomposition (2.6),

Rω(Y, Z) :

 ν
X
σ

 7→

 −C(Y, Z)X
σC(Y, Z)∗ +W (Y,Z)X

0

 , (2.8)

where W is the Weyl curvature and C the Cotton tensor of g0:

C(Y, Z)X =
1

2
((∇Y P )(Z,X)− (∇ZP )(Y,X)) .

2.2 Borel density theorem

The proof of the embedding theorem rests on the Borel density theorem. The term algebraic
here means real-algebraic. A Zariski closure in this setting comprises the real points of the
Zariski closure over C.
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We use a version of the Borel density theorem which can be found in [3, Corollary 3.2],
and which is due in this generality to Shalom [36, Theorem 3.11] (see also [15, Theorem 2.6]).
The setting is a locally compact group S acting on an algebraic variety W via a continuous
homomorphism ρ : S → Aut W. We will denote by S̄ the Zariski closure of ρ(S) in Aut W.

Definition 2.4. Let G be an algebraic group. The discompact radical of G is the maximal
algebraic subgroup of G with no proper cocompact, algebraic, normal subgroups, denoted Gd.

The discompact radical can be obtained as the minimal algebraic subgroup of G containing
all algebraic subgroups with no non-trivial compact algebraic quotients, which exists by the
Noetherian property of algebraic subgroups. See [36] for more details.

Theorem 2.5 ([3, Corollary 3.2] of the Borel density theorem). Let S be a locally compact group
and W an algebraic variety, with an action ρ : S → Aut W. Suppose S acts by homeomorphisms
on a topological space M preserving a finite Borel measure µ. Assume ϕ : M → W is an S-
equivariant measurable map. Then ϕ(x) is fixed by S̄d for µ-almost-every x ∈M .

3 Embedding theorem

The following theorem is the tractor generalization of Theorem 1.2 of [3] (see also Theorem 4.1
there), restated here as in the introduction with an additional technical point in the conclusions.
The proof will be a straightforward adaptation of the one in [3].

Theorem 3.1. Let
(
M,M̂, ω

)
be a Cartan geometry modeled on (g, P ) and B ≤ Aut(M,ω) a Lie

subgroup preserving a Borel probability measure µ. Let ρ be a fully reducible representation of G
on V with ρ(P ) Zariski closed, and V = M̂ ×ρV. Let S be the space of parallel sections for any
Aut(M,ω)-invariant connection ∇ on V.

Then for µ-almost-every x ∈ M , for all x̂ ∈ M̂x, there is an algebraic subgroup B̌x̂ ≤ ρ(P )
and an algebraic epimorphism R : B̌x̂ → B̄d such that

g.ιx̂(X) = ιx̂(R(g).X) ∀X ∈ S, g ∈ B̌x̂,

moreover, the isotropy of B at x with respect to x̂ is contained in B̌x̂.

Recall that B̄d denotes the discompact radical of the Zariski closure of the image of B
in GL(S).

Proof. Denote by ψ : Aut(M,ω) → GL(S) the representation corresponding to the restriction
to S of the action on Γ(V) as in Section 2.1.4. Let

ι : M̂ → Mon(S,V), x̂ 7→ ιx̂,

where Mon(S,V) is the variety of all linear injections S → V. Each g ∈ Aut(M,ω) acts on
Mon(S,V) by pre-composition with ψ(g), an algebraic automorphism, while each p ∈ P acts by
post-composition with ρ(p), also an algebraic automorphism. These two actions commute.

If g ∈ Aut(M,ω) stabilizes x and has isotropy with respect to x̂ equal to p ∈ P , then

ιx̂(g
∗X) = p.ιx̂(X). (3.1)

Let U = Mon(S,V)/P and ῑ : M → U the induced map, which is also Aut(M,ω)-equivariant.
Note that if g ∈ Aut(M,ω) stabilizes x, then ψ(g) stablizes ῑ(x). Although U is not generally
an algebraic variety, the Rosenlicht stratification [34] (see also [21, Section 2.2]) yields a decom-
position

U = U0 ∪ · · · ∪ Ur
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in which each Ui is a variety on which Aut(M,ω) acts via ψ by automorphisms (see [3, The-
orem 4.1] for more details). The sets Mi = ῑ−1(Ui) are B-invariant and measurable for each
i = 0, . . . , r. For each i such that µi = µ|Mi

is not zero, it is a nontrivial finite, B-invariant
measure.

By Theorem 2.5, for µi-almost-every x ∈ Mi the point ῑ(x) is fixed by B̄d. Let Fi com-
prise the B̄d-fixed points in Ui, and set Ωi = (ῑ ◦ π)−1(Fi), a P -invariant subset of M̂ with
µi(Mi\π(Ωi)) = 0. For any x̂ ∈ Ωi, the orbits

ι(x̂).B̄d ⊂ P.ι(x̂).

If we now set

B̌x̂ =
{
p ∈ ρ(P ) | p.ι(x̂) = ι(x̂).g for some g ∈ B̄d

}
,

then B̌x̂ is an algebraic subgroup of ρ(P ) satisfying the conclusions of the theorem for x̂; in
particular, it contains the isotropy of B with respect to x̂ by (3.1). Let Ω = ∪iΩi, a full measure
set for µ comprising points that all satisfy the conclusions of the theorem. ■

Remark 3.2. The conclusions of the theorem clearly hold when S is replaced by any B-invariant
subspace of S.

For future use, we make the following general definition.

Definition 3.3. Let ψ : B → GL(W) and ρ : P → GL(V) be two representations, with ρ(P )
algebraic. An embedding of (W, ψ(B)) into (V, ρ(P )) comprises a linear injection ι : W → V
together with an algebraic subgroup B̌ ≤ ρ(P ) and an algebraic epimorphism R : B̌ → B̄d

such that

g.ι(X) = ι(R(g).X) ∀X ∈ W, g ∈ B̌.

As before, B̄d denotes the discompact radical of the Zariski closure of ψ(B). Note that
whenever there is a Lie group monomorphism H → G for which AdG is algebraic, then there is
an embedding of (h,AdH) into (g,AdG).

Remark 3.4. Under the hypotheses of Theorem 3.1, letK : M̂ → W be an Aut(M,ω)-invariant,
P -equivariant map to a variety W on which P acts algebraically. In the proof of the theorem,
we can take

U = Mon(S,V)×W

with Aut(M,ω) acting by precomposition via ψ on the first factor and trivially on the second
factor, commuting with the P -action on the product. Considering the map ι × K : M̂ → U
given by x̂ 7→ (ιx̂,K(x̂)), the same proof with the Borel density theorem as above yields, for
almost-every x ∈M , not only the embedding of (S, ψ(B)) into (V, ρ(P )) but also that K(x̂) is
fixed by B̌x̂; the conclusion that B̌x̂ contains the isotropy of B at x with respect to x̂ moreover
remains true.

A useful choice of W in the remark above is, for m ∈ N, the P -module in which the total
order-m fundamental derivative of the Cartan curvature

Dmκ : x̂ 7→
(
κ(x̂), Dκ(x̂), . . . , D(m)κ(x̂)

)
takes its values (see Sections 2.1.2 and 2.1.4). Fixed points of P in this module can give
rise to local automorphisms by the Frobenius theorem for Cartan geometries. More precisely,
for

(
M,M̂, ω

)
real-analytic and M closed, there is m ≥ 0 such that for any x̂ ∈ M̂ , any p ∈ P
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fixing Dmκ(x̂) is the isotropy at x = π(x̂) with respect to x̂ of a unique g ∈ Autloc(M,ω) fixing x
(where uniqueness applies to any two such local automorphisms defined in the same neighbor-
hood of x) [25], see also [31] for a smooth version. The following corollary of the embedding
theorem is well known in the setting of infinitesimal automorphisms (see [25, Theorem 5.3]).

Corollary 3.5. Let
(
M,M̂, ω

)
be a real-analytic Cartan geometry modeled on (g, P ) and B ≤

Aut(M,ω) a Lie subgroup preserving a Borel probability measure µ. Let ρ be a fully reducible,
real-analytic representation of G on V with ρ(P ) Zariski closed, and V = M̂ ×ρV. Let S be the
space of parallel sections for any Aut(M,ω)-invariant connection ∇ on V.

Then for µ-almost-every x ∈ M , for all x̂ ∈ M̂x, in addition to the conclusions of Theo-
rem 3.1, every g ∈ B̌x̂ is the isotropy with respect to x̂ of an element of Autloc(M,ω) fixing x.

Parallel tractor sections, like infinitesimal automorphisms, correspond to solutions of overde-
termined PDEs, and a Frobenius theorem in terms of fundamental derivatives of the tractor
curvature is possible. We have worked out such a result, however, we have not seen how to
profitably combine it with the output of the embedding theorem, so it is not included in the
present paper.

Remark 3.6. Let x̂ be as in the conclusion of Corollary 3.5. The statement says the conclusions
hold for x̂.g for all g ∈ P , as well. In this case, the isotropy of B with respect to x̂.g is that with
respect to x̂, conjugated by g−1. We also have

Dmκ(x̂.g) = g−1.Dmκ(x̂) and B̌x̂.g = g−1B̌x̂g.

The group B̌x̂ will thus be conjugated in P as needed below, corresponding to choosing a dif-
ferent x̂ ∈ M̂x, without altering the properties ensured by the embedding theorem.

4 Application in conformal geometry: Algebraic part

The remainder of the paper is devoted to the proof of Theorem 1.3, which is divided into three
parts. The first two parts are Lie-algebraic, while the shorter, third part has the application
of our embedding theorem to the conformal tractor bundle and the conclusion of conformal
flatness. In the first part, we prove the upper bound, namely, the following proposition. Recall
the notion of embedding between representations from Definition 3.3.

Proposition 4.1. Let H be locally isomorphic to SU(p′, q′) for 0 < p′ < q′, with Borel sub-
group BH . Let g = so(p + 1, q + 1) with p ≤ q, and P < G the stabilizer of an isotropic line
of Rp+1,q+1. Suppose there is an embedding of (h,AdhBH) in (g,AdgP ) with ad(ι(h) ∩ p) ⊆ b̌.
Then p ≥ 2p′ − 1.

In Section 4.2, we ensure that the maximal R-split tori of AdhBH and AdgP are aligned
under the projection R given by Theorem 3.1. In Section 4.3, we analyze ι : h → g by study-
ing its restriction to h0 = ι−1(p), which is a Lie algebra homomorphism (see (4.1)), and the
induced ῑ from h/h0 to g/p, which are compared as representations via the epimorphism R. Key
conclusions, recorded in Lemma 4.8, are bounds in terms of p′ on maximal isotropic subspaces
in h/h0, for a class of scalar products induced by the embedding. Based on these, we prove
Proposition 4.1 in Section 4.4.

The alignment of R-split tori from Section 4.2 gives rise to a homomorphism θ between the
duals of the their Lie algebras, restricting to a function from the roots of g to the roots of h.
When p = 2p′ − 1, then θ is essentially determined and is 2-to-1 between these sets of roots.
The features of θ are recorded in Proposition 4.12, which is proved in Section 4.5, completing
the algebraic part of the proof of Theorem 1.3.
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4.1 Preliminaries: Root systems and notation

We set G = O(p+1, q+1) and H a group locally isomorphic to SU(p′, q′), with p ≤ q and p′ < q′,
as in Theorem 1.3 and Proposition 4.1. It is always assumed p, p′ > 0.

Remark 4.2. If p < q, then the root system of o(p + 1, q + 1) is of type Bp+1, while if p = q,
then it is type Dp+1. If p

′ < q′, then the root system of su(p′, q′) is of type BCp′ , while if p
′ = q′,

then it is of type Cp′ . The proof of Proposition 4.12 involves careful analysis of how the roots
of BCp′ can correspond with those of Bp+1 or Dp+1 under the embedding. It is not valid for Cp′ ,
thus we always assume p′ < q′.

If p < q, let β1, . . . , βp+1 ∈ a∗ be such that the positive roots of g are

∆+
G = {βk} ∪ {βi − βj | i < j} ∪ {βi + βj | i ̸= j}.

The root system is Bp+1. The set {βk} are called the positive short roots, and their root spaces
are each of dimension q−p. The remaining two subsets are the long roots, such that the {βi−βj}
are the initial roots of a string of positive roots, while the {βi + βj} are the terminal roots of
a string of positive roots. Either of these types of roots have 1-dimensional root spaces. These
strings are such that for any X ∈ gβi−βj

and Y ∈ gβj
both nonzero, the brackets [X,Y ] ∈ gβi

and
[[X,Y ], Y ] ∈ gβi+βj

are nonzero. Also for nonzero X ∈ gβi−βj
and Y ∈ gβj+βk

, the bracket [X,Y ]
spans gβi+βk

. The weights of the P -representation on g/p are

{βi − β1,−β1,−β1 − βi | i = 2, . . . , p+ 1},

in particular, the conformal factor is given by −2β1.
If p = q, we choose similarly β1, . . . , βp+1 ∈ a∗ such that the positive roots of g are

∆+
G = {βi − βj | i < j} ∪ {βi + βj | i ̸= j}.

The root system is Dp+1. All these positive roots are of the same length and have 1-dimensional
root spaces. The weights of the representation g/p are the same as in the case p < q, except
that −β1 is not a weight; the conformal factor is still −2β1.

We choose a set of short roots α1, . . . , αp′ ∈ ∆H such that the positive roots of h are

∆+
H = {αk′} ∪ {αi′ − αj′ | i′ < j′} ∪ {αi′ + αj′}.

This is the root system BCp′ . The root spaces for the short roots αk′ are of dimension 2(q′−p′).
The root spaces for αi′ − αj′ or αi′ + αj′ with i

′ ̸= j′ are 2-dimensional, while those for 2αi′ are
1-dimensional.

For the first application of the embedding theorem, we consider a Borel subgroup BH < H.
Note that BH is solvable, algebraic, and discompact. As BH is amenable and M is compact,
there is a BH -invariant probability measure µ onM ; see [40, Definition 4.1.1 and Corollary 4.1.7].
Let B̌ = B̌x̂ < AdgP be the algebraic subgroup given by Theorem 3.1 applied to BH acting
on the adjoint tractor bundle endowed with Čap’s connection as in Section 1.1. The parallel
sections correspond to infinitesimal automorphisms, and we restrict to S = h. Note that this
version of the embedding theorem is exactly the one of [3].

4.2 Alignment of the intertwining epimorphism

Recall that the parabolic subgroup P < SO(p + 1, q + 1) is the stabilizer of an isotropic line
in Rp+1,q+1. A null-orthonormal basis of Rp+1,q+1 is one with respect to which the quadratic
form has the form, writing n = p+ q,

q(x1, . . . , xn+2) = 2

p+1∑
i=1

xixn+3−i +

q∑
i=p+2

x2i .
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The Lie algebra b̌ is a subalgebra of p, with adjoint action preserving the image ι(h), such
that the restriction to this image is a surjection onto ι ◦ adh bH ◦ ι−1 ∼= bH . We will denote by r
the resulting Lie algebra epimorphism b̌ → bH . We can focus on the solvable radical b̌solv, as
any semisimple Levi factor is in the kernel of r. Because it is algebraic, b̌solv is invariant under
Jordan decomposition (see [29, Theorem 4.3.3]). Since AdhBH has no elliptic elements, any
elliptic elements of b̌solv are in the kernel of r; more precisely, they belong to a compact torus of
ker r, which is a direct factor of b̌solv (see [29, Theorem 4.4.7 and Corollary 4.4.12]), so we will
simply exclude this factor and assume that all elements of b̌solv have trivial elliptic components
in their Jordan decomposition.

Lemma 4.3. Let a null-orthonormal basis of Rp+1,q+1 in which P is block-upper-triangular be
given. A solvable, algebraic subgroup B̌solv < P containing no elliptic elements is conjugate in P
to a group of upper triangular matrices. A maximal R-split torus AG < G can be chosen to be
the maximal diagonal subgroup of P in the resulting null-orthonormal basis.

Proof. Recall that P is the stabilizer of a certain isotropic line, which we will denote ℓ0. The
quotient ℓ⊥0 /ℓ0 = V p,q inherits a conformal class of scalar products of signature (p, q). On V p,q

the solvable group B̌solv descends to preserve this conformal class and P descends to the full
linear conformal group CO(p, q). The claim of the lemma is equivalent to the assertion that
a solvable, algebraic subgroup of CO(p, q) without elliptic elements is conjugate in CO(p, q) to
a group of upper-triangular matrices.

Lie’s theorem ensures that in V p,q there is a simultaneous eigenvector v1 or a 2-dimensional
irreducible subspace for B̌solv. In the latter case, the restriction of B̌solv splits into a nontrivial
elliptic and a scalar action. By the assumption that all elements of B̌solv have trivial elliptic
Jordan components, this possibility is excluded. If the eigenvector v1 is timelike or spacelike, then
the eigenvalues on it are ±1. In this case, apply Lie’s theorem again to v⊥1 , to conclude that it
contains an isotropic simultaneous eigenvector, or b̌solv is trivial on V p,q. Proceeding inductively
yields a null-orthonormal basis in which B̌solv is upper-triangular. It follows that on V p,q the
conjugacy of B̌solv to upper-triangular matrices can be achieved in CO(p, q). Consequently,
on Rp+1,q+1, the conjugacy can be achieved in P , since B̌solv preserves ℓ0, and we can take the
last basis vector to be a null vector not orthogonal to ℓ0.

In any null-orthonormal basis in which P is block-upper-triangular – that is, in which P is the
stabilizer of the line spanned by the first element of the basis – the maximal diagonal subgroup
is a maximal R-split torus of G. In particular, such a diagonal subgroup in the basis we have
found here can be taken to be AG. ■

As explained in Remark 3.6, the group B̌solv can be replaced with the P -conjugate given by
the above lemma, and all conclusions of the embedding theorem continue to hold.

Lemma 4.4. After conjugating B̌solv by a suitable element of P , there is a subalgebra ǎ <
b̌solv∩aG mapping isomorphically under r onto aH , and this conjugation preserves the properties
of B̌solv achieved in Lemma 4.3.

Proof. Fix a basis X1, . . . , Xp′ of aH . Let X̌1 be a lift of X1 to b̌solv. The semisimple component
of X̌1 in its Jordan decomposition in g is nontrivial, so it is contained in b̌solv by algebraicity
of the latter. Thus write X̌1 = A1 + Z1 where A1 is R-semisimple in g and Z1 ∈ ker r. The
subalgebra r−1(aH) admits an adA1-invariant subspace decomposition ǎ1⋉ ker r. Now ǎ1 maps
bijectively under r to aH , which is abelian, so it commutes with A1.

Let A2 be a lift of X2 to ǎ1. The semisimple Jordan component of A2 commutes with A1, has
the same projection to aH as A2, and is contained in b̌solv by algebraicity. So we can assume A2

is semisimple. The 0-eigenspace of adA1, denote it E0(A1), is adA2-invariant. There is thus
an adA2-invariant complement to ker r in r−1(aH), call it ǎ2, which is contained in E0(A1) and
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maps under r onto aH . This ǎ2 centralizes A1 and A2. Continuing for i′ = 3, . . . , p′ results
in an abelian subalgebra ǎp′ ⊂ b̌solv mapping isomorphically under r to aH and comprising
R-semisimple elements of g. Such a subalgebra is contained in a maximal abelian R-split
subalgebra of p, which is in turn conjugate in P to the desired ǎ contained in our chosen
diagonal subalgebra aG.

The subspaces ǎi′ comprise upper-triangular matrices in p, and the conjugation to the diag-
onal takes place in the subalgebra of p comprising upper-triangular matrices. ■

Replacing B̌solv with the conjugate given by the above lemma, we will henceforth have ǎ ⊂ aG
lifting aH . Denote by θ the homomorphism from a∗G to a∗H induced by restriction to ǎ composed
with (r∗)−1 : ǎ∗ → a∗H .

Finally, consider the unipotent radicals. Because r is an algebraic epimorphism, it maps the
nilpotent radical of b̌solv, which is contained in p+, onto that of bH , which is the sum of positive
root spaces of h (see [29, Corollary 4.3.6]). The restriction of r to the nilpotent radical may not
split, but there is a subspace Ǔb, complementary to ker r in the nilpotent radical of b̌solv and
invariant by the R-diagonal subgroup of B̌solv, in particular by Ǎ. For hα ⊂ bH a positive root
space, we will denote by ȟα its subspace lift to Ǔb.

4.3 Consequences of equivariance for stabilizer and isotropy

The starting point for the analysis in this section are ideas which can be found in [33]. The facts
that p is a subalgebra of g and that ad p preserves a (p, q)-scalar product on g/p up to scale have
the following consequences via the embedding.

Proposition 4.5 ([33, Proposition 2.1]). For h0 = ι−1(p),

(1) h0 is ad bH-invariant,

(2) ad bH preserves a symmetric bilinear form on h/h0 up to scaling by −2θ(β1).

A straightforward consequence of the second axiom for the Cartan connection ω is that
for X ∈ h0,

ι([X,Y ]) = [ι(Y ), ι(X)] ∀Y ∈ h. (4.1)

It immediately follows that h0 is a subalgebra. In the Levi decomposition p ∼= q ⋉ (Rp,q)∗, the
Levi complement q ∼= R ⊕ so(p, q) is precisely the sum of root spaces gβ with β in the span
of {β2, . . . , βp+1}.

Lemma 4.6. Let h0 = ι−1(p).

(1) If h = h0, then ι(h) is conjugate in P to a subalgebra of so(p, q) ∼= qss ⊂ q.

(2) If hα ⊂ h0 for α ∈ ∆+
H , then the choice of the subspace Ǔb can be modified so that

ȟα = ι(hα) ⊂ b̌.

Proof. If h = h0, then (4.1) and injectivity of ι imply the image of ι is a semisimple subalgebra
of p. Now ι(h) = ιx̂(h) ⊆ p for x̂ given by the embedding theorem, and it is an isotropy
algebra at the point x = π(x̂). The Thurston stability theorem [39, Theorem 3] implies that h
is linearizable at x, which means ι(h) is conjugate by an element g ∈ P+ into q. Semisimplicity
implies the image is in qss.

Under the weaker assumption of (2), the conclusions of the embedding theorem still give
that ι(hα) ⊆ b̌. It moreover belongs to the solvable subalgebra ι(bH) ∩ p ⊂ b̌, which is an ideal
by (4.1). Therefore, ι(hα) ⊂ b̌solv. As ι(hα) comprises nilpotent elements, it belongs to the
nilpotent radical of b̌solv. Finally, it is ǎ-invariant. Thus ι(hα) could differ from the original
choice of ȟα only by a linear function to the intersection of the nilradical of b̌solv with ker r, and
we are free to change our choice of Ǔb accordingly. ■
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Lemma 4.7 (useful facts about h0). As above, let h0 = ι−1(p).

(1) If aH ⊂ h0, then bH ⊂ h0.

(2) For i′, j′, possibly equal, if h−αi′−αj′ ∩ h0 ̸= 0, then h−αi′ ⊂ h0.

(3) Suppose p′ ≥ 2 and let i′ ̸= j′. If h−αi′ ⊂ h0 and h−αj′ ∩ h0 ̸= 0, then h−αj′ ⊂ h0.

Proof. These facts all follow easily from the ad bH -invariance of h0 in Proposition 4.5 (1),
together with bracket relations in h:

(1) bH = [bH , aH ] + aH .

(2) For any nonzero X ∈ h−αi′−αj′ , the image [hαj′ , X] = h−αi′ .

(3) For any nonzero X ∈ h−αj′ , there is Y ∈ h−αi′ with 0 ̸= [X,Y ] ∈ h−αi′−αj′ . From the fact

that h0 is a subalgebra and (2), the conclusion follows. ■

For a subspace l or element X of h, we will denote by l̄ or X̄, respectively, the projection
to h/h0. The next lemma will be key for establishing the bound between p′ and p. The general
idea is well known, and can be found in particular in [33].

Lemma 4.8 (useful facts about h/h0). Suppose that for some i′, h̄−αi′ ̸= 0. Denote by [s] the
class of the bilinear form on h/h0 from Proposition 4.5 (2).

(1) If p′ > 1 and h̄−αj′ ̸= 0 for j′ ̸= i′, then [s] has an isotropic subspace of dimension
greater than 2p′ − 1, unless p′ = 2, θ(β1) = α1 + α2, and [s] has an isotropic subspace of
dimension 3.

(2) If p′ > 1 and h−αj′ ⊂ h0 for all j′ ̸= i′, then [s] has an isotropic subspace of dimension at
least 2p′ − 1. If the maximal isotropic subspace for [s] is dimension 2p′ − 1, then

θ(2β1) = 2αi′ + α′ for α′ ∈ {0, αj′ , αj′ + αk′ | j′, k′ ̸= i′}.

Proof. As in [33, Observation 3], the idea is that if α + α′ does not equal the conformal
factor −θ(2β1), then hα ⊥ hα′ for [s].

Under the hypotheses of (1), Lemma 4.7 (2) implies that h−αi′−αk′ and h−αj′−αk′ have trivial

intersection with h0 for all k′. The roots

Σ = {−αi′ − αk′ ,−αj′ − αk′ ,−αi′ ,−αj′ | 1 ≤ k′ ≤ p′}

all occur as weights on h/h0. Any sum of two of them has the form
∑p′

k′=1−nk′αk′ where nk′ ∈ N,
2 ≤

∑
nk′ ≤ 4, and ni′+nj′ ≥ 2. Each such sum is obtained in one or two ways – that is, it is the

sum of one or two different unordered pairs of elements of Σ. Excluding at most two elements
of Σ yields a subset Σ′ so that the sum of any two elements of Σ′ does not equal −θ(2β1). The
root spaces h−αk′−αℓ′ with k′ ̸= ℓ′ have dimension 2, while h−2αi′ , h−2αj′ are one-dimensional;
the spaces h−αi′

, h−αj′
have dimension at least 1. Thus

⊕
σ∈Σ′ hσ is totally isotropic for [s] and

has dimension at least 4p′ − 6. If p′ ≥ 3, then the latter dimension exceeds 2p′ − 1.
Now suppose p′ = 2, so

Σ = {−α1 − α2,−2α1,−2α2,−α1,−α2}.

For a sum σ = −n1α1 − n2α2 with n1 ≤ 1, excluding −α2 and −2α2 gives Σ′ with no two
elements summing to σ and corresponding to a subspace of h/h0 of dimension at least 4. Thus
we may assume θ(2β1) ̸= n1α1 + n2α2 with n1 ≤ 1, nor, by symmetry, with n2 ≤ 1. The only
possibility is thus that θ(2β1) = 2α1 + 2α2, with an isotropic subspace of dimension 3.
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In the case (2), the root spaces h−αi′−αj′ have trivial intersection with h0 for all j′, and

Lemma 4.7 (3) implies that h−αi′ ∩ h0 = 0 as well. For the collection of roots Σ = {−αi′ − αk′ ,
−αi′ | 1 ≤ k′ ≤ p′}, any sum of two elements is obtained from a unique unordered pair, and has
the form −2αi′ −α′ for α′ as in the conclusion of (2), or α′ = αi′ or 2αi′ . If −θ(2β1) is not such
a sum, then all of the root spaces h−αi′−αk′ together with h−αi′ comprise an isotropic subspace,
and it has dimension 2p′ + 1. If θ(2β1) = 2αi′ + α′ with α′ = αi′ or 2αi′ , then h−2αi′ can be
omitted, leaving an isotropic subspace of dimension 2p′. Thus the maximal isotropic subspace
can have dimension 2p′ − 1 only if α′ is as in the conclusion of (2). ■

4.4 Proof of the inequality

This section is devoted to the proof of Proposition 4.1. Any [s]-isotropic subspace of h/h0

has dimension at most p. As in [33], the tension between this upper bound and the isotropic
subspaces given by Lemma 4.8 plays a key role.

If p = 1, then p < q because dim M ≥ 3. The bound p′ = 1 then follows from Zimmer [42]
and Bader–Nevo [4, Theorem 2]; see also Pecastaing [32].

Proposition 4.9. If p = 2, then p′ = 1.

Proof. First, suppose h−αi′ is contained in h0 for all i′. The ad bH -invariance of h0 then
implies that all nonnegative root spaces are in h0, as well. Now bH and all h±αi′ are in h0.
These subspaces generate h, so h = h0 by (4.1). Lemma 4.6 (1) implies that by conjugating
in P , we may assume ι(h) ⊂ qss ∼= so(2, q), see Remark 3.6. Provided q ≥ 3, the conclusions
of the case p = 1 apply – note that now h acts conformally on the Lorentzian Möbius space
of dimension q. On the other hand, if p = q = 2, then there is no nontrivial Lie algebra
homomorphism from su(p′, q′) to so(2, 2) ∼= so(1, 2)⊕ so(1, 2) where 0 < p′ < q′. Thus p′ = 1.

Next suppose that one h−αi′
̸= 0 but that h−αj′ ⊂ h0 for all j′ ̸= i′. An isotropic subspace

for [s] has dimension at most 2; on the other hand, Lemma 4.8 (2) gives the lower bound 2p′− 1
if p′ > 1, so p′ = 1.

Finally, suppose that h−αi′
, h−αj′

̸= 0 for distinct i′, j′. This could only happen if p′ > 1, in

which case Lemma 4.8 (1) would give an [s]-isotropic subspace of dimension at least 3, so this
case does not occur. ■

Now let p ≥ 3. If for some short root αi′ , the projection h−αi′
̸= 0, then by Lemma 4.8,

p ≥ 2p′ − 1.
If all h−αi′ ⊂ h0, then by Lemma 4.6 (1) and (4.1), ι can be conjugated in P to a homo-

morphism into qss ∼= so(p, q). Then a group isogeneous to H acts conformally on Möbp−1,q−1.
Thus there is an embedding of (h,AdBH) into (q,AdqP

′), where q = qss and P ′ is the stabi-
lizer of an isotropic line in Rp,q (by Theorem 3.1 and amenability of BH). By induction on p,
we conclude p′ ≤ p/2 < (p+ 1)/2.

4.5 Root correspondences under the embedding

For α ∈ ∆+
H , denote by

∆̌(α) =
{
β ∈ θ−1(α) ∩∆+

G | ∃X̌ ∈ ȟα with X̌β ̸= 0
}
,

where X̌β denotes the component on the subspace gβ. Let

∆̌ =
⋃

α∈∆+
H

∆̌(α).

Lemma 4.10. The restriction of θ to ∆̌ is a surjection onto ∆+
H .
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Proof. Indeed, Theorem 3.1 ensures that every root of ∆H is the image under θ of some root
of ∆G. Because r : b̌solv → adh bH is onto, for α ∈ ∆+

H , the root space hα is contained in
the image under r of the nilpotent radical of b̌solv. In our basis from Lemma 4.3, the latter
subalgebra is strictly upper-triangular, and is therefore contained in the sum of positive root
spaces of g. Thus for any X ∈ hα the unique X̌ ∈ r−1(X)∩ ȟα can be written X̌ =

∑
β∈∆+

G
X̌β.

The set of β occurring in this sum is nonempty and contained in θ−1(α). ■

Lemma 4.11. Let i′ ∈ {1, . . . , p′} and assume that hαi′ ⊂ h0. Then

(1) roots in ∆̌(2αi′) are sums of two distinct roots of ∆̌(αi′),

(2) there is a terminal or an initial long root in ∆̌(2αi′).

Proof. Suppose hαi′ ⊂ h0 and apply Lemma 4.6 (2) to obtain ȟαi′ = ι
(
hαi′

)
. By Proposi-

tion 4.5 (1), h2αi′ is also in h0, so ȟ2αi′ = ι
(
h2αi′

)
, as well.

Every nonzero element of h2αi′ can be obtained as Z = [X,Y ] for X,Y ∈ hαi′ distinct nonzero
elements. Using (4.1), we obtain

ȟ2αi′ = ι
(
h2αi′

)
= ι

([
hαi′ , hαi′

])
=

[
ι
(
hαi′

)
, ι
(
hαi′

)]
=

[
ȟαi′ , ȟαi′

]
.

Therefore, Ž =
[
X̌, Y̌

]
, and point (1) follows.

Part (2) is vacuously true if p = q, since all roots in g are initial or terminal. If βj is a short
root in ∆̌(2αi′), then it was obtained as the sum of βj − βi and βi in ∆̌(αi′) for some i > j;
this is the only way to obtain βj as a sum of two positive roots. There are X,Y ∈ hαi′ with
[X,Y ] = Z ̸= 0 and such that

ι(Y )βj−βi
= 0, [ι(Y ), ι(X)]βj

= [ι(Y )βi
, ι(X)βj−βi

] = ι(Z)βj
̸= 0.

To ensure the first equality, we are using that gβj−βi
is one-dimensional, and replacing Y by

a linear combination with X if necessary. The last equality relies on (4.1). Now

ι([Y,Z]) = [ι(Z), ι(Y )] = 0

but [ι(Z)βj
, ι(Y )βi

] ̸= 0. Since θ(βi) = αi′ and θ(βj) = 2αi′ , the components ι(Y )βj
and ι(Z)βi

are both 0. To obtain βi + βj as the sum of two positive roots of ∆G, these could be βi and βj ,
or an initial plus a terminal root, of the form (βi − βk)+ (βj + βk) for some k > i, or vice-versa.
In order that the nonzero bracket [ι(Z)βj

, ι(Y )βi
] cancels, there must be a nonzero component

of ι(Z) ∈ ȟ2αi′ on one of these initial or terminal roots, yielding an initial or terminal root
in ∆̌(2αi′), as claimed. ■

When there is equality in Proposition 4.1, then the root correspondence given by θ has the
following form.

Proposition 4.12. Let H be locally isomorphic to SU(p′, q′) for 0 < p′ < q′, with Borel sub-
group BH . Let g = so(p + 1, q + 1) with p ≤ q, and P < G the stabilizer of an isotropic line
of Rp+1,q+1. Suppose there is an embedding of (h,AdBH) in (g,AdP ) with ad(ι(h) ∩ p) ⊆ b̌.
If p = 2p′ − 1, then p < q, and, up to conjugation in P , the set ∆̌(αi′) comprises two short roots
for each i′ = 1, . . . , p′, and h contains a maximal isotropic subspace of Rp,q.

Proof. Let p = 1 and let α = α1 be the simple positive root of ∆+
H . It is shown on [33, p. 9]

that bH ⊂ h0. Lemma 4.11 (2) says there is an initial or terminal root in ∆̌(2α). In rank 2, the
initial root of ∆+

G cannot be obtained as a sum of two positive roots, so ∆̌(2α) must contain the
terminal root. By Lemma 4.11 (1), {β1, β2} ⊆ ∆̌(α). In particular, θ(β1) = θ(β2) = α, which
determines θ. We conclude ∆̌(α) = {β1, β2}.
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Next let p ≥ 3. If hαi′ ⊂ h0 for all i′, then, as seen above multiple times, Lemma 4.6 (1)
and (4.1) lead to a homomorphism h → qss ∼= so(p, q) and thence, up to isogeny of H,
to an embedding (h,AdhBH) into (g,AdgP ), by Theorem 3.1. Proposition 4.1 then gives
p′ ≤ p/2 < (p+ 1)/2, contradicting the hypothesis of equality. Thus there is i′ such that hαi′

̸= 0.

If p = 3 and p′ = 2, then we will now show that h−αj′
= 0 ∀j′ ̸= i′.

Suppose that both h−α1
and h−α2

are nonzero. By Lemma 4.7 (2),

h−α1−α2 ∩ h0 = h−2αk′ ∩ h0 = 0, k′ = 1, 2

An [s]-isotropic subspace has dimension ≤ 3, so Lemma 4.8 (1) implies θ(β1) = α1 + α2.
A maximal isotropic subspace for [s] is h−2α1

+ h−α1
+ h−α2

, and all three summands are one-
dimensional. Then h−αk′ ∩ h0 ̸= 0 for k′ = 1, 2. From the ad bH -invariance of h0, we obtain
aH ⊂ h0 and therefore hα ⊂ h0 for all α ∈ ∆+

H by Lemma 4.7 (1). Using Lemma 4.6, we will
henceforth assume ȟα = ι(hα) for all α ∈ ∆+

H .
For k′ = 1, 2, let

Ik′ =
⊕
i′=1,2

h−αi′ ⊕ h−2αk′ ,

The projections ι(Ik′) are maximal isotropic subspaces of g/p for k′ = 1, 2, but they are not
mutually orthogonal. The weights for aG on g/p ∼= Rp,q are

Σ = {−β1 ± β | β = 0, β2, β3, β4},

if p = q, then β = 0 does not occur. The projected root spaces hα for aH have images ι(hα)
which decompose into the sum of their intersections with the weight spaces of ǎ in g/p. Since
θ(−β1) = −α1 − α2 and hαk′

is 1-dimensional for k′ = 1, 2, there are i, j > 1 such that

ι(h−α1) ⊂ g−β1±βi
and ι(h−α2) ⊂ g−β1±βj

.

Therefore, θ(βi) = ±α2 and θ(βj) = ±α1; in particular, i ̸= j.
The images ι

(
h−2αk′

)
do not meet g−β1

for k′ = 1, 2, also because θ(−β1) = −α1 − α2.
A maximal isotropic subspace of

⊕
i>1 g−β1±βi

is of the form(⊕
k∈A

g−β1+βk

)
⊕
(⊕

ℓ∈B
g−β1−βℓ

)
for A ⊔ B = {2, 3, 4}, since the scalar product gives a nondegenerate pairing of each g−β1−βk

with g−β1+βk
. There is therefore k ̸= 1, i, j such that

ι
(
h−2αk′

)
⊂ g−β1−βk

and ι
(
h−2αℓ′

)
⊂ g−β1+βk

,
{
k′, ℓ′

}
= {1, 2}.

Now all values of θ are determined, with θ(βk) = αk′ − αℓ′ . Note that because h−α1−α2
̸= 0

and −β1 is the only possible weight in Σ mapping to −α1 − α2, it must indeed be a weight,
and p < q.

By Lemma 4.11 (2), each ∆̌(2αm′), for m′ = 1, 2, contains an initial or terminal root. From
the determined values of θ,

β1 + βk ∈ ∆̌(2αk′), β1 − βk ∈ ∆̌(2αℓ′)

By Lemma 4.11 (1), each of these roots is obtained as a sum of two distinct roots of ∆̌(αm′)
for m′ = 1, 2. In particular,

β1 − βk = (β1 − βi) + (βi − βk) = (β1 − βj) + (βj − βk)
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are the two possibilities for the summands from ∆̌(αℓ′). The value θ(β1 − βi) = αℓ′ only
if θ(βi) = α2 and ℓ′ = 1; then also θ(βj − βk) = α1. The alternative ℓ′ = 2 is equally possible
provided θ(βj) = α1. We will assume ℓ′ = 1 for the remainder of the proof, which is easily
adapted for ℓ′ = 2.

Next, there are two possible decompositions into summands from ∆̌(α2):

β1 + βk = (β1) + (βk) = (β1 − βj) + (βj + βk)

but since θ(β1), θ(βk) ̸= α2, the only possibility is β1 − βj , βj + βk ∈ ∆̌(α2). Thus θ(βj) = α1.
Observe that ∆̌(2α2) = {β1 + βk}, as there are no other elements of ∆+

G in θ−1(2α2).
Let X ∈ h2α2 , so ι(X) ∈ gβ1+βk

. Let Y ∈ hα1 with ι(Y )βi−βk
̸= 0. Then

[ι(X), ι(Y )]β1+βi
= [ι(X)β1+βk

, ι(Y )βi−βk
] ̸= 0.

Therefore, [ι(X), ι(Y )] ̸= 0, which implies by (4.1) and injectivity of ι that [X,Y ] ̸= 0. But this
is a contradiction because 2α2+α1 /∈ ∆H . This completes the proof of the claim for p = 3, p′ = 2.

For p > 3, Lemma 4.8 (1) gives the conclusion as above that h−αj′ ⊂ h0 for all j′ ̸= i′.
The ad bH -invariance of h0 from Proposition 4.5 (1) implies that hαj′ ⊂ h0 for all j′ ̸= i′. By
Lemma 4.7 (3), h−αi′ ∩ h0 = 0. Now let θ(2β1) = 2αi′ + α′ as in Lemma 4.8 (2).

Case 1: θ(β1) = αi′ . As seen above, root spaces are [s]-orthogonal unless the roots add
up to the conformal factor, in this case −2αi′ . Therefore, the subspace

⊕
j′ h−αi′−αj′ projects

modulo h0 to an isotropic subspace for [s]; by Lemma 4.7 (2), it has trivial intersection with h0,
so the projection has dimension 2p′ − 1 = p. Any hαi′−αj′

, with j′ ̸= i′, could be added to
make a larger isotropic subspace; they must therefore be 0 – that is hαi′−αj′ ⊂ h0 for all j′ ̸= i′.
Because

[
hαj′ , hαi′−αj′

]
= hαi′ , Proposition 4.5 (1) implies hαi′ ⊂ h0 as well.

Denote by

J = h−αi′ ⊕
⊕
j′

h−αi′−αj′ and I =
⊕
j′

h−αi′−αj′ .

As above, the image ι(J) is a sum of ǎ-weight spaces in g/p, and the image ι(I) is a maximal
isotropic subspace of g/p ∼= Rp,q. The weights for aG on g/p, for p < q, are

Σ = {−β1 ± β | β = 0, β2, . . . , βp+1},

and when p = q then β = 0 does not occur. Let ΣI comprise the roots in Σ for which ι(I)
has nontrivial projection on the corresponding aG-weight space. Elements of ΣI must have the
additional property that θ(−β1 ± β) = −αi′ − αj′ for some j′; therefore, −β1 /∈ ΣI . As in the
previous proof, a maximal isotropic subspace of

⊕
i>1 g−β1±βi

is of the form(⊕
i∈A

g−β1+βi

)
⊕
(⊕

j∈B
g−β1−βj

)
(4.2)

for A ⊔B = {2, . . . , p+ 1} The corresponding ΣI is {−β1 + βi}i∈A union {−β1 − βi}i∈B. Thus
all values of θ are determined; in particular θ(βi) ̸= 0 for all i > 1.

Now ι
(
h−αi′

)
⊆ g−β1

because θ(−β1 ± βi) ̸= −αi′ for any i; in particular, p < q in this case.
By (4.1),[

ȟαj′ , ι
(
h−αi′−αj′

)]
=

[
ι
(
hαj′

)
, ι
(
h−αi′−αj′

)]
= ι

(
h−αi′

)
,

which means that for each−β1±βi ∈ ΣI , there is some j′ and there is β′ ∈ ∆̌(αj′) such that±βi+
β′ = 0. As β′ is a positive root, we conclude ΣI = {−β1 − βi | i > 1}, and ι(I) =

⊕
j>1 g−β1−βj

.
Because h−αi′−αj′

with j′ ̸= i′ is two-dimensional while each g−β1−βi
is one-dimensional, there are
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at least two distinct βj with ρ(βj) = αj′ for each j
′ ̸= i′. There is moreover some i ̸= 1 such that

θ(βi) = αi′ , and such that ι(h−2αi′ ) = g−β1−βi
. Since p′ = (p+ 1)/2, there are exactly two

indices j such that θ(βj) = αj′ for all j
′. The conclusion in this subcase follows.

Case 2: θ(2β1) = 2αi′ + α′ with α′ = αj′ or αj′ + αℓ′ for some j′ ̸= i′, possibly with
j′ = ℓ′. In this case h−αi′

is [s]-isotropic, and belongs to an isotropic subspace together with⊕
j′ ̸=k′ h−αi′−αk′

. By Lemma 4.7 (2), each h−αi′−αk′ has trivial intersection with h0; also h−αi′

has dimension 2. As in the previous subcase, any hαi′−αk′
for k′ ̸= i′ could be added to make

a larger isotropic subspace, so these root spaces are contained in h0, and therefore also hαi′ ⊂ h0.

Now let J be as above, while

I = h−αi′ ⊕
⊕
j′ ̸=k′

h−αi′−αk′ .

As before, ι(I) is a maximal isotropic subspace of g/p ∼= Rp,q. The subset ΣI ⊂ Σ is defined
as above. Since θ(−β1) is not a root occurring in I, then −β1 /∈ ΣI . Thus ι(I) has the same
form as (4.2). By dimension considerations, the restriction of θ to ΣI is a 2-to-1 map to the
roots of ∆H occurring in I, except to −2αi′ , onto which it is 1-to-1. The values of θ(βi) are thus
determined for all i.

Now ∆̌(αi′) has the form {β1 + ϵβi, β1 + ϵ′βj} for some i ̸= j different from 1 and ϵ, ϵ′ = ±1.
But ∆̌(2αi′) also comprises a root of the form β1 ± βk for k ̸= 1. The two distinct elements
of ∆̌(αi′) do not sum to the element of ∆̌(2αi′) contradicting Lemma 4.11 (1). This subcase is
eliminated and the proof is finished. ■

5 Embedding theorem in the conformal tractor bundle

In this section, we work with the conformal tractor bundle to complete the proof of Theorem 1.3.
Therefore, we let H, M , and (g, P ) be as in the theorem, and assume p = 2p′ − 1.

5.1 Local conformal flow with balanced isotropy

By Proposition 4.12, there is a partition of the short roots β1, . . . , βp+1 of ∆+
G into p′ pairs(

βki′ , βℓi′
)
, i′ = 1, . . . , p′, such that θ

(
βki′ − βℓi′

)
= 0 for each i′. As ǎ is p′-dimensional and

p′ = (p+1)/2, a basis for ǎ is
{
Y̌ki′ + Y̌ℓi′ | i

′ = 1, . . . , p′
}
, where Y̌j is the coroot of aG dual to βj

for each j. Let i′ be such that ki′ = 1. By applying an inner automorphism of P if necessary,
we may assume ℓi′ = 2. Now set Y̌ = Y̌1 + Y̌2 ∈ ǎ.

The one-parameter subgroup{
ht = etY̌

}
= diag

(
et, et, 1, . . . , 1, e−t, e−t

)
< P,

and it belongs to B̌solv. Recall that B̌solv was obtained from the embedding theorem for
a particular x0 ∈ M and x̂0 ∈ M̂x0 . By Corollary 3.5, there is a one-parameter subgroup{
φt
Y

}
< Autlocx0

(M,ω) with isotropy
{
ht
}
with respect to x̂0. The representation of

{
ht
}
on Rp,q

is diag
(
1, e−t, . . . , e−t, e−2t

)
, and is said to be of balanced linear type because the dilation and

hyperbolic isometric components balance each other.

5.2 Isotropic tractor solutions

Existence of a flow with the dynamics of
{
φt
Y

}
does not necessarily imply local conformal

flatness – see Alekseevsky’s important examples in [1] – but it does impose strong restrictions
on the Weyl curvature. These in turn lead to local tractor solutions.
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For v ∈ Rp,q an isotropic vector, the annihilator of the flag Rv ⊂ v⊥ ⊂ Rp,q comprises the
nilpotent subalgebra of so(p, q) which preserves the flag and is zero on the associated graded
space Rv ⊕

(
v⊥/Rv

)
⊕
(
Rp,q/v⊥

)
; it will be denoted n(v).

Let V be the standard conformal tractor bundle associated to the representation Rp+1,q+1

of P < SO(p+ 1, q + 1), with standard conformal tractor connection ∇ = ∇ω. Denote by S the
∇-parallel sections of V, and recall from Section 2.1.5 that they correspond to almost-Einstein
rescalings of a metric in the given conformal class on M .

The following consequences of balanced linear isotropy are already known in the conformal
Lorentzian case (see [18, Lemma 6.5 and Theorem 1.3 (2)], [27, Section 4], [16, Proposition 5.1]),
and generalize to higher signature as follows.

Proposition 5.1 (compare [16, 18, 27]). Let (M, g) be a pseudo-Riemannian manifold, and
suppose that the stabilizer of x0 ∈ M contains a conformal flow

{
φt
Y

}
with isotropy generated

by Y̌ = diag(1, 1, 0, . . . , 0,−1,−1) with respect to x̂0 ∈ π−1(x0). Then there are

(1) a Ricci-flat metric g0 ∈ [g|U ] in a neighborhood U of x0, and

(2) an isotropic vector field X ∈ X (U) which is parallel for the Levi-Civita connection of g0,
such that

(3) the Weyl tensor Wx has values in n(Xx) for all x ∈ U .

(4) Together these yield a 2-dimensional totally isotropic space IU of parallel sections of V|U ,
having trivial intersection with V0.

If (M, g) is analytic and simply connected, then the solutions in IU extend to M , comprising
a subspace I ⊂ S, and X extends to an isotropic conformal vector field on M .

Proof. As above, consider the one-parameter subgroup{
ht
}
= diag

(
et, et, 1, . . . , 1, e−t, e−t

)
< P,

the isotropy of
{
φt
Y

}
with respect to x̂0. On Rp,q, denote by {e1, . . . , en} the corresponding

null-orthonormal frame, where n = p+ q, in which
{
ht
}
is

diag
(
1, e−t, . . . , e−t, e−2t

)
.

In this frame, the Weyl tensor Wx0 is a homomorphism Ŵx̂0 : ∧2 Rp,q → so(p, q), which is {ht}-
equivariant. The eigenvalues of Adht on so(p, q) are et, 1, and e−t, and the eigenspace for e−t

is precisely the nilpotent subalgebra n(en). It follows that Ŵx̂0(u, v) ∈ n(en), for all u, v ∈ Rp,q.
The flow

{
ht
}
is stable for t → ∞ in the sense of [18, Definition 4.2]. It follows that

{
ht
}

remains a holonomy flow for points nearby x0, meaning that there is a neighborhood U of x0
with a section Û ⊂ M̂ containing x̂0 such that φt

Y .x̂.h
−t is bounded in M̂ as t→ ∞ for all x̂ ∈ Û

(see [10, Proposition 2.8]). The section Û can be taken to be expx̂0
(g−), restricted to a sufficiently

small neighborhood of 0 ∈ g−; it is in particular real-analytic.
For any x̂ ∈ Û , the Weyl curvature Ŵx̂ must remain bounded – though not necessarily

invariant – under the action of
{
ht
}
. It follows that Ŵx̂(u, v) ∈ n(en) for all u, v ∈ Rp,q, x̂ ∈ Û .

Because it is
{
φt
Y

}
-invariant, the full Cartan curvature κx̂ is bounded under the action of the

holonomy
{
ht
}
. The p+-component of κx̂ is in ∧2Rp,q∗ ⊗ Rp,q∗, which has no stable elements

under
{
ht
}
. Consequently, κx̂ = Ŵx̂ for all x̂ ∈ Û .

Let RU be the saturation Û · J , for J ∼= J0 ⋉ J1 < P , where J0 < CO(p, q) is the stabilizer
of Ren and J1 < P+ ∼= Rp,q∗ is the annihilator of e⊥n . This saturation is an analytic reduction
of M̂ to J . Observe that the Lie algebra

j1 = {ξ ∈ p+ | [ξ, g−1] ⊂ j0}.

Thus g− + j is a subalgebra of g.
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Considering n(en) inside p, it is normalized by J . Thus on RU the Cartan curvature retains
the properties of being equal to the Weyl curvature and of having values in n(en). It follows
from the formula, for Y, V ∈ X (M̂),

ωx̂[Y, V ] = Y.ωx̂(V )− V.ωx̂(Y )− κx̂(ωx̂(Y ), ωx̂(V )) + [ωx̂(Y ), ωx̂(V )]

that the distributions D′ = ω−1(g− + j) and D = ω−1(g− + n(en)) are involutive in restriction
to RU (see for example [27, Section 4]). The integral curves of the ω-constant vector fields
in g− + j through x̂0 are contained in RU , by construction.

We claim that RU is an integral submanifold for D′. Let y, v ∈ g−, so expx̂0
(tv) ∈ Û for

all sufficiently small t. To prove the claim, it suffices to show ω((expx̂0
)∗v(y)) ∈ g− + j for any

such y, v, with v sufficiently small. Indeed, setting x̂ = expx̂0
(v), once Tx̂Û ∈ D′

x̂, then it follows
from the axioms for ω that Tx̂RU = D′

x̂, and Tx̂.gRU ⊂ D′
x̂.g for all g ∈ J ; moreover, every point

of RU is of the form x̂.g for such x̂ = expx̂0
(v) and g ∈ J .

Consider a two-parameter map σ(t, s) = expx̂0
(t(v + sy)), so that

∂σ

∂s
(t, 0) = (expx̂0

)∗tv(ty) and ω

(
∂σ

∂t
(t, s)

)
= v + sy.

The formula for the Cartan curvature gives rise to the ODE

d

dt
ω

(
∂σ

∂s
(t, 0)

)
= y − κ

(
ω

(
∂σ

∂s
(t, 0)

)
, v

)
+

[
ω

(
∂σ

∂s
(t, 0)

)
, v

]
.

This equation is linear modulo g− + j in the sense that, if Y ∈ g− + j, then

y − κ(Y, v) + [Y, v] ≡ 0 mod g− + j

and satisfies the initial condition

ω

(
∂σ

∂s
(0, 0)

)
= 0.

Therefore,

ω

(
∂σ

∂s
(t, 0)

)
∈ g− + j ∀t,

which gives the desired conclusion when t = 1.
Now the distribution D is tangent to RU and integrable in restriction to it. Let L0 be the

leaf through x̂0 tangent to D. It is a reduction to U(en), the unipotent subgroup of G0 with
Lie algebra n(en). This reduction corresponds to a metric g0 ∈ [g|U ] which is Ricci-flat. Define
X ∈ X (U) by Xx = π∗

(
ω−1
x̂ (en)

)
, where x̂ is the lift of x to Û . Then X is parallel for the

Levi-Civita connection of g0. It is thus a Killing field of g0 and in particular a conformal vector
field. We have proved (1)–(3).

With respect to the decomposition (2.6), the subspace IU contains constant sections of V−1|U ,
corresponding to metrics on U homothetic to g0, as well as X̃ = X + σX , where σX is a section
of V−1|U with gradient equal X. Indeed, these sections are seen to be parallel from formula (2.7)
with respect to the metric g0; moreover, their span is two-dimensional and transverse to V0.

When (M, [g]) is real-analytic, then any local solution lifts and extends to a global solution
on the pullback of V to the universal cover of M , and the same holds for local conformal vector
fields [2]. Under the assumption that M is simply connected, any local solutions globalize, as
does the local conformal vector field X. Then the solutions IU extend to global solutions I ⊂ S,
and the extension of X is everywhere isotropic by analyticity, as it is isotropic on U . ■
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Remark 5.2. The conclusions above hold just as well given a nontrivial balanced linear element
in the isotropy at a point – that is, a flow is not needed.

Here is where the embedding theorem is applied to the conformal tractor bundle:

Proposition 5.3. Let (M, [g]) be as in Proposition 5.1 and assume that it is real-analytic and
simply connected. Let I ⊂ S be the parallel tractors given by Proposition 5.1 (4). The H-action
on S does not fix any nonzero vectors of I.

Proof. Let x̂0 be as above, a point at which{
ht = diag

(
et, et, 1, . . . , 1, e−t, e−t

)}
< B̌solv,

This point was given by the embedding theorem; it is such that the linear injection ι : S → V is
the composition of evaluation at x0 with the trivialization ιx̂0 of Vx0 corresponding to x̂0 ∈ M̂ .

Now x̂0 belongs to the reduction of M̂ to U(en) constructed in the proof of Proposition 5.1
above, corresponding to the Ricci-flat metric g0. The trivialization ιx̂0 : Vx0 → V therefore iden-
tifies the subspaces (Vi)x0 of the decomposition determined by g0 with Vi for i = 1, 0,−1. The
constant sections of V−1, belonging to I, corresponding to metrics homothetic to g0, therefore
evaluate under ιx̂0 to elements of V−1 = REn+1.

The point x̂0 also, by the construction of the isotropic vector field X in the proof of Proposi-
tion 5.1 (2) above, corresponds to a frame of Tx0M in which Xx0 evaluates to en ∈ R1,n−1 = V0.
The solution X + σX ∈ I therefore evaluates under ι to a vector of the form En + bEn+1 ∈
V0+V−1. The image ι(I) is therefore the span of En and En+1 in V. On this subspace, ht acts
as a dilation by e−t, and has no nonzero fixed vectors.

By the embedding theorem, there is a one-parameter subgroup of BH , the image under R
of

{
ht
}
, which acts on I as a dilation by e−t, in particular nontrivially. (Note that

{
φt
Y

}
may or

may not belong to BH ; the embedding theorem says in any case that there is a one-parameter
subgroup of BH with representation on S corresponding to

{
ht
}
.) ■

5.3 Conclusion

Let 0 ̸= χ ∈ I. The orbit H.χ ⊂ S spans an irreducible H-representation S ′, which has
dimension at least p′ + q′ > 2p′ = p + 1, so S ′ cannot be a totally isotropic subspace for
the tractor form on S. Because the H-representation on S ′ is irreducible and preserves the
scalar product on the tractor bundle, S ′ is necessarily a nondegenerate subspace of S. The
representation therefore corresponds to a homomorphism, which we may assume is virtually
faithful by Proposition 5.3, I : H → L = SO(ℓ,m), where ℓ ≤ min{m, p+ 1} and m ≤ q + 1.

Now H acts conformally on Möbℓ−1,m−1. By Theorem 3.1 and amenability of BH , there is
an embedding of (h, BH) into (o(ℓ,m), N), where N is the stabilizer of an isotropic line of S ′, for
which we can take B̌ = I(BH)d < N . By Proposition 4.12, ℓ ≥ 2p′ = p+ 1, therefore ℓ = p+ 1.

The conformal tractor curvature Rω annihilates S, and in particular S ′, a nondegenerate
subspace for the tractor scalar product of maximal index. The conformal tractor curvature has
values Rω

x̂ (u, v) in the subalgebra of g ∼= so(p + 1, q + 1) annihilating ιx̂(S ′), for all x̂ ∈ M̂
and u, v ∈ TxM , and this subalgebra is compact. Now consider the metric g0 on the neigh-
borhood U from Proposition 5.1, and the expression (2.8) for Rω with respect to g0. In this
expression, according to the decomposition (2.6), Rω annihilates V1 and V−1 and restricts
on V0 to the Weyl tensor W . The Weyl tensor therefore has values in a compact subalgebra
of so(V0) ∼= so(p, q) annihilating a nondegenerate subspace of maximal index. On the other
hand, by Proposition 5.1, the Weyl tensor values Wx belong to a nilpotent subalgebra n(Xx) for
any x ∈ U . Since the intersection of such a nilpotent subalgebra with any compact subalgebra
is trivial, we conclude that W vanishes on U , and by analyticity, that W vanishes on all of M .
Thus (M, [g]) is conformally flat.
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Conformal flatness means that there is a conformal local diffeomorphism, a developing map,
from the universal cover of M , in this case M itself, to Möbp,q. Since M is also assumed closed,
this local diffeomorphism is a covering map. The global conclusion follows, and Theorem 1.3 is
proved.
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