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Abstract. LetMp be a circle bundle with first Chern class p[ω] over a closed 4n-dimensional
integral symplectic manifold

(
M,ω

)
. Equivalently, Mp is a closed contact (4n+1)-manifold

whose Reeb orbits are all closed and have the same period. For a metric g on Mp compati-
ble with the symplectic structure and the geometry of the circle fiber, we use Wodzicki–
Chern–Simons forms on the loop space LMp to prove that π1(Isom(Mp, g)) is infinite
for |p| ≫ 0. We also give the first high-dimensional examples of nonvanishing Wodzicki–
Pontryagin forms.
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1 Introduction

In this paper, we study circle bundles Mp with first Chern class p[ω] over a closed 4n-dimensional
integral symplectic manifold

(
M,ω

)
. Equivalently, Mp is a closed (4n+ 1)-dimensional contact

manifold with closed Reeb orbits [1, Theorem 3.9]. We give Mp a Riemannian metric g com-
patible with the symplectic structure on the base and the natural connection on the fibers.
There is an infinite-dimensional family of such metrics. We use Wodzicki–Chern–Simons (WCS)
forms C̃SW2k−1 on the loop space LMp to determine that π1(Isom(Mp, g)) is infinite for |p| ≫ 0.
This extends results for circle bundles over Kähler surfaces in [15] (as corrected in [16]) to
symplectic manifolds in arbitrarily high dimensions.

In general, the isometry group Isom(M) = Isom(M, g) of a closed manifold M is well-known
to be a compact Lie group. It follows that Isom(M) is isomorphic to

(
T k ⋉G

)
/F , where T k is

the k-torus, G is a semisimple Lie group, and F is a finite group [3, Theorem 6.9]. Since π1(G)
is finite, π1(Isom(M)) := π1(Isom(M), Id) is infinite iff k ≥ 1. However, it seems difficult in
general to determine k.

Suppose M admits a nontrivial circle action a : S1×M → M via isometries. This gives a loop
aI : S1 → Isom(M) of isometries and hence an element of π1(Isom(M)). If the circle action is
free, M is the total space of a circle bundle over the orbit space M , with the action given
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by rotation of the circle fibers. It is natural to conjecture that the class
[
aI
]
∈ π1(Isom(M))

has infinite order. This is not always true: for the canonical bundle M = S2n+1 over M = CPn,
the fiber rotation is an isometry of the standard metric on S2n+1. In fact,

[
aI
]
is the generator

of π1
(
Isom

(
S2n+1

))
= π1(SO(2n+ 2)) ≃ Z2.

In this example, the first Chern number of the canonical bundle is 1. The main result is that
for sufficiently high Chern number, rotation in the circle fiber gives an element of infinite order
in π1(Isom(M)). More precisely, we have the following.

Theorem 3.4. Let
(
M,ω

)
be a closed integral symplectic manifold of dimension 4n. For p ∈ Z,

let Mp be the circle bundle over M with first Chern class p[ω]. Choose a metric g on Mp com-
patible with an almost complex structure on M as in (3.1). Then for |p| ≫ 0, π1(Isom(Mp, g))
is infinite. Equivalently, let M be a closed (4n + 1)-dimensional contact manifold whose Reeb
orbits are all closed and have the same period. Then M covers infinitely many such contact
manifolds Mp with π1(Isom(Mp, g)) infinite.

In the concrete example of CP2, we proved in [15] that π1(Isom(Mp)) is infinite for p ̸= ±1.
In fact, the only example we know where aI does not have infinite order in π1(Isom(Mp)) is
for CPn.

In Section 2, we give background material on pseudodifferential operators and WCS forms
on loop spaces. In Section 3, we prove the main result, both by direct calculation and computer
verification. The Stokes’ theorem arguments (Propositions 3.5 and 3.6) used in the proof depend
on the key identity

FL,∗dLM C̃S
W

2k−1 = 0 ∈ Λ2k([0, 1]×M), (1.1)

where FL : [0, 1] × M → LM is induced by F : [0, 1] × S1 × M → M , a homotopy of loops of
isometries. This identity probably fails for a homotopy of loops of diffeomorphisms, which led
to errors in [15], now corrected in Appendix A.

In Section 4, we apply our theory to the first example of a symplectic, non-Kähler manifold,
due to Kodaira and Thurston. Through explicit calculations, we get the results in Theorem 3.4
for all p.

In Section 5, we introduce a second theme in the paper, the investigation of when WCS
forms are closed. This would give interesting de Rham cohomology classes on LM . In finite
dimensions, by (2.2) a classical Chern–Simons form CS(∇1,∇0) on a bundle is closed if the
connections ∇0, ∇1 are flat, or for dimension reasons. We had hoped to similarly find closed
WCS forms on the tangent bundle to LM , where flatness or dimension restrictions are not
available. On LM , dLM C̃SW2k−1 is a Wodzicki–Pontryagin (WP) form by (2.5). Thus all WP
classes are trivial, which is why we focus on secondary classes.

In Theorem 5.4, we construct the first published examples of nonvanishing WP forms. The
reasoning is as follows: if 0 = dLM C̃SW2k−1 ∈ Λ2k(LM), then (1.1) holds for general families F .
(This vanishing was incorrectly assumed in [15].) In this case, the Stokes’ Theorem argu-
ment and calculations in [15, Section 3] apply in particular when F is a homotopy through
loops of smooth simple homotopy equivalences. Arguing as in Theorem 3.4, we would obtain
that π1(C

∞Aut(Lp)) is infinite, where C∞Aut(Lp) is the space of smooth simple homotopy
equivalences of a specific five-dimensional lens space Lp. This contradicts a result in [7], so these
WP forms are nontrivial. We note that these examples are 6-forms; in finite dimensions, there
are no degree 6 Pontryagin forms. The WP forms were predicted to vanish in [12], and [11] gave
the first counterexample.

Also in Section 5, we relate Pontryagin forms on M to WCS forms on Mp, if M is Kähler
(Proposition 5.2). If M is only symplectic, the proof breaks down, and no such relation is known.

Appendices A, B, C and D give proofs of technical results. In Appendix E, we discuss why
symplectic manifolds of dimension 4n+2 are more difficult to treat. The online files [4, 5] include
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a particularly long calculation for the Kodaira–Thurston example and computer codes verifying
the main results.

Notation.

(i) General odd-dimensional forms have degree 2k − 1. We will work on specific circle bun-
dles Mp over a symplectic manifold of dimension 4n, so dim(Mp) = 4n + 1. The WCS
forms of interest are forms of degree 4n+ 1 on LMp.

(ii) Our conventions for the curvature tensor are as follows: for a Riemannian manifold (M, g)
with Levi-Civita connection ∇, the curvature operator R : TM⊗3 → TM is defined by

R(A,B)C = ∇A∇BC −∇B∇AC −∇[A,B]C.

The components of the curvature tensor are given by

R(∂k, ∂j)∂b = R a
kjb ∂a, Rkjba = g(R(∂k, ∂j)∂b, ∂a) = ⟨R(∂k, ∂j)∂b, ∂a⟩. (1.2)

In local coordinates, the matrix of curvature two-forms Ω=Ωg ∈ Λ2(M,Hom(TM,TM)) is

Ω(∂k, ∂j)b
a = Rjkb

a. (1.3)

In these formulas and throughout the paper, we use Einstein summation convention.

2 Background material

2.1 Finite-dimensional background material

The complexified tangent bundle of a Riemannian manifold
(
M4n, g

)
has Chern character

ch(M) ∈ Hev(M,R) with 2k-component

ch[2k](M) =
1

k!(2π)k
[
Tr

(
Ωk

)]
∈ H2k(M,R), (2.1)

where Ω = ΩM is the curvature form of g. There are associated Pontryagin-type forms p̃k(Ω) =
(−1)k/

[
(2k)!(2π)2k

]
Tr

(
Ω2k

)
and classes

p̃k(M) = [p̃k(Ω)] = (−1)kch[2k](M) ∈ H4k(M,R).

The usual Pontryagin classes pk(M) := (−1)kc2k(M) are built from the even Chern classes
c2k(M). By invariant theory for SO(n), the rings generated by {p̃k} and {pk} are the same;
this reduces to Newton’s identities relating the elementary symmetric functions in λ1, . . . , λn

to
∑

λi, . . . ,
∑

λn
i [17, Section 16].

As part of Chern–Weil theory, for connections ∇0, ∇1 on TM with curvature forms Ω0, Ω1,
the Chern–Simons form CS4k−1

(
∇0,∇1

)
∈ Λ4k−1(M),

CS4k−1

(
∇0,∇1

)
= 2k

∫ 1

0
Tr((ω1 − ω0) ∧

2k−1︷ ︸︸ ︷
Ωt ∧ · · · ∧ Ωt) dt,

satisfies

dCS4k−1

(
∇0,∇1

)
= p̃k

(
Ω0

)
− p̃k

(
Ω1

)
. (2.2)

Here ωt = tω0 + (1− t)ω1, Ωt = dωt + ωt ∧ ωt.
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2.2 Infinite-dimensional background material

This material is taken from [14, 15]. Let (M, g) be a Riemannian manifold. For fixed s ≫ 0,
the loop space LM of s-differentiable loops is a Banach manifold with tangent space at a loop
γ : S1 → M given by TγLM = Γ

(
γ∗TM → S1

)
, where the sections of the pullback bundle are

s-differentiable. LM has two preferred connections, the L2 or s = 0 Levi-Civita connection ∇0

associated to the L2 inner product ⟨ , ⟩0, and the s = 1 Levi-Civita connection ∇1 associated to
the inner products ⟨ , ⟩1:

⟨X,Y ⟩0 =
∫
S1

g(Xt, Yt)γ(θ) dt, ⟨X,Y ⟩1 =
∫
S1

g((1 + ∆)Xt, Yt)γ(θ) dt.

Here ∆ = ∇∗∇ is the Laplacian associated to the pullback connection ∇ = γ∗∇M of the Levi-
Civita connection ∇M on M . While the connection and curvature forms for ∇0 at γ take values
in End(γ∗TM), the corresponding forms for ∇1 take values in ΨDO≤0, the Lie algebra of zeroth
order pseudodifferential operators (ΨDOs) on Γ(γ∗TM⊗C), with the understanding that zeroth
order means order at most zero. Since endomorphisms of a bundle are zeroth order ΨDOs, we can
consider ∇0, ∇1 to be ΨDO∗

0-connections, where the Lie group ΨDO∗
0 of zeroth order invertible

ΨDOs with bounded inverse has Lie algebra ΨDO≤0. In particular, the curvature forms for
these connections take values in ΨDO≤0.

In contrast to finite dimensions, there are two natural traces on ΨDO≤0. Recall that a zeroth
order ΨDO P on Γ(γ∗TM ⊗ C) has a symbol sequence P ∼

∑∞
k=0 σ

P
−k(x, ξ), where x ∈ S1,

ξ ∈ T ∗
xS

1; for π : T ∗S1 → S1 the projection, σP
−k(x, ξ) ∈ End

(
π∗γ∗TM |(x,ξ)

)
is homogeneous of

degree −k in ξ. The first trace is the leading order trace

Trlo(P ) =
1

4π

∫
S∗S1

tr(σ0(x, ξ)) dξdx,

where S∗S1 is the unit cotangent bundle of S1. For example, if P ∈ End(γ∗TM ⊗ C), then
Trlo(P ) = (1/2)

∫
S1 tr(P (x))dx. The second is the Wodzicki residue (see [6])

resW(P ) =
1

4π

∫
S∗S1

tr(σ−1(x, ξ)) dξdx.

For P ∈ End(γ∗TM ⊗ C), resW(P ) = 0. The trace in (2.1) can be replaced by either trace to
give a theory of characteristic classes on TLM :

chlo[2k](LM) :=
1

k!

[
Trlo

(
Ωk

)]
∈ H2k(LM,R),

chW[2k](LM) :=
1

k!

[
resW

(
Ωk

)]
∈ H2k(LM,R).

In fact, the Chern character chW[2k](LM) always vanish, while there are many examples of non-
vanishing chlo[2k](LM) [12]. In this paper, we only consider the Wodzicki residue trace. There
are corresponding Wodzicki–Pontryagin (WP) classes

pWk (LM), p̃Wk (LM) ∈ H4k(LM,R).

Since these classes vanish, we focus on the associated Wodzicki–Chern–Simons (WCS) forms

C̃S
W

2k−1 = k

∫ 1

0
resW((ω1 − ω0) ∧

k−1︷ ︸︸ ︷
Ωt ∧ · · · ∧ Ωt) dt ∈ Λ2k−1(LM).

Fix a loop γ(θ) ∈ LM and complexified tangent vectors X1, . . . , X2k−1 ∈ Γ(γ∗TM ⊗ C) at γ.
By [15, equation (2.9)], for the L2 and s = 1 Sobolev connections, we have

C̃S
W

2k−1,γ(X1, . . . , X2k−1)
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=
k

2k−2

∑
σ∈S2k−1

sgn(σ)

∫
S1

tr
[(
R
(
Xσ(1), ·

)
γ̇
)
Ωk−1

(
Xσ(2), . . . , Xσ(2k−1)

)]
=

k

2k−2

∫
S1

Kνλ1...λ2k−1
(γ(θ))γ̇ν(θ)Xλ1

σ(1)(θ) · · ·X
λ2k−1

σ(2k−1)(θ) dθ, (2.3)

where R = Rg, Ω = Ωg are the curvature tensor and curvature two-form of g, S2k−1 is the
permutation group of {1, . . . , 2k − 1}, and by (1.3),

(2k − 1)!Kνλ1...λ2k−1
(2.4)

=
∑

σ∈S2k−1

sgn(σ)Rλσ(1)e1ν
e2Rλσ(2)λσ(3)e3

e1Rλσ(4)λσ(5)e4
e3 · · ·Rλσ(2k−2)λσ(2k−1)e2

ek−1 .

The analog of (2.2) in this context is dC̃S
W

4k−1

(
∇0,∇1

)
= p̃Wk

(
Ω0

)
− p̃Wk

(
Ω1

)
, where Ω0,

resp. Ω1, are the curvature of the L2, resp. Sobolev s = 1, metrics on LM . Since Ω0 takes
values in endomorphisms of TLM , its Wodzicki residue vanishes. Thus

dC̃S
W

4k−1

(
∇0,∇1

)
= −p̃Wk

(
Ω1

)
∈ Λ4k(LM). (2.5)

This proves that
[
p̃Wk

(
Ω1

)]
is zero in H4k(LM), which of course is not true in general in finite

dimensions. These forms are not necessarily pointwise zero (Theorem 5.4), a new result.

3 WCS forms for circle bundles over symplectic manifolds

In Section 3.1, we prove the main result Theorem 3.4. We first discuss the Riemannian geometry
of circle bundles Mp, p ∈ Z, over symplectic manifolds

(
M,ω

)
, where c1(Mp) = (2π)−1[pω]. We

compute the curvature as a function of p. Using the curvature calculations, we prove that the
WCS class on LMp is a polynomial in p2 with nonzero top coefficient. As we explain, this proves
the Theorem. In Section 3.2, we discuss computer calculations that verify our calculations.

3.1 Geometry of line bundles over integral symplectic manifolds

Let
(
M,ω

)
be a compact integral symplectic manifold of real dimension 4n; equivalently, M

is projective algebraic. The symplectic form ω ∈ H2

(
M,Z

)
determines a Riemannian metric

ḡ(X,Y ) = −ω(JX, Y ), where J is a compatible almost complex structure. The set of such J is
infinite-dimensional, so we obtain an infinite-dimensional family of metrics.

We compute the symplectic volume form of M in local coordinates, where J = J j
i dxi ⊗ ∂

∂xj

and ω = ωijdx
i ∧ dxj .

Lemma 3.1.

(i) Jij := ḡbjJ
b

i = ωij.

(ii) The symplectic volume form of M is

1

(2n)!
ω2n =

1

(2n)!22n

∑
σ∈S4n

sgn(σ)Jσ(1)σ(2) · · · Jσ(4n−1)σ(4n) dx
1 ∧ · · · ∧ dx4n,

where S4n is the permutation group on {1, . . . , 4n}.

Our convention throughout the paper is that Jb
j = J b

j , so ḡabJ
b
j = Jja, not Jaj .
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Proof. (i) Since ω(X,Y ) = ḡ(JX, Y ), we get

ωij = ḡ(J∂i, ∂j) = ḡ(Ji
b∂b, ∂j) = Ji

bḡbj = Jij .

(ii) This follows from (i), since

ω2n =
1

22n

∑
σ∈S4n

sgn(σ)ωσ(1)σ(2) · · ·ωσ(4n−1)σ(4n) dx
1 ∧ · · · ∧ dx4n. ■

Because ω is integral, it has an associated line bundle L = L1 over M . Let Mp be the total
space of the circle bundle Lp

π→ M associated to pω for p ∈ Z. Lp comes with a connection
η = ηp with dη = pπ∗ω, the curvature of η. The metric ḡ induces a metric g = gp on Mp by

g(X,Y ) = gp(X,Y ) = ḡ(π∗X,π∗Y ) + ηp(X)pη(Y ) (3.1)

(see [1, p. 37]). We also denote g(X,Y ) by ⟨X,Y ⟩.
Let ξ be a vector tangent to the circle fiber with η(ξ) = 1, and let XL denote the horizontal

lift to Mp of a tangent vector X to M . We have η
(
XL

)
= 0.

We compute the Levi-Civita connection ∇ for g in terms of the Levi-Civita connection ∇
for M .

Lemma 3.2.

(i) ∇ξξ = Lξξ = 0,

(ii) ∇XLY L =
(
∇XY

)L − pḡ(JX, Y )ξ,

(iii) ∇XLξ = ∇ξX
L = p(JX)L.

Here L is the Lie derivative.

Proof. (i) As in [15, Section 3.2], each circle fiber is the orbit of an isometric S1 action on Mp,
so each circle is a geodesic (∇ξξ = 0), with ξ preserved by the action (Lξξ = 0). Alternatively,
for the first part, since dη(·, ξ) = 0, we get Lξη = diξη + iξdη = d1 + dη(ξ, ·) = 0. Thus
Lξg = Lξ(π

∗ḡ+η⊗η) = 0, so ξ is a Killing vector field. This implies g(∇ξξ, Z)+g(ξ,∇ξZ) = 0.
Setting Z = ξ and then Z ⊥ ξ, we get ∇ξξ = 0.

(ii) We define H(X,Y ) ∈ R, FX = F (X) ∈ TM by

∇XLY L =
(
∇XY

)L
+H(X,Y )ξ, (3.2)

∇XLξ = (FX)L, (3.3)

These definitions are valid, since for (3.2), it follows from [18, Lemma 1] that π∗
(
∇XLY L

)
=

∇XY , so ∇XLY L =
(
∇XY

)L
+H(X,Y )ξ for some H(X,Y ). For (3.3), ⟨ξ, ξ⟩ = 1 implies

⟨∇XLξ, ξ⟩ = 0, so ∇XLξ = (FX)L for some FX.
We note that H(X,Y ) = −H(Y,X): using η(X) = g(ξ,X), we get

0 = (Lξg)(X,Y ) = (∇Xη)(Y ) + (∇Y η)(X))

= g(ξ,∇XY ) + g(ξ,∇Y X = H(X,Y ) +H(Y,X).

Thus

pω(X,Y ) = dη
(
XL, Y L

)
=

1

2

(
∇XLη

(
Y L

)
− η

(
∇XLY L

)
−∇Y L η̄

(
XL

)
− η

(
∇Y LXL

))
=

1

2

(
−η

(
∇XLY L

)
+ η

(
∇Y LXL

))
= −g

(
ξ,∇XLY L

)
+ g

(
ξ,∇Y LXL

)
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=
1

2
(−H(X,Y ) +H(Y,X)) = −H(X,Y ).

This implies

H(X,Y ) = −pω(X,Y ) = pω
(
J2X,Y

)
= −pg(JX, Y ).

(iii) From LξX
L = 0, we get the first equality in (iii):

∇ξX
L −∇XLξ =

[
ξ,XL

]
= LξX

L = 0.

(This also gives an alternative proof of (i): since
〈
XL, ξ

〉
= 0, we have〈

∇ξξ,X
L
〉
=

〈
ξ,∇ξX

L
〉
= ⟨ξ,∇XLξ⟩ = 0.

Since ⟨ξ, ξ⟩ = 1 implies ⟨∇ξξ, ξ⟩ = 0, we get ∇ξξ = 0. Another proof that the circle fibers are
geodesics is in [8, Theorem 5.2.13].)

It follows from
〈
Y L, ξ

〉
= 0 that〈

∇XLY L, ξ
〉
+
〈
Y L,∇XLξ

〉
= 0 or H(X,Y ) +

〈
Y L, (FX)L

〉
= 0.

Since g
(
XL, Y L

)
= ḡ(X,Y ), we have−pg(JX, Y ) = H(X,Y ) = −g(FX, Y ), so FX = pJX. ■

The curvature tensor R of g is related to the curvature tensor R of ḡ as follows.

Lemma 3.3.

(i) g
(
R
(
XL, Y L

)
ZL,WL

)
= ḡ

(
R(X,Y )Z,W

)
+ p2[−ḡ(JY, Z)ḡ(JX,W )

+ ḡ(JX,Z)ḡ(JY,W ) + 2ḡ(JX, Y )ḡ(JZ,W )],

(ii) g
(
R
(
XL, Y L

)
ZL, ξ

)
= −pḡ

((
∇XJ

)
Y,Z

)
+ pḡ

((
∇Y J

)
X,Z

)
,

(iii) g
(
R
(
XL, ξ

)
Y L, ξ

)
= −p2ḡ(X,Y ),

(iv) g
(
R
(
XL, ξ

)
Y L, ZL

)
= pḡ

((
∇XJ

)
Y,Z

)
.

Proof. (i) and (ii). We have

∇XL∇Y LZL = ∇XL

((
∇Y Z

)L − pḡ(JY, Z)ξ
)

= ∇XL

(
∇Y Z

)L − p∇XL(ḡ(JY, Z)ξ)

= ∇X

(
∇Y Z

)L − pḡ
(
JX,∇Y Z

)
ξ − p

[
XL(ḡ(JY, Z))ξ + ḡ(JY, Z)∇XLξ

]
=

(
∇X∇Y Z

)L − pḡ
(
JX,∇Y Z

)
ξ − ḡ

((
∇XJ

)
Y, Z

)
ξ + ḡ

(
J∇XY,Z

)
ξ

+ ḡ
(
JY,∇XZ

)
ξ + ḡ(JY, Z)

(
p(JX)L

)
,[

XL, Y L
]
= ∇XLY L −∇Y LXL

=
(
∇XY

)L − pḡ(JX, Y )ξ −
(
∇Y X

)L
+ pḡ(JY,X)ξ

= −2pḡ(JX, Y )ξ + [X,Y ]L,

so

R
(
XL, Y L

)
ZL =

(
∇X∇Y Z

)L − pḡ
(
JX,∇Y Z

)
ξ

− p
(
ḡ
((
∇XJ

)
Y,Z

)
ξ + ḡ

(
J∇XY, Z

)
ξ + ḡ

(
JY,∇XZ

)
ξ + pḡ(JY, Z)(JX)L

)
−
[(
∇Y ∇XZ

)L − pḡ
(
JY,∇XZ

)
ξ

− p
(
ḡ
((
∇Y J

)
X,Z

)
ξ + ḡ

(
J∇Y X,Z

)
ξ + ḡ

(
JX,∇Y Z

)
ξ + pḡ(JX,Z)(JY )L

)]
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−
[(
∇[X,Y ]LZ

L
)
− 2pḡ(JX, Y )∇ξZ

L
]

= (R(X,Y )Z)L − p2ḡ(JY, Z)(JX)L + p2ḡ(JX,Z)(JY )L + 2p2ḡ(JX, Y )(JZ)L

− pḡ
((
∇XJ

)
Y,Z

)
ξ + pḡ

((
∇Y J

)
X,Z

)
ξ.

Thus,

g
(
R
(
XL, Y L

)
ZL,WL

)
= ḡ

(
R(X,Y )Z,W

)
− p2ḡ(JY, Z)ḡ(JX,W )

+ p2ḡ(JX,Z)ḡ(JY,W ) + 2p2ḡ(JX, Y )ḡ(JZ,W ),

g
(
R
(
XL, Y L

)
ZL, ξ

)
= −pḡ

((
∇XJ

)
Y,Z

)
+ pḡ

((
∇Y J

)
X,Z

)
.

(iii) and (iv). Using
[
XL, ξ

]
= 0 and Lemma 3.2, we have

R
(
XL, ξ

)
Y L = ∇XL∇ξY

L −∇ξ∇XLY L

= ∇XL

(
p(JY )L

)
−∇ξ

((
∇XY

)L − pḡ(JX, Y )ξ
)

= p∇XL

(
(JY )L

)
− p

(
J∇XY

)L
= p

[(
∇X(JY )

)L − pḡ(JX, JY )ξ
]
− p

(
J∇XY

)L
= p

((
∇XJ

)
Y
)L − p2ḡ(X,Y )ξ.

In other words,

g
((
R
(
XL, ξ

)
Y L), ZL

)
= pḡ

((
∇XJ

)
Y, Z

)
,

g
((
R
(
XL, ξ

)
Y L

)
, ξ
)
= −p2ḡ(X,Y ). ■

In fact, (ii) and (iv) are equivalent; this uses the symmetry of R and

0 = −dω(X,Y, Z) = d(ḡ(J ·, ·))(X,Y, Z)

⇒ ḡ
((
∇XJ

)
Y,Z

)
+ ḡ

((
∇Y J

)
Z,X

)
− ḡ

((
∇ZJ

)
Y,X

)
= 0.

Here is the main result.

Theorem 3.4. Let
(
M,ω

)
be a closed integral symplectic manifold of dimension 4n. Then

for |p| ≫ 0, π1(Isom(Mp, gp)) is infinite. Equivalently, let M be a closed (4n + 1)-dimensional
contact manifold whose Reeb orbits are all closed and have the same period. Then M covers
infinitely many such contact manifolds Mp with π1(Isom(Mp, gp)) infinite.

In fact, Mp is diffeomorphic to M−p, since Lp is diffeomorphic to L−p = L∗
p via the fiberwise

map v 7→ ⟨·, v⟩.
For the equivalence, we note that the line bundle L1 covers Lp by the map z 7→ zp in each

fiber, as can be seen by the Čech construction of c1(Lp). The equivalence of line bundles over
symplectic manifolds and contact manifolds with closed Reeb orbits is given by the Boothby–
Wang fibration theorem [1, Theorem 3.9].

After discussing two key propositions, we give the proof of Theorem 3.4 at the end of this
subsection.

We recall the approach of [15]. For any set X, the following sets are in bijection:

Maps
(
S1 ×X,X

)
↔ Maps

(
S1,Maps(X,X)

)
↔ Maps

(
X,Maps

(
S1, X

))
.

In particular, let a : S1×Mp → Mp be the isometric S1 action of rotation in the fibers ofMp. This
gives aL : Mp → LMp, defined by aL(m)(θ) = a(θ,m), and aI : S1 → Isom(M, g), defined by
aI(θ)(m) = a(θ,m). Similarly, for a homotopy, F : [0, 1]×S1×M → M , set FL : [0, 1]×M → LM
by FL(t,m)(θ) = F (t, θ,m).
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Proposition 3.5. Let (M, g) be a closed (2k − 1)-manifold. Then∫
M

aL,∗C̃S
W

2k−1(g) ̸= 0 ⇒ 0 ̸=
[
aI
]
∈ π1(Isom(M, g)) and

[
aI
]n ̸= [

aI
]m

for m ̸= n.

In particular, if
∫
M aL,∗C̃SW2k−1(g) ̸= 0, then

[
aI
]
has infinite order in π1(Isom(M, g)).

The following is proved in Appendix A, Lemma A.6.

Proposition 3.6. Let F : [0, 1]× S1 ×M → M be a smooth homotopy through isometries, i.e.,
F
(
x0, θ, ·

)
∈ Isom(M, g) for all

(
x0, θ

)
. Then

d[0,1]×MFL,∗C̃S
W

2k−1 = 0.

Here C̃SW2k−1 = C̃SW2k−1(g). From now on, we denote Isom(M, g) by Isom(M).
We now prove Proposition 3.5, assuming Proposition 3.6. As a first step, we prove that if a0

and a1 are homotopic through isometries, then∫
M

aL,∗0 C̃S
W

2k−1 =

∫
M

aL,∗1 C̃S
W

2k−1. (3.4)

This is just Stokes’ theorem: for ix0 : M → [0, 1]×M , ix0(M) =
(
x0,m

)
,∫

M
aL,∗0 C̃S

W

2k−1 −
∫
M

aL,∗1 C̃S
W

2k−1 =

∫
M

i∗0F
L,∗C̃S

W

2k−1 −
∫
M

i∗1F
L,∗C̃S

W

2k−1

=

∫
[0,1]×M

d[0,1]×MFL,∗C̃S
W

2k−1 = 0,

by Proposition 3.6.
Now let an be the nth iterate of a, i.e., an(θ,m) = a(nθ,m). We claim that∫

M
aL,∗n C̃S

W

2k−1 = n

∫
M

aL,∗C̃S
W

2k−1.

By (2.3), every term in C̃S
W

2k−1 is of the form
∫
S1 γ̇(θ)

if(θ)i dθ, where f is a periodic one-form
on the circle. Each loop γ ∈ aL1 (M) corresponds to the loop γ(n·) ∈ aLn(M). Therefore, the
term

∫
S1 γ̇(θ)

if(θ)i dθ is replaced by∫
S1

d

dθ
γ(nθ)if(nθ)i dθ = n

∫ 2π

0
γ̇(θ)if(θ)i dθ.

Thus
∫
M aL,∗n C̃SW2k−1 = n

∫
M aL,∗C̃SW2k−1. According to (3.4), an and am are not homotopic

through isometries. Since
[
aI
]n

=
[
aIn

]
, the

[
aI
]n ∈ π1(Isom(M)) are all distinct. This proves

Proposition 3.5.

Remark 3.7. The tricky point of Proposition 3.6 is determining which class of homotopies F
gives d[0,1]×MFL,∗C̃SW2k−1 = 0, or equivalently

FL,∗dLM C̃S
W

2k−1 = 0, (3.5)

by Lemma A.1. In Lemma A.5, we give a general local formula for FL,∗dLM C̃SW2k−1. In [15], we
incorrectly assumed that (3.5) holds when F is a smooth homotopy through diffeomorphisms.
Indeed, the proof of (3.5) when F is a smooth homotopy through isometries (Lemma A.6) is not
valid for diffemorphisms; the proof uses the crucial transformation formula (3.8) for isometries.
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By Proposition 3.5, we want to compute aL,∗C̃SW4n+1 in local coordinates. In our set-
ting, aL(m) is the loop γ = γm given by the fiber Mp,m. We may assume that ξ = ∂x1 is
the first element of a local coordinate frame {∂x1 , ∂x2 , . . . , ∂x4n+1} = {∂1, . . . , ∂4n+1}, and note
that γ̇ν = ξν . Then at γ, (2.3) becomes

aL,∗C̃S
W

4n+1 = C̃S
W(

aL∗ ∂1, . . . , a
L
∗ ∂4n+1

)
dx1 ∧ · · · ∧ dx4n+1. (3.6)

To write (3.6) in local coordinates, we have

(
aL∗ ∂i

)
(θ) =

d

dt

∣∣∣∣
t=0

aL
(
txi

)
(θ) =

d

dt

∣∣∣∣
t=0

a
(
θ, txi

)
=

d

dt

∣∣∣∣
t=0

aI(θ)
(
txi

)
= aI∗(θ)(∂i) =

∂aI(θ)ji

∂xi
∂ji :=

∂aI,ji

∂xi
∂ji . (3.7)

We now want to substitute (2.3) and (2.4) into (3.6). Since aI(θ) ∈ Isom(M, g) for fixed θ,
we have

gij(m) =
(
aI,∗g

)
ij
(m) = gλµ(a(θ,m))

∂aI,λ

∂xi

∣∣∣∣
(θ,m)

∂aI,µ

∂xj

∣∣∣∣
(θ,m)

,

with, e.g., aI,λ =
(
aI(θ)

)λ
. Therefore, (2.4) becomes

Rijkℓ(m) =
(
aI,∗R

)
ijkℓ

(m) = Rλµνκ(a(θ,m))
∂aI,λ

∂xi
∂aI,µ

∂xj
∂aI,ν

∂xk
∂aI,κ

∂xℓ
,

Kji1...i4n+1(m) =
(
aI,∗K

)
ji1i2...i4n+1

= Kνλ1λ2...λ4n+1(a(θ,m))
∂aI,ν

∂xj
∂aI,λ1

∂xi1
∂aI,λ2

∂xi2
· · · ∂a

I,λ4n+1

∂xi4n+1
, (3.8)

with all partial derivatives evaluated at (θ,m).
The term γ̇ν = ∂aI,ν/∂θ also appears in (2.3). This term simplifies because a is an action:

a(θ + θ′,m) = a(θ, a(θ′,m)), where angles are added mod 2π. Then,

∂aI,ν

∂θ
=

d

dθ′

∣∣∣∣
θ′=0

aν
(
θ + θ′,m

)
=

d

dθ′

∣∣∣∣
θ′=0

aν
(
θ, a

(
θ′,m

))
=

∂aI,ν

∂xk

∣∣∣∣
(θ,m)

∂ak

∂θ′

∣∣∣∣
θ′=0

=
∂aI,ν

∂xk
ξk, (3.9)

again evaluated at (θ,m).
Plugging (3.7)–(3.9) into (3.6) at a(θ,m), and using the definition of C̃S

W
in (2.3) and (2.4),

we obtain at m

aL,∗C̃S
W

4n+1 = C̃S
W(

aL∗ ∂1, . . . , a
L
∗ ∂4n+1

)
dx1 ∧ · · · ∧ dx4n+1

= C̃S
W
(∂j1 , ∂j2 , . . . , ∂j4n+1)

∂aI,j1

∂x1
∂aI,j2

∂x2
· · · ∂a

I,j4n+1

∂x4n+1
dx1 ∧ · · · ∧ dx4n+1

=
4n+ 1

24n−1

(∫
S1

Kνj1j2...j4n+1(a(m, θ))
∂aI,ν

∂θ

∂aI,j1

∂x1
· · · ∂a

I,j4n+1

∂x4n+1
dθ

)
× dx1 ∧ · · · ∧ dx4n+1

=
4n+ 1

24n−1

(∫
S1

Kνj1j2...j4n+1(a(m, θ))
∂aI,ν

∂xk
ξk

∂aI,j1

∂x1
· · · ∂a

I,j4n+1

∂x4n+1
dθ

)
× dx1 ∧ · · · ∧ dx4n+1
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=
4n+ 1

24n−1

(∫
S1

Kk12...4n+1(m)ξk(m) dθ

)
dx1 ∧ · · · ∧ dx4n+1

=
2π(4n+ 1)

24n−1
Kk12...4n+1(m)ξk(m) dx1 ∧ · · · ∧ dx4n+1. (3.10)

Since ξ = ∂1, we have ξk = δ1k, so (3.10) becomes

aL,∗C̃S
W

4n+1(m) =
2π(4n+ 1)

24n−1
K1,12...4n+1(m) dx1 ∧ · · · ∧ dx4n+1. (3.11)

In the definition of K1,12...4n+1 in (2.4) in terms of the curvature tensor, we can substitute the
formulas in Lemma 3.3 to write the top form aL,∗C̃SW4n+1 on Mp as a polynomial in p with
curvature expressions as coefficients:

aL,∗C̃S
W

4n+1(m) =
2π(4n+ 1)

24n−1

4n+2∑
q=1

S4n+1,q(m)pqdx1 ∧ · · · ∧ dx4n+1. (3.12)

We focus on the top term.

Claim 3.8. For fixed m,

S4n+1,4n+2 = S4n+1,4n+2(m)

= (−1)n+122n+1(2n+ 1)
∑

σ∈S4n

sgn(σ)[Jσ1σ2 · · · Jσ4n−1σ4n ](m), (3.13)

where S4n is the permutation group of {1, . . . , 4n}.

This is proved in Appendix C.

Proof of Theorem 3.4, assuming Proposition 3.6 and Claim 3.8. By Lemma 3.1, the
right-hand side of (3.13) is a nonzero multiple of the symplectic volume form. As a result,
(3.12) and Claim 3.8 imply

0 ̸=
∫
Mp

aL,∗C̃S
W

4n+1

for |p| ≫ 0. By Proposition 3.5,
[
aI
]
has infinite order in π1(Isom(Mp)) for |p| ≫ 0. Thus

Theorem 3.4 follows. ■

Theorem 3.4 applies to symplectic manifolds M of dimension 4n. The crucial Claim 3.8 does
not hold if dim

(
M

)
= 4n+ 2. In Appendix E, we prove that S7,8 = 0 for dim(M) = 6, and the

proof extends directly to S4n+3,4n+4.

3.2 A computer verification

Using the code at egison.org, we obtain the following results for S4n+1,4n+2 in Theorem 3.4 [4].

dim(M) 4 6 8

S4n+1,4n+2 −192 0 61440

In this pointwise calculation, we have put the almost complex structure into the normal form

J =

(
0 I

−I 0

)
.

This agrees with (C.7): for dim(M) = 4 (i.e., n = 1),
∑

σ0=0 Jσ1σ2Jσ3σ4 = −2!22, so S4n+1,4n+2 =
(−1)223(3)(−8) = −192; for dim(M) = 8 (i.e., n = 2), the corresponding sum over permutations
gives 4!24, so S4n+1,4n+2 = (−1)3255(384) = 61440.
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4 The Kodaira–Thurston example

We calculate explicitly the WCS class for the example independently given by Kodaira [9] and
Thurston [20] of a non-Kähler symplectic manifold M

4
. By putting an explicit Riemannian

metric gp on Mp, we can compute that π1(Isom(Mp, gp)) are infinite for all p ∈ Z.

4.1 The metric

The orbit space M is a T 2 fibration over T 2. To construct M , we take coordinates θ1, θ2, θ3, θ4 ∈
[0, 1]. The base T 2 has coordinates θ1, θ2, where we glue θ1, θ2 as usual to get a torus. For the
fiber T 2, we take the linear transformation ( 1 1

0 1 ) on R2 = {(θ3, θ4)} (so now these coordinates
are real numbers), which glues the unit (θ3, θ4)-square to the parallelogram with sides given by
the vectors θ⃗3, θ⃗3 + θ⃗4. We do this gluing in the θ2 direction, so that M is given by [0, 1]4 with
the relations/gluings

(0, θ2, θ3, θ4) ∼ (1, θ2, θ3, θ4), (θ1, 0, θ3, θ4) ∼ (θ1, 1, θ3, θ3 + θ4).

We claim that the metric

dθ21 + dθ22 + dθ23 − θ2dθ3dθ4 + (1 + θ2)dθ
2
4

is well-defined on M . Since ∂θ4 at θ2 = 0 is glued to ∂θ3 +∂θ4 at θ2 = 1, this means we must have

⟨∂θi , ∂θj ⟩(0,θ2,θ3,θ4) = ⟨∂θi , ∂θj ⟩(1,θ2,θ3,θ4), i, j = 1, 2, 3, 4,

⟨∂θi , ∂θj ⟩(θ1,0,θ3,θ4) = ⟨∂θi , ∂θj ⟩(θ1,1,θ3,θ4), i, j = 1, 2, 3,

⟨∂θi , ∂θ4⟩(θ1,0,θ3,θ4) = ⟨∂θi , ∂θ3 + ∂θ4⟩(θ1,1,θ3,θ4), i = 1, 2, 3, j = 4,

⟨∂θ4 , ∂θ4⟩(θ1,0,θ3,θ4) = ⟨∂θ3 + ∂θ4 , ∂θ3 + ∂θ4⟩(θ1,1,θ3,θ4).

Since the metric is independent of θ1 ∈ [0, 1], the first equation holds; since the metric is
independent of θ2 for i, j = 1, 2, 3, the second equation holds. For the third equation, the
left-hand side is 0; the right-hand side is also 0 for i = 1, 2, and for i = 3 we get

⟨∂θi , ∂θ3 + ∂θ4⟩(θ1,1,θ3,θ4) = 1− (θ2 = 1) = 0.

For the last equation, the left-hand side is 1, and the right-hand side is

⟨∂θ3 , ∂θ3⟩θ2=1 + 2⟨∂θ3 , ∂θ4⟩θ2=1 + ⟨∂θ4 , ∂θ4⟩θ2=1 = 1 + 2(−1) + 2 = 1.

(Since g33 = 1 is independent of θ2, from the gluing ∂θ3 |θ2=0 = ∂θ3 |θ2=1, ∂θ4 |θ2=0 = (∂θ3 +
∂θ4)|θ2=1, g34(θ2) must satisfy g34(0) = 0, g34(1) = −1 and g44(θ2) must satisfy g44(0) = 1,
g44(1) = 2. Thus our choice of metric is the simplest one possible.)

As a check, we note that the volume form is(
1 + θ2 − θ22

)
dθ1 ∧ dθ2 ∧ dθ3 ∧ dθ4,

which is equal at θ2 = 0 and θ2 = 1. It is also positive definite, since 1 + θ2 − θ22 has no roots
in [0, 1].

4.2 The compatible AC structure and the new metric

Given a symplectic form ω and a Riemannian metric g, we want to find an AC structure J and
a new metric g̃ with the compatibility condition

ω(u, v) = g̃(Ju, v). (4.1)
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The usual procedure is to write ω(u, v) = g(Au, v) for some skew-adjoint transformation A.
(The matrix of A is not necessarily skew-symmetric in the basis {∂θi}, since this basis is only
orthogonal at θ2 = 0.) For A∗ the adjoint of A with respect to g, we set

J =
√
AA∗−1

A =
√
−A2

−1
A, g̃(u, v) = g

(√
AA∗u, v

)
.

It is easy to check that J2 = −1 and that (4.1) holds. Note that

g̃(u, v) = g
(
(AA∗)1/4u, (AA∗)1/4v

)
is positive definite.

We take the symplectic form ω = dθ1 ∧ dθ2 + κdθ3 ∧ dθ4, κ ∈ Z \ {0}, so
(
M,ω

)
is integral.(

For κ < 0, ω2 is the volume form for the reverse of the standard orientation.
)
For the metric g,

we first have to compute A. The compatibility condition (4.1) is equivalent to

ωij = Ak
i gkj .

A straightforward calculation gives

A =



0 1 0 0
−1 0 0 0

0 0
θ2κ

1 + θ2 − θ22

κ

1 + θ2 − θ22

0 0
(−1− θ2)κ

1 + θ2 − θ22

−θ2κ

1 + θ2 − θ22


We now have to compute

√
AA∗. From (4.1) and

ω(u, v) = −ω(v, u) = −g(Av, u) = g(−A∗u, v),

we get A∗ = −A. Thus

AA∗ =



1 0 0 0
0 1 0 0

0 0
κ2

1 + θ2 − θ22
0

0 0 0
κ2

1 + θ2 − θ22



=⇒
√
AA∗ =



1 0 0 0
0 1 0 0

0 0
κ(

1 + θ2 − θ22
)1/2 0

0 0 0
κ(

1 + θ2 − θ22
)1/2

 ,

and

J =
√
AA∗−1

A =



0 1 0 0
−1 0 0 0

0 0
θ2(

1 + θ2 − θ22
)1/2 1(

1 + θ2 − θ22
)1/2

0 0
−1− θ2(

1 + θ2 − θ22
)1/2 −θ2(

1 + θ2 − θ22
)1/2


.

Note that J is independent of κ.
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To compute g̃, we have

√
AA∗


u1
u2
u3
u4

 =



u1
u2
κ(

1 + θ2 − θ22
)1/2u3

κ(
1 + θ2 − θ22

)1/2u4



=⇒ g̃ = g
(√

AA∗·, ·
)
=



1 0 0 0
0 1 0 0

0 0
κ(

1 + θ2 − θ22
)1/2 −θ2κ(

1 + θ2 − θ22
)1/2

0 0
−θ2κ(

1 + θ2 − θ22
)1/2 (1 + θ2)κ(

1 + θ2 − θ22
)1/2


.

We now use g̃ to define g = gp on Mp as in (3.1).

4.3 The top WCS form

Let {e0, . . . , e4} be a local orthonormal frame of Mp, with e0 = ξ. By (2.3) with k = 3,

aL,∗C̃S
W

5 (e0, . . . , e4) = C̃S
W

5

(
aL∗ e0, . . . , a

L
∗ e4

)
=

3

2

∫
S1

∑
σ∈S5

sgn(σ)Rσ0ℓ10
rRσ1σ2ℓ2

ℓ1Rσ3σ4r
ℓ2dθ0, (4.2)

where S5 is the permutation group on {0, 1, 2, 3, 4}, ℓ1, ℓ2, r ∈ {0, 1, 2, 3, 4}, σ = (σ0, σ1, σ2,
σ3, σ4), and θ0 is the fiber coordinate with ∂θ0 = ξ. We have used that aL(m) is the circle fiber
of m ∈ Mp, so γ̇ in (2.3) equals ξ. Thus the integral over S1 is the integral over the circle fiber
in Mp.

Set β = β(θ2) = 1 + θ2 − θ22.

Proposition 4.1. We have∫
Mp

aL,∗C̃S
W

5 =
3κπ2p2

8

∫ 1

0

(
3072p4 − 640p2β−2 − 25β−4

)
dθ2. (4.3)

Proof. We explain the constants on the right-hand side of (4.3). By the construction of g, a acts
via isometries on Mp. As in (3.10), this makes the integrand in (4.2) independent of θ0, so the
integral is replaced with a factor of 2π. Thus∫

Mp

aL,∗C̃S
W

5 =

∫
Mp

aL,∗C̃S
W

5 (e0, . . . , e4)e
0 ∧ · · · ∧ e4

=
2π · 3
2

∫
Mp

∑
σ∈S5

sgn(σ)Rσ0ℓ10
rRσ1σ2ℓ2

ℓ1Rσ3σ4r
ℓ2dvol.

We now switch to the coordinates {θ0, . . . , θ4}, so R is now computed in these coordinates, and
dvol = κ dθ0 ∧ · · · ∧ dθ4. The integrand is again independent of the point in the fiber, so the
integral over the fiber just detects the length of the fiber. By the construction of g, the fiber
in M1 has length 2π =

∫ 2π
0 |ξ|. Since g = gp involves η = ηp, and since ξ = ξp has ηp(ξp) = 1,

each fiber has gp length
∫ 2π
0 |ξp|gpdθ = 2π independent of p. Therefore,∫

Mp

aL,∗C̃S
W

5 = 3π · 2πκ
∫
M

∑
σ∈S5

sgn(σ)Rσ0ℓ10
rRσ1σ2ℓ2

ℓ1Rσ3σ4r
ℓ2dθ1 ∧ · · · ∧ dθ4.
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Thus the proposition follows if∫
M

∑
σ∈S5

sgn(σ)Rσ0ℓ10
rRσ1σ2ℓ2

ℓ1Rσ3σ4r
ℓ2dθ1 ∧ · · · ∧ dθ4

=
p2

16

∫ 1

0

(
3072p4 − 640p2β−2 − 25β−4

)
dθ2. (4.4)

The long calculation of (4.4) is in [5]. This result is verified by the computer calculations in
a file at [4]. ■

Since the top coefficient of p is nonzero, we conclude from Theorem 3.4 that π1(Isom(Mp, gp))
is infinite for |p| ≫ 0. We will improve this to all p as follows.

Theorem 4.2. π1(Isom(Mp, gp)) is infinite for all p.

Proof. For p = 0, this follows from M0 = M × S1 (cf. [15, Remark 3.2]). For p ̸= 0, by (4.3)
and (4.4), it suffices to show that∫ 1

0

(
3072p4 − 640p2β−2 − 25β−4

)
dθ2 ̸= 0 (4.5)

for p ∈ Z. Either by a direct calculation or by Wolfram Alpha, we get (for θ = θ2)∫
β−2dθ =

2θ − 1

5(1 + θ − θ2)
−

2(ln
(
−2θ +

√
5 + 1

)
5
√
5

+
2
(
ln(2θ +

√
5− 1

)
5
√
5

+ C,∫
β−4dθ = − 1

375

(
1

(1 + θ − θ2)3
(
−60θ5 + 150θ4 + 50x3 − 225x2 − 75θ + 80

)
+ 12

√
5
(
ln
(
2θ +

√
5− 1

)
− ln

(
−2θ +

√
5 + 1

)))
+ C.

The definite integrals are∫ 1

0
β−2dθ =

2

25

(
5 + 4

√
5 coth−1

(√
5
))
,∫ 1

0
β−4dθ =

16

375

(
10 + 3

√
5 coth−1

(√
5
))
.

Plugging this into (4.5), we must show that

10
(
−1− 24p2 + 288p4

)
− 3

√
5
(
1 + 64p2

)
coth−1

(√
5
)
̸= 0.

This quadratic equation in p2 has solutions p ≈ ±0.159514i,±0.424868. Since there are no
integral solutions, the theorem follows. ■

A second computer program verifying these calculations is in [4].

5 The Kähler case

In this section, we prove that the lowest order term in the WCS form has a geometric/topological
interpretation on Kähler manifolds (Proposition 5.2); this appears to fail for general symplectic
manifolds. We use this result to give non-vanishing results for a type of Wodzicki–Pontryagin
form in dimension 4k + 2 on loop spaces (Theorem 5.4). This is an infinite-dimensional phe-
nomenon, as the finite-dimensional version of these forms vanish. As noted in (2.5), the
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Wodzicki–Pontryagin classes vanish in H4k+2(LM); this non-vanishing of the representative
forms gives the first known examples in arbitrarily high dimensions.

We start with a result about the real cohomology of loop spaces. This is not used later, but
we think it is of general interest.

For a manifold N , define the ring homomorphism L : Λ∗(N) → Λ∗(LN), δ 7→ δL, by

δL(X1, . . . , Xk) = δ(X1(0), . . . , Xk(0)).

Let a : S1×N → N be an S1 action; a can be the trivial action, so there is no restriction on N .
Then

aL,∗ ◦ L = Id. (5.1)

To see this, take v ∈ TpN and a curve γ(s) tangent to v at p. Then aL∗ (v) = (d/ds)|s=0a
L(γ(s)),

a vector field along the loop aL(p)(θ). Since aL(γ(s)(0) = γ(s), we get aL∗ (v)(θ = 0) = v. Thus

aL,∗δL(X1, . . . , Xr) = δL
(
aL∗X1, . . . , a

L
∗ (Xr)

)
= δ

([
aL∗X1

]
(0), . . . ,

[
aL∗ (Xr)

]
(0)

)
= δ(X1, . . . , Xr).

By Lemma A.1, aL,∗ : Λ∗(LN) → Λ∗(N) induces a map
(
aL,∗

)∗
, just denoted aL,∗ : H∗(LN,R) →

H∗(N,R), on de Rham cohomology.

Lemma 5.1. The ring homomorphism L induces an injection L∗ : Hk(N,R) ↪→ Hk(LN,R) for
all k, and aL,∗ : Hk(LN,R) → Hk(N,R) is surjective for all k.

Proof. We have to check that L induces a map on cohomology. As in Lemma A.1, we have

[(dLN ◦ L)δ](X1, . . . , Xk+1)

=
∑
i

(−1)i−1Xi

(
δL

(
X1, . . . , X̂i, . . . Xk+1

))
+

∑
i<j

(−1)i+jδL
(
[Xi, Xj ], X1, . . . , X̂i, . . . , X̂

j , . . . , Xk+1

)
=

∑
i

(−1)i−1Xi

(
δ
(
X1(0), . . . , X̂i(0), . . . Xk+1(0)

))
+
∑
i<j

(−1)i+jδ
(
[Xi, Xj ](0), X1(0) . . . , X̂i(0), . . . , X̂

j(0), . . . , Xk+1(0)
)
,

[(L ◦ dN )δ](X1, . . . , Xk+1)

= dNδ(X1(0), . . . , Xk+1(0))

=
∑
i

(−1)i−1Xi(0)
(
δ(X1(0), . . . , X̂i(0), . . . Xk+1(0))

)
+
∑
i<j

(−1)i+jδ
(
[Xi, Xj ](0), X1(0) . . . , X̂i(0), . . . , X̂

j(0), . . . , Xk+1(0)
)
.

Let γs(t) be a family of loops with tangent vector Xi ∈ Tγ0LN . Extend the Xj to vector fields
near γ = γ0. Then

Xi

(
δ
(
X1(0), . . . , X̂i(0), . . . Xk+1(0)

))
=

(
d

ds

∣∣∣∣
s=0

)
δγ(s)(0)

(
X1(0), . . . , X̂i(0), . . . Xk+1(0)

)
= Xi(0)

(
δ
(
X1(0), . . . , X̂i(0), . . . Xk+1(0)

))
.

It follows that dLN ◦ L = L ◦ dN , so L : Λ∗(N) → Λ∗(LN) induces L∗ : H∗(N) → H∗(LN).
Then (5.1) implies aL,∗L∗ = Id, which gives the injectivity of L∗ and the surjectivity of aL,∗. ■
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In contrast to this general cohomological result, our goal is to obtain information on the WCS
forms on Mp from the Pontryagin forms on M .

Let
(
M,ω

)
be an integral Kähler manifold of real dimension 4n. The Kähler form ω ∈

H2

(
M,Z

)
determines the Riemannian metric ḡ(X,Y ) = −ω(JX, Y ), where J is the complex

structure. The key feature of the Kähler case for us is that ∇J = 0. Thus in Lemma 3.3, the
terms (ii) and (iv) vanish.

By (2.3) and Lemma 3.3, the WCS forms C̃SW2k−1 on LMp and their pullbacks aL,∗C̃SW2k−1

to Mp are polynomials in p2:

C̃S
W

2k−1 = C̃S
W

2k−1(Mp, gp) =
k∑

i=1

C̃S
W

2k−1,2i p
2i ∈ Λ2k−1(LMp),

aL,∗C̃S
W

2k−1 = aL,∗C̃S
W

2k−1(Mp, gp) =
k∑

i=1

aL,∗C̃S
W

2k−1,2i p
2i ∈ Λ2k−1(Mp).

The forms C̃SW2k−1,2i are curvature expressions independent of p. Indeed, C̃SW2k−1,2i involves an
integration of an S1-invariant, p-independent curvature expression over the S1-fiber in Mp. Each
fiber has length 2π independent of p (see the proof of Theorem 4.1), so C̃SW2k−1,2i is independent
of p.

In the proof of the main Theorem 3.4, we computed the highest power of p in aL,∗C̃SW4n+1

in terms of the symplectic structure (see (3.13)). In contrast, the lowest power of p in aL,∗C̃SW4k+1,
for any k, contains Pontryagin-type form information.

Proposition 5.2. Let π : Mp → M be the fibration. For ξ the unit tangent vector to the fibers
of π,

ıξa
L,∗C̃S

W

4k+1,2 = (2k + 1)2 · π∗tr
(
Ω
2k
M

)
= (−1)k(4k + 2)(2π)2k+1(2k)! · π∗p̃k

(
ΩM

)
.

Here Ω = ΩM is the curvature of the Kähler metric, and iξ is interior product with ξ. The
proof is in Appendix D.

There are no finite-dimensional Pontryagin forms in dimensions 4k+2, because Ω2k+1 is skew-
symmetric and hence Tr

(
Ω2k+1

)
= 0 in finite dimensions. For the s = 1 Sobolev connection

on LMp, the curvature is a skew-adjoint zeroth order ΨDO. The top order symbol is easily seen to
be skew-symmetric, but the minus one order symbol used to compute the Wodzicki residue need
not be skew-symmetric. Thus we can define Wodzicki–Pontryagin forms in dimensions 4k + 2.

Definition 5.3. The Wodzicki–Pontryagin form p̃W
k+ 1

2

∈ Λ4k+2(LMp) is

p̃W
k+ 1

2

:= resW
(
Ω2k+1

)
.

We now give examples where these Wodzicki–Pontryagin forms are nonzero. The proof
depends on the following observations:

1. By (2.5), the Wodzicki–Pontryagin classes satisfy

p̃Wk
2

= −dLMpC̃S
W

2k−1 ∈ Λ2k(LMp).

2. If p̃Wk
2

≡ 0, then,

FL,∗dLMpC̃S
W

2k−1 = d[0,1]×MFL,∗C̃S
W

2k−1 = 0,

for any smooth map F : [0, 1] × S1 × M → M , with FL : [0, 1] × M → LM defined
by FL(t,m)(θ) = F (t, θ,m). In particular, F could be a homotopy through isometries,
conformal diffeomorphisms, smooth simple homotopy equivalences, or any subgroup G of
the diffeomorphism group Diff(M).
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3. Thus we can apply Proposition 3.6 in the proof of Proposition 3.5 and conclude that
aL,∗C̃SW2k−1(g) ̸= 0 implies π1(G) is infinite, a suspiciously strong result.

For the example, let Lp = S5/Zp be the lens space given by the identification z ∼ e2πi/pz for
z ∈ S5. By [15, Proposition 3.14], Lp is diffeomorphic to Mp := CP2

p, where the base space CP2

is of course Kähler.

Theorem 5.4. p̃W3
2

∈ Λ6L(Lp) is not identically zero.

Proof. As above, p̃W3
2

= −dLMpC̃S
W

5 ∈ Λ6(LLp). If p̃
W
3
2

≡ 0, then

FL,∗dLMpC̃S
W

5 = d[0,1]×MFL,∗C̃S
W

5 = 0,

for F : [0, 1] × S1 × M → M a homotopy through smooth simple homotopy equivalences.
By the calculation in [15, equation (3.8)]

(
with the typo

∫
CP2

1
replaced with

∫
CP2

p

)
, we ob-

tain
∫
Lp

aL,∗C̃SW5 ̸= 0 for p > 1. Thus Proposition 3.5 implies π1(C
∞Aut(Lp)) is infinite,

where C∞Aut(Lp) is the space of smooth simple homotopy equivalences. Since C∞Aut(Lp)
is an open subset of C∞(Lp,Lp), and similarly for the corresponding C0 spaces, the inclusion
of C∞Aut(Lp) into C0Aut(Lp) is a homotopy equivalence [19, Theorem 16]. This contradicts
that π1(C

0Aut(Lp)) is finite [7, Lemma 3.1]. Thus p̃W3
2

is not identically zero. ■

Remark 5.5. We sketch a quicker proof of the main Theorem 3.4 when M is Kähler (and is
not 3-Sasakian or CPn). By [2, Corollary 8.1.19], in this case G = Isom(M, g) coincides with
the group of strict contactomorphisms of M , where we only consider the identity components.
Therefore, elements of G commute with the circle of isometries given by the flow of the Reeb
vector field (denoted by aI in Section 3). Thus aI lies in the center Z of G.

From the fibration Z → G → G/Z and using π2(G/Z) = 1 (since G is compact and con-
nected), π1(Z) injects into π1(G). Since

[
aI
]
is easily an element of infinite order in π1(Z),

[
aI
]

also has infinite order in π1(Isom(M, g)).

A The proof of Proposition 3.6

A.1 Pullbacks of forms

For f : M → N a differentiable map between finite-dimensional manifolds and ω ∈ Ωs(N), we
have dMf∗ω = f∗dNω. In [10, Section 33.15], this is extended to infinite dimensions in a very
general setting which includes Fréchet manifolds. We give an alternative proof involving less
notation for smooth Banach manifolds like LM .

On an infinite-dimensional smooth manifold N , the exterior derivative can only be defined
by the Cartan formula

dNω
(
x0, . . . Xs

)
p
=

∑
i

(−1)iXi

(
ω
(
x0, . . . , X̂i, . . . , Xs

))
+

∑
i<j

(−1)i+jω
(
[Xi, Xj ], x

0, . . . , X̂i, . . . , X̂j , . . . , Xs

)
,

where Xi ∈ TpN are extended to vector fields near p using a chart map (see, e.g., [10, Sec-
tion 33.12]).

Lemma A.1. Let f : M → N be a smooth map between smooth Banach manifolds, and let
ω ∈ Λ∗(N). Then dMf∗ω = f∗dNω. In particular,

d[0,1]×MFL,∗C̃S
W

2k−1 = FL,∗dLM C̃S
W

2k−1.
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Proof. First assume that f is an immersion on a neighborhood Up of a fixed p ∈ M . For fixed
vector fields Yi on Up, set g : f(Up) → R, g(n) = ω(f∗Y1, . . . , f∗Ys)n. We have (g ◦ f)(m) =
ω(f∗Y1, . . . , f∗Ys)f(m). Thus the identity Xm(g ◦ f) = (f∗X)f(m)(g) becomes

Xm(ω(f∗Y1, . . . , f∗Ys)) = (f∗X)f(m)(ω(f∗Y1, . . . , f∗Ys))

for ω ∈ Λs(N). Dropping m, f(m), we get

f∗dNω(X0, . . . , Xs) = dNω(f∗X0, . . . , f∗Xs)

=
∑
i

(−1)if∗Xi

(
ω
(
f∗X0, . . . , f̂∗Xi, . . . , f∗Xs

))
+

∑
i<j

(−1)i+jω
(
[f∗Xi, f∗Xj ], f∗X0, . . . , f̂∗Xi, . . . , f̂∗Xj , . . . , f∗Xs

)
=

∑
i

(−1)iXi

(
ω
(
f∗X0, . . . , f̂∗Xi, . . . , f∗Xs

))
+

∑
i<j

(−1)i+jω
(
f∗[Xi, Xj ], f∗X0, . . . , f̂∗Xi, . . . , f̂∗Xj , . . . , f∗Xs

)
= dMω(f∗X0, . . . , f∗Xs) = dMf∗ω(X0, . . . , Xs),

where we use [f∗Xi, f∗Xj ] = f∗[Xi, Xj ] for immersions.

In general, consider the graph G : M → M × N , G(m) = (m, f(m)). Then πN ◦ G = f
for the projection πN : M × N → N . (We similarly define πM .) G is an immersion, with
G∗(Y ) = (Y, f∗Y ) taking a vector field on M to a well-defined vector field on M ×N .

Fix (m0, n0) ∈ M × N , and set iM : M → N × N , iM : N → M × N by iM (m) = (m,n0),
iN (n) = (m0, n). If a vector (X0, Y0) ∈ T(m0,n0)M×N is extended to a nearby vector field (X,Y )
with X constant in N directions and Y constant in M directions, it is straightforward to apply
the Cartan formula to derive the standard equality (usually abbreviated dM×N = dM + dN )

dM×Nα(m0,n0) = π∗
M [dM (i∗Mα)m0 ] + π∗

N [dN (i∗Nα)n0 ]

for α ∈ Λ∗(M ×N). Since πiM : m 7→ n0 (so dM i∗Mπ∗ω = 0) and πiN = id, the argument above
for the immersion G yields

dMf∗ω = dMG∗π∗
Nω = G∗dM×Nπ∗

Nω = G∗[π∗
MdM i∗Mπ∗ω + π∗

NdN i∗Nπ∗ω]

= G∗π∗
NdN i∗Nπ∗ω = f∗dNω. ■

As usual, dMf∗ = f∗dN gives the induced map f∗ : H∗(N,R) → H∗(M,R) on de Rham
cohomology.

A.2 Local coordinates expression

We work in local coordinates
(
x0, x

)
=

(
x0, x1, . . . , x2k−1

)
on [0, 1]×M . Recall from (2.4) that

Kνλ1...λ2k−1
=

∑
σ

sgn(σ)Rλσ(1)e1ν
e2Rλσ(2)λσ(3)e3

e1Rλσ(4)λσ(5)e4
e3 · · ·Rλσ(2k−2)λσ(2k−1)e2

ek−1 ,

for σ a permutation of {1, . . . , 2k − 1}, and where R ℓ
ijk are the components of the curvature

tensor of the metric on a general manifold M . Then,

(2k − 1)!Kνλ1...λ2k−1
dxν ⊗ dxλ1 ∧ · · · ∧ dxλ2k−1 (A.1)
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is the local expression of an element of Ω1(M)⊗Ω2k−2(M). For γ ∈ LM and Xγ,i ∈ TγLM , we
have by (2.3)

C̃S
W
(γ)(Xγ,1, . . . , Xγ,2k−1) =

k

2k−2

∫ 2π

0
Kνλ1...λ2k−1

(γ(θ))γ̇ν(θ)Xλ1
γ,1(θ) · · ·X

λ2k−1

γ,2k−1dθ. (A.2)

Then C̃S
W

∈ Ω2k−1(LM), since we have contracted out the ν index. Since the integrand in (A.2)
is tensorial, we can integrate over [0, 2π] even if the image of γ does not lie in one coordinate chart.

From now on, we drop the constant k/2k−2 in (A.2).

A.3 Computing FL,∗dLMC̃S
W

We have(
dLM C̃S

W

γ

)
(Xγ,0, Xγ,1, . . . , Xγ,2k−1)

=
2k−1∑
a=0

(−1)aXγ,a

(
C̃S

W(
Xγ,0, . . . , X̂γ,a, . . . , Xγ,2k−1

))
+
∑
a<b

(−1)a+b
(
C̃S

W(
[Xγ,a, Xγ,b], Xγ,0, . . . , X̂γ,a, . . . , X̂γ,b, Xγ,2k−1

))
:=

∑
a

(1)a +
∑
a<b

(2)a,b.

Let γs(θ) ∈ LM be a family of loops with γ0(θ) = γ(θ), (d/ds)|s=0γs = Xγ,a. Then

Xγ,a

(
C̃S

W(
Xγ,0, . . . , X̂γ,a, . . . , Xγ,2k−1

))
=

∫ 2π

0

d

ds

∣∣∣∣
s=0

[
K

νλ0...λ̂a...λ2k−1
(γs(θ))γ̇s

νXλ0
γs,0

· · · X̂λa
γs,a · · ·X

λ2k−1

γs,2k−1dθ
]

=

∫ 2π

0
∂xµK

νλ0...λ̂a...λ2k−1
(γ(θ))Xµ

γ,aγ̇
ν(θ)Xλ0

γ,0(θ) · · · X̂
λa
γ,a(θ) · · ·Xλ2k−1

γ,2k−1(θ)dθ

+

∫ 2π

0
K

νλ0...λ̂a...λ2k−1
(γ(θ))Ẋν

γ,a(θ)X
λ0
γ,0(θ) · · · X̂

λa
γ,a(θ) · · ·Xλ2k−1

γ,2k−1(θ) (A.3)

+

∫ 2π

0
K

νλ0...λ̂a...λ2k−1
(γ(θ))γ̇ν(θ)

(
δXγ,aX

λ0
γ,0

)
(θ)Xλ1

γ,1(θ) · · · X̂
λa
γ,a(θ) · · ·Xλ2k−1

γ,2k−1(θ) + · · ·

+

∫ 2π

0
K

νλ0...λ̂a...λ2k−1
(γ(θ))γ̇ν(θ)Xλ0

γ,0(θ) · · · X̂
λa
γ,a(θ) · · ·Xλ2k−2

γ,2k−2(θ) ·
(
δXγ,aX

λ2k−1

γ,2k−1

)
(θ).

Here δXγ,a is the Fréchet derivative or directional derivative in the direction of Xγ,a, so, e.g., in
finite dimensions we have

[X,Y ]i = δXY i − δY X
i. (A.4)

Since the flow of a vector field Xγ(θ) on LM is computed by the flow at each fixed θ, the Lie
derivative of two vector fields on LM is computed at each θ. Thus (A.4) is valid at a fixed θ.
Denote the last three lines of (A.3) by (A.3)a. It follows that

2k−1∑
a=0

(−1)a(A.4)a +
∑
a<b

(2)a,b = 0

Therefore,(
dLM C̃S

W

γ

)
(Xγ,0, Xγ,1, . . . , Xγ,2k−1)
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=
2k−1∑
a=0

(−1)a
∫ 2π

0
∂xµK

νλ0...λ̂a...λ2k−1
(γ(θ))Xµ

γ,aγ̇
ν(θ)Xλ0

γ,0(θ) · · · X̂
λa
γ,a(θ) · · ·Xλ2k−1

γ,2k−1(θ)dθ

+
2k−1∑
a=0

(−1)a
∫ 2π

0
K

νλ0...λ̂a...λ2k−1
(γ(θ))Ẋν

γ,a(θ)X
λ0
γ,0(θ) · · · X̂

λa
γ,a(θ) · · ·Xλ2k−1

γ,2k−1(θ)dθ.

For the pullback, we consider
(
FL,∗dLM C̃S

W)(
∂x0 , ∂x1 , . . . , ∂x2k−1

)
as a function on [0, 1]×U ,

where (U, x) =
(
x1, . . . , x2k−1

)
is a coordinate chart on M . Then(

FL,∗dLM C̃S
W)

(∂x0 , ∂x1 , . . . , ∂x2k−1)(x0,x) (A.5)

= dLM C̃S
W(

FL
∗ ∂x0 , FL

∗ ∂x1 , . . . , FL
∗ ∂x2k−1

)
F (x0,x)

= dLM C̃S
W
(
∂F λ0

∂x0
∂xλ0 ,

∂F λ1

∂x1
∂xλ1 , . . . ,

∂F λ2k−1

∂x2k−1
∂
xλ2k−1

)
F (x0,x)

=

2k−1∑
a=0

(−1)a
∫ 2π

0
∂xµK

νλ0...λ̂a...λ2k−1

(
F
(
x0, θ, x

))∂Fµ

∂xa
∂F ν

∂θ

∂F λ0

∂x0
· · · ∂̂F

λa

∂xa
· · · ∂F

λ2k−1

∂x2k−1
dθ

+
2k−1∑
a=0

(−1)a
∫ 2π

0
K

νλ0...λ̂a...λ2k−1

(
F
(
x0, θ, x

)) ∂2F ν

∂xa∂θ

∂F λ0

∂x0
· · · ∂̂F

λa

∂xa
· · · ∂F

λ2k−1

∂x2k−1
dθ.

One term in the last equation in (A.5) vanishes. The proof is in Appendix B.

Lemma A.2.∫ 2π

0

2k−1∑
a=0

(−1)a∂xµK
νλ0...λ̂a...λ2k−1

(
F
(
x0, θ, x

))∂F ν

∂θ

∂Fµ

∂xa
∂F λ0

∂x0
· · · ∂̂F

λa

∂xa
· · · ∂F

λ2k−1

∂x2k−1
dθ = 0.

Thus, we have the following.

Proposition A.3.

FL,∗dLM C̃S
W
(∂x0 , ∂x1 , . . . , ∂x2k−1)(x0,x)

=
2k−1∑
a=0

(−1)a
∫ 2π

0
K

νλ0...λ̂a...λ2k−1

(
F
(
x0, θ, x

)) ∂2F ν

∂xa∂θ

∂F λ0

∂x0
∂̂F λa

∂xa
· · · ∂F

λ2k−1

∂x2k−1
dθ. (A.6)

A.4 Homotopies of loops of diffeomorphisms

We now make the assumption that

F
(
x0, θ, ·

)
: M → M is a diffeomorphism for all

(
x0, θ

)
∈ [0, 1]× S1. (A.7)

Then
{
F∗

(
∂/∂xi

)}2k−1

i=1
is a basis of TF (x0,θ,x)M for all

(
x0, θ, x

)
. Therefore, there exist functions

αi = αi
(
x0, θ, x

)
, i = 1, . . . , 2k − 1, such that

F∗

(
∂

∂x0

)
= αiF∗

(
∂

∂xi

)
. (A.8)

Using coordinates yi = yi
(
x0, θ, x

)
near y = F

(
x0, θ, x

)
, we have

F∗

(
∂

∂x0

∣∣∣∣
(x0,θ,x)

)
=

∂F λ

∂x0
∂

∂yλ

∣∣∣∣
y

∈ TyM, F∗

(
∂

∂xi

∣∣∣∣
(x0,θ,x)

)
=

∂F λ

∂xi
∂

∂yλ

∣∣∣∣
y

∈ TyM.
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Thus

∂F λ

∂x0
= αi∂F

λ

∂xi
,

∂2F λ

∂θ∂x0
=

∂αi

∂θ

∂F λ

∂xi
+ αi ∂

2F λ

∂θ∂xi
. (A.9)

Plugging (A.9) into (A.6) gives

FL,∗dLMCSW(∂x0 , ∂x1 , . . . , ∂x2k−1)

=

∫ 2π

0
Kνλ1...λ2k−1

(
∂αi

∂θ

∂F ν

∂xi
+ αi ∂

2F ν

∂θ∂xi

)
∂F λ1

∂x1
· · · ∂F

λ2k−1

∂x2k−1
dθ

+
2k−1∑
a=1

(−1)a
∫ 2π

0
K

νλ0...λ̂a...λ2k−1

∂2F ν

∂xa∂θ

(
αi∂F

λ0

∂xi

)
∂F λ1

∂x1
· · · ∂̂F

λa

∂xa
· · · ∂F

λ2k−1

∂x2k−1
dθ.

The sum of the terms with the second partial derivatives vanishes.

Lemma A.4.

0 =

∫ 2π

0
Kνλ1...λ2k−1

αi ∂
2F ν

∂θ∂xi
∂F λ1

∂x1
· · · ∂F

λ2k−1

∂x2k−1
dθ

+
2k−1∑
a=1

(−1)a
∫ 2π

0
K

νλ0...λ̂a...λ2k−1

∂2F ν

∂xa∂θ

(
αi∂F

λ0

∂xi

)
∂F λ1

∂x1
· · · ∂̂F

λa

∂xa
· · · ∂F

λ2k−1

∂x2k−1
dθ.

The proof is in Appendix B. Changing the index ν to λ0, we have proved the following.

Lemma A.5. Under assumption (A.7), we have

FL,∗dLM C̃S
W
(∂x0 , ∂x1 , . . . , ∂x2k−1) =

∫ 2π

0
Kλ0λ1...λ2k−1

∂αi

∂θ

∂F λ0

∂xi
∂F λ1

∂x1
· · · ∂F

λ2k−1

∂x2k−1
dθ.

A.5 Homotopies by loops of isometries

We now make the further assumption that

F I
(
x0, θ

)
:= F

(
x0, θ, ·

)
: M → M is an isometry for all

(
x0, θ

)
∈ [0, 1]× S1. (A.10)

The following computation finishes the proof of Proposition 3.5.

Lemma A.6. Under the assumption (A.10), we have

FL,∗dLM C̃S
W

= 0.

Proof. By Lemma A.5, at a fixed x0, we have

FL,∗dLM C̃S
W
(∂x0 , ∂x1 , . . . , ∂x2k−1)|x

=

∫ 2π

0
Kλ0λ1...λ2k−1

(
F
(
x0, θ, x

))∂αi

∂θ

∂F I,λ0

∂xi
∂F I,λ1

∂x1
· · · ∂F

I,λ2k−1

∂x2k−1
dθ

=

∫ 2π

0

∂αi

∂θ
Ki1...2k−1(x)dθ = Ki1...2k−1(x)

∫ 2π

0

∂αi

∂θ
dθ = 0,

using (3.8). As in (A.2), the integration over [0, 2π] is valid, because the αi are the components
of a tensor/vector (A.8). ■

The crucial identityKi0i1...i2k−1
(x) =

(
F I,∗K

)
i0i1...i2k−1

(x), which holds for isometries and fails
for diffeomorphisms in general, is generalized in [13] to study the fundamental group of other
finite and infinite-dimensional transformation groups.
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B Proofs of Lemmas A.2 and A.4

Proof of Lemma A.2. Set dim(M) = 2k − 1. Fix x ∈ M and ξ ∈ TxM . For X0, X1, . . . ,
X2k−1 ∈ TxM , set

K̃(X0, . . . , X2k−1)x =

2k−1∑
a=0

(−1)a∂λµK
νλ0...λ̂a...λ2k−1

(x)ξνXµ
aX

λ0
0 · · · X̂λa

µ · · ·Xλ2k−1

2k−1 . (B.1)

If we show that the right-hand side of (B.1) is skew-symmetric in X0, . . . , X2k−1, then K̃ is a 2k-
form on M and hence must vanish. The lemma follows by replacing x with F

(
x0, θ, x

)
, ξ with

(d/dθ)F
(
x0, θ, x

)
, and Xλi

i with ∂F λi/∂xi.
To check skew-symmetry in X0, X1, we write

K̃(X0, X1, X2, . . . , X2k−1)

= (∂λ0Kνλ1...λ2k−1
− ∂λ1Kνλ0λ2...λ2k−1

)ξνXλ0
0 Xλ1

1 · · ·X2k−1
λ2k−1

(B.2)

+ (∂λ2Kνλ0λ1λ̂2λ3...λ2k−1
− ∂λ3Kνλ0λ1λ2λ̂3λ4...λ2k−1

+ · · · − ∂λ2k−1
Kνλ0...λ2k−1

)

× ξνXλ0
0 Xλ1

1 Xλ2
2 · · ·Xλ2k−1

2k−1 , (B.3)

K̃(X1, X0, X2, . . . , X2k−1)

= (∂λ1Kνλ0λ2λ3...λ2k−1
− ∂λ0Kνλ1λ2...λ2k−1

)ξνXλ1
1 Xλ0

0 Xλ2
2 Xλ3

3 · · ·Xλ2k−1

2k−1 (B.4)

+ (∂λ2Kνλ1λ0λ̂2λ3...λ2k−1
− ∂λ3Kνλ1λ0λ2λ̂3λ4...λ2k−1

+ · · · − ∂λ2k−1
Kνλ1λ0λ2...λ2k−1

)

× ξνXλ1
1 Xλ0

0 Xλ2
2 Xλ3

3 · · ·Xλ2k−1

2k−1 . (B.5)

Then (B.2) = −(B.4) by inspection, and (B.3) = −(B.5), because K is skew-symmetric in
λ1, . . . , λ2k−1 by (A.1).

We now check skew-symmetry in X1, X2, with all other cases being similar. We have

K̃(X0, X2, X1, X3, X4, . . . , X2k−1)

= ∂λ0Kνλ2λ1λ3λ4...λ2k−1
ξνXλ1

1 Xλ0
0 Xλ2

2 Xλ3
3 Xλ4

4 · · ·Xλ2k−1

2k−1 (B.6)

+
(
−∂λ2Kνλ0λ1λ3λ4...λ2k−1

+ ∂λ1Kνλ0λ2λ3λ4...λ2k−1

)
× ξνXλ1

1 Xλ0
0 Xλ2

2 Xλ3
3 Xλ4

4 · · ·Xλ2k−1

2k−1 (B.7)

+
(
−∂λ3Kνλ0λ2λ1λ4...λ2k−1

+ ∂λ4Kνλ0λ2λ1λ3λ5...λ2k−1
+ · · ·

− ∂λ2k−1
Kνλ0λ2λ1λ3λ4...λ2k−2

)
× ξνXλ0

0 Xλ2
2 Xλ1

1 Xλ3
3 Xλ4

4 · · ·Xλ2k−1

2k−1 . (B.8)

Then K̃(X0, X2, X1, X3, . . . , X2k−1) = −K̃(X0, X1, X2, X3, . . . , X2k−1), because (i) the skew-
symmetry of K implies the skew-symmetry of (B.6) and the skew-symmetry of the three lines
of (B.8) in λ1, λ2; (ii) the two lines of (B.7) are explicitly skew-symmetric in λ1, λ2. ■

Proof of Lemma A.4. The terms with second partial derivatives are

Kνλ1λ2λ3λ4...λ2k−1

(
α1 ∂2F ν

∂x1∂θ
+ α2 ∂2F ν

∂x2∂θ
+ α3 ∂2F ν

∂x3∂θ
+ · · ·+ α2k−1 ∂2F ν

∂x2k−1∂θ

)
× ∂F λ1

∂x1
∂F λ2

∂x2
∂F λ3

∂x3
· · · ∂F

λ2k−1

∂x2k−1
(B.9)

−Kνλ0λ2λ3λ4...λ2k−1

∂2F ν

∂x1∂θ

(
αi∂F

λ0

∂xi

)
∂F λ2

∂x2
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−1

∂x2k−1
(B.10)
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+Kνλ0λ1λ3λ4...λ2k−1

∂2F ν

∂x2∂θ

(
αi∂F

λ0

∂xi

)
∂F λ1

∂x1
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−1

∂x2k−1
(B.11)

− · · ·

−Kνλ0λ1λ2λ3λ4...λ2k−2

∂2F ν

∂x2k−1∂θ

(
αi∂F

λ0

∂xi

)
∂F λ1

∂x1
∂F λ2

∂x2
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−2

∂x2k−2
. (B.12)

In (B.10), in the term αi
(
∂F λ0/∂xi

)
, only the term α1

(
∂F λ0/∂x1

)
is nonzero: for example,

the term

Kνλ0λ2λ3λ4...λ2k−1

∂2F ν

∂x1∂θ

(
α2∂F

λ0

∂x2

)
∂F λ2

∂x2
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−1

∂x2k−1

is skew-symmetric in λ0, λ2, and so vanishes. For the same reasons, the terms with ∂F λ0/∂x3,
∂F λ0/∂x4, . . . , ∂F λ0/∂x2k−1 vanish. Similarly, in (B.11) only α2

(
∂F λ0/∂x2

)
is nonzero, etc.,

and in (B.12) only α2k−1
(
∂F λ0/∂x2k−1

)
is nonzero.

Thus (B.9)–(B.12) becomes

Kνλ1λ2λ3λ4...λ2k−1

(
α1 ∂2F ν

∂x1∂θ
+ α2 ∂2F ν

∂x2∂θ
+ α3 ∂2F ν

∂x3∂θ
+ · · ·+ α2k−1 ∂2F ν

∂x2k−1∂θ

)
× ∂F λ1

∂x1
∂F λ2

∂x2
∂F λ3

∂x3
· · · ∂F

λ2k−1

∂x2k−1
(B.13)

−Kνλ0λ2λ3λ4...λ2k−1

∂2F ν

∂x1∂θ

(
α1∂F

λ0

∂x1

)
∂F λ2

∂x2
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−1

∂x2k−1
(B.14)

+Kνλ0λ1λ3λ4...λ2k−1

∂2F ν

∂x2∂θ

(
α2∂F

λ0

∂x2

)
∂F λ1

∂x1
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−1

∂x2k−1
(B.15)

− · · ·

−Kνλ0λ1λ2λ3λ4...λ2k−2

∂2F ν

∂x2k−1∂θ

(
α2k−1 ∂F λ0

∂x2k−1

)
× ∂F λ1

∂x1
∂F λ2

∂x2
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−2

∂x2k−2
. (B.16)

If we replace λ0 in (B.14) with λ1, then the term

Kνλ1λ2λ3λ4...λ2k−1

(
α1 ∂2F ν

∂x1∂θ

)
∂F λ1

∂x1
∂F λ2

∂x2
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−1

∂x2k−1

in (B.13) cancels with (B.14). If we replace λ0 in (B.15) with λ2, then the term

Kνλ1λ2λ3λ4...λ2k−1

(
α2 ∂2F ν

∂x2∂θ

)
∂F λ1

∂x1
∂F λ2

∂x2
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−1

∂x2k−1

in (B.13) cancels with (B.15). Continuing, if we replace λ0 in (B.16) with λ2k−1, then the term

Kνλ1λ2λ3λ4...λ2k−1

(
α2k−1 ∂2F ν

∂x2k−1∂θ

)
∂F λ1

∂x1
∂F λ2

∂x2
∂F λ3

∂x3
∂F λ4

∂x4
· · · ∂F

λ2k−1

∂x2k−1

in (B.13) cancels with (B.16).

Thus (B.13)–(B.16) sum to zero, which proves the lemma. ■
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C Proof of Claim 3.8

Claim 3.8: For each m ∈ M ,

S4n+1,4n+2(m) = (−1)n+122n+1(2n+ 1)
∑

σ∈S4n

sgn(σ)Jσ1σ2 · · · Jσ4n−1σ4n(m), (C.1)

where S4n is the permutation group of {1, . . . , 4n}.

Proof. By (3.11) and (3.12), S4n+1,4n+2 is the term in K1,12...4n+1 with power p4n+2. In the
expression for K1,12...4n+1 in (2.4) with ν = 1, we plug in Lemma 3.3 (i)–(iv) for the curvature
terms. Since ν = 1, the only way to obtain a term with power p4n+2 is if a permutation σ ∈ C4n+1

on the right-hand side of (2.4) has σ1 := σ(1) = 1. See Lemma 3.3 (iii) in particular.
However, to get the indices to agree with (C.1), we need an adjustment. While in (3.6)

we took local coordinates
(
x1, x2, . . . , x4n+1

)
on M with ∂x1 = ξ, we now take coordinates(

x0, x1, . . . , x4n
)
such that ∂x0 = ξ. In particular, K1,12...4n+1 in (3.11) is replaced by K0,012...4n.

The only permutations in C4n+1, which is now the permutation group of {0, 1, 2, . . . , 4n}, which
give power p4n+2 have σ0 = 0. The set of such permutations equals C4n, the permutations
of {1, 2, . . . , 4n}. Therefore, by Lemma 3.3 (iii), we get

S4n+1,4n+2p
4n+2 =

∑
σ∈C4n

sgn(σ)Rc1a1c2
anξc1ξc2Rσ1σ2b1

a1Rσ3σ4a2
b1Rσ5σ6b2

a2Rσ7σ8a3
b2 · · ·

×Rσ4n−3σ4n−2bn
an−1Rσ4n−1σ4nan

bn (mod p4n+1)

≡
∑

σ∈C4n

sgn(σ)
(
−p2δana1

)(
Rσ1σ2b1

a1Rσ3σ4a2
b1
)(
Rσ5σ6b2

a2Rσ7σ8a3
b2
)
· · ·

×
(
Rσ4n−3σ4n−2bn

an−1Rσ4n−1σ4nan
bn
)

(mod p4n+1),

where
(
mod p4n+1

)
mods out all polynomials of degree at most 4n+1, i.e., keeps only terms with

power p4n+2. (We have relabeled e1, . . . , e2n in (2.4) for 2k−1 = 4n+1 with a1, . . . , an, b1, . . . , bn.)
By (1.2) and Lemma 3.3 (i), this becomes

S4n+1,4n+2p
4n+2 ≡ −p4n+2

∑
σ∈C4n

sgn(σ)δana1
(
A′

1

)
σ1σ2σ3σ4a2

a1
(
A′

2

)
σ5σ6σ7σ8a3

a2 · · ·

×
(
A′

n

)
σ4n−3σ4n−2σ4n−1σ4nan

an−1 (mod p4n+1),

where(
A′

1

)
σ1σ2σ3σ4a2

a1 = Rσ1σ2b1
a1Rσ3σ4a2

b1

=
[
−Jσ2b1Jσ1

a1 + Jσ1b1Jσ2
a1 + 2Jσ1σ2Jb1

a1
][
−Jσ4a2Jσ3

b1 + Jσ3a2Jσ4
b1 + 2Jσ3σ4Ja2

b1
]
,(

A′
2

)
σ5σ6σ7σ8a3

a2 = Rσ5σ6b2
a2Rσ7σ8a3

b2

=
[
−Jσ6b2Jσ5

a2 + Jσ5b2Jσ6
a2 + 2Jσ5σ6Jb2

a2
][
−Jσ8a3Jσ7

b2 + Jσ7a3Jσ8
b2 + 2Jσ7σ8Ja3

b2
]
,

...(
A′

n

)
σ4n−3σ4n−2σ4n−1σ4nan

an−1 = Rσ4n−3σ4n−2bn
an−1Rσ4n−1σ4nan

bn

=
[
−Jσ4n−2bnJσ4n−3

an−1 + Jσ4n−3bnJσ4n−2
an−1 + 2Jσ4n−3σ4n−2Jbn

an−1
]

×
[
−Jσ4nanJσ4n−1

bn + Jσ4n−1anJσ4n
bn + 2Jσ4n−1σ4nJan

bn
]
.

We expand out
(
A′

1

)
,(

A′
1

)
σ1σ2σ3σ4a2

a1 = Jσ2b1Jσ1
a1Jσ4a2Jσ3

b1 − Jσ2b1Jσ1
a1Jσ3a2Jσ4

b1 − 2Jσ2b1Jσ1
a1Jσ3σ4Ja2

b1
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− Jσ1b1Jσ2
a1Jσ4a2Jσ3

b1 + Jσ1b1Jσ2
a1Jσ3a2Jσ4

b1 + 2Jσ1b1Jσ2
a1Jσ3σ4Ja2

b1

− 2Jσ1σ2Jb1
a1Jσ4a2Jσ3

b1 + 2Jσ1σ2Jb1
a1Jσ3a2Jσ4

b1 + 4Jσ1σ2Jb1
a1Jσ3σ4Ja2

b1 .

Since, e.g.,

Jσ2b1Jσ3
b1 = Ja

b1gaσ2Jσ3
b1 = −δaσ3

gaσ2 = −gσ2σ3 , (C.2)(
A′

1

)
reduces to(
A′

1

)
σ1σ2σ3σ4a2

a1 = −J a1
σ1

Jσ4a2gσ2σ3 + Jσ1
a1Jσ3a2gσ2σ4 + 2Jσ1

a1Jσ3σ4gσ2a2

+ Jσ2
a1Jσ4a2gσ1σ3 − Jσ2

a1Jσ3a2gσ1σ4 − 2Jσ2
a1Jσ3σ4gσ1a2

+2Jσ1σ2Jσ4a2δσ3
a1 − 2Jσ1σ2Jσ3a2δσ4

a1 − 4Jσ1σ2Jσ3σ4δa2
a1 . (C.3)

Terms in (C.3) containing gσiσj (as opposed to terms containing gσiaj ) do not contribute to
S4n+1,4n+2. Indeed, by the symmetry of g, for fixed σ the term in S4n+1,4n+2 formally of the
form sgn(σ)J · J · · · J · gσiσj is cancelled by the term with (ij)σ in cycle notation.

As a result, we have

S4n+1,4n+2p
4n+2 = p4n+2

∑
σ0=0

sgn(σ)δana1 (A1)σ1σ2σ3σ4a2
a1
(
A′

2

)
σ5σ6σ7σ8a3

a2 · · ·

×
(
A′

n

)
σ4n−3σ4n−2σ4n−1σ4nan

an−1 , (C.4)

with

(A1)σ1σ2σ3σ4a2
a1 = 2Jσ1

a1Jσ3σ4gσ2a2 − 2Jσ2
a1Jσ3σ4gσ1a2 + 2Jσ1σ2Jσ4a2δσ3

a1

− 2Jσ1σ2Jσ3a2δσ4
a1 − 4Jσ1σ2Jσ3σ4δa2

a1

= −4Jσ3σ4Jσ1
a1gσ2a2 − 4Jσ1σ2Jσ3a2δσ4

a1 − 4Jσ1σ2Jσ3σ4δa2
a1

= −22
[
Jσ1σ2Jσ3a2δσ4

a1 + Jσ3σ4Jσ1
a1gσ2a2 + Jσ1σ2Jσ3σ4δa2

a1
]

= −22Jσ1σ2

(
Jσ3a2δσ4

a1 + Jσ3
a1gσ4a2 + Jσ3σ4δa2

a1
)
.

(To obtain the third line, we replace 2Jσ1
a1Jσ3σ4gσ2a2 by−2Jσ2

a1Jσ3σ4gσ1a2 , and 2Jσ1σ2Jσ4a2δσ3
a1

by −2Jσ1σ2Jσ3a2δσ4
a1 , using the sign reversing “change of variables” σ 7→ (12)σ. In the last line,

we replaced Jσ3σ4Jσ1
a1gσ2a2 with Jσ1σ2Jσ3

a1gσ4a2 using the sign preserving change of variables
σ 7→ (13)(24)σ. Strictly speaking, these substitutions are valid only after we plug (A1) back
into (C.4).)

Doing the same computations for
(
A′

2

)
, . . . ,

(
A′

n

)
, we get

S4n+1,4n+2 (C.5)

=
∑
σ0=0

sgn(σ)(δana1 )(A1)σ1σ2σ3σ4a2
a1(A2)σ5σ6σ7σ8a3

a2 · · · (An)σ4n−3σ4n−2σ4n−1σ4nan
an−1 ,

where

(A2)σ5σ6σ7σ8a3
a2 =

(
−22

)[
Jσ5σ6

(
Jσ7a3δσ8

a2 + Jσ7
a2gσ8a3 + Jσ7σ8δa3

a2
)]
,

...

(An)σ4n−3σ4n−2σ4n−1σ4nan
an−1

=
(
−22

)[
Jσ4n−3σ4n−2

(
Jσ4n−1anδσ4n

an−1 + Jσ4n−1
an−1gσ4nan + Jσ4n−1σ4nδan

an−1
)]
.

We now begin to simplify (C.5).

S4n+1,4n+2 = (−1)
∑
σ0=0

sgn(σ)(δana1 )(A12)σ1σ2σ3σ4σ5σ6σ7σ8a3
a1(A3)σ9σ10σ11σ12a4

a3 · · ·
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× (An)σ4n−3σ4n−2σ4n−1σ4nan
an−1 ,

where(
A12

)
σ1σ2σ3σ4σ5σ6σ7σ8a3

a1 :=
(
A1

)
σ1σ2σ3σ4a2

a1
(
A2

)
σ5σ6σ7σ8a3

a2

=
(
−22

)2[
Jσ1σ2

(
Jσ3a2δσ4

a1 + Jσ3σ4J
a1
σ3
gσ4a1 + Jσ3σ4δa2

a1
)]

×
[
Jσ5σ6

(
Jσ7a3δσ8

a2 + Jσ7
a2gσ8a3 + Jσ7σ8δa2

a3
)]

=
(
−22

)2 · Jσ1σ2Jσ5σ6

[
Jσ3a2δσ4

a1 + Jσ3
a1gσ4a2 + Jσ3σ4δa2

a1
]

×
[
Jσ7a3δa8

a2 + Jσ7
a2gσ8a3 + Jσ7σ8δa3

a2
]

=
(
−22

)2 · Jσ1σ2Jσ5σ6

[
Jσ3a2δσ4

a1Jσ7a3δσ8
a2 + Jσ3a2δσ4

a1Jσ7
a2gσ8a3

+ Jσ3a2δσ4
a1Jσ7σ8δa3

a2 + Jσ3
a1gσ4a2Jσ7a3δσ8

a2 + Jσ3
a1gσ4a2Jσ7

a2gσ8a3

+ Jσ3
a1gσ4a2Jσ7σ8δa3

a2 + Jσ3σ4δa2
a1Jσ7a3δσ5

a2 + Jσ3σ4δa2
a1Jσ7

a2gσ8a3

+ Jσ3σ4δa2
a1Jσ7σ8δa3

a2
]

=
(
−22

)2 · Jσ1σ2Jσ5σ6

[
Jσ3σ8Jσ7a3δσ4

a1 + Jσ3a3δσ4
a1Jσ7σ8Jσ3

a1Jσ7σ4gσ8a3

+ Jσ3
a1gσ4a3Jσ7σ8 + Jσ3σ4Jσ7a3δ

a1
σ8

+ Jσ3σ4Jσ7
a1gσ8a3 + Jσ3σ4Jσ7σ8δa3

a1
]

=
(
−22

)2 · Jσ1σ2Jσ5σ6

[
−Jσ3σ4Jσ7a3δσ8

a1 + Jσ7a3δσ8
a1Jσ3σ4 − Jσ7

a1Jσ3σ4gσ8a3

+ Jσ7
a1gσ8a3Jσ3σ4 + Jσ3σ4Jσ7a3δ

a1
σ8

+ Jσ3σ4Jσ7
a1gσ8a3 + Jσ3σ4Jσ7σ8δa3

a1
]

=
(
−22

)2 · Jσ1σ2Jσ5σ6

[
Jσ3σ4

(
−Jσ7a3δσ8

a1 + Jσ7a3δσ8
a1 − Jσ7

a1gσ8a3 + Jσ7
a1gσ8a3

+ Jσ7a3δσ8
a1 + Jσ7

a1gσ8a3 + Jσ7σ8δa3
a1
)]

=
(
−22

)2 · Jσ1σ2Jσ3σ4Jσ5σ6

[
Jσ7a3δσ8

a1 + Jσ7
a1gσ8a3 + Jσ7σ8δa3

a1
]
. (C.6)

Continuing to simplify (C.5), we have

(A123)σ1...σ12a4
a1 := (A12)σ1...σ8a3

a1(A3)σ9σ10σ11σ12a4
a3

=
(
−22

)2 · Jσ1σ2Jσ3σ4Jσ5σ6

[
Jσ7a3δσ8

a1 + Jσ7
a1gσ8a3 + Jσ7σ8δa3

a1
]

×
(
−22

)
· Jσ9σ10

[
Jσ11a4δσ12

a3 + Jσ11
a3gσ12a4 + Jσ11σ12δa4

a3
]

=
(
−22

)3 · Jσ1σ2Jσ3σ4Jσ5σ6Jσ7σ8Jσ9σ10

[
Jσ11a4δσ12

a1 + Jσ11
a1gσ12a4 + Jσ11σ12δa4

a1
]
,

where the last line follows from computations as in (C.6).
In the end, we obtain

S4n+1,4n+2 = (−1)n+122n
∑
σ0=0

sgn(σ)Jσ1σ2Jσ3σ4 · · · · · Jσ4n−3σ4n−2

×
[
Jσ4n−1a1δσ4n

a1 + Jσ4n−1
a1gσ4na1 + Jσ4n−1σ4nδa1

a1
]

= (−1)n+122n+1(2n+ 1)
∑
σ0=0

sgn(σ)Jσ1σ2Jσ3σ4 · · · Jσ4n−1σ4n . (C.7)

This proves the claim. ■

D Proof of Proposition 5.2

Proposition 5.2. Let π : Mp → M be the fibration with M Kähler. For ξ the unit tangent
vector to the fibers of π,

ıξa
L,∗C̃S

W

4k+1,2 = (2k + 1)2 · π∗tr
(
Ω
2k
M

)
= (−1)k(4k + 2)(2π)2k+1(2k)! · π∗p̃k

(
ΩM

)
.
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Proof. Let ξ = e1, e2, . . . , e4n+1 be an orthonormal frame of Mp at m with ξ tangent to the
fiber of the S1 action and {ei}4n+1

i=2 a horizontal lift of an orthonormal frame {ei = π∗ei} at
m̄ = π(m). We must show that aL,∗C̃SW4k+1,2(ξ, e2, . . . , e4k+1) at m̄ is a specific multiple of
tr
(
Ω
2k
M

)
(π∗e2, . . . , π∗e4k+1) at π(m̄). (More precisely, we have to show this for every subset of

{e2, . . . , e4n+1} of size 4k, but the case we treat carries over to all other cases.) In the proof, we
will use Lemma 3.3 for curvature terms.

We denote er by r, so, e.g., R
(
eσ(2), eσ(3), eℓ2 , eℓ1

)
is denoted R(σ(2), σ(3), ℓ2, ℓ1). Since

aL∗ er = er, as in (2.3), we have

aL,∗C̃S
W

4k+1(e1, . . . , e4k+1)

=
2k + 1

22k−1

∑
σ∈C4k+1

sgn(σ)

∫
S1

tr
[(
R
(
eσ(1), ·

)
ξ
)(
ΩM

)2k(
eσ(2), . . . , eσ(4k+1)

)]
(D.1)

=
2k + 1

22k−1

∑
σ∈C4k+1

sgn(σ)

∫
S1

R(σ(1), ℓ1, ξ, r)R(σ(2), σ(3), ℓ2, ℓ1)R(σ(4), σ(5), ℓ3, ℓ2) · · ·

×R(σ(4k − 2), σ(4k − 1), ℓ4k, ℓ4k−1)R(σ(4k), σ(4k + 1), r, ℓ4k).

We want to compute the terms in (D.1) of order p2. These terms come from (α) permutations
with σ(1) = 1, and (β) permutations with σ(1) ̸= 1.

We claim the (β) terms contribute zero
(
for all powers of p2

)
. The term R(σ(1), ℓ1, ξ, r) with

σ(1) ̸= 1 is zero unless ℓ1 = 1 and σ(1) = r. Note that R(r, 1, ξ, r) = −p2. Thus

(β) =
2k + 1

22k−1
· p2

∫
S1

∑
σ(1)=r
ℓ1=1

−sgn(σ)R(σ(2), σ(3), ℓ2, 1 = ξ) · · ·

×R(σ(4k), σ(4k + 1), r = σ(1), ℓ4k).

In the term R(σ(2), σ(3), ℓ2, 1 = ξ), we get zero unless either [σ(2) = 1 and ℓ2 = σ(3)] or
[σ(3) = 1 and ℓ2 = σ(2)]. Therefore,

(β) =
2k + 1

22k−1
· p2

∫
S1

∑
σ(1)=r
ℓ1=1

∑
σ(2)=1
σ(3)=ℓ2

sgn(σ)R(σ(4), σ(5), ℓ3, ℓ2) · · ·

×R(σ(4k), σ(4k + 1), r = σ(1), ℓ4k)

− 2k + 1

22k−1
· p2 ·

∫
S1

∑
σ(1)=r
ℓ1=1

∑
σ(3)=1
σ(2)=ℓ2

sgn(σ)R(σ(4), σ(5), ℓ3, ℓ2) · · ·

×R(σ(4k), σ(4k + 1), r = σ(1), ℓ4k).

For fixed ℓ2, there is a bijection between {σ | σ(2) = 1, σ(3) = ℓ2} and {τ | τ(3) = 1, τ(2) =
ℓ2} given by σ 7→ τ = σ(1ℓ2) in cycle notation. Since sgn(σ) = −sgn(τ), we get

(β) =
2k + 1

22k−1
· p2

∫
S1

∑
σ(1)=r
ℓ1=1

∑
σ(2)=1
σ(3)=ℓ2

sgn(σ)R(σ(4), σ(5), ℓ3, ℓ2) · · ·

×R(σ(4k), σ(4k + 1), r = σ(1), ℓ4k). (D.2)

The last term in (D.2) is

R(σ(4k), σ(4k + 1), r = σ(1), ℓ4k) = R(σ(4k), σ(4k + 1), ξ, ℓ4k). (D.3)
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This term vanishes if ℓ4k = ξ. If ℓ4k ̸= ξ, then since σ(2) = 1, we have σ(4k) ̸= ξ, σ(4k + 1) ̸= ξ.
Thus (D.3) vanishes in all cases. Therefore, (β) = 0.

The (α) term is

(α) =
2k + 1

22k−1
· p2

∫
S1

∑
σ(1)=1
ℓ1=r ̸=1

sgn(σ)R(σ(2), σ(3), ℓ2, ℓ1 = r) · · ·

×R(σ(4k), σ(4k + 1), ℓ1 = r, ℓ4k).

In Lemma 3.3, a nonzero product of terms of types (i) and (iii) with one term having ξ and
having a power p2 must include exactly one term from (iii) and only the first term on the
right-hand side of (i). For r̄ = π∗er = ēr, etc., we get

(α) =
(2k + 1)2π

22k−1
· p2

∑
σ(1)=1
ℓ1=r ̸=1

sgn(σ)R
(
σ̄(2), σ̄(3), ℓ̄2, ℓ̄1 = r̄

)
· · ·

×R
(
σ̄(4k), σ̄(4k + 1), ℓ̄1 = r̄, ℓ̄4k

)
=

2k + 1

22k−1
· p2 · 22k2π · Tr

(
Ω
2k
M

)
(ē2, . . . , ē4k+1),

= (−1)k(4k + 2)(2π)2k(2k)! · p2 · p̃k
(
ΩM

)
(ē2, . . . , ē4k+1)

= (−1)k(4k + 2)(2π)2k+1(2k)! · p2 · π∗p̃k
(
ΩM

)
(e2, . . . , e4k+1). ■

E Manifolds of dimension 4n + 2

We prove that S4n+3,4n+4 vanishes if dim M = 4n + 2. We proved the stronger result that
C̃SW3 = 0 for any 3-manifold [15, Proposition 2.7].

Proposition E.1. For dimM = 4n+ 2, S4n+3,4n+4(Mp) = 0.

We do the case where dim M = 6 to keep the notation down. The proof immediately extends
to the general case.

Proof. As in the proof of Claim 3.8 in Appendix C, we have

S7,8 =
∑
σ0=0

sgn(σ)R0ℓ10
nRσ1σ2ℓ2

ℓ1Rσ3σ4ℓ3
ℓ2Rσ5σ6n

ℓ3 (E.1)

=
∑
σ0=0

sgn(σ)
(
p2δba1

)
· p2

[
−Ja1

σ1
Jσ2a2 + Jσ1a2J

a1
σ2

+ 2Jσ1σ2J
a1
a2

]
× p2

[
−Ja2

σ3
Jσ4a3 + Jσ3a3J

a2
σ4

+ 2Jσ3σ4J
a2
a3

]
· p2

[
−Ja3

σ5
Jσ6b + Jσ5bJ

a3
σ6

+ 2Jσ5σ6J
a3
b

]
= p8

∑
σ0=0

sgn(σ)
[
−Ja1

σ1
Jσ2a2 + Jσ1a2J

a1
σ2

+ 2Jσ1σ2J
a1
a2

]
×
[
−Ja2

σ3
Jσ4a3 + Jσ3a3J

a2
σ4

+ 2Jσ3σ4J
a2
a3

]
·
[
−Ja3

σ5
Jσ6a1 + Jσ5a1J

a3
σ6

+ 2Jσ5σ6J
a3
a1

]
.

Because JabJ
b
c = −gba by (C.2), the product of the first two expressions in square brackets

simplifies to

S7,8 = p8
∑
σ0=0

sgn(σ)
[
−2Ja1

σ1
Jσ3σ4gσ2a3 + 2gσ1a3J

a1
σ2
Jσ3σ4 − 2Jσ1σ2

(
−δa1σ3

)
Jσ4a3

+ 2Jσ3a3

(
−δa1σ4

)
Jσ1σ2 + 4Jσ1σ2Jσ3σ4

(
−δa1a3

)]
×
[
−Ja3

σ5
Jσ6a1 + Jσ5a1J

a3
σ6

+ 2Jσ5σ6J
a3
a1

]
.
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Taking the product of the terms inside the first square brackets with the terms inside the second
square brackets, we get 15 terms, all of which simplify. For example, the product of the first
terms in each square brackets gives

2Ja1
σ1
Jσ3σ4gσ2a3J

a3
σ5
Jσ6a1 = −2gσ1σ6Jσ3σ4Jσ2σ5 .

For a term with a Kronecker delta, we have

−2Jσ1σ2

(
−δa1σ3

)
Jσ4a3 · Ja3

σ5
Jσ6a1 = −2Jσ1σ2Jσ4σ3J

a3
σ5
Jσ6σ3 = −2Jσ1σ2J

k
a3gkσ4J

a3
σ5
Jσ6σ3

= −2Jσ1σ2

(
−δkσ5

)
gkσ4Jσ6σ3 = −2Jσ1σ2gσ5σ4Jσ6σ3 .

Similarly, every product is of the form gσiσjJσkσℓ
Jσmσn , except for the product of the two last

terms, which is

8Jσ1σ2Jσ3σ4

(
−δa1a3

)
Jσ5σ6J

a3
a1 = 0,

since δa1a3J
a3
a1 = Ja1

a1 = 0.
In summary, every nonzero term in S7,8 is of the form sgn(σ)gσiσjJσkσℓ

Jσmσn , where σ =
(i, j, k, ℓ,m, n) ∈ S6. Under the change of variables σ 7→ σ(12), σ changes sign, but the term
gσiσjJσkσℓ

Jσmσn does not change sign. Thus the terms corresponding to σ and σ(12) in S7,8

cancel, so S7,8 = 0. ■

Remark E.2. In this proof, it was crucial that S7,8 contains an odd number of bracket terms
in (E.1); if there are an even number of terms, the cancellation in the previous paragraph does
not occur. This is where the hypothesis dim M = 4n+ 2 is used.
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