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Abstract. Let M, be a circle bundle with first Chern class p[w] over a closed 4n-dimensional
integral symplectic manifold (M, w). Equivalently, M, is a closed contact (4n + 1)-manifold
whose Reeb orbits are all closed and have the same period. For a metric g on M, compati-
ble with the symplectic structure and the geometry of the circle fiber, we use Wodzicki—
Chern—Simons forms on the loop space LM, to prove that m (Isom(M,,g)) is infinite
for |p| > 0. We also give the first high-dimensional examples of nonvanishing Wodzicki—
Pontryagin forms.
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1 Introduction

In this paper, we study circle bundles M,, with first Chern class p[w] over a closed 4n-dimensional
integral symplectic manifold (M,w). Equivalently, M, is a closed (4n + 1)-dimensional contact
manifold with closed Reeb orbits [1, Theorem 3.9]. We give M, a Riemannian metric g com-
patible with the symplectic structure on the base and the natural connection on the fibers.
There is an infinite-dimensional family of such metrics. We use Wodzicki-Chern-Simons (WCS)
forms CSyy_, on the loop space LM, to determine that 7 (Isom(M,, g)) is infinite for [p| > 0.
This extends results for circle bundles over Kéhler surfaces in [15] (as corrected in [16]) to
symplectic manifolds in arbitrarily high dimensions.

In general, the isometry group Isom(M) = Isom(M, g) of a closed manifold M is well-known
to be a compact Lie group. It follows that Isom(M) is isomorphic to (Tk X G) /F, where T" is
the k-torus, G is a semisimple Lie group, and F is a finite group [3, Theorem 6.9]. Since 71 (QG)
is finite, m (Isom(M)) := 71 (Isom(M),1d) is infinite iff & > 1. However, it seems difficult in
general to determine k.

Suppose M admits a nontrivial circle action a: S* x M — M via isometries. This gives a loop
al: S' — Isom(M) of isometries and hence an element of 71 (Isom(M)). If the circle action is

free, M is the total space of a circle bundle over the orbit space M, with the action given
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by rotation of the circle fibers. It is natural to conjecture that the class [a’] € mi(Isom(M))
has infinite order. This is not always true: for the canonical bundle M = S?"*! over M = CP",
the fiber rotation is an isometry of the standard metric on S$?"*!. In fact, [al ] is the generator
of 71 (Isom (S2"*1)) = 71 (SO(2n + 2)) ~ Zs.

In this example, the first Chern number of the canonical bundle is 1. The main result is that
for sufficiently high Chern number, rotation in the circle fiber gives an element of infinite order
in 7 (Isom(M)). More precisely, we have the following.

Theorem 3.4. Let (M,w) be a closed integral symplectic manifold of dimension 4n. Forp € 7Z,
let M), be the circle bundle over M with first Chern class p[w]. Choose a metric g on M, com-
patible with an almost complex structure on M as in (3.1). Then for |p| > 0, m1(Isom(M,, g))
is infinite. Equivalently, let M be a closed (4n + 1)-dimensional contact manifold whose Reeb
orbits are all closed and have the same period. Then M covers infinitely many such contact
manifolds M, with m (Isom(My, g)) infinite.

In the concrete example of CP?, we proved in [15] that m (Isom(M,)) is infinite for p # +1.
In fact, the only example we know where a! does not have infinite order in 7 (Isom(M,)) is
for CIP".

In Section 2, we give background material on pseudodifferential operators and WCS forms
on loop spaces. In Section 3, we prove the main result, both by direct calculation and computer
verification. The Stokes’ theorem arguments (Propositions 3.5 and 3.6) used in the proof depend
on the key identity

FE*dpaCSar = 0 € A%([0,1] x M), (1.1)

where FL: [0,1] x M — LM is induced by F: [0,1] x S' x M — M, a homotopy of loops of
isometries. This identity probably fails for a homotopy of loops of diffeomorphisms, which led
to errors in [15], now corrected in Appendix A.

In Section 4, we apply our theory to the first example of a symplectic, non-Kéahler manifold,
due to Kodaira and Thurston. Through explicit calculations, we get the results in Theorem 3.4
for all p.

In Section 5, we introduce a second theme in the paper, the investigation of when WCS
forms are closed. This would give interesting de Rham cohomology classes on LM. In finite
dimensions, by (2.2) a classical Chern—Simons form CS(Vi,Vy) on a bundle is closed if the
connections Vg, V1 are flat, or for dimension reasons. We had hoped to similarly find closed
WCS forms on the tangent bundle to LM, where flatness or dimension restrictions are not
available. On LM, dzpCSy),_, is a Wodzicki-Pontryagin (WP) form by (2.5). Thus all WP
classes are trivial, which is why we focus on secondary classes.

In Theorem 5.4, we construct the first published examples of nonvanishing WP forms. The
reasoning is as follows: if 0 = dyyCSyy, |, € A?*(LM), then (1.1) holds for general families F.
(This vanishing was incorrectly assumed in [15].) In this case, the Stokes’ Theorem argu-
ment and calculations in [15, Section 3] apply in particular when F' is a homotopy through
loops of smooth simple homotopy equivalences. Arguing as in Theorem 3.4, we would obtain
that m (C*°Aut(L,)) is infinite, where C*°Aut(L,) is the space of smooth simple homotopy
equivalences of a specific five-dimensional lens space £,,. This contradicts a result in [7], so these
WP forms are nontrivial. We note that these examples are 6-forms; in finite dimensions, there
are no degree 6 Pontryagin forms. The WP forms were predicted to vanish in [12], and [11] gave
the first counterexample.

Also in Section 5, we relate Pontryagin forms on M to WCS forms on M, if M is Kihler
(Proposition 5.2). If M is only symplectic, the proof breaks down, and no such relation is known.

Appendices A, B, C and D give proofs of technical results. In Appendix E, we discuss why
symplectic manifolds of dimension 4n+2 are more difficult to treat. The online files [4, 5] include
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a particularly long calculation for the Kodaira—Thurston example and computer codes verifying
the main results.

Notation.

(i) General odd-dimensional forms have degree 2k — 1. We will work on specific circle bun-
dles M, over a symplectic manifold of dimension 4n, so dim(M,) = 4n + 1. The WCS
forms of interest are forms of degree 4n + 1 on LM,,.

(ii) Our conventions for the curvature tensor are as follows: for a Riemannian manifold (M, g)
with Levi-Civita connection V, the curvature operator R: TM®3 — TM is defined by

R(A,B)C =V4VpC —VpVaC — V4 pC.
The components of the curvature tensor are given by
R(Ok,0;)0 = Ryjp)" Oa, Rijba = 9(R(Ok, 0j)0p, 0a) = (R(Ok,0;)0h, Oa)- (1.2)
In local coordinates, the matrix of curvature two-forms Q =0, € A%(M,Hom(T'M,TM)) is
Q(0k, 05)p" = Rjmp". (1.3)

In these formulas and throughout the paper, we use Einstein summation convention.

2 Background material

2.1 Finite-dimensional background material

The complexified tangent bundle of a Riemannian manifold (M 4",9) has Chern character
ch(M) € H®(M,R) with 2k-component

chpy (M) = Tr(QF)] € H**(M,R), (2.1)

k!(2m)k [

where 2 = Q) is the curvature form of g. There are associated Pontryagin-type forms pg(2) =
(=1)*/[(2k)!(2m)?*] Tr(©22*) and classes

Br(M) = [pr(Q)] = (=1)*chpyy (M) € H'* (M, R).

The usual Pontryagin classes py(M) := (—1)Fcor(M) are built from the even Chern classes
cor(M). By invariant theory for SO(n), the rings generated by {px} and {px} are the same;
this reduces to Newton’s identities relating the elementary symmetric functions in A1,..., A\,
to > Aiy..., > AT [17, Section 16].

As part of Chern—Weil theory, for connections V°, V! on TM with curvature forms Q°, Q!,
the Chern—Simons form CS45_1 (VO, Vl) e A1),

1 2k—1
CSu—1(VO, V) = 2k:/ Tr((wr —wo) A A - AQy)dt,
0

satisfies
dCSy—1(V°, V1) = 5 (Q°) — B (). (2.2)

Here Wt = tW() + (1 - t)uﬂ, Qt = dwt + wi A wy.
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2.2 Infinite-dimensional background material

This material is taken from [14, 15]. Let (M, g) be a Riemannian manifold. For fixed s > 0,
the loop space LM of s-differentiable loops is a Banach manifold with tangent space at a loop
v: St — M given by T, LM = I‘('y*TM -5 1), where the sections of the pullback bundle are
s-differentiable. LM has two preferred connections, the L? or s = 0 Levi-Civita connection V°
associated to the L? inner product (, )o, and the s = 1 Levi-Civita connection V! associated to
the inner products (, );:

<X,Y>0:/Sl 9(X1, Vi) o) At <X,Y>1:/Slg((l—i—A)Xt,Yt)v(g) a.

Here A = V*V is the Laplacian associated to the pullback connection V = 7v*VM of the Levi-
Civita connection VM on M. While the connection and curvature forms for VO at v take values
in End(y*T' M), the corresponding forms for V! take values in WDO<y, the Lie algebra of zeroth
order pseudodifferential operators (YDOs) on I'(v*T'M ® C), with the understanding that zeroth
order means order at most zero. Since endomorphisms of a bundle are zeroth order WDOs, we can
consider V°, V! to be ¥DOj-connections, where the Lie group WDO} of zeroth order invertible
UDOs with bounded inverse has Lie algebra $DO<q. In particular, the curvature forms for
these connections take values in ¥DO<g.

In contrast to finite dimensions, there are two natural traces on YDO<q. Recall that a zeroth
order YDO P on I'(y*TM ® C) has a symbol sequence P ~ > 32 oF, (2,£), where z € S1,
€€ TSt for m: T*ST — S1 the projection, o) (z,€) € End(w**y*Tkajg)) is homogeneous of
degree —k in £. The first trace is the leading order trace
= % /S*S1 tr(oo(z, §)) dédx,

where S*S! is the unit cotangent bundle of S'. For example, if P € End(y*TM ® C), then
Tr'°(P) = (1/2) Jg1 tr(P(x))dz. The second is the Wodzicki residue (see [6])

1

" 4r

Tr'°(P)

I'eSW rio_1(x xX.
(P) == [ wloa(o€) dsa

For P € End(y*TM ® C), resV (P) = 0. The trace in (2.1) can be replaced by either trace to
give a theory of characteristic classes on T LM:

1
chigyy (LM) := o [Tr'°(QF)] € H*(LM,R),

! [resV (Q%)] € H*(LM,R).

In fact, the Chern character ch?;]k} (LM) always vanish, while there are many examples of non-
vanishing chl[gk}(LM ) [12]. In this paper, we only consider the Wodzicki residue trace. There
are corresponding Wodzicki—Pontryagin (WP) classes

pi (LM), piY (LM) € H*(LM,R).
Since these classes vanish, we focus on the associated Wodzicki-Chern—Simons (WCS) forms

k—1
_ 1 P
CS;]Z_l = /-c/ resW((wl —wo) AU A AQy)dt € AQk_l(LM).
0

Fix a loop v(#) € LM and complexified tangent vectors Xi,..., Xop_1 € I'(v*TM & C) at .
By [15, equation (2.9)], for the L? and s = 1 Sobolev connections, we have

~ W
CSQk*l,’y(X17 oo ,XQk_l)
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k N\
=5z 2. (o) /S tr[(R(Xo1), )1 (Ko@) Xoar-n)]
0€62, 1
k y Aok
= ooz /S Fonsnue s (O (OX 2 (0) -+ X050 (0) 40, (2.3)

where R = Ry, 2 = Qg are the curvature tensor and curvature two-form of g, Go;_1 is the
permutation group of {1,...,2k — 1}, and by (1.3),

(2k — 1)!KV/\1--~>\21€71 (2'4>
— e (& es €L _
= Z sgn(a) B, e B, o) homes” Basdomen™  Baganogdoaroyes
0€6o;_1

—~ W
The analog of (2.2) in this context is dCSy,_; (V% V) =pV (Q%) — p)¥ (Q'), where Qo,
resp. 1, are the curvature of the L2, resp. Sobolev s = 1, metrics on LM. Since Qg takes
values in endomorphisms of T'LM, its Wodzicki residue vanishes. Thus

dCSy, (V0. V) = —pV (') € A% (L)), (2.5)

This proves that [ﬁzv (Ql)] is zero in H**(LM), which of course is not true in general in finite
dimensions. These forms are not necessarily pointwise zero (Theorem 5.4), a new result.

3 WCS forms for circle bundles over symplectic manifolds

In Section 3.1, we prove the main result Theorem 3.4. We first discuss the Riemannian geometry
of circle bundles M,, p € Z, over symplectic manifolds (M, w), where ¢i(M,) = (2r) " [pw]. We
compute the curvature as a function of p. Using the curvature calculations, we prove that the
WCS class on LM, is a polynomial in p? with nonzero top coefficient. As we explain, this proves
the Theorem. In Section 3.2, we discuss computer calculations that verify our calculations.

3.1 Geometry of line bundles over integral symplectic manifolds

Let (M, w) be a compact integral symplectic manifold of real dimension 4n; equivalently, M
is projective algebraic. The symplectic form w € Hs (H, Z) determines a Riemannian metric
g(X,Y) = —w(JX,Y), where J is a compatible almost complex structure. The set of such J is
infinite-dimensional, so we obtain an infinite-dimensional family of metrics.

We compute the symplectic volume form of M in local coordinates, where J = Jij do' ® %
and w = w;jdz’ Adx’.

Lemma 3.1.

(Z) Jz‘j = gijib = Wjj.
(ii) The symplectic volume form of M is

L 1 1 4
(Qn)!w "= W Z sgn(0)Jo(1)o(2)  * * Jo(an—1)o(an) Az A - Adz™",
0'66471
where Sy, is the permutation group on {1,...,4n}.

Our convention throughout the paper is that le-’ = Jjb, SO gabe = Jjq, not Jg;.
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Proof. (i) Since w(X,Y) =g(JX,Y), we get
wij = §(J0;,0;) = §(Ji*0y, 0;) = JPGy; = Jij.

(ii) This follows from (i), since

n_ 1 §
W= D sen(0)e(1)o@) " Wolan-1)o(an) AT Ao A2, .
066471,

Because w is integral, it has an associated line bundle L = Ly over M. Let M, be the total
space of the circle bundle L, 5 M associated to pw for p € Z. L, comes with a connection
1 = np with dn = pr*w, the curvature of . The metric g induces a metric g = g, on M, by

9(X,Y) = gp(X,Y) = g(m X, m.Y) 4+ 1p(X)pn(Y) (3.1)

(see [1, p. 37]). We also denote g(X,Y) by (X,Y).

Let & be a vector tangent to the circle fiber with 7(¢) = 1, and let X* denote the horizontal
lift to M, of a tangent vector X to M. We have n(XL) =0.

We compute the Levi-Civita connection V for ¢ in terms of the Levi-Civita connection V
for M.

Lemma 3.2.

(i) Ve§ =L =0,
(i) VyrYE = (VxY)" = pg(JX,Y)e,
(i41) Vyxr&=VeXE=p(JX)L.

Here L is the Lie derivative.

Proof. (i) As in [15, Section 3.2], each circle fiber is the orbit of an isometric St action on M,,
so each circle is a geodesic (V¢& = 0), with £ preserved by the action (L¢£ = 0). Alternatively,
for the first part, since dn(-,£) = 0, we get L¢n = dign + igdn = d1 + dn(§,-) = 0. Thus
Leg = Le(m*g+n®n) =0, s0 ¢ is a Killing vector field. This implies g(V¢&, Z) +g(§, VeZ) = 0.
Setting Z = £ and then Z L &, we get V£ = 0.

(il) We define H(X,Y) € R, FX = F(X) € TM by

Vi YE = (VxY)" + H(X, Y, (3.2)
Vo€ = (FX)F, (3.3)

These definitions are valid, since for (3.2), it follows from [18, Lemma 1] that . (V XLYL) =
VxY, so Vy YE = (?XY)L—FH(X, Y)¢ for some H(X,Y). For (3.3), (¢,£) = 1 implies
(Vx2€,8) =0, 50 Vyr€ = (FX)L for some FX.

We note that H(X,Y) = —H(Y, X): using n(X) = g(&, X), we get

0= (Leg)(X,Y) = (Vxn)(Y) + (Vyn)(X))
= g(&,VxY) + (6, Vy X = H(X,Y) + H(Y, X).

Thus

pw(X,Y) =dn(X5YE) = S (Vxen(YE) = (Ve YE) = Vyrip(XE) = n(Vyr X))

N

= %(_H(VXLYL) —|—77(VYLXL)) = —g(é"’VXLYL) +g(f,VyLXL)
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= JCH(X,Y) + H(Y, X)) = ~H(X,Y).
This implies
H(X,Y) = —pw(X,Y) = pw(J?X,Y) = —pg(JX,Y).
(iif) From £ XL =0, we get the first equality in (iii):
VXt -V =[¢, X5 = LXE =0
(This also gives an alternative proof of (i): since (X%, ¢) =0, we have
(Ve&, X1) = (6, VX L) = (£, Vx18) = 0.

Since (£,&) = 1 implies (V¢&, &) =0, we get Ve = 0. Another proof that the circle fibers are
geodesics is in [8, Theorem 5.2.13].)
It follows from <YL, §> = 0 that

(Vi YE O +{(YE V&) =0 or  H(X,Y)+(YE (FX)F) =o0.
Since g(X©,Y") = §(X,Y), we have —pg(JX,Y) = H(X,Y) = —g(FX,Y),so FX =pJX. R
The curvature tensor R of g is related to the curvature tensor R of g as follows.

Lemma 3.3.

() g(R(XE, YY) ZE, W) = g(R(X,Y)Z,W) + p*[~3(JY, Z)g(J X, W)
+g(JX, Z)g(JY,W) + 2g(J X, )g(JZ w)),

(i) g(R(XE, YE) 2L, €) = —pg((VxT)Y, Z) +pg((Vy )X, Z),
(iii) g(R(X",€)YF, f) = —p*3(X,Y),
(iv) g(R(X",)Y", 2") = pg((Vx J)Y. Z).

Proof. (i) and (ii). We have

Ve Vyr ZF = Vi (Vv 2)" = pa(JY, Z)€)
= Vxi(Vv2)" = pVxi(3(JY, 2)€)
=Vx(Vy2)" —pg(JX,Vy2)¢ - p[XF(GIY, 2))¢ + §(IY, Z)V 1]
= (VxVy2)" = pg(JX, Vv 2)¢ — §(Vx )Y, 2)E + g(JVxY, Z)¢
+g(JY,VxZ)¢ + g(JY, Z) (p(J X)"),
[(XF Y] =V VE = Vy XFP
= (VxY)" —pg(J X, V) — (Vv X)" +pg(JY, X)€
= —2pg(JX, Y )¢+ [X, Y],
SO
R(X", VP 7" = (VxVy2)" - pg(JX,Vy2)¢
—p(a(Vx )Y, 2)¢+ g(IVxY, 2)E+ g(JY, Vx Z)E + pg(JY, Z)(JX)*)
— [(VyVx2)" = pg(JY,VxZ)¢
—p(a(Vy )X, 2)+3(IVy X, Z2)é+ g(JX, Vv Z)E+pg(JX, Z)(TY)E)]
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— [(Vixyie Z2*) — 2p9(J X, Y)VeZ"]
= (RX,V)2) = p*g(JY, Z)(JX)" + p°g(I X, Z)(JY )" + 20°5(I X, Y ) (J 2)*
—pg((VxJ)Y, 2)E+pg((VyJ)X, Z)E.
Thus,
g(R(XEY!) ZE Wh) = g(R(X,Y)Z, W) — p*g(JY, Z)g(J X, W)
+0%3(JX, Z)g(JY, W) + 2p°g(J X, Y)g(J Z, W),
g(R(XEYE)ZE &) = —pg((Vx )Y, Z) + pg((VyJ) X, Z).
(iii) and (iv). Using [X*,¢] = 0 and Lemma 3.2, we have
R(XL OV =V VY - VeV YE
= Ve (p(IYV)F) = Ve (VxY)" = pa(JX,Y)E)
— pVx (JY)E) = p(JVxY)"
= p[(Vx(JY))" = pg(JX, JY )] = p(JVxY)"
= p((VxJ)Y)" = p*5(X, V)¢

In other words,
g((R(X*",€)Y"), ZL) = ((VXJ)Y Z),
g((R(X",€)YF), &) = —p*g(X,Y). [ |

In fact, (ii) and (iv) are equivalent; this uses the symmetry of R and

0=—-dw(X,Y,2) =d(g(J-))(X,Y, Z)
=g((Vx )Y, 2) +5((VyJ)Z,X) - g((V2zJ)Y,X) =0.

Here is the main result.

Theorem 3.4. Let (M, w) be a closed integral symplectic manifold of dimension 4n. Then
for |p| > 0, mi(Isom(Mp, gp)) is infinite. Equivalently, let M be a closed (4n + 1)-dimensional
contact manifold whose Reeb orbits are all closed and have the same period. Then M covers
infinitely many such contact manifolds M, with m1(Isom(Mpy, gp)) infinite.

In fact, M, is diffeomorphic to M_,, since L, is diffeomorphic to L_;, = L; via the fiberwise
map v — (-, v).

For the equivalence, we note that the line bundle Ly covers L, by the map z — 2 in each
fiber, as can be seen by the Cech construction of c1(Lp). The equivalence of line bundles over
symplectic manifolds and contact manifolds with closed Reeb orbits is given by the Boothby—
Wang fibration theorem [1, Theorem 3.9].

After discussing two key propositions, we give the proof of Theorem 3.4 at the end of this
subsection.

We recall the approach of [15]. For any set X, the following sets are in bijection:

MaLpS(S1 X X,X) < Maps(Sl,Maps(X,X)) > Maps(X, Maps(Sl,X)).

In particular, let a: S*x M, — M, be the isometric S action of rotation in the fibers of M,,. This
gives al: M, — LM, defined by al(m)(#) = a(f,m), and af: S' — Isom(M,g), defined by
a’(0)(m) = a(f, m). Similarly, for a homotopy, F': [0,1]xS*xM — M, set F'X: [0,1]xM — LM
by FL(t,m)(0) = F(t,0,m).



The Geometry of Loop Spaces III: Isometry Groups of Contact Manifolds 9

Proposition 3.5. Let (M, g) be a closed (2k — 1)-manifold. Then
LxAaW I nn nm
/ a"*CSq_1(9) #0=0# [a'] € m(Isom(M,g)) and [a']"# [a']™ for m # n.
M

In particular, if [, aLv*évS;’\éfl(g) £ 0, then [al] has infinite order in m (Isom(M, g)).
The following is proved in Appendix A, Lemma A.6.
Proposition 3.6. Let F': [0,1] x S' x M — M be a smooth homotopy through isometries, i.e.,
F(a:o,O, ) € Isom(M, g) for all (xO,Q). Then
« AW
djo1xaFH*CSgp,_y = 0.

Here (%%71 = (A?ég\,ifl(g). From now on, we denote Isom(M, g) by Isom(M).
We now prove Proposition 3.5, assuming Proposition 3.6. As a first step, we prove that if ag
and a1 are homotopic through isometries, then

/ag*éé;)\lil:/ af’*é\éxq- (3.4)
M M

This is just Stokes’ theorem: for iyo: M — [0,1] X M, i,0(M) = (xo, m),

LxAaW Lx~aW - ,*NW - ,*NW
/ o Cs2k—1/ ay” CSgp 4 :/ i F* Cs2k—1/ M CSy,_y
M M M M
J=rail
= d[O,l}XMF ’ CSQkfl - 0,
[0,1]xM

by Proposition 3.6.
Now let a,, be the n' iterate of a, i.e., a,(,m) = a(nf, m). We claim that

—~ W ~ W
/ a{;’*CS%_l = n/ aL’*CS%_l.
M M

~ W .
By (2.3), every term in CSy;,_; is of the form [, 4(#)' f(6); df, where f is a periodic one-form
on the circle. Each loop v € af(M) corresponds to the loop v(n:) € ak(M). Therefore, the
term [q, §(0)" f(0); A6 is replaced by

d ) 2 . ;

[ gm0y smeyds = [ 5(6)'5(6): 0.
St 0

Thus fM aﬁ’*CNS%f1 = nfM aL’*(Ajég\,ifl. According to (3.4), a, and a,, are not homotopic

through isometries. Since [a’ ]n = [al], the [af ]n € mi(Isom(M)) are all distinct. This proves

Proposition 3.5.

Remark 3.7. The tricky point of Proposition 3.6 is determining which class of homotopies F'
gives d[071}xMFL’*CS¥_1 = 0, or equivalently

—~ W
FE*dppCSyy_; =0, (3.5)

by Lemma A.1. In Lemma A.5, we give a general local formula for FL’*dLM(’j\éx_l. In [15], we
incorrectly assumed that (3.5) holds when F' is a smooth homotopy through diffeomorphisms.
Indeed, the proof of (3.5) when F' is a smooth homotopy through isometries (Lemma A.6) is not
valid for diffemorphisms; the proof uses the crucial transformation formula (3.8) for isometries.
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By Proposition 3.5, we want to compute aL”"(fJVSXY1 41 in local coordinates. In our set-
ting, a”(m) is the loop v = v, given by the fiber M, . We may assume that { = 0,1 is
the first element of a local coordinate frame {0,1,0,2,...,0an+1} = {01,...,04nt1}, and note
that 4¥ = £”. Then at v, (2.3) becomes

Gy = CS' (aldr,. .., alOume1)dzt A -+ A dain 1, (3.6)

To write (3.6) in local coordinates, we have

Lo, _ g L 7 _ 9 A g T i
(ay8;)(0) = T t:Oa (tz*)(0) = 7 tzoa(@,tm )= i t:Oa (0)(tz")
dal () dalJi
= al(0)(9) = ;i) 0ji =~ O (3.7)

0
We now want to substitute (2.3) and (2.4) into (3.6). Since a’(#) € Isom(M, g) for fixed 0,
we have

dal? dalH

gij(m) = (aI’*g)ij(m) = g/\,u(a(evm)) Ot

(6,m) (6,m)

with, e.g., al? = (al(ﬁ))/\. Therefore, (2.4) becomes

dal* dal* dal” dal*
oxt Oxd Oxk Ox'’

Rijre(m) = (a’*R), 1, (m) = Ryun(a(8,m))

Kjll..‘l4n+1 (m) - (a’ K)ji1i2...i4n+1
( (6 )) Halr dal:M HglH2 Hal n+1
VAL A2 Aant1 ’ a:[;.j 8:1;‘11 83322 a$l4n+1

, (3.8)

with all partial derivatives evaluated at (6, m).
The term 4* = da’" /00 also appears in (2.3). This term simplifies because a is an action:
a(@+6',m)=a(f,a(d',m)), where angles are added mod 27. Then,

dal d y d y
00 - @ el—oa (0 + el’m) - @ af—oa (e’a(el’m))
_ aal,u aialc _ aal,u A (3 9)
o 8$k (O,m) 89/ 0/:0_ amk ’ )

again evaluated at (6, m). W
Plugging (3.7)—(3.9) into (3.6) at a(f, m), and using the definition of CS = in (2.3) and (2.4),
we obtain at m

~ W ~ W
aL’*CS4n+1 =CS (af@l, e ,af&mﬂ)dle A Adgintt
—~ W Haldt Hglidz Halian+1 ) in
p— B B . ... ... +1
=CS (04,0551 0juns1) 50l 922 Sdn T dz* A Adx

4n + 1 aal,y aal’jl aal,j4n+1
- 24%7—1 </51 Kyj1j2-~~j4n+1 (a’(m7 9)) 86 axl T 81’4n+1 de
x dz' Ao Adaptnt?
4n + 1 aalvy k aalyjl aalaj4n+l
= 94n—1 </Sl Kvjijo..jansa (a(m,0)) Ok 3 orL  opdnti de

x dzt Ao Adaintt
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_dn+1 n
= ST </ Ko, ang1(m)€F (m) d9> dzt Ao A datn
2m(4n +1 n
- (24n—1)Kk12,,,4n+1(m)§k(m) dz' Ao Ada? T (3.10)

Since € = 9y, we have % = 6'%, so (3.10) becomes

" 2m(dn + 1
a® CS4n+1( m) = (247L1)K1712--~4”+1(m) dzt A - A da?mt (3.11)

In the definition of K7 12, 4p+1 in (2.4) in terms of the curvature tensor, we can substitute the
formulas in Lemma 3.3 to write the top form a®* CS4n 41 on M) as a polynomial in p with
curvature expressions as coefficients:

An+2

oW 2m(4n + 1)

al*CSy,yq(m) = 24n 1 Z Sans1,q(m)ptdat A - A datntL (3.12)
We focus on the top term.
Claim 3.8. For fized m,

Sun+1,4n+2 = Sin+1,4n+2(m)

= (=)™ 22 @2n 1) Y sen(0)[Jores - Toinr0a) (M) (3.13)
c€BGyn

where Sy, is the permutation group of {1,...,4n}.
This is proved in Appendix C.

Proof of Theorem 3.4, assuming Proposition 3.6 and Claim 3.8. By Lemma 3.1, the
right-hand side of (3.13) is a nonzero multiple of the symplectic volume form. As a result,
(3.12) and Claim 3.8 imply

~ W
0# [ a"*CSypiy
MP

for [p| > 0. By Proposition 3.5, [a!] has infinite order in 71 (Isom(}M,)) for |p| > 0. Thus
Theorem 3.4 follows. n

Theorem 3.4 applies to symplectic manifolds M of dimension 4n. The crucial Claim 3.8 does
not hold if dim(M) = 4n + 2. In Appendix E, we prove that S7g = 0 for dim(M) = 6, and the
proof extends directly to S4n+3 4n+4-

3.2 A computer verification

Using the code at egison.org, we obtain the following results for Siy1 4n+2 in Theorem 3.4 [4].

dim(M) 4 6 8
Sint1an+2 || =192 | 0 | 61440

In this pointwise calculation, we have put the almost complex structure into the normal form

J—(_(I) é)

This agrees with (C.7): for dim(M) =4 (i.e., n=1), >, _ Jor0sJos0s = —2!22, 50 Sint14n42 =
(—1)223(3)(—8) = —192; for dim(M) = 8 (i.e., n = 2), the corresponding sum over permutations
gives 4124 50 Sunt1.4n+2 = (—1)3255(384) = 61440.
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4 The Kodaira—Thurston example

We calculate explicitly the WCS class for the example independently given by Kodaira [9] and
Thurston [20] of a non-Kihler symplectic manifold M . By putting an explicit Riemannian
metric g, on M,, we can compute that m (Isom(M,y, g,)) are infinite for all p € Z.

4.1 The metric

The orbit space M is a T? fibration over T2. To construct M, we take coordinates 0y, 02, 63,604 €
[0,1]. The base T? has coordinates 61, 5, where we glue 1, f2 as usual to get a torus. For the
fiber T2, we take the linear transformation (1) on R? = {(03,04)} (so now these coordinates
are real numbers) Wthh glues the unit (03, 04)-square to the parallelogram with sides given by
the vectors 93, 93 + 6. We do this gluing in the #y direction, so that M is given by [0,1]* with
the relations/gluings

(07 027 937 94) ~ (17 927 037 04)7 (917 07 037 94) ~ (917 17 03) 93 + 04)
We claim that the metric
df? + d63 4 63 — H2dB3dby + (1 + 62)d6?

is well-defined on M. Since Jp, at 02 = 0 is glued to Jp, + 0y, at f2 = 1, this means we must have

(D6:> 0, ) (0,02,04,60) = (O8;> 00, ) (1,02,05,60)> i,j=1,2,3,4,
(D0:,08;)(61,0,05,60) = (09,500, ) (61,1,05,604)> i,j=1,2,3,

(D0:00,4) (61,0,05,00) = (Do;, Obs + Do) (6:,1,05,04)> i=1,2,3, j =4,
(D64 04 (61,0,04,60) = (Oas + gy, Oy + gy (61,1,05,04)-

Since the metric is independent of 67 € [0,1], the first equation holds; since the metric is
independent of 6y for i,5 = 1,2,3, the second equation holds. For the third equation, the
left-hand side is 0; the right-hand side is also 0 for ¢ = 1, 2, and for ¢ = 3 we get

(00;, Ops + D9,)(61,1,05,0,) = 1 — (02 =1) = 0.
For the last equation, the left-hand side is 1, and the right-hand side is
(Oos, 093)0,=1 + 2(0b3, 09, )6r=1 + (Dpy O, )op—1 = 1 +2(—1) +2 = 1.

(Since g3z = 1 is independent of 6, from the gluing Op,|g,—0 = Opsl0,=1, Oo,loo=0 = (Ops +

894)|92:1, g34(92) must satisfy 934(0) =0, 934(1) = —1 and g44(92) must satisfy g44(0) =1,
g44(1) = 2. Thus our choice of metric is the simplest one possible.)
As a check, we note that the volume form is

(1405 — 03)d6; A dfy A dB3 A dbs,
which is equal at 2 = 0 and 6y = 1. It is also positive definite, since 1 + 6 — 62 has no roots

in [0,1].

4.2 The compatible AC structure and the new metric

Given a symplectic form w and a Riemannian metric g, we want to find an AC structure J and
a new metric ¢ with the compatibility condition

w(u,v) = g(Ju,v). (4.1)
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The usual procedure is to write w(u,v) = g(Au,v) for some skew-adjoint transformation A.
(The matrix of A is not necessarily skew-symmetric in the basis {0y, }, since this basis is only
orthogonal at #3 = 0.) For A* the adjoint of A with respect to g, we set

- -1
J=VAA A=\"AT A gluw) = g(VAA ).
It is easy to check that J2 = —1 and that (4.1) holds. Note that
§(u,v) = g((AA) u, (447) ! 10)

is positive definite.

We take the symplectic form w = d6; A df; + kdf3 A dfy, & € Z\ {0}, so (M,w) is integral.
(For k < 0, w? is the volume form for the reverse of the standard orientation.) For the metric g,
we first have to compute A. The compatibility condition (4.1) is equivalent to

wl-j = Af gkj.

A straightforward calculation gives

0 1 0 0
-1 0 0 0
02k K
=10
4 1+6,—602 1+6,— 63
0 (—1 — 92),‘-{ —02/%

1+0,—62 1+6,—03
We now have to compute v/ AA*. From (4.1) and
w(,v) = —w(v,u) = —g(Av, 1) = g(—A"u,0),
we get A* = —A. Thus

10 0 0
0 1 0 0
AA =0 o i 0
1+ 0y — 63
Ii2
0 0 0
1+6,—63
10 0 0
1 0 0
K
L JAA — |0 0 0

K
00 0
(1 + 0y — 0%)1/2
and
0 1 0 0
-1 0 0 0
. 0 0 0 1
J=vVAA A= (1+02_9%)1/2 (1_1_92_0%)1/2
] _
0 0 02 02

(146, —62)" (1406, —62)"7

Note that J is independent of x.
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To compute g, we have

U1
uy U2
AAs | " = : us
ug | | (146, —062)"?
Uy m
(1+6,—62)"?
1 0 0 0
1 0 0
0 0 K —O9k
= g=g(VAdr,) = (140, -6 (146,—02)"
0 0 —bO2k (1+62)k

(1462 —63)"% (1+0,—03)""

We now use g to define g = g, on M, as in (3.1).

4.3 The top WCS form
Let {eo,...,es} be a local orthonormal frame of M, with ey = £. By (2.3) with k£ = 3,

—~ W —~ W
a*CS; (eq,...,eq) = CSg (aLeo,.. aLe4)
/ Z Sgn Rcro€10 Ralazéz RO’30’4T‘ d907 (42>
lASGH

where &5 is the permutation group on {0,1,2,3,4}, ¢1,0e,r € {0,1,2,3,4}, 0 = (09, 01,072,
03,04), and g is the fiber coordinate with dp, = £&. We have used that a”(m) is the circle fiber
of m € M,, so ¥ in (2.3) equals {. Thus the integral over S1 is the integral over the circle fiber
in M,.

Set B = B(62) =1+ 6y — 63.

Proposition 4.1. We have

3 2 2 1
/ L *CS}N = m; / (3072p* — 640p* B2 — 25374)dbs. (4.3)
M, 0

Proof. We explain the constants on the right-hand side of (4.3). By the construction of g, a acts
via isometries on M,. As in (3.10), this makes the integrand in (4.2) independent of 6y, so the
integral is replaced with a factor of 27w. Thus

/ aL’*évSW / @?(60,...,64)60/\"'/\64
Mp

27r 3 ¢ Y
g sgn(0) Ryo0,0" Royogty P Rogoyr 2dvol.
My geGs

We now switch to the coordinates {6y, ...,04}, so R is now computed in these coordinates, and
dvol = kdfg A --- A dfy. The integrand is again independent of the point in the fiber, so the
integral over the fiber Just detects the length of the fiber. By the construction of g, the fiber
in M, has length 27 = fo |€]. Since g = g, involves n = 7, and since £ = &, has 7,(§,) = 1,
each fiber has g, length fo |€plg,d0 = 27 independent of p. Therefore,

/ LGS, = 31 - 21k / > " 581(0) Royty0" Royosty Rogour2d01 A -+ A dby.
MP

leAS(GIS
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Thus the proposition follows if

/ Z Sgn(U)RUohOTRawﬂzglRasaub dfy A+ A dby
M

geGs

p2 1

T (3072p" — 640p* B2 — 25371) dbs. (4.4)
0

The long calculation of (4.4) is in [5]. This result is verified by the computer calculations in
a file at [4]. [

Since the top coefficient of p is nonzero, we conclude from Theorem 3.4 that 71 (Isom(Mp, g,))
is infinite for |p| > 0. We will improve this to all p as follows.

Theorem 4.2. 7 (Isom(Myp, g,)) is infinite for all p.

Proof. For p = 0, this follows from My = M x S' (cf. [15, Remark 3.2]). For p # 0, by (4.3)
and (4.4), it suffices to show that

1
/0 (3072p* — 640p*B~2 — 25574 dfs # 0 (4.5)

for p € Z. Either by a direct calculation or by Wolfram Alpha, we get (for 6 = 65)

/B‘Qde— 20 — 1 _2(1n(—29+\/5+1)+2(1n(29+\/5_1)+0
- 5(1460—067%) 575 v :

1 1
/ = <(1_|_g_92)3 (—600° + 1500" + 502* — 2252 — 750 + 80)

+12vV5(In(20 + V5 — 1) — In(—20 + V5 + 1))) +C.

The definite integrals are

/1 B72d0 = 3(5 +4v/5 coth™ (V5)),
0

25
1
/ R (10 + 3v/5 coth ™ (V/5)).
0 375

Plugging this into (4.5), we must show that
10(—1 — 24p® + 288p") — 3v/5(1 + 64p?) coth™" (V/5) # 0.

This quadratic equation in p? has solutions p ~ +0.159514i, 4-0.424868. Since there are no
integral solutions, the theorem follows. |

A second computer program verifying these calculations is in [4].

5 The Kahler case

In this section, we prove that the lowest order term in the WCS form has a geometric/topological
interpretation on Kahler manifolds (Proposition 5.2); this appears to fail for general symplectic
manifolds. We use this result to give non-vanishing results for a type of Wodzicki—Pontryagin
form in dimension 4k + 2 on loop spaces (Theorem 5.4). This is an infinite-dimensional phe-
nomenon, as the finite-dimensional version of these forms vanish. As noted in (2.5), the
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Wodzicki-Pontryagin classes vanish in H*+2(LM); this non-vanishing of the representative
forms gives the first known examples in arbitrarily high dimensions.

We start with a result about the real cohomology of loop spaces. This is not used later, but
we think it is of general interest.

For a manifold N, define the ring homomorphism L: A*(N) — A*(LN), 6 — 1, by

Sr(X1, ..., Xp) = 6(X1(0), ..., Xx(0)).

Let a: S* x N — N be an S! action; a can be the trivial action, so there is no restriction on N.
Then

al* oL =1d. (5.1)

= (d/ds)ls=0a™(7(s)),
L(v)(6 = 0) = v. Thus
(X

»](0)

To see this, take v € T, N and a curve 7(s) tangent to v at p. Then aZ (v )
a vector field along the loop a”(p)(#). Since a”(v(s)(0) = (s), we get al

a6 (X1, ..., Xp) = 6p(al Xy, .., ak (X)) = 6([akX1](0), ..., [af
=56(X1,...,X,).

By Lemma A.1, a®*: A*(LN) — A*(N) induces a map (aL’*)*, just denoted a®*: H*(LN,R) —
H*(N,R), on de Rham cohomology.

Lemma 5.1. The ring homomorphism L induces an injection L*: H*(N,R) < H*(LN,R) for
all k, and a™*: H*(LN,R) — H*(N,R) is surjective for all k.

Proof. We have to check that L induces a map on cohomology. As in Lemma A.1, we have

[(dew © L)8)( X1, - ., Xpt1)
_Z VX (60 (Xay e, Koy X))

+Z D98, ([Xi, X5), X1,y Xy oo, X940, Xpopn)
1<J

_Z )X (8(X1(0), - . ., Xi(0), ... Xg4+1(0)))

+ Z 1)™5([X;, X;](0), X1(0) ..., Xi(0), ..., X9(0),..., Xp41(0)),

[(L o) dN)é](Xl, “e ,Xk+1)
= dnd(X1(0), ..., Xk+1(0))

= Z ) 1X 0)(5(X1(0), ..., X:(0),. .. Xk41(0)))

+ Z 1)™96(1X5, X,;1(0), X1(0) ..., X;(0), ..., X?(0), ..., X¢41(0)).

1<j

Let v(t) be a family of loops with tangent vector X; € T',)LN. Extend the X; to vector fields
near y = vp. Then

Xi(6(X1(0),..., X:(0),... Xp41(0))) = (;S _0> 8,(s)(0) (X1(0), ..., X;(0), ... X311 (0))
= X;(0)(6(X1(0),..., X;(0),... X311(0))).

It follows that dzy o L = Lody, so L: A*(N) — A*(LN) induces L*: H*(N) — H*(LN).
Then (5.1) implies a™*L* = Id, which gives the injectivity of L* and the surjectivity of a*. W
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In contrast to this general cohomological result, our goal is to obtain information on the WCS
forms on M), from the Pontryagin forms on M.

Let (H,w) be an integral Kéhler manifold of real dimension 4n. The Kéahler form w €
Hy (M, Z) determines the Riemannian metric g(X,Y) = —w(JX,Y), where J is the complex
structure. The key feature of the Kihler case for us is that V.J = 0. Thus in Lemma 3.3, the
terms (ii) and (iv) vanish. - -

By (2.3) and Lemma 3.3, the WCS forms CS;’Vk_1 on LM, and their pullbacks aL’*CSg}]C_l
to M), are polynomials in P

k
~ W ~ W ~ W ; _
CSap—1 = CSpp_1(Mp, gp) = Z CSap—1,2i p* € A% 1(LMp),
i=1

k
—~ W —~ W ~ W .
L L L k—
a™"CSyp_y = a™"CSgp_1(Mp, gp) = Za " CSap—1,2i p* € A H(M,).
i=1

The forms 6@%71 o; are curvature expressions independent of p. Indeed, 6/8%71 o; involves an
integration of an S'-invariant, p-independent curvature expression over the S Lfiber in M,. Each
fiber has length 27 independent of p (see the proof of Theorem 4.1), so CS%_L% is independent
of p. .

In the proof of the main Theorem 3.4, we computed the highest power of p in aL’*gSXYl 11
in terms of the symplectic structure (see (3.13)). In contrast, the lowest power of p in a®*CS}Y 1)
for any k, contains Pontryagin-type form information.

Proposition 5.2. Let w: M, — M be the fibration. For & the unit tangent vector to the fibers

of m,
~ W . _
160" CSypy10 = (2k +1)2- e (Qay) = (—1)F(4k + 2)(2m) 228! - 7y (Qp).

Here Q = QM is the curvature of the Kéhler metric, and 4¢ is interior product with . The
proof is in Appendix D.

There are no finite-dimensional Pontryagin forms in dimensions 4k+2, because is skew-
symmetric and hence Tr(QQk‘H) = 0 in finite dimensions. For the s = 1 Sobolev connection
on LM,, the curvature is a skew-adjoint zeroth order WDO. The top order symbol is easily seen to
be skew-symmetric, but the minus one order symbol used to compute the Wodzicki residue need
not be skew-symmetric. Thus we can define Wodzicki—Pontryagin forms in dimensions 4k + 2.

Definition 5.3. The Wodzicki-Pontryagin form ﬁz\il € A*2(LM,) is
2

Q2k+1

\W (QQk—l—l) )

W
1 = TIes
Pryl

We now give examples where these Wodzicki-Pontryagin forms are nonzero. The proof
depends on the following observations:

1. By (2.5), the Wodzicki—Pontryagin classes satisfy

~ W
py = —dEMeCS,, ;€ APF(LM,).

N

2. If pY =0, then,
2

* T xagW
FL dLMPCSQk_l = d[o,1]xMFL’ CSop—1 =0,

for any smooth map F: [0,1] x S' x M — M, with FF:[0,1] x M — LM defined
by FL(t,m)(0) = F(t,6,m). In particular, F' could be a homotopy through isometries,
conformal diffeomorphisms, smooth simple homotopy equivalences, or any subgroup G of
the diffeomorphism group Diff (M).



18 S. Egi, Y. Maeda and S. Rosenberg

3. Thus we can apply Proposition 3.6 in the proof of Proposition 3.5 and conclude that
al*CSYY | (g) # 0 implies m(G) is infinite, a suspiciously strong result.

For the example, let £, = S5/ Z,, be the lens space given by the identification z ~ e2™/P 4 for
z € S5. By [15, Proposition 3.14], L, is diffeomorphic to M, := CP2P, where the base space CP?
is of course Kahler.

Theorem 5.4. pY € A°L(L,) is not identically zero.
2
~W
Proof. As above, py = —d!MrCS; € AS(LL,). If pY =0, then
2 2

— W ~ W
FE*aMMrOSg = djg 1y FP*CSy =0,

for F: [0,1] x S' x M — M a homotopy through smooth simple homotopy equivalences.
By the calculation in [15, equation (3.8)] (w1th the typo fCPQ replaced with f ), we ob-
tain [, a L*CSW # 0 for p > 1. Thus Proposition 3.5 1mphes m1(C*Aut(L, )) Is infinite,
where &’OOAut E p) is the space of smooth simple homotopy equivalences. Since C*°Aut(L))
is an open subset of C*°(L,, L,), and similarly for the corresponding C° spaces, the inclusion
of C*®Aut(L,) into CYAut(L,) is a homotopy equivalence [19, Theorem 16]. This contradicts
that m (C°Aut(L,)) is finite [7, Lemma 3.1]. Thus pY' is not identically zero. |
2

Remark 5.5. We sketch a quicker proof of the main Theorem 3.4 when M is Kihler (and is
not 3-Sasakian or CP"). By [2, Corollary 8.1.19], in this case G = Isom(M, g) coincides with
the group of strict contactomorphisms of M, where we only consider the identity components.
Therefore, elements of G commute with the circle of isometries given by the flow of the Reeb
vector field (denoted by a! in Section 3). Thus a’ lies in the center Z of G.

From the fibration Z — G — G/Z and using m2(G/Z) = 1 (since G is compact and con-
nected), 71 (Z) injects into 71(G). Since [a’] is easily an element of infinite order in 71(Z), [a!]
also has infinite order in 7 (Isom(M, g)).

A The proof of Proposition 3.6

A.1 Pullbacks of forms

For f: M — N a differentiable map between finite-dimensional manifolds and w € Q*(N), we
have dpy/f*w = f*dyw. In [10, Section 33.15], this is extended to infinite dimensions in a very
general setting which includes Fréchet manifolds. We give an alternative proof involving less
notation for smooth Banach manifolds like LM.

On an infinite-dimensional smooth manifold N, the exterior derivative can only be defined
by the Cartan formula

de(IL‘O, .. .Xs)p = Z(—l)iXi(w(z:O, PN ,Xi, PN ,Xs))
+Z D w([X5, X5],2% . Xy, Xy, Xs),
1<J

where X; € T,N are extended to vector fields near p using a chart map (see, e.g., [10, Sec-
tion 33.12]).

Lemma A.1. Let f: M — N be a smooth map between smooth Banach manifolds, and let
w € A*(N). Then dpf*w = f*dyw. In particular,

sAaW * ~aW
djo)xm F*CSqy,_y = FY*dppCSyy .
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Proof. First assume that f is an immersion on a neighborhood U, of a fixed p € M. For fixed
vector fields Y; on Up, set g: f(Up) = R, g(n) = w(fiYr,..., fx¥s)n. We have (go f)(m) =
w(fiY1, -, f4Y5s) f(m)- Thus the identity X, (g o f) = (f«X) (m)(g) becomes

for w € A*(N). Dropping m, f(m), we get

f*de(Xo, . ,X ) = de(f*Xo, .. f* 5)

—Z (W(fuXo,- -, F Xy, F X))
+Z V0 ([ X, X1 fo X0y oy Fa Xy Xy [ X)
1<j
_Z f*XOa"'ama---af*Xs))

+Z D0 ( ol Xis Xj1, e X0r ooy FaXis ooy X ooy X))

1<J

= de(f*Xo, ceey f*Xs) = de*w(Xo, ceey XS),

where we use [f. X, [+ X;] = f«[X;, X;] for immersions.

In general, consider the graph G: M — M x N, G(m) = (m, f(m)). Then ny o G = f
for the projection my: M x N — N. (We similarly define mps.) G is an immersion, with
G.(Y) = (Y, f.Y) taking a vector field on M to a well-defined vector field on M x N.

Fix (mg,no0) € M x N, and set ips: M — N X N, ips: N — M x N by iy (m) = (m,ng),
in(n) = (mo,n). If a vector (Xo, Yo) € T(;n9,ne)M X IV is extended to a nearby vector field (X,Y")
with X constant in N directions and Y constant in M directions, it is straightforward to apply
the Cartan formula to derive the standard equality (usually abbreviated djrxn = das + dn)

deNa(mo,no) = WKJ [dM (i*MO‘)MO] + 777\7 [dN(Z.?Va)no]

for & € A*(M x N). Since mips: m — ng (so dpsij,m*w = 0) and miy = id, the argument above
for the immersion G yields

dy ffw=duG ryw = G'dyxnmyw = GFmydarin ™ w + Tydyiy T w]
= G'rydyiyTi'w = ffdyw. |

As usual, dyf* = f*dy gives the induced map f*: H*(N,R) — H*(M,R) on de Rham
cohomology.

A.2 Local coordinates expression

We work in local coordinates (mo,x) = (mo,q:l, ... ,:c2k_1) on [0,1] x M. Recall from (2.4) that
e el es3 €k—1
Kuxi o ngn 0(1)611/ R)‘U(Q))\G'(3)63 R)‘o'(4))‘o'(5)e4 '”R%(zk—z)/\a(zk—nez )

for o a permutation of {1,...,2k — 1}, and where Rijke are the components of the curvature

tensor of the metric on a general manifold M. Then,

(2k — DK, 0, g A2 @ da? A - A dat2e (A1)
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is the local expression of an element of Q' (M) ® Q?*=2(M). For v € LM and X.,; € T, LM, we
have by (2.3)

~ W k 2m v A
CS (’Y)(X%h--- X%Qk 1) B ; KV)\I...)\Zkfl(’y(e))’y (H)X,i‘}l(ﬁ) X722kk 11d0 (A2>

—~ W
Then CS € Q%*~1(LM), since we have contracted out the v index. Since the integrand in (A.2)
is tensorial, we can integrate over [0, 27| even if the image of v does not lie in one coordinate chart.
From now on, we drop the constant k/2%~2 in (A.2).

) ~— W
A.3 Computing FL*dp,,CS
We have

W
(demCS, ) (Xy0, Xy1y -+ Xy 26-1)
2%—1

_Z D)X, cs (X000 Xy ooy Xyoi1))

+Z 1T (CS™ (X0 X ) X 0s s Koo Xy X 21))

a<b

= Z(l)a + 2(2) b

a<b

Let v5(#) € LM be a family of loops with vo(6) = v(6), (d/ds)|s=0vs = X+,a- Then
~ W —
X5a(CS (X500 Xoar- oo, Xy 26-1))

2 —
d v A Aa A
- /0 ds [KV/\o--.X;...)\Qk_l (78(0))’)/51/)(%070 a .X%’a ' X’Yfgkl 1d9]
s—

2
- 6mu K
0

. T Aok
oo (VO XE A (0)X25(0) -+ X3a(0) - - X% (0)do

2w —
oV a Aok—
By 5 OO OX50) - X00)-- X05,(6) (A.3)
2w —
. ) Aok
A PWE N GO0 (6x,.. X25) (O)X245(0) - X3 (0) - X%, (0) + - -
2w —
‘v A Aa Aop— >\
] By 5 OO OX5(0) X300 XJ57%5(0) - (0, X)57) 6).
Here ¢x. , is the Fréchet derivative or directional derivative in the direction of X, 4, so, e.g., in

finite dimensions we have
[(X,Y]) = 6xY" — 6y X" (A.4)

Since the flow of a vector field X, (f) on LM is computed by the flow at each fixed ¢, the Lie
derivative of two vector fields on LM is computed at each 6. Thus (A.4) is valid at a fixed 6.
Denote the last three lines of (A.3) by (A.3),. It follows that

2k—1

D (DA a+ Y (2ap =

a=0 a<b
Therefore,

W
(demCS, ) (Xy0, Xy1y -+ Xy 26-1)
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2k—1 2 —
a ‘v a Ao —
=V [ Oy 5 OEDXEAOXN0) - Xal6) - X5 0)a8
a=0
2k—1 o ) o N
F N [ Koy o ODILLOXI6) - X0(6)- X%, (9100
a=0
For the pullback, we consider (FL’*dLMévSW) (8700, Opty ., 8x2k—1) as a function on [0,1] x U,
where (U, z) = (z!,...,2?*71) is a coordinate chart on M. Then
(FL’*dLMévSW) (0p0, 0yt . .. ,0z2k71)($0’$) (A.5)
— W
=dmCS  (FFOu, Fro,,... ,F*Lax%fl)p(roﬁx)
W [ QF0 OFM OF A2k
= dLMCS ( 81‘0 8:p>‘07 8$1 8wA1 geeey 81.216—1650)\2]“1)
F(29,2)
2k—1 2 v 9 Aok
OF" QFY OF"  QF*  QF"2k-1
f— —_— a —_ 0 ... ..
- a=0 =y 0 ax#K”)‘O Aa-Azk—1 (F (a: 0, x)) ox® 90 OxY Oz Ox2k—1 do
2k—1

2 B2FY 9FY  9FX QR ek
—1)@ K — F(° )
+ Z( ) /0 u/\o.../\u...AQk_l( (x ’e’w))axGQQ ox0 Oxa ax%—l de

One term in the last equation in (A.5) vanishes. The proof is in Appendix B.

Lemma A.2.

o 2k—1 v A /T Aok—
OFY OFF QF*  gF*  gF*2k-1
a T 0 LY ... J—
/0 g(—l) 6$“Ku/\0.../\a...A2k_1(F (iL‘ ,H,ac)) 50 924 B0 e T do = 0.

Thus, we have the following.

Proposition A.3.

FL’*dLMGSW(azo, 0:131, ce ,axqu)(zoﬂj)

2k—1 o 20v AN A Ao
0“FY OF" QFAa OF"2k—1
_ a 0
- Z<_1) 0 KVAO...XZ...AQk_l (F(‘r ’e’x))axaae o920 dro Op2k—1 do. (A'6>
a=0

A.4 Homotopies of loops of diffeomorphisms
We now make the assumption that
F(:EO, 0,-): M — M is a diffeomorphism for all (:EO, 9) € [0,1] x st (A.7)

Then {F* (0/02") }fi;l is a basis of Tp(y0 9 -y M for all (2°,0,2). Therefore, there exist functions

al :a’(xO,H,JJ),i: 1,...,2k — 1, such that

F, (55,;0) = a'F, <£> (A.8)

Using coordinates y* = 3/’ (mo, 0, 33) near y = F(a;o, 0, x), we have
r 9 — @i ceT M r 9 — LF/\ 9 cT M
“\ 0z 00 oyA v *\ Ozt Ozt Oy v
(x9,0,z) Y (29,6,2) y
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Thus
oF*  ,0F* O’Fr 9alOF L 9*FA
=a'—, =——+a«a - (A.9)
0x0 oxt 000z 90 Ozt 000"
Plugging (A.9) into (A.6) gives
FL’*dLMCSW(axo, 81«1, ce ,6$2k71)
2 i v 2 v A Ao
da' OF S 0°FY \ OF™M OF"2k—1
= K, — ! . dé
0 A Azk—1 ( 00 Ox* ta 89&%’) ozt Qa2k—1
2k—1 27 2 v A A /T A2k —
0°F OF7M Y\ OF™M OFAa OF " 2k—1
+Z(_1)a/ Koo dmn <O‘Z ) T ooy 40
p 0 VAO---Aa--A2k—1 Q20 ox* ) Ox Ox® Ox
The sum of the terms with the second partial derivatives vanishes.
Lemma A .4.
2 2 v A Aok
; O°FY OF ™M OFM2k—1
0= ) K@ gaan g et 9
2k—1 o 2 A N D Ao
F . OF o Jag! FAa FA2k—1
B [ B (OO T o,
g 0 VA0--Aa--A2k—1 OO ox* ox oz ox

The proof is in Appendix B. Changing the index v to A9, we have proved the following.

Lemma A.5. Under assumption (A.7), we have

da' OF* 9FM  QF A2k

K)\O)\l.../\2k71% ort  Oxl Ox2k—1 do.

L,* =~ o
F=*draCS (8xo,8x1,...,8z2k_1) =
0

A.5 Homotopies by loops of isometries

We now make the further assumption that
FI(JUO,H) = F(:cO,H, ) M — M is an isometry for all (mO,G) e [0,1] x St. (A.10)
The following computation finishes the proof of Proposition 3.5.
Lemma A.6. Under the assumption (A.10), we have
FLdg,CS =0,
Proof. By Lemma A.5, at a fixed z°, we have

—~ W
FL’*dLMCS (axo, 8961, .. ,8zzk_1)!x

21 aaz aFI’)\O 8F[,)\1 8F[,)\2k_1

o 0

= ) K)\O/\l--~)\2k71(F(x ,9,:6)) 90  Ori orl O 2k—1 de
21 9oyt 27 Dot

= —— K1 op—1(x)d0 = K;1._op_ df =0,
) o0 1.2k 1(33) 1..2k 1(90) ) 0

using (3.8). As in (A.2), the integration over [0, 27] is valid, because the o’ are the components
of a tensor/vector (A.8). [ |

The crucial identity K, . i, () = (FI’*K)iOil,_,i%_l (x), which holds for isometries and fails
for diffeomorphisms in general, is generalized in [13] to study the fundamental group of other
finite and infinite-dimensional transformation groups.
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B Proofs of Lemmas A.2 and A.4

Proof of Lemma A.2. Set dim(M) = 2k — 1. Fix x € M and { € T,M. For Xy, Xy,...,
Xop_1 € T M, set

2k—1 —
K(X()’ e ’X2k_1)$ - Z (_1)(18)‘“}{1/)\0..,:\;..)\21@71 (x)éngXé\o T X/i\a o Xé\lziEl : (Bl)
a=0

If we show that the right-hand side of (B.1) is skew-symmetric in Xo, ..., Xor_1, then K is a 2k-
form on M and hence must vanish. The lemma follows by replacing z with F' (1:0, 0, x), ¢ with
(d/dO)F (20,6, ), and X, with OF /dx’.

To check skew-symmetry in Xg, X7, we write

K(X()lea X27 cee 7X2k‘—1)

= (Oro Kunronanr — O Kidorgeage 1 )E X0 XM - X341 (B.2)
+ (8A2Ku,\0,\1?2,\3...,\2k,1 - a/\BKuAO,\l,\QAA3>\4...,\2k,1 o= O Kung o)
X € XXX X2, (B.3)
K(X1,Xo, X2, ..., Xog—1)

= (O Kirorars- o1 — Do Kiaire on 1 )EV XTI XG0 X2 X% - X2 ! (B.4)

+ (a’\QKuAIAOX;)\g...AQk_l - a)‘3KV/\1/\o)\2X;)\4...)\2k_1 + o = O Kuaidoraedor)
X & XMXNOXN2 X X (B.5)
Then (B.2) = —(B.4) by inspection, and (B.3) = —(B.5), because K is skew-symmetric in

)\1, PPN )\Qk_l by (Al)
We now check skew-symmetry in X7, X9, with all other cases being similar. We have

K(Xo, X2, X1, X3, X4, ..., Xop—1)
=0\ K vXM XX XXM X B.6
— U)o V)\g)\1)\3>\4...)\2k_1£ 1 0 2 3 4 2k—1 ( : )
+ (=00 Kiaor Asa ok 1 T 0 Kiaorads .. Aox_1)
X & XM XXX XM X (B.7)
+ (=0 Kirorarirs. dor 1 + O EKiurorahidghs. dop 1 + 7
— O KodorahiAsha. Aos_2)
X XX XM XXM X2 (B.8)

Then K(Xo, Xg, Xl, X3, ce 7X2k—1) = —K(Xo, Xl, XQ, Xg, ce 7X2k—1)7 because (l) the skew-
symmetry of K implies the skew-symmetry of (B.6) and the skew-symmetry of the three lines
of (B.8) in A1, Ag; (ii) the two lines of (B.7) are explicitly skew-symmetric in A1, Ao. [

Proof of Lemma A.4. The terms with second partial derivatives are

VOPFY L PRV PRV oy OPFV
Bosansneda\ @ 510+ 5206 T ousos T T aam100
OF M 9FA2 9F*s  QF k-1

Oxl 0x? O0x3 Ox2k—1 (B.9)
O’F” [ ;OFYNN\ OF2 QF*s 9F*  QFA2k—1
_K”A‘)AQ*S“"*Q“axlae( o ) 0x2 0x% Ozt 0x?h1 (B-10)
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O’F” [ ;OF\ OFM OF* 9F*M  QFA2-1
+KV/\O)‘1)‘3)‘4"')‘2’“’1837289 (a oz’ > drl 9z 0zt 9ak1 (B.11)
O*F JOFMN OFA 9FA2 9FAs 9FA+ gF A2k
~Rones e areTag (O‘ da ) T TR R P T R

In (B.10), in the term of(9F*/9z%), only the term ol (0F*/dz') is nonzero: for example,
the term

O’FV [ LOF M\ OF*2 QF» gF*  QF k-1
Kl/)\o)\z)\3)\4...)\2k,1 1 2 2 3 1 2k—1
ox100 Ox or? 0x3 Ox Oox
is skew-symmetric in Ag, A2, and so vanishes. For the same reasons, the terms with 0F ’\0/ 03,
OF /9z*, ... 0F /92z?*~1 vanish. Similarly, in (B.11) only o? (8F)‘0/8$2) is nonzero, etc.,
and in (B.12) only a*~1(9F* /92?*~1) is nonzero.
Thus (B.9)-(B.12) becomes

| O*FV 5 O2FY 3 O*FV op_1 O*FV
Kl//\l)\Z)\S)\AL...)\Qkfl a ox160 t+a 82260 t+a o390 t+ota 8:52167189
OFM QF 2 §F*3 HF A 2k—1

¥ 0zl 022 023 9zl (B.13)
O?FY ( JOF M\ OF*2 9F* gFM  QF k-1
K”W?A?’M“'A%—laxlae( a:&) 9% 08 0at | a1 (B-14)
O?FY [ ,OF M\ OF M QF* 9FM  9QF k-1
+K”A0A1A3A4"*2k—1ax2aa( a:@) Oxl 0% ort | 0x?1 (B.15)

- VA0A1A2A3A4...A2k_2m Op2h—1
OFM QF*2 9F s gF™  QFA2k-2
(B.16)

oxl 0z 0x3 0zt oxk2

If we replace \g in (B.14) with A1, then the term

x L O2FY \ OFM OF*2 9F % 9F*  9F k1
vA1A2A3 A4 A1 | 000 | oxl 012 013 Ort  Op2k-1

in (B.13) cancels with (B.14). If we replace )¢ in (B.15) with Ay, then the term

o OPFY \ OFM QF?2 QFAs 9FM  9F k-1
Kuxidadsha. oy | @ 02200 | 0rL 022 023 ozt op2k-1

in (B.13) cancels with (B.15). Continuing, if we replace Ag in (B.16) with Agx_1, then the term

K ok_1 O?FY \OFM QF*2 9F* gFM  gFA2k-1
vAdedsdadan-t\ 50k 150 | 90T 902 028 Ot | 02k 1

in (B.13) cancels with (B.16).
Thus (B.13)-(B.16) sum to zero, which proves the lemma. [
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C Proof of Claim 3.8

Claim 3.8: For each m € M,

San+1,4n+2(m) = (=)t (20 4 1) Z se1(0) o1z * Josn_104, (M), (C.1)

c€Gyy
where Sy, is the permutation group of {1,...,4n}.

Proof. By (3.11) and (3.12), Sint1,4n+2 is the term in Kj 12 4541 with power p**2. In the
expression for K 12 4n41 in (2.4) with v = 1, we plug in Lemma 3.3 (i)—(iv) for the curvature
terms. Since v = 1, the only way to obtain a term with power p*"*2 is if a permutation o € €411
on the right-hand side of (2.4) has o1 := o(1) = 1. See Lemma 3.3 (iii) in particular.

However, to get the indices to agree with (C.1), we need an adjustment. While in (3.6)

we took local coordinates (xl,x2, . ,a:4"+1) on M with 9,1 = &, we now take coordinates
(:UO, zl ... ,m4n) such that 0,0 = . In particular, K 12 4n+1 in (3.11) is replaced by Ko 12...4n-
The only permutations in €441, which is now the permutation group of {0,1,2,...,4n}, which

give power p*"*2 have oy = 0. The set of such permutations equals €4,, the permutations
of {1,2,...,4n}. Therefore, by Lemma 3.3 (iii), we get

An+2 __ § : Qp ¢C1 ¢C a b a b
S4n+1,4n+2p - Sgn(U)Rclalcg né’ 15 2RO‘10’2b1 1RO’30‘4CL2 1R0'50'6b2 2R0’70‘8a3 Z..
0'69:471,

A1 b
X Ra4n—30'4n—2bn " R0'4n710'4nan " (mOd p

= Z sgn(o) (_p253?) (R0102b1a1 Ros04as bl) (Rascrabz “ R0708a3b2) T

geCyp

Ap—1 b
X (R04n7304n72bn " R0'4n710'4nan n) (mOdp

4n+1)

4n+1)
)

where (mod p4'”+1) mods out all polynomials of degree at most 4n+1, i.e., keeps only terms with
power p*"*+2. (We have relabeled ey, . . ., e, in (2.4) for 2k—1 = 4n+1 with ay, ..., apn, b1, ..., by.)
By (1.2) and Lemma 3.3 (i), this becomes

4n+2 4n+2 an ai / az | .
S4n+1,4n+2p § Sgn 5 )01020304(12 (A2)05<7607<78@3
0'€¢4n

An—1 (HlOd p4n+1)’

/
x (A7)
O4n—304n—204n—104n0an
where

b
(A/1)010203a4a2a1 = R0102b1a1R0304a2 !
= [_Jcrzlnjolal + Jo1b1Jcrza1 + 2J01U2Jb1a1] [_J04a2J03b1 + Jaaagjcmbl + 2J0304Ja2b1}7

az b2

/ _ a
(A2)05060708a3 - RU506b2 RU708a3

= [~ Toghs Jos ™ + Joshy Jo ™ + 20T, [~ Toas Jor 2 + Jorag Jo 2 + 2 pr0g Jas 2],

an—1 _— ap—1 bn
- R0'4n730'4n72bn RU4n710'4na'rL

A)
( O04n—304n—204n—104n0n

= [_J0'4n72bn‘]‘74n—3 nh 4 Ja’4n73bn‘]0'4n—2an71 + 2J0’4n—30'4n—2‘]bnan71i|
b b b
X [_J0'4nan']0'4n71 "+ J04n71an‘](74n "+ 2J0’4n7104n‘]an n]'

We expand out (A}),

b b b
“ = J02b1J01a1JO4a2J03 b — J02b1<]01a1 Ja3a2<]04 T — 2J02b1J01a1 J0304Ja2 !

1)
( 1) 6109030402
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b b b
- J01b1J02a1<]0'4a2<]0'3 t+ J(J'1b1<]0'2a1J0'3a2J0'4 v+ 2<]0'1b1<]0'2a1<]0'30'4<]a2 !
b b b
- 2J0102Jb1a1J04a2J03 ! + 2J0102Jb1a1J03a2J04 ! + 4J0102Jb1a1=]0'304t]a2 L

Since, e.g.,
Jo'gbl']cfgbl = Jl;llgaagjagbl = _52390,02 = —Yoz03, (CQ>
(A}) reduces to

ar _ a a ai
= —Jo JosasJoros + Jo1 " JosasGosos + 2J5 " JozouGosas

/
( 1)0'10'2030'4(12
+ ']Jzal J04a290103 - J02a1 J03a2g<7104 - 2J02a1 J0304g<71a2
+ 2‘]0102“70’4@503@1 - 2J0102J03a2504a1 - 4J0’102J03045a2a1' (C'3>

Terms in (C.3) containing gs,,; (as opposed to terms containing gs,q;) do not contribute to
Sin+1,4n+2. Indeed, by the symmetry of g, for fixed o the term in S4,114n42 formally of the
form sgn(c).J - J---J - gg,0, is cancelled by the term with (ij)o in cycle notation.

As a result, we have

An+2 _  4n+2 a a ! a
S4n+1,4n+2p =P E Sgn(g)éa? (A1)01020304a2 ! (A2)05060708(13 2
oo=0

(C.4)

/
X ( n) ’
O04n—304n—204n—104n0n

with

(A1) 0109030405 ™ = 2J50, M oso4900as — 2J00  JososGoras + 2J51 00 Josa5005 "
—2J0109 030300, — 4d 5100 Jos040a0 "
= —4Jos0,J01 " Gooas — 451000300004 "t — 45100 Jrs040an ™
= —2*[Jo105Jo302004 " + Jos04Jo1 " Gosar + Jor0s 50400, ]
= —22J(,102 (J(,méma1 + Jo3 " Gogas + Jg3a46a2“1).

a

(To obtain the third line, we replace 2.J5,“' Joy04 Gogas OY —2J00 " Jos04Go1as, A0 2J5, 00 Jrsas005 ™
by —2J5,05Jrsa300,*", using the sign reversing “change of variables” o +— (12)o. In the last line,
we replaced Jyy0,J51 % Gooas With Jo 00 J53% gosas using the sign preserving change of variables
o +— (13)(24)0. Strictly speaking, these substitutions are valid only after we plug (A;) back

into (C.4).)
Doing the same computations for (45),..., (47), we get
Sant1,4n+2 (C.5)
- Z Sgn(g)(53?)(‘41)01020304&2(11 (A2)0'5O'60'7O'8(13a2 e (An)a4n,304n,204n,104nanan_l;
oo=0
where

(A2)0'50'60'70'8a3a2 = (_22) [J0'5(76 (J0'7a3508a2 + J0'7a2ga'8a3 + J07085a3a2):|7

(A ) an—1
N)04n—304n—204n—104n0an

= (_22) |:J04n730'4n72 (Ja'4nflan50'4nan_1 =+ J0'4n71an_1go'4nan + J04n7104n5anan_1)] .
We now begin to simplify (C.5).
as , ..

Sint14ant2 = (-1) Z Sgn(o-)(53T)(A12)0'10'20'30'40'50'60'70'8&3a1 (A3)aga1001101204
oo=0
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an—1
X (An)osn—30an—204n—10aman """

where

(A12) "= () " (A2) "
12 0102030405060708G3 ’ 1 0102030402 2 0506070803

= (=22)? [Jo102 (Jogaz004™ + Jogon I Gorsar + Jogoraar™)]
X [Josos (Joraz0os™ + Jor ™ Gosas + Joros0as™®) ]
= (=22)% JoroyJosers [Trsasos™ + Joy ™ Gosas + Jorgors 00" ]
X [Joras0as™ + Jor % Gosas + Joros0ay?]
= (=222 o100 Joso [Josas0os ™ JorasOos ™ + JosasGos™ Jor" Gosas
+ Josa2004 " Joros0as ™ + Jo3 ™ Gosar JorazOos ™ + Jo3 ™ Gosar Jor * Gosas
+ Jos " Gosas Joros0as™? + Jos040a: " Jorazdos ™ + Josos0as ™ Jor ™ Gosas
+ Jos040a3" Tonos 0as ™|
— (=222 00 Josos [ Josos Joras0os™ + JosasOos™ Joros ozt JorosGosas
+ Joy M 9osas Joros T JososJorasOas + JososJor ™ osas + JososJorosdas ™)
= (=2°)% JoronJorsos [ Jorsors Trnasdos ™ + JirrazOos ™ Josos — Jor JogosGosas
+ Ty ™ Gosas Tosos + JosorToras0 + JogosJor™ Gosas + Josos Jorosda;™ ]
= (=222 Tr0s Joso [Josos (—JorasPos™ + JorasOos™ = Jor ™ Gosas + Jor™ Gogas
+ Joras00s™ + Jor ™ Gosas + Joros0as™)]
— (=222 Jor0sJososJosos [JorasOos™ + Jor ™ Gosas + Jorosas™]- (C.6)

Continuing to simplify (C.5), we have

(A123)01---012a4a1 = (A12)01---08a3a1 (A3)09010011012a4a3

2
= (=2°)"  Jor02Jos04 Josos [ JorasOos ™ + Jor™ Gosas + JorosOas ]
X (_22) “Jogoo [J011a45012a3 + J011a39(f12a4 + Ja110125a4a3]
2\3
= (_2 ) ' J0102 ']0304JU506J0708J09010 [']011%5012“1 + J011a19012t14 + J0110125a4a1]’

where the last line follows from computations as in (C.6).
In the end, we obtain

Sini1,4nt2 = n+122n § sgn(o Jor03Jo504 " Joun_30un—a
oo=0

x [J<74n 1a1504na1 + Josn1" Goanar + Ja4n71a4n5a1al]
= (= )n+122n+1 2n+1 Z SgN(0) o105 Josos * Josn—104n- (C.7)

oo=0

This proves the claim. |

D Proof of Proposition 5.2

Proposition 5.2. Let w: M, — M be the fibration with M Kdihler. For & the unit tangent
vector to the fibers of m,

~ W . _
16a"* CSypy10 = (2k+1)2- Q) = (—1)F(Ak + 2)(2m) 2 (2k)! - 7 (Uyp)-
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Proof. Let £ = e1,e2,...,€4,41 be an orthonormal frame of M, at m with £ tangent to the
fiber of the S! action and {e;}i"3" a horizontal lift of an orthonormal frame {€; = m.e;} at
m = m(m). We must show that a® *CSM+1 5(&,€e2,...,eq41) at m is a specific multiple of
tr(ﬁ%) (Ty€a, ... Teeapi1) at 7(m). (More precisely, we have to show this for every subset of
{ea, ..., €ant1} of size 4k, but the case we treat carries over to all other cases.) In the proof, we
will use Lemma 3.3 for curvature terms.

We denote e, by r, so, e.g., R(ea(g),ea(g)),egz,eh) is denoted R(0(2),0(3),%2,¢1). Since

ake, = e, as in (2.3), we have

aL’*/CVSZZ-FI(ela s ,€4k;+1)
2k +1 M2k
SXEL S i) [ ol O o) O
o€€ypq1

222]%11 > sen(o) SlR(U(l),El,f,T)R((T(?),0(3),62,61)]%(0(4)’0(5)763752)...
0€€yp 41

X R(o(4k — 2),0(4k — 1), lyg, bag—1 ) R(o(4k), 0 (4k + 1), 7, Lay,).

We want to compute the terms in (D.1) of order p?. These terms come from («) permutations
with o(1) = 1, and (8) permutations with o(1) # 1.

We claim the () terms contribute zero (for all powers of p?). The term R(o (1), (1,,7) with
o(1) # 1 is zero unless ¢; = 1 and o(1) = r. Note that R(r,1,&,7) = —p?. Thus

3= g [ 3 —sm()Re@),0) 61 =)

a(1)=r
=1

X R(o(4k),o(4k + 1),r = o(1), lyg).

In the term R(0(2),0(3),02,1 = &), we get zero unless either [0(2) = 1 and ¢y = o(3)] or
[0(3) =1 and ¢ = o(2)]. Therefore,

(5)_22";;11. / ST S sgu(o)R(o(4),0(5), £y, o) - -

o(l)=r o(2)=1
£1=1 o(3)=ty

X R(o(4k),o(4k + 1), = o (1), lay)

_22142::11. / Z Z sgn(o)R(o(4), 0(5), €3, b2) - -

o(l)=r o(3)=1
£1=1 o(2)=ty

X R(o(4k),0(4k 4+ 1),r = o(1), ).

For fixed (9, there is a bijection between {o | 0(2) =1, 0(3) = l2} and {7 | 7(3) =1, 7(2) =
(3} given by o — 7 = o(142) in cycle notation. Since sgn(o) = —sgn(7), we get

(B) = 22];:—11 . / Z Z sgn(o)R(o(4),0(5),03,02) -

o(l)=r o(2)=1
£1=1 o(3)=ty

X R(o(4k),0(4k +1),7 = 0(1),Lay). (D.2)
The last term in (D.2) is

R(o(4k),0(4k +1),r = 0(1),l4) = R(o(4k),0(4k + 1), &, Lay,). (D.3)
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This term vanishes if {4, = &. If {4, # &, then since 0(2) = 1, we have o(4k) # &, o(4k + 1) # €.
Thus (D.3) vanishes in all cases. Therefore, (3) = 0.
The («) term is

(a) = 22/’2;11 : / > sgn(o)R(0(2),0(3), b2, 01 = 1) -

o(1)=1
L1=r#1

X R(U(4]€), U(4]€ +1),4 =, €4k)

In Lemma 3.3, a nonzero product of terms of types (i) and (iii) with one term having ¢ and
having a power p? must include exactly one term from (iii) and only the first term on the
right-hand side of (i). For 7 = m.e, = €, etc., we get

2k +1)27 B -
(04)—(2%1 P’ Z sgn(o)R(3(2),5(3), b2, 1 = T) - --

o(1)=1
L1=r#1

x R(5(4k),o(4k 4+ 1),0; =7, Lay,)
= P 2o T (@) @, ),
= (—1)*(4k +2)(27)** (2k)! - p* - 1. () (B2, - -, Eary1)
(—1)*(4k + 2)(2m) L (2k)! - p? - i (Q7) (€2, - - -, k1) u

E Manifolds of dimension 4n + 2

We prove that Sip434n+4 vanishes if dim M = 4n + 2. We proved the stronger result that
CSY = 0 for any 3-manifold [15, Proposition 2.7].

Proposition E.1. For dim M = 4n + 2, Sap+34n+4(M,) = 0.

We do the case where dim M = 6 to keep the notation down. The proof immediately extends
to the general case.

Proof. As in the proof of Claim 3.8 in Appendix C, we have

578 - Z Sgn RO&O RO’1O’21€2£ R0304€3£2R0506n€3 (El)
oo=0
- Z Sgn 25b ’ 2[—,];’ Jozaz + Jomzjal + 2J0102J ]
o0=0

2 [—J“ ng t Jogag I 4 2530, 82| - PP [~ T2 Jogh + Josp I 2 4 250 J5% ]
_ Z sgn(o Josas T Joraz Jot + 2105 I3 ]

oo=0

[ Ja J04t13 + J03a3Jg4 + 2*]0304‘]35} [ J%Jmﬂn + J05a1‘]g6 + 2J0'506Jgf:|

Because Jabej = —gpy by (C.2), the product of the first two expressions in square brackets
simplifies to

57,8 = p8 Z Sgn(a 2J J 30490203 + 2901Q3J0-21 J0304 - 2J0102 (_5g;)=]04a3

oo=0

+ 205 (—02) o0 + 4Ty Trgers (—021)]
X [_Jg JUGGl + Ja5a1<]a3 + 2‘]0'50'()(](1 ]
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Taking the product of the terms inside the first square brackets with the terms inside the second
square brackets, we get 15 terms, all of which simplify. For example, the product of the first
terms in each square brackets gives

2J<CTL11 JU3U49026L3J§§J06¢11 = _290106JU304J0205'
For a term with a Kronecker delta, we have

: k
_2J0102 (_5%)‘]04&3 ) Jggjoeal = _2J0102J0403Jg§‘]0603 = _2J0102Ja39k04‘]g§‘]0603
== _2J0'10'2 (_555)gk04J0603 = _2JU10'290'5U4J0'603‘

Similarly, every product is of the form go,0; Joy.00Jo,n0,, €xcept for the product of the two last
terms, which is

8J0102 J0304 (_53;)‘]0'50'6 Jgf =0,

since 051 Jg3 = Jg! = 0.

In summary, every nonzero term in S7g is of the form sgn(a)ggigj JopoyJomons Where o =
(1,7,k,¢,m,n) € Sg. Under the change of variables o — ¢(12), o changes sign, but the term
9oi0;Jowo¢Jome, does not change sign. Thus the terms corresponding to o and o(12) in S7g
cancel, so S7g = 0. [ |

Remark E.2. In this proof, it was crucial that S7g contains an odd number of bracket terms
in (E.1); if there are an even number of terms, the cancellation in the previous paragraph does
not occur. This is where the hypothesis dim M = 4n + 2 is used.
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