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Abstract. We study the addition of two independent random N x M rectangular matrices
with invariant distributions in two limiting regimes, where the parameter 8 (inverse tem-
perature) tends to infinity and 0. In the low temperature regime the random singular values
of the sum concentrate at deterministic points, while in the high temperature regime, we
obtain a law of large numbers for the empirical measures. As a consequence, we obtain
a duality between low and high temperatures. Our proof uses the type BC Bessel function
as characteristic function of rectangular matrices, and through the analysis of this function
we introduce a new family of cumulants, that linearize the addition in the high temperature
limit, and degenerate to the classical and free cumulants in special cases.
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1 Introduction

1.1 Overview

Addition is one of the most natural operations on matrices. For deterministic matrices, a classical
question posed by Weyl [45] in 1912 concerns the eigenvalues ¢; < --- < ¢y of C = A+ B,
where A, B are two arbitrary self-adjoint N x N matrices with fixed real eigenvalues a; <
-+ <ay and by < --- < by. The problem is to describe all possible values of ¢; < --- < ¢p.
This question was solved by the end of the 20th century through the combined efforts of Horn,
Klyachko, Knutson—Tao, and others; see, for example, [24, 27, 28].

In random matrix theory, one usually assumes that the summands A and B are random, in-
dependent, and satisfy certain symmetry conditions. The study of such questions has significant
connections with free probability theory.

A well-known classical result connecting random matrix addition and free probability is due
to Voiculescu [42], who considered the sum of two independent real/complex/quaternionic self-
adjoint matrices and related its asymptotic eigenvalue distribution, as the matrix size tends to
infinity, to the notion of free convolution. There is also a classical result of a similar flavor in the
rectangular setting, stated as follows. Let {An}3_; and { By }%_; be two independent sequences
of N x M matrices (M > N) with real/complex/quaternionic entries, each uniformly chosen
from the set of rectangular matrices with prescribed singular values a1 > --- > ayny > 0
and by > --- > by n > 0, respectively. Denote Cny = Ay + By, and let cy 1 > - > cenn >0
be its (random) singular values.

Definition 1.1. For an N x M (M > N) matrix A with singular values ay,...,ay > 0, define
its (symmetric) empirical measure to be p4 == 7k Eé\;(éai +0_q,)-


mailto:jxu0800@gmail.com
https://doi.org/10.3842/SIGMA.2026.053

2 J. Xu

Theorem 1.2 ([6, Proposition 2.1]). Define {An}¥_q, {Bn}X_; as above. Assume that
N,M — oo in a way that M(N)/N — q for some constant' q > 1, and there exist deter-
ministic probability measures pa, up on R, such that

Jm s = sl ey =
Then the random empirical measure of Cy = An+Bn, jicy = 5% Z'fil((SCN,i+5—CN,i)7 converges

weakly in probability to some deterministic probability measure puc on R.
pc = pa By pp is called the rectangular free convolution of ua and pp.

The rectangular free convolution is a deterministic binary operation of symmetric? probability
measures on R, which itself does not rely on any random matrix structure, and it has been well-
studied in free probability theory from different aspects. In particular, for each measure p with
finite moments, there exists a collection of rectangular free cumulants {c]}7°, (see [6, Section 3.1])
that are polynomials of moments with explicit expressions, and these quantities linearize free
convolution, i.e., ¢f (ua B up) = ¢/ (na) + ¢/ (up) for all I. It turns out that the existence of such
cumulants is a common feature of the various versions of convolutions in free probability theory,
and each convolution is characterized by its corresponding cumulants.

There have also been many papers studying additions of S-random matrices that generalize
the above theory in different parameter regimes. The parameter 8 > 0 is interpreted in physics
as inverse temperature, and the cases = 1,2,4 correspond to matrices with real/complex/real
quaternionic entries. There are two classes of matrix ensembles, the N x N self-adjoint matrices
and the N x M rectangular matrices, and the most classical examples are Gaussian ensembles
and Laguerre ensembles, respectively. For the first class, [19] studied the limit behavior of
eigenvalues of C = A+ B when N is fixed and f — oo. In the physics literature, [35] considered
the limit behavior of the additions when 8 — 0, and shortly thereafter [8] proved a law of large
numbers similar to Theorem 1.2 in the regime N — oo, § — 0, N3/2 — ~ > 0. In another
direction, [5, 19, 31] developed the theory of convolution and cumulants for additions of finite
dimensional S-random matrices, which is known as finite free probability. The second class is
relatively less understood. Papers [6, 7] studied the rectangular matrix additions for g = 1,2,
N,M — oo and M/N — g > 1, and [21, 22] studied the finite free convolution and cumulants
for rectangular matrix additions for 8 = 1,2. After the first version of this paper was released,
the law of large numbers for S-matrix additions with fixed 5 > 0 was proved independently
in [47] and [13]; the former treated both the self-adjoint and rectangular settings.

The matrix ensemble considered in this paper belongs to the second class, and we study the
limiting behavior of singular values of C = A 4+ B in both low and high temperature regimes,
more precisely, when N, M are fixed,  — oo, and when N, M — oo, f — 0, NG/2 — v > 0,
MpB/2 — qv for some g > 1. Note that even defining the operation C = A+ B for § # 1,2,4 is
nontrivial, and this is one of our tasks.

Our approach is based on distributions of rectangular matrices in a version of characteris-
tic function. The symmetry of self-adjoint/rectangular matrices with fixed eigenvalues/singular
values is given by invariance under actions of classical Lie groups O(N)/U(N)/Sp(N), and
when § = 1, 2,4, the matrix characteristic functions have matrix integral representations with
representation-theoretic background. Such functions admit an analytic continuation to all
(8 > 0), and can be identified as eigenfunctions of certain differential operators. See the following
papers [8, 9, 19, 20] for applications of this idea in random matrices, and also [10, 11, 25] for the
study of more general N-particle system using symmetric characteristic functions of similar fla-
vor. While the above works deal with self-adjoint matrices, or more generally N-particle systems

!¢ = 27! in the notation of [6] and the other references on the rectangular free convolution.
2u(A) = u(—A) for all Borel subsets A of R.



Rectangular Matrix Additions in Low and High Temperatures 3

that correspond to a root system of type A with a single root multiplicity § = /2, rectangular
matrices correspond to a root system of type BC, that has two distinct root multiplicities pa-
rameterized by 8 in a more involved way. For more connections of type BC Lie-theoretic objects
with probability, see, e.g., [29, 43, 44].

In this paper, the randomness of an N-tuple of nonnegative real numbers (to be thought of
as the singular values of some N x M random matrices) is encoded by a multivariate symmetric
function, known in the special functions literature as the type BC Bessel function. It is also
a special case of the symmetric Dunkl kernel, which generalizes the usual Fourier kernel to
nontrivial root multiplicities; see [4] for a review. Motivated by the asymptotic behavior in
the high-temperature regime, we adopt and further develop the philosophy that the limits of
the partial derivatives at 0 of the logarithm of our characteristic function yield a collection of
cumulants, and that the existence of such cumulants is equivalent to the existence of limiting
moments. This, in turn, implies that the empirical measures of the random singular values satisfy
a law of large numbers. These new ¢-y cumulants are designed to linearize rectangular addition
in the regime N3/2 — ~, MB3/2 — g7, and the corresponding limiting operation is called g-y
convolution. Similar to classical and free cumulants, they enjoy pleasant combinatorial relations
with moments. Finally, we point out a surprising identification of ¢-vy theory with rectangular
finite free probability, which was developed in [21, 22, 31] in the study of finite rectangular
matrix additions.

1.2 Rectangular matrix addition

Throughout the paper, we always take? f = 20 > 0, and 8 = 1,2,4 (9 = %, 1,2) correspond
to the real, complex and quaternionic (skew) fields (whose real dimensions are given by f3).
For M > N, given two N x M independent random matrices A and B, we study the randomness
of the sum C = A+ B.

Inspired by the classical theory of adding independent random variables X + Y, namely, that
the characteristic function satisfies ¢x 1y (t) = ¢x(t) - ¢y (t), where t € R is the variable, we
have the following.

Proposition 1.3. For 8 = %,1,2, let A and B be N x M independent random rectangular

matrices, let X be M x N an arbitrary deterministic matriz with real/complex/real quaternionic
entries, and let C = A+ B. We have

Elexp(Re(Tr(CX)))] = Elexp(Re(Tr(AX)))] - E[exp(Re(Tr(BX)))]. (1.1)

Proof. Re(Tr(CX)) = Re(Tr(AX)) + Re(Tr(BX)), and since A, B are independent, the ex-
pectation of the exponential function factors. |

Let us now rewrite (1.1) in terms of singular values of A, B and C, and for simplicity first take
0 =1, i.e., we deal with complex matrices. In this paper, we are considering the summands A
and B that have distributions invariant under left and right unitary actions, i.e.,

ALyav, BLUBYy, (1.2)

where U € U(N), V € U(M) are arbitrary unitary matrices. One example is a real /complex /real
quaternionic N x M matrix with i.i.d. mean 0 Gaussian entries.

3The parameter f is standard in the random matrix context, while 6 is more commonly used in the special
function literature. We follow this convention and mostly use 6, except for the random matrix terminologies like
“B-ensembles”.
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Note that if A, B satisfy (1.2), so does C. For simplicity, in the following discussion we
usually focus on the matrix A. By singular value decomposition, it is useful to write A as UAV,
where

aj 0 ... 0
a9 0 ... 0

A= :
ay 0 ... O

NxM

= (a,...,an) € R>g, and U € U(N), V € U(M) are random elements under Haar mea-
sures on the corresponding unitary groups. For now, assume that the singular values of A are
deterministic. One can consider rectangular matrices A with real/real quaternionic entries and
define invariant distribution in exactly the same way, while replacing the Haar distributed U, V'
by elements in orthogonal/unitary symplectic groups O(N)/Sp(N), O(M)/Sp(M). Similarly
for B.

The eigenvectors of AA*, A*A, BB*, B*B are distributed uniformly, and so are the eigen-
vectors of CC*, C*C. Therefore, the nontrivial randomness of C' is about its singular values.
Also, by the singular value decomposition in (1.2), it suffices to take the parameter matrix X of
the form

o -
Z2
X = ,
IN
0 o 0
| 0 o 0 1N
where z1,...,xy € R. Therefore, we can rewrite the matrix Fourier transform of A in (1.1) as

a function B(a,z1,...,zn;0, N, M) for = 1, such that
1
B(d,x1,x2,...,xn;1,N,M) = /dU/dVeXp (2 Tr(UAVX —i—X*V*A*U*)) , (1.3)

where U € U(N), V € U(M) are integrated under Haar measures respectively. A similar
argument defines B(d, z1,z2,...,zN;0, N, M) for § = % and 2, where one replaces the unitary
group by the orthogonal /unitary symplectic group, respectively.

The function B(d@,z1,...,zN;6, N, M) is known as multivariate type BC Bessel function in
a general theoretical framework of special functions. The note [46] gives a brief outline of the
framework, while in this paper, we give a more concrete definition of B(d,z1,...,zn;6, N, M),
and state its properties needed later in Sections 2.2 and 2.3.

We note that because of the symmetry of Haar measure, B(@,z1,...,zn;6,N, M) is sym-
metric in both (ay,...,ay) and (z1,...,zy), and without loss of generality we can always
take a1 > ag > --- > an. The same holds for matrix B and C. Then Proposition 1.3 is rewrit-
ten as the following result.

Proposition 1.4. For § = ,1,2, fixa; > -+ > ay >0, by > -+ > by > 0, let Ayxu
and Byxar be real/complex/real quaternionic rectangular matrices with deterministic singu-
lar values {a;}Y,, {b;}Y, and invariant distribution, as in (1.2). Let the singular values
of C=A+Bbeé= (cp >->cy >0), then as a function on RN, the expected value
of B(G,x1,...,xN;0, N, M) is given by

E[B(¢z1,...,xNn;0,N, M)] :B(c_i,xl,...,xN;Q,N,M)'B(g;azl,...,xN;H,N,M).
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For general 8 > 0, there is no (skew) field of real dimension (3, and therefore no concrete /-
rectangular matrices. Motivated by Proposition 1.4, we first identify an invariant N x M matrix
with uniform “singular vectors” and deterministic singular values aq, ..., ay with the N-tuple a.
Moreover, it is known (see, e.g., [16, Section 13.4.3] and [18]) that multivariate Bessel functions
admit a natural extrapolation from 6 = %, 1,2 to arbitrary real 8 > 0, and we continue to denote
the resulting function by B(@, x1,...,zN;6, N, M). In this way, N x M random matrix addition
is extended to all # > 0 by generalizing Proposition 1.4.

Definition 1.5. Fix 6 >0, M > N, @= (a1 > - >ay >0), b= (by > --- > by > 0). Let &
be a symmetric random vector in R]ZVO, such that as a function on RV,

E[B(éx1,...,xn;0, N, M)] = B(@,x1,...,x5;0,N,M) - B(b;z1,...,2n5;0, N, M). (1.4)
We write ¢ = EiEEI?\LM b.

From the probabilistic point of view, ¢ is identified with the singular values of the “virtual”
random N x M matrix C = AEE?VM B, and B(¢ x1,...,xN;0, N, M) serves as the characteristic
function of C'. From the analytic point of view, the operation in (1.4) has been studied previously
in the context of the Dunkl kernel and Dunkl translation; see [4, Section 3.6].

The expectation symbol on the left-hand side of (1 4) is understood in the following sense:
there exists a unique generalized function* m on ]R>0, depending on a and b such that for
any (x1,...,zy) € RV, testmg on B( x1,...,xN; 0, N, M) yields the right-hand side of (1.4),
and in partlcular, taking 1 =---=axny =0 gives m(l) = 1.

Note that m is symmetric in the sense that, for any suitable test function f and any permuta-
tion o, (m, f(c1,...,en)) = (M, f(co1)s - - - Co(n))), Where (m, f) denotes the value of the func-
tional m on f. Moreover, by [4, Lemma 3.23], the generalized function m is compactly supported.

The rectangular addition @ B N.M b can also be naturally generalized to independent random
N-tuples @, b by first conditioning on the value of @ and b then applying Definition 1.5. Formally,
for random N-tuple @ we replace the type BC Bessel function by

GN;Q(‘Tl, cee 7$N) = E[B(67$17 oo 7'7;N;07Na M)]? (15>

the type BC Bessel generating function of @, and we assume the randomness of @ to be reason-
able, in the sense that the right side of (1.5) is finite and well-behaved as an analytic function
of (z1,...,xn) € Ry. See Section 2.5 for more details.

1.3 Low and high temperature behavior

By viewing ¢=a EEI?\,’ M b as the random N-tuple of singular values of some N x M virtual
rectangular matrix with invariant distribution, it is then natural to study the behavior of ¢
from a random matrix point of view. The distribution of ¢ depends on summands d, b and
parameters M > N, 6 > 0. This paper answers the following two questions:

(1) What is the “low temperature” behavior of ¢, i.e., when taking N, M to be fixed, and
0 — oo?

(2) What is the “high temperature” behavior of ¢, i.e., when taking 6 — 0, and N, M — oo,
growing at potentially different speeds?

The solutions of these two questions can be found in Sections 3 and 4, 5, respectively. We remark
that for 0 # %, 1,2, it is not yet verified that the generalized function under € is a probability

4Throughout this paper, we use the term “generalized function” instead of “distribution” to denote a linear
functional on smooth functions, in order to avoid confusion with probability distributions.
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measure, see, e.g., [4, Section 3.5]. We do not rely on the validity of this statement, and
instead analyze moments of the distribution of &, which can be defined no matter the positivity
conjecture holds or not. See Proposition 2.16 for the precise statement.

In the low temperature regime, we observe that the random N-tuple are becoming “frozen” at
some deterministic positions. More precisely we have the following statement. Let 1 < N < M,

z be a formal variable, (a1,...,an), (b1,...,by) € ]RJEVO, we define a polynomial Py y(z) by
! (N — )U(N — j)!
=0 120, 7>0,i+j5=I

(M]\/;!a;]\fl;!j)!ei (af,...,ax)e; (b3, ... ,b?v))le, (1.6)

Theorem 1.6. Fiz M > N, given d and b letc=d Hﬂ 5 Then as 8 — oo, the distribution
of 2 = (C%, cee cN) converges on polynomial test functwns to 0-measures on roots of Py a(2).

Remark 1.7. The polynomial Py j/(z) has previously appeared in [22], and it is shown in [22,
Theorem 2.3|, using the theory of stable polynomials, that all roots of Py a(z) are real and
nonnegative.

In the high temperature regime, when taking 8 — 0, M — oo and fixing N, the number of sin-
gular values, the type BC multivariate Bessel function becomes a simple symmetric combination
of exponential functions

B(@, M0y, ..., MOxy: 0, N, M) — Z Hel o),

UGSN i=1

where Sy denotes the symmetric group of degree V. See the appendix for more details. The limit
expression has a clear probabilistic interpretation. Given deterministic N-tuple @(N) and b(V)
as before, ¢(N) = (c1,...,cy > 0) is obtained by choosing an uniformly random element o
in Sy, and taking (cl,...,c?\,) = (al —H)Ul . aN +bU(N)) Taking N — oo, and assume

that the empirical measures of {@(N)}3_, and {b e Ne1

1 N
N Z 53012 (mz = CLNJ‘ or bNJ‘)
=1

converge weakly to some probability measure fi4, 11, on R>o, then so does {¢(N)}%_;. Moreover,
the limiting measure p. = g * (p, where * denotes the usual convolution of measures on R.

We observe two distinct limiting behaviors of @ [ N.M b as N — oo: for 6 = 0 we obtain the
usual convolution, whereas for 8 > 0 we obtain the rectangular free convolution. This motivates
us to consider an intermediate regime in which N — oo, M — 00,0 — 0, N0 — v > 0, M0 — qv
for some ¢ > 1. We then study the sequence of (random) virtual singular values

AN)=(eng > >enn 2 0)3,
and the limiting behavior of the associated symmetric empirical measures.

Remark 1.8. The same intermediate regime was considered in [3], where the authors studied
the limiting behavior of the Laguerre ensemble and proved that its empirical measure con-
verges in this regime to a deterministic probability measure ji4~, which interpolates between the
Marchenko-Pastur law (as v — 00) and a certain Gamma distribution (as v — 0). As an appli-
cation of the theory developed in this paper, we rederive this result in Section 5.5. Analogous
results for the Gaussian ensemble can be found in [2].
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Definition 1.9. Let {a@(N)}%_; be a sequence of random N-tuple such that @(N) = (an;1 >
->apn,n > 0). Denote

| X
TVZ aNZ ani)k].

We say {@(N)} converges in moments, if there exist deterministic nonnegative real numbers
{my}72, such that for any s =1,2,... and any k1,...,ks € Z>1, we have

S S
lim E N = .
N—o0 H pki] H ki
=1 =1
We write

AN " e
—00

Remark 1.10. Definition 1.9 can be interpreted as saying that the empirical measure of (an 1,

.,an,n) converges weakly to a deterministic probability measure with moments {my}3°,,
provided that the moment problem for {m;}?°, has a unique solution. By definition, p]kV =0
for all odd k, and hence my = 0 for all odd k as well. We work with symmetric empirical
measures because there is no canonical choice of sign for the singular values.

Remark 1.11. The convergence is well-posed as long as the randomness of the sequence d(N)
are given by compactly supported generalized function, where the expectation [E is understood
as testing the generalized function against the polynomial function p{cv of d(N).

We prove a law of large numbers for the symmetric empirical measure of ¢(IV), interpreted as
the empirical measure of the N x M matrix C with singular values cy 1,...,cn,n. We assume
that the distribution of each d(N') and b( ) is given either by a real-valued, compactly supported
generalized function or by an exponentially decaying measure. For the precise meaning of the
latter notion and further details on this technical point, see Section 2.5.

Theorem 1.12. Fiz~y > 0,q > 1. For M =1,2,...,let M(N) > N, §(N) > 0 be two sequences
satisfying N — 00, 0 — 0, N0 — v, M0 — qv as N — 0co. Suppose for two sequences of random

tuple {@(N)}3_y, {b(N)}y_,,

—

a(N) "= {mi}i2y,  B(N) " {m]
Then
G(N) By B(N) > {mi )iy,
—00

where {mj}72, is a sequence of nonnegative deterministic real numbers.
We say {mg}32, is the g-y convolution of {m{}?°, and {mz}zozl, written as

{mitezs = {mtic, By {mi}fz]

The g-v convolution appears as a new member of the family of convolutions, each being
a binary operation on moment sequences {my}7°,. Beyond introducing it in the context of
high-temperature S-additions, we provide an explicit characterization in terms of ¢-y cumulants
and establish its connections to classical convolutions.
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Theorem 1.13. There exists an invertible map TH w: R® — R>, that corresponds each
{maor}22, with a collection of ¢y cumulants {r;}2,, i.e., {ri}2; = ThlLc({mar}2,). The
q-y cumulants linearize q-y convolution: forl=1,2,...,

ri({ms}i2s) = mi({m81R20) + s ({m3e },2,).

k; =0 for all odd l. Also m{, mz, my, are 0 for all odd k.

Treating each rx; as a variable of degree [, then each moy is a homogeneous polynomial in the K;
of degree 2k, whose coefficients are polynomials of q, v with explicit combinatorial description.
Conversely, treating moy, as a variable of degree 2k, each even q-y cumulant ko is a homogeneous
polynomial in the moy of degree 21.

Theorem 1.14. When v — 0,9y — oo, the g-y convolution of {m$}3, and {mZ}zozl con-
verges to the usual convolution of the two corresponding independent random variables, and the
q-y cumulants of {m$, }732, {mgk}zozl converge to the usual cumulants after proper rescaling.
Similarly, when q is fixed, v — oo, the q-y convolution converges to the rectangular free convo-
lution, and the g-y cumulants converge to rectangular free cumulants after proper rescaling.

Theorem 1.12 is proved in Section 4. Theorem 1.13 summarizes the results of Sections 5.1
and 5.2: the combinatorial moment—cumulant formula is stated in Theorem 5.5, and the rela-
tion between the moment generating function and the cumulant generating function is given in
Theorem 5.9. Theorem 1.14 summarizes the connections between ¢-y convolution and classical
and free convolution, proved in Theorems 5.13 and 5.17, respectively. We also provide, in The-
orem 5.11, a limit transition from our ¢-y convolution to the y-convolution defined in [8], which
is related to the asymptotic behavior of self-adjoint matrix additions in the high-temperature
regime.

1.4 A quantitative match between low and high temperatures

It has been observed in S-random matrix theory that there is a duality between the parameters 3
and % (or, equivalently, between 6 and %) For example, in [14] the author establishes an identity
between averaged products of characteristic polynomials of Gaussian and chiral S-ensembles at
parameters § and %. Similarly, in [17] it is shown that, for Gaussian, Laguerre, and Jacobi
(B-ensembles, the one-point and higher-point correlation functions describing linear statistics of
eigenvalues at low and high temperature can be identified with each other.

The phenomenon is not yet fully understood. An analogue appears in the theory of sym-
metric polynomials, where there is an automorphism sending a Jack polynomial to its dual
by simultaneously transposing its labeling Young diagram and inverting the parameter 6; see
[40, Section 3] or [30, equation (10.17)] for a precise statement. Since in this paper we con-
sider both low and high temperature regimes, this duality suggests a connection between them.
When N, M are fixed and 6 — oo, the vector & = a B4 N.M b concentrates at the roots of Py a(2),
which are identified with the rectangular finite free convolution of @ and b as defined in [22, 31].
When N,M — oo, 8 — 0, and N0 — v, MO — g, the vector ¢ converges in moments to the
g-y convolution of @ and b. We find that the (N, M)-rectangular finite free convolution and
the ¢-y convolution coincide under a suitable identification of parameters. More precisely, [21]
introduces a degree N polynomial, the so-called rectangular R-transform, which linearizes the
rectangular finite free convolution. We interpret the coefficients of this rectangular R-transform
as rectangular finite cumulants, and show that, upon identifying IV in the rectangular finite con-
volution with —~ in the g-y convolution, the corresponding moment—cumulant relations match
exactly. Moreover, since both N and  are positive, these two operations are analytic continu-
ations of each other, jointly extending the moment—cumulant relation to v € R>o U Z<_1. See
Section 6 for more details.
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We also note that a similar identification between low and high temperature regimes holds for
self-adjoint matrix additions. In [8], the authors study the addition of two N x N self-adjoint
matrices in the high temperature regime N — oo, § — 0, N0 — v > 0, and introduce the
so-called y-convolution and ~-cumulants. On the other hand, [5] introduces a family of d x d
free cumulants arising from finite self-adjoint matrix additions in the low temperature setting,
and the authors of these two papers observed that their moment-cumulant relations also match
upon identifying d with —v. We believe that this matching, appearing in both self-adjoint and
rectangular matrix additions, should not be a mere coincidence.

1.5 Techniques and difficulties

Unlike many other classes of S-random matrices, we do not have a density function for our object
c= d’Bﬂ?\L Ml;, and, due to the openness of the positivity conjecture, we cannot even guarantee that
such a density exists. Consequently, the proofs of the main results in the low and high tempera-
ture regimes, Theorems 1.6 and 1.12, both rely heavily on moment calculations. We characterize
the distribution of ¢ using the type BC Bessel generating function Gn.¢(x1, ...,z n; ), which is
a new object in the random matrix literature, and we apply two different approaches in the low
and high temperature regimes, respectively, to extract the moment information of ¢.

In order to apply such approaches, it is necessary to figure out the correct notion of Bessel
function B(¢ x1,...,xn;0, N, M) for rectangular matrices. On one hand, we start from the
case 0 = %, 1,2 and define B(¢ x1,...,xn;0, N, M) as the matrix integral in (1.3), based on the
probabilistic intuition of rectangular random matrices. On the other hand, for arbitrary 6 > 0,
we define our type BC Bessel function to be a symmetric Dunkl kernel, that is known as the
joint eigenfunction of the corresponding type BC Dunkl operators, with eigenvalues given by
the symmetric moments of ¢. While there are infinite versions of Dunkl kernels, we choose the
root multiplicities me;, Mie;+e; in a unique way that

(1) For 6 = 3,1,2, it coincides with (1.3).

(2) For general 6 > 0, it has nice explicit power series expansion that naturally extrapolates
from 6 = %, 1,2.

We find such root multiplicities and verify the analytic and combinatorial properties of
B(:;x1,...,zN;6, N, M) in Section 2, by applying the general theory of special functions and
symmetric spaces under random matrix motivations.

In the low temperature regime, we use the explicit expansion of the Bessel generating function
to compute the limiting distribution of €. In the high temperature regime, we study the asymp-

totic behavior of the action of Dunkl operators on Gy.9(z1,...,2nN; ), which extracts moment
information. More precisely, in Theorem 4.8 we establish an equivalence between the following
two conditions for a sequence of random N-tuple éx = (¢n1,...,¢NN) € RJZVO, N=1,2,...,in

the regime N, M — oo, 0 — 0, N0 — v, M6 — g:

(1) {én}3_, converges in moments as in Definition 1.9.

(2) The I*" order partial derivative in 1 of In(Gn.g(z1,...,2N;¢)) at 0 converges to some
real number for all [ = 1,2,..., and the partial derivatives in more than one variables
among x1,...,xy at 0 all converge to 0.

The nontrivial limit of the {*" order derivative in condition 2 yields, up to a constant factor,

the ¢-y cumulant x; of the sequence {Cn}3_;. Note that this equivalence is itself independent of
the addition operation and can be applied to a single sequence of (virtual) rectangular matrices;
see Section 5.5 for an example.

Remark 1.15. There exists an analog of Theorem 4.8 in the fixed temperature regime (for
B =1,2), given in [7] using a different approach that relies on the concrete matrix structure.
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Compared to previous studies of rectangular additions, which mostly treat real or complex
matrices, this paper defines and analyzes general §-additions that do not rely on a concrete
matrix realization. Relative to the self-adjoint case, several additional technical difficulties
arise. First, there are two size parameters, N and M, and we allow them to grow at different
rates. More importantly, due to the more involved root multiplicities, the type BC Bessel
generating functions and type BC Dunkl operators have more complicated expressions, which in
turn makes the combinatorics in the asymptotic analysis considerably more intricate. Because of
these two issues, and because rectangular matrices are relatively less studied in the literature, it
requires more effort to properly define the rectangular versions of empirical measures, moments,
cumulants, and so on, and to identify the limiting regimes in which nontrivial behavior and
connections to known objects arise. The reader will also see that the moment-cumulant relation
for our ¢-y convolution is substantially more complicated, yet it degenerates to the usual, free,
rectangular free, and y-convolutions, which characterize several other random matrix addition
models.

1.6 Summary of the paper

The paper is organized as follows. In Section 2, we introduce the type BC Bessel function and
the Bessel generating function, which play the role of characteristic functions for rectangular
matrices. In Section 3, we study the low temperature behavior. In Section 4, we prove the main
theorem in the high-temperature regime and introduce the ¢g-y cumulants in an analytic way.
We then study the moment—cumulant relations for ¢-y convolution in more detail, provide an
explicit combinatorial description, and point out its connection with classical free probability
theory in Section 5. In Section 6, we investigate the quantitative connection between the low
and high temperature regimes. Finally, the appendix gives a brief calculation about the high
temperature behavior of the type BC Bessel functions.

2 Bessel functions and Dunkl operators

2.1 Symmetric polynomials

Symmetric polynomials are polynomials in N variables for some N > 1, and are invariant under
any permutation of Z := (x1,...,2y). They play a crucial role in combinatorics, representation
theory, and random matrices. This section fixes some related notation that we will use in this
paper. For a detailed introduction of classical results of symmetric polynomials, see, e.g., [30].

Definition 2.1. A partition X is an N-tuple of nonnegative integers (A\; > Ao > --- > Ay > 0).
We identify (A1,...,An) with (A1,...,An,0,...,0), and denote the length of A by l(\) € Z>1,
which is the number of strictly positive A;. We say a partition is even, if A1,..., Nyy) are all
even.

Let |\ = Zi(:)\l) Ai. A Young diagram is a graphical representation of a partition. Given
a partition A, view it as a collection of |A| boxes, such that there are A; boxes in the i" row. In
this paper, we do not distinguish a partition and its corresponding Young diagram. Let )\; be
the number of boxes on the j™ column of A, and X' = (\],..., A),) be the transpose of \.

For two partitions A, p such that |A\| = |ul, there is a lexicographical order between them,
that is, A > p if and only if for some j € Z>1, M = p1, ..., Aj—1 = pj—1 and A\; > p;.

A central object in symmetric polynomials that we use in this paper is the Jack polynomials,
see [30, Chapter VI.10] for a detailed exposition. For completeness, we give a brief definition.”

5We will not directly apply this definition later though.
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Let X be a formal auxiliary variable. Let 9;, i = 1,2,..., N, be the partial derivative operator
in @;, and V(%) = [[;<;,j<n (2 — z;) be the Vandermonde determinant.

Definition 2.2 ([30, Chapter VI]). Let Dy (X;#) be a differential operator of the form

Dy (X;0) = V(&) det

:I;Z]»V_j <xl aii + (N —j)0+ X>

1<ij<N

Dn(X;0) is a generating function (with variable X) of linear differential operators DY, ..., DY

acting on the symmetric polynomials in NV variables, such that
N
Dn(X;6) =) DyxN".
r=0

The Jack polynomials in N variables are a collection of elements Py (Z;6), indexed by the
partitions A such that [(A) < N. Each P\(Z;0) is uniquely determined by the following two
properties:

P(#50) = ma(Z) + Y up(0)my (@), (2.1)

P

where m) is the monomial symmetric polynomial indexed by the partition A, uﬁ(@) € R are
parameterized by #; and

Dn(X;60)Py(%;60) = c3(0) PA(F; 0),

where

N
Aal) =J[ (X +6"x+N—i).

=1

Furthermore, let
QA(T;0) = ba(0) - PA(T;0) (2.2)

be the dual of the Jack polynomial, where

NOENI|

(3,7)EN

Xi—j O, i)+ 0
Ai—j O =)+ 1

Given two Jack polynomials P,(#;6) and P,(Z;0), their product P,(Z;6) - P,(%;6) is again
a symmetric polynomial, and hence can be written as a unique linear combination of Jack
polynomials. Namely, we have the following equality, where C}*(6) is the coefficient of Py (Z;6)
in the expansion:

P, (%;0) Py (% 60) = > CY"(6) PA(;6). (2.3)
A

It turns out that the coeflicients u;\L(H) are positive rational functions of 6 independent of
the number of variables, see [30, Chapter VI.10] for the explicit expressions. As a consequence,
Cy*(0) are also independent of N.
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2.2 Type BC Bessel functions

For positive integers M > N, 6 € R~, take an N-tuple of nonnegative real numbers @ = (a1 >
ap > -+ > ay) as the given data. The type BC Bessel function B(a,x1,...,xn;0, N, M) is
a version of a multivariate symmetric Fourier kernel, with certain nontrivial root multiplicities
given by parameter § > 0. In the special functions literature, this is a special case of the so-called
symmetric Dunkl kernel, see Section 2.3.

The following definition gives a matrix integral expression for B(d,x1,...,xn;0, N, M),
when 0 = %, 1,2.

Definition 2.3. When 6 =1,

1
B(@,xy,x9,...,xn;0, N,M) = /dU/dVeXp <2 Tr(UAVX—I—X*V*A*U*)) ,

where
aj 0 ... 0
a9 0 ... 0
A= ,
any 0O 0 NxM
o _
T2
X = ,
TN
0 0
| 0 0 d AN

UecU(N), Ve U(M) are integrated under Haar measures.
When 6 = %,2, B(d,z1,...,xn;0, N, M) has a similar integral expression, with (U(N),
U(M)) replaced by (O(N),O(M)) and (Sp(IV),Sp(M)), respectively.

Definition 2.3 provides an explicit connection with rectangular matrices, where the integral
is of the form as a “Fourier transform” /characteristic function of A = UAV. However, since
there is no (skew) field with real dimension § for general § > 0, one needs to define the Bessel
functions in an alternate way that does not rely on explicit matrix structure. For this purpose,
we first introduce some notations.

Definition 2.4. For a partition p, let s = (,5) € p be the coordinate of the box on the ;™
column and the i** row in p. Fix t € R, § > 0. We denote

H(p) = [l —d+1+005—4),  H(w)=]]lk—3i+0+0 -1,
sep sEN

and

Op=]]lt+5—1-00-1)

SEN
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Definition 2.5. Take § > 0, N < M, the type BC multivariate Bessel function labeled
by @ = (a1 > ay > --- > ay) is a multivariate analytic function in both @ and (z1,...,znN),
defined by

B(@,zy,...,xN;0,N, M)

Zﬂ OM —0(i—1)) 1 272|#|Pu(a%,...,a?V;O)PM(a:%,...,x%V;G)

(OM —6(i — 1) + p;) H(p) P, (1N;0)

0(i — 1) + pi) T(OM — 0(i — 1) + ps) H(p)
X 27 2|“|Pu(a1,...,a?V;G)PM(m%,...,x?V;H), (2.4)

N 0N (i —1 TOM —6(i —1)) H
ZH (i—1)) ( (i—1)) (1)
R

where p is summed over all partitions of length at most N.

Remark 2.6. The last equality above holds since by [30, Chapter VI.10, equation (10.20)],

NO)
pP,(1V;0) = VO,
M( ) H/(M)
The following example gives a connection of B(-,z1,...,2y;0, N, M) with the usual single

variable Bessel function.

Example 2.7. When N =1,

a:c) (M6-1)

Ba,iz; 0,1, M) = T(M8) - (2

Buyg-1(azx),
where B, on the right hand side is the Bessel function of the first kind.

Definition 2.5 generalizes the notion of the type BC Bessel function to any ¢ > 0. In partic-
ular, when 6 = 2, 1,2, Definition 2.5 provides an explicit power series expansion of the matrix
integral in Definition 2.3.

Theorem 2.8 ([16, Section 13.4.3]). For § = 1,1,2,
/dU/dV eXp< THUAVX + X* V*A*U*)) B(@, a1, ..., xn:0, N, M),

where the matriz integral on the left is defined in the same way as in Definition 2.3.

Remark 2.9. There are more than one way to show the equivalence of these two expressions,
see, e.g., [46] for more details.

Let us mention that the integral expression on the left can be identified (up to a factor 2i
in the exponent) with the spherical function of the Euclidean symmetric spaces corresponding
to O(N + M)/O( ) x O(M), UN + M)/U(N) x U(M), Sp(N + M)/Sp(N) x Sp(M), respec-
tively, for 6 = 2, 1,2. This is related to the fact that Bessel functions are eigenfunctions of
Dunkl operators (presented in next section), since spherical function can also be defined as the
(unique up to constant) eigenfunction of certain differential operators acting on its corresponding
symmetric space. See, e.g., [23] for more details.
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2.3 Type BC Dunkl operators

As a special class of differential operators, Dunkl operators were introduced in [15], and can be
thought of as a generalization of the usual partial derivatives on multivariate analytic functions,
which take Fourier kernels as eigenfunctions. For the purpose of this paper, we specify to
a special class of rational Dunkl operators under root system of type BC, which is parametrized
by a single variable 8 > 0 and plays a central role in Section 3. For more detailed exposition of
Dunkl theory, see [4, 38].

Definition 2.10. For M > N > 2, § > 0, let D; be a differential operator acting on analytic
functions on CV with variables z1, ..., zx, that

D; = 8; + 9(MN+1)2] x'07’+9§ L U;+x+z] ,
A : i Ay % 7
J#

where o; interchanges z; and —x;, 0;; interchanges z; and xz;, and 7;; interchanges x; and —x;.

Remark 2.11. There are Dunkl operators of general type, with a corresponding root system
of type A-D and a complex-valued root multiplicity function. The D; in this paper specify [38,
Definition 2.7 and Example 2.15 (3)] by setting the root multiplicity function to be

1
hey=0M =N +1) = 5. kege, = 0.

Proposition 2.12 ([15]). The Dunkl operators of the same root multiplicities commute, i.e.,
DiDj = DjDi fOT any 1 < i, j < N.

The following result provides connection of type BC multivariate Bessel functions and Dunkl
operators, namely, the former are eigenfunctions of the latter.

Definition 2.13. Fix N > 1. For k =1,2,..., denote Py = D’f + -+ D?V.

Theorem 2.14 ([39, Proposition 4.5]). Given @ = (a1 > --- > ay) for each k =1,2,...,

N
PQkB(avxlv"'axN;97NaM) = <Z(al)2k> 'B(a7x17"'7xN;07N7M)'
i=1
Remark 2.15. From Definition 2.5, one can see that B(d,z1,...,xy;0, N, M) is symmetric

under the actions of the Weyl group of the root system BCjp, namely, invariant by interchang-
ing x; with x; and replacing x; by —;. Similarly, it is necessary to take symmetric power sum
of the D; with even power, which satisfies the same symmetry.

2.4 DMatrix addition and moments

For ¢ =d EE?V M l;, we assume in this section that a, b are deterministic, and recall from Def-
inition 1.5 that the distribution m of  is given by acting on type BC Bessel function. Note
that polynomials are bounded and smooth on compact sets, and therefore are legitimate test
functions of m. Moreover, using the expansion in Definition 2.5, we can view the type BC
Bessel function as a generating function of symmetric polynomials of N variables cq,...,cn.
More precisely, by expanding Bessel functions on both sides of (1.4) using (2.4), we have the
following.
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Proposition 2.16. For each partition X\ with [(\) < N, let ¢ = EL’EB?\,M g, then

E [P)\(C%, . ,C?V; 9)]

=

(\) MY, TOM —i+1)LOM —i+1) 4+ \)

- U+%|:=|* H(u)H () [T, TOM — i + 1) + 0)T(O(M — i+ 1) + 1)

SR it L) CYMO)P, (a2, ..., a5 0) P (b3, ..., b3 6) (2.5)
P,(1V;0) P, (1N;0) Lo BN TR e AN T

where v,  are two partitions of length at most N.

Proposition 2.16 provides explicit data of the distribution of random singular values @ EEI% M b
in terms of moments. It is believed, but not yet proved that m (with such moments) is indeed
a (symmetric) positive probability measure on RY. For 8 = 1,2,4, this holds automatically
because the probability measure is constructed explicitly by the matrix structure, (and [39,
Corollary 4.8] provides an explicit expression of this measure for M > 2N), while for gen-
eral 8 > 0, the randomness of @ EB(]’V, M b holds and is studied in this paper in the weaker sense
given by (2.5).

2.5 Type BC Bessel generating functions

For @ = (a7 > -+ > any > 0), we assume that a is random, and its distribution is given by
a symmetric generalized function m acting on smooth functions, and in particular polynomials,
on R]>VO.

Definition 2.17. Fix M > N, 6 > 0. Given a compactly supported symmetric generalized
function m on ]RJZVO defined as above, let the Bessel generating function of m be a function
of x1,...,xN given by

Gno(z1,...,xN;m) = (m, B(d,x1,...,2Nn;60, N, M)),

where the bracket denotes testing m by B(a,z1,...,xn;0,N, M), in which @ are the variables
and z1,...,x Ny are parameters.

We also define the Bessel generating function for a class of fast decaying probability measures,
for potential applications of our theory (see, e.g., Section 5.5). As preparation, we state a uniform
upper bound of multivariate Bessel functions.

Proposition 2.18. For any 0 >0, M > N, d = (a1 > --- > an) € R]ZVO, x = (r1,...,2N) €
RN, we have

N
1 1 2, |
0< B(d,z1,...,zN;0,N, M) < [0+0 <a12|$’> o ] 7 (2.6)

and for any ki, ..., ks € Z>1,

s
‘(HPQIQ> B(avxlv"'axN;91N7M)‘
=1

Sy 11 fay|z|\? el Y
<II|>_a" [+<1 )e] . (2.7)
pabet 6 0\ 2

J=1
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Proof. Without loss of generality, assume that |z1| > |za| > -+ > ]a:N| From Definition 2.5

and (2.1), it is clear that B(a@,x1,...,zn;6, N, M) > 0, and since P, ( ,«9) = g?)*)‘

B(c_i L1y {L‘N;9 N M)

_ POM —0(i—1) (N0 gy Pulal,. . aki0) Pu(ad, ..., 233 0)
ZH oM — 9%—1)+uz)H(M)H’(u)2 ' P,(1V;6)

N (OM —0(i — 1)) (NO), - lul_2[l
SZ];IFGM 91—1)+uZ)H(u)H’u(u)2 i

N[ T(OM —6(i— 1)) T(ON —6(i — 1) + ;)
5%:1_[1[ (OM —0(i — 1) +p;) T(ON —0(i—1))

1 1
X = _
[T, it TI im0 (0+)

_ 20| 2
9 2|u|a1\u\$1lu|’

where we rewrite (IV), using Gamma functions, upper bound m by the fractions in the
last line above, and simply bound

P“(a%, .. .,a?V;H)P#(x%, e ,x?V;Q)

Pu(1V;0)?
by a%‘”‘x?'“'. Since M > N, the fractions in the bracket above is bounded by 1, and the whole
expression above can be further bounded by
Z 1 1 (a1x1>2|u|
1> >N >0 Hz 1 ! Hz 1 (9+J) 2
. N i ‘711 ' <a1x1>2ui
i1 \ o i TIjSg (0 +4) N 2
I (2 ()
=AU (PR

by Hf\il(%ﬁ) This verifies (2.6). (2.7) follows from (2.6) and Theorem 2.14. [

Definition 2.19. We say a measure m on the N-tuple a; > --- > ay > 0 is exponentially
decaying with exponent R > 0, if feNRal,u(dal, .o day) < 0.

By Proposition 2.18 and Definition 2.19, the Bessel generating function of m, where m is
a compactly supported generalized function or an exponentially decaying measure, is well-defined
on a domain near 0. Moreover, we will take m to be of total mass 1, which means (m,1) =
where 1 is the constant function 1. So we have Gn(0,...,0;m) = 1.

Now we generalize the addition to random vectors @ and b following Definition 1.5.
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Definition 2.20. Given § >0, M > N, let @= (a1 > --- > ay > 0), b= (by > --- > by > 0)
be two random N-tuples whose distributions are given by generalized functions m, and m
on RJ>VD. Let ¢ be a symmetric random vector in R]>V0 whose distribution is given by generalized
function m,, such that -

Gro(z1,-.,zNime) = Gro(xr, ..., enimg) - G g(T1, ..., TN mp).
. — —m6 '
We write ¢ = a EE|N7M b.

Since B(z1,...,xN; 0, N, M) behaves nicely enough in the analytic sense, one can interchange
the differentiation over x1,...,zN and the pairing with m, and therefore Theorem 2.14 general-
izes to the following.

Theorem 2.21. Let m be a symmetric compactly supported generalized function on RN, or an
exponentially decaying measure as in Definition 2.19 with exponent R. Let ki,..., ks € Z>1.
Then Gy g(z1,...,2N;m) is analytic as a function of (x1,...,zy) (in the domain {x € RV |
|z| < R} in the second case). Moreover,

s s N
(H P2ki> GN’H(xI’ N m)‘xli"':mwzo - <m, H (aj)Qki > .
; —

i=1 i=1 \j
The above properties also hold for
Gno(z1,...,xn;me) = Gyo(z, ..., 2n;Mg) - Gro(z1, ..., 2N M),
where mg, my, are of the above two types.

Proof. This follows from dominated convergence theorem, where the uniform upper bounds
of B(+,x1,...,xn;0, N, M) and its derivatives are given by Proposition 2.18. |

3 Concentration in low temperature

In this section, we fix the sizes of the matrices N, M and take the inputs d, b to be deterministic,
and study the behavior of ¢ = @ EE%’M bas 0 — oo. According to the statistical physics
interpretation, when # — oo the temperature is going down to 0, and hence the random vector ¢
will freeze at some deterministic N-tuple.

3.1 Finite law of large numbers

Before taking the limit, we consider the expected characteristic polynomial of CC* for each
0 < oco. It turns out that the expression does not really depend on . The following lemma will
be used later in the proof. Let Cy*(6) be the coefficient defined in (2.3).

Lemma 3.1. When A\ = 1!, CY"(0) # 0 only when v = 1%, p =17, and i + j = I. Moreover,
l 10—m0+0
Cli,lj(a) _ Hm:l(w_%ﬂ)
1 T i0—m0+0 j 0—m0+0
[T Go=rts) Thm (Go=iar)
Proof. This is studied in [19], and for the convenience of the readers we reproduce the proof.

Applying the automorphism wy of the algebra of symmetric functions (see [30, Chapter VI.10]),
which acts on Jack polynomials in the following way wg(Py(Z;6)) = Qx (Z;071), (2.3) becomes

Qi) (F07Y) - Qo (F071) =D Ch(0) - Qu (#:67").
I
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Recall from (2.2) that Q,(%;0) = b\(0)P\(Z;0) = H ) Py (Z;0). By comparing the coefficient of
the leading monomial !, we have

b (071 (671)

o (]
( ) bll (971) ’

1!

and C};" = 0 if v or y has more than one column. [ |

Theorem 3.2. Fiz M > N, given @ and g, let ¢ = dEﬂ?V?M b. Take z as a formal variable, and
let

N

P a(2) — B [H<z _ )

i=1

(3.1)

Then the explicit expression of PJ%’M(Z) is O0-independent, and P]%,M(z) = Py m(z) for all§ > 0,
where Py a(2) is defined in (1.6).

Proof. Rewrite the product on the right side of (3.1) as

N N
H(z — sz) = Z(—l)lel (C%, .. ,C?V)ZN_I,
=1 =0

it turns out that Pf{,’ y(z) is given by the moments of {cf}f\il only in terms of elementary
symmetric polynomials.

Taking the partition A = (19,0%79), P\(&;0) = e;(Z) for any § > 0. We use Proposition 2.16
and it remains to specify the coefficients. From Lemma 3.1, we get

H(1Y) i1
(g ()

_ 7
O ) "

Moreover, direct calculation yields

e (1) _ AN = 2)5HN — j)!
ei(lN)ej(lN) N'l'(N—l)' ’

and when A =14, v =1%, p =15,

[, DOM — i+ )TOM —i+1)+X) (M —i) (M~ j)!

[LS TOM =i+ 1) + o)DM =i+ 1) +p) M (M=DY

Combine all these together finishes the proof. |

We highlight the connection of our result with the so-called finite free probability, which
was initiated in recent years by Marcus, Spielman and Srivastava and studies convolution of
polynomials. Given two polynomials p(z) = zg\io N7l q(2) = Zij\io 2N=b; with degree at
most N, [31] defines the rectangular additive convolution for two N x N matrices, and [22]
generalizes it to arbitrary rectangular matrices, such that the (N, M)™ rectangular additive

convolution of p(z) and ¢(z) is defined as

_ AR N — (N — ) (M —i)(M — j)!
p(Z)HﬂEE]\N/[ NQ(Z):ZX;ZN l(_l)l ;l<( N'(?V(— l)']) ( M'(?\;—l)'g) alb])
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Let x.(-) be the characteristic polynomial det(zl —-). Take p(z) = x,(AA*), ¢(z) = x.(BB*),
where A and B are two N x M real/complex matrices, and let Unxn, Varxar are independent
Haar orthogonal/unitary. In [22], it is shown that

p(z) BEN Ng(2) = E[x.((A+ UBV)(A+UBV)")].

Theorem 3.2 generalizes this operation from 6 = %, 1 to arbitrary € > 0, with a different approach
not relying on the concrete matrix structure. In particular, it shows that the rectangular additive
convolution is #—independent.

Our next result is the law of large numbers of ¢ = @ EE?VM b in the regime 6 — oco. As
preparation we state a combinatorial result. For partitions v, }L, A such that max(vy, p1) < Ap,
l(v), and max(l(v),l(p), (X)) < N, let {(k,l)} be an index set that { = 1,2,..., A\ — A\gy1,k =
1,2,..., N. Furthermore, let I& (k,0)}, {j(k, D)} be two collections of nonnegatlve integers. We
do not dlstmgulsh {i(k, l)}l ot Wlth {i(k,o(1)}2, MM Where o € S\e—Apy, 18 an arbitrary
permutation, and same for {j(k l)}l 1 Ak

In the remainder of the text, let 15 denote the indicator function of the set E.

Proposition 3.3. Let C\'" be the coefficient of mx(Z) in the expansion
m(#) () = 3 O ma(7)
A

Then C;\]:’“, =# ways to choose {i(k,1)}, {j(k,1)} such that forn=1,2,... N,

N Akt1
Z Z z(kl >n> Z Z (32)

Ak—Akt1 N Ag—
k=1 =1 k=1

Proof. We choose {i(k, l)} {j(k,1)} in an explicit way. By definition of C}", we are combining

column Ul with column ,ul to get a column )\l , where [, l2, 3 are chosen among 1,2,..., Ay,
and v; , p1;, might be of length 0. Inspired by thls let {i(k, l)}l kAR be the length of (dlstmct)
columns of v, {j(k, l) /\’““ be the length of (distinct) columns of u, which are chosen to

contribute to /\/\k 1 )\)\ Then i(k,l) + j(k,l) = k for each [.

We 1mmed1ately see that the above way to choose {i(k,l)}, {j(k,l)} satisfy (3.2), whose total
number is equal to CY,* . It remains to check that each way of choosing {i(k,D)}, {j(k, 1)}
can be interpreted in this way. Given a sequence of nonnegative integers {i(k,l)}, {j(k,1)}
satisfying (3.2), we have forn =1,2,..., N,

N Ap—Ap41 N —Ak+1
—Uny1 = Z Z Lik,1y=n> = Pnt1 = Z Z (3:3)
k=1 1=1 k=1 =1
Then one can split {i(k, l) /\"“ ,k=1,2 ... N, into disjoint groups, such that the number
of elements in group n is exactl — Un+1, which is equal to the number of length n columns
in v. Vice versa for {j(k, l)}l 1 k“ ,k=1,2,...,N. |

Proof of Theorem 1.6: The weak convergence to a delta function on polynomial test func-
tions is equivalent to the statement that, given any arbitrary collection of polynomials fi,..., f
of N variables, we have

n

17 <52>] = gggof[[E [fi(e)]]- (3.4)

i=1

lim E
60— 00
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Since ¢ is symmetric in distribution, it suffices to consider symmetric polynomials in Ay,

which can be generated (in the sense of algebra) by elementary symmetric functions ey, ..., en.
Since (3.4) is multilinear in f;, we reduce to showing for any positive integers ki, ..., kny,
al ki| ? al k
fin 2 () ] 2 i TTEfe @) 9
1= 1=

Once we show this, the deterministic limit of & will be an N-tuple X, such that E [61(5)] = ei(X)
for all i =1,2,..., N. Then Theorem 3.2 identifies A with roots of P&M(z).

We connect the left side of (3.5) with Jack polynomials, using the following result [41, Propo-
sition 7.6]:

N

lim P)\(xla -3 TN; 0) = H[ei(xl) s 7xN)])\i_)\i+l’ (36)
0—o00 pai)

for any partition A. Then, let \; = k; + --- + kn, the left side of (3.5) becomes the limit
of E[PA (c 9)], since each product of the e; (02) has bounded expectation for 6§ > 0 due to the
fact that ¢ has bounded support. Again by Proposition 2.16,

E[P(ch....c4:0)]
H()\) [IY, TO(M —i+1)DOM —i+ 1)+ \)
oo HOHGE T TOM — i+ 1) + o)DM — i+ 1) + i)

P)\(lN; 0)
IN;0) P, (1N;6)

X

i CyM(O)Py(ai,. .. a%;0)Pu(bs, ..., b%;:0). (3.7)

Taking 6 — oo,

[T, TO(M — i+ 1)D(O(M — i+ 1) + ) ., ﬁ

T GO i Mg 1P,
[LL, T(O(M —i+1)+v)T(O(M —i+ 1)+ w;)

and since by definition P, (Z;0)P,(Z;0) = >, Cy"(0) Px(Z;6), applying wg on both sides (c.f.
the proof of Lemma 3.1), and use the fact that (see [41, Proposition 7.6])

lim Py(z1,...,zN;0) = my(z1,...,2N), (3.8)
0—0
we have
H(\) . limg 0 H'(N)
V(g o'
N O TG 7N g H(0) - g B (1)

[LseoN; =i+ 1) - TLee, (N; =i+ 1)

Moreover, applying (3.6) again on #%Pv (a%, e ,a%v; 9) P, (b%, b 0), the right
side of (3.7) goes to

'U/7,
— oot

Ai—N;
Z Cv’,u’ HSG)\()\ — i+ 1) Hf\il (]2]) B
N I I _ g Vi =V i Hi
\v|+|u|—lx\\ Hoeo(X; =14 D) Tleu(X; =4 1) L%, (jj) T (Jj)u e
N N

X H —n4 DN T leiad, . ax)] " [T les (03, 08) )T (3.9)

i=1 i=1
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On the other hand, by Theorem 3.2, the right side of (3.5) is equal to

al )] — )N =) (M = )M —j)!
kHl () :kHl ;k NN — k) MM — k)

x ei(ad, ... a%)e; (B3, .. b%) (3.10)

It remains to check that (3.9) is equal to (3.10).

We open the bracket in (3.10), and index each term in the inner sum with the same indices
(i(k,0),5(k,0): 1 = 1,2,..., g — Mgt1, £ = 1,2,..., N introduced previously. Then we have
i(k,1) + j(k,l) = k for each [. The product in (3.10) then becomes a finite sum, where each
summand is a multiple of the form

N N
[Tlen(at,..cad)]™ " T [en (0t b3) )",
n=1 n=1

and forn=1,2,..., N,

N Ap— )\k+1 N Ap— )\k+1

n — Untl = E E — Hntl = E § i(k,))=n>
k=1 [I=1 k=1 =1
N Ar—Ak+1

)\n — An+1 Z Z 1;— =n»
k=1 [=1

which matches (3.3). Hence it remains to match the coefficients, i.e., to show that

NN i D)UN — (k1) (M — ik, D)I(M — 0k, ))!
(Mﬂz;l) kkHl H [ NI(N —k)! M\(M — k)!
[ToealN, — i+ 1]
[Tocol¥ — i+ 1] - T,V — i+ 1]
Hj'\l1 (]\'[))\i—kvzﬂ N R
x . (]iv)vfimﬂ’nﬁl (T E(M 1) e, (3.11)

We first rewrite the left side

. . N
(N - Z(f‘]’\]l))!(lgj;:];|](k7l))! _ H(N 4+ 1)lngkflngi(k,z)flngj(k,l),

n=1

? ’o0
= C;\]lvy“

ﬂAk—AHl [(N —i(k, D))UN — j(k, D)) (M — i(k,D))(M — 5(k,1))!
kel = (N = k)IN! (M — k)M

A Ak
=TV -n+ 1)2?’ 1 2 T gk Taite ~ i)

N
A
s TTM =+ DES S B tassn = tussiwol,
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On the right side,

ﬁ(M — A 1) OnT — ﬂ(M —n+ 1)21« LS gk ngigen ~Lngikn) (3.12)
n=1 n=1
and
4 1-1 1 a 1
-n 1 n>i+1—In>N—it1 — -n Lo<i—lp>N_it1
< ) g + g +1 :
hence

HN (N)/\i_AiJrl

=1 \1¢

1L (N)UMM L, ()

( >Ek 1sz_ M L =Ly =i — Ligh 1))
)

s‘.
—_

A A
(N —n+ 1)Z£\;1(1n§i Losnois ) (Cney S0 M M= L,y mi— Lige,)=il)

|
—- |

i
I

SN ZM M1 ((Mn<k = Ln<ie,) — Tn<icen)]
(N—n+1)""" + LNk 1+ Iz N ik 41 = TnzN-k+1]) (3.13)

I
=

S
Il
—

where the last equality holds since

N
> (ngi = Lzn-ip1) (Lk=i — Ligegy—i — Ligha)—s)
i=1
= [Ln<i = Li<ited) — Ln<iten] + Lz N—ite+1 + Ln>N—jtkepy+1 = In>N—k1]-
Finally,
N /\k Ak+1
H (N —n+ 1)Zk 10 Q> Noite,)+1H > N—je,)+1— Ln>N—k41)]
n=1
N A
= H(N —n+ 1)Zk 122041 AN =ik, y>N-nt+1=Lik,)>N-nt1F1e>N-nt1)]
n=1
>‘k Ak+1 _ _ _ ‘
— H PHMED P <k —Ln<i(h,)) = Ln<j(k,n]
_ H] P A [LiealN; —i+1] (314
T DL ) el — i+ TN — i+ 11
Formula (3.11) follows from (3.12), (3.13), (3.14) and Proposition 3.3. [

3.2 Gaussian fluctuation for 1 X M matrix

Take N =1, so that A and B are two 1 x M matrices with singular values a1,b; > 0, and let
c1 = aq EH?M b1. When taking 8 — oo, Theorem 1.6 shows c% — )\% in moments, where

E [cﬂ =E [e (62)] =ad + b} =\

Based on this result, we consider further the fluctuation of ¢; around A; in the § — oo regime,
which turns out to be a Gaussian random variable under proper rescaling.
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Theorem 3.4. For aj,b; >0, let A2 = a2 +b%, and ¢c1 = a; E?’M bi. As 8 — oo, we have

V(- L 7, (3.15)
where Z ~ N (0, Za3b?).

Remark 3.5. We expect the Gaussian fluctuation behavior of ¢ = @ EE?Vy M b when 6 — 0o, for
general N > 1, and we leave the generalization of Theorem 3.4 as an open problem.

Proof. We first show that the convergence holds in the sense of moments. By Proposition 2.16,
foralll=1,2,...

_ Z LOM)T(OM +1) 2k 2k
k‘l'k’g ’

a
| 1
WE T(OM + k1)T(OM + k)

since in (2.5) A = (1,0,...), v = (k1,0,...), p = (k2,0,...) and C}"(0) = 1.
Then for n € Z>,
E[(cf - A)"]
_ Z (—]_)kn' (l{}l + I{ZQ)' F(QM)F(@M + kl + k2)a2klb2k2(
(k1 + ko)'k! Eylko! T(OM + k)T (OM + ko)

k
a% + b%)
k1+ko+-k=n

_ Z (_1)k n' F(GM)F(QM + kl + k2)a2k1+2k3b2k2+2k4

- VooV lea!
[ S ki'kolks!ky! F(GM + kjl) (9M + kg)

This implies for fixed [; + la = n > 0, coefficient of monomial alllbzl2 in E[[\/@(C% - )\%)]n] is

v i i (—1)%  TOM)D(OM + 11 + Iy — ks — ks)
ll — k‘3 '/{73 12 — k‘4)!k‘4! F(@M +1; — k‘3)F(9M + 1y — k‘4)

bty | om B (—1)hRs (—1)—k D(OM)T(OM + ks + ky)
s > o

k3 VWhs! (Iy — ka)lkgl T(OM + ks)D(OM + ky)’
k3=0 k4=

It remains to match the above expression with moments of Z. Without loss of generality,
assume that [; > lo in (3.2), and we rewrite (3.2) as

l1+l2 nl Z l2 Fa (GM)
l2 — /{74 lky! F(GM + /{34)

ll (=1)hhs
(M M - (0M —-1)].
x| Y (ll_k3)!k3!(0 + k3)(OM + kg +1)--- (OM + k3 + ky — 1)

k3=0

Claim 3.6. Let z be a formal variable. Forl € Z>1, ¢ =10,1,2,...,1, we have

L(—1)P)
Zﬁ(2+p)(z+p+1)"'(2+p+q—1)=1q=z- (3.16)
Proof. Expand the polynomial of z. For each coefficient of 2, 2!, 22, ..., 29, it can be written

as a polynomial of p with degree at most ¢ with integer coefficients, and hence an integral linear
combination of p,p(p — 1),p(p — 1)(p—2),...,p(p—1)---(p — ¢+ 1), so the left side of (3.16)
becomes an integral linear combination of binomial sums of
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By the above claim, the sum in the bracket is nonzero only when ks = [y, which implies
l1 =13, n =11 + Iy =2ly1, and (3.2) becomes

211 (2[1)' 1
0 .
f I1! 9M(9M—|—1)'--(9M+11—1)

Therefore, the odd moments of v8(c? — A?) are all zero, and the 25" moment of v8(c? — \?)
is equal to

2k (2k)! 1 .

which converges to

| k
ChR L adhas = 2k~ 1) (é) 252k
as # — oo. This coincides with the moments of Z ~ ./\/(O, %a%b?). By Example 2.7 and [32,
Theorem 2|, which states that products of two usual Bessel functions can be written as a convex
combination of Bessel functions, we have that for each § > 0, ¢} is supported by a legitimate
probability measure pg. The convergence of second moment when 6 — oo implies that {ug}eso
are tight, hence (3.15) follows from the moment convergence. |

4 Law of large numbers in high temperature

In this section, fix two parameters v > 0,q > 1. We explore the behavior of empirical measures
of an N x M random matrix C, in the regime that taking N,M — oo, § — 0, NO — =,
M6 — g. To simplify the notation, sometimes we only write N0 — v, M0 — g to denote the
same regime.

4.1 Main results

Consider an N-tuple of real numbers ¢ = (¢; > --- > ¢y > 0), which should be thought of as
singular values of some (virtual) rectangular matrix. Suppose that there is a sequence of random
N-tuples {én}{_; where én = (en;1 > -+ > en,n > 0), and the distribution of ¢y is given in
the sense as in Theorem 2.21. Denote its empirical measure by pun = + Z'f\;l((sCN,i + 0 cni)-

We set up a condition in terms of moments, that under some mild technical assumption, is
equivalent to the weak convergence, in probability, of the random empirical measures {uy} to
some limiting probability measure p when N — oo. The moments of i are all finite and denoted
as Mmg.

Definition 4.1 (LLN). Let {¢nx}3_; be a sequence of random N-tuples defined as above. For
k=1,2,..., denote

N

1
= gy 2+ Cenl)

We say {Cn} satisfies a law of large numbers, if there exists deterministic real numbers {my}32,
such that for any s =1,2,... and any ki, ..., ks € Z>1, we have

S S
Hpif] =[x (4.1)
=1 =1

lim E
N—o00
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Denote the Bessel generating function of ¢y by

GN7M;9(J}1, e ,$N) = GN79($1, e ,a:N;mgN).
Recall from Section 2.5 that Gy a9(0,...,0) =1, and Gy are(21,. .., 2N) is analytic on a do-
main near (0,...,0). Under these conditions, In(Gn ar.9(21,...,2n)) is analytic near (0,...,0),
and In(Gn a.0(0,...,0)) =0.
Next, we introduce a condition of the partial derivatives of In(Gn are(z1,...,2n)) at O,
as N — oo.

Definition 4.2 (¢-y-LLN-appropriateness). Given the sequence {cy}%_;, if for a sequence of
real numbers {x;}7°;, the following limits hold:

( ) thgﬁ\,y MO—qy 8 l ln(GNMQ)‘xlf =z =0 (l — 1) K, for all [ € Z21 and i € {1,2, ceey
N}

(b) thgﬁwMgﬁqv For 69? ln(GNMQ)‘xlf —en=0 =0, for all » > 2, and 41,...,% €
{1,2,..., N} such that the set {i1,...,4p} is of cardinality at least two.

We say {r;};°, are the limiting ¢-y cumulants of {Cx}.

Remark 4.3. Recall from Definition 2.5 that B(d,x1,...,zn;60, N, M) is an infinite sum of
even-degree polynomials, then so is Gy y,n and In(Gg n,ar). Therefore, it is immediate that x;
are always 0 for all odd [.

Remark 4.4. Writing

o0

G, _
ONM () = = In(Gnar(2,0,...,0) = > kPN

g 0z
=1

we have kf’N’M —> Ky as N0 — v, MO — q~.

Our main theorem connects Definitions 4.1, 4.2 and gives a quantitative relation between
moments and ¢-y cumulants of the limiting empirical measure of {un}%_;, which is stated
using generating function. Consider R[[z]], the space of all formal power series of variable z with
real coefficients.

Definition 4.5. Let a(z) be an element in R[[z]]. We define four linear operators acting on R][z]]
to itself, such that for any n =0,1,2,...,

0, n =20,

(2) d(z") 12{ et
z ) n — bl

3) d'(=") = 0, n is even,
221 nis odd,

Definition 4.6. Let Ti%,,: R™ — R be an operation sending a countable sequence {r;}7°,
to another sequence {moy}72; such that for each k =1,2,...,

may, = [2°] <a + 2vd + <(q — 1)y — ;) d + *g>2k1 q(2), (4.2)

where [2°] takes the constant term of the formal power series in R[[2]], and

[o.¢]
_ Z s
1=1
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Remark 4.7. Note by a simple induction on k = 1,2, ... that (4.2) implies each mgy is given by

a positive constant times kop+ a polynomial of ko, k4, ..., kKor_o. Hence, Th, is an invert-
ible map, such that given a sequence of real numbers {mo;}7°,, there exists a unique real

sequence {r;}7°, with x; = 0 for all odd I, and T, ({k}72,) = {max}7>,. More precisely,

{mgj}é-zl are corresponding to {/@j}?lzl. We denote the inverse map by {r;} = TmLx({max}).
In Section 5, we provide various points of views on the maps T%%,, and T sx.

We are ready to present the main result now.

Theorem 4.8 (convergence of empirical measure in high temperature). The sequence of random
N-tuples {Cn}F_, satisfies LLN, if and only if it is g-y-LLN-appropriate.

If this occurs, we have {mox}?2, = TEhnm({ki}52,), where {ki}2, are the gy cumulants
corresponding to {mag 32 ;.

4.2 Asymptotic expression under Dunkl actions

The proof of Theorem 4.8 is relying on the actions of Dunkl operator introduced in Section 2.3 on
Bessel generating functions. Before proceeding to the proof, we first study the explicit expression
of this action in detail.

Consider a symmetric function F'(z1,...,2x) which is analytic on a complex domain near 0.
Then the Taylor expansion of F of 2k order is

F(z1,...,zN) = Z cj\p-m,\(f)—i—O(HxH%H), (4.3)
A IN[<2k, L) <N

where m)(Z) is the monomial symmetric polynomial indexed by A. If we further assume F' to
be a symmetric function in z%,..., 2%, then

¢ is nonzero only if X is even. (4.4)

Fix N > 1. Recall we denote P, = D’f + .-+ Dk where D; is defined in Section 2.3.
The following theorem is a technical result on the explicit expansion of exp(F(z1,...,zN))
under the action of Py, and it serves as a stepping stone to the proof of Theorem 4.8.

Theorem 4.9. Fiz k = 1,2,... and an even partition A and || = 2k. Let F(x1,...,zN) be
a symmetric function on RN satisfying equation (4.4), analytic on a domain near (0,...,0)
and F(0,...,0) =0. Then

LN
N*l(A) H P)\i exp(F(xl, e JUN))|
i=1

r1=--=xN=0
= b3 cp+ > Y-+ L( 1< i< 2k —1)
we pl=2k, 1(p)>1(X)
+ Ry (¢, |v] < 2k) + N7 Ry (chh, [v] < 2k), (4.5)

where bi‘L are coefficients that are uniformly bounded in the limit regime N — oo, M — o0,
0 — 0, N0 — ~, MO — qv, and the notation (i) denotes the partition (i,0,...,0). In particular,

1)

03 =TT =2+ 207 (N = 2+ 29)(Ai — 4~ 2¢7)
=1
X (Ai —4+2y) -+ (2+2q7)(2 + 27)2¢7],

lim
NO—~,MO—qvy
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and

1N Ai—1
i . 1 i
L(c%), 1<i<2k—1)= H <[zo] <3+ 2vd + <(q — 1)y — 2) d + *g> g(z))
i=1
—2k(2k — 24 2q7)(2k — 24 2v)(2k — 4 — 2¢7)
X (2k —4429) - (24 207) (2 + 27)2¢7 - &7 - L0021, (4.6)

The operator 0, d, d' and %4 are defined in the same way as in Definition 4.6, and

g(z) = ch;ﬁ)z”*l.
n=1

Here, L, Ry and Ry are all polynomials of the coefficients c%., whose corresponding variables
are given in the parenthesis, and the coefficient of each monomial is uniformly bounded in the
limit regime. Moreover, each monomial in Ry contains at least one cY,, where I(v) > 2. If we
assign ¢}, with degree |v|, each summand on the right of (4.5) is homogeneous of degree 2k.

We postpone the proof of Theorem 4.9 to next section, and using its result, we are able to
prove Theorem 4.8.

Proof of Theorem 4.8. We first assume the sequence {cn}%_; is g-y-appropriate, with lim-
iting g-y-cumulants {r;}7°;. We need to show {Cn}¥_; is satisfying LLN with moments
{mar}p2y = TiDm({k}i2y)-

Denote the type BC Bessel generating function of éx by Gy are(z1,...,2n5). By Theo-
rem 2.21, the left side of (4.1) before taking the limit is given by

s
N—¢ (H P2k1> GN7M;9([E1, ce ’IN)‘aq:m::L’N:O' (47)

i=1
For each N = 1,2,..., without loss of generality, assume ki > ky > --- > k; and iden-
tify (2k1,...,2ks) with a partition A. Also since Gy a9 is analytic on a domain near 0
and Gy a0(0,...,0) =1, there is a function Fn ar.9(21,...,2n) analytic near 0 and
exp(Enao(21, - 2n)) = Gymo(1s -, 2n),  Fnoe(0,...,0) = 0.

We write Fy 7.9 in terms of its 2k*™ order Taylor polynomial

Fnoaro(21, ..., 2n) = Z CI\FN,M;e <y, (@) + O(|[*F1)).
e ] L2k, 1) <N

After the above identifications (4.7) satisfies the condition of Theorem 4.9. Then we turn
it into the expression on the right of (4.5), and take the limit N0 — ~, M0 — ¢vy. By ¢--
appropriateness,

K
lim =l lim e =0 ifl(v) > 1.
NO—sy,MO—qy INM:O NO—7, MO—sqy L N:M:0 (v)
Hence ), . o] =2k, 1(v)>1(\) bf) . C});N’M;g turns to 0, since each summand contains some term con-
verging to 0, and

0 ifs>1,
b)\ A

N By (2k1 — 24 2q7)(2k1 — 2+ 27)(2k1 — 4 — 2q7)

X(2k1 — 4+ 27y) - (24 2¢7)(2 + 27v)2qy - Cgkl)fﬁ?kl its=1.
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The polynomial L converges to

S 1 2]{31'—1
11 ([20] <5 +2vd + <(q -1y - ) d +x > g(Z)) — (2k1 — 2+ 2q7)
i=1
x(2k1 — 2+ 27)(2k1 — 4 —2¢7)(2k1 — 4+ 27) -+ (24 2¢7)(2 + 27)2q7 - Kok, - Ls=1,

where g(z) = Y., _; kn2" 7, since Y00 1ncgml\)uw 2"~! converges coefficient-wise to g(z).

The polynomial R; converges to 0, also because each summand contains some factor CFN o
with I(v) > 1, that vanishes in the limit regime. The polynomial N~! Ry vanishes as well in the
limit since all its coefficients converge to 0. Combining all the results above gives

iljlpé\ii] = E ([20] (3 +2vd + <(q — 1)y — 1) d + % >2ki1 g(z)> ,

which is equal to [];_; mok,, where {mo}32, = T, ({ki}72,). Hence the LLN condition
of {én}F_; is proved.

Now we go in the opposite direction, that assuming {cy}3_; satisfies LLN for some {my}3° ,,
i.e., for all even partition A,

lim E
N—o00

100

—I(A N9—>'y
NTIV HP,\i exp(Fna0(21, .., TN))|a1==zy=0 o Hm,\ﬂ
iy v
where Fyaro(21,. .., 2N) = 22,0 1(m<n C%N o - Mu(Z) is an analytic function near 0 satisfy-

ing exp(Fn,am.0) = Gn,m9- We need to show

A 0, [(A) > 1 or A is not even,
CFN,M;B %’ A= (2k)

in the limit regime NO — v, M6 — g, where {r;}72; = Thlx({mar}32,)-

Note that we only need to consider the case |)| is even, and Chy e = 0 for all v not even,
since the type BC Bessel function of each €y is a symmetric function in 3. ,x?\,, by Defini-
tion 2.17 and Proposition 2.16. We proceed by induction on |A|.

For |A\| = 0, there is nothing to show. Suppose the result holds for all |\| < 2k — 2, we now
consider the partition that |[A\| = 2k. By Theorem 4.9, for each 6, N, M, we have a (finite)

. . /J, .
system of linear equations of the unknowns {CFN,M;G F s 1l =2k,0(1) SUA) i is even-

X
b CFN]\49+ Z b,uf.cFN’M;g
- |ul=2k, 1() >N, o is even
1N
= NN P | expBwaro(@r, o on))],, oy — Lk, 1 <0< 2k—1)
=1

_Rl(”

CFn M0

lv| < 2k) — N~ Ry(cY

CFN,JW;G’

v] < 2k). (4.8)

We observe that if we write it in the matrix form in the lexicographical order of p introduced
in Section 2.1, the above system is upper triangular, and again by Theorem 4.9, its diagonal
entries bj, all converge to some nonzero constant in the limit regime, and the off-diagonal en-
tries are uniformly bounded. Hence the matrix is invertible asymptotically, and its inverse has
uniformly bounded entries.

Claim 4.10. If A # (2k), the right side of (4.8) converges to 0 in the limit regime.



Rectangular Matrix Additions in Low and High Temperatures 29

Proof. R; — 0 by induction hypothesis (recall that each of its term involves some partition v
with I(v) > 2), and N~'Ry — 0 since the coefficients all vanish in the limit.
By the LLN condition,

1)

HPA exp(F(z1,...,z ))|x1:...=x1\,:0 — Hm)‘“
i=1

and by Theorem 4.9 and Definition 4.6, when X\ # (2k), each \; < 2k and
1N
L) 1 <i<2k—1) = [[m)™,
i=1

where

By induction hypothesis {{ - ct FN e } —1 {Iil}l | pointwisely for I < 2k, and hence mj\’ Mo
m; pointwisely for j < k, and
I\
(4) .
L(CFNMe’1 <1< 2k — 1) — Hm/\i
i=1
as well. m

Because of this claim, we conclude that when N0 — v, M0 — ¢, the solutions of the linear
system where |A| = 2k, A # (2k) converge to the zero vector, in particular,

> — 0 forall |\=2k,  X\#(2k). (4.9)

CEN o

It remains to consider A = (2k). This time we write down a single identity

(2k) | (2h) 2%
b(%) CFyoro T Z bi(’ . CUFN,M;G
v: |[v|=2k,(v)>1, u is even
= NPy fexp(Fwaro(@t, o am)|,, oy o= L(c8, 1 <0 <2k —1)
— Ri(Chy a0 [0 < 2k) = N7 Ro(cy o 0] < 2K).

We have that
_ 1 (2k) (2k)
LHS = b(%) CEy a0 +o(1),
(n)

where gy aro(2) = > 0y ncFN’M;Gz"_l, because of Theorem 4.9 and (4.9). And

1 2k—1
RHS = mogy, — [ZO] <8 + 2vd + <(q — 1)y - 2) d' + *gN,M;0> gNM;0(2)

k
+ by - i, +0(1)

because of Theorem 4.9 and the LLN assumption. Hence, when N0 — ~v, M0 — q~,
0 1\ , 2%k—1
[Z ] (8 + 2’yd+ (q — 1)’7 — 5 d + *QN,M;9> gN,M;O(z) — M.
By Definition 4.6, the invertibility of T%’,, and the induction hypothesis, this is equivalent to
(2k) - C%N)Mg — Kok

in the limit regime, that ko is in the image of Tmﬁﬁ({mgj}ﬁl). This finishes the induction
step and therefore the proof. |
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4.3 Proof of Theorem 4.9

We start by reducing F(z1,...,zy) from a (locally) analytic function to its 2k Taylor poly-
nomial.

Lemma 4.11. For F(x1,...,zyN) of the form (4.3), denote

Fl(zy,...,zy5) = > - my(T),
A: |A|<2k, [N SN

the truncation of F(x1,...,zN). Then for a partition X\ with |\| = 2k, we have

I I

Proof. Since F' is analytic near 0, write exp(F(x1,...,2y)) and exp(F'(z1,...,2N)) as sym—
metric power series. Their difference R(Z) is a power series of order O(||z|[***1). Smce Hl 1 P
is a homogeneous polynomial of D; and each D; reduces the total power of a monomial by 1

exp(F'(z1,...,x exp(F(z1,...,x

))‘mlz =rN= =0 ))}zlzmsz:O'

(N
HP)\ 1‘ x1:~~~:azN:0 =0. |

By Lemma 4.11, in the remainder of this section we take

F<m17"'7xN>: Z C?;m/\(f)
A: A2k, I(A) <N, X even

Hl()‘) Py, is a sum of products of D;, i = 1,2,..., N. For each product of the form D" --- Dig¥

acting on exp(F(z1,...,2n)), by (2.12) the order does not matter. Recall from Definition 2.10
that

Di:&-—l—[ﬁ(M N+1)—] 92[ . ijj
’L_j 1 7

J#i

Observe that D;lexp(F(x1,...,zyN))] is of the form H(zy,...,znN)exp(F(z1,...,2N)), where
H(zy,...,zy)isapolynomial of 1, ..., xy, and for any i, D;[H (x1,...,zN) exp(F(x1,...,2N))]
is still exp(F'(x1,...,2zy)) multiplied by a polynomial. More precisely,
O[H(z1,...,xn)exp(F(x1,...,zN))]
— (@H (1, wx) + H(zr, o on)0F (@, zn) - exp(Fan, . zy)), (4.10)

[H(x1,...,zN)exp(F(z1,...,2N))]

- <1 — T (4, .. .,xN)> cexp(F(z1,...,zN)),

T
1—o0y
7”[}[(1,‘1,...,{EN)GXP(F(J?]_,...,{L‘N))]
I‘Z—:L‘j
1 — g
= <U”H(x1,...,xN)> cexp(F(z1,...,2N)),
CCZ'*LEJ‘
1 Tij
H(xy,...,zny)exp(F(x1,...,x
o H o ay) esp(Flan, )
1—7’2'j
=|—H(x1,...,x -exp(F(x1,...,zN))- 4.11
(52 ) ) -exp(For. o) (4.11)
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We see that

1)

[1 D7 - DY) exp(F (1, ..., 2n)|ay=-man=0
=1
is obtained by acting a polynomial of 0, 1;”, i _‘7;, ;J:;J on F(z1,...,zyN), then take the
7 @ 7 K3 J
constant term. Then we have the following basic observation.

Proposition 4.12. For any N-tuple of nonnegative integers my,...,my,

[D;nl e D%N] exp(F(z1,... ’xN))}xlzmsz:o
is a homogeneous polynomial in c}. of degree Zf\;l mi, if we take ¢}, to be of degree |v|. More-
over, the coefficients of this polynomial are all uniformly bounded in the limit regime N6 — -,
MO — qy.

Proof. Each of 9;, xf”, i;ff , ;;:;’ reduces the degree of a monomial by 1, the constant term
of [D"---DYN] exp(F(xl, . .CCN)5 is then obtained from some monomials of xi,...,xx of
degree Z ~, m;. Since ¢}, is the coefficient of m,(Z) which is of degree |v|, by assigning c}, with
degree |v| one can pass the degree of the original monomials to their resulting constant terms.
Each D; is a sum of 2N single operators 0;, 1;2, 316_70;} and ~-7 , in which 2N — 2 terms in-
volves a factor 0, and hence D" --- Dy~ is a sum of 1(2]\J/ )Ziv—l rii f)roducts of single operators.
The constant term of each of these products acting on exp(F(x1,...,zyN)) is changing with
0, N, M as a muliple of PLils mi—#0i in the product “and the number of such products is of or-

der O(N 3205 mi—#0; in the producty " Hence as N — + the coefficient is uniformly bounded. M

Proposition 4.13. For any partition A\, we have

Nﬁl()‘) H P)\ eXp xla XY ))|x1=“‘=$N:0

'l(A)
1
s
= |[[@)* | exp(F(a,... IN)) g0 T O <N> ,

=1

in the limit regime NO — ~, MO — qv, where O(%) is a homogeneous polynomial of c%
(taking c}. to be of degree |v|) whose coefficients are of order O(%)

Proof. Each P, is a sum of N terms D>‘ (j=1,2,...,N), hence H PA is a sum of N
such terms, in which O(N - ) terms have not all dlstlnct indices j. By Prop051t10n 4.12, each
of these terms has uniformly bounded coefficient, hence they together contribute O( N). As for

the remaining terms with all distinct indices, by symmetry of F'(z1,...,zx), their action are all
the same as ]_[z i D)‘ [

After all the reductions above, it remains to study

100

[[(D)* | exp(F(z1, ... N0 )
=1

for an arbitrary partition A, whose expression should match the right side of (4.5). The expres-
sion on the right side of (4.5) can be split into three parts: the linear polynomials of ¢}, the
terms involving only c}. where v are length 1 partitions, and all the other remaining terms. In the
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next two propositions, we deal with the first two cases separately. Before that we present several
lemmas that will be used in the proof. Consider the action of H )D)‘ on my,(Z). Each Dj is
a combination of 8; + [0(M — N + 1) — 3] = 129 and 0[1 T4 ; _:;’] w1th N —1 choices of j # i,
hence Hi(jl) D;\ will lead to a sum, whose summand are products of these two terms.

( For) a given i € {1,2,..., N}, we say that the component 0[ U” + ;Z _:;J] | in D; has index j
J#14).

Lemma 4.14. For arbitrary partitions A and p, the constant term of [ 1,4 u(Z) has a ge-
neric part, which is a sum of product of components in D; of HZ 1) D)‘ , such that all the indices
J in the product are distinct, and all bigger than [(X). The remaining part is of order O(%) m
the limit regime N6 — ~v, M0 — q~.

() D)\

Proof. For k =0,1,...,|A|, the number of summands in the remaining part (which means their
exists a pair of 1nd1ces that coincides) with & components of 6 [ = J” + %} is of order O(N*~1),
and the power of 6§ in these summands is k. Since N — ~ > O the remaining part is a finite

sum of order O(Nk 19’“), which is O(Jb) |

Because of this, we only consider the limit of the generic part of the expression. For simplicity,
we write [ = I()\).

Lemma 4.15. The generic part of constant term of H§:1 D;‘imu(f) s given by
(Do) - [D327 0] - [DY 0]y (). (4.12)

Proof. Let m = 1,2,...,[ denote the index of the operators D,,. For m = 1, because of the
symmetry, m,(Z) is invariant under the action of o;, 0;; and 75, and hence D;ym,,(Z) is equal
to 0ymy,(Z).

For m = 2,3,...,1, after acting [D:;lm_‘llflam_l] [Di\l_lf)l] on my, (%), since the generic
part has distinct indices j bigger than [()\), we get some polynomial H(z1,...,zy), where the
operators act on variables z1,..., 2,1 and x; (j > ). So H(z1,...,zy) is still symmetric as
function of 1:%\, and x?, for another different 7’ in the first copy of D,,, invariant again under the
action of o;, 0;; and 7;;. We conclude that

D [DY 7 0] - [DM TR0 mp(®) = 0 [DYm 7 O] - [DY 01 my (). n
Remark 4.16. One can replace m,(Z) by F(x1,...,xn) or exp(F(x1,...,zy)) in last lemma,

since these functions satisfy the same symmetry.
The next lemma considers the concrete action of D; on a polynomial of x1,...,x;.

Lemma 4.17. For an arbitrary l-tuple (ny,...,n;) € leo and arbitrary i =1,2,...,1, we have
that for the genmeric part of D;,

Dy .| = (ai ; [G(M N1 - ﬂ &} +26(N — 1)di) @]

+ Z(%’P{ +a;p)),

J#i
where p{, p% are some polynomials of x1,...,x; depending on (ni,...,n;), and d;, d; are linear
operators on polynomials of x1,...,xN such that
0, n =0, 0, n s even,
di(xi') = 4 di(z}') = 1 .
2¢77, n>0, 2¢77°, nis odd.

Note that the action depends on whether the power of x; is odd or even.
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Proof. This follows directly from definition. More precisely, for j > [,

e AR A ARt
T — Tj
1—m )
Haci + ;fjg 27| = il - 2]+ g,
and
B ] = ] .

Proposition 4.18. For any even partition X\ with |\| = 2k, we have

1)

H(Di))\i exp(F(x1,...,zN)) ‘m:m:xN:o
i=1

1
=b-ch+ > b2~c’§+R+O(N).
we | p| =2k, () >1(N)

In particular,

1N
; A I | (). . A
N9—>£}$9—>qy by = i:1[)‘z()\z 2+ 2Q'Y)()‘z 2+ 27)()‘1 4 2‘]7)

X (A =4+ 27) (24 2¢7)(2 + 27)2¢7].

The summand R is a polynomial of c}. that |v| < 2k. And O(%) denotes a linear polynomial
of ¢4 such that |v| = 2k, and the coefficients are of order O(%) in the limit regime of this
section.

Proof. Since the expression on the right is homogeneous of degree 2k, all the nonlinear terms
are collected as R, and it suffices to consider the linear terms, which is

Z b}AL . C%.

w: |p|=2k, p is even

We classify all the even partition g with |u] = 2k in terms of their length. When () > I(\),
there is nothing to show. When [(p) < I()), we want to show when p # A, b;\L is of order O(+).

Writing exp(F(z1,...,xy)) as power series of F(x1,...,zy). Since each term in D; reduces
the total power of a monomial by 1, and F'(z1,...,2N8) = X2, <2k -y () whle(&e)r ea;:h my, (%)
is homogeneous of degree |u|, we see that bl); is obtained from the action of [[,\] D;* on the
single symmetric monomial m,(Z).

Again let [ = [(\). By Lemmas 4.14 and 4.15, we first consider the generic part of Hﬁ(z)‘l) D;\"
x my(Z). When (1) < I, each monomial of m,(Z) is missing some variable among z1,. .., z;,
say Z,,. Then when acting the 0,, in (4.12), we get 0 since [Dﬁ;gl‘lam,l} [Di‘l_lal] does
not produce any power of xx to m,(Z). And the remaining part of the action gives O(%)

What remains is to consider the case [(1) = [()\), and we calculate the limit of bf;. Again bf;
is obtained from the action of [[,."] D; on m,(Z). By Lemmas 4.14 and 4.15, we consider only
the generic part of the Dunkl product, and act it on the monomials of m,(¥) separately. The
monomials with variables other than x1, ..., x; are missing some variables, say zn (1 < m <1).
Then (4.12) again tells that these monomials only contribute O(4).
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Now we consider monomials formed by z1,...,2;. For an arbitrary I-tuple (nq,...,n;) and
arbitrary ¢ = 1,2,...,[, by Lemma 4.17, we have

Di[z .. .2 = (ai + [Q(M ~N+1) - ﬂ [1—(=1)™]d; +6(N —1)d; + (N — 1)di>

x [t + Y (wpd + ).
J#i
One can see from the above expression that, after a single action of D;, z}* ... a}" splits
into two parts. The x;-power of the first part decreases by 1. The second part has a common
factor z;, and its x;- powers decreases as well while the powers of other variables are unchanged.
For the action of ]_[Z 1 Di*, we repeat the above action by another |A| — 1 times. Since all
indices j are distinct, the second part has no chance to become a constant. Hence we only apply
the first part each time we apply one more single D;, and Hi:l Di)‘i results in reducing power

of ; by A;. In the monomials of m,(Z) where I(1) = I()), only . :cl’\l survives as a nonzero

constant. More precisely (we use ~ to omit the O( ]{,) part),

HD’\ m(Z HDA ]
~ [2Y]] al + (2(N —1)0 + 2(M — N +1)0 — 1)d][0; + 2(N — 1)0d)] - -
x [0 + 2( — 1)0dl][81 +(2(N—-1)0+2(M—-N+1)0— 1)dl]c‘)l
X [01 4+ (2(N = 1)0 +2(M — N +1)0 — 1)d4][01 + 2(N — 1)0d;] - -
X [01 4+ 2(N —1)0d,][01 + (2(N — 1)0 +2(M — N 4+ 1)0 — 1)d,]6; [ ]
= [0+ (2M6 — 1)d)][8; + 2(N — 1)0d;] - - - [0, + 2(N — 1)0d,][8; + (2M6 — 1)dl]al
X [01 + (2M6O — 1)dy][01 + 2(N — 1)0d,] - - - [81 + 2(N — 1)0d,][6; + (2M6 — 1)d1]

X O [m a:l’\l]
As NO — v, M6 — g, the above expression converges to

[0 + (2qy — 1)di][0y + 2vdy] - - - [0 + 2vdi] [0y + (2qy — 1)dy] Dy - - -
x (01 + (27 — 1)du][01 + 2yda] - [0 + 2vd1][01 + (2 — 1)d1]0y [27" - - 2]

l
H)\ —1+4+2¢7y - DN —2+27)(A\i —3+2¢y— 1)+ (2+27)(1 +2¢y — 1)

NH

Ai(Xi =24 2¢7) (A =2+ 27)(Ni =44+ 2¢7) (N —4+27) - (24 2q7)

1
X (2 4 27v)2qy.

The above argument also implies for I(u) = I(A), pu # A,

ey
HD;\imu(f)
i=1
is of order O(%), and so is b;\t. |

The next proposition deals with the terms involving only length 1 partitions, and identify
them with L in (4.5).
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Proposition 4.19. For any even partition X\ with |\| = 2k, we have

1(\)
LD exp(F(ar, . an)), o
i=1

i)

< 1(0+2vyd + ((q — 1)y — ;) d + *g))‘ilg(z)> +R+0 (&) , (4.13)

=1

where g(z) = > 074 ncg@)z”_l, and 0, d, d' and %4 are defined in Definition 4.6. Moreover, R
is a homogeneous polynomial of c}. that [v| < 2k, and each monomial contains at least one c$
that l(v) > 1, and O(%) is a homogeneous polynomial of ¢}, whose coefficients are of order O(%)
in the limit regime NO — ~, MO — q~.

Proof. Again by Lemmas 4.14 and 4.15, we only take the generic part of the action of Dunkl
operators, namely, all indices j involved are distinct and bigger than [()\), and the remaining
part becomes O(%;) in (4.13).

Moreover, we only consider the polynomials involving only cg}) (n=2,4,...,2k), which are
corresponding to m (%), and all other terms are collected in R and O(%) Hence, we only
look at the action

18))

[T(D* exp(ZcFm f)

i=1

== N=0

o) N 2k
H(Di)Ai H exp (Z ng) (:U?))
i=1 t=1 n=2

x1=---=xN=0'
Claim 4.20.
1\ 2%
[T [ exp (Z W (x t)) R
i=1 t=1 n—=2 Tr=m=aN

1N N 2k
— H <(D2)>\z_181 [H exp <Z ng) (x?))] Ii:o) . (414)

Proof. Since the indices j of D; are distinct and bigger than [()), for i1 # i, D D and D, Az

11
acting on two groups of disjoint variables. Hence the action of each (D;) factors. Moreover
the first D; acts as 0; for the same reason as in the proof of Lemma 4.15. |
Without loss of generality, consider ¢ = 1.

i )] s )

n=2 n=2

By (4.10)—(4.11), it suffices to consider the explicit action of D; on

N 2k
H(xp) Hexp <Z cg])(:c?)> ,

where H(x1) is a polynomial of x;, and

N 2k N 2k
D; [Hm) [Texp (Z c@(z?))] = [DyH (1) + g(1)] [ ] exp (Z cif”(x?)) .

t=1 n=2 t=1 n=2
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Hence, we have for i =1,2,...,1(\),

N 2%k
Di)‘i_l& [H exp <Z cgl) (:U?)) ]
t=1 n=2

Again by Lemmas 4.14, 4.15 and 4.17, up to O(%) error,

= (Dz + *g)Ai_lg(.%i)‘zi:O.

r1=-=xN=0

| 17 \M!
(Di + *g)/\z—lg(xi)‘ 0~ <8l + 2(N — 1)9dz -+ |:9(M — N + 1) — 2] d;) g(xi)‘xi:O

Zs

MO—qy
I
NO—~

1 Ni—1
(81‘ + 2vd; + [(q -1y - 2] d; + *g) 9(zi)

and plugging this back to (4.14) gives

1A

N 2k
[T | [T exp (Z c$)<x?>> [F—

i=1
)

ol ) o)

Proposition 4.19 then follows. |

Combining all the results above in this section, we arrive at the expansion (4.5) representing
action of Dunkl operators on exp(F(z1,...,zN)).

Proof of Theorem 4.9. By Propositions 4.12 and 4.13, the left side of (4.5) is a homogeneous
polynomial of c}. of degree 2k with uniformly bounded coefficients in the limit regime. The right
side of (4.5) is a combination of Proposition 4.18 which gives

by -+ > by - ¢
we pl=2k, 1(p)>1(A)

and 4.19 (which gives polynomial L), and note that the only possible overlap of linear terms and
terms involving only length 1 partitions is when A itself is (2k), which gives the term subtracted
in (4.6). [

4.4 qg- convolution

After stating the equivalence in Theorem 4.8, Theorem 1.12 follows as a direct consequence.

Proof of Theorem 1.12. For each M > N, 6 > 0, let G§ y 5/, GgNM, G§ N s denote
the type BC Bessel generating function of @(N), b(IN) and éx = @(N) EEI‘?VM b(N). Then

GE,N,M(UCh S IN) = Gg,N,M(QCl, C TN GZ,N,M(xh TN,

and hence partial derivatives of In(Gf y /) are equal to the sum of the ones of ln(Gg’ N.r)
and In(G§ y ). By assumption of the theorem, {@(N)} and {E(N)} satisfy LLN condition,
then by Theorem 4.8 they are ¢-y-LLN appropriate. Hence by Definition 4.2 {¢n} is also ¢-7-
LLN appropriate. By Theorem 4.8, again {¢y} satisfies LLN. |



Rectangular Matrix Additions in Low and High Temperatures 37

5 @-v cumulants and moments

Fix ¢ > 1, v > 0, in this section we continue with the limit regime N, M — oo, 6§ — 0,
NO — ~, MO — gv. Definition 4.6 introduces a map T%’,, in terms of operators, that sends
the real sequence {s;}7°, to another real sequence {my}7>,. We keep the interpretation from
Theorem 4.8, that is, we call {#;}°; the ¢-y cumulants and take x; = 0 for all odd I. In this
section, we give a more combinatorial description of T)Z7%,,. After that, we also provide an
explicit relation of Ty; "« in terms of generating functions, and by taking ¢, v to some extreme
values, we set the connections of our g-y-cumulants to the usual cumulants and (rectangular)
free cumulants in free probability theory, and also to the y-cumulants defined in [8], that arises
in the high temperature regime of self-adjoint matrix additions.

5.1 From g-v cumulants to moments

We start by introducing some basic notions of set partitions, which are necessary for the state-
ment of the main theorem.

For k € Z>1, a set partition m of [k| is a way to write [k] := {1,2,...,k} as disjoint union of
sets By, ..., Bs for some s. We write m = By U By LI --- U B, and denote the space of all set
partitions of [k] by P(k). Given a set partition m, for each B; let min(B;) and max(B;) denote
the minimal and maximal number in the subset B; of [k], and for simplicity, we label By, ..., By
by min(B;) in increasing order.

In this paper, we are in particular interested in the non-crossing partitions.

Definition 5.1. Fix k € Z>, a set partition 7 = By U --- U By of [k] is non-crossing if for any
l=2,...,s,and any j = 1,2,...,1 — 1, the elements in B; are either bigger than max(B;) or
smaller than min(B;). See Figure 1. Denote the set of all non-crossing partitions of [k] by NC(k).

Each set partition can be realized visually as a collection of blocks By, ..., Bs with k legs
in total. We say that |B;|, the number of elements in B;, is the size of B;, which also counts
the number of legs in the corresponding block, see Figure 1. From this point of view, 7 is
non-crossing if and only if the legs of one block does not cross any other blocks.

| Ll

1 2 3 4 5 6 1 2 3 4 5 6

non-crossing partition crossing partition

Figure 1. The graph on the left represents a noncrossing partition 7 of [6], where B; = {1,4,6},
By = {2,3}, Bs = {5}, and the graph on the right represents a crossing partition 7’ of [6], where
B = {1a376}7 By = {274}7 B3 = {5}

Next we define a quantity associated with the non-crossing set partition 7.

Definition 5.2. Given m = By U--- U Bs; € NC(k), for i = 1,2,...,s, let P, = # of elements
in By,..., B; bigger than min(B;), and Q; = # of elements in By,..., B; bigger than max(B;)
(note that P, — @Q; = |B;| — 1 by definition of 7 being non-crossing). Let C7,Co,... be the
countable sequence of constants

2qv, 2v+2, 2qgy+ 2, 2y+4, 2qy+4, 2y+6, 2¢y+6, ...,

respectively. Then we define W (r) = [[7_, [Cq,+1Cq, 42 - Cp,].
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Example 5.3. In Figure 2, 7 is a non-crossing partition of [14], such that B; = {1,7,8},
By = {2,3,6}, Bs = {4,5}, B4 = {9,10,13,14}, and Bs = {11,12}. Moreover, P, = 2,
Ql:O,P2:4,QQ:2,P3:4,Q3:3,P4:3,Q4:0,P5:3,Q5:2,SOW(7T):
C1Cy - C3Cy - Cy - C1C3C5 - Cy = C%C%C%’Cf = (2(]’7)2(2’}/ + 2)2(2q7 + 2)3(2’7 + 4)2.

| | |

1 2 3 4 5 6 7 g 9 10 11 12 13 14

Figure 2. The graphical representation of the non-crossing partition in Example 5.3.

We also introduce a notion of even partition that will be used later.

Definition 5.4. We say 7 is even if |Bi|,...,|Bs| are all even, and denote the collection of all
non-crossing even set partitions of [2k] by ME(2k), for some k € Z>;.

The following main theorem of this section gives the combinatorial expression of moments as
polynomials of g-y cumulants, whose coefficients are given by W (r).

Theorem 5.5 (¢-y cumulants to moments formula). Let {x;}7°,, {mi}32, be two real sequences
such that k; =0 for all odd I, and {moy}32, = TEm({ri}2,). Then for any k=1,2,...,

mop_1 = 0, Moj = Z W () H K|B;|- (5.1)

TENE(2k) B;em

Remark 5.6. It is well known (see, e.g., [36, Proposition 9.8]) that non-crossing partitions are in
bijection with the so-called Lukasiewicz paths, i.e., lattice paths whose steps take value in Z>_
with starting and ending point at height 0. Therefore, the cumulant expression in (5.1) for mog
can be rewritten as a weighted sum over Lukasiewicz paths of length 2k. Such interpretation
is used in the subsequent work [26] and [12]. In particular, the moment expression in [12,
Theorem 3.7] is similar to (5.1) and [8, Theorem 3.10]. But notice that in [12] Lukasiewicz paths
are not allowed to have horizontal steps at height 0.

Example 5.7. By manipulating (5.1), we have the explicit expression of the first two nontrivial
moments in terms of ¢-y cumulants

mg = 2qyka,  ma = 2q7(27 +2)(2q7 + 2)ka + [(247)° + 2¢7(27 + 2)] K5 (5.2)
Proof of Theorem 5.5. Recall from Definition 4.6 that
1 2k—1
M) = [zo} <8 + 2vd + [(q — 1)y — 2] d + *g> 9(2),
where g(z) = Y12, k2! 71, fe., we act the operator D := §+2yd+ ((g — 1)y — 3) d' +*4 on g(z)

by 2k — 1 times, then take the constant term of the resulting expression.
An explicit calculation shows that

1 > -
0+ 2vd + [(q—l)fy—Q} d’+*g:ZUl—|—d,
=1
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where U, [ = 1,2,..., and d are linear operators acting on polynomials of z, such that for
m e ZZOv

(2qy +m —1)2™"1 m is odd;
U(2™) = k™1 d(z™) = { (27 4+ m)zm, m is even, m > 1,
0, m = 0.

Therefore,

2k
ma= S [ [T,

T(n): 1<n<2k

where the summation in the last line is over the finitely many choices of the operators T'(n).
More precisely, each T'(n) takes value among Uy, . .., Usy, and d. For each product T'(2k) - - - T(1)
with nonzero constant term, one can check easily that there is a one-to-one correspondence with
a non-crossing partition 7 = By U - -- U B of [2k] as follows:

e if T'(n) = U; for some [ > 1, then the n' leg of 7 is the first leg of a block of size 1,
e otherwise T'(n) = d, and the n'™ leg of 7 is not the first leg of the block it belongs to,

e the non-crossing condition of 7 then gives a unique way to group the legs.

Moreover, one can check by definition that under such correspondence,
[2°)T(2k) - - T(1)(1) = W(m) [ 5y
i=1

This finishes the proof. |

Example 5.8. To help clarifying the proof idea of Theorem 5.5, the partition in Example 5.3
is corresponding to the product T'(14) ---T(1), where T(1) = T(2) = Uz, T(4) = T'(11) = Us,

T(9) = Uy, and all the rest of the operators are equal to d.

5.2 From moments to g-v-cumulants

Recall that T2Y,, is invertible, and for each [ = 1,2, ..., Ky is a polynomial of ma, my, ..., my
with leading term as a multiple of my;. For example, by reversing (5.2), we have

1 m K 1 [m <1+7+1>m2]
247 2q7(27 +2)(2q7 + 2) v 2

For the more general cases, we express the generating function of ¢-v cumulants by the
generating function of moments.

K2

Theorem 5.9. Let {mor}32, {mi1}72, be two real sequences such that

{ri}iZ1 = TRL ({mar}ily)-

Then k; = 0 for all odd I, and

o0 oo o0 o0
mag Kol & —
exp [fyz - y%] = Z n -y, exp [Z %yQZ] = Z RN N gT2ny2n (5.3)
k=1 n=0 0

=1
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for some auxiliary sequence {cp}22,. Here we use the Pochhammer symbol notation

z(z+1)---(z+n—-1) ifne€Zs>,
(ac)n::{1

ifn=0.
Alternatively, one has the more compact expression
oS-SSl
-1 2 =0 (V)n(@7)n 1 k
Before giving the proof, we first present two technical results that will be used.
Lemma 5.10.

(a) The following Taylor series expansion holds:

[ee) N
ZQk) al,...,a?\,;ﬁ)y%:H(l—ay) 0 (5.5)
k=0 i=1

(b) For0>0,ycCandd=(a; > --->ayn >0),

o0

1
B _’; aON—l;H = 72_2]‘3 27”" 2 ’9 2]6’
(a@,y ) kZ_O (NO) (M), Qi (ai a%10)y

where Q1) (a?\,;Q) is defined in (2.2), and (k) denotes the partition (k,0,...,0) € Ay.
Moreover, the power series converges uniformly in a domain near 0.

Proof. (a) is a well known result that can be found in [30, p. 378 and p. 380]. (b) follows from
Definition 2.5 and (2.2), after taking (21,...,2n5) = (y,0V71). [

Proof of Theorem 5.9. First we note that (5.3) and (5.4) are equivalent by comparing the
coefficients for y?" for each n =0,1,2,..., and we will prove (5.3).

For now, we assume that there exists a probability measure p supported on [0,7] for some
n > 0, such that for k = 1,2,..., moy = [2*dp.

We take a sequence of determlnlstlc N-tuples {@(N)}¥_; such that d(N) = (an1,...,anN) €
[0, 7]V, and define puy = % valéag 2. We choose {@(N)} in a way that uy — p weakly as

N — oo. This implies that the moments of py also converge pointwisely to the corresponding
moments of p, i.e.,

NZaNZ — Mo

In other words, {@(N)}3_, satisfies the LLN condition, and by Theorem 4.8 {a@(N)}¥_, is
q-v-LLN-appropriate.
By Lemma 5.10 (a),

N

ZQ(k)(a?VJ,...,a%N;Q)y%:H(l—a?\[,igf) —exp[ GZln 1—ale ]
k=0 ]
00 y 1 N
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as a formal power series. Taking N — oo, § — 0, N — ~, the coefficients of the expo-
nent on the right side converge by the LLN assumption, which implies the convergence of

Q) (a%\,’l, ey aJQV?N; 9) for each k € Z>¢. Then the above equality becomes
o0 o0 m
k
D ep-y? =exp [v k,y%] : (5.7)
k=0 k=1
where ¢, is the point-wise limit of Q) (a?\u, .. .,a?\ﬁ N;H). This defines {c;}72, in terms of
{mar 372,

On the other hand, since uy is deterministic, its type BC Bessel generating function is equal
to its Bessel function. And we have for [ =1,2,...

o\ . _ M6
<&y> ln[B(a(N),y,ON 1;9)] |y:0 ﬁ) (20 — 1)! - Koy

By Lemma 5.10 (b), the above equation is equivalent to

o\ [ 1
— In S — a? ,...,a2 ;0 2k
<6y> [Z (NH)k(MQ)k Q(k)( N,1 N,N )y

k=0 y=0
M6
222 (20 — 1)) - Ky (5.8)
NO—~
Also, since type BC Bessel function is analytic over x1,...,2Zy, so is its logarithm near 0, and

by Taylor expanding In [ZZOZO WQ*%Q(@ (a?\,m . ,a?\%N;Q)y%] we see that each kg
is a polynomial of finitely many terms W2_2]%)(m (aNyl, ... ,a?V7N;0), each of which
converges to m _chk.

We claim that as N0 — v, M0 — qv, > .72, WQ_%QU@) (a?v,p e ,a?v7N;9)y2k con-
verges uniformly on a domain near 0. Indeed, the pointwise convergence of coefficient of y

is already given above, and to obtain a tail bound of the power series, first note that we have

assumed that ay; are uniformly bounded, then by writing each Q) (a%\u, ceey a?\,’ NS 9) as a con-
tour integral of the right side of (5.5) on the circle {z: |z| = r} for some r small enough, we
see that Qx) (a?v 1o- ,a?VN; 9) are uniformly bounded by C - 7=2* for some constant C' and r.

By (5.6), (5.7), the limit is

- Ck 2k
2 WrlaNs’

k=0

but since the uniform convergence of analytic functions implies convergence of derivatives, it is
also equal to exp [Ei‘il %ym] by (5.8). Hence these two functions are equal.

It remains to generalize to the case where mo, my,... are arbitrary real sequence. For each
Il =1,2,..., ko is a polynomial hj(msg, my,...,my) of degree at most [, where the expression
of h; is given by (5.4), while on the other hand, for each kg, (5.1) gives another polynomial of
degree at most [, such that ko = hj(ma, my, ..., mg). What we need to show is that h; = h; for
all [.

Fix [ > 1. We have already shown that h;(mg,my,...,my) = hj(ma,ma4, ..., my), when
ma, My, ..., Mo, are the first [ moments of some compactly supported probability measure pu
on R>g. Clearly, there exists more than [ such choices of mg,m4,...,mg;, and therefore by
fundamental theorem of algebra these two polynomials coincide. The same argument holds for
arbitrary [ > 1. |
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5.3 Connections to self-adjoint additions

Let A, B be two independent N x N matrices, uniformly chosen from the sets of self-adjoint
matrices with deterministic eigenvalues a3 > -+ > ay and by > --- > by respectively. The
study of eigenvalues of C' = A + B dates back to [42], which considers the empirical measure
of C in fixed temperature regime. in the high temperature regime, it was first considered by [35]
which introduced the notion of “high temperature convolution”, and studied later in several texts
including [8, 34] and [33]. In particular, it was proved rigorously that when N — oo, 6§ — 0
and N0 — ~, assuming the empirical measure of A, B converge to some deterministic proba-
bility measure p4, up on R, then the empirical measure of C' converges to some deterministic
probability measure uc, which is named as the y-convolution of p4 and pp.

There is a collection of quantities {; }7°, introduced in [35] and [8] independently by different
approaches, such that &) (uc) = k] (1a) + 5] (up) for each I > 1. In the following, we refer to [8].
We write {m} }7°, = Tl_ﬂn({/ﬂ?}le), where mj, € R denotes the k'™ moment of the limiting
empirical measure, and T}, is a map that gives moment-cumulant relation of y-convolution.
While in this paper we are considering addition of a different type of matrices, we find a limit
transition in the high temperature regime from rectangular addition to self-adjoint addition,
which is stated in terms of cumulants.

Theorem 5.11. Given a real sequence {k;};°, such that k; = 0 for all odd l, let {mor}72, =

T ({k1}52,), m), = (7;72)’“,6, k) =281k for1=1,2,.... Then

lim {mk}i"zl = TZam({"ig}?il)'
q—00

Proof. This follows from a straightforward limit transition of (5.3) under the assigned rescaling,
and the moment-cumulant relation of y-convolution in [8, Theorem 3.11]. |

Moreover, we point out that the combinatorial moment-cumulant formula of y-convolution,
given in [8, Theorem 3.10] can be expressed in an alternate way similar to our Theorem 5.5.
Proposition 5.12. Let {m} }?%°, = T,{%m({fﬂ}zl). Then for each k =1,2,...,

= > W@ [] Ay
meNC(k) B;em

where W (m) is defined in the same way as in Definition 5.2, after replacing the values of
C1,Co ... tobey+1,7v+2,....

Proof. By [8, Definition 3.7 and Theorem 3.8], my = [2°](d + vd + %4)*1g(2), k = 1,2,....
The statement then follows from the similar argument as in the proof of Theorem 5.5. |

5.4 Connections to the classical convolutions

Recall from previous sections that, limit of B, ,, gives the g-y convolution B, of two (virtual)
probability measures on R, which is linearizedvby q-y cumulants. We show in this section that,
under certain limit transition of the parameters ¢, v, B, converge to the usual convolution,
free convolution, and rectangular free convolution respectively.

We first provide the connection of ¢-v cumulants to usual cumulants. For this, we recall the
combinatorial classical moment-cumulant formula: for £k =1,2,...,

Z H”wB\v
m'eP(k) i=1

where {x]}7°, stands for the usual cumulants, and P(k) is the set of all set partitions of [k]. We
denote the map that sends {my}32, to {x]}2, by T, _,...
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Theorem 5.13. Given a real sequence {moy}3° ,, let

(w2 = T8 ({man}ih), w1 = (9)"2%7 1 (1 = 1)lmay,

then

R = T i) (59)
Proof. By Theorem 5.5, after rescaled by (¢7)*, the coefficient W () does not vanish asymp-
totically only if for each ¢ = 1,2,...,m, 2[; — 1 := P, — @);, there are [; terms in Cg,11---Cp,
that contain ¢y. Hence each ); must be even.

Recall that NC(k) denote the space of all (not necessary even) non-crossing partitions. We
say a non-crossing even partition 7 of [2k] is equivalent to ©' € NC(k), if there exists some
7' € NC(k) = By U--- U B, such that by replacing all element j € B; by {2j — 1,25}, we get
the set B;, for any ¢ =1,2,...,m.

Claim 5.14. For m = By U ---U Bs € ME(2k), each Q; is even if and only if w is equivalent to
some 7 € NC(k).

Proof. The “if” part is clear. For the “only if” part, just notice that when 7 is even, non-
crossing and each @; is even, maz(B;) turn out to be all even. The statement then follows by
going over all the legs in the graphical representation of 7 from right to left. |

Set C; = 4, then after taking the limit,

Coi+1---Cp 40

22i=1CH .1 ---Cp..
(g)t qy—00 @itl i

In other words,

may, = Z W () H KB

m=BiU---LUBseNE(2k) Bew
—0 :
- > [[(@i+1)--- () w5 ]

f=B1U---UBseNC(k) t=1
S

JR— 1 . ... - . ,~
_ili% ~ Z H[(’Y+Q’L +1) (v+5) K/‘Bi|]
F=B1U---LUBseNC(k) 1=1

S
. 0
i T () = Tz = Y I[Hey
5 n'=B{U---UBLeP(k)i=1

The two equalities in the second to last row hold by Proposition 5.12 and [8, Theorem 8.2],
respectively. Then (5.9) follows from acting T on both sides. |

m—K

Corollary 5.15. For two real sequences {m$,}7°, {mgk}ZO:17 set mg,_, = mgk_l = 0 for
k=1,2,..., and define

{mi}ez, == lim [{m%}?}:l By {mZ}Zil]

Then m$,_; =0 fork=1,2,..., and the usual cumulants g{j {m$ 132, are given by the sum of
the corresponding usual cumulants of {m$, }7°, and {mgk}k:p i.e.,

ng%n({mgkz}zozl) = T?n%n ({m%k}zozl) + Tgn%n({mgk}zozl)
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Remark 5.16. Suppose [, 1y are two probability measures on R>g that for k =1,2,...

Mgy = / odpa,  mby, = / 2*d,
then {mg, }32, are the moments of the usual convolution of z, and py.

Next, we consider B, , and match its asymptotic behavior with the free convolution and rect-
angular free convolution. Before that we recall the definitions of their corresponding cumulants.
For k € Z>1, let T, _,,, denote the map sending the real sequence {r;}°, of free cumulants to
the sequence {my}3, of moments. Then there is a moment-cumulant formula

My = Z H 7| Bl

m=B;iU---UB,eNC(k) Bem

for {my}32, = T, ({ri};2,). See, e.g., [37] for a reference.

Similarly, as defined in [6, Section 3.1], rectangular free cumulants are a real sequence {cf }7°,
parametrized by ¢ > 1, such that for [ = 1,2,..., ¢, _, = 0, and ¢}, are related with mo-
ments {my}7°, by the following identities:

Moy = Z g™ H C|B,|s (5.10)

TENE(2K) Ber

where e(m) = # of blocks B; with even min(B;), and mgi_1 = 0for k = 1,2,.... Denote the map
sending even moments to rectangular free cumulants by To0_,, , i.e., Too, . ({mar}i2) = {a}i2;.

Theorem 5.17. Given a real sequence {maor}3>,, ¢ > 1, let

N~

()1 = T8 ({mar}iZ), 1 = (27" g
Then we have the following:
(@) limy oo {r) }p2) = T30 ({mar}ly)-
(0) hmvﬁoo{rlv}?il = T3 ({mar}3,), when ¢ = 1.

Remark 5.18. (b) is a special case of (a) when ¢ = 1. Such connection of rectangular free
convolution and free convolution was first pointed out in [6, Remark 2.2].

* K.

Proof. It suffices to prove (a). By Theorem 5.5,

mae = > W) [] #s;

TENC(2k) Ber

where C;(i = 1,2,...) are 2¢v,2y+2,2q7 + 2,27+ 4,2qy + 4, . ... Hence by taking v — oo, the
right side above becomes

>, "] i (5.11)

TENC(2k) Ben
where n(m) := # of blocks B; such that Q; is odd. Since

Q; is odd <= there are odd elements of By, ..., B;_1 bigger than max(B;)
<= there are odd elements of By, ..., B;_1 smaller than min(B;)
<= min(B;) is even,

n(m) = e(m), and (5.11) is equal to the right side of (5.10). [
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Recall also that similar to ¢-y convolution, free convolution and rectangular free convolution
are both binary operation of two probability measures linearized by free cumulants. Therefore,
Theorem 5.17 implies the following.

Corollary 5.19. Given ¢ > 1, for two real sequences {my }32, {mgkj}ZO:17 set mg,_; =
mgkfl =0 fork=1,2,..., and define

{mitez, = Whj{}o [{mz}%’:l By {mZ}JiJ

Then the free cumulants of {m{}?° | are given by the sum of the corresponding rectangular free
a1 oo b1>® ;
cumulants of {m$}32, and {mk}kzl, i.e.,

To s (Imi}e2y) = Tt ({mi}ey) + Tovs e ({mi 3,

Remark 5.20. Suppose pq, pp are two symmetric probability measures on R that for k& =
1,2,...

mg = /xkdua, mb = /xkd,ub,

then {mj }°, are the moments of the rectangular free convolution of 1, and pp.

Remark 5.21. Similar results hold for free convolution when ¢ = 1.

5.5 Law of large numbers of Laguerre 38 ensembles

For M > N and 0 = %,1,2, let X be an N x M rectangular random matrix, whose en-
tries are real/complex/real quaternionic ii.d. Gaussian random variables N (0,1)/N(0,1) +
iN(0,1)/N(0,1) + iN(0,1) + jN(0,1) + kN(0,1). One can check directly that X satisfies
the same invariant property given in Section 2.4, with N random singular values ¥y = (xn,;1 >
o> anN > 0).

The density of Zy is (see, e.g., [16, Chapter 3])

N
. 1 20(M—N-+1)—1 1 26
f(@N:0,N, M) = H[wN,E B 7 | | N TR O
0.N.M -7 1<j<k<N

where Zg n ar is the normalizing constant. While for general § > 0 there is again no skew field
of real dimension 260, f(Zn;6, N, M) continues to make sense, and is defined as the so-called
Laguerre 8 ensemble.

Remark 5.22. It is easy to check that f(Zn;0,N,M) is an exponential decaying measure
defined in Definition 2.19, and therefore by Theorem 2.21, its type BC Bessel generating function
is defined and well-behaved under the action of type BC Dunkl operators.

Proposition 5.23. Let G5N7M(m1, ...,xy) denote the type BC Bessel generating function
/ B(#n.an,....on:0,N, M)f(Zx: 0, N, M)daar, - e,
TN,12 22N, N>0
then

GéN’M(.’L'l,...,mN) = exp —(x%+..._|_xN)
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Proof. For § = %, 1,2, one can use Definition 2.3 and check this by hand. For general § > 0,
this is a special case of [38, Proposition 2.37 (2)], such that in that identity y is set to be 0, and
our B(@,x1,...,xN;0, N, M) is a symmetric version of Ex(x, z), see [38, Definition 2.35]. |

For each 6, N, M, denote the random empirical measure of f(Zn;0,N,M) by ponn =
N
% Din1 5:(:?\,’1.'
Theorem 5.24. As N — oo, M — 00,0 — 0,NO — ~, MO — qv, po Ny — [qr Weakly

in moments, where pig~ 15 a probability measure on Rx>q, which is uniquely determined by its
moments

k

m), = / dFdpg, => [[Cr,  for k=12,..., (5.12)
R>0 T =1

where Cy, P; are defined in the same way as in Section 5.1, and ® goes over all non-crossing

perfect matchings of [2k].

Remark 5.25. The weak convergence of 1y v as t0 fiq~ in probability was already proved in [3],
in which the authors give an explicit density of 1, in terms of the Whittaker function.

Proof. By taking logarithm and partial derivatives of Gé: ~N s We have that {Zn} is ¢-y-LLN
appropriate with ¢-y cumulant ko = 1, k; = 0 for [ # 2. By’ Theorem 5.5, only the set partitions
that are formed by blocks of size two survive, and in this case P, = @; + 1. (5.12) is then
specified from (5.1).

Since the existence of probability measure fi4 is known by [3], it remains to show that the
moments in (5.12) does correspond to a unique probability measure. This is the so-called Stieltjes
moment problem, since the (potential) corresponding measure lies on [0, 00), see, e.g., [1]. We
need to check Zzozl(mz)_i = 00. Again by (5.12), mj, is a sum of 15, Cp,. Among these
summands the biggest term corresponds to P, =1 fort=1,2,...,k, and

k w

[[Cr <WW +2)(W +4)- - (W + 2k — 2) zz’fLij),

i=1 r(%)
where W := max{2¢y — 2,2v}. The number of non-crossing perfect matching is Cat(k) =
%H(Qkk), the k™" Catalan number. Multiplying tlhese two gives an upper bound of mj. By
Stirling approximation, it turns out that (mj )~ 2 < W - Vk for some positive constant Wj.
Hence the series diverges. |

The limiting measure fi4, is an g-y analog of the Gaussian and semicircle law, in the sense
that their only nonvanishing (g-7y/classical/free) cumulant is ko = 1.

Moreover, the connections to the usual and free convolution in Section 5.4 continues to hold
in this special case. Indeed, one can show from (5.12) that

, k
m’;k = @,

(qry T i=1

where m goes over all set partitions of [k] into & blocks (which is indeed a single one), since
any other non-crossing perfect matching has coefficient with Cy = 2+ 4 2, and therefore after
rescaled by (¢7v)* this term vanishes in the limit. The sum on the right is equal to 2¥, which
means mj = 2k and gy — 02 weakly when gy — oo,y — 0.

On the other hand, by taking ¢ = 1, v — 00, (5.12) becomes

/
my

@)k

Cat(k) is exactly the 2k moment of the semicircle law.

— # of non-crossing perfect matchings of [2k] = Cat(k).
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6 A match of convolutions in high and low temperature

After studying the behavior of rectangular matrix additions in both low and high temperatures,
we present a quantitative connection between these two regimes.

Recall that in the low temperature regime, given two deterministic N-tuples &, l;, the limit of
c=da Eﬂ?v? M b is a deterministic N -tuple X, where X is the (N, M)-rectangular finite convolution
of @ and b. For an N-tuple @ = (ai,...,an), let ; = a? for i = 1,2,...,N. Let m}, =
%(Tf + -+ 7'5’“\,) be the finite Version_‘of moments, for k = 1,2,...,N. Then the (N, M)-
rectangular finite convolution of @ and b can be thought of as a deterministic binary operation
of {m/,(@)}N_, and {m},(b)}_,. Similarly, we view the g-y convolution of {m?}%°  and {m%}Zil

as inducing a deterministic binary operation on the first N moments {m¢}5_, and {mz}k:r

Theorem 6.1. By identifying N with —~, % with q, mog with mz(—M)k fork=1,2... N,
the (N, M)-rectangular convolution matches the q-y convolution as binary operation of first N
nontrivial moments.

The theorem is claiming that under the above identification, the moment-cumulant formula of
these two convolutions are the same, and therefore we need to introduce a version of cumulants
for the rectangular finite convolution. For this, we refer to [21], which considers sum of two
invariant N x M (N = M, XA € [0,1]) rectangular matrices as in Section 3, and defines the
rectangular finite R-transform as the analog of the R-transform in (classical) free probability
theory, in the sense that it linearizes the finite rectangular addition.

Definition 6.2 (|21, Definition 3.7]). Rgp’f(z) is the unique polynomial of degree M verifying

N,M . -1 d —r M N M N+1
S (z) = Wz&ln(E[e pa 1) mod [zV], (6.1)
where Téi\;M) is a random variable. By [21, p. 13|, forn =1,2,..., N,
(N, M)\ny nl(M —n)! (N —n)!
]E[(TSPA ) ] - M! NI Qn, (62)

where a,, = e, (7).

Inspired by the fact that (classical) R-transform is the generating function of free cumulants,
we define the rectangular finite cumulants, such that Rg;’ﬁ/j(z) = Zl]\il /{fv’le. Iiiv’M, cee /{%’M

uniquely determine rq,...,7ry.

Proof of Theorem 6.1. We prove that under the following identification of parameters:

/ﬁlN’M<—>%7l_1 forl=1,2,...,N, N — —7,
% MTL / _M k
N O an < Cp, Mok <> my, - (=M)", (6.3)

the moment-cumulant relation in rectangular finite convolution and (5.3) match exactly.
We match the second formula of (5.3) and (6.1), which play the role of cumulant generating
function in their own setting. Let y? = (—N)z, then the second formula of (5.3) becomes

> @ lZl _ > Cn _ n,n
P (Z 21! > Z(v)n(qv)n( )

=1 n=0

= Ral 1—1_1 1 d = Cn n_n
el | (N . 6.4
:;27 z dezn<7;)(’y) )n( )z) (6.4)
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It remains to match the right side of (6.4) and (6.1), i.e., matching

(N, M) >
]E[e_TSPA ZNM] with Zcik(—N)kzk

—7 M) N
for k =1,2,..., N. This follows by Taylor expanding e ~*ra , (6.2) and (6.3).

Then we identify the first formula of (5.3) with the moment generating function in rectangular
finite convolution. In the latter setting, recall that a, = ey (7) for n = 1,2,..., N, and mj =
%pk (¥) for k =1,2,..... Moreover, take r; = 0 for all i > N, and identify a,, with e, () formally
for n > N (both have value 0) as well. Then on the rectangular finite addition side,

ZM”anyQ":Zen(F)( H l—i—nMy
n=0 n=0 =1
:exp< Zpk kM)k: 2k> _exp< NZW)-

k=1
This matches the first formula of (5.3) under the identification of parameters. [
N,.M N,.M
Remark 6.3. After identifying the ;™ ,... k" with the first N even ¢-y cumulants, one

can define ﬁfVM for Il > N 41 for rectangular finite convolution, by the moment-cumulant
relation of ¢-y convolution under the same parameter identification in (6.3).

Remark 6.4. Note that in (6.3), both N and 7 are positive, hence there is no choice of pa-
rameters that the finite rectangular cumulants coincide with ¢g-v cumulants. Instead, one can
combine the domain of these two groups of parameters, and treat the result as an extension of
the moment-cumulant relation to, say, v € Rso U Z<_1.

A Limit transition of type BC Bessel functions

In this appendix, we provide a limit transition of B(@,x1,...,xN;0, N, M) to a simple sym-
metric combination of exponents. This transition implies that in the # = 0 regime, the rectan-
gular addltlon a B8 N.M b becomes the usual convolution of the empirical measures ~ Z

1
and NZZ 1

Proposition A.1. Given @ = (a1 > a2 > -+ > ay), take N to be fized, M — oo, § — 0,
MO — oo, then

7,1a

B(@, M0zy,...,M0xy;0,N, M) — He o,

UGSN i=1

Proof. This follows from a straightforward calculation. Indeed, by Definition 2.5,

B(a, M@xl,.. , MOxn; 0, N, M)

B (M) - lseulmi =3+ 0G5 —i) + 6]
ZH M—=j+1)]-[0(M—=j+1) 4+ —1] [l N0+ (G —1)—0G—1)]
1

Tleeplii — 3+ 1+ 001, — )]

ujl

P“(a%, ... ,a?V;Q)PM(a:%, ... ,x?\;;ﬁ).
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When taking the limit in the above way,

L)

H (MO)Hi
OOV =+ D] 0 =+ 1) + i — 1]

— 1,
j=1

1 1
[sepli =5+ 1+ 6 —0)] _>HMT'

Also note that p; — j + 0(u; — ) + 0 goes to 0 only if p; —j =0, and NO + (j — 1) — 0(i — 1)
goes to 0 only if j = 1. These terms give

[ [kt = [ *!
i>1 >0

where k; denotes the number of rows in p of length . And the remaining part of

[Lscplpi — 3+ 0(p; — i) + 0]
e, N6+ (— 1) —6(i - 1)]

converges to 1. Together with (3.8), we have the limit is equal to

[Tso k! 1
Z Z]2\?! l Hl(u)u.lmu(a%a---va%\/)m#(ﬁ’”"x?v)
P j=1Hj-

which is the Taylor expansion of

1 N 2.2
i > e . ]

ceSy i=1
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