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Abstract. We study the addition of two independent random N ×M rectangular matrices
with invariant distributions in two limiting regimes, where the parameter β (inverse tem-
perature) tends to infinity and 0. In the low temperature regime the random singular values
of the sum concentrate at deterministic points, while in the high temperature regime, we
obtain a law of large numbers for the empirical measures. As a consequence, we obtain
a duality between low and high temperatures. Our proof uses the type BC Bessel function
as characteristic function of rectangular matrices, and through the analysis of this function
we introduce a new family of cumulants, that linearize the addition in the high temperature
limit, and degenerate to the classical and free cumulants in special cases.
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1 Introduction

1.1 Overview

Addition is one of the most natural operations on matrices. For deterministic matrices, a classical
question posed by Weyl [45] in 1912 concerns the eigenvalues c1 ≤ · · · ≤ cN of C = A + B,
where A, B are two arbitrary self-adjoint N × N matrices with fixed real eigenvalues a1 ≤
· · · ≤ aN and b1 ≤ · · · ≤ bN . The problem is to describe all possible values of c1 ≤ · · · ≤ cN .
This question was solved by the end of the 20th century through the combined efforts of Horn,
Klyachko, Knutson–Tao, and others; see, for example, [24, 27, 28].

In random matrix theory, one usually assumes that the summands A and B are random, in-
dependent, and satisfy certain symmetry conditions. The study of such questions has significant
connections with free probability theory.

A well-known classical result connecting random matrix addition and free probability is due
to Voiculescu [42], who considered the sum of two independent real/complex/quaternionic self-
adjoint matrices and related its asymptotic eigenvalue distribution, as the matrix size tends to
infinity, to the notion of free convolution. There is also a classical result of a similar flavor in the
rectangular setting, stated as follows. Let {AN}∞N=1 and {BN}∞N=1 be two independent sequences
of N ×M matrices (M ≥ N) with real/complex/quaternionic entries, each uniformly chosen
from the set of rectangular matrices with prescribed singular values aN,1 ≥ · · · ≥ aN,N ≥ 0
and bN,1 ≥ · · · ≥ bN,N ≥ 0, respectively. Denote CN = AN +BN , and let cN,1 ≥ · · · ≥ cN,N ≥ 0
be its (random) singular values.

Definition 1.1. For an N ×M (M ≥ N) matrix A with singular values a1, . . . , aN ≥ 0, define
its (symmetric) empirical measure to be µA := 1

2N

∑N
i=1(δai + δ−ai).

mailto:jxu0800@gmail.com
https://doi.org/10.3842/SIGMA.2026.053


2 J. Xu

Theorem 1.2 ([6, Proposition 2.1]). Define {AN}∞N=1, {BN}∞N=1 as above. Assume that
N,M → ∞ in a way that M(N)/N → q for some constant1 q ≥ 1, and there exist deter-
ministic probability measures µA, µB on R, such that

lim
N→∞

µAN
= µA, lim

N→∞
µBN

= µB.

Then the random empirical measure of CN = AN+BN , µCN
= 1

2N

∑N
i=1(δcN,i+δ−cN,i), converges

weakly in probability to some deterministic probability measure µC on R.
µC = µA ⊞q µB is called the rectangular free convolution of µA and µB.

The rectangular free convolution is a deterministic binary operation of symmetric2 probability
measures on R, which itself does not rely on any random matrix structure, and it has been well-
studied in free probability theory from different aspects. In particular, for each measure µ with
finite moments, there exists a collection of rectangular free cumulants {cql }

∞
l=1 (see [6, Section 3.1])

that are polynomials of moments with explicit expressions, and these quantities linearize free
convolution, i.e., cql (µA⊞µB) = cql (µA)+ cql (µB) for all l. It turns out that the existence of such
cumulants is a common feature of the various versions of convolutions in free probability theory,
and each convolution is characterized by its corresponding cumulants.

There have also been many papers studying additions of β-random matrices that generalize
the above theory in different parameter regimes. The parameter β > 0 is interpreted in physics
as inverse temperature, and the cases β = 1, 2, 4 correspond to matrices with real/complex/real
quaternionic entries. There are two classes of matrix ensembles, the N ×N self-adjoint matrices
and the N ×M rectangular matrices, and the most classical examples are Gaussian ensembles
and Laguerre ensembles, respectively. For the first class, [19] studied the limit behavior of
eigenvalues of C = A+B when N is fixed and β →∞. In the physics literature, [35] considered
the limit behavior of the additions when β → 0, and shortly thereafter [8] proved a law of large
numbers similar to Theorem 1.2 in the regime N → ∞, β → 0, Nβ/2 → γ > 0. In another
direction, [5, 19, 31] developed the theory of convolution and cumulants for additions of finite
dimensional β-random matrices, which is known as finite free probability. The second class is
relatively less understood. Papers [6, 7] studied the rectangular matrix additions for β = 1, 2,
N,M → ∞ and M/N → q ≥ 1, and [21, 22] studied the finite free convolution and cumulants
for rectangular matrix additions for β = 1, 2. After the first version of this paper was released,
the law of large numbers for β-matrix additions with fixed β > 0 was proved independently
in [47] and [13]; the former treated both the self-adjoint and rectangular settings.

The matrix ensemble considered in this paper belongs to the second class, and we study the
limiting behavior of singular values of C = A + B in both low and high temperature regimes,
more precisely, when N , M are fixed, β → ∞, and when N,M → ∞, β → 0, Nβ/2 → γ > 0,
Mβ/2→ qγ for some q ≥ 1. Note that even defining the operation C = A+B for β ̸= 1, 2, 4 is
nontrivial, and this is one of our tasks.

Our approach is based on distributions of rectangular matrices in a version of characteris-
tic function. The symmetry of self-adjoint/rectangular matrices with fixed eigenvalues/singular
values is given by invariance under actions of classical Lie groups O(N)/U(N)/Sp(N), and
when β = 1, 2, 4, the matrix characteristic functions have matrix integral representations with
representation-theoretic background. Such functions admit an analytic continuation to all
(β > 0), and can be identified as eigenfunctions of certain differential operators. See the following
papers [8, 9, 19, 20] for applications of this idea in random matrices, and also [10, 11, 25] for the
study of more general N -particle system using symmetric characteristic functions of similar fla-
vor. While the above works deal with self-adjoint matrices, or more generally N -particle systems

1q = λ−1 in the notation of [6] and the other references on the rectangular free convolution.
2µ(A) = µ(−A) for all Borel subsets A of R.
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that correspond to a root system of type A with a single root multiplicity θ = β/2, rectangular
matrices correspond to a root system of type BC, that has two distinct root multiplicities pa-
rameterized by β in a more involved way. For more connections of type BC Lie-theoretic objects
with probability, see, e.g., [29, 43, 44].

In this paper, the randomness of an N -tuple of nonnegative real numbers (to be thought of
as the singular values of some N ×M random matrices) is encoded by a multivariate symmetric
function, known in the special functions literature as the type BC Bessel function. It is also
a special case of the symmetric Dunkl kernel, which generalizes the usual Fourier kernel to
nontrivial root multiplicities; see [4] for a review. Motivated by the asymptotic behavior in
the high-temperature regime, we adopt and further develop the philosophy that the limits of
the partial derivatives at 0 of the logarithm of our characteristic function yield a collection of
cumulants, and that the existence of such cumulants is equivalent to the existence of limiting
moments. This, in turn, implies that the empirical measures of the random singular values satisfy
a law of large numbers. These new q-γ cumulants are designed to linearize rectangular addition
in the regime Nβ/2 → γ, Mβ/2 → qγ, and the corresponding limiting operation is called q-γ
convolution. Similar to classical and free cumulants, they enjoy pleasant combinatorial relations
with moments. Finally, we point out a surprising identification of q-γ theory with rectangular
finite free probability, which was developed in [21, 22, 31] in the study of finite rectangular
matrix additions.

1.2 Rectangular matrix addition

Throughout the paper, we always take3 β = 2θ > 0, and β = 1, 2, 4
(
θ = 1

2 , 1, 2
)
correspond

to the real, complex and quaternionic (skew) fields (whose real dimensions are given by β).
For M ≥ N , given two N×M independent random matrices A and B, we study the randomness
of the sum C = A+B.

Inspired by the classical theory of adding independent random variables X+Y , namely, that
the characteristic function satisfies ϕX+Y (t) = ϕX(t) · ϕY (t), where t ∈ R is the variable, we
have the following.

Proposition 1.3. For θ = 1
2 , 1, 2, let A and B be N × M independent random rectangular

matrices, let X be M ×N an arbitrary deterministic matrix with real/complex/real quaternionic
entries, and let C = A+B. We have

E[exp(Re(Tr(CX)))] = E[exp(Re(Tr(AX)))] · E[exp(Re(Tr(BX)))]. (1.1)

Proof. Re(Tr(CX)) = Re(Tr(AX)) + Re(Tr(BX)), and since A, B are independent, the ex-
pectation of the exponential function factors. ■

Let us now rewrite (1.1) in terms of singular values of A, B and C, and for simplicity first take
θ = 1, i.e., we deal with complex matrices. In this paper, we are considering the summands A
and B that have distributions invariant under left and right unitary actions, i.e.,

A
d
= UAV, B

d
= UBV, (1.2)

where U ∈ U(N), V ∈ U(M) are arbitrary unitary matrices. One example is a real/complex/real
quaternionic N ×M matrix with i.i.d. mean 0 Gaussian entries.

3The parameter β is standard in the random matrix context, while θ is more commonly used in the special
function literature. We follow this convention and mostly use θ, except for the random matrix terminologies like
“β-ensembles”.
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Note that if A, B satisfy (1.2), so does C. For simplicity, in the following discussion we
usually focus on the matrix A. By singular value decomposition, it is useful to write A as UΛV ,
where

Λ =


a1 0 . . . 0

a2 0 . . . 0
. . .

. . .
aN 0 . . . 0


N×M

,

a⃗ = (a1, . . . , aN ) ∈ R≥0, and U ∈ U(N), V ∈ U(M) are random elements under Haar mea-
sures on the corresponding unitary groups. For now, assume that the singular values of A are
deterministic. One can consider rectangular matrices A with real/real quaternionic entries and
define invariant distribution in exactly the same way, while replacing the Haar distributed U , V
by elements in orthogonal/unitary symplectic groups O(N)/Sp(N), O(M)/Sp(M). Similarly
for B.

The eigenvectors of AA∗, A∗A, BB∗, B∗B are distributed uniformly, and so are the eigen-
vectors of CC∗, C∗C. Therefore, the nontrivial randomness of C is about its singular values.
Also, by the singular value decomposition in (1.2), it suffices to take the parameter matrix X of
the form

X =



x1
x2

. . .
. . .

xN
0 . . . 0

. . .
0 . . . 0


M×N

,

where x1, . . . , xN ∈ R. Therefore, we can rewrite the matrix Fourier transform of A in (1.1) as
a function B(⃗a, x1, . . . , xN ; θ,N,M) for θ = 1, such that

B(⃗a, x1, x2, . . . , xN ; 1, N,M) =

∫
dU

∫
dV exp

(
1

2
Tr(UΛV X +X∗V ∗Λ∗U∗)

)
, (1.3)

where U ∈ U(N), V ∈ U(M) are integrated under Haar measures respectively. A similar
argument defines B(⃗a, x1, x2, . . . , xN ; θ,N,M) for θ = 1

2 and 2, where one replaces the unitary
group by the orthogonal/unitary symplectic group, respectively.

The function B(⃗a, x1, . . . , xN ; θ,N,M) is known as multivariate type BC Bessel function in
a general theoretical framework of special functions. The note [46] gives a brief outline of the
framework, while in this paper, we give a more concrete definition of B(⃗a, x1, . . . , xN ; θ,N,M),
and state its properties needed later in Sections 2.2 and 2.3.

We note that because of the symmetry of Haar measure, B(⃗a, x1, . . . , xN ; θ,N,M) is sym-
metric in both (a1, . . . , aN ) and (x1, . . . , xN ), and without loss of generality we can always
take a1 ≥ a2 ≥ · · · ≥ aN . The same holds for matrix B and C. Then Proposition 1.3 is rewrit-
ten as the following result.

Proposition 1.4. For θ = 1
2 , 1, 2, fix a1 ≥ · · · ≥ aN ≥ 0, b1 ≥ · · · ≥ bN ≥ 0, let AN×M

and BN×M be real/complex/real quaternionic rectangular matrices with deterministic singu-
lar values {ai}Ni=1, {bi}Ni=1 and invariant distribution, as in (1.2). Let the singular values
of C = A+B be c⃗ = (c1 ≥ · · · ≥ cN ≥ 0), then as a function on RN , the expected value
of B(c⃗;x1, . . . , xN ; θ,N,M) is given by

E [B(c⃗;x1, . . . , xN ; θ,N,M)] = B(⃗a, x1, . . . , xN ; θ,N,M) ·B
(⃗
b;x1, . . . , xN ; θ,N,M

)
.
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For general β > 0, there is no (skew) field of real dimension β, and therefore no concrete β-
rectangular matrices. Motivated by Proposition 1.4, we first identify an invariant N×M matrix
with uniform “singular vectors” and deterministic singular values a1, . . . , aN with the N -tuple a⃗.
Moreover, it is known (see, e.g., [16, Section 13.4.3] and [18]) that multivariate Bessel functions
admit a natural extrapolation from θ = 1

2 , 1, 2 to arbitrary real θ > 0, and we continue to denote
the resulting function by B(⃗a, x1, . . . , xN ; θ,N,M). In this way, N ×M random matrix addition
is extended to all θ > 0 by generalizing Proposition 1.4.

Definition 1.5. Fix θ > 0, M ≥ N , a⃗ = (a1 ≥ · · · ≥ aN ≥ 0), b⃗ = (b1 ≥ · · · ≥ bN ≥ 0). Let c⃗
be a symmetric random vector in RN

≥0, such that as a function on RN ,

E[B(c⃗;x1, . . . , xN ; θ,N,M)] = B(⃗a, x1, . . . , xN ; θ,N,M) ·B
(⃗
b;x1, . . . , xN ; θ,N,M

)
. (1.4)

We write c⃗ = a⃗⊞θ
N,M b⃗.

From the probabilistic point of view, c⃗ is identified with the singular values of the “virtual”
random N×M matrix C = A⊞θ

N,M B, and B(c⃗;x1, . . . , xN ; θ,N,M) serves as the characteristic
function of C. From the analytic point of view, the operation in (1.4) has been studied previously
in the context of the Dunkl kernel and Dunkl translation; see [4, Section 3.6].

The expectation symbol on the left-hand side of (1.4) is understood in the following sense:
there exists a unique generalized function4 m on RN

≥0, depending on a⃗ and b⃗, such that for
any (x1, . . . , xN ) ∈ RN , testing on B(·;x1, . . . , xN ; θ,N,M) yields the right-hand side of (1.4),
and in particular, taking x1 = · · · = xN = 0 gives m(1) = 1.

Note that m is symmetric in the sense that, for any suitable test function f and any permuta-
tion σ, ⟨m, f(c1, . . . , cN )⟩ = ⟨m, f(cσ(1), . . . , cσ(N))⟩, where ⟨m, f⟩ denotes the value of the func-
tional m on f . Moreover, by [4, Lemma 3.23], the generalized function m is compactly supported.

The rectangular addition a⃗⊞θ
N,M b⃗ can also be naturally generalized to independent random

N -tuples a⃗, b⃗, by first conditioning on the value of a⃗ and b⃗, then applying Definition 1.5. Formally,
for random N -tuple a⃗ we replace the type BC Bessel function by

GN ;θ(x1, . . . , xN ) := E[B(⃗a, x1, . . . , xN ; θ,N,M)], (1.5)

the type BC Bessel generating function of a⃗, and we assume the randomness of a⃗ to be reason-
able, in the sense that the right side of (1.5) is finite and well-behaved as an analytic function
of (x1, . . . , xN ) ∈ RN . See Section 2.5 for more details.

1.3 Low and high temperature behavior

By viewing c⃗ = a⃗⊞θ
N,M b⃗ as the random N -tuple of singular values of some N × M virtual

rectangular matrix with invariant distribution, it is then natural to study the behavior of c⃗
from a random matrix point of view. The distribution of c⃗ depends on summands a⃗, b⃗ and
parameters M ≥ N , θ > 0. This paper answers the following two questions:

(1) What is the “low temperature” behavior of c⃗, i.e., when taking N , M to be fixed, and
θ →∞?

(2) What is the “high temperature” behavior of c⃗, i.e., when taking θ → 0, and N,M → ∞,
growing at potentially different speeds?

The solutions of these two questions can be found in Sections 3 and 4, 5, respectively. We remark
that for θ ̸= 1

2 , 1, 2, it is not yet verified that the generalized function under c⃗ is a probability

4Throughout this paper, we use the term “generalized function” instead of “distribution” to denote a linear
functional on smooth functions, in order to avoid confusion with probability distributions.
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measure, see, e.g., [4, Section 3.5]. We do not rely on the validity of this statement, and
instead analyze moments of the distribution of c⃗, which can be defined no matter the positivity
conjecture holds or not. See Proposition 2.16 for the precise statement.

In the low temperature regime, we observe that the random N -tuple are becoming “frozen” at
some deterministic positions. More precisely we have the following statement. Let 1 ≤ N ≤M ,
z be a formal variable, (a1, . . . , aN ), (b1, . . . , bN ) ∈ RN

≥0, we define a polynomial PN,M (z) by

PN,M (z) =
N∑
l=0

(−1)l
( ∑

i≥0, j≥0, i+j=l

(N − i)!(N − j)!

N !(N − l)!

× (M − i)!(M − j)!

M !(M − l)!
ei
(
a21, . . . , a

2
N

)
ej
(
b21, . . . , b

2
N

))
zN−l. (1.6)

Theorem 1.6. Fix M ≥ N , given a⃗ and b⃗, let c⃗ = a⃗⊞θ
N,M b⃗. Then as θ →∞, the distribution

of c⃗2 =
(
c21, . . . , c

2
N

)
converges on polynomial test functions to δ-measures on roots of PN,M (z).

Remark 1.7. The polynomial PN,M (z) has previously appeared in [22], and it is shown in [22,
Theorem 2.3], using the theory of stable polynomials, that all roots of PN,M (z) are real and
nonnegative.

In the high temperature regime, when taking θ → 0, M →∞ and fixing N , the number of sin-
gular values, the type BC multivariate Bessel function becomes a simple symmetric combination
of exponential functions

B(⃗a,Mθx1, . . . ,MθxN ; θ,N,M) −→ 1

N !

∑
σ∈SN

N∏
i=1

e
a2i x

2
σ(i) ,

where SN denotes the symmetric group of degreeN . See the appendix for more details. The limit
expression has a clear probabilistic interpretation. Given deterministic N -tuple a⃗(N) and b⃗(N)
as before, c⃗(N) = (c1, . . . , cN ≥ 0) is obtained by choosing an uniformly random element σ
in SN , and taking

(
c21, . . . , c

2
N

)
=
(
a21 + b2σ(1), . . . , a

2
N + b2σ(N)

)
. Taking N → ∞, and assume

that the empirical measures of {a⃗(N)}∞N=1 and
{⃗
b(N)

}∞
N=1

1

N

N∑
i=1

δx2
i

(xi = aN,i or bN,i)

converge weakly to some probability measure µa, µb on R≥0, then so does {c⃗(N)}∞N=1. Moreover,
the limiting measure µc = µa ∗ µb, where ∗ denotes the usual convolution of measures on R.

We observe two distinct limiting behaviors of a⃗⊞θ
N,M b⃗ as N →∞: for θ = 0 we obtain the

usual convolution, whereas for θ > 0 we obtain the rectangular free convolution. This motivates
us to consider an intermediate regime in which N →∞, M →∞, θ → 0, Nθ → γ > 0, Mθ → qγ
for some q ≥ 1. We then study the sequence of (random) virtual singular values

c⃗(N) = (cN,1 ≥ · · · ≥ cN,N ≥ 0)∞N=1

and the limiting behavior of the associated symmetric empirical measures.

Remark 1.8. The same intermediate regime was considered in [3], where the authors studied
the limiting behavior of the Laguerre ensemble and proved that its empirical measure con-
verges in this regime to a deterministic probability measure µq,γ , which interpolates between the
Marchenko–Pastur law (as γ →∞) and a certain Gamma distribution (as γ → 0). As an appli-
cation of the theory developed in this paper, we rederive this result in Section 5.5. Analogous
results for the Gaussian ensemble can be found in [2].
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Definition 1.9. Let {a⃗(N)}∞N=1 be a sequence of random N -tuple such that a⃗(N) = (aN,1 ≥
· · · ≥ aN,N ≥ 0). Denote

pNk =
1

2N

N∑
i=1

[
akN,i + (−aN,i)

k
]
.

We say {a⃗(N)} converges in moments, if there exist deterministic nonnegative real numbers
{mk}∞k=1 such that for any s = 1, 2, . . . and any k1, . . . , ks ∈ Z≥1, we have

lim
N→∞

E

[
s∏

i=1

pNki

]
=

s∏
i=1

mki .

We write

a⃗(N)
m−−−−→

N→∞
{mk}∞k=1.

Remark 1.10. Definition 1.9 can be interpreted as saying that the empirical measure of (aN,1,
. . . , aN,N ) converges weakly to a deterministic probability measure with moments {mk}∞k=1,
provided that the moment problem for {mk}∞k=1 has a unique solution. By definition, pNk = 0
for all odd k, and hence mk = 0 for all odd k as well. We work with symmetric empirical
measures because there is no canonical choice of sign for the singular values.

Remark 1.11. The convergence is well-posed as long as the randomness of the sequence a⃗(N)
are given by compactly supported generalized function, where the expectation E is understood
as testing the generalized function against the polynomial function pNk of a⃗(N).

We prove a law of large numbers for the symmetric empirical measure of c⃗(N), interpreted as
the empirical measure of the N ×M matrix C with singular values cN,1, . . . , cN,N . We assume
that the distribution of each a⃗(N) and b⃗(N) is given either by a real-valued, compactly supported
generalized function or by an exponentially decaying measure. For the precise meaning of the
latter notion and further details on this technical point, see Section 2.5.

Theorem 1.12. Fix γ > 0, q ≥ 1. For M = 1, 2, . . . , let M(N) ≥ N , θ(N) > 0 be two sequences
satisfying N →∞, θ → 0, Nθ → γ, Mθ → qγ as N →∞. Suppose for two sequences of random
tuple {a⃗(N)}∞N=1,

{⃗
b(N)

}∞
N=1

,

a⃗(N)
m−−−−→

N→∞
{ma

k}∞k=1, b⃗(N)
m−−−−→

N→∞

{
mb

k

}∞
k=1

.

Then

a⃗(N)⊞θ
N,M b⃗(N)

m−−−−→
N→∞

{mc
k}∞k=1,

where {mc
k}∞k=1 is a sequence of nonnegative deterministic real numbers.

We say {mc
k}∞k=1 is the q-γ convolution of {ma

k}∞k=1 and
{
mb

k

}∞
k=1

, written as

{mc
k}∞k=1 = {ma

k}∞k=1 ⊞q,γ

{
mb

k

}∞
k=1

.

The q-γ convolution appears as a new member of the family of convolutions, each being
a binary operation on moment sequences {mk}∞k=1. Beyond introducing it in the context of
high-temperature β-additions, we provide an explicit characterization in terms of q-γ cumulants
and establish its connections to classical convolutions.
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Theorem 1.13. There exists an invertible map Tq,γ
m→κ : R∞ → R∞, that corresponds each

{m2k}∞k=1 with a collection of q-γ cumulants {κl}∞l=1, i.e., {κl}∞l=1 = Tq,γ
m→κ({m2k}∞k=1). The

q-γ cumulants linearize q-γ convolution: for l = 1, 2, . . . ,

κl({mc
2k}∞k=1) = κl({ma

2k}∞k=1) + κl
({

mb
2k

}∞
k=1

)
.

κl = 0 for all odd l. Also ma
k, m

b
k, m

c
k are 0 for all odd k.

Treating each κl as a variable of degree l, then each m2k is a homogeneous polynomial in the κl
of degree 2k, whose coefficients are polynomials of q, γ with explicit combinatorial description.
Conversely, treating m2k as a variable of degree 2k, each even q-γ cumulant κ2l is a homogeneous
polynomial in the m2k of degree 2l.

Theorem 1.14. When γ → 0, qγ → ∞, the q-γ convolution of {ma
k}∞k=1 and

{
mb

k

}∞
k=1

con-
verges to the usual convolution of the two corresponding independent random variables, and the
q-γ cumulants of {ma

2k}∞k=1,
{
mb

2k

}∞
k=1

converge to the usual cumulants after proper rescaling.
Similarly, when q is fixed, γ →∞, the q-γ convolution converges to the rectangular free convo-
lution, and the q-γ cumulants converge to rectangular free cumulants after proper rescaling.

Theorem 1.12 is proved in Section 4. Theorem 1.13 summarizes the results of Sections 5.1
and 5.2: the combinatorial moment–cumulant formula is stated in Theorem 5.5, and the rela-
tion between the moment generating function and the cumulant generating function is given in
Theorem 5.9. Theorem 1.14 summarizes the connections between q-γ convolution and classical
and free convolution, proved in Theorems 5.13 and 5.17, respectively. We also provide, in The-
orem 5.11, a limit transition from our q-γ convolution to the γ-convolution defined in [8], which
is related to the asymptotic behavior of self-adjoint matrix additions in the high-temperature
regime.

1.4 A quantitative match between low and high temperatures

It has been observed in β-random matrix theory that there is a duality between the parameters β
and 4

β

(
or, equivalently, between θ and 1

θ

)
. For example, in [14] the author establishes an identity

between averaged products of characteristic polynomials of Gaussian and chiral β-ensembles at
parameters β and 4

β . Similarly, in [17] it is shown that, for Gaussian, Laguerre, and Jacobi
β-ensembles, the one-point and higher-point correlation functions describing linear statistics of
eigenvalues at low and high temperature can be identified with each other.

The phenomenon is not yet fully understood. An analogue appears in the theory of sym-
metric polynomials, where there is an automorphism sending a Jack polynomial to its dual
by simultaneously transposing its labeling Young diagram and inverting the parameter θ; see
[40, Section 3] or [30, equation (10.17)] for a precise statement. Since in this paper we con-
sider both low and high temperature regimes, this duality suggests a connection between them.
When N , M are fixed and θ →∞, the vector c⃗ = a⃗⊞θ

N,M b⃗ concentrates at the roots of PN,M (z),
which are identified with the rectangular finite free convolution of a⃗ and b⃗ as defined in [22, 31].
When N,M → ∞, θ → 0, and Nθ → γ, Mθ → qγ, the vector c⃗ converges in moments to the
q-γ convolution of a⃗ and b⃗. We find that the (N,M)-rectangular finite free convolution and
the q-γ convolution coincide under a suitable identification of parameters. More precisely, [21]
introduces a degree N polynomial, the so-called rectangular R-transform, which linearizes the
rectangular finite free convolution. We interpret the coefficients of this rectangular R-transform
as rectangular finite cumulants, and show that, upon identifying N in the rectangular finite con-
volution with −γ in the q-γ convolution, the corresponding moment–cumulant relations match
exactly. Moreover, since both N and γ are positive, these two operations are analytic continu-
ations of each other, jointly extending the moment–cumulant relation to γ ∈ R≥0 ∪ Z≤−1. See
Section 6 for more details.
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We also note that a similar identification between low and high temperature regimes holds for
self-adjoint matrix additions. In [8], the authors study the addition of two N × N self-adjoint
matrices in the high temperature regime N → ∞, θ → 0, Nθ → γ > 0, and introduce the
so-called γ-convolution and γ-cumulants. On the other hand, [5] introduces a family of d × d
free cumulants arising from finite self-adjoint matrix additions in the low temperature setting,
and the authors of these two papers observed that their moment-cumulant relations also match
upon identifying d with −γ. We believe that this matching, appearing in both self-adjoint and
rectangular matrix additions, should not be a mere coincidence.

1.5 Techniques and difficulties

Unlike many other classes of β-random matrices, we do not have a density function for our object
c⃗ = a⃗⊞θ

N,M b⃗, and, due to the openness of the positivity conjecture, we cannot even guarantee that
such a density exists. Consequently, the proofs of the main results in the low and high tempera-
ture regimes, Theorems 1.6 and 1.12, both rely heavily on moment calculations. We characterize
the distribution of c⃗ using the type BC Bessel generating function GN ;θ(x1, . . . , xN ; c⃗), which is
a new object in the random matrix literature, and we apply two different approaches in the low
and high temperature regimes, respectively, to extract the moment information of c⃗.

In order to apply such approaches, it is necessary to figure out the correct notion of Bessel
function B(c⃗;x1, . . . , xN ; θ,N,M) for rectangular matrices. On one hand, we start from the
case θ = 1

2 , 1, 2 and define B(c⃗;x1, . . . , xN ; θ,N,M) as the matrix integral in (1.3), based on the
probabilistic intuition of rectangular random matrices. On the other hand, for arbitrary θ > 0,
we define our type BC Bessel function to be a symmetric Dunkl kernel, that is known as the
joint eigenfunction of the corresponding type BC Dunkl operators, with eigenvalues given by
the symmetric moments of c⃗. While there are infinite versions of Dunkl kernels, we choose the
root multiplicities m±ei , m±ei±ej in a unique way that

(1) For θ = 1
2 , 1, 2, it coincides with (1.3).

(2) For general θ > 0, it has nice explicit power series expansion that naturally extrapolates
from θ = 1

2 , 1, 2.

We find such root multiplicities and verify the analytic and combinatorial properties of
B(·;x1, . . . , xN ; θ,N,M) in Section 2, by applying the general theory of special functions and
symmetric spaces under random matrix motivations.

In the low temperature regime, we use the explicit expansion of the Bessel generating function
to compute the limiting distribution of c⃗. In the high temperature regime, we study the asymp-
totic behavior of the action of Dunkl operators on GN ;θ(x1, . . . , xN ; c⃗), which extracts moment
information. More precisely, in Theorem 4.8 we establish an equivalence between the following
two conditions for a sequence of random N -tuple c⃗N = (cN,1, . . . , cN,N ) ∈ RN

≥0, N = 1, 2, . . . , in
the regime N,M →∞, θ → 0, Nθ → γ, Mθ → qγ:

(1) {c⃗N}∞N=1 converges in moments as in Definition 1.9.

(2) The lth order partial derivative in x1 of ln(GN ;θ(x1, . . . , xN ; c⃗)) at 0 converges to some
real number for all l = 1, 2, . . . , and the partial derivatives in more than one variables
among x1, . . . , xN at 0 all converge to 0.

The nontrivial limit of the lth order derivative in condition 2 yields, up to a constant factor,
the q-γ cumulant κl of the sequence {c⃗N}∞N=1. Note that this equivalence is itself independent of
the addition operation and can be applied to a single sequence of (virtual) rectangular matrices;
see Section 5.5 for an example.

Remark 1.15. There exists an analog of Theorem 4.8 in the fixed temperature regime (for
β = 1, 2), given in [7] using a different approach that relies on the concrete matrix structure.
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Compared to previous studies of rectangular additions, which mostly treat real or complex
matrices, this paper defines and analyzes general β-additions that do not rely on a concrete
matrix realization. Relative to the self-adjoint case, several additional technical difficulties
arise. First, there are two size parameters, N and M , and we allow them to grow at different
rates. More importantly, due to the more involved root multiplicities, the type BC Bessel
generating functions and type BC Dunkl operators have more complicated expressions, which in
turn makes the combinatorics in the asymptotic analysis considerably more intricate. Because of
these two issues, and because rectangular matrices are relatively less studied in the literature, it
requires more effort to properly define the rectangular versions of empirical measures, moments,
cumulants, and so on, and to identify the limiting regimes in which nontrivial behavior and
connections to known objects arise. The reader will also see that the moment-cumulant relation
for our q-γ convolution is substantially more complicated, yet it degenerates to the usual, free,
rectangular free, and γ-convolutions, which characterize several other random matrix addition
models.

1.6 Summary of the paper

The paper is organized as follows. In Section 2, we introduce the type BC Bessel function and
the Bessel generating function, which play the role of characteristic functions for rectangular
matrices. In Section 3, we study the low temperature behavior. In Section 4, we prove the main
theorem in the high-temperature regime and introduce the q-γ cumulants in an analytic way.
We then study the moment–cumulant relations for q-γ convolution in more detail, provide an
explicit combinatorial description, and point out its connection with classical free probability
theory in Section 5. In Section 6, we investigate the quantitative connection between the low
and high temperature regimes. Finally, the appendix gives a brief calculation about the high
temperature behavior of the type BC Bessel functions.

2 Bessel functions and Dunkl operators

2.1 Symmetric polynomials

Symmetric polynomials are polynomials in N variables for some N ≥ 1, and are invariant under
any permutation of x⃗ := (x1, . . . , xN ). They play a crucial role in combinatorics, representation
theory, and random matrices. This section fixes some related notation that we will use in this
paper. For a detailed introduction of classical results of symmetric polynomials, see, e.g., [30].

Definition 2.1. A partition λ is an N -tuple of nonnegative integers (λ1 ≥ λ2 ≥ · · · ≥ λN ≥ 0).
We identify (λ1, . . . , λN ) with (λ1, . . . , λN , 0, . . . , 0), and denote the length of λ by l(λ) ∈ Z≥1,
which is the number of strictly positive λi. We say a partition is even, if λ1, . . . , λl(λ) are all
even.

Let |λ| =
∑l(λ)

i=1 λi. A Young diagram is a graphical representation of a partition. Given
a partition λ, view it as a collection of |λ| boxes, such that there are λi boxes in the ith row. In
this paper, we do not distinguish a partition and its corresponding Young diagram. Let λ′

j be
the number of boxes on the jth column of λ, and λ′ = (λ′

1, . . . , λ
′
λ1
) be the transpose of λ.

For two partitions λ, µ such that |λ| = |µ|, there is a lexicographical order between them,
that is, λ > µ if and only if for some j ∈ Z≥1, λ1 = µ1, . . . , λj−1 = µj−1 and λj > µj .

A central object in symmetric polynomials that we use in this paper is the Jack polynomials,
see [30, Chapter VI.10] for a detailed exposition. For completeness, we give a brief definition.5

5We will not directly apply this definition later though.
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Let X be a formal auxiliary variable. Let ∂i, i = 1, 2, . . . , N , be the partial derivative operator
in xi, and V (x⃗) =

∏
1≤i<j≤N (xi − xj) be the Vandermonde determinant.

Definition 2.2 ([30, Chapter VI]). Let DN (X; θ) be a differential operator of the form

DN (X; θ) = V (x⃗)−1 det

[
xN−j
i

(
xi

∂

∂xi
+ (N − j)θ +X

)]
1≤i,j≤N

.

DN (X; θ) is a generating function (with variable X) of linear differential operators D1
N , . . . , DN

N

acting on the symmetric polynomials in N variables, such that

DN (X; θ) =
N∑
r=0

Dr
NXN−r.

The Jack polynomials in N variables are a collection of elements Pλ(x⃗; θ), indexed by the
partitions λ such that l(λ) ≤ N . Each Pλ(x⃗; θ) is uniquely determined by the following two
properties:

Pλ(x⃗; θ) = mλ(x⃗) +
∑
µ<λ

uλµ(θ)mµ(x⃗), (2.1)

where mλ is the monomial symmetric polynomial indexed by the partition λ, uλµ(θ) ∈ R are
parameterized by θ; and

DN (X; θ)Pλ(x⃗; θ) = cλλ(θ)Pλ(x⃗; θ),

where

cλλ(θ) =

N∏
i=1

(
X + θ−1λi +N − i

)
.

Furthermore, let

Qλ(x⃗; θ) = bλ(θ) · Pλ(x⃗; θ) (2.2)

be the dual of the Jack polynomial, where

bλ(θ) =
∏

(i,j)∈λ

λi − j + θ(λ′
j − i) + θ

λi − j + θ(λ′
j − i) + 1

.

Given two Jack polynomials Pv(x⃗; θ) and Pµ(x⃗; θ), their product Pv(x⃗; θ) · Pµ(x⃗; θ) is again
a symmetric polynomial, and hence can be written as a unique linear combination of Jack
polynomials. Namely, we have the following equality, where Cv,µ

λ (θ) is the coefficient of Pλ(x⃗; θ)
in the expansion:

Pv(x⃗; θ)Pµ(x⃗; θ) =
∑
λ

Cv,µ
λ (θ)Pλ(x⃗; θ). (2.3)

It turns out that the coefficients uλµ(θ) are positive rational functions of θ independent of
the number of variables, see [30, Chapter VI.10] for the explicit expressions. As a consequence,
Cv,µ
λ (θ) are also independent of N .
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2.2 Type BC Bessel functions

For positive integers M ≥ N , θ ∈ R>0, take an N -tuple of nonnegative real numbers a⃗ = (a1 ≥
a2 ≥ · · · ≥ aN ) as the given data. The type BC Bessel function B(⃗a, x1, . . . , xN ; θ,N,M) is
a version of a multivariate symmetric Fourier kernel, with certain nontrivial root multiplicities
given by parameter θ > 0. In the special functions literature, this is a special case of the so-called
symmetric Dunkl kernel, see Section 2.3.

The following definition gives a matrix integral expression for B(⃗a, x1, . . . , xN ; θ,N,M),
when θ = 1

2 , 1, 2.

Definition 2.3. When θ = 1,

B(⃗a, x1, x2, . . . , xN ; θ,N,M) =

∫
dU

∫
dV exp

(
1

2
Tr(UΛV X +X∗V ∗Λ∗U∗)

)
,

where

Λ =


a1 0 . . . 0

a2 0 . . . 0
. . .

. . .
aN 0 . . . 0


N×M

,

X =



x1
x2

. . .
. . .

xN
0 . . . 0

. . .
0 . . . 0


M×N

,

U ∈ U(N), V ∈ U(M) are integrated under Haar measures.

When θ = 1
2 , 2, B(⃗a, x1, . . . , xN ; θ,N,M) has a similar integral expression, with (U(N),

U(M)) replaced by (O(N),O(M)) and (Sp(N), Sp(M)), respectively.

Definition 2.3 provides an explicit connection with rectangular matrices, where the integral
is of the form as a “Fourier transform”/characteristic function of A = UΛV . However, since
there is no (skew) field with real dimension β for general β > 0, one needs to define the Bessel
functions in an alternate way that does not rely on explicit matrix structure. For this purpose,
we first introduce some notations.

Definition 2.4. For a partition µ, let s = (i, j) ∈ µ be the coordinate of the box on the jth

column and the ith row in µ. Fix t ∈ R, θ > 0. We denote

H(µ) =
∏
s∈µ

[µi − j + 1 + θ(µ′
j − i)], H ′(µ) =

∏
s∈µ

[µi − j + θ + θ(µ′
j − i)],

and

(t)µ =
∏
s∈µ

[t+ j − 1− θ(i− 1)].



Rectangular Matrix Additions in Low and High Temperatures 13

Definition 2.5. Take θ > 0, N ≤ M , the type BC multivariate Bessel function labeled
by a⃗ = (a1 ≥ a2 ≥ · · · ≥ aN ) is a multivariate analytic function in both a⃗ and (x1, . . . , xN ),
defined by

B(⃗a, x1, . . . , xN ; θ,N,M)

=
∑
µ

N∏
i=1

Γ(θM − θ(i− 1))

Γ(θM − θ(i− 1) + µi)

1

H(µ)
2−2|µ|Pµ

(
a21, . . . , a

2
N ; θ

)
Pµ

(
x21, . . . , x

2
N ; θ

)
Pµ

(
1N ; θ

)
=
∑
µ

N∏
i=1

Γ(θN − θ(i− 1))

Γ(θN − θ(i− 1) + µi)

Γ(θM − θ(i− 1))

Γ(θM − θ(i− 1) + µi)

H ′(µ)

H(µ)

× 2−2|µ|Pµ

(
a21, . . . , a

2
N ; θ

)
Pµ

(
x21, . . . , x

2
N ; θ

)
, (2.4)

where µ is summed over all partitions of length at most N .

Remark 2.6. The last equality above holds since by [30, Chapter VI.10, equation (10.20)],

Pµ

(
1N ; θ

)
=

(Nθ)µ
H ′(µ)

.

The following example gives a connection of B(·, x1, . . . , xN ; θ,N,M) with the usual single
variable Bessel function.

Example 2.7. When N = 1,

B(a, ix; θ, 1,M) = Γ(Mθ) ·
(ax

2

)−(Mθ−1)
BMθ−1(ax),

where Bα on the right hand side is the Bessel function of the first kind.

Definition 2.5 generalizes the notion of the type BC Bessel function to any θ > 0. In partic-
ular, when θ = 1

2 , 1, 2, Definition 2.5 provides an explicit power series expansion of the matrix
integral in Definition 2.3.

Theorem 2.8 ([16, Section 13.4.3]). For θ = 1
2 , 1, 2,∫

dU

∫
dV exp

(
1

2
Tr(UΛV X +X∗V ∗Λ∗U∗)

)
= B(⃗a, x1, . . . , xN ; θ,N,M),

where the matrix integral on the left is defined in the same way as in Definition 2.3.

Remark 2.9. There are more than one way to show the equivalence of these two expressions,
see, e.g., [46] for more details.

Let us mention that the integral expression on the left can be identified (up to a factor 2i
in the exponent) with the spherical function of the Euclidean symmetric spaces corresponding
to O(N +M)/O(N)×O(M), U(N +M)/U(N)×U(M), Sp(N +M)/Sp(N)× Sp(M), respec-
tively, for θ = 1

2 , 1, 2. This is related to the fact that Bessel functions are eigenfunctions of
Dunkl operators (presented in next section), since spherical function can also be defined as the
(unique up to constant) eigenfunction of certain differential operators acting on its corresponding
symmetric space. See, e.g., [23] for more details.
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2.3 Type BC Dunkl operators

As a special class of differential operators, Dunkl operators were introduced in [15], and can be
thought of as a generalization of the usual partial derivatives on multivariate analytic functions,
which take Fourier kernels as eigenfunctions. For the purpose of this paper, we specify to
a special class of rational Dunkl operators under root system of type BC, which is parametrized
by a single variable θ > 0 and plays a central role in Section 3. For more detailed exposition of
Dunkl theory, see [4, 38].

Definition 2.10. For M ≥ N ≥ 2, θ > 0, let Di be a differential operator acting on analytic
functions on CN with variables x1, . . . , xN , that

Di = ∂i +

[
θ(M −N + 1)− 1

2

]
1− σi
xi

+ θ
∑
j ̸=i

[
1− σij
xi − xj

+
1− τij
xi + xj

]
,

where σi interchanges xi and −xi, σij interchanges xi and xj , and τij interchanges xi and −xj .

Remark 2.11. There are Dunkl operators of general type, with a corresponding root system
of type A-D and a complex-valued root multiplicity function. The Di in this paper specify [38,
Definition 2.7 and Example 2.15 (3)] by setting the root multiplicity function to be

kei = θ(M −N + 1)− 1

2
, kei+ej = θ.

Proposition 2.12 ([15]). The Dunkl operators of the same root multiplicities commute, i.e.,
DiDj = DjDi for any 1 ≤ i, j ≤ N .

The following result provides connection of type BC multivariate Bessel functions and Dunkl
operators, namely, the former are eigenfunctions of the latter.

Definition 2.13. Fix N ≥ 1. For k = 1, 2, . . . , denote Pk = Dk
1 + · · ·+Dk

N .

Theorem 2.14 ([39, Proposition 4.5]). Given a⃗ = (a1 ≥ · · · ≥ aN ) for each k = 1, 2, . . . ,

P2kB(⃗a, x1, . . . , xN ; θ,N,M) =

(
N∑
i=1

(ai)
2k

)
·B(⃗a, x1, . . . , xN ; θ,N,M).

Remark 2.15. From Definition 2.5, one can see that B(⃗a, x1, . . . , xN ; θ,N,M) is symmetric
under the actions of the Weyl group of the root system BCN , namely, invariant by interchang-
ing xi with xj and replacing xi by −xi. Similarly, it is necessary to take symmetric power sum
of the Di with even power, which satisfies the same symmetry.

2.4 Matrix addition and moments

For c⃗ = a⃗ ⊞θ
N,M b⃗, we assume in this section that a⃗, b⃗ are deterministic, and recall from Def-

inition 1.5 that the distribution m of c⃗ is given by acting on type BC Bessel function. Note
that polynomials are bounded and smooth on compact sets, and therefore are legitimate test
functions of m. Moreover, using the expansion in Definition 2.5, we can view the type BC
Bessel function as a generating function of symmetric polynomials of N variables c1, . . . , cN .
More precisely, by expanding Bessel functions on both sides of (1.4) using (2.4), we have the
following.
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Proposition 2.16. For each partition λ with l(λ) ≤ N , let c⃗ = a⃗⊞θ
N,M b⃗, then

E
[
Pλ

(
c21, . . . , c

2
N ; θ

)]
=

∑
|v|+|µ|=|λ|

H(λ)

H(v)H(µ)

∏N
i=1 Γ(θ(M − i+ 1))Γ(θ(M − i+ 1) + λi)∏N

i=1 Γ(θ(M − i+ 1) + vi)Γ(θ(M − i+ 1) + µi)

×
Pλ

(
1N ; θ

)
Pv

(
1N ; θ

)
Pµ

(
1N ; θ

)Cv,µ
λ (θ)Pv

(
a21, . . . , a

2
N ; θ

)
Pµ

(
b21, . . . , b

2
N ; θ

)
, (2.5)

where v, µ are two partitions of length at most N .

Proposition 2.16 provides explicit data of the distribution of random singular values a⃗⊞θ
N,M b⃗

in terms of moments. It is believed, but not yet proved that m (with such moments) is indeed
a (symmetric) positive probability measure on RN . For β = 1, 2, 4, this holds automatically
because the probability measure is constructed explicitly by the matrix structure, (and [39,
Corollary 4.8] provides an explicit expression of this measure for M ≥ 2N), while for gen-
eral β > 0, the randomness of a⃗ ⊞θ

N,M b⃗ holds and is studied in this paper in the weaker sense
given by (2.5).

2.5 Type BC Bessel generating functions

For a⃗ = (a1 ≥ · · · ≥ aN ≥ 0), we assume that a⃗ is random, and its distribution is given by
a symmetric generalized function m acting on smooth functions, and in particular polynomials,
on RN

≥0.

Definition 2.17. Fix M ≥ N , θ > 0. Given a compactly supported symmetric generalized
function m on RN

≥0 defined as above, let the Bessel generating function of m be a function
of x1, . . . , xN given by

GN,θ(x1, . . . , xN ;m) := ⟨m, B(⃗a, x1, . . . , xN ; θ,N,M)⟩,

where the bracket denotes testing m by B(⃗a, x1, . . . , xN ; θ,N,M), in which a⃗ are the variables
and x1, . . . , xN are parameters.

We also define the Bessel generating function for a class of fast decaying probability measures,
for potential applications of our theory (see, e.g., Section 5.5). As preparation, we state a uniform
upper bound of multivariate Bessel functions.

Proposition 2.18. For any θ > 0, M ≥ N , a⃗ = (a1 ≥ · · · ≥ aN ) ∈ RN
≥0, x = (x1, . . . , xN ) ∈

RN , we have

0 ≤ B(⃗a, x1, . . . , xN ; θ,N,M) ≤

[
1

θ
+

1

θ

(
a1|x|
2

)2

e
a1|x|

2

]N
, (2.6)

and for any k1, . . . , ks ∈ Z≥1,∣∣∣∣∣
(

s∏
i=1

P2ki

)
B(⃗a, x1, . . . , xN ; θ,N,M)

∣∣∣∣∣
≤

s∏
i=1

 N∑
j=1

a2kii

[1
θ
+

1

θ

(
a1|x|
2

)2

e
a1|x|

2

]N
. (2.7)
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Proof. Without loss of generality, assume that |x1| ≥ |x2| ≥ · · · ≥ |xN |. From Definition 2.5
and (2.1), it is clear that B(⃗a, x1, . . . , xN ; θ,N,M) ≥ 0, and since Pµ

(
1N ; θ

)
=

(Nθ)µ
H′(µ) ,

B(⃗a, x1, . . . , xN ; θ,N,M)

=
∑
µ

N∏
i=1

Γ(θM − θ(i− 1))

Γ(θM − θ(i− 1) + µi)

(Nθ)µ
H(µ)H ′(µ)

2−2|µ|Pµ

(
a21, . . . , a

2
N ; θ

)
Pµ

(
x21, . . . , x

2
N ; θ

)
Pµ

(
1N ; θ

)2
≤
∑
µ

N∏
i=1

Γ(θM − θ(i− 1))

Γ(θM − θ(i− 1) + µi)

(Nθ)µ
H(µ)H ′(µ)

2−2|µ|a
2|µ|
1 x

2|µ|
1

≤
∑
µ

N∏
i=1

[
Γ(θM − θ(i− 1))

Γ(θM − θ(i− 1) + µi)

Γ(θN − θ(i− 1) + µi)

Γ(θN − θ(i− 1))

]
× 1∏N

i=1 µi!

1∏N
i=1

∏µi−1
j=0 (θ + j)

2−2|µ|a
2|µ|
1 x

2|µ|
1 ,

where we rewrite (Nθ)µ using Gamma functions, upper bound 1
H(µ)H′(µ) by the fractions in the

last line above, and simply bound

Pµ

(
a21, . . . , a

2
N ; θ

)
Pµ

(
x21, . . . , x

2
N ; θ

)
Pµ(1N ; θ)2

by a
2|µ|
1 x

2|µ|
1 . Since M ≥ N , the fractions in the bracket above is bounded by 1, and the whole

expression above can be further bounded by∑
µ1≥···≥µN≥0

1∏N
i=1 µi!

1∏N
i=1

∏µi−1
j=0 (θ + j)

(a1x1
2

)2|µ|

≤
N∏
i=1

 ∞∑
µi=0

1

µi!
∏µi−1

j=0 (θ + j)

(a1x1
2

)2µi


≤

N∏
i=1

1

θ
+

∞∑
µi=1

1

θ

1

[(µi − 1)!]2

(
a1|x|
2

)2µi


≤

N∏
i=1

(
1

θ
+

1

θ

(
a1|x|
2

)2

e
a1|x|

2

)
=

[
1

θ
+

1

θ

(
a1|x|
2

)2

e
a1|x|

2

]N
,

where we bound

1∏N
i=1

∏µi−1
j=0 (θ + j)

by
∏N

i=1

(
1
θ

1
(µi−1)!

)
. This verifies (2.6). (2.7) follows from (2.6) and Theorem 2.14. ■

Definition 2.19. We say a measure m on the N -tuple a1 ≥ · · · ≥ aN ≥ 0 is exponentially
decaying with exponent R > 0, if

∫
eNRa1µ(da1, . . . ,daN ) <∞.

By Proposition 2.18 and Definition 2.19, the Bessel generating function of m, where m is
a compactly supported generalized function or an exponentially decaying measure, is well-defined
on a domain near 0. Moreover, we will take m to be of total mass 1, which means ⟨m, 1⟩ = 1,
where 1 is the constant function 1. So we have GN,θ(0, . . . , 0;m) = 1.

Now we generalize the addition to random vectors a⃗ and b⃗ following Definition 1.5.



Rectangular Matrix Additions in Low and High Temperatures 17

Definition 2.20. Given θ > 0, M ≥ N , let a⃗ = (a1 ≥ · · · ≥ aN ≥ 0), b⃗ = (b1 ≥ · · · ≥ bN ≥ 0)
be two random N -tuples whose distributions are given by generalized functions ma and mb

on RN
≥0. Let c⃗ be a symmetric random vector in RN

≥0 whose distribution is given by generalized
function mc, such that

GN,θ(x1, . . . , xN ;mc) = GN,θ(x1, . . . , xN ;ma) ·GN,θ(x1, . . . , xN ;mb).

We write c⃗ = a⃗⊞θ
N,M b⃗.

Since B(x1, . . . , xN ; θ,N,M) behaves nicely enough in the analytic sense, one can interchange
the differentiation over x1, . . . , xN and the pairing with m, and therefore Theorem 2.14 general-
izes to the following.

Theorem 2.21. Let m be a symmetric compactly supported generalized function on RN , or an
exponentially decaying measure as in Definition 2.19 with exponent R. Let k1, . . . , ks ∈ Z≥1.
Then GN,θ(x1, . . . , xN ;m) is analytic as a function of (x1, . . . , xN ) (in the domain {x ∈ RN |
|x| < R} in the second case). Moreover,(

s∏
i=1

P2ki

)
GN,θ(x1, . . . , xN ;m)

∣∣
x1=···=xN=0

=

〈
m,

s∏
i=1

 N∑
j=1

(aj)
2ki

〉 .

The above properties also hold for

GN,θ(x1, . . . , xN ;mc) = GN,θ(x1, . . . , xN ;ma) ·GN,θ(x1, . . . , xN ;mb),

where ma, mb are of the above two types.

Proof. This follows from dominated convergence theorem, where the uniform upper bounds
of B(·, x1, . . . , xN ; θ,N,M) and its derivatives are given by Proposition 2.18. ■

3 Concentration in low temperature

In this section, we fix the sizes of the matrices N , M and take the inputs a⃗, b⃗ to be deterministic,
and study the behavior of c⃗ = a⃗ ⊞θ

N,M b⃗ as θ → ∞. According to the statistical physics
interpretation, when θ →∞ the temperature is going down to 0, and hence the random vector c⃗
will freeze at some deterministic N -tuple.

3.1 Finite law of large numbers

Before taking the limit, we consider the expected characteristic polynomial of CC∗ for each
θ <∞. It turns out that the expression does not really depend on θ. The following lemma will
be used later in the proof. Let Cv,µ

λ (θ) be the coefficient defined in (2.3).

Lemma 3.1. When λ = 1l, Cv,µ
λ (θ) ̸= 0 only when v = 1i, µ = 1j, and i+ j = l. Moreover,

C1i,1j

1l
(θ) =

∏l
m=1

(
lθ−mθ+θ
lθ−mθ+1

)∏i
m=1

(
iθ−mθ+θ
iθ−mθ+1

)∏j
m=1

( jθ−mθ+θ
jθ−mθ+1

) .
Proof. This is studied in [19], and for the convenience of the readers we reproduce the proof.
Applying the automorphism ωθ of the algebra of symmetric functions (see [30, Chapter VI.10]),
which acts on Jack polynomials in the following way ωθ(Pλ(x⃗; θ)) = Qλ′

(
x⃗; θ−1

)
, (2.3) becomes

Q(i,0,... )

(
x⃗; θ−1

)
·Q(j,0,... )

(
x⃗; θ−1

)
=
∑
µ

C1i,1j

µ (θ) ·Qµ′
(
x⃗; θ−1

)
.
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Recall from (2.2) that Qλ(x⃗; θ) = bλ(θ)Pλ(x⃗; θ) =
H(λ)
H′(λ)Pλ(x⃗; θ). By comparing the coefficient of

the leading monomial xl1, we have

C1i,1j

1l
(θ) =

b1i
(
θ−1
)
b1j
(
θ−1
)

b1l
(
θ−1
) ,

and Cv,µ
1l

= 0 if v or µ has more than one column. ■

Theorem 3.2. Fix M ≥ N , given a⃗ and b⃗, let c⃗ = a⃗⊞θ
N,M b⃗. Take z as a formal variable, and

let

P θ
N,M (z) = E

[
N∏
i=1

(
z − c2i

)]
. (3.1)

Then the explicit expression of P θ
N,M (z) is θ-independent, and P θ

N,M (z) = PN,M (z) for all θ > 0,
where PN,M (z) is defined in (1.6).

Proof. Rewrite the product on the right side of (3.1) as

N∏
i=1

(
z − c2i

)
=

N∑
l=0

(−1)lel
(
c21, . . . , c

2
N

)
zN−l,

it turns out that P θ
N,M (z) is given by the moments of

{
c2i
}N
i=1

only in terms of elementary
symmetric polynomials.

Taking the partition λ =
(
1j , 0M−j

)
, Pλ(x⃗; θ) = ej(x⃗) for any θ > 0. We use Proposition 2.16

and it remains to specify the coefficients. From Lemma 3.1, we get

H
(
1l
)

H
(
1i
)
H
(
1j
)C1i,1j

1l
(θ) =

H ′(1l)
H ′
(
1i
)
H ′
(
1j
) =

l!

i!j!
.

Moreover, direct calculation yields

el
(
1N
)

ei
(
1N
)
ej
(
1N
) =

i!(N − i)!j!(N − j)!

N !l!(N − l)!
,

and when λ = 1l, v = 1i, µ = 1j ,∏N
i=1 Γ(θ(M − i+ 1))Γ(θ(M − i+ 1) + λi)∏N

i=1 Γ(θ(M − i+ 1) + vi)Γ(θ(M − i+ 1) + µi)
=

(M − i)!

M !

(M − j)!

(M − l)!
.

Combine all these together finishes the proof. ■

We highlight the connection of our result with the so-called finite free probability, which
was initiated in recent years by Marcus, Spielman and Srivastava and studies convolution of
polynomials. Given two polynomials p(z) =

∑N
i=0 z

N−iai, q(z) =
∑N

i=0 z
N−ibi with degree at

most N , [31] defines the rectangular additive convolution for two N × N matrices, and [22]
generalizes it to arbitrary rectangular matrices, such that the (N,M)th rectangular additive
convolution of p(z) and q(z) is defined as

p(z)⊞⊞M−N
N q(z) =

N∑
l=0

zN−l(−1)l
∑
i+j=l

(
(N − i)!(N − j)!

N !(N − l)!

(M − i)!(M − j)!

M !(M − l)!
aibj

)
.
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Let χz(·) be the characteristic polynomial det(zI−·). Take p(z) = χz(AA
∗), q(z) = χz(BB∗),

where A and B are two N ×M real/complex matrices, and let UN×N , VM×M are independent
Haar orthogonal/unitary. In [22], it is shown that

p(z)⊞⊞M−N
N q(z) = E [χz((A+ UBV )(A+ UBV )∗)] .

Theorem 3.2 generalizes this operation from θ = 1
2 , 1 to arbitrary θ > 0, with a different approach

not relying on the concrete matrix structure. In particular, it shows that the rectangular additive
convolution is θ−independent.

Our next result is the law of large numbers of c⃗ = a⃗ ⊞θ
N,M b⃗ in the regime θ → ∞. As

preparation we state a combinatorial result. For partitions v, µ, λ such that max(v1, µ1) ≤ λ1,
l(v), and max(l(v), l(µ), l(λ)) ≤ N , let {(k, l)} be an index set that l = 1, 2, . . . , λk − λk+1, k =
1, 2, . . . , N . Furthermore, let {i(k, l)}, {j(k, l)} be two collections of nonnegative integers. We
do not distinguish {i(k, l)}λk−λk+1

l=1 with {i(k, σ(l))}λk−λk+1

l=1 , where σ ∈ Sλk−λk+1
is an arbitrary

permutation, and same for {j(k, l)}λk−λk+1

l=1 .

In the remainder of the text, let 1E denote the indicator function of the set E.

Proposition 3.3. Let Cv,µ
λ be the coefficient of mλ(x⃗) in the expansion

mv(x⃗) ·mµ(x⃗) =
∑
λ

Cv,µ
λ mλ(x⃗).

Then Cv′,µ′

λ′ =# ways to choose {i(k, l)}, {j(k, l)} such that for n = 1, 2, . . . , N ,

vn =

N∑
k=1

λk−λk+1∑
l=1

1i(k,l)≥n, µn =

N∑
k=1

λk−λk+1∑
l=1

1j(k,l)≥n. (3.2)

Proof. We choose {i(k, l)}, {j(k, l)} in an explicit way. By definition of Cv,µ
λ , we are combining

column v′l1 with column µ′
l2

to get a column λ′
l3
, where l1, l2, l3 are chosen among 1, 2, . . . , λ1,

and v′l1 , µ
′
l2
might be of length 0. Inspired by this, let {i(k, l)}λk−λk+1

l=1 be the length of (distinct)
columns of v, {j(k, l)}λk−λk+1

l=1 be the length of (distinct) columns of µ, which are chosen to
contribute to λ′

λk+1+1, . . . , λ
′
λk
. Then i(k, l) + j(k, l) = k for each l.

We immediately see that the above way to choose {i(k, l)}, {j(k, l)} satisfy (3.2), whose total
number is equal to Cv′,µ′

λ′ . It remains to check that each way of choosing {i(k, l)}, {j(k, l)}
can be interpreted in this way. Given a sequence of nonnegative integers {i(k, l)}, {j(k, l)}
satisfying (3.2), we have for n = 1, 2, . . . , N ,

vn − vn+1 =
N∑
k=1

λk−λk+1∑
l=1

1i(k,l)=n, µn − µn+1 =
N∑
k=1

λk−λk+1∑
l=1

1i(k,l)=n. (3.3)

Then one can split {i(k, l)}λk−λk+1

l=1 , k = 1, 2, . . . , N , into disjoint groups, such that the number
of elements in group n is exactly vn − vn+1, which is equal to the number of length n columns
in v. Vice versa for {j(k, l)}λk−λk+1

l=1 , k = 1, 2, . . . , N . ■

Proof of Theorem 1.6: The weak convergence to a delta function on polynomial test func-
tions is equivalent to the statement that, given any arbitrary collection of polynomials f1, . . . , fn
of N variables, we have

lim
θ→∞

E

[
n∏

i=1

fi
(
c⃗2
)]

= lim
θ→∞

n∏
i=1

[
E
[
fi
(
c⃗2
)]]

. (3.4)
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Since c⃗ is symmetric in distribution, it suffices to consider symmetric polynomials in ΛN ,
which can be generated (in the sense of algebra) by elementary symmetric functions e1, . . . , eN .
Since (3.4) is multilinear in fi, we reduce to showing for any positive integers k1, . . . , kN ,

lim
θ→∞

E

[
N∏
i=1

ei
(
c⃗2
)ki] ?

= lim
θ→∞

N∏
i=1

[
E
[
ei
(
c⃗2
)]]ki . (3.5)

Once we show this, the deterministic limit of c⃗ will be an N -tuple λ⃗, such that E
[
ei(c⃗)

]
= ei

(
λ⃗
)

for all i = 1, 2, . . . , N . Then Theorem 3.2 identifies λ⃗ with roots of P θ
N,M (z).

We connect the left side of (3.5) with Jack polynomials, using the following result [41, Propo-
sition 7.6]:

lim
θ→∞

Pλ(x1, . . . , xN ; θ) =

N∏
i=1

[ei(x1, . . . , xN )]λi−λi+1 , (3.6)

for any partition λ. Then, let λi = ki + · · · + kN , the left side of (3.5) becomes the limit
of E

[
Pλ

(
c⃗2; θ

)]
, since each product of the ei

(
c⃗2
)
has bounded expectation for θ > 0 due to the

fact that c⃗ has bounded support. Again by Proposition 2.16,

E
[
Pλ

(
c21, . . . , c

2
N ; θ

)]
=

∑
|v|+|µ|=|λ|

H(λ)

H(v)H(µ)

∏N
i=1 Γ(θ(M − i+ 1))Γ(θ(M − i+ 1) + λi)∏N

i=1 Γ(θ(M − i+ 1) + vi)Γ(θ(M − i+ 1) + µi)

×
Pλ

(
1N ; θ

)
Pv

(
1N ; θ

)
Pµ

(
1N ; θ

)Cv,µ
λ (θ)Pv

(
a21, . . . , a

2
N ; θ

)
Pµ

(
b21, . . . , b

2
N ; θ

)
. (3.7)

Taking θ →∞,∏N
i=1 Γ(θ(M − i+ 1))Γ(θ(M − i+ 1) + λi)∏N

i=1 Γ(θ(M − i+ 1) + vi)Γ(θ(M − i+ 1) + µi)
−→

N∏
n=1

(M − n+ 1)λn−vn−µn ,

and since by definition Pv(x⃗; θ)Pµ(x⃗; θ) =
∑

λC
v,µ
λ (θ)Pλ(x⃗; θ), applying ωθ on both sides (c.f.

the proof of Lemma 3.1), and use the fact that (see [41, Proposition 7.6])

lim
θ→0

Pλ(x1, . . . , xN ; θ) = mλ(x1, . . . , xN ), (3.8)

we have

Cv,µ
λ (θ)

H(λ)

H(v)H(µ)
−→ Cv′,µ′

λ′ · limθ→∞H ′(λ)

limθ→∞H ′(v) · limθ→∞H ′(µ)

= Cv′,µ′

λ′ ·
∏

s∈λ(λ
′
j − i+ 1)∏

s∈v(λ
′
j − i+ 1) ·

∏
s∈µ(λ

′
j − i+ 1)

.

Moreover, applying (3.6) again on Pλ(1
N ;θ)

Pv(1N ;θ)Pµ(1N ;θ)
Pv

(
a21, . . . , a

2
N ; θ

)
Pµ

(
b21, . . . , b

2
N ; θ

)
, the right

side of (3.7) goes to

∑
|v|+|µ|=|λ|

Cv′,µ′

λ′

∏
s∈λ(λ

′
j − i+ 1)∏

s∈v(λ
′
j − i+ 1) ·

∏
s∈µ(λ

′
j − i+ 1)

∏N
i=1

(
N
i

)λi−λi+1∏N
i=1

(
N
i

)vi−vi+1∏N
i=1

(
N
i

)µi−µi+1

×
N∏

n=1

(M − n+ 1)λi−vi−µi

N∏
i=1

[
ei
(
a21, . . . , a

2
N

)]vi−vi+1

N∏
i=1

[
ei
(
b21, . . . , b

2
N

)]µi−µi+1 . (3.9)
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On the other hand, by Theorem 3.2, the right side of (3.5) is equal to

N∏
k=1

[
E
[
ei
(
c⃗2
)]]λk−λk+1 =

N∏
k=1

 ∑
i+j=k

(N − i)!(N − j)!

N !(N − k)!

(M − i)!(M − j)!

M !(M − k)!

× ei
(
a21, . . . , a

2
N

)
ej
(
b21, . . . , b

2
N

)]λk−λk+1 . (3.10)

It remains to check that (3.9) is equal to (3.10).

We open the bracket in (3.10), and index each term in the inner sum with the same indices
(i(k, l), j(k, l)) : l = 1, 2, . . . , λk − λk+1, k = 1, 2, . . . , N introduced previously. Then we have
i(k, l) + j(k, l) = k for each l. The product in (3.10) then becomes a finite sum, where each
summand is a multiple of the form

N∏
n=1

[
en
(
a21, . . . , a

2
N

)]vn−vn+1

N∏
n=1

[
en
(
b21, . . . , b

2
N

)]µn−µn+1 ,

and for n = 1, 2, . . . , N ,

vn − vn+1 =
N∑
k=1

λk−λk+1∑
l=1

1i(k,l)=n, µn − µn+1 =
N∑
k=1

λk−λk+1∑
l=1

1i(k,l)=n,

λn − λn+1 =
N∑
k=1

λk−λk+1∑
l=1

1k=n,

which matches (3.3). Hence it remains to match the coefficients, i.e., to show that

∑
i(k,l)+j(k,l)=k

N∏
k=1

λk−λk+1∏
l=1

[
(N − i(k, l))!(N − j(k, l))!

N !(N − k)!

(M − i(k, l))!(M − j(k, l))!

M !(M − k)!

]
?
= Cv′,µ′

λ′

∏
s∈λ[λ

′
j − i+ 1]∏

s∈v[λ
′
j − i+ 1] ·

∏
s∈µ[λ

′
j − i+ 1]

×
∏N

i=1

(
N
i

)λi−λi+1∏N
i=1

(
N
i

)vi−vi+1∏N
i=1

(
N
i

)µi−µi+1

N∏
n=1

(M − n+ 1)λn−vn−µn . (3.11)

We first rewrite the left side

(N − i(k, l))!(N − j(k, l))!

(N − k)!N !
=

N∏
n=1

(N − n+ 1)1n≤k−1n≤i(k,l)−1n≤j(k,l) ,

hence

N∏
k=1

λk−λk+1∏
l=1

[
(N − i(k, l))!(N − j(k, l))!

(N − k)!N !

(M − i(k, l))!(M − j(k, l))!

(M − k)!M !

]

=

N∏
n=1

(N − n+ 1)
∑N

k=1

∑λk−λk+1
l=1 [1n≤k−1n≤i(k,l)−1n≤j(k,l)]

×
N∏

n=1

(M − n+ 1)
∑N

k=1

∑λk−λk+1
l=1 [1n≤k−1n≤i(k,l)−1n≤j(k,l)].
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On the right side,

N∏
n=1

(M − n+ 1)λn−vn−µn =
N∏

n=1

(M − n+ 1)
∑N

k=1

∑λk−λk+1
l=1 (1n≤k−1n≤i(k,l)−1n≤j(k,l)) (3.12)

and (
N

i

)
=

N∏
n=1

(N − n+ 1)1−1n≥i+1−1n≥N−i+1 =

N∏
n=1

(N − n+ 1)1n≤i−1n≥N−i+1 ,

hence ∏N
i=1

(
N
i

)λi−λi+1∏N
i=1

(
N
i

)vi−vi+1∏N
i=1

(
N
i

)µi−µi+1

=
N∏
i=1

(
N

i

)∑N
k=1

∑λk−λk+1
l=1 [1k=i−1i(k,l)=i−1i(k,l)=i]

=

N∏
n=1

(N − n+ 1)
∑N

i=1(1n≤i−1n≥N−i+1)(
∑N

k=1

∑λk−λk+1
l=1 [1k=i−1i(k,l)=i−1i(k,l)=i])

=
N∏

n=1

(N − n+ 1)

∑N
k=1

∑λk−λk+1
l=1

(
[1n≤k − 1n≤i(k,l) − 1n≤j(k,l)]

+ [1n≥N−i(k,l)+1 + 1n≥N−j(k,l)+1 − 1n≥N−k+1]
)
, (3.13)

where the last equality holds since

N∑
i=1

(1n≤i − 1n≥N−i+1)(1k=i − 1i(k,l)=i − 1i(k,l)=i)

= [1n≤i − 1n≤i(k,l) − 1n≤j(k,l)] + [1n≥N−i(k,l)+1 + 1n≥N−j(k,l)+1 − 1n≥N−k+1].

Finally,

N∏
n=1

(N − n+ 1)
∑N

k=1

∑λk−λk+1
l=1 [−(1n≥N−i(k,l)+1+1n≥N−j(k,l)+1−1n≥N−k+1)]

=
N∏

n=1

(N − n+ 1)
∑N

k=1

∑λk−λk+1
l=1 [−(1i(k,l)≥N−n+1−1i(k,l)≥N−n+1+1k≥N−n+1)]

=

N∏
n=1

n
∑N

k=1

∑λk−λk+1
l=1 [1n≤k−1n≤i(k,l)−1n≤j(k,l)]

=

∏λ1
j=1 λ

′
j !∏λ1

j=1 v
′
j !
∏λ1

j=1 µ
′
j !

=

∏
s∈λ[λ

′
j − i+ 1]∏

s∈v[λ
′
j − i+ 1]

∏
s∈µ[λ

′
j − i+ 1]

. (3.14)

Formula (3.11) follows from (3.12), (3.13), (3.14) and Proposition 3.3. ■

3.2 Gaussian fluctuation for 1 × M matrix

Take N = 1, so that A and B are two 1 ×M matrices with singular values a1, b1 ≥ 0, and let
c1 = a1 ⊞θ

1,M b1. When taking θ →∞, Theorem 1.6 shows c21 −→ λ2
1 in moments, where

E
[
c21
]
= E

[
e1
(
c2
)]

= a21 + b21 = λ2
1.

Based on this result, we consider further the fluctuation of c1 around λ1 in the θ →∞ regime,
which turns out to be a Gaussian random variable under proper rescaling.
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Theorem 3.4. For a1, b1 ≥ 0, let λ2
1 = a21 + b21, and c1 = a1 ⊞θ

1,M b1. As θ →∞, we have

√
θ
(
c21 − λ2

1

) d−→ Z, (3.15)

where Z ∼ N
(
0, 2

M a21b
2
1

)
.

Remark 3.5. We expect the Gaussian fluctuation behavior of c⃗ = a⃗⊞θ
N,M b⃗ when θ → ∞, for

general N > 1, and we leave the generalization of Theorem 3.4 as an open problem.

Proof. We first show that the convergence holds in the sense of moments. By Proposition 2.16,
for all l = 1, 2, . . .

E
[
c2l1
]
=

∑
k1+k2=l

l!

k1!k2!

Γ(θM)Γ(θM + l)

Γ(θM + k1)Γ(θM + k2)
a2k11 b2k21 ,

since in (2.5) λ = (l, 0, . . . ), v = (k1, 0, . . . ), µ = (k2, 0, . . . ) and Cv,µ
λ (θ) ≡ 1.

Then for n ∈ Z≥0,

E
[(
c21 − λ2

1

)n]
=

∑
k1+k2+k=n

(−1)kn!
(k1 + k2)!k!

(k1 + k2)!

k1!k2!

Γ(θM)Γ(θM + k1 + k2)

Γ(θM + k1)Γ(θM + k2)
a2k11 b2k21

(
a21 + b21

)k
=

∑
k1+k2+k3+k4=n

(−1)k n!

k1!k2!k3!k4!

Γ(θM)Γ(θM + k1 + k2)

Γ(θM + k1)Γ(θM + k2)
a2k1+2k3
1 b2k2+2k4

1 .

This implies for fixed l1 + l2 = n ≥ 0, coefficient of monomial a2l11 b2l21 in E
[[√

θ
(
c21 − λ2

1

)]n]
is

√
θ
l1+l2

n!

l1∑
k3=0

l2∑
k4=0

(−1)k3
(l1 − k3)!k3!

(−1)k4
(l2 − k4)!k4!

Γ(θM)Γ(θM + l1 + l2 − k3 − k4)

Γ(θM + l1 − k3)Γ(θM + l2 − k4)

=
√
θ
l1+l2

n!

l1∑
k3=0

l2∑
k4=0

(−1)l1−k3

(l1 − k3)!k3!

(−1)l2−k4

(l2 − k4)!k4!

Γ(θM)Γ(θM + k3 + k4)

Γ(θM + k3)Γ(θM + k4)
.

It remains to match the above expression with moments of Z. Without loss of generality,
assume that l1 ≥ l2 in (3.2), and we rewrite (3.2) as

√
θ
l1+l2

n!

l2∑
k4=0

(−1)l2−k4

(l2 − k4)!k4!

Γ(θM)

Γ(θM + k4)

×

[
l1∑

k3=0

(−1)l1−k3

(l1 − k3)!k3!
(θM + k3)(θM + k3 + 1) · · · (θM + k3 + k4 − 1)

]
.

Claim 3.6. Let z be a formal variable. For l ∈ Z≥1, q = 0, 1, 2, . . . , l, we have

l∑
p=0

(−1)(l−p)

(l − p)!p!
(z + p)(z + p+ 1) · · · (z + p+ q − 1) = 1q=l. (3.16)

Proof. Expand the polynomial of z. For each coefficient of z0, z1, z2, . . . , zq, it can be written
as a polynomial of p with degree at most q with integer coefficients, and hence an integral linear
combination of p, p(p − 1), p(p − 1)(p − 2), . . . , p(p − 1) · · · (p − q + 1), so the left side of (3.16)
becomes an integral linear combination of binomial sums of

l∑
p=q

(−1)l−p

(l − p)!(p− q)!
= (1 + (−1))l−q = 1q=l. ■
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By the above claim, the sum in the bracket is nonzero only when k4 = l1, which implies
l1 = l2, n = l1 + l2 = 2l1, and (3.2) becomes

√
θ
2l1 (2l1)!

l1!

1

θM(θM + 1) · · · (θM + l1 − 1)
.

Therefore, the odd moments of
√
θ
(
c21 − λ2

1

)
are all zero, and the 2kth moment of

√
θ
(
c21 − λ2

1

)
is equal to

√
θ
2k (2k)!

k!

1

θM(θM + 1) · · · (θM + k − 1)
a2k1 b2k1 ,

which converges to

(2k)!

k!

1

Mk
a2k1 b2k1 = (2k − 1)!!

(
2

M

)k

a2k1 b2k1

as θ → ∞. This coincides with the moments of Z ∼ N
(
0, 2

M a21b
2
1

)
. By Example 2.7 and [32,

Theorem 2], which states that products of two usual Bessel functions can be written as a convex
combination of Bessel functions, we have that for each θ > 0, c21 is supported by a legitimate
probability measure µθ. The convergence of second moment when θ →∞ implies that {µθ}θ>0

are tight, hence (3.15) follows from the moment convergence. ■

4 Law of large numbers in high temperature

In this section, fix two parameters γ > 0, q ≥ 1. We explore the behavior of empirical measures
of an N × M random matrix C, in the regime that taking N,M → ∞, θ → 0, Nθ → γ,
Mθ → qγ. To simplify the notation, sometimes we only write Nθ → γ, Mθ → qγ to denote the
same regime.

4.1 Main results

Consider an N -tuple of real numbers c⃗ = (c1 ≥ · · · ≥ cN ≥ 0), which should be thought of as
singular values of some (virtual) rectangular matrix. Suppose that there is a sequence of random
N -tuples {c⃗N}∞N=1 where c⃗N = (cN,1 ≥ · · · ≥ cN,N ≥ 0), and the distribution of c⃗N is given in
the sense as in Theorem 2.21. Denote its empirical measure by µN = 1

N

∑N
i=1(δcN,i + δ−cN,i).

We set up a condition in terms of moments, that under some mild technical assumption, is
equivalent to the weak convergence, in probability, of the random empirical measures {µN} to
some limiting probability measure µ when N →∞. The moments of µ are all finite and denoted
as mk.

Definition 4.1 (LLN). Let {c⃗N}∞N=1 be a sequence of random N -tuples defined as above. For
k = 1, 2, . . . , denote

pNk =
1

2N

N∑
i=1

[
ckN,i + (−cN,i)

k
]
.

We say {c⃗N} satisfies a law of large numbers, if there exists deterministic real numbers {mk}∞k=1

such that for any s = 1, 2, . . . and any k1, . . . , ks ∈ Z≥1, we have

lim
N→∞

E

[
s∏

i=1

pNki

]
=

s∏
i=1

mki . (4.1)
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Denote the Bessel generating function of c⃗N by

GN,M ;θ(x1, . . . , xN ) := GN,θ(x1, . . . , xN ;mc⃗N ).

Recall from Section 2.5 that GN,M ;θ(0, . . . , 0) = 1, and GN,M ;θ(x1, . . . , xN ) is analytic on a do-
main near (0, . . . , 0). Under these conditions, ln(GN,M ;θ(x1, . . . , xN )) is analytic near (0, . . . , 0),
and ln(GN,M ;θ(0, . . . , 0)) = 0.

Next, we introduce a condition of the partial derivatives of ln(GN,M ;θ(x1, . . . , xN )) at 0,
as N →∞.

Definition 4.2 (q-γ-LLN-appropriateness). Given the sequence {c⃗N}∞N=1, if for a sequence of
real numbers {κl}∞l=1, the following limits hold:

(a) limNθ→γ,Mθ→qγ
∂l

∂xl
i

ln(GN,M ;θ)
∣∣
x1=···=xN=0

= (l − 1)! · κl, for all l ∈ Z≥1 and i ∈ {1, 2, . . . ,
N}.

(b) limNθ→γ,Mθ→qγ
∂

∂xi1
· · · ∂

∂xir
ln(GN,M ;θ)

∣∣
x1=···=xN=0

= 0, for all r ≥ 2, and i1, . . . , ir ∈
{1, 2, . . . , N} such that the set {i1, . . . , ir} is of cardinality at least two.

We say {κl}∞l=1 are the limiting q-γ cumulants of {c⃗N}.

Remark 4.3. Recall from Definition 2.5 that B(⃗a, x1, . . . , xN ; θ,N,M) is an infinite sum of
even-degree polynomials, then so is Gθ,N,M and ln(Gθ,N,M ). Therefore, it is immediate that κl
are always 0 for all odd l.

Remark 4.4. Writing

gθ,N,M (z) =
∂

∂z
ln(GN,M ;θ(z, 0, . . . , 0)) =

∞∑
l=1

kθ,N,M
l zl−1,

we have kθ,N,M
l −→ κl as Nθ → γ, Mθ → qγ.

Our main theorem connects Definitions 4.1, 4.2 and gives a quantitative relation between
moments and q-γ cumulants of the limiting empirical measure of {µN}∞N=1, which is stated
using generating function. Consider R[[z]], the space of all formal power series of variable z with
real coefficients.

Definition 4.5. Let a(z) be an element in R[[z]]. We define four linear operators acting on R[[z]]
to itself, such that for any n = 0, 1, 2, . . . ,

(1) ∂(zn) := n · zn−1,

(2) d(zn) :=

{
0, n = 0,

zn−1, n ≥ 1,

(3) d′(zn) :=

{
0, n is even,

2zn−1, n is odd,

(4) ∗a(zn) := a(z) · zn.

Definition 4.6. Let Tq,γ
κ→m : R∞ → R∞ be an operation sending a countable sequence {κl}∞l=1

to another sequence {m2k}∞k=1 such that for each k = 1, 2, . . . ,

m2k =
[
z0
](

∂ + 2γd+

(
(q − 1)γ − 1

2

)
d′ + ∗g

)2k−1

g(z), (4.2)

where
[
z0
]
takes the constant term of the formal power series in R[[z]], and

g(z) =

∞∑
l=1

κlz
l−1.
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Remark 4.7. Note by a simple induction on k = 1, 2, . . . that (4.2) implies each m2k is given by
a positive constant times κ2k+ a polynomial of κ2, κ4, . . . , κ2k−2. Hence, Tq,γ

κ→m is an invert-
ible map, such that given a sequence of real numbers {m2k}∞k=1, there exists a unique real
sequence {κl}∞l=1 with κl = 0 for all odd l, and Tq,γ

κ→m ({κl}∞l=1) = {m2k}∞k=1. More precisely,
{m2j}lj=1 are corresponding to {κj}2lj=1. We denote the inverse map by {κl} = Tq,γ

m→κ({m2k}).
In Section 5, we provide various points of views on the maps Tq,γ

κ→m and Tq,γ
m→κ.

We are ready to present the main result now.

Theorem 4.8 (convergence of empirical measure in high temperature). The sequence of random
N -tuples {c⃗N}∞N=1 satisfies LLN, if and only if it is q-γ-LLN-appropriate.

If this occurs, we have {m2k}∞k=1 = Tq,γ
κ→m({κl}∞l=1), where {κl}∞l=1 are the q-γ cumulants

corresponding to {m2k}∞k=1.

4.2 Asymptotic expression under Dunkl actions

The proof of Theorem 4.8 is relying on the actions of Dunkl operator introduced in Section 2.3 on
Bessel generating functions. Before proceeding to the proof, we first study the explicit expression
of this action in detail.

Consider a symmetric function F (x1, . . . , xN ) which is analytic on a complex domain near 0.
Then the Taylor expansion of F of 2kth order is

F (x1, . . . , xN ) =
∑

λ : |λ|≤2k, l(λ)≤N

cλF ·mλ(x⃗) +O
(
||x||2k+1

)
, (4.3)

where mλ(x⃗) is the monomial symmetric polynomial indexed by λ. If we further assume F to
be a symmetric function in x21, . . . , x

2
N , then

cλF is nonzero only if λ is even. (4.4)

Fix N ≥ 1. Recall we denote Pk = Dk
1 + · · ·+Dk

N , where Di is defined in Section 2.3.
The following theorem is a technical result on the explicit expansion of exp(F (x1, . . . , xN ))

under the action of Pk, and it serves as a stepping stone to the proof of Theorem 4.8.

Theorem 4.9. Fix k = 1, 2, . . . and an even partition λ and |λ| = 2k. Let F (x1, . . . , xN ) be
a symmetric function on RN satisfying equation (4.4), analytic on a domain near (0, . . . , 0)
and F (0, . . . , 0) = 0. Then

N−l(λ)

l(λ)∏
i=1

Pλi

 exp(F (x1, . . . , xN ))
∣∣
x1=···=xN=0

= bλλ · cλF +
∑

µ : |µ|=2k, l(µ)>l(λ)

bλµ · c
µ
F + L

(
c
(i)
F , 1 ≤ i ≤ 2k − 1

)
+R1

(
cvF , |v| < 2k

)
+N−1R2

(
cvF , |v| ≤ 2k

)
, (4.5)

where bλµ are coefficients that are uniformly bounded in the limit regime N → ∞, M → ∞,
θ → 0, Nθ → γ, Mθ → qγ, and the notation (i) denotes the partition (i, 0, . . . , 0). In particular,

lim
Nθ→γ,Mθ→qγ

bλλ =

l(λ)∏
i=1

[λi(λi − 2 + 2qγ)(λi − 2 + 2γ)(λi − 4− 2qγ)

× (λi − 4 + 2γ) · · · (2 + 2qγ)(2 + 2γ)2qγ],
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and

L
(
c
(i)
F , 1 ≤ i ≤ 2k − 1

)
=

l(λ)∏
i=1

([
z0
](

∂ + 2γd+

(
(q − 1)γ − 1

2

)
d′ + ∗g

)λi−1

g(z)

)
− 2k(2k − 2 + 2qγ)(2k − 2 + 2γ)(2k − 4− 2qγ)

× (2k − 4 + 2γ) · · · (2 + 2qγ)(2 + 2γ)2qγ · c(2k)F · 1l(λ)=1. (4.6)

The operator ∂, d, d′ and ∗g are defined in the same way as in Definition 4.6, and

g(z) :=
∞∑
n=1

nc
(n)
F zn−1.

Here, L, R1 and R2 are all polynomials of the coefficients cvF , whose corresponding variables
are given in the parenthesis, and the coefficient of each monomial is uniformly bounded in the
limit regime. Moreover, each monomial in R1 contains at least one cvF , where l(v) ≥ 2. If we
assign cvF with degree |v|, each summand on the right of (4.5) is homogeneous of degree 2k.

We postpone the proof of Theorem 4.9 to next section, and using its result, we are able to
prove Theorem 4.8.

Proof of Theorem 4.8. We first assume the sequence {c⃗N}∞N=1 is q-γ-appropriate, with lim-
iting q-γ-cumulants {κl}∞l=1. We need to show {c⃗N}∞N=1 is satisfying LLN with moments
{m2k}∞k=1 = Tq,γ

κ→m({κl}∞l=1).
Denote the type BC Bessel generating function of c⃗N by GN,M ;θ(x1, . . . , xN ). By Theo-

rem 2.21, the left side of (4.1) before taking the limit is given by

N−s

(
s∏

i=1

P2ki

)
GN,M ;θ(x1, . . . , xN )

∣∣
x1=···=xN=0

. (4.7)

For each N = 1, 2, . . . , without loss of generality, assume k1 ≥ k2 ≥ · · · ≥ ks and iden-
tify (2k1, . . . , 2ks) with a partition λ. Also since GN,M ;θ is analytic on a domain near 0
and GN,M ;θ(0, . . . , 0) = 1, there is a function FN,M ;θ(x1, . . . , xN ) analytic near 0 and

exp(FN,M ;θ(x1, . . . , xN )) = GN,M ;θ(x1, . . . , xN ), FN,M ;θ(0, . . . , 0) = 0.

We write FN,M ;θ in terms of its 2kth order Taylor polynomial

FN,M ;θ(x1, . . . , xN ) =
∑

µ:|µ|≤2k,l(µ)≤N

cλFN,M ;θ
·mµ(x⃗) +O

(∣∣∣∣x2k+1
∣∣∣∣).

After the above identifications (4.7) satisfies the condition of Theorem 4.9. Then we turn
it into the expression on the right of (4.5), and take the limit Nθ → γ, Mθ → qγ. By q-γ-
appropriateness,

lim
Nθ→γ,Mθ→qγ

c
(n)
FN,M ;θ

=
κn
n
, lim

Nθ→γ,Mθ→qγ
cvFN,M ;θ

= 0 if l(v) > 1.

Hence
∑

v : |v|=2k, l(v)>l(λ) b
λ
v · cvFN,M ;θ

turns to 0, since each summand contains some term con-
verging to 0, and

bλλ · cλFN,M ;θ
−→


0 if s > 1,

(2k1 − 2 + 2qγ)(2k1 − 2 + 2γ)(2k1 − 4− 2qγ)

×(2k1 − 4 + 2γ) · · · (2 + 2qγ)(2 + 2γ)2qγ · c(2k1)F κ2k1 if s = 1.
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The polynomial L converges to

s∏
i=1

([
z0
](

∂ + 2γd+

(
(q − 1)γ − 1

2

)
d′ + ∗g

)2ki−1

g(z)

)
− (2k1 − 2 + 2qγ)

×(2k1 − 2 + 2γ)(2k1 − 4− 2qγ)(2k1 − 4 + 2γ) · · · (2 + 2qγ)(2 + 2γ)2qγ · κ2k1 · 1s=1,

where g(z) =
∑

n=1 κnz
n−1, since

∑∞
n=1 nc

(n)
FN,M ;θ

zn−1 converges coefficient-wise to g(z).
The polynomial R1 converges to 0, also because each summand contains some factor cvFN,M ;θ

with l(v) > 1, that vanishes in the limit regime. The polynomial N−1R2 vanishes as well in the
limit since all its coefficients converge to 0. Combining all the results above gives

lim
N→∞

E

[
s∏

i=1

pN2ki

]
=

s∏
i=1

([
z0
](

∂ + 2γd+

(
(q − 1)γ − 1

2

)
d′ + ∗g

)2ki−1

g(z)

)
,

which is equal to
∏s

i=1m2ki , where {m2k}∞k=1 = Tq,γ
κ→m({κl}∞l=1). Hence the LLN condition

of {c⃗N}∞N=1 is proved.
Now we go in the opposite direction, that assuming {c⃗N}∞N=1 satisfies LLN for some {mk}∞k=1,

i.e., for all even partition λ,

N−l(λ)

l(λ)∏
i=1

Pλi

 exp(FN,M ;θ(x1, . . . , xN ))|x1=···=xN=0
Nθ→γ−−−−−→
Mθ→qγ

l(λ)∏
i=1

mλi
,

where FN,M ;θ(x1, . . . , xN ) =
∑

µ : l(µ)≤N cµFN,M ;θ
·mµ(x⃗) is an analytic function near 0 satisfy-

ing exp(FN,M ;θ) = GN,M ;θ. We need to show

cλFN,M ;θ
−→

{
0, l(λ) > 1 or λ is not even,
κ2k
2k , λ = (2k)

in the limit regime Nθ → γ,Mθ → qγ, where {κl}∞l=1 = Tq,γ
m→κ({m2k}∞k=1).

Note that we only need to consider the case |λ| is even, and cvFN,M ;θ
= 0 for all v not even,

since the type BC Bessel function of each c⃗N is a symmetric function in x21, . . . , x
2
N , by Defini-

tion 2.17 and Proposition 2.16. We proceed by induction on |λ|.
For |λ| = 0, there is nothing to show. Suppose the result holds for all |λ| ≤ 2k − 2, we now

consider the partition that |λ| = 2k. By Theorem 4.9, for each θ, N , M , we have a (finite)
system of linear equations of the unknowns {cµFN,M ;θ

}µ : |µ|=2k,l(µ)>l(λ),µ is even.

bλλ · cλFN,M ;θ
+

∑
µ : |µ|=2k, l(µ)>l(λ), µ is even

bλµ · c
µ
FN,M ;θ

= N−l(λ)

l(λ)∏
i=1

Pλi

 exp(FN,M ;θ(x1, . . . , xN ))
∣∣
x1=···=xN=0

− L
(
c
(i)
FN,M ;θ

, 1 ≤ i ≤ 2k − 1
)

−R1(c
v
FN,M ;θ

, |v| < 2k)−N−1R2(c
v
FN,M ;θ

, |v| ≤ 2k). (4.8)

We observe that if we write it in the matrix form in the lexicographical order of µ introduced
in Section 2.1, the above system is upper triangular, and again by Theorem 4.9, its diagonal
entries bµµ all converge to some nonzero constant in the limit regime, and the off-diagonal en-
tries are uniformly bounded. Hence the matrix is invertible asymptotically, and its inverse has
uniformly bounded entries.

Claim 4.10. If λ ̸= (2k), the right side of (4.8) converges to 0 in the limit regime.
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Proof. R1 → 0 by induction hypothesis (recall that each of its term involves some partition v
with l(v) ≥ 2), and N−1R2 → 0 since the coefficients all vanish in the limit.

By the LLN condition,

N−l(λ)

l(λ)∏
i=1

Pλi

 exp(F (x1, . . . , xN ))
∣∣
x1=···=xN=0

−→
l(λ)∏
i=1

mλi
,

and by Theorem 4.9 and Definition 4.6, when λ ̸= (2k), each λi < 2k and

L
(
c
(i)
FN,M ;θ

, 1 ≤ i ≤ 2k − 1
)
=

l(λ)∏
i=1

mN,M ;θ
λi

,

where{
mN,M ;θ

k

}∞
k=1

= Tq,γ
κ→m

({
l · c(l)FN,M ;θ

}∞
l=1

)
.

By induction hypothesis
{
l · c(l)FN,M ;θ

}∞
l=1
−→ {κl}∞l=1 pointwisely for l < 2k, and hencemN,M ;θ

j →
mj pointwisely for j < k, and

L
(
c
(i)
FN,M ;θ

, 1 ≤ i ≤ 2k − 1
)
−→

l(λ)∏
i=1

mλi

as well. ■

Because of this claim, we conclude that when Nθ → γ, Mθ → qγ, the solutions of the linear
system where |λ| = 2k, λ ̸= (2k) converge to the zero vector, in particular,

cλFN,M ;θ
−→ 0 for all |λ| = 2k, λ ̸= (2k). (4.9)

It remains to consider λ = (2k). This time we write down a single identity

b
(2k)
(2k) · c

(2k)
FN,M ;θ

+
∑

v : |v|=2k, l(v)>1, µ is even

b(2k)v · cvFN,M ;θ

= N−1P2k [exp(FN,M ;θ(x1, . . . , xN )]
∣∣
x1=···=xN=0

− L
(
c
(i)
FN,M ;θ

, 1 ≤ i ≤ 2k − 1
)

−R1(c
v
FN,M ;θ

, |v| < 2k)−N−1R2(c
v
FN,M ;θ

, |v| ≤ 2k).

We have that

LHS = b
(2k)
(2k) · c

(2k)
FN,M ;θ

+ o(1),

where gN,M ;θ(z) =
∑∞

n=1 nc
(n)
FN,M ;θ

zn−1, because of Theorem 4.9 and (4.9). And

RHS = m2k −
[
z0
](

∂ + 2γd+

(
(q − 1)γ − 1

2

)
d′ + ∗gN,M ;θ

)2k−1

gN,M ;θ(z)

+ b
(2k)
(2k) · c

(2k)
FN,M ;θ

+ o(1)

because of Theorem 4.9 and the LLN assumption. Hence, when Nθ → γ, Mθ → qγ,[
z0
](

∂ + 2γd+

(
(q − 1)γ − 1

2

)
d′ + ∗gN,M ;θ

)2k−1
gN,M ;θ(z) −→ m2k.

By Definition 4.6, the invertibility of Tq,γ
κ→m and the induction hypothesis, this is equivalent to

(2k) · c(2k)FN,M ;θ
−→ κ2k

in the limit regime, that κ2k is in the image of Tq,γ
m→κ({m2j}∞j=1). This finishes the induction

step and therefore the proof. ■
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4.3 Proof of Theorem 4.9

We start by reducing F (x1, . . . , xN ) from a (locally) analytic function to its 2kth Taylor poly-
nomial.

Lemma 4.11. For F (x1, . . . , xN ) of the form (4.3), denote

F ′(x1, . . . , xN ) =
∑

λ : |λ|≤2k, l(λ)≤N

cλF ·mλ(x⃗),

the truncation of F (x1, . . . , xN ). Then for a partition λ with |λ| = 2k, we have[
l(λ)∏
i=1

Pλi

]
exp(F ′(x1, . . . , xN ))

∣∣
x1=···=xN=0

=

[
l(λ)∏
i=1

Pλi

]
exp(F (x1, . . . , xN ))

∣∣
x1=···=xN=0

.

Proof. Since F is analytic near 0, write exp(F (x1, . . . , xN )) and exp(F ′(x1, . . . , xN )) as sym-
metric power series. Their difference R(x⃗) is a power series of order O

(
||x||2k+1

)
. Since

∏l(λ)
i=1 Pλi

is a homogeneous polynomial of Di and each Di reduces the total power of a monomial by 1,l(λ)∏
i=1

Pλi

R(x⃗)
∣∣
x1=···=xN=0

= 0. ■

By Lemma 4.11, in the remainder of this section we take

F (x1, . . . , xN ) =
∑

λ : |λ|≤2k, l(λ)≤N,λ even

cλF ·mλ(x⃗).

∏l(λ)
i=1 Pλi

is a sum of products of Di, i = 1, 2, . . . , N . For each product of the form Dm1
1 · · ·D

mN
N

acting on exp(F (x1, . . . , xN )), by (2.12) the order does not matter. Recall from Definition 2.10
that

Di = ∂i +

[
θ(M −N + 1)− 1

2

]
1− σi
xi

+ θ
∑
j ̸=i

[
1− σij
xi − xj

+
1− τij
xi + xj

]
.

Observe that Di[exp(F (x1, . . . , xN ))] is of the form H(x1, . . . , xN ) exp(F (x1, . . . , xN )), where
H(x1, . . . , xN ) is a polynomial of x1, . . . , xN , and for any i,Di[H(x1, . . . , xN ) exp(F (x1, . . . , xN ))]
is still exp(F (x1, . . . , xN )) multiplied by a polynomial. More precisely,

∂i[H(x1, . . . , xN ) exp(F (x1, . . . , xN ))]

= (∂iH(x1, . . . , xN ) +H(x1, . . . , xN )∂iF (x1, . . . , xN )) · exp(F (x1, . . . , xN )), (4.10)

1− σi
xi

[H(x1, . . . , xN ) exp(F (x1, . . . , xN ))]

=

(
1− σi
xi

H(x1, . . . , xN )

)
· exp(F (x1, . . . , xN )),

1− σij
xi − xj

[H(x1, . . . , xN ) exp(F (x1, . . . , xN ))]

=

(
1− σij
xi − xj

H(x1, . . . , xN )

)
· exp(F (x1, . . . , xN )),

1− τij
xi + xj

[H(x1, . . . , xN ) exp(F (x1, . . . , xN ))]

=

(
1− τij
xi + xj

H(x1, . . . , xN )

)
· exp(F (x1, . . . , xN )). (4.11)
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We see that

l(λ)∏
i=1

[
Dm1

1 · · ·D
mN
N

]
exp(F (x1, . . . , xN ))|x1=···=xN=0

is obtained by acting a polynomial of ∂i,
1−σi
xi

,
1−σij

xi−xj
,

1−τij
xi+xj

on F (x1, . . . , xN ), then take the

constant term. Then we have the following basic observation.

Proposition 4.12. For any N -tuple of nonnegative integers m1, . . . ,mN ,[
Dm1

1 · · ·D
mN
N

]
exp(F (x1, . . . , xN ))

∣∣
x1=···=xN=0

is a homogeneous polynomial in cvF of degree
∑N

i=1mi, if we take cvF to be of degree |v|. More-
over, the coefficients of this polynomial are all uniformly bounded in the limit regime Nθ → γ,
Mθ → qγ.

Proof. Each of ∂i,
1−σi
xi

,
1−σij

xi−xj
,

1−τij
xi+xj

reduces the degree of a monomial by 1, the constant term
of
[
Dm1

1 · · ·D
mN
N

]
exp(F (x1, . . . , xN )) is then obtained from some monomials of x1, . . . , xN of

degree
∑N

i=1mi. Since cvF is the coefficient of mv(x⃗) which is of degree |v|, by assigning cvF with
degree |v| one can pass the degree of the original monomials to their resulting constant terms.

Each Di is a sum of 2N single operators ∂i,
1−σi
xi

,
1−σij

xi−xj
and

1−τij
xi+xj

, in which 2N − 2 terms in-
volves a factor θ, and hence Dm1

1 · · ·D
mN
N is a sum of (2N)

∑N
i=1 mi products of single operators.

The constant term of each of these products acting on exp(F (x1, . . . , xN )) is changing with
θ, N , M as a muliple of θ

∑N
i=1 mi−#∂i in the product, and the number of such products is of or-

der O(N
∑N

i=1 mi−#∂i in the product). Hence as Nθ → γ the coefficient is uniformly bounded. ■

Proposition 4.13. For any partition λ, we have

N−l(λ)

l(λ)∏
i=1

Pλi

 exp(F (x1, . . . , xN ))
∣∣
x1=···=xN=0

=

l(λ)∏
i=1

(Di)
λi

 exp(F (x1, . . . , xN ))
∣∣
x1=···=xN=0

+O

(
1

N

)
,

in the limit regime Nθ → γ, Mθ → qγ, where O
(
1
N

)
is a homogeneous polynomial of cvF

(taking cvF to be of degree |v|) whose coefficients are of order O
(
1
N

)
.

Proof. Each Pλi
is a sum of N terms Dλi

j (j = 1, 2, . . . , N), hence
∏l(λ)

i=1 Pλi
is a sum of N l(λ)

such terms, in which O
(
N l(λ)−1

)
terms have not all distinct indices j. By Proposition 4.12, each

of these terms has uniformly bounded coefficient, hence they together contribute O
(
1
N

)
. As for

the remaining terms with all distinct indices, by symmetry of F (x1, . . . , xN ), their action are all
the same as

∏l(λ)
i=1 D

λi
i . ■

After all the reductions above, it remains to studyl(λ)∏
i=1

(Di)
λi

 exp(F (x1, . . . , xN ))
∣∣
x1=···=xN=0

for an arbitrary partition λ, whose expression should match the right side of (4.5). The expres-
sion on the right side of (4.5) can be split into three parts: the linear polynomials of cvF , the
terms involving only cvF where v are length 1 partitions, and all the other remaining terms. In the
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next two propositions, we deal with the first two cases separately. Before that we present several
lemmas that will be used in the proof. Consider the action of

∏l(λ)
i=1 D

λi
i on mµ(x⃗). Each Di is

a combination of ∂i +
[
θ(M −N + 1)− 1

2

]
1−σi
xi

and θ
[ 1−σij

xi−xj
+

1−τij
xi+xj

]
with N−1 choices of j ̸= i,

hence
∏l(λ)

i=1 D
λi
i will lead to a sum, whose summand are products of these two terms.

For a given i ∈ {1, 2, . . . , N}, we say that the component θ
[ 1−σij

xi−xj
+

1−τij
xi+xj

]
in Di has index j

(j ̸= i).

Lemma 4.14. For arbitrary partitions λ and µ, the constant term of
∏l(λ)

i=1 D
λi
i mµ(x⃗) has a ge-

neric part, which is a sum of product of components in Di of
∏l(λ)

i=1 D
λi
i , such that all the indices

j in the product are distinct, and all bigger than l(λ). The remaining part is of order O
(
1
N

)
in

the limit regime Nθ → γ, Mθ → qγ.

Proof. For k = 0, 1, . . . , |λ|, the number of summands in the remaining part (which means their
exists a pair of indices that coincides) with k components of θ

[ 1−σij

xi−xj
+

1−τij
xi+xj

]
is of order O(Nk−1),

and the power of θ in these summands is k. Since Nθ → γ > 0, the remaining part is a finite
sum of order O

(
Nk−1θk

)
, which is O

(
1
N

)
. ■

Because of this, we only consider the limit of the generic part of the expression. For simplicity,
we write l = l(λ).

Lemma 4.15. The generic part of constant term of
∏l

i=1D
λi
i mµ(x⃗) is given by[

Dλl−1
l ∂l

]
· · ·
[
Dλ2−1

2 ∂2
]
·
[
Dλ1−1

1 ∂1
]
mµ(x⃗). (4.12)

Proof. Let m = 1, 2, . . . , l denote the index of the operators Dm. For m = 1, because of the
symmetry, mµ(x⃗) is invariant under the action of σi, σij and τij , and hence Dimµ(x⃗) is equal
to ∂imµ(x⃗).

For m = 2, 3, . . . , l, after acting
[
D

λm−1−1
m−1 ∂m−1

]
· · ·
[
Dλ1−1

1 ∂1
]
on mµ(x⃗), since the generic

part has distinct indices j bigger than l(λ), we get some polynomial H(x1, . . . , xN ), where the
operators act on variables x1, . . . , xm−1 and xj (j > l). So H(x1, . . . , xN ) is still symmetric as
function of x2N and x2j′ for another different j

′ in the first copy of Dm, invariant again under the
action of σi, σij and τij . We conclude that

Dm

[
D

λm−1−1
m−1 ∂m−1

]
· · ·
[
Dλ1−1

1 ∂1
]
mµ(x⃗) = ∂m

[
D

λm−1−1
m−1 ∂m−1

]
· · ·
[
Dλ1−1

1 ∂1
]
mµ(x⃗). ■

Remark 4.16. One can replace mµ(x⃗) by F (x1, . . . , xN ) or exp(F (x1, . . . , xN )) in last lemma,
since these functions satisfy the same symmetry.

The next lemma considers the concrete action of Di on a polynomial of x1, . . . , xl.

Lemma 4.17. For an arbitrary l-tuple (n1, . . . , nl) ∈ Zl
≥0 and arbitrary i = 1, 2, . . . , l, we have

that for the generic part of Di,

Di

[
xn1
1 . . . xnl

l

]
=

(
∂i +

[
θ(M −N + 1)− 1

2

]
d′i + 2θ(N − 1)di

)[
xn1
1 · · ·x

nl
l

]
+
∑
j ̸=i

(
xjp

j
1 + xjp

j
2

)
,

where pj1, p
j
2 are some polynomials of x1, . . . , xl depending on (n1, . . . , nl), and di, d

′
i are linear

operators on polynomials of x1, . . . , xN such that

di(x
n
i ) =

{
0, n = 0,

2xn−1
i , n > 0,

d′i(x
n
i ) =

{
0, n is even,

2xn−1
i , n is odd.

Note that the action depends on whether the power of xi is odd or even.
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Proof. This follows directly from definition. More precisely, for j > l,

θ
1− σij
xi − xj

[
xn1
1 · · ·x

nl
l

]
= di

[
xn1
1 · · ·x

nl
l

]
+ xjp

j
1,

θ
1− τij
xi + xj

[
xn1
1 · · ·x

nl
l

]
= di

[
xn1
1 · · ·x

nl
l

]
+ xjp

j
2,

and

θ
1− σi
xi

[
xn1
1 · · ·x

nl
l

]
= d′i

[
xn1
1 · · ·x

nl
l

]
. ■

Proposition 4.18. For any even partition λ with |λ| = 2k, we havel(λ)∏
i=1

(Di)
λi

 exp(F (x1, . . . , xN ))
∣∣
x1=···=xN=0

= bλλ · cλF +
∑

µ : |µ|=2k,l(µ)>l(λ)

bλµ · c
µ
F +R+O

(
1

N

)
.

In particular,

lim
Nθ→γ,Mθ→qγ

bλλ =

l(λ)∏
i=1

[λi(λi − 2 + 2qγ)(λi − 2 + 2γ)(λi − 4− 2qγ)

× (λi − 4 + 2γ) · · · (2 + 2qγ)(2 + 2γ)2qγ].

The summand R is a polynomial of cvF that |v| < 2k. And O
(
1
N

)
denotes a linear polynomial

of cvF such that |v| = 2k, and the coefficients are of order O
(
1
N

)
in the limit regime of this

section.

Proof. Since the expression on the right is homogeneous of degree 2k, all the nonlinear terms
are collected as R, and it suffices to consider the linear terms, which is∑

µ : |µ|=2k, µ is even

bλµ · c
µ
F .

We classify all the even partition µ with |µ| = 2k in terms of their length. When l(µ) > l(λ),
there is nothing to show. When l(µ) ≤ l(λ), we want to show when µ ̸= λ, bλµ is of order O

(
1
N

)
.

Writing exp(F (x1, . . . , xN )) as power series of F (x1, . . . , xN ). Since each term in Di reduces
the total power of a monomial by 1, and F (x1, . . . , xN ) =

∑
µ : |µ|≤2k c

µ
F ·mµ(x⃗) where eachmµ(x⃗)

is homogeneous of degree |µ|, we see that bλµ is obtained from the action of
∏l(λ)

i=1 D
λi
i on the

single symmetric monomial mµ(x⃗).

Again let l = l(λ). By Lemmas 4.14 and 4.15, we first consider the generic part of
∏l(λ)

i=1 D
λi
i

×mµ(x⃗). When l(µ) < l, each monomial of mµ(x⃗) is missing some variable among x1, . . . , xl,
say xm. Then when acting the ∂m in (4.12), we get 0 since

[
D

λm−1−1
m−1 ∂m−1

]
· · ·
[
Dλ1−1

1 ∂1
]
does

not produce any power of xN to mµ(x⃗). And the remaining part of the action gives O
(
1
N

)
.

What remains is to consider the case l(µ) = l(λ), and we calculate the limit of bλµ. Again bλµ
is obtained from the action of

∏l(λ)
i=1 Di on mµ(x⃗). By Lemmas 4.14 and 4.15, we consider only

the generic part of the Dunkl product, and act it on the monomials of mµ(x⃗) separately. The
monomials with variables other than x1, . . . , xl are missing some variables, say xN (1 ≤ m ≤ l).
Then (4.12) again tells that these monomials only contribute O

(
1
N

)
.
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Now we consider monomials formed by x1, . . . , xl. For an arbitrary l-tuple (n1, . . . , nl) and
arbitrary i = 1, 2, . . . , l, by Lemma 4.17, we have

Di

[
xn1
1 . . . xnl

l

]
=

(
∂i +

[
θ(M −N + 1)− 1

2

] [
1− (−1)ni

]
di + θ(N − 1)di + θ(N − 1)di

)
×
[
xn1
1 · · ·x

nl
l

]
+
∑
j ̸=i

(
xjp

j
1 + xjp

j
2

)
.

One can see from the above expression that, after a single action of Di, x
n1
1 . . . , xnl

l splits
into two parts. The xi-power of the first part decreases by 1. The second part has a common
factor xj , and its xi-powers decreases as well while the powers of other variables are unchanged.
For the action of

∏l
i=1D

λi
i , we repeat the above action by another |λ| − 1 times. Since all

indices j are distinct, the second part has no chance to become a constant. Hence we only apply
the first part each time we apply one more single Di, and

∏l
i=1D

λi
i results in reducing power

of xi by λi. In the monomials of mµ(x⃗) where l(µ) = l(λ), only xλ1
1 . . . xλl

l survives as a nonzero
constant. More precisely (we use ≈ to omit the O

(
1
N

)
part),

bλλ ≈
[
z0
] l∏
i=1

Dλi
i mλ(x⃗) ≈

[
z0
] l∏
i=1

Dλi
i

[
xλ1
1 · · ·x

λl
l

]
≈
[
z0
]
[∂l + (2(N − 1)θ + 2(M −N + 1)θ − 1)dl][∂l + 2(N − 1)θdl] · · ·

× [∂l + 2(N − 1)θdl][∂l + (2(N − 1)θ + 2(M −N + 1)θ − 1)dl]∂l · · ·
× [∂1 + (2(N − 1)θ + 2(M −N + 1)θ − 1)d1][∂1 + 2(N − 1)θd1] · · ·

× [∂1 + 2(N − 1)θd1][∂1 + (2(N − 1)θ + 2(M −N + 1)θ − 1)d1]∂1
[
xλ1
1 · · ·x

λl
l

]
= [∂l + (2Mθ − 1)dl][∂l + 2(N − 1)θdl] · · · [∂l + 2(N − 1)θdl][∂l + (2Mθ − 1)dl]∂l · · ·
× [∂1 + (2Mθ − 1)d1][∂1 + 2(N − 1)θd1] · · · [∂1 + 2(N − 1)θd1][∂1 + (2Mθ − 1)d1]

× ∂1
[
xλ1
1 · · ·x

λl
l

]
.

As Nθ → γ, Mθ → qγ, the above expression converges to

[∂l + (2qγ − 1)dl][∂l + 2γdl] · · · [∂l + 2γdl][∂l + (2qγ − 1)dl]∂l · · ·

× [∂1 + (2qγ − 1)d1][∂1 + 2γd1] · · · [∂1 + 2γd1][∂1 + (2qγ − 1)d1]∂1
[
xλ1
1 · · ·x

λl
l

]
=

l∏
i=1

(λi − 1 + 2qγ − 1)(λi − 2 + 2γ)(λi − 3 + 2qγ − 1) · · · (2 + 2γ)(1 + 2qγ − 1)

=
l∏

i=1

λi(λi − 2 + 2qγ)(λi − 2 + 2γ)(λi − 4 + 2qγ)(λi − 4 + 2γ) · · · (2 + 2qγ)

× (2 + 2γ)2qγ.

The above argument also implies for l(µ) = l(λ), µ ̸= λ,

l(λ)∏
i=1

Dλi
i mµ(x⃗)

is of order O
(
1
N

)
, and so is bλµ. ■

The next proposition deals with the terms involving only length 1 partitions, and identify
them with L in (4.5).
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Proposition 4.19. For any even partition λ with |λ| = 2k, we havel(λ)∏
i=1

(Di)
λi

 exp(F (x1, . . . , xN ))
∣∣
x1=···=xN=0

=

l(λ)∏
i=1

([
z0
]
(∂ + 2γd+

(
(q − 1)γ − 1

2

)
d′ + ∗g)λi−1g(z)

)
+R+O

(
1

N

)
, (4.13)

where g(z) =
∑∞

n=1 nc
(n)
F zn−1, and ∂, d, d′ and ∗g are defined in Definition 4.6. Moreover, R

is a homogeneous polynomial of cvF that |v| ≤ 2k, and each monomial contains at least one cvF
that l(v) > 1, and O

(
1
N

)
is a homogeneous polynomial of cvF whose coefficients are of order O

(
1
N

)
in the limit regime Nθ → γ,Mθ → qγ.

Proof. Again by Lemmas 4.14 and 4.15, we only take the generic part of the action of Dunkl
operators, namely, all indices j involved are distinct and bigger than l(λ), and the remaining
part becomes O

(
1
N

)
in (4.13).

Moreover, we only consider the polynomials involving only c
(n)
F (n = 2, 4, . . . , 2k), which are

corresponding to m(n)(x⃗), and all other terms are collected in R and O
(
1
N

)
. Hence, we only

look at the actionl(λ)∏
i=1

(Di)
λi

 exp

(
2k∑
n=2

c
(n)
F m(n)(x⃗)

)∣∣∣
x1=···=xN=0

=

l(λ)∏
i=1

(Di)
λi

 N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)∣∣∣
x1=···=xN=0

.

Claim 4.20.l(λ)∏
i=1

(Di)
λi

 N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)∣∣∣
x1=···=xN=0

=

l(λ)∏
i=1

(
(Di)

λi−1∂i

[
N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)]∣∣∣
xi=0

)
. (4.14)

Proof. Since the indices j of Di are distinct and bigger than l(λ), for i1 ̸= i2, D
λi1
i1

and D
λi2
i2

are
acting on two groups of disjoint variables. Hence the action of each (Di)

λi factors. Moreover,
the first Di acts as ∂i for the same reason as in the proof of Lemma 4.15. ■

Without loss of generality, consider i = 1.

∂1

[
N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)]
= g(x1)

N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)
.

By (4.10)–(4.11), it suffices to consider the explicit action of Di on

H(x1)

N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)
,

where H(x1) is a polynomial of x1, and

D1

[
H(x1)

N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)]
= [D1H(x1) + g(x1)]

N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)
.
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Hence, we have for i = 1, 2, . . . , l(λ),

Dλi−1
i ∂i

[
N∏
t=1

exp

(
2k∑
n=2

c
(n)
F (xnt )

)]∣∣∣∣∣
x1=···=xN=0

= (Di + ∗g)λi−1g(xi)
∣∣
xi=0

.

Again by Lemmas 4.14, 4.15 and 4.17, up to O
(
1
N

)
error,

(Di + ∗g)λi−1g(xi)
∣∣
xi=0

≈
(
∂i + 2(N − 1)θdi +

[
θ(M −N + 1)− 1

2

]
d′i

)λi−1

g(xi)
∣∣
xi=0

Mθ→qγ−−−−−→
Nθ→γ

(
∂i + 2γdi +

[
(q − 1)γ − 1

2

]
d′i + ∗g

)λi−1

g(xi)
∣∣
xi=0

,

and plugging this back to (4.14) givesl(λ)∏
i=1

(Di)
λi

 N∏
t=1

exp

(
2k∑
n=1

c
(n)
F (xnj )

)∣∣
x1=···=xN=0

=

l(λ)∏
i=1

([
z0
](

∂ + 2γd+

[
(q − 1)γ − 1

2

]
d′ + ∗g

)λi−1

g(z)

)
+O

(
1

N

)
.

Proposition 4.19 then follows. ■

Combining all the results above in this section, we arrive at the expansion (4.5) representing
action of Dunkl operators on exp(F (x1, . . . , xN )).

Proof of Theorem 4.9. By Propositions 4.12 and 4.13, the left side of (4.5) is a homogeneous
polynomial of cvF of degree 2k with uniformly bounded coefficients in the limit regime. The right
side of (4.5) is a combination of Proposition 4.18 which gives

bλλ · cλF +
∑

µ : |µ|=2k, l(µ)>l(λ)

bλµ · cvF

and 4.19 (which gives polynomial L), and note that the only possible overlap of linear terms and
terms involving only length 1 partitions is when λ itself is (2k), which gives the term subtracted
in (4.6). ■

4.4 q-γ convolution

After stating the equivalence in Theorem 4.8, Theorem 1.12 follows as a direct consequence.

Proof of Theorem 1.12. For each M ≥ N , θ > 0, let Ga
θ,N,M , Gb

θ,N,M , Gc
θ,N,M , denote

the type BC Bessel generating function of a⃗(N), b⃗(N) and c⃗N = a⃗(N)⊞θ
N,M b⃗(N). Then

Gc
θ,N,M (x1, . . . , xN ) = Ga

θ,N,M (x1, . . . , xN ) ·Gb
θ,N,M (x1, . . . , xN ),

and hence partial derivatives of ln(Gc
θ,N,M ) are equal to the sum of the ones of ln(Gb

θ,N,M )
and ln(Ga

θ,N,M ). By assumption of the theorem, {a⃗(N)} and
{⃗
b(N)

}
satisfy LLN condition,

then by Theorem 4.8 they are q-γ-LLN appropriate. Hence by Definition 4.2 {c⃗N} is also q-γ-
LLN appropriate. By Theorem 4.8, again {c⃗N} satisfies LLN. ■
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5 q-γ cumulants and moments

Fix q ≥ 1, γ > 0, in this section we continue with the limit regime N,M → ∞, θ → 0,
Nθ → γ, Mθ → qγ. Definition 4.6 introduces a map Tq,γ

κ→m in terms of operators, that sends
the real sequence {κl}∞l=1 to another real sequence {mk}∞k=1. We keep the interpretation from
Theorem 4.8, that is, we call {κl}∞l=1 the q-γ cumulants and take κl = 0 for all odd l. In this
section, we give a more combinatorial description of T q,γ

κ→m. After that, we also provide an
explicit relation of T q,γ

m→κ in terms of generating functions, and by taking q, γ to some extreme
values, we set the connections of our q-γ-cumulants to the usual cumulants and (rectangular)
free cumulants in free probability theory, and also to the γ-cumulants defined in [8], that arises
in the high temperature regime of self-adjoint matrix additions.

5.1 From q-γ cumulants to moments

We start by introducing some basic notions of set partitions, which are necessary for the state-
ment of the main theorem.

For k ∈ Z≥1, a set partition π of [k] is a way to write [k] := {1, 2, . . . , k} as disjoint union of
sets B1, . . . , Bs for some s. We write π = B1 ⊔ B2 ⊔ · · · ⊔ Bs, and denote the space of all set
partitions of [k] by P (k). Given a set partition π, for each Bi let min(Bi) and max(Bi) denote
the minimal and maximal number in the subset Bi of [k], and for simplicity, we label B1, . . . , Bs

by min(Bi) in increasing order.
In this paper, we are in particular interested in the non-crossing partitions.

Definition 5.1. Fix k ∈ Z≥1, a set partition π = B1 ⊔ · · · ⊔Bs of [k] is non-crossing if for any
l = 2, . . . , s, and any j = 1, 2, . . . , l − 1, the elements in Bj are either bigger than max(Bl) or
smaller than min(Bl). See Figure 1. Denote the set of all non-crossing partitions of [k] by NC(k).

Each set partition can be realized visually as a collection of blocks B1, . . . , Bs with k legs
in total. We say that |Bi|, the number of elements in Bi, is the size of Bi, which also counts
the number of legs in the corresponding block, see Figure 1. From this point of view, π is
non-crossing if and only if the legs of one block does not cross any other blocks.

1 2 3 4 5 6 1 2 3 4 5 6

non-crossing partition crossing partition

Figure 1. The graph on the left represents a noncrossing partition π of [6], where B1 = {1, 4, 6},
B2 = {2, 3}, B3 = {5}, and the graph on the right represents a crossing partition π′ of [6], where

B1 = {1, 3, 6}, B2 = {2, 4}, B3 = {5}.

Next we define a quantity associated with the non-crossing set partition π.

Definition 5.2. Given π = B1 ⊔ · · · ⊔ Bs ∈ NC(k), for i = 1, 2, . . . , s, let Pi = # of elements
in B1, . . . , Bi bigger than min(Bi), and Qi = # of elements in B1, . . . , Bi bigger than max(Bi)
(note that Pi − Qi = |Bi| − 1 by definition of π being non-crossing). Let C1, C2, . . . be the
countable sequence of constants

2qγ, 2γ + 2, 2qγ + 2, 2γ + 4, 2qγ + 4, 2γ + 6, 2qγ + 6, . . . ,

respectively. Then we define W (π) =
∏s

i=1

[
CQi+1CQi+2 · · ·CPi

]
.
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Example 5.3. In Figure 2, π is a non-crossing partition of [14], such that B1 = {1, 7, 8},
B2 = {2, 3, 6}, B3 = {4, 5}, B4 = {9, 10, 13, 14}, and B5 = {11, 12}. Moreover, P1 = 2,
Q1 = 0, P2 = 4, Q2 = 2, P3 = 4, Q3 = 3, P4 = 3, Q4 = 0, P5 = 3, Q5 = 2, so W (π) =
C1C2 · C3C4 · C4 · C1C2C3 · C3 = C2

1C
2
2C

3
3C

2
4 = (2qγ)2(2γ + 2)2(2qγ + 2)3(2γ + 4)2.

1 2 3 4 5 6 7 8 9 10 11 12 13 14

Figure 2. The graphical representation of the non-crossing partition in Example 5.3.

We also introduce a notion of even partition that will be used later.

Definition 5.4. We say π is even if |B1|, . . . , |Bs| are all even, and denote the collection of all
non-crossing even set partitions of [2k] by NC(2k), for some k ∈ Z≥1.

The following main theorem of this section gives the combinatorial expression of moments as
polynomials of q-γ cumulants, whose coefficients are given by W (π).

Theorem 5.5 (q-γ cumulants to moments formula). Let {κl}∞l=1, {mk}∞k=1 be two real sequences
such that κl = 0 for all odd l, and {m2k}∞k=1 = Tq,γ

κ→m({κl}∞l=1). Then for any k = 1, 2, . . . ,

m2k−1 = 0, m2k =
∑

π∈NC(2k)

W (π)
∏
Bi∈π

κ|Bi|. (5.1)

Remark 5.6. It is well known (see, e.g., [36, Proposition 9.8]) that non-crossing partitions are in
bijection with the so-called Lukasiewicz paths, i.e., lattice paths whose steps take value in Z≥−1

with starting and ending point at height 0. Therefore, the cumulant expression in (5.1) for m2k

can be rewritten as a weighted sum over Lukasiewicz paths of length 2k. Such interpretation
is used in the subsequent work [26] and [12]. In particular, the moment expression in [12,
Theorem 3.7] is similar to (5.1) and [8, Theorem 3.10]. But notice that in [12] Lukasiewicz paths
are not allowed to have horizontal steps at height 0.

Example 5.7. By manipulating (5.1), we have the explicit expression of the first two nontrivial
moments in terms of q-γ cumulants

m2 = 2qγκ2, m4 = 2qγ(2γ + 2)(2qγ + 2)κ4 +
[
(2qγ)2 + 2qγ(2γ + 2)

]
κ22. (5.2)

Proof of Theorem 5.5. Recall from Definition 4.6 that

m2k =
[
z0
](

∂ + 2γd+

[
(q − 1)γ − 1

2

]
d′ + ∗g

)2k−1

g(z),

where g(z) =
∑∞

l=1 κlz
l−1, i.e., we act the operator D := ∂+2γd+

(
(q − 1)γ − 1

2

)
d′+∗g on g(z)

by 2k − 1 times, then take the constant term of the resulting expression.

An explicit calculation shows that

∂ + 2γd+

[
(q − 1)γ − 1

2

]
d′ + ∗g =

∞∑
l=1

Ul + d̃,
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where Ul, l = 1, 2, . . . , and d̃ are linear operators acting on polynomials of z, such that for
m ∈ Z≥0,

Ul(z
m) = κlz

m+l−1, d̃(zm) =


(2qγ +m− 1)zm−1, m is odd;

(2γ +m)zm−1, m is even, m ≥ 1,

0, m = 0.

Therefore,

m2k =
∑

T (n) : 1≤n≤2k

[
z0
] 2k∏
n=1

T (n)(1),

where the summation in the last line is over the finitely many choices of the operators T (n).
More precisely, each T (n) takes value among U1, . . . , U2k and d̃. For each product T (2k) · · ·T (1)
with nonzero constant term, one can check easily that there is a one-to-one correspondence with
a non-crossing partition π = B1 ⊔ · · · ⊔Bs of [2k] as follows:

� if T (n) = Ul for some l ≥ 1, then the nth leg of π is the first leg of a block of size l,

� otherwise T (n) = d̃, and the nth leg of π is not the first leg of the block it belongs to,

� the non-crossing condition of π then gives a unique way to group the legs.

Moreover, one can check by definition that under such correspondence,

[
z0
]
T (2k) · · ·T (1)(1) = W (π)

s∏
i=1

κ|Bi|.

This finishes the proof. ■

Example 5.8. To help clarifying the proof idea of Theorem 5.5, the partition in Example 5.3
is corresponding to the product T (14) · · ·T (1), where T (1) = T (2) = U3, T (4) = T (11) = U2,
T (9) = U4, and all the rest of the operators are equal to d̃.

5.2 From moments to q-γ-cumulants

Recall that T q,γ
κ→m is invertible, and for each l = 1, 2, . . . , κ2l is a polynomial of m2,m4, . . . ,m2l

with leading term as a multiple of m2l. For example, by reversing (5.2), we have

κ2 =
1

2qγ
m2, κ4 =

1

2qγ(2γ + 2)(2qγ + 2)

[
m4 −

(
1 +

γ + 1

qγ

)
m2

2

]
.

For the more general cases, we express the generating function of q-γ cumulants by the
generating function of moments.

Theorem 5.9. Let {m2k}∞k=1, {κl}∞l=1 be two real sequences such that

{κl}∞l=1 = Tq,γ
m→κ({m2k}∞k=1).

Then κl = 0 for all odd l, and

exp

[
γ

∞∑
k=1

m2k

k
y2k

]
=

∞∑
n=0

cn · y2n, exp

[ ∞∑
l=1

κ2l
2l

y2l

]
=

∞∑
n=0

cn
(γ)n(qγ)n

2−2ny2n (5.3)
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for some auxiliary sequence {cn}∞n=0. Here we use the Pochhammer symbol notation

(x)n :=

{
x(x+ 1) · · · (x+ n− 1) if n ∈ Z≥1,

1 if n = 0.

Alternatively, one has the more compact expression

exp

[ ∞∑
l=1

κ2l
2l

y2l

]
=
[
z0
]{ ∞∑

n=0

(yz)2n

(γ)n(qγ)n
2−2n · exp

[
γ

∞∑
k=1

m2k

k
z−2k

]}
. (5.4)

Before giving the proof, we first present two technical results that will be used.

Lemma 5.10.

(a) The following Taylor series expansion holds:

∞∑
k=0

Q(k)

(
a21, . . . , a

2
N ; θ

)
y2k =

N∏
i=1

(
1− a2i y

2
)−θ

. (5.5)

(b) For θ > 0, y ∈ C and a⃗ = (a1 ≥ · · · ≥ aN ≥ 0),

B
(
a⃗, y, 0N−1; θ

)
=

∞∑
k=0

1

(Nθ)k(Mθ)k
2−2kQ(k)

(
a21, . . . , a

2
N ; θ

)
y2k,

where Q(k)

(
a2N ; θ

)
is defined in (2.2), and (k) denotes the partition (k, 0, . . . , 0) ∈ ΛN .

Moreover, the power series converges uniformly in a domain near 0.

Proof. (a) is a well known result that can be found in [30, p. 378 and p. 380]. (b) follows from
Definition 2.5 and (2.2), after taking (x1, . . . , xN ) =

(
y, 0N−1

)
. ■

Proof of Theorem 5.9. First we note that (5.3) and (5.4) are equivalent by comparing the
coefficients for y2n for each n = 0, 1, 2, . . . , and we will prove (5.3).

For now, we assume that there exists a probability measure µ supported on [0, η] for some
η > 0, such that for k = 1, 2, . . . , m2k =

∫
xkdµ.

We take a sequence of deterministicN -tuples {a⃗(N)}∞N=1 such that a⃗(N) = (aN,1, . . . , aN,N ) ∈
[0,
√
η]N , and define µN = 1

N

∑N
i=1 δa2N,i

. We choose {a⃗(N)} in a way that µN → µ weakly as
N → ∞. This implies that the moments of µN also converge pointwisely to the corresponding
moments of µ, i.e.,

1

N

N∑
i=1

a2kN,i −→ m2k.

In other words, {a⃗(N)}∞N=1 satisfies the LLN condition, and by Theorem 4.8 {a⃗(N)}∞N=1 is
q-γ-LLN-appropriate.

By Lemma 5.10 (a),

∞∑
k=0

Q(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
y2k =

N∏
i=1

(
1− a2N,iy

2
)−θ

= exp

[
− θ

N∑
i=1

ln
(
1− a2N,iy

2
)]

= exp

[
θN

∞∑
k=1

y2k

k

1

N

N∑
i=1

(aN,i)
2k

]
(5.6)
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as a formal power series. Taking N → ∞, θ → 0, Nθ → γ, the coefficients of the expo-
nent on the right side converge by the LLN assumption, which implies the convergence of
Q(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
for each k ∈ Z≥0. Then the above equality becomes

∞∑
k=0

ck · y2k = exp

[
γ

∞∑
k=1

mk

k
y2k

]
, (5.7)

where ck is the point-wise limit of Q(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
. This defines {ck}∞k=1 in terms of

{m2k}∞k=1.

On the other hand, since µN is deterministic, its type BC Bessel generating function is equal
to its Bessel function. And we have for l = 1, 2, . . .(

∂

∂y

)2l

ln
[
B
(
a⃗(N), y, 0N−1; θ

)]∣∣
y=0

Mθ→qγ−−−−−→
Nθ→γ

(2l − 1)! · κ2l.

By Lemma 5.10 (b), the above equation is equivalent to

(
∂

∂y

)2l

ln

[ ∞∑
k=0

1

(Nθ)k(Mθ)k
2−2kQ(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
y2k

]∣∣∣∣
y=0

Mθ→qγ−−−−−→
Nθ→γ

(2l − 1)! · κ2l. (5.8)

Also, since type BC Bessel function is analytic over x1, . . . , xN , so is its logarithm near 0, and
by Taylor expanding ln

[∑∞
k=0

1
(Nθ)k(Mθ)k

2−2kQ(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
y2k
]
we see that each κ2l

is a polynomial of finitely many terms 1
(Nθ)k(Mθ)k

2−2kQ(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
, each of which

converges to 1
(γ)k(qγ)k

2−2kck.

We claim that as Nθ → γ, Mθ → qγ,
∑∞

k=0
1

(Nθ)j(Mθ)j
2−2kQ(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
y2k con-

verges uniformly on a domain near 0. Indeed, the pointwise convergence of coefficient of y
is already given above, and to obtain a tail bound of the power series, first note that we have
assumed that aN,i are uniformly bounded, then by writing each Q(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
as a con-

tour integral of the right side of (5.5) on the circle {z : |z| = r} for some r small enough, we
see that Q(k)

(
a2N,1, . . . , a

2
N,N ; θ

)
are uniformly bounded by C · r−2k for some constant C and r.

By (5.6), (5.7), the limit is

∞∑
k=0

ck
(γ)k(qγ)k

y2k,

but since the uniform convergence of analytic functions implies convergence of derivatives, it is
also equal to exp

[∑∞
l=1

κ2l
2l y

2l
]
by (5.8). Hence these two functions are equal.

It remains to generalize to the case where m2,m4, . . . are arbitrary real sequence. For each
l = 1, 2, . . . , κ2l is a polynomial hl(m2,m4, . . . ,m2l) of degree at most l, where the expression
of hl is given by (5.4), while on the other hand, for each κ2l, (5.1) gives another polynomial of
degree at most l, such that κ2l = h′l(m2,m4, . . . ,m2l). What we need to show is that hl = h′l for
all l.

Fix l ≥ 1. We have already shown that hl(m2,m4, . . . ,m2l) = h′l(m2,m4, . . . ,m2l), when
m2,m4, . . . ,m2l are the first l moments of some compactly supported probability measure µ
on R≥0. Clearly, there exists more than l such choices of m2,m4, . . . ,m2l, and therefore by
fundamental theorem of algebra these two polynomials coincide. The same argument holds for
arbitrary l ≥ 1. ■
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5.3 Connections to self-adjoint additions

Let A, B be two independent N × N matrices, uniformly chosen from the sets of self-adjoint
matrices with deterministic eigenvalues a1 ≥ · · · ≥ aN and b1 ≥ · · · ≥ bN respectively. The
study of eigenvalues of C = A + B dates back to [42], which considers the empirical measure
of C in fixed temperature regime. in the high temperature regime, it was first considered by [35]
which introduced the notion of “high temperature convolution”, and studied later in several texts
including [8, 34] and [33]. In particular, it was proved rigorously that when N →∞, θ → 0
and Nθ → γ, assuming the empirical measure of A, B converge to some deterministic proba-
bility measure µA, µB on R, then the empirical measure of C converges to some deterministic
probability measure µC , which is named as the γ-convolution of µA and µB.

There is a collection of quantities {κγl }
∞
l=1 introduced in [35] and [8] independently by different

approaches, such that κγl (µC) = κγl (µA)+κγl (µB) for each l ≥ 1. In the following, we refer to [8].
We write {m′

k}∞k=1 = Tγ
κ→m

({
κγl
}∞
l=1

)
, where m′

k ∈ R denotes the kth moment of the limiting
empirical measure, and Tγ

κ→m is a map that gives moment-cumulant relation of γ-convolution.
While in this paper we are considering addition of a different type of matrices, we find a limit
transition in the high temperature regime from rectangular addition to self-adjoint addition,
which is stated in terms of cumulants.

Theorem 5.11. Given a real sequence {κl}∞l=1 such that κl = 0 for all odd l, let {m2k}∞k=1 =
Tq,γ
κ→m({κl}∞l=1), m

′
k = m2k

(qγ)k
, κ′l = 22l−1κ2l for l = 1, 2, . . . . Then

lim
q→∞
{m′

k}∞k=1 = Tγ
κ→m({κ′l}∞l=1).

Proof. This follows from a straightforward limit transition of (5.3) under the assigned rescaling,
and the moment-cumulant relation of γ-convolution in [8, Theorem 3.11]. ■

Moreover, we point out that the combinatorial moment-cumulant formula of γ-convolution,
given in [8, Theorem 3.10] can be expressed in an alternate way similar to our Theorem 5.5.

Proposition 5.12. Let {m′
k}∞k=1 = Tγ

κ→m

({
κγl
}∞
l=1

)
. Then for each k = 1, 2, . . . ,

m′
k =

∑
π∈NC(k)

W (π)
∏
Bi∈π

κγ|Bi|,

where W (π) is defined in the same way as in Definition 5.2, after replacing the values of
C1, C2, . . . to be γ + 1, γ + 2, . . . .

Proof. By [8, Definition 3.7 and Theorem 3.8], mk =
[
z0
]
(∂ + γd + ∗g)k−1g(z), k = 1, 2, . . . .

The statement then follows from the similar argument as in the proof of Theorem 5.5. ■

5.4 Connections to the classical convolutions

Recall from previous sections that, limit of ⊞θ
N,M gives the q-γ convolution ⊞q,γ of two (virtual)

probability measures on R, which is linearized by q-γ cumulants. We show in this section that,
under certain limit transition of the parameters q, γ, ⊞q,γ converge to the usual convolution,
free convolution, and rectangular free convolution respectively.

We first provide the connection of q-γ cumulants to usual cumulants. For this, we recall the
combinatorial classical moment-cumulant formula: for k = 1, 2, . . . ,

mk =
∑

π′∈P (k)

s∏
i=1

κ′|Bi|,

where {κ′l}∞l=1 stands for the usual cumulants, and P (k) is the set of all set partitions of [k]. We
denote the map that sends {mk}∞k=1 to {κ′l}∞l=1 by T0

m→κ.
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Theorem 5.13. Given a real sequence {m2k}∞k=1, let

{κl}∞l=1 = Tq,γ
m→κ({m2k}∞k=1), κ′l = (qγ)l22l−1(l − 1)!κ2l,

then

lim
γ→0,qγ→∞

{κ′l}∞l=1 = T0
m→κ({m2k}∞k=1). (5.9)

Proof. By Theorem 5.5, after rescaled by (qγ)k, the coefficient W (π) does not vanish asymp-
totically only if for each i = 1, 2, . . . ,m, 2li − 1 := Pi − Qi, there are li terms in CQi+1 · · ·CPi

that contain qγ. Hence each Qi must be even.
Recall that NC(k) denote the space of all (not necessary even) non-crossing partitions. We

say a non-crossing even partition π of [2k] is equivalent to π′ ∈ NC(k), if there exists some
π′ ∈ NC(k) = B′

1 ⊔ · · · ⊔ B′
s, such that by replacing all element j ∈ Bi by {2j − 1, 2j}, we get

the set Bi, for any i = 1, 2, . . . ,m.

Claim 5.14. For π = B1 ⊔ · · · ⊔Bs ∈ NC(2k), each Qi is even if and only if π is equivalent to
some π̃ ∈ NC(k).

Proof. The “if” part is clear. For the “only if” part, just notice that when π is even, non-
crossing and each Qi is even, max(Bi) turn out to be all even. The statement then follows by
going over all the legs in the graphical representation of π from right to left. ■

Set C̃i = i, then after taking the limit,

CQi+1 · · ·CPi

(qγ)li
γ→0−−−−→

qγ→∞
22li−1C̃Qi+1 · · · C̃Pi .

In other words,

m2k =
∑

π=B1⊔···⊔Bs∈NC(2k)

W (π)
∏
B∈π

κ|Bi|

γ→0−−−−→
qγ→∞

∑
π̃=B̃1⊔···⊔B̃s∈NC(k)

s∏
i=1

[(Qi + 1) · · · (Pi) · κ′|B̃i|
]

= lim
γ→0

∑
π̃=B̃1⊔···⊔B̃s∈NC(k)

s∏
i=1

[(γ +Qi + 1) · · · (γ + Pi) · κ′|B̃i|
]

= lim
γ→0

Tγ
κ→m({κ′l}∞l=1) = T0

κ→m({κ′l}∞l=1) =
∑

π′=B′
1⊔···⊔B′

s∈P (k)

s∏
i=1

κ′|B′
i|
.

The two equalities in the second to last row hold by Proposition 5.12 and [8, Theorem 8.2],
respectively. Then (5.9) follows from acting T0

m→κ on both sides. ■

Corollary 5.15. For two real sequences {ma
2k}∞k=1,

{
mb

2k

}∞
k=1

, set ma
2k−1 = mb

2k−1 = 0 for
k = 1, 2, . . . , and define

{mc
k}∞k=1 := lim

γ→0,qγ→∞

[
{ma

k}∞k=1 ⊞q,γ

{
mb

k

}∞
k=1

]
.

Then mc
2k−1 = 0 for k = 1, 2, . . . , and the usual cumulants of {mc

2k}∞k=1 are given by the sum of
the corresponding usual cumulants of {ma

2k}∞k=1 and
{
mb

2k

}∞
k=1

, i.e.,

T0
m→κ

(
{mc

2k}∞k=1

)
= T0

m→κ

(
{ma

2k}∞k=1

)
+T0

m→κ

({
mb

2k

}∞
k=1

)
.
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Remark 5.16. Suppose µa, µb are two probability measures on R≥0 that for k = 1, 2, . . .

ma
2k =

∫
xkdµa, mb

2k =

∫
xkdµb,

then {mc
2k}∞k=1 are the moments of the usual convolution of µa and µb.

Next, we consider ⊞q,γ and match its asymptotic behavior with the free convolution and rect-
angular free convolution. Before that we recall the definitions of their corresponding cumulants.
For k ∈ Z≥1, let T′

r→m denote the map sending the real sequence {rl}∞l=1 of free cumulants to
the sequence {mk}∞k=1 of moments. Then there is a moment-cumulant formula

mk =
∑

π=B1⊔···⊔Bs∈NC(k)

∏
B∈π

r|Bi|

for {mk}∞k=1 = T′
r→m({rl}∞l=1). See, e.g., [37] for a reference.

Similarly, as defined in [6, Section 3.1], rectangular free cumulants are a real sequence {cql }
∞
l=1

parametrized by q ≥ 1, such that for l = 1, 2, . . . , cq2l−1 = 0, and cq2l are related with mo-
ments {mk}∞k=1 by the following identities:

m2k =
∑

π∈NC(2k)

q−e(π)
∏
B∈π

c|Bi|, (5.10)

where e(π) = # of blocks Bi with even min(Bi), andm2k−1 = 0 for k = 1, 2, . . . . Denote the map
sending even moments to rectangular free cumulants by T∞

m→κ, i.e., T
∞
m→κ({m2k}∞k=1) = {cl}∞l=1.

Theorem 5.17. Given a real sequence {m2k}∞k=1, q ≥ 1, let

{κl}∞l=1 = Tq,γ
m→κ({m2k}∞k=1), rγl = (2γ)l−1q

l
2 · κl.

Then we have the following:

(a) limγ→∞{rγl }
∞
l=1 = T∞

m→κ({m2k}∞k=1).

(b) limγ→∞{rγl }
∞
l=1 = T′

m→r({m2k}∞k=1), when q = 1.

Remark 5.18. (b) is a special case of (a) when q = 1. Such connection of rectangular free
convolution and free convolution was first pointed out in [6, Remark 2.2].

Proof. It suffices to prove (a). By Theorem 5.5,

m2k =
∑

π∈NC(2k)

W (π)
∏
B∈π

κ|Bi|,

where Ci(i = 1, 2, . . . ) are 2qγ, 2γ+2, 2qγ+2, 2γ+4, 2qγ+4, . . . . Hence by taking γ →∞, the
right side above becomes∑

π∈NC(2k)

q−n(π)
∏
B∈π

C|Bi|, (5.11)

where n(π) := # of blocks Bi such that Qi is odd. Since

Qi is odd ⇐⇒ there are odd elements of B1, . . . , Bi−1 bigger than max(Bi)

⇐⇒ there are odd elements of B1, . . . , Bi−1 smaller than min(Bi)

⇐⇒ min(Bi) is even,

n(π) = e(π), and (5.11) is equal to the right side of (5.10). ■



Rectangular Matrix Additions in Low and High Temperatures 45

Recall also that similar to q-γ convolution, free convolution and rectangular free convolution
are both binary operation of two probability measures linearized by free cumulants. Therefore,
Theorem 5.17 implies the following.

Corollary 5.19. Given q ≥ 1, for two real sequences {ma
2k}∞k=1,

{
mb

2k

}∞
k=1

, set ma
2k−1 =

mb
2k−1 = 0 for k = 1, 2, . . . , and define

{mc
k}∞k=1 := lim

γ→∞

[
{ma

k}∞k=1 ⊞q,γ

{
mb

k

}∞
k=1

]
.

Then the free cumulants of {mc
k}∞k=1 are given by the sum of the corresponding rectangular free

cumulants of {ma
k}∞k=1 and

{
mb

k

}∞
k=1

, i.e.,

T∞
m→κ

(
{mc

k}∞k=1

)
= T∞

m→κ

(
{ma

k}∞k=1

)
+T∞

m→κ

({
mb

k

}∞
k=1

)
.

Remark 5.20. Suppose µa, µb are two symmetric probability measures on R that for k =
1, 2, . . .

ma
k =

∫
xkdµa, mb

k =

∫
xkdµb,

then {mc
k}∞k=1 are the moments of the rectangular free convolution of µa and µb.

Remark 5.21. Similar results hold for free convolution when q = 1.

5.5 Law of large numbers of Laguerre β ensembles

For M ≥ N and θ = 1
2 , 1, 2, let X be an N × M rectangular random matrix, whose en-

tries are real/complex/real quaternionic i.i.d. Gaussian random variables N (0, 1)/N (0, 1) +
iN (0, 1)/N (0, 1) + iN (0, 1) + jN (0, 1) + kN (0, 1). One can check directly that X satisfies
the same invariant property given in Section 2.4, with N random singular values x⃗N = (xN,1 ≥
· · · ≥ xN,N ≥ 0).

The density of x⃗N is (see, e.g., [16, Chapter 3])

f(x⃗N ; θ,N,M) =
1

Zθ,N,M

N∏
i=1

[
x
2θ(M−N+1)−1
N,i exp

(
−1

2
x2N,i

)] ∏
1≤j<k≤N

(
x2N,j − x2N,k

)2θ
,

where Zθ,N,M is the normalizing constant. While for general θ > 0 there is again no skew field
of real dimension 2θ, f(x⃗N ; θ,N,M) continues to make sense, and is defined as the so-called
Laguerre β ensemble.

Remark 5.22. It is easy to check that f(x⃗N ; θ,N,M) is an exponential decaying measure
defined in Definition 2.19, and therefore by Theorem 2.21, its type BC Bessel generating function
is defined and well-behaved under the action of type BC Dunkl operators.

Proposition 5.23. Let GL
θ,N,M (x1, . . . , xN ) denote the type BC Bessel generating function∫

xN,1≥···≥xN,N≥0
B(x⃗N , x1, . . . , xN ; θ,N,M)f(x⃗N ; θ,N,M)dxM,1 · · · dxN,N ,

then

GL
θ,N,M (x1, . . . , xN ) = exp

[
1

2

(
x21 + · · ·+ x2N

)]
.
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Proof. For θ = 1
2 , 1, 2, one can use Definition 2.3 and check this by hand. For general θ > 0,

this is a special case of [38, Proposition 2.37 (2)], such that in that identity y is set to be 0, and
our B(⃗a, x1, . . . , xN ; θ,N,M) is a symmetric version of Ek(x, z), see [38, Definition 2.35]. ■

For each θ, N , M , denote the random empirical measure of f(x⃗N ; θ,N,M) by µθ,N,M :=
1
N

∑N
i=1 δx2

N,i
.

Theorem 5.24. As N → ∞,M → ∞, θ → 0, Nθ → γ,Mθ → qγ, µθ,N,M −→ µq,γ weakly
in moments, where µq,γ is a probability measure on R≥0, which is uniquely determined by its
moments

m′
k =

∫
R≥0

xkdµq,γ =
∑
π

k∏
i=1

CPi , for k = 1, 2, . . . , (5.12)

where Cl, Pi are defined in the same way as in Section 5.1, and π goes over all non-crossing
perfect matchings of [2k].

Remark 5.25. The weak convergence of µθ,N,M to µq,γ in probability was already proved in [3],
in which the authors give an explicit density of µq,γ in terms of the Whittaker function.

Proof. By taking logarithm and partial derivatives of GL
θ,N,M , we have that {x⃗N} is q-γ-LLN

appropriate with q-γ cumulant κ2 = 1, κl = 0 for l ̸= 2. By Theorem 5.5, only the set partitions
that are formed by blocks of size two survive, and in this case Pi = Qi + 1. (5.12) is then
specified from (5.1).

Since the existence of probability measure µq,γ is known by [3], it remains to show that the
moments in (5.12) does correspond to a unique probability measure. This is the so-called Stieltjes
moment problem, since the (potential) corresponding measure lies on [0,∞), see, e.g., [1]. We

need to check
∑∞

k=1(m
′
k)

− 1
2k = ∞. Again by (5.12), m′

k is a sum of
∏k

i=1CPi . Among these
summands the biggest term corresponds to Pi = i for i = 1, 2, . . . , k, and

k∏
i=1

CPi ≤W (W + 2)(W + 4) · · · (W + 2k − 2) = 2k
Γ
(
W
2 + k

)
Γ
(
W
2

) ,

where W := max{2qγ − 2, 2γ}. The number of non-crossing perfect matching is Cat(k) =
1

k+1

(
2k
k

)
, the kth Catalan number. Multiplying these two gives an upper bound of m′

k. By
Stirling approximation, it turns out that (m′

k)
− 1

2k ≤W1 ·
√
k for some positive constant W1.

Hence the series diverges. ■

The limiting measure µq,γ is an q-γ analog of the Gaussian and semicircle law, in the sense
that their only nonvanishing (q-γ/classical/free) cumulant is κ2 = 1.

Moreover, the connections to the usual and free convolution in Section 5.4 continues to hold
in this special case. Indeed, one can show from (5.12) that

m′
k

(qγ)k
γ→0−−−−→

qγ→∞

∑
π

k∏
i=1

(2),

where π goes over all set partitions of [k] into k blocks (which is indeed a single one), since
any other non-crossing perfect matching has coefficient with C2 = 2γ + 2, and therefore after
rescaled by (qγ)k this term vanishes in the limit. The sum on the right is equal to 2k, which
means m′

k = 2k, and µq,γ −→ δ2 weakly when qγ →∞, γ → 0.
On the other hand, by taking q = 1, γ →∞, (5.12) becomes

m′
k

(2γ)k
−→ # of non-crossing perfect matchings of [2k] = Cat(k).

Cat(k) is exactly the 2kth moment of the semicircle law.
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6 A match of convolutions in high and low temperature

After studying the behavior of rectangular matrix additions in both low and high temperatures,
we present a quantitative connection between these two regimes.

Recall that in the low temperature regime, given two deterministic N -tuples a⃗, b⃗, the limit of
c⃗ = a⃗⊞θ

N,M b⃗ is a deterministic N -tuple λ⃗, where λ⃗ is the (N,M)-rectangular finite convolution
of a⃗ and b⃗. For an N -tuple a⃗ = (a1, . . . , aN ), let ri = a2i for i = 1, 2, . . . , N . Let m′

k =
1
N

(
rk1 + · · · + rkN

)
be the finite version of moments, for k = 1, 2, . . . , N . Then the (N,M)-

rectangular finite convolution of a⃗ and b⃗ can be thought of as a deterministic binary operation
of {m′

k (⃗a)}Nk=1 and {m′
k (⃗b)}Nk=1. Similarly, we view the q-γ convolution of {ma

k}∞k=1 and
{
mb

k

}∞
k=1

as inducing a deterministic binary operation on the first N moments {ma
k}Nk=1 and

{
mb

k

}N
k=1

.

Theorem 6.1. By identifying N with −γ, M
N with q, m2k with m′

k(−M)k for k = 1, 2, . . . , N ,
the (N,M)-rectangular convolution matches the q-γ convolution as binary operation of first N
nontrivial moments.

The theorem is claiming that under the above identification, the moment-cumulant formula of
these two convolutions are the same, and therefore we need to introduce a version of cumulants
for the rectangular finite convolution. For this, we refer to [21], which considers sum of two
invariant N ×M (N = Mλ, λ ∈ [0, 1]) rectangular matrices as in Section 3, and defines the
rectangular finite R-transform as the analog of the R-transform in (classical) free probability
theory, in the sense that it linearizes the finite rectangular addition.

Definition 6.2 ([21, Definition 3.7]). RN,M
SpA

(z) is the unique polynomial of degree M verifying

RN,M
SpA

(z) ≡ −1
N

z
d

dz
ln
(
E
[
e
−T

(N,M)
SpA

zNM])
mod

[
zN+1

]
, (6.1)

where T
(N,M)
SpA

is a random variable. By [21, p. 13], for n = 1, 2, . . . , N ,

E
[(
T
(N,M)
SpA

)n]
=

n!(M − n)!

M !

(N − n)!

N !
an, (6.2)

where an = en(r⃗).

Inspired by the fact that (classical) R-transform is the generating function of free cumulants,
we define the rectangular finite cumulants, such that RN,M

SpA
(z) =

∑N
l=1 κ

N,M
l zl. κN,M

1 , . . . , κN,M
N

uniquely determine r1, . . . , rN .

Proof of Theorem 6.1. We prove that under the following identification of parameters:

κN,M
l ←→ κ2l

2
γl−1 for l = 1, 2, . . . , N, N ←→ −γ,

M

N
←→ q, Mnan ←→ cn, m2k ←→ m′

k · (−M)k, (6.3)

the moment-cumulant relation in rectangular finite convolution and (5.3) match exactly.
We match the second formula of (5.3) and (6.1), which play the role of cumulant generating

function in their own setting. Let y2 = (−N)z, then the second formula of (5.3) becomes

exp

( ∞∑
l=1

κ2l
2l

γlzl

)
=

∞∑
n=0

cn
(γ)n(qγ)n

(−N)nzn

=⇒
∞∑
l=1

κ2l
2
γl−1zl = − 1

N
z
d

dz
ln

( ∞∑
n=0

cn
(γ)n(qγ)n

(−N)nzn

)
. (6.4)
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It remains to match the right side of (6.4) and (6.1), i.e., matching

E
[
e
−T

(N,M)
SpA

zNM]
with

∞∑
k=0

ck
(qγ)k(γ)k

(−N)kzk

for k = 1, 2, . . . , N . This follows by Taylor expanding e
−T

(N,M)
SpA

zNM
, (6.2) and (6.3).

Then we identify the first formula of (5.3) with the moment generating function in rectangular
finite convolution. In the latter setting, recall that an = en(r⃗) for n = 1, 2, . . . , N , and m′

k =
1
N pk(r⃗) for k = 1, 2, . . . .. Moreover, take ri = 0 for all i > N , and identify an with en(r⃗) formally
for n > N (both have value 0) as well. Then on the rectangular finite addition side,

∞∑
n=0

Mnany
2n =

∞∑
n=0

en(r⃗)
(
My2

)n
=

∞∏
i=1

(
1 + riMy2

)
= exp

(
−

∞∑
k=1

pk(r⃗)(−M)ky2k

k

)
= exp

(
−N

∞∑
k=1

m′
k(−M)ky2k

k

)
.

This matches the first formula of (5.3) under the identification of parameters. ■

Remark 6.3. After identifying the κN,M
1 , . . . , κN,M

N with the first N even q-γ cumulants, one
can define κN,M

l for l ≥ N + 1 for rectangular finite convolution, by the moment-cumulant
relation of q-γ convolution under the same parameter identification in (6.3).

Remark 6.4. Note that in (6.3), both N and γ are positive, hence there is no choice of pa-
rameters that the finite rectangular cumulants coincide with q-γ cumulants. Instead, one can
combine the domain of these two groups of parameters, and treat the result as an extension of
the moment-cumulant relation to, say, γ ∈ R>0 ∪ Z≤−1.

A Limit transition of type BC Bessel functions

In this appendix, we provide a limit transition of B(⃗a, x1, . . . , xN ; θ,N,M) to a simple sym-
metric combination of exponents. This transition implies that in the θ = 0 regime, the rectan-
gular addition a⃗⊞θ

N,M b⃗ becomes the usual convolution of the empirical measures 1
N

∑N
i=1 δa2i

and 1
N

∑N
i=1 δb2i

.

Proposition A.1. Given a⃗ = (a1 ≥ a2 ≥ · · · ≥ aN ), take N to be fixed, M → ∞, θ → 0,
Mθ →∞, then

B(⃗a,Mθx1, . . . ,MθxN ; θ,N,M) −→ 1

N !

∑
σ∈SN

N∏
i=1

e
a2i x

2
σ(i) .

Proof. This follows from a straightforward calculation. Indeed, by Definition 2.5,

B(⃗a,Mθx1, . . . ,MθxN ; θ,N,M)

=
∑
µ

l(µ)∏
j=1

(Mθ)µj

[θ(M − j + 1)] · · · [θ(M − j + 1) + µj − 1]
·
∏

s∈µ[µi − j + θ(µ′
j − i) + θ]∏

s∈µ[Nθ + (j − 1)− θ(i− 1)]

· 1∏
s∈µ[µi − j + 1 + θ(µ′

j − i)]
Pµ

(
a21, . . . , a

2
N ; θ

)
Pµ

(
x21, . . . , x

2
N ; θ

)
.
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When taking the limit in the above way,

l(µ)∏
j=1

(Mθ)µj

[θ(M − j + 1)] · · · [θ(M − j + 1) + µj − 1]
−→ 1,

and

1∏
s∈µ[µi − j + 1 + θ(µ′

j − i)]
−→

l(µ)∏
j=1

1

µj !
.

Also note that µi − j + θ(µ′
j − i) + θ goes to 0 only if µi − j = 0, and Nθ + (j − 1) − θ(i − 1)

goes to 0 only if j = 1. These terms give∏
i≥1

ki! ·
(N − l(µ))!

N !
=
∏
i≥0

ki! ·
1

N !
,

where ki denotes the number of rows in µ of length i. And the remaining part of∏
s∈µ[µi − j + θ(µ′

j − i) + θ]∏
s∈µ[Nθ + (j − 1)− θ(i− 1)]

converges to 1. Together with (3.8), we have the limit is equal to∑
µ

∏
i≥0 ki!

N !

1∏l(µ)
j=1 µj !

mµ

(
a21, . . . , a

2
N

)
mµ

(
x21, . . . , x

2
N

)
which is the Taylor expansion of

1

N !

∑
σ∈SN

N∏
i=1

e
a2i x

2
σ(i) . ■
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ties and asymptotic corrections to the Marčenko–Pastur law, J. Phys. A 46 (2013), 015001, 22 pages,
arXiv:1209.6171.

[4] Anker J.-P., An introduction to Dunkl theory and its analytic aspects, in Analytic, Algebraic and Geometric
Aspects of Differential Equations, Trends Math., Birkhäuser, Cham, 2017, 3–58, arXiv:1611.08213.
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