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Abstract. Transport twistor spaces are degenerate complex 2-dimensional manifolds Z that
complexify transport problems on Riemannian surfaces, appearing, e.g., in geometric inverse
problems. This article considers maps 8: Z — C? with a holomorphic blow-down structure
that resolve the degeneracy of the complex structure and allow to gain insight into the
complex geometry of Z. The main theorems provide global S-maps for constant curvature
metrics and their perturbations and local S-maps for arbitrary metrics, thereby proving
a version of the classical Newlander—Nirenberg theorem for degenerate complex structures.

Key words: transport twistor space; geometric inverse problems; holomorphic blow down
structure; geodesic X-ray transform

2020 Mathematics Subject Classification: 32G05; 53C28; 35R30

1 Introduction

Transport twistor spaces are degenerate complex 2-dimensional manifolds that can be associated
to any oriented Riemannian surface and whose complex geometry is closely linked to the geodesic
flow of the surface. In the last few years, these twistor spaces have become a useful device to
organise and reinterpret various questions arising in geometric inverse problems and dynamical
systems [1, 3]. Vice versa, they give rise to an array of intriguing complex geometric questions
that are amenable to tools of the aforementioned areas.

This article is an instance of the latter—using results from X-ray tomography and microlocal
analysis, we address some fundamental issues pertaining to the complex structure of transport
twistor space. In particular, we show that locally the degeneracy of the complex structure can
always be resolved. Using this, we derive an identity principle for biholomorphisms between
twistor spaces, which features as an important ingredient in our follow-up work on biholomor-
phism rigidity [2].

Our strategy consists in finding appropriate blow-down maps 3 from twistor space into C2,
first explicitly in constant curvature, then more systematically for simple metrics. We prove
that the blow down structure persists for small perturbations of the constant curvature models
and derive our local results by comparing small geodesic balls with nearly Euclidean disks.

1.1 Transport twistor spaces

Let (M, g) be an oriented Riemannian surface, possibly with non-empty boundary OM. We
denote the unit tangent bundle with SM = {(x,v) € TM | g(v,v) = 1} and the geodesic vector
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field by X. Recall that the latter is defined by

X(z,v) = d

dt tZO(ﬁYx,v(t)a"Y(x,v) (1) € T(Iﬂ))S]\47 (3;71)) € SM,

where 7, ,(t) is the unique geodesic with initial conditions v(0) = z and 4(0) = v. The transport
twistor space of (M, g) is the unit disk bundle Z = {(z,v) € TM | g(v,v) < 1}, equipped with
a certain rank 2 involutive structure Z (that is, a subbundle of TcZ = TZ ® C that is closed
under taking commutators, see also [35]) that satisfies

2N2=0 onZ\SM  and 2192 =CX onSM, (1.1)
92NTZ, =127, forallzc M. (1.2)

Here Z, C Z is the fibre over x and T%!Z, is the anti-holomorphic tangent bundle with respect
to the complex structure that g and the orientation induce on T, M. The first condition in (1.1)
implies that 2|zo = ker(J + ¢) for an almost complex structure J € C*°(Z°, End(T'Z°)), and
involutivity of Z is equivalent to J being integrable.! By the second condition in (1.1), 2 ceases
to be of complex type at points of SM and in this sense Z may be thought of as a degenerate
complex surface.

There are several ways to define this involutive structure Z—we refer to Section 2.5 below
for a definition of Z in isothermal coordinates, which is all we need for the present purpose,
and to to [3] for a coordinate free approach. For now, we confine ourselves to a description for
Euclidean domains M C (C,|dz|?), where Z = {(z,p) € M x C | |u| < 1} and 2 is spanned
by the complex vector fields = = 9; + p?9, and 9;. Here properties (1.1) and (1.2) are easily
verified, noting that for z = z1 + iz and u = € (6 € R) we have

= = (cos0)0y, + (sin )0y, = X.

1.1.1 Twistor correspondences

In the articles [1, 3], several correspondence principles have been set up that link the geodesic
flow (in the form of the transport equation Xu = f) with the complex geometry of the transport
twistor space:

Geodesic flow Twistor space

Invariant functions (= ker X|ceo(gar)) Holomorphic functions on Z
that are ‘fibrewise holomorphic’

Invariant distributions (= ker X|p/(gpr)) || Holomorphic functions on Z°
that are ‘fibrewise holomorphic’ with polynomial growth at SM

Connections and matrix potentials on M || Holomorphic vector bundles on Z
(= 0-th order perturbations of X)

Here holomorphic functions on Z are functions f: Z — C that are smooth up to the boundary
and holomorphic in the interior (equivalently, df| = 0 on Z). Similarly, holomorphic vector
bundles on Z are smooth up to the boundary in a suitable sense.

These correspondence principles have, at least in the view of the authors, become tremen-
dously helpful in organising and reinterpreting various developments in geometric inverse prob-
lems and dynamical systems in two dimensions. For example, Pestov—Uhlmann’s proof of bound-
ary rigidity for simple surfaces [29] admits a natural formulation in terms of the algebra A(Z) of

If one asks J to be compatible with the given orientation of Z C TM, then 2 is uniquely characterised by
properties (1.1) and (1.2).
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holomorphic functions on Z and a Cartan extension operator A(M) — A(Z); moreover, the in-
fluential notion of holomorphic integrating factors that was introduced by Salo-Uhlmann [31] is
underpinned by an Oka—Grauert principle for holomorphic line bundles on Z—for more examples
we refer to [1, 3].

It seems intriguing to further explore this link and possibly use the power of complex geometry
to gain insights into the geodesic flow. Doing this requires both a better understanding of the
degeneracy of the complex structure and of the complex geometry of twistor space—the present
article aims at making a start on both objectives.

1.1.2 Projective twistor spaces

Quotienting Z by the antipodal action (x,v) +— (x, —v), one obtains another degenerate complex
surface that depends only on the projective class of the geodesic flow. This surface—that we
shall refer to as projective twistor space and denote Zp—is in fact the more classical object
and has been studied by several other authors [5, 14, 17, 18, 19, 20, 21, 26]. The quotient
map Z — Zp is a branched 2 : 1 covering and thus locally near a boundary point of Zp the
complex structure degenerates in the same way as &. This degeneracy has been explicitly
addressed in the work of LeBrun and Mason [18, 19], who—in the case of Zoll surfaces—construct
a holomorphic map fry: Zp — CP? that is an embedding in the interior and maps Zp onto
a totally real surface P C CP?, thereby collapsing all geodesics. As observed in [30], there is
a diffeomorphism Zp = [(CP2; P] with the Melrosian blow-up of P under which Sry becomes
the usual blow-down map.

This picture has been an inspiration for the maps 3: Z — C? in this article, which recover
many of the features of Br, while being constructed by completely different means. By analogy,
we refer to them also as blow-down maps, though the geometry of 3(Z) C C? is more complicated
and it is unclear to us whether it fits into the framework of Melrosian blow-ups.

1.1.3 The Euclidean 3-map

If M = R?, equipped with the Euclidean metric, the transport twistor space is given by

Z = {(Zvu) e C? | |ul < 1}7

with involutive structure ¥ = spanc (u28z + 03, 8,1). The complex geometry of Z can be com-
pletely understood by means of the map

B: Z—=C*  Bla,p) = (2 — 1z, ), (1.3)

which is holomorphic and maps the interior Z° diffeomorphically onto the poly-disk {(w, €) e
C? | |¢| < 1}, with inverse explicitly given by

B (w,€) = ((w+&w)/(1-lg).€),  lgl<1.

The existence of such a map immediately implies that there is a wealth of holomorphic functions
(in fact, if M C R? is any open domain, then Z° is a Stein surface). Moreover, 3 can be viewed
as desingularisation of the complex structure. Indeed, introducing w and £ as new coordinates
on Z°, we simply have 2 = spanc (9, J¢).

The Euclidean S-map serves as a prototype for the type of desingularisation that we seek out
in this article. To capture the characteristic properties of 3, we propose the notion of holomorphic
blow down structure that we shall discuss after a brief intermezzo regarding Hermitian structures
on twistor space.
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1.1.4 Hermitian structure

One of the characteristic properties of the Euclidean S-map is that it restricts to an embedding
on the interior Z°. Unfortunately, the space of embeddings

Emb(Z°,C?) c C*>(2°,C?)

is not open in the C*°-topology, which is problematic for the purpose of perturbation theory.?
This problem can be solved by additionally keeping track of metric data and for this reason, we
equip Z° with a Hermitian metric.

Recall that a Hermitian metric on the complex surface Z° is the data of a (1,1)-form Q €
ce (Zo, Al’lZo) that, expressed in a frame where A1 22 C?*2, corresponds to iH for a Hermitian
matrix H. Since AL Z° is globally trivial (irrespective of the topology of M, see Section 2.4),
there is a one-to-one correspondence

Hermitian metric Q@ <+ H e C™ (ZO,Heri),

where Her2+ C C?*2 is the space of positive definite Hermitian 2 x 2 matrices. Under this
correspondence, we pick out a distinguished metric €2

Q < H(ww) = [(1 - ’U|é)2 1] € C™(Z° Her?). (1.4)

In the Euclidean case, where A%'Z° is canonically framed by E¥ = (dz — g%dz)/(1 — |u[*)
and dp this metric is given by Q = i(l — ]u!4)2év AZY +idu A dji. The significance of  stems
from the observation that, at least in the Euclidean case, it degenerates in the same way as the
Jacobian of the S-map. Precisely, there exists a constant C' > 0 such that

CQ< B2 <CQ, (1.5)

where Qc2 = idwAdw +id€ Ad€ is the standard Hermitian structure on C? and ‘<’ is understood
as inequality between the associated Hermitian matrices. The verification of (1.5) is elementary
and the curious reader is invited to check the inequalities at once—we will come back to them
in Section 4 and give the required computations alongside the constant curvature case.

1.1.5 Holomorphic blow-down structure

Let now (M, g) be a compact oriented Riemannian surface with non-empty boundary OM. Let v
be the inward pointing unit normal to M and define influx (+) and outflux (—) boundaries

0+SM = {(x,v) € 0SM | £g9(v,v(x)) > 0}.

If OM is strictly convex and (M, g) is non-trapping (i.e., geodesics reach M in finite time),
then 0;SM can be thought of as parameter space for the geodesics of M. (Here and below
one could equally well decide to work with 0_SM instead of 9+ SM, and this would lead to the
same notion of holomorphic blow-down structure.)

2If X is a smooth manifold, the space C°°(X,R™) can be equipped with either the weak or the strong topology
and if X is non-compact these topologies are genuinely different. In the present article, we exclusively use the
weak topology, which gives C°°(X,R") its standard Fréchet space structure, and simply refer to it as the C*°-
topology. The strong topology, while being a differential topologist’s favourite, is less suitable for us, as the
restriction map C'* (Z, (CQ) — C™ (ZO7 (CQ) fails to be continuous in the strong topology. See [13, Chapter 2] for
more details.

To illustrate the failure of openness in C*°-topology, one can consider the following toy example: On X = (0, 27)
define fe(z) = exp(i(1 + €)z), then fo € Emb(X,C) is not an interior point, as it can be approximated by the
non-injective immersions (fe : € > 0).
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Definition 1.1. We say that a map g € C* (Z, CQ) has a holomorphic blow-down structure if
it has the following properties:

(i) Bloysm: 04 5M — C? is a totally real C°-embedding;
(ii) the restriction of 8 to Z° is a biholomorphism onto its image;

(iii) B*Qcz2 > ¢ for some constant ¢ > 0.

Let us comment on the three properties: The first property implies in particular that /3
separates geodesics and is the strongest embedding property one can expect. Note that 8 being
holomorphic implies that X3|sy; = 0 and since the geodesic vector field X is tangent to the
boundary of 9, SM, this enforces the Jacobian of 3|5, sas to drop rank. To address this issue,
we change the smooth structure near the boundary of 0;5M and refer to embeddings with
respect to this new smooth structure as C5°-embeddings (see also Definition 2.2). Further, if S
is a smooth surface (such as 0;SM equipped with the adjusted smooth structure), then an
embedding f: S — C? is called totally real, if

dfe(TeS) N Jp(zyd fu(TS) =0 for all z € S.

Here J is the complex structure of C?. This aspect parallels LeBrun-Mason’s paper on Zoll
surfaces [18], where the space of geodesics (the analogue of 0, SM) is realised as a totally real
submanifold of CP?2.

The second property is equivalent to 3: Z° — C2? being both holomorphic and injective. In
this case the image 3(Z°) is automatically open and the Jacobian has full rank. To ensure that
this property is preserved under small perturbations, it is supplemented by the third property,
which corresponds to a uniform lower bound on the singular values of the Jacobian in an -
orthonormal frame. If we were merely interested in 8 being an immersion on Z°, it would suffice
to keep track of the determinant of this Jacobian, which is encoded in the 2-form df; A dSs. In
fact,

B*Qc2 > Q) forsomec>0 = df; AdBy#0 pointwise on Z (1.6)

(see Remark 7.5) and requiring the stronger property on the left is precisely what ensures that
also injectivity of S persists under small perturbations. As will be shown later, the reverse
inequality in (iii) holds automatically due to holomorphicity and thus having a holomorphic
blow-down structure ensures that f: Z° — C? is a bi-Lipschitz map.

The definition of holomorphic blow down structure has been chosen such that it captures the
characteristic behaviour of S-maps in special geometries, while at the same time being an open
condition with respect to simultaneous variations of 5 and g, see Theorem 3.10 below.

1.2 Main theorems

The work on this article started with the question of how to appropriately generalise the Eu-
clidean S-map from Section 1.1.3 to other geometries and how these maps behave under small
perturbations. We discuss our approach to this systematically in Section 3 below—first, however,
we shall present some facets and consequences that can be discussed without further preparation.

1.2.1 Global blow-downs

Let D = {z € C | |2|] < 1} be the closed unit disk. Our first result concerns constant curva-
ture metrics on D (see also Section 4 for a more precise formulation, allowing also curvatures
with k| > 1).
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Theorem 1.2. Let M = D and g = (1+m!z\2)_2|dz|2 (=1 < k < 1). On transport twistor
space Z = {(z, (1 + n|z\2)u)} C TD with coordinates z, u € D, the map

z— u’z 1+ K|z|?
1+ 522;42"“1 + kZ2p?

Bﬁ(z,u)=< ) (z, 1) €D x D,

has a holomorphic blow-down structure.

By means of a perturbation argument, we also obtain global blow-downs for nearby metrics.
For simplicity we state the following theorem as an existence result.

Theorem 1.3. Let M = D and suppose that g is a Riemannian metric which is sufficiently
close (in C*°-topology) to the Euclidean metric (or one of the constant curvature models from
the preceding theorem). Then there exists a map € C* (Z, (C2) with holomorphic blow-down
structure.

It turns out that the S-map in the theorem arises from a canonical construction that works
for any simple surface (see Definition 3.1). It is canonical in the sense that it is obtained by an
energy minimisation and a subsequent Szegd projection. This energy minimiser can be expressed
via the geodesic X-ray transform and the inverse of its normal operator, see Definition 3.5. The
underlying invertibility result for the normal operator was proved in [23].

1.2.2 Local blow-downs
Applying the preceding theorem to small geodesic disks, we deduce the following.

Theorem 1.4 (transport Newlander—Nirenberg theorem). Let (M, g) be an oriented Rieman-
nian surface with twistor space Z. Then any point p € Z admits an open neighbourhood U C Z
and a holomorphic map B: U — C? such that

(i) dB1 AdBa # 0 pointwise on U;

(ii) if q1,q2 € U are two distinct points with B(q1) = 5(q2), then both points lie on a common
geodesic on U N SM —in particular, B is injective on U\SM.

Consequentially O(U) = {f € C*(U) | f holomorphic} separates points in U\SM .

In the context of involutive structures (cf. [35]), the existence of local solutions to d3|y = 0
with property (i) is referred to as local integrability. For p € Z\SM, local integrability is
guaranteed by the classical Newlander—Nirenberg theorem (e.g., [16, Theorem 2.6.19]) and in
this case property (ii) is a consequence of (i) and the inverse function theorem. The crux of the
preceding theorem is that we obtain local integrability together with the separation property (ii)
also near points p € SM, where 2 degenerates and the inverse function theorem cannot be
applied.

Since this is a local result, it is also valid on the projective twistor space Zp and it appears
like this is the first such integrability result beyond LeBrun—Mason’s work in the Zoll setting.

1.2.3 Application: Identity principles

Let Z be the twistor space of an oriented Riemannian surface (M, g) and let ¥ be a compact con-
nected Riemann surface with non-empty boundary. We consider holomorphic maps f: ¥ — Z
and refer to these as holomorphic curves parametrised by . Here holomorphic means that f is
smooth up to the boundary and satisfies fi (TO’IE) C 9.

An example of a holomorphic curve is the embedding of the closed unit disk D = {u € C |
|| < 1} as fibre of Z. Precisely, if (x,v) € SM, then the fibre over z is parametrised by
f(u) = (x, - v). The local point separation of Theorem 1.4 has the following consequence.
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Corollary 1.5 (identity principle for holomorphic curves). Let fi, fo: ¥ — Z be holomorphic
curves with f1 = fo on 0%. Then f1 = fo on all of X.

Let now (M;, g;) (i = 1,2) be two oriented Riemannian surfaces and Z; and Z» their associated
twistor spaces. We say that a map ®: Z; — Z5 is holomorphic, if it is smooth up to the boundary
and satisfies ®,(Z1) C Z,. Such a map ® is determined by its action on the fibres of Z; and
hence Corollary 1.5 implies the following.

Corollary 1.6 (identity principle for holomorphic maps). Suppose ®,V: Z; — Zs are two
holomorphic maps with ®|sar, = ¥|sa,. Then ® =V on Z;.

This identity principle is one of the key ingredients of our follow-up work [2], where we prove
that biholomorphisms between transport twistor spaces exhibit rigidity: if the underlying metrics
are simple or Anosov, then every biholomorphism is, up to constant rescaling and the antipodal
map, the lift of an orientation preserving isometry. As the restriction of a biholomorphism to
unit tangent bundles always induces an orbit equivalence, this is closely related to questions such
as conjugacy rigidity and lens rigidity (see, e.g., [4, 8, 11, 12] for some recent related works).
We refer to [2] for further details.

1.2.4 Strategy for the proof of Theorem 1.3

As already pointed out, the map 3, in Theorem 1.3 is canonically constructed using the geodesic
X-ray transform together with the inverse of its normal operator. The first step in the proof con-
sists of showing that this canonical construction agrees with the explicit maps from Theorem 1.2;
here we exploit the rotational symmetry to avoid the difficult task of inverting normal operators.
Once this is achieved, the core idea of the proof is simple—we show that g — (3, is continuous in
a suitable sense and ensure that the notion of holomorphic blow-down structure (Definition 1.1)
survives small perturbations. Implementing this idea is technically challenging. The continuous
dependence involves many moving pieces, such as changes in the C°-structure or changes of
the inverse of the normal operator in the Grubb-Hoérmander framework used in [23]. At the
same time, the perturbation theory of the holomorphic blow-down structure takes place on the
non-compact manifold Z° and this requires dealing with a metric-dependent degeneracy of the
complex structure.

1.3 Structure of the article

Section 2 discusses preliminaries, including fibrewise Fourier analysis, X-ray transforms and
their normal operators, the Cg°-structure, the twistor space and the Hermitian metric we will
use. Section 3 introduces the canonical S-maps for simple surfaces and sets up the frame-
work for the perturbation theory. Section 4 is devoted to the constant curvature models and
proves Theorem 1.2. In Sections 5 and 6, various continuous metric dependencies are care-
fully tracked. Section 7 contains the central openness statement needed for the perturbation
theory. The proofs of the main theorems and corollaries are completed in Section 8. Finally,
the paper is supplemented with two appendices providing facts needed for the continuity ar-
guments; some of these facts were not readily available in the literature in the form we re-
quired.

1.3.1 Further directions

It would be very interesting to exhibit maps with a holomorphic blow-down structure for the
transport twistor space of further Riemannian surfaces—a natural setting where one might
expect such blow blowns is that of so-called simple surfaces, see also the discussion in Section 3.1
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and Question 3.7. However, simplicity is not a necessary condition, as recently demonstrated by
the second author and Qi by constructing explicit maps with holomorphic blow-down structure
for certain non-simple Herglotz metrics on the disk [25].

The existence of a map with holomorphic blow-down structure has several implications on
the complex geometry of transport twistor space, e.g., one immediately sees that the interior
points of Z are separated by the holomorphic functions f: Z — C. Proving such a separation
result for geometries beyond the present perturbative setting would be of independent interest.

2 Preliminaries

2.1 Fibrewise Fourier analysis

Let (M, g) be an oriented Riemannian surface. The vertical vector field V on SM is defined as
the infinitesimal generator of the circle action (z,v) — (m, eltv), t € R. Defining

Qe ={feC®(SM) | Vf=ikf}, keZ,

any u € C*°(SM) has a unique decomposition u = ), ., u; into its vertical Fourier modes
ur € Q. Functions that only have non-trivial Fourier modes in degrees k& > 0 are called
fibrewise holomorphic. There are natural isomorphisms

Q. = C®(M,@F(T'M)")  and Q= C®(M,F(T%'M)), k>0, (21)

where a k-tensor is pulled back to a function in Q C C*°(SM) by inserting the velocity variable
k-times.

Let now Z be the twistor space of (M, g) and consider the algebra of holomorphic functions
on Z, assumed to be smooth up to the boundary

A(Z)={f € C>*(Z) | f holomorphic}.

As mentioned in Section 1.1.1, there is an isomorphism

AZ) = {u €eC®(SM) | Xu=0,u= Zuk}, (2.2)

k>0

sending a holomorphic function on Z to its restriction on SM. For m > 0, define

An(2) = {1 € AD) | Flsas = 3 ).

k>m

Hpn = {a € C®(M,&™(T"°M)") | da = 0}.

Given an element f € A,,(Z), we may select the m-th Fourier mode of f|sys and—by means of
isomorphism (2.1)—view this as a section a € C* (M, (Tl’OM)m). We then have a € H,,, the
space of holomorphic m-differentials, that is, tensors that are locally of the form A(z)dz™ for
a holomorphic function A(z). Writing a = m,«(f), the situation is neatly summarised in the
following (not necessarily exact) sequence:

0= Ani1(2) = An(Z) ™ Hyp — 0.
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2.2 X-ray transforms and normal operator

Let (M, g) be a manifold of dimension d > 2 that is non-trapping and has a strictly convex
boundary. The geodesic X-ray transform on (M, g) is defined as map

(2,0)
I: CX(SMC) = C(0,5M°),  If(z,v) = /0 fler(av))dt,

where (¢¢) is the geodesic flow on SM and 7(x,v) > 0 is the hitting time of the orbit ¢:(z,v)
with OSM. Let p: M — [0,00) be a boundary defining function of M (that is, 9M = {p = 0}
and dp # 0 on OM) and consider this as function on SM. Then the X-ray transform extends
to a continuous map

I: p~Y2C®(SM) — C2(8,5M), (2.3)

where C3° (015 M) denotes the space of smooth maps h: 04 SM — C for which the flow-invariant
extension h¥ is smooth on all of SM (i.e., h* € C®(SM),Xh* = 0 and h* = h on 9, SM).
If m: SM — M is the base point projection, then we define Iy = Ior™ and the normal operator by

Ny: 71/2000( M) — C®(M

7(z,0)
Nof( ) = Tx Iof = 2/ /0 f o gpt(ﬂf,v)dt.

We may view Ny as Ijlp, where I} is the formal adjoint with respect to the symplectic measure
on 0, SM. This is given by g(v(z),v)d¥X??2, where d¥?¢=2 is the volume form for the Sasaki
metric. For the corresponding norm, we use the notation

1]y = /8 . |h(a,0)|? - g(v,v(2)d* 2 (z,0), b€ CFP(0LSM).
+

(This is frequently denoted || - ||, or || - || 12 (6, 5M), but we avoid the y-notation, as to not cause
confusion with the canonical variables on twistor space.)
2.2.1 Two-dimension case

If d = 2, we may restrict the X-ray transform to the k-th Fourier mode to obtain maps
In: p Y2 — CX(0,.5M), kel

For k = 0, this corresponds to Iy, as defined above, if we identify Qg with C°>°(M). Writing (-)
for the projection onto the k-th mode, we define normal operators

Ne: p Y2 = Q. Nif = ((f)F),.-

2.3 The Cf—structure

Let (M, g) be a non-trapping manifold with strictly convex boundary. The space C5°(0+S5M),
defined below (2.3), can be viewed as space of all smooth functions with respect to a mod-
ified smooth structure on 0.SM. To see this, we embed M into the interior of a slightly
larger manifold (M , g) which is also non-trapping and has a strictly convex boundary. Let
7€ C®(SM,[0,00)) denote the exit time of M and consider the smooth map

Fy: 0SM — 0SM,  Fy(z,v) = ¢_+(s_y(2,0), (2.4)
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where (¢;) is the geodesic flow of (M , g). This encodes the scattering relation « in the sense
that Fy(z,v) = Fy(2/,v") if and only if a(z,v) = (2/,0v’). As discussed in [28, Section 5.2],
the map F|, restricts to an embedding on 04 SM° and has the structure of a Whitney fold
near every point (xg,vg) € 0pSM. The latter property means that there are local coor-
dinates (u1,...,ug4—2) and (vi,...,v2q—2), centred at (xg,v9) and Fy(zg,vp), respectively, in
which F, has the following normal form:

Fg(ul,u2, ey uZd_g) = (u%, Uy .« ,UQd_g). (25)

As an immediate consequence, Sy, = Fy(04SM) C 0S M is a smooth submanifold with boundary
and Fy: 0.SM — S, is a homeomorphism.

Definition 2.1. On 0, SM, a new smooth structure is defined by transferring the smooth
structure of S, via the homeomorphism Fj: 0,SM — S,. The structure will be referred to as
C3°-structure and its maximal atlas will be denoted by A,.

The space of Ay-smooth functions C*° (04 SM, A, ) coincides with C5°(0+SM), as we can
verify by means of the following chain of equalities

Cy(0+SM) = F;C™ (85]\2/) = F;C™(8y) = C*(04SM, As).
The first equality is a consequence of [15, Theorem C.4.4], the second one follows from S, C 05 M
being a smooth submanifold and the last one holds by definition.

Definition 2.2. A map f: 0; SM — R™ is called C5°-embedding, if it is an injective A,-smooth
immersion. (Equivalently, if it is a smooth embedding of (04+SM, A,).)

Remark 2.3. In the local coordinate system from (2.5), any f € C5°(0+SM,R™) satisfies
Ouy luy=0f = 0 and thus—using the standard smooth structure—it cannot be an immersion up to
the boundary. For A,-smooth immersions, one instead considers rescaled Jacobians, where 0, f
is replaced by uflﬁul I

2.4 Hermitian manifolds

A Hermitian metric on a complex n-manifold (X, J) is a Riemannian metric G for which J is
an isometry. The real (1,1)-form Q(-,-) = G(J-,-) is called the fundamental 2-form of G, and

with respect to a local frame 7y, ...,n, of Ab0X it is given by
n
Q=i  Hj 1 Ak (2.6)
Jik=1

for a positive definite Hermitian n x n-matrix H = (Hj;). We also refer to  itself as the
Hermitian metric, with the understanding that G = Q(-, J-) is the actual metric tensor. The
associated Riemannian quantities will be labelled with €, e.g., do is the Riemannian distance
function and |-|3 is the induced inner product on forms. Given two Hermitian metrics Q and €/
we write < ' if and only if G’ — G is positive semi-definite (or equivalently if H' — H € C"*™
is positive semi-definite in any coordinate chart).

2.4.1 Hermitian metrics on twistor space

Let (M, g) be an oriented Riemannian surface with twistor space Z. To study twistor space
invariantly, it is convenient to consider Z as the base of the principal circle bundle

p: SMxD— Z, p(z,v,w) = (z,w-v),
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where the product w - v is defined by means of the complex structure of T, M. It turns out
that p* (Ao’lZO) has a global frame consisting of 1-forms 7,7 € Q'(SM x D°,C). Let V be

the vector field on SM x D that generates the circle action (x,v,w) < e’ = (a;,eitv,e_itw)
(t € R/277Z) and denote with Ly the associated Lie derivative. Then 7,7 € ker(Ly — i) and
thus Lv (T AT) = Lv(T A7) =--- = 0. As a consequence, the p-push-forwards of these 2-forms

exist and yields a global frame
{Pe(TAT),Pu(FAY), Ps(FAT), pu(F Ay)} C AV Z°,

Using this frame, we associate to any H = (H;;) € C*°(Z°,Her ) a Hermitian metric
Q = i{Hu1p«(T A7) + Hiap«(T AY) + H21ps« (Y A7) + Haops (Y A7) }

on Z° and this gives the one-to-one correspondence from Section 1.1.4. In this article, we only
work with the distinguished metric © defined in (1.4). For further details on this invariant
approach to twistor spaces and the definition of 7, 7, we refer to [1, 3].

2.5 Twistor space of conformally Euclidean disks

If M =D = {z € C| |z| <1} is equipped with the conformally Euclidean metric e2|dz|?,
where o € C*°(D, R), then the twistor space is biholomorphic to

Z:{(Zvu)e(CZ | ‘Z‘7|:u| Sl}? -@U:SpanC(EO’aaﬂ)7
where =, is a suitable complexification of the geodesic vector field, explicitly,
Eo = e 7 (1?0, + 0; + (1*0.0 — 0:0) (A0s — 1dy,)) € C®(Z,Tc Z). (2.7)

The biholomorphism of this model (which, by abuse of notation, is also denoted Z), with the
transport twistor space of (]D), e2"|dz|2) is provided by the map

Z = Z(D,e®|dz]?),  (z,p4) — (2,677 (ud, + 10;)) € TD. (2.8)

We refer to [3, Section 4.2] for more details and will henceforth understand this identification
implicitly. A direct computation shows that the dual frame to {Z,, 0y} is given by the following
1-forms:

v odz—pfdz

o, = € 1_7“”4, 8% :dﬂ+ﬂ{820d2—azad2}

Further, under the isomorphism in (2.8) it turns out that Y A ZY = p.(T A7), EY A9} =
p«(TA7),... and thus the Hermitian metric encoded by H € C*(Z°, Hery ) takes the form (2.6),
when we choose {11, 72} = {ZY,9)/} as frame of A1 Z°. In particular, the distinguished metric Q
from Section 1.1.4 is given by

. 2= —_ .
Q, =i(1— |p")"E AEY +10) A 0. (2.9)

3 Canonical B-maps and their perturbation theory

The Euclidean S-map arises in a rather systematic way. We will demonstrate this in the context
of simple surfaces, where we define the notion of §-extensions and study their behaviour under
perturbations of the metric.

Definition 3.1. A compact Riemannian surface (M, g) is called simple if it is non-trapping,
free of conjugate points and has a strictly convex boundary OM.
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3.1 Canonical B-maps for simple surfaces
3.1.1 Holomorphic extensions

The Euclidean S-map in (1.3) has the components 30 (z, u) = z — p?z and BV (2, 4) = p. In
terms of the spaces A,,,(Z) and H,, and the maps . defined in Section 2.1, we may express
this as

B0 e Ap(Z2)  and  m.B0 =z € H,,
ﬂ(l) e A1(2) and le*ﬁ(l) =dz € H;.

That is, 8 is a holomorphic extension of the tuple (z,dz) € Ho x H;i. Due to a classical result
of Pestov—Uhlmann [29], this type of holomorphic extension exists for general simple surfaces
(see [1, 3] for a discussion in the context of twistor spaces).

Theorem (holomorphic extensions). Let (M, g) be simple and Z its transport twistor space.
Then the following sequence is exact:

0= Ami1(2) = Am(Z) ™% Hpp — 0.

Of course, the holomorphic extension of (z,dz) is far from unique, but we shall see below
that there is a canonical choice that is consistent with the Euclidean g-map.
3.1.2 Canonical first integrals

Let us first discuss a canonical choice of first integral on SM, that is based on the following
result from [23].

Proposition 3.2 (isomorphism property). Let (M, g) be simple and k € Z. Then the normal
operator Ny : ,0*1/2(2;C — Qi (defined in Section 2.2) is an isomorphism.

Proof. For k = 0, this is part of [23, Theorem 2.2]. For k # 0, we introduce the attenuation
a=c¢ kX (elk(’) € Q_1 @&y, where the angle 6 is chosen with respect to a trivialisation of SM.
One can check that Ny, fits into the commutative diagram

Na
p~12Q) —25 Qg

Xeikei lXeikg

o120 s q,

where Nq g = I; oo, is the normal operator of the attenuated X-ray transform I, o considered

in [28, Section 12.2]. It is then enough to prove the corresponding isomorphism property for N, o
and this can be done by the same methods as in [23]. [

Proposition 3.3 (canonical first integrals). Let (M, g) be simple and f € Qi for some k € Z.
Then there ezists a solution uw € C*°(SM) to the problem

Xu=0 and ug = f (3.1)
and this solution is unique, if one requires any of the following equivalent conditions:

() |luloysrllsym is minimal amongst all solutions to (3.1);
(ii) ulo,snm lies in the range of I: p~12Qy — C(0,SM);
(iii) w= [L,N;'f]
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Proof. Define u be the formula in (iii) and let h = ulp, sy € C5°(04SM), then I;h = f.
Suppose that h = I a for some a € p‘l/QQk, then we must have Npa = I I a = f and hence
a = N_'f. This shows that (i) and (iii) are equivalent. Let h' = u/|s, sy for any other
solution v’ to (3.1). Then (h, h —h')sym = (Ixa,h —h')sym = (a, I; (h — h')) 12(spr) = 0 and hence

1l 3m = (A B )sym| < Illlsyen - 117 lsym:

by the Cauchy—Schwarz inequality. Hence (ii) implies (i). Vice versa, if A’ is also an energy
minimiser, then in the previous display we have equality, and thus i and h’ have to be linearly
dependent, which is only possible if u = /. [ |

As discussed in Section 3.1.1, the Euclidean S-map from (1.3) is a holomorphic extension
of (z,dz). In view of the preceding proposition, we now see that it is singled out amongst all
such extensions by having minimal || - ||sym-energy.

Proposition 3.4 (extremality of Euclidean S-map). Let M = D, equipped with the Euclidean
metric. Then the map B(z,p) = (2 — p?z, p) satisfies

Blea) = ([ToNg )] [BNTL@2)]F), (2000) € SD,
(Here dz is viewed as element of Q1 via the isomorphism in (2.1).)

This proposition is proved together with the constant curvature case in Section 4—see also
Theorem 4.3, where it is restated in context. When the metric is rotation-invariant, the proof
relies on the unique identifiability of certain geodesic first integrals which are also rotation-
equivariant, see Lemma 4.4 below.

3.1.3 Definition of 3-maps on simple surfaces

Let (M, g) be a simple surface. Guided by the preceding considerations, we now describe how
to canonically extend a pair (f,df) € Ho x H1 to a holomorphic map 3: Z — C? on twistor
space. As the first integrals in Proposition 3.3 might not always be fibrewise holomorphic (even
if £ > 0), we introduce the Szegd projectors Sey, Soqq: C°(SM) — C*(SM)

Sevu = Z Uk and Sodau = Z U2k41-
k>0 k>0

The Szegd projections of an invariant function remain invariant if the lowest mode (i.e., ug or uy)
is in the kernel if n_.

Definition 3.5. Let (M,g) be a simple surface and f: M — C a holomorphic map. The
B-extension of f is defined as the holomorphic map 3: Z — C? determined by

Blsm = (Sev (IoNo_lf)ﬁ?Sodd(th_ldf)ﬁ),
via the isomorphism (2.2).

Remark 3.6. The S-map in Theorem 1.3 is precisely the S-extension of an appropriate holo-
morphic embedding f: M — C. If g is already known to be conformally Euclidean, then one
can simply take f(z) = 2.

This leads to the following question, which currently seems to be out of reach.

Question 3.7. Does every simple surface (M, g) admit an embedding f: M — C such that the
B-extension B: Z — C? has a holomorphic blow-down structure?
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3.2 Perturbation theory for B-maps

Instead of addressing Question 3.7 directly, we prove that the canonical S-maps depend con-
tinuously on the metric and that the property of having a holomorphic blow-down structure is
preserved under perturbations. In view of the Riemann mapping theorem (or rather its version
with continuous dependence on the metric, discussed in Appendix A.1), it suffices to consider
conformally Euclidean metrics and we shall do this from now on.

3.2.1 Continuous dependence on the conformal factor
We now consider the f-extensions from Definition 3.5 in the conformally Euclidean case. For
this, write
35 = {o € C®(D,R) | *|dz|? is simple}
and note that this is an open set in the C°°-topology. As perturbing ¢ does not change
the complex structure of M, the spaces H,, of holomorphic m-differentials remain unchanged
and (z,dz) € Ho X Hi. Further, via the isomorphism in (2.8), the S-extensions of f(z) = z for
varying o’s can all be considered as maps on the same space Z =D x D
By: Z — C2, o€ Y.
We collect the relevant properties of these maps in the following theorem, proved in Section 8.1.
Theorem 3.8. Let Z =D x D and o € Xs. Then,
(i) By: Z — C? is D,-holomorphic, i.e., 2,0, = 0z, = 0;
(ii) if o = —log(l + m|z|2), then B, equals the map B, from Theorem 1.2;
(iii) the following map is continuous:
o Bo, Y = C™(Z,C?).
Of course, (i) follows directly by construction and (ii) is a consequence of Proposition 3.4
(or rather, its extension to constant curvature). The novel part of the theorem is thus the

continuity claim and this is proved by keeping track of the metric dependencies at each step in
the construction in Section 3.1.

Remark 3.9. There is an alternative way to obtain a continuous family as in Theorem 3.8 (iii),
at least in the vicinity of a fixed background map, say [y. Consider the vector field X, =
0Zq|sp = € 7(X + A;V) on SD, where \,(z, u) = pud,o — pdz0. This generates the geodesic
flow of €2?|dz|?> when projecting it onto SD (see Remark 5.1). Similar to [3, Proposition 3.1],
one can show for o € Y5 that

Xy @Qk% EB Q. is onto,

k>0 k>—1

with a right inverse R, obeying estimates ||Ro(f)||gs < Cs(o) - ||f||gs+1 in a Sobolev scale
(H*(SD) | s > 0). Viewing 3y as C2-valued function in Di>0 2k Nker X, we set

Btlr = /30 - Ro(e_UAUVBO% o € Y.

This is automatically fibrewise holomorphic and lies in the kernel of X, hence it extends to
a holomorphic function on (Z, %,). Moreover,

185 = Bollzr=(sm) S Cs(@)lle™ Aol mrss1(smy = Cs(0) x 0(1), ¢ —=0  in C*(D,R).

Showing continuity of the family (8, | ¢ € ¥s) at 0 = 0 thus requires control of the con-
stants Cy(0) in 0. Getting this control is possible by slightly softer methods than used in the
proof of Theorem 3.8 (iii). However, the so-obtained S-maps are not canonical in any sense.
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3.2.2 Openness of the holomorphic blow-down structure
Define the set
I=1{(B,0) € C>®(Z,C*) x 5| E,8 = 0uB = 0}.

This is closed with respect to the ambient C'*°-topology and contains as subset the collection of
tuples with holomorphic blow-down structure

Z. ={(B,0) € T | B has holomorphic blow-down structure with respect to 7, and Q,}.
The following theorem is proved in Section 7.3.
Theorem 3.10. Z, C Z is open.

The two preceding results (see Theorems 3.8 and 3.10) immediately imply Theorem 1.3 for
conformal perturbation. For details on this, we refer the reader to the discussion in Section 8.2,
where also non-conformal perturbations are addressed.

4 Explicit B8-maps for constant curvature models

In this section, we show that for simple geodesic discs in constant curvature, explicit maps with
holomorphic blow-down structure can be constructed (see Theorem 4.1 below), and that this
map is canonical in the sense of Definition 3.5 (see Theorem 4.3 below). We first state the main
results in Section 4.1 before covering the proofs of Theorems 4.1 and 4.3 in Sections 4.2 and 4.3,
respectively.

4.1 Main results

Fix k € R, and let g, = e*’|dz|? on M = Dp = {z € C| |z|* < R?}, where e** = (1 + r22) 2.
When |/<:R2} < 1, (DR, gx) is a simple geodesic disk of constant curvature 4k, with transport
twistor space denoted Z, r ~ Dg x ID. The first main result of this section is an explicit
construction of a blowdown map for any such surface.

Theorem 4.1. For k € R and R > 0 such that }/’QR2‘ < 1, the map B = B" given by

2 — 1’z 14+ K2z
1+ fi22u2"u1 + k222

B = (.9 = ( ). Gmezn (11)

has a holomorphic blow-down structure.

Remark 4.2. One can arrive at expression (4.1) by exploiting the rotation-invariance of g,.
In this case, one secks B|sas as an S'-equivariant (in the sense that B(eitz,eit,u) = eB(z, 1)),
fiberwise holomorphic first integral, whose Fourier modes can be solved one-by-one by solving
ordinary differential equations in the radial base coordinate.

The second main result of this section shows that for the surfaces considered in this section,
the 5 map of Theorem 4.1 arises precisely as the S-extension of the map f(z) = z (in the sense
of Definition 3.5), in this case without the need for the Szeg6 projectors Sey, Sedd-

Theorem 4.3. Fiz x € R and R > 0 such that |k|R?> < 1. Then the 3 map defined in
Theorem 4.1 satisfies
Blsar = (TN *2)", (N7 ! dz)f).

Such a result exploits the fact that in the case of rotationally symmetric metrics, more can be
said about the Fourier modes of invariant distributions satisfying certain equivariance properties,
see Lemma 4.4 below.
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4.2 Proof of Theorem 4.1

Since the metric is conformally Euclidean as in Section 2.5, the twistor space Z,, g of (Dg, gx) has
involutive distribution spanned by d; and = = =, as defined equation (2.7). With e™” = 14+k2Z
here, this gives

2—2

- _ Z
==(1 s —
( +mzz)<,u8 + 0z A

= (005~ 10,
Proof of Theorem 4.1. We verify the three conditions in Definition 1.1.

(i) Bla,spy is a totally real Cgf-embedding. We first show that 8], spex is injective. Evalu-
ating the map 8 = (w,£) at a point (z,u) = (Rel, el@te+m) ip 8+S]D)g“ i.e., with w € St and
a € [-m/2,7/2]), a direct calculation gives

o Qe 1+ KR
iw Li(wtatm)y iw . i(wta+m) _ ] 4.9
(w’ 5) (Re € ) (Re 1+ rR2e2ia’ ¢ 1+ KR26216!> ( )

Thus w/& = 21@2%20‘ uniquely determines «, and then w is determined by either relation in (4.2).

Next we verify that 3y, spgs is a totally real CgP-embedding, and we first discuss the
smooth structure near the glancmg Observe that the scattering relation is the map (e, e®)
(ei(‘””“ﬁ(a)),ei(’r*a)) where s(a) := tanfl(i:gz tana), see, e.g., [22, Section 4.1]. Then two
coordinates which are respectively odd and even with respect to the scattering relation in a neigh-
borhood of the glancing are u; = cosa and us = w + s(«), and hence the C° smooth structure
is precisely made of functions that are smooth in u? and ug in a neighbourhood of 805113)% . Then

the totally real C5°-embedding property is fulfilled by checking that

0B 98 98 9B\ 1 o8 98 08 0B
det (8(u1)2’8u2’J8(u1)2’J8u2> det (811,1 8’&2 J@ul J8u2>

_4u

is nowhere vanishing near 80511)9“ (along with § having a non-vanishing Jacobian at interior

points). With 88 87; and 821 = S;lla (a% —s'(« )8w) this amounts to showing that
1 op 0B 0B _0p
det | =—, — D%
(cosa)? <8w % J8w Ja (w,a) # 0, near JpSD7y
To proceed, we erte =V; +V; and B = Vi + Vi, where
ow 0¢ 1 . . .
— _ i S i(w+a+m) 1 2
Vi 50 Ow + aw(?g [ Rt (Rie™ (1 — e™*)d, + ie (1+kR*)0),
ow o0& 1+ kR2 ' . )
Vo= O+ 22 = T (L9jRelwt20) g | jeilwtatm) (] p2e2a) ),
Oa oo ¢ (1 + :‘iR2€2la)2 ( ( ) 5)

Then

det<gﬂ gﬁ Jgﬁ J25> =det(Vi + V1, Vo + Va,i(Vi — W1),i(Va — V2))

B by _a|owoEow e

= 4det(‘/1,‘/27‘/1ﬂv2) 4 8(«0 8a 80( aw
(1—}—I€R2 2 i |2

:—4WWL‘4R2\1+62 g

Upon dividing both sides by (cosa)?, we arrive at the result. The same calculation shows

that 3, sperye s a local embedding at interior points.
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(i) B 20 , is a biholomorphism onto its image. That pw = Jp€ = 0 is immediate, while Zw =
Z¢=0isa tedlous yet direct, calculation. Hence [ Z° n is holomorphic. To describe B(ZE’ )
and invert it there, we will make use of the elementary map

Bp: D°xD° 3 (¢, T) (C—T¢(T) € C?,
easily seen to be injective and with image

z1 + Z122

o oy __ 2
BIF’(D X]D))—{(Zl,ZQ)EC ’ 71_‘22|2

<1, ’22| < 1}.

We now observe the following commutative diagram?

° U (w,6) (5 0 €2 ww? )

Z3 g — s C? :
famHeﬂe N\\\\&

D% x D° —=— D° x D° L 2,
(z,w)—(¢,T) Bp
where ((,T) = (11 :|R|22 z, l’ffnj“;) We then deduce that V(8(Z; )) = fp(D° x D°), and since
the range of /3 is stable under (w, &) — (w,—&) by the parity properties of (w, &), we conclude
that

B(Zz r) = {(w,€) € C* | W(w,€) € Bp(D° x D°)}

5 (rean2 1 £2
_ 7 2 w + w(kw? + £2)

1—kR2’

|ﬁw2+§2’ < 1}.

Now for (w,§) € B(Z2 p), Y(w,§) uniquely determines (z,uz) € D% x D°, and the relation
€ = u(1 + kwz) (which can be established directly from (4.1)), along with the fact that

(41 1+ K|z|?

1+/£wz m

#0, since |kz|? < KR? < 1,
uniquely determines .
(iii) B*Qcz > ¢ for some constant ¢ > 0. Recall that Q = i(m A 71 + 172 A 7j2), where

dz — p?dz

, :8V d
1+ kzz 2 ot

m=(1- |M|4)§v =

T (zdz — zdz).

Denoting (w, &) = (z, 1) complex coordinates on the image of 3, for which Q¢ = i(dw Adw +
dé A d@, we have

s 1+ K2z _ _

= o (= st ),
. 14+ kzZz _ _

e = o S (G + (1= k)

Writing the above succinctly as f*dw = an + bna, *d§ = em + dn2, we have [*Qez =
iZ?,k:l Hjin; A i, where

Hy = ’a‘Q + ‘0’27 Hyp = Hyy = ab+ CCZ, Hy = ’b|2 + |d‘2.

3The vertical map is the 2 : 1 branched cover from transport- to projective twistor space of (DR, gx), the
map z +— ( is the diffeomorphism capturing the projective equivalence between (Dg,g.) and (D, go), inducing
a biholomorphism between their projective twistor spaces given by the map (z,w) — ({,T). Finally, 8p is the
analogue of beta maps to the projective twistor space of the Euclidean unit disk.



18 J. Bohr, F. Monard and G.P. Paternain

Then minorizing 8*Q¢2 by Q is done by minorizing the smallest eigenvalue of the matrix H =
{Hj}}, given by

2
N tr2H B \/(tr2H> et H — det H > dtetljl.
tr2H + \/(tr2H)2 —det H r

We now compute

et B = o = bef” = MI@ — k22?)” + 42 = m
TR + KZ U
1 >\2
tr H = |af* + b + |e|? + |d|* = 2% (1= w222 |* + 20z (1 + 1)),
then
= 2
N (14 e (- RY

min = tr H 2’171{22N2‘2+4|2M|2(1+52) - 8+4R2+4|I€|’

where we have used that |2| < R, |u| < 1 and |s|R? < 1. The last right-hand side is a suitable
constant ¢ and item (iii) is proved. [

4.3 Proof of Theorem 4.3

Suppose (M, g) = (D,e??|dz|?), where the conformal factor ¢ € C*(D) is rotationally invariant
in the sense that o(e’z) = o(z) for all t € R. This S'-action lifts to Z = D, x D, and we consider
smooth first integrals on SM = D x S! that satisfy an equivariance property of the form

u(ez ep) = ePu(z,p),  (2p) €DxS,, tER, (43)

for some p € Z. This property corresponds to an equivariance of the Fourier modes. Indeed, if
u(z,e) =3, o tk(2)el* satisfies (4.3), then

0= u(eitzjei(t-l-o?)) _ eiptu(z’ ei@) — Z(ﬂk (eitz)eikt _ eiptﬂk(z))eiké',
keZ

which by uniqueness of Fourier series gives
g (el'z) =P Plg(z),  teR, zeD, keZ (4.4)
For equivariant first integrals, this implies the following vanishing result.

Lemma 4.4. Suppose (M,qg) = (]D),e%\dz\z) is rotationally invariant, and suppose that u €
C>®(SM) is a first integral satisfying (4.3) for some p € Z. If iy, = 0 for all k < p, then u = 0.

Proof. By contradiction, if u # 0, let £ := min{k € Z | u # 0} > p. Then by (4.4), we have
that a(e''z) = e =07, (2). Using the splitting X = ny + 7 (where 74 are the Guillemin—
Kazhdan operators, see, e.g., [28, Definition 6.1.4]), taking the Fourier mode of degree ¢ — 1 of
the equation Xu = 0 gives n_(ig(2)el®”) = 0. In the current coordinates, [28, Lemma 6.1.8]
gives n_ = e 7e%(9; — i0:00y), and thus setting h = e/“@y, the last equation is equivalent
to dzh = 0, hence h has a convergent power series in z in a neighbourhood of z = 0. Since ef”
is S'-invariant, h also satisfies h(eitz) = ei(pfe)th(z). Upon differentiating with respect to ¢ and
setting ¢ = 0, we obtain

izh/(2) =i(p— Oh(z) = 0. (ze_ph(z)) = 0.

Hence szph(z) is constant, and since £ > p, this constant must be zero in order for A to be
well-defined at z = 0. Hence h = 0 and u, = 0, a contradiction. |
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Corollary 4.5. If (M,g) = (D,e2"]dz|2) is rotationally symmetric and simple, then the [3-ex-
tension of the holomorphic embedding f(z) = z satisfies

(IoN; '2)" = Sev (IoN; '2)"),  and  (IN7'dz)* = Seaa (11N 1d2)").

This tells us that in rotationally symmetric situations, introducing the Szegé projectors for
the definition of the [-extension is not needed—it is unclear, whether this is generally true for
simple surface.

Proof of Corollary 4.5. The rotation invariance induces an S'-equivariance of the geodesic
flow, and one thus notices that the constructed functions w = (I()No_lz)jj and & = (IlNl_ldz)ri
satisfy (4.3) with p = 1. On to the study of w, w is additionally fiberwise even, and since
n—wo = 0, then nyw_g = 0 as well, and w splits into the sum of two smooth first inte-
grals f =Seyw and h =w_g9+w_4g+---. To show that h = 0, notice that h is a smooth
first integral satisfying (4.3) with p = —1, and such that (ﬁ)k =0 for all £ <1 (in particular for
all k < —1). By Lemma (4.4), this forces h = 0. Similarly for &, £ is fiberwise odd, with n_&; = 0,
and hence &€ = Syqq€ + h, where h is a smooth first integral satisfying (4.3) with p = —1, and
such that (liz)lC = 0 for all ¥ < 0 (in particular for all ¥ < —1). By Lemma (4.4), this again
forces h = 0. |

Finally, we prove Theorem 4.3.

Proof of Theorem 4.3. To show that 3|sa = ((ION(;lz)ﬁ, (Ileldz)ﬂ) (removing the Szegd
projectors using Corollary 4.5), notice that both maps satisfy (4.3) with p = 1 as explained in
the previous proof, and they agree up to Fourier modes k = 1. Thus their difference is a smooth
first integral satisfying (4.3) with p = 1, and with vanishing modes up to k = p = 1. By
Lemma 4.4, this difference is identically zero. |

5 Metric dependence. Part 1: The Y-map and consequences

Let (M, g) be a compact d-dimensional Riemannian manifold (d > 2) that is non-trapping and
has strictly convex boundary. In order to analyse the geodesic X-ray transform on functions
with boundary blow-up as well as conjugacies between geodesic flows, it is convenient to consider
the following map, introduced in [24]

T: 0.5M x [07 1] — SM, T(.%',’U,'LL) = QOUT(x,v)(mav),

The T-map sends the fibre {(x, v) } x[0, 1] either to an orbit of the geodesic flow (if (z,v) ¢ 0y SM)
or collapes it to a point (if (z,v) € 9pSM). The purpose of this section is to show that the
T-map depends continuously on the underlying metric. From this, further continuity statements
about the geodesic X-ray transform and conjugacies between geodesic flows are derived—these
are used both in Sections 6 and 7.

5.1 Set-up for perturbation theory

Let us define M. C C* (M , ®%T*M ) as the space of all Riemannian metrics g such that (M, g)
is non-trapping and 0M is strictly convex. This is an open set of the ambient C'°*°-space and
we equip it with the subspace topology. It will we useful to embed M into a closed manifold N
of the same dimension and extend all metrics to N. By Lemma A.5 (and Remark A.5), this
extension can be implemented by a continuous map

E: Mpye — C®(N,®T*N),  Eglu =g. (5.1)
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To simplify notation, the extended metric is also written as g. Fix a background metric gg € My
and denote with SM = SMy, (resp. SN = SNy, ) the corresponding unit tangent bundle. The
rescaling map

¢g: SN = SNy, (z,v) = (z,v/|v]y), g € Myge,

can be used to transfer all objects of interest to a fixed manifold. For instance, if (¢f) denotes
the g-geodesic flow on SN, we define a rescaled flow by

P9 € C(SN xR, SN), wf:gzﬁ;logogoqbg.
The infinitesimal generator of ¢ will be denoted with X, € C*°(SN,T(SN)).

Remark 5.1. If d = 2, then one can show that X; = ay4(X + A\;V') for smooth functions
ag, \g € C>*(SM,R), with A\, having non-zero Fourier modes only in the degrees £1 and +3
(see [21, Section 3.1]). For us, this is only relevant for go = |dz|? and g = e??|dz|> on D,
where in the standard coordinate representation [28, Lemma 3.5.6] one reads off that a; = e™7
and A\, = pd,0 — i0z0 on SD =D x Sl

For (z,v) € SMy, the exit times of the g-geodesic flow are 74 (z,v) = £sup{t > 0: ¢ (z,v) €
SM, for 0 < s < t}. Their sum defines a smooth function on SM, and we write its pull-

back to SM as 7y = (11 + 77) 0 ¢y € C°(SM,R). Additionally define m, € C*(0SM,R)
by mg(x,v) = g(v(x),v), where v is the inward pointing unit normal for g.

5.1.1 7Y-map revisited

We can now re-define the Y-map as
Y, 04.SM x[0,1] — SM, Yy(z,v,u) = wZ%g(x (5 0)
and recall from [24] the following result.

Proposition 5.2 (properties of the T-map). For all g € My, we have

(i) Y4 is smooth and satisfies (Tg)*(%g_lau) = Xy,

(ii) Y4 defines a diffeomorphism from 0. SM\OySM onto SM\OySM and descends to a home-
omorphism

T,: 0:SM x [0,1]/~ — SM,

where the equivalence relation ~ identifies two points (x,v,u) and (',v',u") if and only
if (x,v) = (2/,0v") € 0SM;

(iii) of p € C®(M) is a boundary defining function (with lift to SM denoted by the same
symbol), then there is a smooth, positive function Fy: 0-.SM x [0,1] — (0,00) such that

poYy= Fg-u(l—u)%; on 0:SM x [0,1].

Proof. This immediately follows from the corresponding assertions for T}, = ¢y0T 0 (¢, ! x1d)
and F = Fyo (¢, x Id), which were proved in [24].
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5.1.2 X-ray transform revisited

The X-ray transform of the (wf )—ﬂow is given by

o (@)
I,: p~Y2C®(SM) — C>®(0, SM), Igf(x,v):/og f o ay(z,v)dt.

This is well-defined in view of the following representation, which is a direct consequence of
Proposition 5.2

L, (o~ '/?h) = /1 Tgh du ,
0 Fgl/2 u(l—u)

h e C™(SM). (5.2)

Further, the extension to (1;)-invariant functions is defined by

fg: C°(0LSM) = C(SM),  h¥(z,v) =ho T, (z,v),
where h is viewed as u-independent function C*°(04+SM x [0, 1]).
5.2 Collection of continuous dependences

In the just described setting, all objects depend continuously on the metric.

Proposition 5.3. All of the following maps are well-defined and continuous:

g9, Mpte = C°(SN x R, SN); (i)
g = Tg, Myt — C°(SM, R); (ii)
g Ty/mg, My = C®(dSM,R); (iii)
g Ty, Mpie — C®(84SM x [0,1], SM); (iv)
g Fy, Mpte — C(04SM % [0,1],R~0); (v)
g1, Myt — L(p~V2C®(SM),C>® (01 SM)); (vi)
grrtgoly,  Mye — L(p V2C>®(SM),C®(SM)). (vii)

Here L(-,-) is the space of continuous linear operators, equipped with the topology of pointwise
convergence.

Checking continuity in each case is a tedious exercise that offers only little insight, so we
confine ourselves to a brief sketch.

Sketch of the proof. The local coordinate expression of X, € C*°(N,T'N) is a rational func-
tion in the components of g and their derivatives and as a consequence the map g +— X, is
continuous from My, into C*°(N,T'N). Combining this with Theorem A.3 thus yields item (i).
The arguments in [28, Section 3.2] carry over to show that 7, and 74/my lie in the claimed C*°-
spaces, and closer inspection reveals that as such they depend continuously on the flow (¢9).
From this also (ii), (iii) and (iv) follow.

Statement (v) follows from the expression of Fy in terms of the g-Hessian of p, the geodesic
flow and 7, that is discussed in the proof of [24, Proposition 6.12]. By means of (5.2), this can
then be leveraged to (vi).

Finally, to see continuity in (vii) we need to consider also the scattering relation oy €
Diff, (0SM), defined by o4(z,v) = T4(z,v,1) for (x,v) € 0SM and otherwise through
agoay = Id. For h € C®(0;SM), we define A%h € C°(dSM) by ASh = h on 9;SM
and A h =hoay on O_SM. Let

X ={(g,h) € Mipte x C®(81.5M) | A4 h € C*(0SM)}
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and note that this is a closed subspace of My x C*(04SM) (smoothness of A% h is checked by
compatibility conditions on 9ypSM and hence is a closed property). Given f € p~ 1/ 20(SM),
the map in (vii) can then be factored into g + (g,1,f), My — X and (g,h) — his, X —
C>®(SM). By [24, Proposition 6.13], the first map indeed lands in X and as this space is
closed, continuity follows immediately from (vi). The fact that hfs is smooth is a classical result
(see, e.g., [28, Theorem 5.1.1]) and continuity of the map (g, h) — h¥s is readily verified by an
inspection of its proof. |

5.3 Conjugacies

The geodesic flows of any two metrics in M. are smoothly conjugate up to a time change. We
first show this for metrics in the closed subset

Myt (K) = {g € Myt | supp(g — go) C K}, K C M° compact. (5.3)

Here the canonical choice of conjugacy (flow back along the orbits of gy and then forward along
the orbits of g) is smooth and can be written in terms of T-maps.

Proposition 5.4. Let K C M° be compact and g € My(K). Then there exists a unique
solution (g, ay) € Diff { (SM) x C*°(SM,R) to

0,.Xy, = aXy, Xga=0 on SM and ®=1Id on 0.SM. (5.4)
For g = go, we have (®,a) = (Id, 1) and moreover, the following map is continuous:
g (®g,ay), My (K) — Diff 4 (SM) x C*°(SM,R).

Proof. Suppose (®,a) is a solution to (5.4) and (x,v) € 0+SM. Then ® necessarily maps
the go-orbit emerging from (x,v) to the corresponding g-orbit, with a constant time change
a(z,v) = Fy(x,v) /7y (x,v). Hence there is the representation ® = T, o T;)l, a = [Ty/7gl%,
which at once implies uniqueness and that ® is a homeomorphism. To show that this is a valid
solution, we need to verify smoothness. Since g = gy on M\K, there is a neighbourhood

U C 0+SM of 9pSM such that T, =T, on U x [0, 1]. Hence

®=1Id on YTy, (U x [0,1]) and ®=Tg40Y, '  on SM\pSM
and ® and ® ! must be smooth. Consider the spaces

CXe(015M) = {h € C®(8,5M) | ALh € C*(0SM)},

where u = A% h € L°°(dSM) is the unique function with uoay = +u and ay(z,v) = Yy(z,v,1)
is the scattering relation of g. Since g = go on M\ K, we have oy = ay, in a neighbourhood
of JpSM. This makes the spaces C3°, (0+SM) independent of the choice g € My (/) used
in their definition. Moreover, m(z,v) = g(v(z),v)) is a smooth function on dSM that is
independent of g € My;.(K). By [28, Section 3.2],

Tgy Tgo € C;?,(&SM), Tg/ M, Ty /m € C(0+SM)

and as a consequence 7y/74, € Cg% (04 SM). Finally, since f; maps C3°, (04+SM) into C*°(SM),
also @ must be smooth.

To verify that ® = &, € Diff, (SM) depends continuously on the metric, it suffices to
verify continuity of the restrictions g — ®g|y, Mye(K) — C>®(V,SM), V. C SM open.
For V=", (U x [0,1]) this restriction is equals the identity and so there is nothing to prove.
For V.= SM\0ySM continuity follows from Proposition 5.3 (iv). Next, by Proposition 5.3 (iii),
the map g — ayla, sar, Minte (K) — Cg%1 (045 M) is continuous and hence also a, = (aglo, srr)to,
as a function in C*°(SM), depends continuously on g € My (K). Since ag = a0 ®, ", the proof
is complete. |
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For metrics without compact support condition, smoothness might be lost at the glancing
region. This can be dealt with by moving the boundary condition to a slightly larger manifold.

Proposition 5.5. There is a neighbourhood U C Myt of go and a continuous map
g (Pg,ag), U — Diff { (SM) x C°(SM,R)
such that (®g,aq) solves . Xy = aX, and Xqa = 0. Moreover, (®g4,,aq,) = (Id,1).

Proof. Recall that M is embedded into a closed manifold N of the same dimension. Let
M' C N be a slightly larger manifold with boundary, containing M in its interior and such
that (M’, go) remains non-trapping with strictly convex boundary. By modifying the exten-
sion map E from (5.1) if necessary, we may assume that supp(Fg — go) C K for a compact
set M C K C(M')° and all g € Myge. Let M (K) € C®°(M',@%T*M’) be defined analo-

gously to (5.3), then U = {g € Mytc | Eg|pr € ML, .(K)} is an open neighbourhood of go. We
obtain (®4,a4) by applying the preceding proposition on M’ and then restricting to M. |

5.4 Parametrising the C°-structure

The rescaling map restricts to a homeomorphism of the influx boundaries:
¢g|8+SM: 8+SM—>8+SM‘9, g € Mpte.

This is automatically a diffeomorphism with respect to the standard C°°-structures, but in
general it does not respect the C5°-structures from Section 2.3. Instead, transferring the maximal
atlas A to 9;SM yields a smooth structure A% = (dglo, s1r)* Aq, that is sensitive to the
boundary behaviour of g. Equivalently, this smooth structure can be obtained by first rescaling
the fold map from (2.4),

for 04SM — SM,  fy=¢, 0 Fyo¢,

and noting that A is uniquely characterised by fy: (04+SM, A%) — f4(0:SM) C OSM being
a smooth embedding. Here we focus our attention on metrics g € U C My in some open set, for
which we can choose a common extension M C N of M such that (M , g) is non-trapping and
with strictly convex boundary. Let us assume that gy € U and write G = (9. SM, AY). This
serves as a model to parametrise all smooth structures A% (g € U) in a g-continuous manner.

Proposition 5.6. There exists a family (D, | g € U) of diffeomorphisms ®4: G — (045M, A%)
such that the following map is continuous:

X = {(g,h) € Myt x CX(DSM) | alh = h} — C¥(G),  (g,h) > ®%h

Proof. The map f,: 0SM — OSM lies in the space WOSM (9§ M, 8SM) of global Whitney
folds as considered in Appendix A.5 (cf. [28, Section 5.2]). Using Proposition 5.3, one checks that
the following map is continuous Y — WSM (85]\/[ ,OSM ), g — fg. Hence, by Theorem A.10,
there is a continuous map as follows

T: X - C®(0SM),  T(g,h) =wy,  fiwg=h.

Note that 090G = 803 M carries its standard smooth structure, because the restriction
foloosar: OoSM — S M is a smooth embedding for all g € U. Let now fg be an A% -smooth em-
bedding that extends this boundary datum, that is, fg € Emb (Q dSM ) fqg = fgon 89 By The-
orem A.7, this extension can be implemented by a continuous map &/ — Emb (g S M ) g fg.
We may further assume that f,(G) = f,(9+SM), such that the map &, := fito fy: G — 0SM
is well-defined and smooth. If (g,h) € X, then

Pyh = fy (£5) fywe = fywg € CX(G)
and this depends continuously on (g, h) by the above. |
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6 Metric dependence. Part 2: Inverses of the normal operator

Let (M, g) be a simple manifold of dimension d > 2, let p € C°°(M) be a boundary defining
function and consider the normal operator of the geodesic X-ray transform

Nz p 20 (M) > O (M),

as it has been defined in Section 2.2. The purpose of this section is to show that the inverses
of N§, whose existence was established in [23], depend continuously on the metric. We denote
with Mg = {g e C* (M, ®%T*M) | (M,g) is simple} the set of simple metrics on M. This is
a C2-open subset of the ambient space of smooth, symmetric 2-tensors and will be equipped
with the C*°-topology.

Theorem 6.1. For every f € C®°(M), the following map is continuous:
= (NOTH, My — p 2O (M),

Remark 6.2. The theorem generalises to the attenuated setting considered in [28, Section 12.2].
If a € QY(M) is a 1-form on M, then the normal operator Niy= (Iio)*fgyo associated with the
a-attenuated X-ray transform is an isomorphism p~/2C>(M) — C*(M). The arguments of
this section then also establish continuity of the map

(goa) = (N2o) 7' f, Myx QYM) = p7lC®(M),  feC®(M).

As in [23], we use that N§ is an elliptic classical pseudodifferential of order —1 that sat-
isfies a Grubb—Ho6rmander transmission condition. As a classical pseudodifferential operator,
N§ depends continuously on the metric (see Appendix B) and as it has an even symbol, it
automatically fits into the Grubb-Hormander framework. Using these facts, we will derive The-
orem 6.1 by successively leveraging the continuous dependence to stronger topologies with help
of the open mapping theorem. This requires revisiting some arguments of [23], but no ‘hard
analysis’ is needed.

6.1 Extension of the normal operator

Let N be a closed d-dimensional manifold engulfing M. Denote with W[ (N) the Fréchet space
of classical pseudodifferential operators of order m, having an even symbol—see Appendix B,
where this is recalled. Further, write

erp: L2(M) — L*(N),  ry: LA(N) — L*(M),
for the extension by zero and the restriction to M.

Lemma 6.3. Let g9 € M. Then there exists a neighbourhood U C My of go as follows. For
every g € U, there exist an operator P9 € W (N) such that vy Plepy = N§ on L*(M). Further,
the following map is continuous: g+ P9, U — W }(N).

Proof. First, by Lemma A.5, there is a continuous extension map
E: U—C™®(N,®3T"N), Eglu=g

such that Fg is a Riemannian metricon N. Let M1,..., Mp C N be d-dimensional submanifolds
with boundary, such that M C M7, N =My U---UMp, MNMy=---=MNMp = and

(My, Ego|n,) is simple for all 1 <k < D. (6.1)
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As simpleness is an open condition, and after shrinking U if necessary, we may assume that (6.1)
also holds true with gg replaced by g € U. Consider now a partition of unity Zszl goi =1,
where ¢, € C*(N,|0,1]) with_ suppyr C My for all k = 1,...,D and ¢; = 1 in a neigh-
bourhood of M. Let P{:= N, IIM ¢ \Ilal(M,j) be the normal operator of the simple mani-
fold (M, Eg|as, ). Then by Proposition B.4, the map g ~ P/ is continuous from ¢/ into ¥ ;' (My).
Define

D

P9 =" @pPlp, € U (N).
k=1

Then the continuity of g — P9 follows from Proposition B.4 and the continuity of all natu-
ral operations in W7 (such as multiplication by C°°-functions or extension of operators with
compactly supported Schwartz kernels from My to N). That PY has the claimed extension
property is proved in [23, Section 4.1]. There it is also shown that P9 has an even symbol and
as W, L(N) C \I/C_II(N ) is a closed subspace, we may replace the latter by the former in the
continuity statement. |

6.2 The Grubb—Hormander framework

Consider the space
Eu(M) = {emp"u | ue C®(M)} C D'(N), p € C, Rep > —1,

which is isomorphic to C*°(M) and becomes a Fréchet space in this way. An operator A €
U (N) is said to satisfy the p-transmission condition, if ryyAu € C°(M) for all u € £,(M).
This property has been studied extensively by Grubb and Hérmander (see [9]), and is equivalent
to a certain symmetry of the local symbol of A at 9M—we refer to the discussion in [23, p. 27]
for more details. As observed in [23, Lemma 4.2], the operators PY from the preceding section
do satisfy the p-transmission condition for u = —1/2. This leads to a number of mapping
properties, which ultimately allow to establish the isomorphism property.

We retrace the argument from [23] with a view on continuous g-dependence. To this end it is
useful to introduce a scale of Hilbert spaces H*®)(M) (s € R), referred to as Hormander spaces.
For their definition, which is intricate, we refer to [23, p. 29] and the references therein. For us,
it suffices to know the following properties:

(i) H*O(M) = L*>(M) and H*H) (M) ¢ HM®) (M) for all s € R, t > 0;
(il) Nyer HH(M) = E,(M) and &,(M) carries the initial topology with respect to the inclu-
sions £, (M) — HM) (M);
(iif) £,(M) c HM*)(M) is a dense subspace for all s € R; see [9, Proposition 4.1];
(iv) if A € U}(N) satisfies the p-transmission condition, then it has the continuous mapping

property ra A: HHS) (M) — H=™(M), s > Re p — 1/2; see [9, Theorem 4.2].

Proposition 6.4. Any A € VI(N) (m > —2) automatically satisfies the p-transmission condi-
tion for u = m/2 and hence ryrA € L(HM®) (M), HS=™(M)) for every s > Re u—1/2. Moreover,
the following map is continuous:

A ryd, UI(N) = L(HMO(M), H™(M)).

The novelty of this proposition is the continuity claim, which is proved by means of the
following application of the closed graph theorem.

Lemma 6.5 (continuity upgrade). A linear map T': E — F between Fréchet spaces is continuous
if and only if it is continuous with respect to some weaker Hausdorff topology on F.
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Proof. Write 7, 7 for the Fréchet space topologies on E and F', respectively, and assume
that 7 C 7 is Hausdorff. Then continuity of 7" as map (E,7g) — (F,7) implies that Graph(7')
is Ty X 7-closed. Hence it is 75 X 7p-closed and the closed graph theorem implies continuity as
map (E,7g) — (F,7p). [

Proof of Proposition 6.4. We wish to apply Lemma 6.5 with £ = UJl(N) and
F = L(H"®/(M), H~™(M)),

where on F' we consider the initial topology 7 with respect to the following collection of maps
(for L = max(s,0) > 0)

L‘(Hu(S)(M),HS*m(M)) — Hsfm*L(M), T—TFf, where f €&, (M).

This topology is clearly weaker than the operator norm topology on F'. To see that 7 is Hausdorff,
consider two distinct operators 17,75 € F. Since £,(M) C H #)(M) is dense, we must have
Tif # Tof for some f € £,(M). Hence there exists € > 0 such that the balls

B ={g€ H ™ M) |||Tif — gllgs-m-rary <€}, k=12,

are disjoint and the sets {T' € F' | Tf € By} € 7 separate T} and Tb.

To prove the continuity assertion of the proposition, we may therefore fix f € £,(M) and
prove continuity of the map A — ryAf, W (N) — H~™L(M). Take B € \Ifil_m_L(N) such
that B: H*~™~L(N) — L?(N) is an isomorphism, then

rae Af | rs=—m-rary < NAfls—m-r vy S [|1BASl|2(v) = p(A)

and we are done after showing that p(-) is a continuous seminorm on ¥7}'. However, this follows
from the standard continuity properties in the calculus W}; concretely from the continuity
of (B, A) — BA as amap U5 " 5(N) x UB(N) — U L(N) € OO (N) — L£(L*(N)). |

6.3 Proof of Theorem 6.1
Recall the following elementary result.

Lemma 6.6. Let E and F' be normed vector spaces. Then the subset L*(E,F) C L(E,F) of
invertible operators is open and inversion is continuous as map T — T—1, LX(E,F) — L(F, E).

Remark 6.7. In general, the lemma fails for non-normed topological vector spaces. Con-
sider, e.g., E = F = C*([0,1]) and T,, = Id—%% € L(E,E). This sequence converges to
Id in L(E, FE) (equipped with the topology of pointwise convergence), despite T}, not being in-
vertible for any n € N. This necessitates the usage of the Hilbert spaces H() (M) instead

of £,(M).
Proof of Lemma 6.6. If £L*(F, F) is non-empty, we may assume without loss of generality

that £ = F. Let Ty € £LX(E, E), then for all T € L(E, E) for which H = (Tp — T)T, * has
operator norm < 1, the inverse 7! exists and satisfies

7' =T, '(1d-H) ' =T, ) HF,
k>0
17 =T < 75| D1 < |75 (@ = 1E D~ 1)

k>1

The last expression vanishes in the limit ||H|| — 0, which proves that the map T +— T~! is
continuous at Tj. |
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Proof of Theorem 6.1. We fix a metric gg € Mg and restrict our attention to the open neigh-
bourhood U and the continuous family (P9 | g € U) of operators from Lemma 6.3. By Proposi-
tion 6.4, the following map is continuous:

g P9, U L(HVPO M), BT (M), s> L.

By [23, Theorem 4.4], the operator ry, P9: H=/2) (M) — Ht (M) (g € U) is an isomorphism.
Hence the nonlinear map from the preceding display takes values in the set of invertible oper-
ators, which we denote £* (H_l/Q(S)(M), H*t1(M)). By Lemma 6.6, also the following map is
continuous:

g (reP?) 7Y U L(HY (M), HV2O), s> -1

To complete the proof of Theorem 6.1, let f € C°(M). Then by the preceding display,
g — (ryP9)~1f is continuous as a map from U into H~/2()(M) for every s > —1. By prop-
erty (ii) above, the map is also continuous from U into E_y/5(M). Further, ras: E_y/o(M) —
p~Y2C>(M) is continuous and hence

g rar(raP?)7f, U — p 2 (M)

is continuous. For g € U, let h = rp(rprP9)"1f, then due to the extension property in
Lemma 6.3, we have

N{h =ryPleyh = (raygPY)(raaP9) " f = f
and thus the theorem is proved. |

7 The holomorphic blow-down structure under perturbations

In this section, we prove Theorem 3.10, starting with some considerations regarding metric
geometry of the Hermitian manifold (Z°, ).

7.1 Lipschitz maps on Hermitian manifolds

Let (X,Qx) and (Y,€y) be complex manifolds of dimension n and m, respectively, both
equipped with Hermitian metrics. We assume for simplicity that the bundles A9 X and AMY
are smoothly trivial, such that there exist global orthonormal frames {n}(, ceey 77}‘(} and
{77)1/, e ,n?}. In these frames, the differential of a smooth map f: X — Y can be expressed in
terms of two complex n X m matrices

S, T € C®(X,C™™), S =(sjr), T=(tjr),
defined through the following equation
ol = sunk Htpmk,  k=1,...,m (7.1)
j=1
Remark 7.1. Equivalently, S(z) and T'(z) are defined through the following commutative

diagram:

(ALY @ APYY) U (ALOX @ A0LY),

S G -

CreoC™ Cro C™.

Here df! is extended C-linearly and the vertical arrows map a vector in (T¢ X ), to its expression
in the basis n,...,n%, 7k, ..., 7% (similarly for V).



28 J. Bohr, F. Monard and G.P. Paternain

We now consider X and Y as a metric spaces, where the metric is given by the geodesic
distance functions dg, and dgq, , respectively. Further, |-|: C"*" — [0, 00) is the operator norm
on Euclidean C™.

Proposition 7.2. Suppose f: (X,Qx) — (Y,Qy) is a smooth map whose differential is given
with respect to orthonormal frames as S,T € C'* (X, Cnxm).

(i) If |S],|IT| € L*°(X), then f is globally Lipschitz from (X,dq,) into (Y,dq,) and its
Lipschitz constant satisfies

Lip(f) < [|Sllpee(x) + 1T oo (x)-
(ii) If additionally f is a diffeomorphism and for some € > 0, we have
15 = 1d [loo, 1 T'loo < €/3,
then f is globally bi-Lipschitz and
Lip(f) <1+4e€ and Lip(f_l) <(1-e7Y (7.3)

or equivalently,

‘1 B dgy(f(l’),f(:v’))’ <e

doy (z, ")

sup
r,x'eX
r#x’

Proof. For (i), it suffices to uniformly bound the operator norm of df,: T, X — T,Y, which
satisfies (writing 7' = T'(x) and S = S(z))
2

|df:,3|2 = ‘dfgCT‘2 < ’ [1'5: g} = Sup{|5v+Tw|2 + |Tv+§w|2},

where the supremum is taken over all v,w € C™ with |v|>+|w|? < 1. The desired norm estimate
then follows from Young’s inequality

|Sv + Tw]? + |Tv + Swl* < S (vl + [w]?) + 4|8/ T|[v][w] + [T (Jv]* + |w]?)
< (IS + TN (Jol* + |w]?),

For (ii), the first bound in (7.3) follows immediately from (i). The differential of f~! at f(x) is
given as

-1 _

S T . F FG . =a—1 -1 o —-1

Writing P=1Id—S and Q = P + ijo TP’T, we have

e € 1 € 1 3—¢€
<-4 —- = F| < k< -
|Q’*3+9 1—¢/3 3—¢ | |*Z|Q| *1—35 3 — 2e¢
k>0 €
. € 1 € 3
G<TE PP <. = , 1+ 1G] < —.
Gl < |j>0’ | —3 1—€¢/3 3-—c¢ +| |_3—€

Combining these estimates, we see that |F|(1+|G|) < 32 < 1& and the estimate on Lip(f~?)
follows again from (i). Finally, note that

(7.3) < fdo, < (1+€)day and doy < (1 —e)7 f*da,
& —edg, < f*dQY —do, <edq, & (7.4),

which completes the proof. |
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7.2 Jacobian and difference quotient of 3-maps

Recalling the set-up from Section 3.2, let Z = D x D and consider for o € ¥ the following vector
fields:

Ep = e (4?0, + 0 + (p?0.0 — 0:0) (0 — pdy,)) € C=(Z,Tc Z).

Further, recall that Z = {(ﬁ,a) e C® (Z, CQ) X Vg LEUﬁ = 0pf = 0}. If (8,0) € Z, then the
Jacobian of 8 with respect to the frame {(1 — |u[*)ZY, 9y} c AM0Z° is given by the following
2 X 2-matrix

Sﬁ — (1 - |/’L|4)_1§O’/B1 (1 - ‘N‘4)_13062 .
a,uﬁl a,uBZ

As this frame is orthonormal for the Hermitian metric €, introduced in Section 2.5, this is
precisely one of the Jacobian matrices considered above (the anti-holomorphic part T is zero,
because ( is holomorphic).

Lemma 7.3. Let (8,0) € I, then |Sg| € L*(Z°) and consequently 3*Qc2 < CQ, for
some C > 0. Further, the following map is continuous (3,0) — Sg, T — L™ (ZO, CQXQ).

Proof. For any f € C*(Z), we have
(Ea - QQEU)JC = e_g(l - |N|4) [0:f + 020 - (1Op — 1Ou) 1.

If f is holomorphic (E,f = 0z f = 0), this implies that

(1= |ul") 2o f = e 710.f = (40:0),f] € C(2).

Applying this to the components of 3, we see that Sg € C° (Z, CQXQ) and in particular, |Sg| is
bounded on Z°, with the continuous dependence being obvious. Moreover, the matrix represen-
tation of £*Qcz in the frame { (1 — [u|*)ZY,0)} is SpS5. Hence

B*QC2 < CQO = SgSZ <(CId. (7.5)
This is satisfied upon setting C' = sup . |Sg/°. [

In view of Proposition 7.2 and the preceding lemma, the map S is automatically Lipschitz
with respect to the geodesic distance d, on (Z°,9,). That is, the following difference quotient
yields a well-defined element of L (ZO X Z°, (CQ):

6(27 /.L) B 6(2/, :u/)
dG((z) M)v (2/7 M/)) ’
We can now reformulate the holomorphic blow-down structure in terms of the L°°-functions S

and B. (Note that both quantities depend on the tuple (8, 0) € Z, though this is suppressed in
the notation.)

B(z,p,2' () = (z,pm, 2 1)) € Z° x Z°.

Proposition 7.4 (characterisation of Z. ). Let (8,0) € Z. Then (5,0) € Iy (that is,  has
a holomorphic blow-down structure with respect to P, and ), if and only if the following
conditions are satisfied:

(i) ®; B: G — C? is a totally real embedding (with G and ®y, as in Section 5.4);
(ii) |det Sg| > ¢c1 on Z° for some constant c; > 0;

(iii) |B| > ¢2 almost everywhere on Z° for some constant ca > 0.
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Proof. In view of Section 5.4, property (i) and part (iii) of Definition 1.1 are identical, so it
remains to show that the other items are equivalent. Let 0 < Ag < Ag be the eigenvalues
of S3Sj. Then Ag = |S5]?, |det Sg|? = AgAg and similarly to (7.5) one shows that

B*Qc2 > , & SﬁSj; >cld & Ag>c
If additionally 5: Z° — 3(Z°) is known to be a biholomorphism, then
B*Qez > cQ, & Qcz>c(87')'Q, = plisLipschitz <« |B|>c,

where 7! being Lipschitz is understood with respect to the Euclidean metric on 3(Z°) and
the geodesic distance d, on Z°. The implication in the middle follows then as in the preceding
lemma, using Proposition 7.2.

Let now (8,0) € 7., then the preceding consideration immediately imply (ii) and (iii). Vice
versa, if (f,0) € 7 satisfies (ii), then

Ag = |det S5|*/|Ss)* > ci/sup|SslP =1c = B2 >,
Zo

and as a further consequence : Z° — C? is a local diffeomorphism. If also (iii) is satisfied,
then 3: Z° — C? must be injective and we conclude that it is a biholomorphism onto its
image. |

Remark 7.5. The preceding proof also justifies (1.6). Indeed, dBi A df2 = (det Sg) - m A 12,
where 71 = (1 — |u[*)ZY = €7 (dz — i2dz) and 12 = (djii + (ds0dz — D.0dz)), such that 1 Ano
is everywhere non-zero.

7.2.1 Openness of the first two conditions

The first two conditions in Proposition 7.4 are easily seen to be open in the C°°-topology.
Precisely, the map

(B,0) = (@} B,det Sg), I C™(G,C%) x L=(Z°)
is continuous and the two sets encoding conditions (i) and (ii), respectively,
Embrg (945D, C?) € C*(045D,C?)  and  {f € L°(Z°) | essinf|f| > 0} C L>(Z°)

are both open. Here Embyr (0+S’ID>, (CQ) is the set of totally real embeddings and this is open
in the C*-topology, because 94 SD is compact [13, Chapter 2, Theorem 1.4].* Condition (iii) is
trickier, because the map

(B,0)— B,  I—L>*(Z°xZ°C?

is not continuous. Indeed, if o1 # o9, then the corresponding difference quotients cannot directly
be compared because 1 — d, /dy, ¢ L>°(Z° x Z°). This is due to the fact that Id: (Z°,d,,) —
(Z°,dy,) is not bi-Lipschitz. To overcome this problem, we seek out adequate bi-Lipschitz maps
with small distortion.

4See also the discussion in Section 1.1.4. Totally realness is clearly a C'-open condition.
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7.3 Proof of Theorem 3.10

We fix a tuple (Bo,00) € Z; and claim that this is an interior point. Recall from Remark 5.1
that the geodesic flow of €2?|dz|?, projected to D x S! € 0Z, is generated by the following vector
field X, = pZ,|sp € C*(SD,T(SD)), 0 € 5. Let us restate Proposition 5.5 in the present
context.

Proposition 7.6. There is a neighbourhood U of o in Xs and a continuous map
o (Vg,as), U — Diff  (SD) x C*°(SD, R)
such that (V5)«(Xsy) = a6Xs and (Vg a0,) = (Id, 1).

Any diffeomorphism ¥ of Z induces a smooth map (Z°, Z,,) — (Z°, Z,) between complex
surfaces. As explained in Section 7.1, we may express the differential of this map in terms of the
orthonormal frames { (1 — [u|*)ZY,, 8\/} and {(1—|u|*)ZY,0)}. This yields two matrix-valued
maps

Sy, Ty € C®(Z°,C**?), (7.6)

defined as in (7.1). If ¥ = WU, extends the diffeomorphism 1), from the preceding proposition
(whose existence follows from Proposition A.7), we can estimate these matrices as follows.

Proposition 7.7. Suppose (¥, | o € U) C Diff  (Z) is a continuous family of diffeomorphisms
with Vg = Id and ¥, = ¢, on SD. Then for every € > 0, there exists a neighbourhood ¥
of o9 € X such that the matrices (7.6) satisfy

HS\I}O,_IdHLOO(ZO)’HT\I]UHLOO(ZO) <€/3, fO?" o € Y.
Proof. We extend the functions a, from Proposition 7.6 to all of Z, such that o — a, is
continuous from Y3 to C*°(Z) and such that ap = 1. By this proposition, the vector fields

O =V,,50 — a,Z, € CF(Z,TcZ), o€ g
satisfy ©/ = 0 on the boundary hypersurface SD. As (1 —| u\4) is a boundary defining function
for this hypersurface, there is a split exact sequence of Fréchet spaces:

0'—0|sp
—

_ 4
0 — (7, Tez) LM, oo (7 10 7) C®(SD, Te Z|sn) — 0.

As a consequence, O, = ©/ / (1— |,u|4) is defined smoothly up to the boundary of Z and moreover,
the following map is continuous:

o O, Y = C®(Z,TcZ).
Further, we define H, = ¥,,0, — 0,. Then also ¢ — H; is continuous as map ¥5(K) —

C>*(Z,1cZ). Clearly, ©,, = Hy,, = 0.
The matrix S = Sy, has entries s, € C*(Z) (1 < j,k < 2), given by

s11 = (WouBoy, 2y ) = (O, (1 — |p|")EY) + a0,
s12.= (U [(1= ") ""Z00], 0)1) = (€5,0]),

§21 = <\Ija*a,u7 (1 = |u )~\/> <H‘7’ (1 = Il )H”>’
s22 = (Vou0u, ) = (Ho, 91) + 1.

Both (1 — |u|*)ZY and 9) extend to smooth 1-forms on Z and, as elements of C*(Z,T¢Z),
depend continuously on o—this is apparent in the explicit expression in (2.9). Hence their
L*°-norm can be bounded uniformly in ¢, in a neighbourhood of ¢ = og. Further, all of
[1©4]]c0, [|[Ho||oo and ||a, — 1||oo are arbitrarily small in a neighbourhood of o = (. This yields

the desired bound on ||S —1Id ||s. For ||T||, one proceeds analogously. [
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Proof of Theorem 3.10

We have to show that the given tuple (8p,00) € Z+ is an interior point. Denote with By €
L (Zo x Z°, (CQ) the associated difference quotient. Let us introduce the notation

AB(zyp, 2 1) = Blzyp) — B, 1) and  Wu(z,p, 2, 1) = (Ue(2, 1), o2, 1)),

where (¥, | o € U) is a family of diffeomorphisms as in the preceding proposition. The difference
quotient B = Af/d, associated to another tuple (5,0) can then be compared to By as follows:

. U* A U*d, U*AB — A
1955 = Bol|, = || 5250 x |1 - Tele | 4 ZeA0= S
oo g0 {ofs) oo
Uid, UEAB — Ao
o e N

(b) (c)

For (8,0) in a small neighbourhood of (S, 00) inside Z, we will estimate the terms (a), (b)
and (c) to the effect that || W} B — Bo|| _ < [|Bolleo/2- As a consequence,

|B| > |Bo| — ||UsB — Bo|| > |Bol/2>0  ae,
such that (8,0) € Z,, as desired. Let us now consider the three terms separately:

(a) By Proposition 7.2, we have ||B||s < ||S8||sc and by Lemma 7.3 this upper bound depends
continuously on (f,0). In particular, it stays uniformly bounded for small perturbations
inside Z.

(b) Let € > 0 and X as in Proposition 7.7. Then for o € U, this factor is bounded by e due
to Proposition 7.2.

(c) This factor equals the Lipschitz constant of f = Wi — [y, considered as map
f:(Z° dy,) — C? and will be estimated as in Proposition 7.2 (i). To this end, we write S
and T, (with e € {f, U, 3, 5y, }) for the Jacobian matrices with respect to the orthonormal
frames { (1 —|u[*)EY, 0y}, {(1—|ul*)EY,, )} and {dw, dE}, respectively. Then, by (7.2),

—or¥u —oq?
Sy Ty] _ [Sw, Tw,|[Ss O] _[Ss O
Ty Sf - Ty, S, 0 Sg 0 Sp ’
and hence

1Sllo = 115w, S8 = Spolloc < [[(Sw, —1d)]loo - [[Spllec + [1(Ss = Spo)loo
1 T¢lloo = 1 Tw, Splloo < [[Tw, lloo - [[S8]loo-

For (B,0) in a small neighbourhood of (B, 0¢) € Z, both norms can be made arbitrarily

small. This follows from the estimates in Proposition 7.7 and Lemma 7.3. Using Proposi-
tion 7.2 (i), we thus arrange that Lip(f) <e.

8 Proofs of Theorems 3.8, 1.3 and 1.4

In this section, we conclude the proofs of the main theorems and their corollaries.



Local and Global Blow Downs of Transport Twistor Space 33

8.1 Proof of Theorem 3.8

As discussed below the theorem, it only remains to prove the continuous dependence on o.
Recall that

Bolsp = (Sev (I@”(Ng”)’lz)ﬁgf’,Sodd (I{"’(Nf")’ldz)ﬁ""’) € C>(SD), o€y,

89 |sp 88" |sp

where the X-ray transform and the f-operator are defined with respect to the g,-geodesic flow
projected onto the fixed manifold SD, as described in Section 5. Combining Proposition 5.3 and
Theorem 6.1 then shows that o — B((,O) is continuous from ¥ into C*°(SD). For B((,l), one argues
analogously, using instead of Theorem 6.1 that also o — N{”(dz), X5 — p~1/2€),. is a continuous
map. To see this, one reduces to the attenuated setting as in the proof of Proposition 3.2 and
then uses the continuity statement from Remark 6.2. The extension of 5,|sp to S, € C(Z) is
clearly continuous and thus the proof is complete.

8.2 Proof of Theorem 1.3
On the disk M =D, we consider perturbations of a fixed conformally Euclidean metric
gr = €277 |dz|?, o = —log(1+ /@|z|2), || < 1.

Let (By | 0 € %) be the family of canonical S-maps from Theorem 3.8. For o = o, we
know from Theorem 1.2 that 5. has a holomorphic blow-down structure, that is, the tuple
(Bk,0x) lies in the set Z; from Section 3.2.2. As explained below Theorem 3.10, the openness
of 7, implies the existence of a neighbourhood U C ¥ of o, such that the family of S-maps
satisfies (By,0) € Z for all o € U.

Let us now view g, = e2?#|dz|? as an element of Riem(ID), the space of all Riemannian metrics
on D, and apply the Riemann mapping theorem with continuous dependence (Theorem A.1).
Let P: Riem(D) — C*°(D,R) be the continuous map from Corollary A.2. Then P(gx) = o«
and V = P~1({) C Riem(D) is an open neighbourhood of g.. Then, for ¢ = P(g) there are
maps as follows Z(D,g) = Z (]D),e%\dz\Q) 27 C2. Here the first map is the biholomorphism
that lifts the isometry (D,g) = (D,e??|dz|?) provided by Corollary A.2. The concatenation is
then a holomorphic map from twistor space Z = Z (DD, g) into C? with holomorphic blow-down
structure.

8.3 Proof of Theorem 1.4

As preparation for the theorem, we first prove the following.

Proposition 8.1. Let (M, g) be a Riemannian surface and xo € M. Write

Be(zo) ={z € M | dy(x,x0) < €}

for the closed geodesic ball around xo with radius € > 0. Then there exists a family of smooth
functions oc: D — R (e > 0) such that

(i) there is an orientation preserving isometry (Be(z),g) = (D,eQ(JEHOgE)]dZP);
(ii)) as € — 0, we have o¢ — 0 in C°(D,R).

Since this is a local result, we may assume without loss of generality that M is complete.
The desired isometry comes from first using geodesic normal coordinates and then the Riemann
mapping theorem. Let {v, UJ‘} C Ty, M be an oriented g-orthonormal basis and define:

Ye: D — Be(wo), P(2) :expx(eRez'v—i-eImz‘vJ‘)
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Lemma 8.2. As e — 0, we have e 2 g — |dz|? in C (D, @%T*D).

Proof. We first consider the case e = 1, in which case the pull-back 1]g can be expressed in
polar coordinates (r,0) as 1ig = dr? + f(r,0)? - d§?, where f € C*°([0,1] x S') is determined
through the Jacobi equation in r

Pf+Ki-f=0 on[0,1]xSY,  f(0,)=0, 8.f(0,)=1

Here Ki(r,0) = w*K(reiQ) is the Gauss curvature of (M, g) in polar coordinates, which can
be viewed as a function K; € COO([O, 1] x Sl). For € > 0, we now introduce rescaled polar
coordinates (s, 0), where r = es. If we define

feeC™([0,1] xSY) by fe(s,0) =€ 'f(es,0),

then
dr? + f(r,0)?d6% = €ds® + f(es, 0)*d0” = € (ds® + fc(s,0)*d6?),

which is to say that e 2¢*g = ds? + f2d6?%. Let fo(s,0) = s, then the lemma is equivalent to
fe—=fo in C™([0,1] x SY).

To prove the latter convergence result, we derive an ODE for f. and conclude by its continuous
dependence on the parameters. Note that

Oufi(5,0) = Oy f(es,0),  02F.(5,0) = 02 f(es,0) = —eK (e, 6) f(es,6).
Hence, if we define K, € COO([O, 1] x Sl) by K.(s,0) = €K/ (es, ), then
Bfe+Kcfe=0 on[0,1]xS"  f(0,)=0,  dfe(0,-) =1L
As K. — 0 in C’OO([O, 1] x Sl) for ¢ — 0, we can apply Corollary A.4 to conclude. |

Proof of Proposition 8.1. Let P: Riem(D) — C°°(D,R) the map from Corollary A.2,
where Riem(D) C C* (D, ®%T*D) is the open cone of Riemannian metrics on D. With
Pe: D — M as above, we define o, = P(e_2 E*g), € > 0. The preceding lemma, together with
the continuity of P, imply that o, — 0 in C*>°(D,R), as € — 0. Further, there are isometries

(Be(0),9) = (D, Zg) = (D, e +2108€|d2?),
provided by v, and the isometry from Corollary A.2, respectively. |

Proof of Theorem 1.4. Let B(x() be the open geodesic ball of radius € about a point zg € M.
For e > 0 sufficiently small, we will obtain a local S-map on the open subset U = Z(B(0), g)
of twistor space Z. As any point in Z is contained in such an open set U, this will prove the
theorem.

Let (o¢ | € > 0) be the family of conformal factors from Proposition 8.1 and let (8,5, | € > 0)
be the associated S-maps from Theorem 3.8. We define a local S-map through the following
concatenation:

1 U = Z(DF R ) = Z(0°, 27 dsf?) 2 2

Here the first biholomorphism is the lift of the isometry in Proposition 8.1 and the second
one equals, in the model from Section 2.5, simply the identity—this is also a biholomorphism,
because the complex structure of twistor space is invariant under constant rescalings of the
metric (that is, 9, = Z,+¢ for any constant C € R). For sufficiently small €, the map Sy,
has a holomorphic blow-down structure by Theorem 3.10 and in view of the discussion below
Definition 1.1 this implies properties (i) and (ii). The statement about point separation is
immediate: If q1,q0 € U\SM are two distinct points, then 5(q1) # 5(g2) and thus there is
a holomorphic map f: C? — C with f(B8(q1)) # f(B(q2)). Since B is holomorphic, we have
B*f € O(U), as desired. [ |
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8.4 Proofs of Corollaries 1.5 and 1.6

Proof of Corollary 1.5. We consider the set ¥’ = {u € ¥ | fi = f2 in a neighbourhood of u},
which is obviously open in Y. We are done once we have shown that it is also non-empty and
closed.

Non-empty: Let p, € 0¥ and p = fi(us) = fa(ux) € Z. Let U be as in Theorem 1.4
and V = frHU) N £, 1(U). This is an open neighbourhood of p, in . If g: U — C is holomor-
phic, then also the functions g o f; and g o fo are holomorphic and agree on V N 9% (which is
non-empty, as it contains ), hence go fi = go fo on all of V' by the identity principle. By
Theorem 1.4, the holomorphic functions on U separate points and thus we must have f; = fo
on V', which shows that u. € 2.

Closed: Let (un) C X/ be a sequence with limit p, € X. Since fi(pn) = fo(un), we also
have f1(ps) = fo(ps) € Z and call this point p. Again, let U be a neighbourhood of p as in the
Theorem 1.4 and let V = fl_l(U)ﬂfgl(U). If g: U — C is holomorphic, then h = go f1 —go fo is
holomorphic on V and satisfies h(u,) = 0 for infinitely many n. By the identity principle h = 0
on V and, again using point separation, f; = fo on V. This shows that u,. € 2. |

Proof of Corollary 1.6. Let x € My and let f: D — Z; , C Z be a holomorphic curve whose
image is the fibre Z;, over . Then both ® o f and ¥ o f are holomorphic curves and by
assumption they have the same boundary values. Hence ® o f = W o f, which means that ®
and U agree on the fibre Z; ;. This holds for all € M; and thus ® = W. |

A Continuity theorems in geometry

We recapitulate some aspects from geometric analysis with a focus on continuous dependence
on the underlying geometry.

A.1 Riemann mapping theorem

Define

Riem(D) = {g € C*°(D, ®%T*D) | g is a Riemannian metric},
Bel(D) = {m € C®(D,C) | |m| < 1}.

These are the spaces of Riemannian metrics and Beltrami coefficients on D, respectively,
and they both lie open in the ambient (C°°-spaces and as such they are Fréchet mani-
folds. Each m € Bel(D) encodes an orientation compatible complex structure on I with anti-
holomorphic tangent bundle %, = spang(9z + md,) C TcD, and vice versa, every complex
structure on D that is compatible with the standard orientation is given in terms of such a Bel-
trami coefficient. In particular, the complex structure determined by g € Riem(ID) is given by

B <dz,v +ivL>

= m, where {v, vl} C T.D is an oriented g-ONB.

mg(z)

Let Diff (D) be the orientation preserving diffeomorphisms of D, equipped with the C°°-
topology. Moreover, let Diff (D, {0,1}) C Diff (D) be the closed subset of diffeomorphisms
with 1(0) = 0 and (1) = 1. Then the following version of the Riemann mapping theorem was
proved by Earle-Schatz in [6, Theorem on p. 171].

Theorem A.1 (RMT with continuous dependence). For any m € Bel(D), there exists a unique
v € Diff (D, {0,1}) such that ¢: (D, Zy,) — (D, %) is holomorphic (Vs Pm = Po). The
map m +— 1 is a homeomorphism Bel(D) = Diff | (D, {0, 1}).
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Corollary A.2. There is a continuous map P: Riem(D) — C*°(D,R) such that
(i) P(e*|dz|?) = o for all 0 € C*°(D,R);
(i) (D,g) = (D,e*|dz|?) isometric for o = P(g) and g € Riem(D).

Proof. Let ¢ € Diff (D, {0,1}) the image of m, under the homeomorphism in Theorem A.1.
Write ¢ = ¢~ 1, let 1 € C®(D,TD) be a vector field with [1[jqz2 = 1 and define P(g) :=
log |1]4+4. Using that Diff (D, {0,1}) is a topological group that acts continuously on Riem(ID)
by pull-backs, one readily verifies that P is continuous. Let us verify the two properties:
If g=e%dz|?, then my = 0 and ¢ = ¢ = Id, such that P(g) = log(e?|1||g.2) = 0. For
general g € Riem(D), the map ¢ = ¢~ ': (D,|dz|?) — (D,g) is conformal, which is to say
that ¢*g = €2?|dz|? for some o € C®°(D,R). Clearly P(g) = o, and the proof is complete. W

A.2 Integration of vector fields

Let M be a closed d-dimensional manifold and 7' > 1. Let Mgy = M x [0,T]. Then an isotopy
on M is a smooth map ®: M7 — M such that ®,(z) = ®(x,t) defines a diffeomorphism of M
for all 0 <t < T, with &9 = Idrs. We denote the set of all isotopies on M by

Isop(M) C {® € C(M7p, M) | &(-,0) = Idpm}.

The set on the right lies closed inside the ambient C'*°-space and contains Isop(M) as an open
subset. To every isotopy ®, we can associate a time-dependent vector field X, i.e., an element
of C*®(Myp, TM), via the relation 0;P(x,t) = X (P¢(x),t), (x,t) € Mg. Vice versa, every such
vector field X can be integrated to an isotopy ®¥ by solving this ordinary differential equation.
We record here the—certainly well-known—observation that the map X — &% is continuous in
the C'*°-topology.

Theorem A.3. The map X — ®~ is a homeomorphism C®(Mr,TM) = Isor(M).
Sketch of the proof. The result can be reduced to the continuity of the exponential map

X = o, C®(M,TM) — Diff(M)

for time-independent vector fields, which is proved by Ebin-Marsden in [7, Theorem 3.1]. Pre-
cisely, the authors prove continuity into Diff*(M), the space of diffeomorphisms of Sobolev
H*-regularity, for all s > d/2+ 2. Since Diff (M) carries the initial topology with respect to the
inclusions into Diff*( M), this gives the desired continuity.

To obtain continuity of the full isotopy, one can embed M7 into a closed manifold N of
dimension d + 1 and consider a smooth vector field Y on N with Y (x,t) = tX(z) for (z,t) €
Mr C N. The isotopy ¥ € Iso1(N) leaves My invariant and satisfies

\I/z,/(x,t) = (CbiX(x),t) = (@ﬁ(m),t), (,t) e M C N,0<s<1.

The full isotopy ®* € Isor(M) can be recovered from W1, and after constructing a continuous
extension map X +— Y, this allows to derive continuity of the map

X = ®X, C®°(M,TM) — Isor(M).

The passage to time-dependent vector fields is done similarly, by extending X to a time-
independent vector field on A and then applying the preceding result. This proves that also the
following map is continuous:

X = oX,  C®(Mgp, TM) — Tsop(M).

It is clear that this is a bijection, with inverse provided by differentiating a given isotopy. This
is clearly continuous and so we indeed obtain a homeomorphism. |
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For convenience, we record the following result as a corollary (it could also be derived using
variation of constants).

Corollary A.4. Let M be a closed manifold and My = M x [0,T]. For A € C>*(Mr) and
ap,bp € C*(M), denote with f4 € C*°(Mr) the unique solution to the initial value problem

Rf+Af=0  onMp,  (f,0f)le=0 = (ao,bo).
Then the map A — fa is continuous from C>°(Mr) into C*(Mr).

Proof. On M = M, x R, x R, consider the time-dependent vector field X(z,a,b,t) =
b0, — A(z,t)ady, whose isotopy satisfies ®X (x, ap(x),bo(z),t) = (z, fa(x,t), 0 fa(x,t)) for all
(z,t) € Mp. Projecting onto the second component, we retrieve f4 and the corollary follows
from the preceding theorem. |

A.3 Riemannian extensions

Lemma A.5. Let M be a compact manifold with boundary, embedded into a closed manifold N
of the same dimension. Then for any Riemannian metric go there is a neighbourhood U in-
side C*° (M, ®§T*M) and a continuous map

E: U— C™®(N,®%T*N), Eglu=g
such that Eg is a Riemannian metric on N for all g € U.
Proof. First, there is a continuous linear extension operator
Ey: C®(M,@3T*M) — C°(N,®%T*N), Eoflu = f.

this is proved, e.g., by Seeley in [32]. Let h be an arbitrary metric on N and let € > 0 be so
small that the symmetric 2-tensor gg — 2¢h is positive definite on M. For f € C'* (M, ®%T*M),
define

U(f,0) ={xz € N | (Eof —dh), is positive definite}, d>0.

Then Uy = U(go, 2¢) is an open neighbourhood of M in N. Let x € C*°(S,[0,1]) be = 1 in
a neighbourhood of M and = 0 on N\Uy. We claim that

U:={g€C®M,ZT*M) | U(g,¢) D Uo},  Eg:=xEog+(1-x)h

have the desired properties. Clearly, i/ is open and contains go. It remains to show that (Eg)x
is positive definite for all z € N. If x(x) = 0, this is obvious. If x(x) > 0, then z € Uy C U(g, ¢€),
and hence each term in

(Eg)z = x(x)(Eog — €h)a + (1 + ex(z) — x(2))ha
is positive definite. |

Remark A.6. It is sometimes convenient to define an extension operator on an arbitrary open
subset V C C* (M , ®%T *M ) of a Riemannian metric. This is always possible by means of
a continuous partition of unity on V. (The C*°-topology being metrisable implies that V is
paracompact.)
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A.4 Extension of embeddings

Let Y be a compact manifold with boundary and let X be a closed manifold. The boundary
restriction of C*°-embeddings, Emb(Y, X) — Emb(9Y, X), f — f|sy, is a continuous map with
respect to the C*-topologies. Palais showed that this map is a locally trivial fibration (see [27],
the case with boundary is discussed in Section 6). We record a simple consequence of this.

Proposition A.7. The image U C Emb(9Y, X)) of the restriction map is open and there exists
a continuous extension map E: U — Emb(Y, X), Ef|ay = f.

A.5 Whitney folds

Let X and Y be closed orientable n-manifolds and S C Y a closed embedded hypersurface.
We wish to consider smooth maps and involutions (f,a) € C*°(Y, X) x Diff (V') with foa = f
and o o = Id, such that f has a Whitney fold at every point in S (see also Section 2.3), having «
as its non-trivial involution. The purpose of this section is to describe a setting where the local
theory from [15, Section C.4] can be globalised and to supplement the theory with adequate
continuity theorems.

To ensure that Y supports global involutions with fixed point set S, we will from now on
impose the following condition: Y is the union of two connected submanifolds Y1,Ys CY having
disjoint interiors and a common boundary Y1 = 0Ys = S. To further ease the discussion, we
fix two volume forms wx and wy and, given a smooth map f: Y — X, write Ay € C*(Y,R) for
the function defined by f*wx = Ajwy.

Definition A.8. Define the following sets:

(1) Ay=0onS
WSV, X) = feC®Y,X)| (2) |d\s|+]|df] > 0 pointwise on TY]|s 5,
(3) fls € Emb(S, X)

4) |Af| > 0 pointwise on Y'\S

(
S - g (5) flv,: Y = X is a topological
W2 (Y, X) = § € Wiee (Y, X) | embedding for k = 1,2

(6) f(¥1) = f(Y2)
Proposition A.9 (local and global folds and their involutions).

(1) WS (Y, X) is an open subset of {f € C®(Y,X) | A\ =0 on S};

(i) for all f € WS (Y, X) there exists an € > 0 and embeddings cpg(: S x[—€,¢] - X and
gp{,: S x [—€,€] = Y such that the following diagram commutes:

y—(1,0) W) (u?)
S —— Sx[—€,¢] —— S X [—¢,¢€]
l@@ ok
/

Y ——— X.

(iii) every fo € Wlﬁc(Y,X) has an open neighbourhood U such that for f € U one can choose €
to be uniform and f — (gogf, cp{,) to be continuous as a map

U — Emb(S x [—¢,€], X) x Emb(S X [—¢,€],Y).

(iv) W3(Y,X) Cc WS (Y, X) is open;
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(v) for every f € WS(Y, X), there exists a unique o € Diff(Y)\{Id} with foa = f and
o? =1d. The following map is continuous f — o, W3 (Y, X) — Diff(Y).

Proof. Part (i) is obvious. For (ii), we may choose ¢x: S x [—1,1] — X to be any embedding
that extends f in the sense that px(y,0) = f(y) for all y € S. Then in a neighbourhood U
of S C Y themap 7 :=pry o (px) Lo f: U — S,isasubmersion with ker dr|s = ker df|s being
transversal to S. Hence, after shrinking U if necessary, m: U — S is a fibre bundle with fibre R.
As S C U is two-sided, there exists a trivialisation 7: S x R = U with 7(y,0) = y for all
y € S. Define F: S x R — R by F(y,s) :prQOgo)}lofoT(y,s). Then for all y € S we
have F(y,0) = 0sF (y,0) = 0 # 02F(y,0), the last ‘#’ being due to property (2). For sufficiently
small ¢, > 0, we have 0?F(y, s) > ¢ ((y,s) € S x [0, 4]), possibly after flipping a sign in the
definition of px. Taylor expanding F'(y, ) about s = 0 yields

1
F(y,t) = s*R(y, ), R(y,s) = /0 (1—0)0?F(y,so)do > ¢/2.

Consequently, \/R(y, s) defines a smooth function on Sx[—4, ] and s — s/ R(y, s) has a positive
derivative for |s| < ¢/||0sR||so. Decreasing ¢ if necessary, the map

Kk: S x[=0,0] = S xR, k(y,s) = (y, sV R(y,s))

thus becomes a diffeomorphism onto its image. If € > 0 is so small that S X [—¢, €] lies in the
image, then py =70k 1: S x [—€,€] = Y is the desired embedding.

For (iii), let us revisit the choices made in the construction of the embeddings ¢ x and ¢y
The definition of px relies on extending the smooth embedding f: S — X and this can be made
continuous in f due to Proposition A.7. Next, for f near fy the choice of trivialisation 7 can
be fixed as follows: Upon choosing a Riemannian metric on Y, there is a unique unit vector
field &y spanning kerdm near S and pointing inside Y; along S. We may then define 9(-, s)
as the time-s-map of its flow, at least if |s| is sufficiently small. The trivialisation 7 is then
obtained from 7y by reparametrising the s-parameter, which can be done uniformly for f in
a neighbourhood of fy. With all choices fixed, the remaining construction of ¢y relies only on
elementary calculus and as such is continuous in f.

For (iv), we fix fo € W9 (Y, X) and let & and € > 0 be as in (iii). Then the sets

K, = YVi\el? (S x (—€/2,¢/2)), ke {1,2},

are compact and connected. Consider the following conditions on f € U:
(2) Yi\K} C @y (S x (=ee)), (b) inf Ag] >0,
(c) f(Kk) N f(S) =2, (d) f(KT) N f(KR) # 2.

These conditions are all satisfied for fy and further they define an open subset of U. We claim
that they imply that f € W5(Y, X), proving that fy is an interior point.

To prove the claim, suppose that f € U satisfies conditions (a)—(d). Then property (4) can
be checked pointwise on the sets Ki, Ko and a tubular neighbourhood of S, where it follows
from (b) or the normal form of f, respectively. Due to (¢) and (d), there is a unique connected
component W of X\ f(S) that contains both f(K;) and f(K2). In order to verify conditions (5)
and (6) it suffices to show that f: Y — W is a homeomorphism (k = 1,2). To see this, we first
observe that f is a local homeomorphism in this setting. At points in K}, this follows from (4)
and (c) and at points in Y3\ K} this can be verified in the local normal form. As both Y}, and W
are compact and connected, it follows that f: Y3 — W is a covering map and due to (3) the
degree has to be 1.
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Finally, for (v) the involution o can be defined by aly, = f\;,jl o flv, ({4,k} ={1,2}) and
is clearly unique. Moreover, o leaves Y'\\S invariant and as an element aly\g € Diff(Y'\S) it

depends continuously on f € W9 (Y, X), because it is explicitly given in terms of f and its
f f f

inverse. For (z,t) € S x (—¢,¢€), we have a o ¢ (y,t) = ¢’y (y, —t) and thus using ¢’ as a local
chart we see that also near S the involution « is smooth and depends continuously on f. |

The main theorem about pull-backs by Whitney folds—stated here in its global form—asserts
that the following non-linear sequence is exact

WY, X) x C®(X) = WY, X) x C®(Y) = C®(Y). (A1)

Here we first map (f,w) — (f, f*w) and then (f,h) — h o« — h, where « is the involution
associated to f. Exactness means that the image of the first map equals the O—preimage of the
second map. For the latter, we also write

X ={(f,h) e WS(Y,X) x C®(Y) | h=hoa}.

Theorem A.10. The non-linear sequence (A.1) admits a continuous left-split. Precisely, there
exists a continuous map (f,h) = w, X — C*°(X) such that f*w = h.

Sketch of the proof. The assertion is non-trivial only near the fold, where one may pass to
the normal form provided in the preceding proposition. Writing

Xo = {h € C (8 x (=€) [ h(y, 1) = h(y, —1)},

it then suffices to find a continuous linear map h — w, Xy — C>(S X (—¢,€)) such that
w(y,t?) = h(y,t) for all (y,t) € S x (—¢,€). This however can be achieved by the same methods
as in [15, Theorem C.4.4], using the open mapping theorem to establish continuity. |

B Continuous dependence of the normal operator

We recapitulate the proof that the normal operator of a simple manifold (defined in Section 2.2)
is a classical pseudodifferential operator and show that as such it depends continuously on the
metric.

B.1 Classical ®do and their topology

A smooth function a: RZ x Rg — C is called a classical symbol of order m € R, if

a(z,§) = €[ alz,&/1€l, 1/1€D),  1€1>0, (B.1)

for some @ € C*°(R? x S9! x [0,00)). The space of all such symbols is denoted with ST (T*R?)
and it is turned into a Fréchet space by the identification with

{(a,a) € C= (R x RY) x C*°(R? x $%! x [0,00)) | (B.1) holds},

which is closed in the C'*°-topology. A symbol a € ST} (T*Rd) is called even, if the function a
from (B.1) has a smooth extension to R? x %=1 x R with the property

a(x, —w,h) = a(z,w, —h), (z,w,h) € RY x S1 x R.

The set of even symbols defines a closed subspace SZ (T *]Rd) of gf(T *]Rd).
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Remark B.1. Taylor expanding a(z,w,h) in h = 0 yields an asymptotic expansion

a(x,&) ~ Y a(x,8),  an(x,€) = ¢ Fofalx,&/1€,0)/k, ¢ >0,
k>0
which is frequently taken as equivalent definition of classicality (cf. [33, 36]). From this point
of view, evenness of a is the assertion that ay(x, —¢) = (—1)Fax(x,€) for all k > 0 (cf. [23,
Definition 4.6]).

For a € S%} (T*Rd), the quantisation map

1 )
Op: SF(RY) = D'(R*xR?),  Op(a)(w,y) = 5 / ! a(x, €)d,
(2m)? Jpa
interpreted as oscillatory integral, is well-defined, continuous and injective. Identifying operators
with their Schwartz kernels, the space of classical pseudodifferential operators on R can then be
defined as W} (]Rd) = Op( gf(T*Rd)) +C*> (Rd X ]Rd). To topologise this we give an alternative

definition, valid on any open set U C RY. We define ¥(U) C D'(U x U) to consist of those
Schwartz kernels A(z,y) for which

(a) A is smooth away from the diagonal Ay = {(z,y) e U x U | x = y};
(b) if € C(U), then Ay(z,y) = ¢(z)A(z,y)¢(y) lies in Op (ST (T*RY)).

For U = R? this is equivalent to the preceding definition. Writing A, = Op(ay), we
equip ¥ (U) with the initial topology for the collection of maps

A= Alyxu\ay, o Arsay,

(U x U\Ayp), qu) ——

al) cl a4 (TRY), (B.2)
where ¢ runs through all elements of C2°(U). In other words, a sequence of operators in W7} (U)
converges if and only if their kernels converge in the C*°-topology away from the diagonal, and
all local symbols converge in ST} (T *]Rd). With this topology, U7} (U) is a Fréchet space—as the

completeness is crucial in this article, we include a brief sketch of this well-known fact.
Lemma B.2. V}(U) is a Fréchet space.

Sketch of the proof. Let U = |J;2; Vi be a locally finite open cover with V;, C U (k =
1,2,...). Define Wy = U x U\Ay, Wy, = Vi x V}, for k € N, as well as

U (U) C {(Ag,al,ag,...) € C™®(Wy) x H m(T*RY) | (B.3) holds},
k>1

where the tuples are subjected to the constraint
Aj = Ay on W; nWy  (4,k >0), where Ap = Op(ar) (k>1). (B.3)

If (B.3) is satisfied, then there is a Schwartz kernel A € D'(U x U) with A = Ay on Wy, (k > 0)
and sending a given tuple to this kernel yields a map ITIZ’[‘(U ) = D'(U x U). One checks that this
map induces a homeomorphism U7 (U) = ¥7(U) and as the former space is a closed subspace
of a countably infinite product of Fréchet spaces, also ¥I'(U) is a Fréchet space—we leave the
details to the reader. |

On a manifold X of dimension d, the space ¥(X) C D'(X x X) is defined by replacing
condition (b) above with

(b) if ¢: V = U C R? is a local chart and ¢ € C°(U), then A,y (z,y) = o(z)A(v(2),
¥~ (y))p(y) lies in Op (ST (T*RY)).

Analogous considerations then give a natural Fréchet space structure on W(X) that coincides

with the one above when X = U C R? By replacing classical symbols at each step with

even symbols, we also obtain the closed subspace Wi (X) C W'(X) of even pseudodifferential
operators.
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B.2 Fourier transform of homogeneous functions

Suppose Q: RZ x (Rg\O) x Ry — C is smooth and satisfies, for some A € R, the homogeneity
property Q(z,tz,h) = t*Q(x, z,th), t > 0. For later use, we wish to consider the inverse Fourier
transform of @Q in the z-variable, restricted to frequencies w € S?~!. Formally, this yields
a function

TQ(z,w,h) = / e Q(x, z, h)dz, (z,w,h) € RY x S x R,
Rd

Due to the homogeneity, @ may be recovered from its restriction to |z| =1 as Q@ = Ex(Q||z=1),

where the extension operator E) is defined by

Exq(z, 2, h) = 2] q(z, 2/|2],|2|h), g € C(R? x S x R).
Lemma B.3. If A\ > —d, then T\ = TE)\ defines a continuous linear map
Ty: CP(RYx ST xR) —» C®(R? x S x R).

Sketch of the proof. It is enough to show continuity Ty: CF — C for all compacts K C
R? x S%1 x R, where Cy stands for smooth functions supported in K. Showing continuity
into &’ (RMH) is straightforward and, by virtue of Lemma 6.5, this can be upgraded to continuity
into a C™-space, if one shows that T)Q is smooth on R? x (Rd\O) x R. The latter assertion
is standard if @ is independent of the parameters x and h (see, e.g., [34, Section 7.4]) and the
arguments carry over to the present setting. |

B.3 A continuous family of pseudodifferential operators

Let W7'(M°) denote the space of classical pseudodifferential operators of order m € R on the
interior M° of M. It is well known (see, e.g., [28, Theorem 8.1.1]) that N§ € ¥ '(M°),
provided g is simple. Here we show that as classical pseudodifferential operator, it depends
continuously on the metric g.

Proposition B.4. The following map is continuous: g — N§, Ms — \Ifal(Mo). Here \Ifal(Mo)
carries its natural Fréchet space topology.

In the setting of closed Anosov manifolds, a similar continuity statement was proved in [10,
Proposition 4.1]. Near the diagonal of M° x M?® their analysis essentially carries over to the
present setting and yields continuity into W~!(M®), that is, into the weaker topology of non-
classical pseudodifferential operators. Keeping this in mind, we will keep the following discussion
brief and focus on classicality.

Proof. Proof of Proposition B.4 Simple manifolds are diffeomorphic to a compact ball in R¢,
so without loss of generality we assume that M = U, where U = {x eR? | |z| < 1}, with metric
g = (9ij) given in terms of Euclidean coordinates. By [28, Lemma 8.1.10], the Schwartz kernel
of N§ equals

1
Ni(z,y) = ——— x 2J,(z, , x,y) € U x U,
0 (@, y) dy(, )" 9z, 9)V 9(y) (z,9)

where d, is the geodesic distance and J, is a Jacobian factor. They depend continuously on the
metric in the sense that the following map is continuous:

g (d3,Jy),  My— C®(U xU)% (B.4)

Proving this fact requires revisiting some fairly standard constructions in Riemannian geome-
try—this tedious but elementary exercise is omitted. Further, we have the following.
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Lemma B.5. For every g € My, there exists a smooth function G9: U x U — R4 taking
values in symmetric matrices, such that

(i) G9(z,z) = g(x) forx € U;
(11) dg(:an)Q = (':L' - y)jG?k(l‘ay)(x - y)k fO’f’ (xay) e U x U;'
(iii) g — G9, Mg — C>®(U x U,R¥%) is continuous.

Proof. Let Hfj (7,y) = 0y, 0y, dg(:r, y), then Taylor expanding dg(:v, -) about y = x yields

B = [ U5 e ity - o)t -0 - 0y

and defining ij as this integral expression, the continuity claim (iii) follows directly from (B.4).
The other two properties are well known (see, e.g., [28, Lemma 8.1.12]). [

We now proceed with the proof that N € \Ifal(U ) depends continuously on g € My, using
the characterisation of the topology in (B.2). Clearly, the kernel N§ is smooth away from the
diagonal and due to (B.4) the map

gHNg’UXU\Ayv Ms—>COO(UXU\AU)

is continuous. Next, if ¢ € C2°(U), then following [28, Chapter 8.1]
Ng .0) = o@N 9)ol) = + Opla). &) = [ PN (o0~ 2)d

As the integrand in the definition of af, is supported in the compact set |z| < 2 and depends
continuously on the metric, one can derive continuity of the following map:

g af, MS%CW(Rded).
Classicality is the assertion that the symbol at infinity, defined by

1zw 9 r — hz2)d
&Z,(x,w,h)=/Rd[ %2, ?) - a(x,y) = 2J4(x, y)p(x)V/ 9(v)e(y

ZGij(z, @ — hz)z1]| 7

is smooth up to h = 0. This, however, together with the continuity of the map
g al, M — O (R? x St x [0, 00)),

follows from Lemma B.3. This completes the proof of Proposition B.4. |
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