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Abstract. The KP equation is perhaps the most famous example of a three-dimensional
integrable system. Here we show that a non-commutative five-dimensional Chern—Simons
theory living on the projective spinor bundle of three-dimensional space-time compactifies
to a Lagrangian formulation of the KP equation. Essential to the definition of the theory is
a 2-form pulled back from minitwistor space. The dispersionless limit of the KP equation
is similarly described by Poisson—-Chern—Simons theory. We further show that, consistent
with integrability, all tree level amplitudes vanish. The universal vertex algebra living on
a two-dimensional surface defect in 5d is Wiy, and its operator products coincide with
collinear splitting functions on space-time. Taking the dispersionless limit contracts the
vertex algebra to w4 oo.
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1 Introduction

The Kadomtsev—Petviashvili (KP) equation
(ug + 6uty + Upgs )z + 302uyy =0 (1.1)

for 02 = 41 is perhaps the most famous and well-studied integrable system in 2 4+ 1 dimen-
sions [2, 45]. It arises generically in physical contexts with both signs for o2, for example, in
the propagation of shallow water waves and also plasma physics. Depending on the sign of o2,
it admits line and lump solitons."

There exist a number of different approaches for solving the KP equation and a vast literature
on the subject. We will not attempt to survey it here; nevertheless, we include here a few
references for context. The associated linear problem, or Lax pair, first appeared in [27] and
is the foundation of the inverse scattering transform [1, 48]. A more algebraic approach was
developed by the Japanese school: it identifies the ‘7-function’, a kind of second potential for the

For o2 = 1, line solitons are stable but no lump solitons exist. For o2 = —1, line solitons are unstable but
lump solitons do exist [1].
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dynamical field u = 2(log 7)z, with a 2d chiral CFT correlator [40, 41, 42, 58]. This 7-function
is the central object in Hirota’s direct method [35] and surprisingly can also be encountered as
the partition function of the topological string [4, 26, 30].

In this work, we will understand the integrability of the KP equation from a rather different
perspective: through the minitwistor correspondence. The dispersionless KP (dKP) equation,
obtained by discarding the term fourth order in derivatives from equation (1.1) to get

U + 6uly ) + 302U, = 0,
vy

has long been known to have a minitwistor formulation. Indeed, solutions to the dKP equation
yield special Einstein—Weyl spaces in 24 1 dimensions and the Hitchin correspondence identifies
these geometries with certain complex surfaces [36]. The requirement that an Einstein—Weyl
space can be obtained from a solution to the dKP equation endows the associated complex
surface with a holomorphic section of the dual to the fourth root of the canonical bundle, K —1/4
and therefore a holomorphic Poisson structure. The complex surface associated to an Einstein—
Weyl geometry is known as its minitwistor space.

The full KP equation has proven considerably more challenging to realise in the minitwistor
language. We will follow a proposal of Strachan [62, 64]: that the KP equation arises from a non-
commutative deformation of minitwistor space quantizing the holomorphic Poisson structure.
Our perspective differs in a few crucial ways from that of Strachan. The most important of
these is that we will work at the level of the action; in particular we will show that a certain 5d
Abelian non-commutative Chern—Simons theory defined on the projective spinor bundle PS
of RY2 descends to a 3d theory whose equations of motion imply the KP equation. This 5d
Chern—Simons description of a 3d integrable model is a cousin of the uplift to PS [7] of the
Manakov—Zakharov-Ward model [49, 68]. There and here the minitwistor correspondence is
essential in defining the theory: PS is the correspondence space sitting above both R'? and
its minitwistor space mT. This allows holomorphic data, e.g., a holomorphic section of K ~1/4,
to be pulled back to correspondence space. We will use exactly such data to define our non-
commutative 5d Chern—Simons theory. That PS is the correct place to write actions for 3d
integrable systems was first seen in [3] in the context of a mixed topological-holomorphic BF
theory description of the Bogomol'nyi equations. The Chern—Simons theory studied here is
potentially more interesting, as the Lax equation is not imposed through the equation of motion
of an auxiliary Lagrange multiplier field.

While we concentrate on the KP equation in this paper, in our discussion we observe that
a wide variety of 3d integrable models, including novel higher genus examples [39], are expected
to be recoverable from this paradigm. (We note that there are alternative proposals for higher
dimensional generalisations of 4d Chern—Simons, in particular the 5d 2-Chern—Simons of [9, 59].)

In [7], two of the authors argued that 4d Chern—Simons descriptions of 2d integrable mod-
els [23, 25, 66] could be understood as symmetry reductions of twistorial holomorphic Chern—
Simons descriptions of 4d integrable models [14, 70]. This linked the 4d Chern—Simons pro-
gramme to a conjecture of Ward that all integrable partial differential equations arise as sym-
metry reductions of the self-dual Yang—Mills equations [52, 67]. Our 5d non-commutative Chern—
Simons theory on correspondence does not fit directly into this framework, since it is not a sym-
metry reduction of holomorphic Chern—Simons theory. Of course, it is natural to expect it should
instead reduce from a 6d non-commutative Chern—Simons theory [8, 61, 64]. A variant of the
Ward conjecture, that all integrable models should arise as symmetry reductions of twistorial
theories, therefore seems plausible.

On the other hand, the KdV equation certainly arises as a symmetry reduction of the KP
equation. It may therefore seem natural to seek a non-commutative deformation of 4d Chern—
Simons theory. This is misguided: in the domain of 4d Chern—Simons, any bivector would have
a component pointing in either a topological or anti-holomorphic direction, and translations
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in these directions are trivial in BRST cohomology. Vertices involving a derivative along one
of these directions can always be eliminated by a field redefinition, potentially at the cost of
introducing higher-order vertices. The correspondence space of R? evades this since it has two
holomorphic directions. Nevertheless, it would be very interesting to understand how to recover
a 4d Chern—Simons description of KdV by symmetry reduction.

Let us briefly summarise the content of the paper:

e Essential background material can be found in Section 2. Here we review how solutions
to the dKP equation generate (2 + 1)-dimensional Einstein-Weyl spaces; furthermore, the
Hitchin correspondence for R1? and more general Einstein-Weyl geometries is elucidated.
We also identify an action for the potential ¢ = 9, 'u whose equation of motion implies
the KP equation on u.

e In Section 3, we introduce mixed topological-holomorphic 5d Poisson—Chern—Simons the-
ory on C? x R and its non-commutative deformation. The extension of this theory to
a more general 5-manifold X is described.

e Specialising X to the projective spinor bundle of (2 + 1)-dimensional space-time, in Sec-
tion 4 we define 5d Poisson—Chern—Simons and non-commutative Abelian Chern—Simons
on correspondence space. This requires a careful analysis of the boundary conditions and
(Moyal) quantizing the differential graded algebra of poly-forms.

e In Section 5, we show how to recover Lax formulations of the dKP and KP equations by
gauge fixing on correspondence space. We compactify non-commutative Chern—Simons
on PS, recovering the action from Section 2.

e We switch gears in Section 6, and treat KP theory as a perturbative quantum field theory.
Consistent with integrability, we verify that all tree level amplitudes vanish.

e By implementing Koszul duality on correspondence space, we show in Section 7 that
holomorphic surface defects wrapping minitwistor lines in Poisson- and non-commuta-
tive Chern—Simons support witeo and Wit vertex algebras respectively. These come
equipped with a non-trivial vacuum module. We verify that this same vertex algebra
structure can be recovered from the collinear splitting of form factors in the corresponding
space-time theories.

We conclude in Section 8 by discussing possible extensions of this work.

2 Background

In this section, we introduce a Lagrangian formulation of the dKP and KP equations, and recall
the minitwistor correspondence.

2.1 An action for the KP equation

We begin by introducing new co-ordinates on space-time which are better suited to the corre-
spondence space formulation. Compared to (1.1), we write

T =z, = —120%t

and rescale y — y/v/2, u — —202u. This yields

1 1
<U_ + Uy — 120_2U+++> — iuyy = 0, (21)
+



4 R. Bittleston, S. Heuveline, S. Raghavendran and D. Skinner

where uy = d+u. The dispersionless limit is obtained by relaxing the condition 02 = 41 and
sending 02 — oo

(u— +uug )y — %uyy =0.
We emphasise that relaxing the condition 0? = +1 by allowing any finite 0? # 0 does not
meaningfully change the KP equation, since it can be implemented by rescaling the field and
co-ordinates.

Our choice of notation here is motivated by the fact that, from the correspondence space
perspective, the variables ™, 2~ are interpreted as null co-ordinates. This is visible in the
rescaled dKP equation above: the linear terms in u take the form of a wave equation in 2 + 1
space-time dimensions with metric 2dzTdz~ — dy?. Of course, in physical contexts we must
remember that ¢t = —z~ /1202 is identified with time.

The KP equation (1.1) itself is not the equation of motion of any Lagrangian. However,
consider the action

1 1 1
Skpl¢] = /Rl , &’z <¢+¢ - 5@3 + @453_4. + 3<l53_> (2.2)

for d®z = dz~dz*dy. The equations of motion obtained by extremising Skp[¢] are

1 1
b+ 5%~ g0 ) -
< 2P+ 71 +++ .

202

1

5 Puy-

Taking its #+ derivative, this equation implies

1 1
<¢+— + g — 1202¢++++>+ = 5%+

which we recognise as the KP equation (2.1) upon setting u = ¢4. Thus ¢ is a form of first

potential, sitting between u and the 7-function, u = ¢4 = —o~2(log 7). Writing [O] for the
mass dimension of O under simultaneous scaling of the space and time co-ordinates, the action
transforms homogeneously with [Skp] = —3 if we take [0] = 1 and [¢] = —1.2

A Lagrangian for the dispersionless KP equation is obtained in the limit 02 — oo

1 1
Sakp[d] = / 4’z (<Z5+¢— - §¢32/ + ¢§r> (2.3)
R1:2 3
In Section 5, we will see how to recover the actions (2.2) and (2.3) from correspondence space.

2.2 Minitwistor correspondence for C3

Next, we briefly review the minitwistor correspondence, originally due to Hitchin [36] (see also
[43, 44]). It identifies certain three-dimensional complex geometries with two-dimensional com-
plex surfaces admitting families of rational curves of self-intersection number 2 (or equivalently
having normal bundle isomorphic to O(2)). The holomorphic metric of the complex three man-
ifold (or more precisely its Weyl structure) is encoded entirely in the complex structure of the
surface.

In the first instance, we will be interested in the case of C® equipped with the standard
complex metric. We fix complex co-ordinates (ac*, T, y) in terms of which the complex metric
takes the form 1 = 2dzTdz~ — dy?.

2The action (2.2) has a symmetry under weighted dilations (x*,xf,y) — (51/2a:+, 3%, sy2) whilst simul-

taneously scaling ¢ — 5_1/2¢ for s € RY, which is perhaps a more natural counterpart of dilations. We thank
a referee for highlighting this symmetry to us.



Non-Commutative Gauge Theory at the Beach 5

It will also be useful to introduce a spinor notation: We use letters from the beginning of
the Greek alphabet as spinor indices; they take values in the set {0,1}. Using the isomorphism
of Sping(C) representations S%S = C? (Where S = C? is the complex two-dimensional spin
representation), we can index points of complexified 3d space-time by a symmetric pair of
spinor indices. In particular, we write 2% = 2(®3) for points in C3, where (a1 ...ay) indicates
averaging over permutations.

To pass back to the co-ordinates (a:*, T, y), we first fix a pair of spinors 0%, (? € S obeying
€030t? = (o) = 1, known as a dyad. Here

(01
Caf =\ 1 0/ s

is the antisymmetric matrix determining the Spins(C) invariant antisymmetric pairing (ab) =
eagaabﬁ for a®,b® € S. Spinor indices are raised and lowered using €op and its inverse B
obeying e,z6%7 = §,”. We can then identify

zt = :Eaﬁoao/g, y = \/ﬁxa'goaqg, T = a:O‘BLQLB.
The standard complex metric is
n= ea76g5dxa’3dx75 = 2dztdz™ — dy?.

The minitwistor correspondence assigns the ((C3 , 7]) the complex surface TVICP!, or equiva-
lently the total space of the holomorphic line bundle

O(2) — CPL.

Often we will refer to this simply as minitwistor space and denote it by mT. Points in C? are
identified with holomorphic sections of mT. Using inhomogeneous co-ordinates (v, z) on the
fibre and base respectively, these sections are quadratics

v=at -2z + 122 (2.4)

This identity is the incidence relation.

Alternatively, we can employ the homogeneous co-ordinates (i, o) € Cx C?\{(0,0)} on mT,
defined up to complex rescaling (i, A\o) ~ (32,u, s)\a) for s € C*. In homogeneous co-ordinates,
the incidence relation is

W= :Uaﬁ)\a)\g.

Homogeneous and inhomogeneous co-ordinates are related by (i, Ao) ~ (v, 04 + 2zts). Through-
out this work, we will often express differential forms and vector fields in terms of homogeneous
co-ordinates. These methods are described in detail by Woodhouse [71].

Points in C? are null-separated if the corresponding quadratics intersect at a single point.
For example, the point z € C? is on the complexified null-cone of the origin if the discriminant
vanishes

eavegga:aﬁxw =2te —y?=0.

This information is sufficient to recover the conformal structure of C?; however, Hitchin shows
that the complex structure of mT also encodes the scale of C3. This is because, given a tangent
direction at a point in C?, the complex structure of mT can be used to construct a complex
curve in that direction which is interpreted as a geodesic. This endows C? with a projective
connection which is compatible with the conformal structure. Within the projective class, there
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is a distinguished affine connection, which in this case is the Levi-Civita connection of the
flat metric.

We can also ask what points in mT correspond to in C3. We can see from the incidence
relation (2.4) that (v, z) determines a complex plane IT in C®. On such a plane

dzt = V2zdy — 22dz~
so that
g = —dy? 4+ 2v22dyda™ — 22%(dz")? = —(dy — ﬁzdx_)z,

The complex metric 7 therefore restricts to a degenerate metric, and so II is a null plane. (Note
that a null plane is not totally null: the metric is degenerate but non-vanishing on II.) In this
way, we see that points in mT are null planes in C3.

The minitwistor space mT admits a natural action of PSLy(C) acting by M6bius transforma-
tions on the base and lifting in the obvious way to the fibres. This is identified with SO3(C), the
Lorentz group of (C?’, 77). Viewing mT as an affine bundle, SO3(C) is extended by translations C3
to the complex Poincaré group.

We can introduce an intermediate complex four-manifold F = {[(1, Aa)] € mT, 2/ € C3 |
u =z >\a)\ﬁ} consisting of points in mT and C? such that the former lies on the quadratic
corresponding to the latter. It is often convenient to view F = C* x CP!, where the fibre co-
ordinate on mT is determined by the incidence relation. From now on, we refer to F as complex
correspondence space. By definition, F admits a double fibration

s F P
VAR
mT C3.

2.3 Minitwistor correspondence for R'2

Thus far our discussion has concerned three-dimensional complex manifolds, but we would like
to restrict to a real slice. In order to do so, we pick the anti-holomorphic involution

C: C* = (at,27,y) = (2T,77,7)

whose fixed-point locus is R?. We would like to distinguish those sections of mT corresponding
to points in RY2. This is achieved by choosing the anti-holomorphic involution

R: mT — mT, (v,2) — (0, 2).

In terms of homogeneous co-ordinates, the involution acts by R: (p, Ay) — (ﬂ, 5\&), where A,
denotes component-wise conjugation. (Here we are taking the dyad {o,¢} to be real.) This
involution picks out a subspace {)\ ~ 5\} = S ¢ CP! on the base of mT fixed pointwise by R.
Furthermore, the fixed points of mT form the trivial real line bundle over this S?.

It is clear that those sections which are fixed under R correspond to points in RY2. (Note
that we do not require the section to be fixed pointwise; indeed, this would exclude all sections.)
The subgroup of PSLy(C) acting by Mé&bius transformations commuting with the involution R
is PSL2(R) which we recognise as the Lorentz group SO (1,2). Translations compatible with R
are of course real, so the real Poincaré group of R!? survives.

We have seen that a point [(,\)] € mT describes a complex null plane II C C3. The
intersection of this plane with the real slice R1'? can be of three types:
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o If A £ X, then IINRY? is the timelike geodesic

B

2B 1L e )\B (a)B)
X J_FZAA R
(AX) (M)

%P = xff + sn®B

for s € R. The direction of the geodesic is determined by n8 = \/ii)\(aj\ﬁ)/<)\5\> € R12
with Z”LQ = 1. n is future pointing for Im<)\)\> > 0, Imz < 0, and past pointing for
Im()\)\> < 0, Im z > 0. Conversely, all timelike geodesics arise this way.

o If (u,A) ~ (ﬂ, 5\), then IT N RY? is the real null plane

B
(Av)?

208 — a;gﬂ 4+ plapd) — M + g(a)\ﬁ)_

Here v® ~ p* € S' € CP! is a real spinor such that (\v) # 0 (certainly such a spinor
exists) and €% = €% € R2. This is the real null plane passing through x¢ which is orthogonal
to the light ray in the direction A*\?. Again, all real null planes arise in this way.

o If A~ X but (u,\) (ﬁ, 5\), then IINRY? is empty.

We can also define a real subspace of complex correspondence space PS = {[(, Aa)] € mT,
z*# e R12 | p = xaﬁ)\a)\g} C F which coincides with the projective spinor bundle of R%2. We
will refer to PS simply as correspondence space. It admits maps

s PS P
VRN
T R1:2,

m

The preimage of a point in RY2? is a CP'; however, the preimage of a point in mT differs
substantially depending on which of the above three classes it belongs to. Often we will refer
to the CPL fibre over a point € RM2 as a minitwistor line. The anti-holomorphic involution R
lifts to a map S: PS — PS, (x,\) — (:E,S\) so that To S = Ro.

2.4 Minitwistor description of the dKP equation

In [36], Hitchin shows that the minitwistor correspondence of Sections 2.2 and 2.3 is an instance
of a more general correspondence between 3d Einstein—Weyl geometries and complex surfaces.
While we will not directly need this more general situation in the rest of the paper, we briefly
review it here because the gravitational perspective on the dKP equation appears naturally
both in minitwistor space and from our non-commutative gauge theory, which is also inherently
gravitational. In addition, it provides a convenient way to introduce the Lax operators of
the dKP equation; we will recover these from the Chern—Simons description in Section 5.1.

A real 3d Weyl manifold is a real conformal three-manifold (M, [h]) admitting a torsion-free
connection V such that

Vh=v®h (2.5)

for some representative of the conformal class h and 1-form v € Q'(M). Under a Weyl trans-
formation h +— Q2h so that equation (2.5) continues to hold for v + v + 2dlog Q. We say that
(M, [h], V) is Einstein-Weyl if

Ric(V) + Ric(V)T = 2Ah (2.6)
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for some function A, i.e., the symmetric part of the Ricci tensor of the connection V is pro-
portional to a representative of the conformal class h. The antisymmetric part of the Ricci
tensor is

Ric(V) — Ric(V)T = —3dw.

If this vanishes then at least locally there is a representative metric in the conformal class,
unique up to constant rescaling, for which the connection V is Levi-Civita. The Einstein—
Weyl equations (2.6) then specialise to the Einstein equation for this metric. Hence R2, dS3
and AdSs are all examples of 3d real Lorentzian Einstein—Weyl spaces. In these cases, A is
locally constant and can be identified with the cosmological constant; however, by performing
a constant rescaling we can set A € {0, +1}.

The Hitchin correspondence states that complex three-folds with holomorphic Einstein—Weyl
structures are in bijection with complex surfaces admitting a rational curve with normal bun-
dle O(2). Let us briefly sketch how this works, following the presentation in [29]. Suppose we
are given a complex three-fold M with a holomorphic Einstein—Weyl structure ([h], V). Fixing
a representative of the conformal class h let {eo‘ﬁ = e(aﬂ)} be dreibeins, so that h = ea,ye/ggeaﬂews.
Since ([h], V) is a Weyl structure there exists a spin connection ~” 5= ~7 s Beaﬁ obeying

Ve + 271 n P = 0.

Note that 7,64 is symmetric in «, 8 but not necessarily in v, ¢ since V need not be metric.
Furthermore, let {vag = v(aﬁ)} be the dual frame of the tangent bundle satisfying

UQB _ e”‘s = 5(0755)5,

where J denotes contraction of a vector field with a form. We can then write down a rank two
distribution on the complex four-fold M x CP!, where the second factor is parametrised by the
homogeneous co-ordinate A*, whose integrability is equivalent to the Einstein—Weyl equations.
It is spanned by the vector fields

Lo = Mvag =7 5,5\ X0,

We will sometimes refer to this as the Laz distribution, and denote it by (Lg, L1). Quotienting
M x CP! by the distribution generated by the vector fields L, yields a complex surface Z, the
minitwistor space of (M, [g], V). Points z € M lift to a CPL C M x CP', which then descend to
spheres in Z with normal bundle O(2) (see [29] for details).

Conversely, given a complex surface Z admitting a rational curve with normal bundle O(2)
Kodaira theory guarantees a complex three-parameter family. Each such curve represents
a point x € M. Any two such curves intersect at two points in Z, counted with multiplic-
ity. If these two points are distinct, then the corresponding points in M are non-null separated
and a non-null geodesic corresponds to a family of curves in Z all meeting at the same two
distinct points. If the two intersection points coincide then the points are null separated in M.
Together these determine a compatible conformal [h] and projective structure V on M.

In order to recover a 3d real Lorentzian Einstein—Weyl space, we require that Z admits
an anti-holomorphic involution with fixed points and preserving a rational curve.

Following [29], given a solution u of the dKP equation one can build a 3d Lorentzian Einstein—
Weyl geometry with

h=n—4u (dac_)2 = (ear€ps — 4u LaLﬁLWL(;)de‘dexV‘S,
v=_80;udx” = 8LaL6L,yL58aﬂu dz. (2.7)
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Conversely, if an Einstein—Weyl geometry admits a constant weighted vector field [, then there
exist co-ordinates in which it takes the form (2.7) with [ = (*/® Onp. Here a constant weighted
vector field obeys

Vi+mrl=0

for some m. In all but the trivial case of flat space [ is null with weight m = —1/2. Different
solutions of the dKP equation v may yield equivalent Einstein—Weyl geometries together with
weighted null vector field. Indeed, a family of diffeomorphisms and Weyl transformations de-
pending on three independent functions of z~ preserve the form of the Weyl structure (2.7).
These generate families of solutions to the dKP equation corresponding to the same Einstein—
Weyl structure.

The minitwistor space of a Lorentzian Einstein—Weyl geometry corresponding to a solution
of the dKP equation admits a global section of K4, This should be invariant under the
anti-holomorphic involution determining the real structure. Pulling back to M x CP', this
section is given explicitly by (At). We will see momentarily that this is annihilated by the
distribution (Lg, L1) and so descends to minitwistor space.

To specialise the Lax distribution to an Einstein-Weyl metric of the form (2.7), we will
need dual orthonormal frames for the tangent and cotangent bundles. Recalling that h =
emeg(geo‘ﬁew , these can be computed to be

e = dz*8 — QULQLBLVL(;dxMS, Vo = Oap + 2ULaLgL’yL68,y§. (2.8)

From the former, we can determine the spin connection w"‘ﬁ = oflﬁwews using the torsion free
condition

de®? + Qw(av AePr =0. (2.9)

We emphasise that wagys is symmetric in both «, 8 and v, ¢ since the spin connection is metric.
In order to solve equation (2.9) for w in terms of u, it is useful to decompose the dreibeins and
spin connection into 1-form components according to

et = eo‘ﬁoa%, ey = \/56’1500{%, e~ = eaﬁLabg,

wh = waﬂoa%, wY = \@wa'goaw, wo = waﬁbabﬁ.
In terms of these components, the metric is h = 2ete™ — (e¥)? and the torsion free condition
becomes

de” =V2(wYANe” —w™ AeY), dey:\/i(wJ“/\e_—w_/\eJ’),
det = \/Q(ouJr ANeY —wY A e+).
Specialising the dreibeins according to equation (2.8), we have
wANeT =wT AéY, whAe” =w Aet,
whae —wAet = —V2dunde™ = —\@(&rue"' + 20 ue?) Ae”

which are solved by w™ = 0, w¥ = —v20,ue” and wt = \@Gyue*. Equivalently, in spinor
notation,

w'yéaﬁ = (ﬂo(w%c@egu + 0”’L5L€L<8€Cu — QﬂL(goeLgﬁgcu) Lalg.

The spin connection v associated to V is related to w by

1
776046 = w75a6 B §5W(a1//3)5
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since

1
Vaﬁe'yé = YévaB — VyéaB = _67576 eaf — 5 aB€v6

so that Vg = v ® g. Therefore,
'y'yéaﬁ = (ﬂo(;ﬁﬁaecu — 2L7L50€L<8€<u — 307L5L6LC8€CU) tatg + 4L7L5LEL<8€CUO(QL5)

and the Lax distribution specialises to [29]

BTN\
5 VysaBA”ATA
Lo = Muas — 77604,8)‘5)‘ Oy ~ Mg — ’YTL- \
= N0up + 200 (M) Ut Dee + 200 (A)2 051 Decut - Dy — 200(A)211  Decur - Oy (2.10)

Here ~ indicates that we are working modulo the homogeneity operator I' = A - 05 and up
to scale. It is immediate that L, in equation (2.10) preserve the ideal generated by (A\¢). In
component form,

z 1
V2 V2

Integrability of the distribution spanned by the L, requires

Lo~ 0 — =0, +2udy — V20,ud,,  Li ~——=0, + 204 + 20, ud,.

(Lo, L1] ~ (20:0_u — 02 + 4ud?u)d. + V205 udy — 2204 ud,.
= (2040_u — O3u + 404 (ud1u))d, — 20 uly € (Lo, L1)

so that 2040_u — 8Zu + 404 (ud4+u) = 0, which we recognise as the dKP equation.

3 Non-commutative 5d Chern—Simons theory

The main goal of this work is to show that the KP theory discussed above is equivalent to
a certain non-commutative 5d Chern—Simons theory (With Abelian® gauge group) which can
naturally be defined on correspondence space. This can be viewed as a generalization of the
program of Costello-Witten—Yamazaki [21, 22, 23] to recover 2d integrable systems from a 4d
Chern—Simons theory. The 5d theory we will consider was originally introduced in [12] as the
conjectural twist of 11d supergravity in an 2 background, and has been studied extensively
in [13, 32, 33, 54]. We begin this section by introducing this theory on C2 x R, before addressing
some of the subtleties which arise when trying to define it on PS. In this section, we will abuse
notation by writing (v, z,t) for co-ordinates on C? x R.

3.1 The theory on C2 x R
The dynamical field of the theory (with an Abelian gauge group) is a partial connection
a = azdZ + a;dv + apdt € Q%' (C? x R),

where we write Q0P ((C2 X R) for the space of p-forms built solely from the antiholomorphic
forms dz, dv along C? and the real form dt along R. Abusing terminology slightly, we will refer

3For us Abelian vs non-Abelian always refers to the gauge group, commutative vs non-commutative to whether
multiplication of co-ordinate functions is graded commutative and quantum usually indicates the inclusion of
loop effects. The one exception is that we occasionally refer to quantization of a Poisson bracket to get a non-
commutative structure.
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to elements of Q07 (C2 X ]R) as (0, p)-forms. The kinetic term of the action is constructed using
the operator

d = dp2 + dg = dz8: + dvdy + dtd,.

This differential gives the space €20 (C? x R) = C*(C? x R)[dz,dv, dt] of arbitrary (0, e)-forms
the structure of a commutative differential-graded algebra, analogous to the Dolbeault complex
of a complex manifold. The (1,0) tangent bundle 710 ((C2 X ]R) is spanned by smooth vectors
V =V?09, + V"0, which annihilate Q0! ((C2 X ]R) by contraction. This bundle may be endowed
with a ‘holomorphic’ structure in a similar way.

The next ingredient we need to define the theory is the (2,0)-form 2 = dz A dv, together
with a corresponding Poisson bivector

I[I=0,V0,.

This bivector is fixed by the property that it lives in A270 ((C2 X ]R) and obeys Il 1 Q) = —1.
For the non-commutative theory, we will quantize the Poisson bivector associated to II using
the Moyal formula. This gives us an associative star product

o m+n
FxG =coexp g (0:©0, -0, ©)NFRG) = Y m(—)"a;ﬂagmgag@a
mmn=0

Here F,G € C* (C2 X ]R) and c¢: C* (C2 X R)®2 — O™ ((C2 X ]R) is the multiplication map.*
The star product naturally extends to elements f, g € Q%° ((C2 X R) if we understand the vector
fields 0, and 0, act by Lie derivative.” It is immediate that d distributes over «, so that
(50" (C2 X ]R),a,*) has the structure of a differential graded algebra (dga). More precisely, it
defines a sheaf of dgas.

With these ingredients, the action of 5d non-commutative Chern—Simons theory is

i 1 - 1
S.la] = 277/(C2x1RQ/\ <2a*da+3qa*a*a>

i
2

QA <1aA&a+1aA [a,a]*>. (3.1)
C2xR 2 6

Here the (graded) Moyal bracket is defined as [f,gl, = q7(fxg— (—)38/d89gx f).6 This
depends on q only through its square. In the second equality, we have replaced the x product in
the kinetic term with an ordinary wedge product, and similarly replaced one of the star products
in the cubic vertex. This is possible due to the following identity for f,g € 6207'(((: xR) (assuming
sufficient rapid falloffs at infinity)

QL Q/\(f*g):l/ QANfAg= — QAgAf
T JC2xR 27 Jerxr 27 Jerxr
S QA (g% f). (3.2)
21 Je2xr

4In this work, we will take q to be a formal parameter and strictly we should tensor our spaces of functions
and forms with the ring of formal power series C[q]. For the sake of brevity, we will omit this tensor product,
with the understanding that in the non-commutative setting fields are valued in modules over this ring.

°In fact, there is really no ambiguity in how V a (1,0) vector field could act on w € ﬁo"(c x R) since
Lyw=[Vidw=[Vi50lw=V Jow.

S5Costello defines 5d non-commutative Abelian Chern-Simons using the vertex axaxa without dividing by q [12].
This is because he considers both the Abelian and non-Abelian theory, and in the latter case tr(a * a x a) is non-
vanishing in the q — 0 limit. We could adopt the same convention, but prefer to retain the order ¢° part of a
which we will see shortly has a geometric interpretation.
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Notice that in order for this integral to be non-vanishing an odd and even degree form must
pair with one another, so no sign is generated when exchanging f, g. The equations of motion
of this theory read

~ 1 ~ 1
da + =la,aly =da+ —a*xa=0.
2 q
Solutions related by gauge transformations, acting infinitesimally by
da = de + [a, €],

for e € C>°(C? x R), are taken to be physically equivalent. Gauge invariance of the action (3.1)
follows from the dga structure on the space of fields, together with its compatibility with the
integration pairing (3.2). (More precisely, the BV action obeys the classical master equation.
We refer the reader to [12] for details.)

The equations of motion imply that the poly-differential operator 0 + la, ], is integrable.
Resolving the (sheaf of) dga(s) (©2°°(C? x R), d+[a, ], *) yields a deformation of the sheaf of
mixed topological holomorphic functions on C? x R equipped with the non-commutative prod-
uct .7 In this way d + [a, ], deforms C2 x R as a non-commutative manifold. Since d + [a, ],
respects the integration pairing (3.2), we can say that this deformation preserves Q2. Gauge trans-
formations act by inner automorphisms of the (sheaf of) dga(s) (Q%*(C? x R),& + la, Ju,%),
which can be interpreted as the non-commutative analogue of diffeomorphisms.

Currently the action (3.1) should be interpreted as a holomorphic functional on a complex
space of fields; this is sufficient to define the theory perturbatively, but physically it is natural
to restrict to a real contour in field space. The overall factor of i/27 is adapted to the reality
conditions we impose in Section 4.

Non-commutative Chern-Simons theory on C? x R is non-renormalizable by power-counting.
However, in [12] Costello shows that, allowing counterterms accompanied by powers of h/q?,
a translationally invariant perturbative quantization exists to all loop orders. Allowing h/q?
to appear in counterterms can be interpreted heuristically as treating h < ¢3. (Under scale
transformations of the (z,v,t) co-ordinates the action transforms homogeneously with mass
dimension [S,] = —6 if we assign [q] = —2 and [a] = —2. As a result, i/q> is dimensionless.)

Even in the Abelian case, the non-commutative theory has a non-trivial interacting limit
as q — 0. Taking this limit in the action (3.1) gives

i 1 ~ 1
- OA(Zandart > .
Spcs|al o /(t:?xR A <2a/\ a+6a/\{a,a}), (3.3)
where

{f.9} =Lo.f AN Loyg— (—)¥ET8IL, FA Lo g

extends the Poisson bracket associated to II to forms f,g € QO ((C2 X R). We will refer to
this as Poisson—Chern—Simons theory. Its equations of motion imply the integrability of the
Beltrami differential 0 + {a, } of C? x R. Gauge transformations are (1,0) Poisson diffeomor-
phisms, and invariance of the action (3.3) is ensured by the fact that (507'((@2 x R),d,{, 1
forms a differential graded Poisson algebra, together with its compatibility with the integration
pairing (3.2). Therefore, Poisson—Chern-Simons describes Hamiltonian deformations of C2 x R
as a transversally holomorphically foliated manifold.

"Here the sheaf of mixed topological holomorphic functions is the box product of the sheaf of holomorphic
functions Oc2 on C? and the constant sheaf C on R.
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At one-loop, a translationally invariant quantization of Poisson—Chern—Simons still exists
(as does a one-loop quantization of non-commutative Chern—Simons without allowing countert-
erms involving powers of h/ q3), essentially because in a holomorphic theory the one-loop dia-
grams are finite and one-loop anomalies vanish in odd dimensions [34]. We note that although
the results of [12] do not show the existence of a higher loop quantization of Poisson—Chern—
Simons theory, they do not preclude one either.

3.2 The theory on a more general five-manifold X

We have seen how to define non-commutative Chern-Simons theory on C? x R, now we define
non-commutative Chern—Simons on a more general 5d real manifold X.

To achieve this, we require that X possesses a nowhere vanishing 2-form €2 € Q(QC(X ) which
is closed, d2 =0, and simple, QAQ=0. Given this basic ingredient, we can define £ =ker Q C T X,
the complex distribution consisting of vectors which contract to zero against 2. Closure of
implies that £ is integrable, and simplicity ensures that it has complex rank three. We can view £
as an avatar of the (0,1) tangent bundle of a complex manifold, and we will sometimes refer to
its sections as (0, 1) vector fields accordingly.

We write ¢, C T X for the annihilator of ¢/, the subbundle of the complex cotangent bundle
consisting of covectors which wedge to zero against 2. The simplicity of {2 ensures that £, has
complex rank two. ¢; generates a subsheaf S of Q2.(X) consisting of all complex differential forms
which wedge to zero against 2. We can then further form the quotient Q0 (X) = Q2(X)/S.
The de Rham differential d descends to the quotient Q%*(X). To see why, fix a representative
n € Q°(X) for some equivalence class [n] € Q0 (X ). Then the ambiguity in the representative
is n ~ n + ¢ where Q A ¢ = 0. The ambiguity in dn is dn ~ dn + d¢; however,

QAdC=d(QAC) =0

by the closure of Q. Therefore, [dn] € Q%*(X) is well defined. We write d for the resulting
differential on Q0*(X).

In general, the fibres of ¢ (resp. £ ) may intersect those of the real tangent bundle TX (resp.
real cotangent bundle 7% X) in real subspaces of dimension one, two or three (resp. zero, one
or two). If the intersection has dimension one everywhere, then ¢ contains a real non-vanishing
vector field whose integral curves are the leaves of a transverse holomorphic foliation of X.
In this work, we will be concerned with 2-forms €2 for which this property fails, but at worst on
some submanifold of at least co-dimension one.

In a sufficiently small open neighbourhood U C X of a point p € X for which ¢, N T, X
has dimension one, we can always find holomorphic co-ordinates (v, z,tl € C? x R such that
Q) = dz A dv. As before, we can then represent each equivalence class in Q%®(U) by an element
of C*(U)[dz,dw,dt], and for such representatives the differential has the expected form d =
dz9d; + dv0y + dtd;. Therefore, at least locally we are in the situation described in Section 3.1;
however, on PS it will be more natural to view (0, ®)-forms as living in the quotient.

Next, let us attempt to define the Poisson bracket, which is obtained by inverting 2. On X,
the avatar of the (1,0) tangent bundle of a complex manifold is the quotient T''X = TcX/¢,
and € can be inverted to give an element II € N2THOX . However, if we try to use II to define
a Poisson bracket on 2%*(X), we run into a problem: The action of a (1,0) vector field (defined
to be an equivalence class in T"%X) on a section of Q%*(X) (also an equivalence class) is
certainly ambiguous.

In the open neighbourhood U of a point p € X as above, we can give a definition by rep-
resenting sections of 710X |y as vector fields V = VZ?9, + V¥4, and taking I = 9, V 0,. But
globally the best we can do is pick a section D: T'X — TeX (often we will confuse D and
its image) and define Q%" (X) to be the subsheaf of differential forms generated by D, . Each



14 R. Bittleston, S. Heuveline, S. Raghavendran and D. Skinner

equivalence class in Q%*(X) has a unique representative in Q%’ (X)) and on these representatives
d is represented by the differential dp. The action of Lie derivatives by sections of D on elements
of Q%’ (X) is unambiguous, and so the Poisson bracket { , }p is well-defined.

We now come to an important point: although we need to pick a choice of section D to
define Poisson—Chern—Simons theory, the dependence on this choice can always be removed by
a field redefinition. The reason for this is that, given two choices D and D’, the difference
between the corresponding Poisson brackets { , }p and {, }p involves derivatives along vector
fields in £, which are trivial in BRST cohomology. This implies that there always exists a field
redefinition @ — a(a) such that Spla] = Spr[a’]. Working to lowest non-trivial order, we will
demonstrate this explicitly in Appendix B for the choice of D used below and another choice
D’ that arises naturally from minitwistor space. That the field redefinition exists to all orders
follows from a generalization of [15, Lemma 9.2.1]: In brief, it is clear that using the equations
of motion we can trade derivatives along ¢ for higher-order terms; less clear is why the resulting
higher-order vertices will ultimately vanish. In order to write down vertices beyond cubic order,
we must contract a against (0, 1) vector fields, but it is precisely such contractions which cancel
against Lie derivatives in the (0, 1) directions in cohomology. This ensures that there’s a field
redefinition eliminating both contractions and derivatives along ¢. Mathematically, this is the
statement that (Q%" (X), dp, {, }D) is independent of D up to quasi-isomorphism. The utility
of this fact is that we are free to make a convenient choice for D which need not adapted to
a holomorphic co-ordinate frame. On PS, this simplifies life dramatically.

In order to define non-commutative Chern—Simons theory on X, we would further need to
turn on non-commutativity for the Poisson bracket II. One could appeal to general results
regarding the existence of deformation quantizations, but in the case of interest where X = PS
we will be able to employ the Moyal formula to get an explicit non-commutative product.

4 Correspondence space theories

In this section, we introduce Poisson—Chern—Simons theory and non-commutative Chern—Simons
theory on minitwistor correspondence space. As we will show later, these are equivalent to the
dKP and KP field theories (2.3) and (2.2).

4.1 Poisson—Chern—Simons on PS

To define 5d Poisson—Chern—Simons theory on PS we first need to choose a simple, non-vanishing,
closed 2-form Q € Q%(PS). Following [7, 14], we will find a suitable € by pulling back a mero-
morphic form from mT. Fixing a real reference spinor ¢, (and extending this by a second real
reference spinor o, to a dyad (ot) = 1 for later convenience), let

(AAA) A dz®P X\ g

b=

Closure fails on the locus of the quartic pole, and the price we pay is that our fields will have to
obey compensating ‘boundary conditions’ there.® Notice also that whilst generically the fibres
of £, intersect the real cotangent bundle trivially, on the locus A ~ X the intersection is one-
dimensional. This reflects the fact that in Lorentzian signature correspondence space is not
transversally holomorphically fibred over mT.

8Strictly speaking, the locus A ~ ¢ has real co-dimension two. Nevertheless, we shall refer to the constraints
we impose there as boundary conditions.
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As explained in Section 3.2, to write the theory down we will also need to fix a rank two
integrable subbundle D C T¢PS. A particularly convenient choice is

0 0
_ [, a,pB
b <L Ao w’L ‘ axaﬁ>c’
with frame
0 0
_ a _,apB
0o = (Ae)e x| o =1" 5o (4.1)

Here the derivative in A is taken at fixed € RY2. Since p,0; = 0, and 9; is constant up
the fibres of p, it is harmless to confuse it with 0,. We will refer to (4.1) and its associated
distribution as the ‘constant frame’.”

This choice of D also fixes representatives for ﬁo”(]P’S) which lie in its annihilator. (From
this section, we will drop the subscript D when it is unambiguous.) In this case,

Dy = ((AdX),dz*1a ).

with frame

o=, &% = da®Pug. (4.2)

Integrability of D follows from the trivial structure equations dé = d&* = 0. (The specific
choice of G° here is largely irrelevant — for convenience, we have placed the anti-holomorphic
double pole at A ~ o0 so it does not complicate the behaviour of the component fields at A ~ ¢.)

Away from A ~ ¢, we can extend the frame (4.2) to all of QL(PS) by adjoining the (1,0)-forms

=), el =drr s

Note that these are globally defined in PS, at the cost of transforming as sections of the line
bundle O(2). We could trivialise using the divisor (A¢), but the (1,0)-cotangent bundle is
independent of ¢+ and we prefer to preserve this feature in the frame. The structure equations
are non-trivial

(dAe)

de” = (dAAAdN) =2 9

/\eo,

dA) A
de! = —2dax®P ), A A\ :2< Ael + 22260 A G2,
e x 8 o) e + <)\L>e o

The terms involving (dA¢) signal that €%, e! transform as sections of O(2); however, the final
term has an important consequence

(&80) Jel = [&, dole! =2(A)6*Aq.

Here [, ] denotes the graded commutator, and since d and 9y are odd operations on forms,
it behaves as an anti-commutator in the above equation. We infer that
0%\

90n the locus A ~ ¢, the distribution D intersects T%'PS and so strictly is not a good section of T*°PS. Since
this is the locus on which €2 is also singular, it can be accounted for by suitably restricting the behaviour of the
component fields there.
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Our frame (4.1) is therefore not ‘holomorphic’. We will see that this is essential in understanding
the origin of the dispersive term in the KP equation.

Having fixed the constant frame, the Poisson bivector is II = dy V 91 which clearly obeys
II.Q = —1. Although the vector field 0y is not ‘holomorphic’, the bivector itself is since

0%X\a

dll =2 o)

®(81 \/81) =0.

Finally, for future reference, it will be useful to specify a frame for the (0, 1)-tangent bundle ¢
which is dual to (4.2). It is spanned by the vector fields dy, J, obeying

d16°=0,  Gpa6°=0, 0y26°=0, o6’ =0L.

These equations are solved by

~ — 0 < A0
= — a_~ —_pB 2 7
% (Ao o |, Oa = Fo (AL)y 0P’
where
P B _ Lol>\ﬁ — 2)\04L6 _ O’B _9 B <0)\>L Lﬁ
“ (A) “ “ (Ae) @

Note that eﬁaPa7P55 = 2¢%7 so that P is invertible. The derivative with respect to \ is taken
at fixed z € R"2. Given dual frames of ¢ and DV, we can write down an expression for the
differential

XN

O 3 (4.4)

a = 6—060 + &aéa - 5@]}17;3 + dl’aﬁl,apﬁw

Having set up our frames correctly, we are now in position to define Poisson-Chern-Simons

theory on PS. The dynamical field is the partial connection a € Q%!(PS), whose physical part
has components agd” + a,®. The action is

i

1 ~ 1
Spcslal = QTF/IPSQ/\ <2a/\da+ ga/\ {a,a})

i 1 ~ 1
=5n PSQ A <2a/\ da + ga/\ ana/\ﬁala>, (4.5)

where Lg,a = dy s da and Ly,a = 91 1 Ja.!’ The equations of motion state that
~ 1
da + 5{@, a} =0,

ensuring nilpotency of the deformed differential d + {a, }. Gauge transformations are (1,0)
Poisson diffeomorphisms generated infinitesimally by Hamiltonians ¢ € ﬁO(IP’S) and acting by
da = Ele+{a, €}. At least away from the locus A ~ ), correspondence space is fibred over mT with
real one-dimensional fibres. Entering a gauge in which the pullback of a to these fibres vanishes,
the equations of motion tell us that the remaining components of a are constant. Therefore, we
can understand a as being pulled back from a Hamiltonian complex structure deformation of
mT. The surviving gauge transformations are Poisson diffeomorphims on mT (and we will see
shortly that these must vanish to second order at A ~ ¢). In this way, at least qualitatively, we

OWhen we use the same distribution D to define the (1,0) tangent bundle and space of forms Q%*(PS), the
Lie derivative along (1,0) vector fields is unambiguous.
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recover the minitwistor description of the dKP equation reviewed in Section 2.4. This makes
Poisson—Chern—Simons on PS a natural candidate for the twistorial uplift of dKP theory.

Our reality conditions state that a should be invariant under pullback by S: (z,\) — (m, 5\)
ensuring that the resulting Hamiltonian deformations describe real Einstein—Weyl geometries.
The action Spcg is real: the sign generated by conjugating i/2m is compensated by S reversing
the orientation of PS.

The price of introducing a pole in the measure is that we must impose boundary conditions
to eliminate potential contributions when varying the action. Let us determine these now.

4.2 Boundary conditions

Varying the kinetic term of (4.5) gives
dSkin. [a] = ~ 2| an d(a A da) + 1/ da A (linearised equations of motion).
am Jps T Jes
On-shell this reduces to the boundary contribution, which is easiest to isolate by excising a small
disc D? = {|2| < €} around Z = —(\:)/(0oA) = 0 along the fibres of PS — R!2, yielding

i
:/ QAaAda.
471' R1’2><S€1

Since Q = (AdA) A dz?9\,\s/(\e)* saturates the integral over S!, only the components of a
in the ¢ = dz®? tg directions contribute. Expanding a = aod® + an,6%, we have

5Skin. [a]

0Skin. [a] >~ 8177/Rlz SIQ/\&O‘/\&Q a’sag.
2% S]

Certainly, d:z:“*‘s)w)\g ANGYN Gy = —v2d32(A\1)?, so the boundary term is

g s [ (AN 4
O5kin.[a] = =7 /Rmd wﬁg gz @ 9

From this expression, it is clear that requiring a, = O((\:)) is sufficient to kill the boundary
term. (That is, a, should vanish holomorphically to first order on the locus A\ ~ ¢.) But this
is needlessly strong, in fact there is a weaker condition that will also do the trick. We require
that a, is regular on the locus A ~ ¢, and that the combination

2(A)07ay + (0N ay = ANay + ()7 a, = O((\e)?). (4.6)

This implies tYa, = O((\¢)) as for the naive boundary condition, but 0”a, can be non-vanishing.
Although this appears to depend on the choice of o, under a shift o — o+ mu the left-hand side
changes by m(At). ay = O((\)?) which is consistent with the boundary condition (4.6).

For the sake of clarity, we also write out the boundary condition in inhomogeneous co-
ordinates. Writing 2 = —(t\)/(0)\) and identifying a_ = 0”a,, a, = —7a,/v/2 the boundary
condition (4.6) tell us that a, is divisible by # and v/2Za_ + a,, is divisible by #2.

To see that this really does eliminate the boundary term, we first exploit the Schouten identity
B = 1Po* — 081 to write

T T AU O PV
3 Skin. [a] ~ 4\/577/]1@3(1 xfgel a2 (07ayi0ac — ay0%0ac).

We can use the condition (4.6) to eliminate t7a,, t“da, since shifts of order (\:)? are harmless.
This leaves

i (M)
in ~ d3 L 970¢ € — ¢) = U.
9Sian.[a] 2V/27 /RB x?ig <0)\><)\L>O oH(aydac = ay0ac) =0
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Under a gauge transformation with parameter e, the left-hand side of equation (4.6) transforms as
(OaLB — 2Laoﬁ))\aPﬁ7)\58756 = 200‘)\5(9&567

where we recall P,” = (taX? = 2X00P%) /(Ar).  Assuming no restrictions on the z dependence
of €, this can only preserve the boundary condition if € = O((A¢)?). This motivates using the
boundary condition ag = O(<)\L>2) for the components of a along the fibres of PS — R3. (The
combination %ag should be non-singular at A ~ o, since nothing interesting happens there. This
requires a second order anti-holomorphic zero in ag, but this is merely an artefact of the frame.)
There are no boundary contributions generated when varying the interaction vertex of Poisson—
Chern-Simons. This is because both dp, 40; commute with (A\¢) and so are insensitive to €2.

We have seen that the boundary condition (4.6) is valid, but it is still not clear why we
should make this particular choice above any other. We will see in Section 5.1 that it correctly
reproduces the Lax formulation of the dKP equation and in Section 5.3 that the action (4.5)
is equivalent to dKP theory on RY2. If we instead try to impose the naive boundary condition
aq = O((A\¢)) we find that the linearised equations of motion are not solvable.

4.3 Non-commutative Chern—Simons on PS

In order to write down the non-commutative theory, we need to quantize the Poisson bracket
II=0yV 0.

This is achieved by applying the Moyal formula, which requires splitting the bivector into the
skew product of two commuting derivations of C*°(PS) to get a map

My C°(PS) ® C°(PS) — C(PS) @ C(PS)

obeying coIlg = { , }. Fortunately [0y, 01] = 0, so we can simply apply the Moyal formula
with the naive splitting gy = 0o ® 0 — 01 ® Gy to get
q qm—i-n
F*G:coexp§(80®81 -0 ®80)(F®G) = Z

m,n>0

e ()OO G (A7)

for F, G € C*(PS). This naturally extends to elements of Q%*(PS) if we understand dp, 9 to act
by Lie derivative. But there is a catch: the vector field dy is not holomorphic (equation (4.3)).
This means that d does not distribute over . Indeed, we show in Appendix A that

2
A(fxg) =df % g+ (=) fxdg + qzdgf ALy (Lo f*Ls9g) (4.8)

Mathematically, this means that (?20" (PS), a, *) is not a dga, and so it cannot be used to define
a consistent non-commutative gauge theory.

One method of resolving this issue is to instead split the bivector into commuting holomorphic
derivations. We will see in Section 4.4 that this is indeed possible; however, there is an alternative
approach. Rather than modifying the star product, we can change the differential. Consider
~ _ q2

D=d pdr A ch, (4.9)

Certainly, this is nilpotent

2
~ ~ q ~ _
DZ:d2—E[d,dac ALY =0,
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and so defines a differential on Q%*(PS). (As above, [, | denotes the graded commutator.) It
also distributes correctly over %, as can be seen by evaluating

3 ~ 2
D(f*xg)=d(f*g)— %dw_ NEG(fx9)
=7 wg)— & (@ 28, ) wo— (L f (@ 1 230)
2
— qzd:n_ ALy (Lo f* Lo g).

Applying the identity (4.8), we see the final term cancels leaving
D(f *g) = Df x g+ ()"’ f « Dg.

This shows that (ﬁo"(]P’S), ]3,*) is a dga, and therefore that

i 1 ~ 1
S*[a]:L Q/\(a*Da—i—?)Cla*a*a)

2w PS 2
i 1 ~ 1
=5 PSQ/\ <2a/\Da+ ga/\ [a,a]*> (4.10)

is a consistent non-commutative gauge theory on PS, i.e., the BV action satisfies the classical

master equation. As in Section 3.1, in the second equality we have used the analogue of the

identity (3.2) on correspondence space to remove a star product from each term. We continue

to use the reality condition @ = S*a and the boundary conditions (4.6) since the new vertices

involve only (1,0) derivatives dy, 01 which cannot generate any extra boundary contributions.
The equations of motion of the theory (4.10) read

~ 1
Da + E[a,a]* =0,

and infinitesimal gauge transformations act by da = De + [a,€],. As in the case of Poisson—
Chern-Simons, away from the locus A ~ A correspondence space fibres over mT with one-
dimensional fibres. We can exploit this to enter a gauge in which the pullback of a to the fibres
vanishes and on-shell the remaining components are constant. In this gauge, a is obtained by
pullback from mT. Residual gauge transformations are also constant in the fibre direction, and
so are pulled back from mT. Hence, at least qualitatively, solutions to the equations of motion
of (4.10) describe non-commutative deformations of minitwistor space. Following the proposal
of Strachan [62], it is natural to expect that the theory (3.1) describes the KP equation on
space-time.

We will verify this explicitly in Section 5 by showing that the action (4.10) with the boundary
conditions (4.6) is equivalent to full KP theory on R"2, where the constant 1/0? controlling the
dispersive term is identified with the formal parameter q?. Remarkably, we find that the 3d
interaction vertex is unmodified, essentially because the higher derivative corrections to the
interaction vertex on PS involve many ¢s which contract to zero with one another upon reduction.
The modification to the kinetic term through D results in the dispersive term in KP.

4.4 Splitting the bivector holomorphically

In the previous subsection, we quantized the bivector II using the Moyal formula adapted to
the naive splitting into dy, d1. This gave a star product x over which d failed to distribute, but
fortunately we were able to identify a modified differential D which did distribute properly.
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Perhaps a more natural approach would have been to split the bivector holomorphically in

the first instance. Here we show that doing so results in an equivalent theory on correspondence
!

space. To this end, we seek a modified splitting Hsplit =9 ® 01 — 01 ® vg where vg = 9y + sO;
such that [vg,01] = —(015)01 = 0 and

~

. 3 . Ao -
dvg =ddy +ds® 0 = (20%)\0 +d8> ® 01 = 0.

A candidate is

§ = — Laﬁba}\ﬁ.

(A0)

Then the resulting holomorphic * product is
F*G:coexpg(v()@@l—81®v0)(F®G). (4.11)

This extends to (0, e)-forms in the usual way, and (ﬁo"(PS),(Ni, *) is a dga. We can use this
to define a non-commutative Chern—Simons using the now familiar action (3.1) and boundary
conditions (4.6).

The cost of splitting the bivector holomorphically is that the associative product * manifestly
breaks translational invariance on R"2. This seems incompatible with the translational invari-
ance of the KP equation. Furthermore, since the kinetic term of the non-commutative gauge
theory coincides with that of Poisson Chern—Simons it is hard to see how a dispersive term could
be generated in 3d. Nevertheless, the dgas (QO"(IP’S),f),*) and (QO”(]P’S), d, *) are isomorphic
and so define equivalent theories on correspondence space.

To understand why, let

1 1
R = i(HSp]it — éplit) = 5(81 ® (881) — (881) & 81)

It is crucial here that the tensor products are taken over C rather then C*°(PS), so that s cannot
pass from one factor to the other. Composing with the multiplication map c¢ allows us to swap s
between the factors, so that co R = 0.

By a quick computation,

[Meplit, R = (2701) ® 97 + 0} @ (x04).

The object appearing on the right-hand side is built solely from z~, 9; which commute with s, 0y
and therefore with both Il and R. It can be treated as central.

We can now directly compare the star products * (4.7) and * (4.11). From the Baker—
Campbell-Hausdorff formula,

exp ( gHéplit) = exp ( %Hsplit - qR)

2
= exp <_1[H8pht’ R]> oexp(—qR) o exp(%ﬂspht).
Now that all instances of R now appear to the left of Ilg ¢ (and recalling that [Ilgpye, R] is
effectively central), we can act with the multiplication map to get

2

*x =co exp(gﬂgplit> =co exp(l((:v_al) ® 07 + 0 ® (x_ﬁl))> o exp(%ﬂspht).

" They are isomorphic at the chain level, indicating that at least classically the corresponding non-commutative
Chern—Simons theories are equivalent off-shell.
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Since 1z~ = 0, we can commute any instance of ™ in, say, the first factor of the tensor product
to the left until it reaches the multiplication symbol. At this stage, it can be safely swapped to
the second factor, and commuted to the right past any number of d;s; therefore, in the above
formula any = can swap between the two factors of the tensor product. In this situation, we
have the identity

1 1 1
(270) @7+t @ (2" 01) = S eN@el+1e on)* — g(@"@f)@ -2l ®(z703).

All objects built from x4, 9; commute with I, so that

_ q° 3 9.
* = C 0 exp —E(w ®1)(01®1+1®01)” | oexp §Hspht

2 q2 .
<exp<12 81> ®exp<12m_81>)
2 2 2
= exp< ?2.% 81)coexp<gl'[spht) o <exp<;l2x 81> ®exp<;|2x 83>>

Defining ¢ = exp(q2z 03 /12) this is (F*G) = (¥ F)*(1G). Extending v to act on (0, ®)-forms
in the usual way, it is immediate that

pd=Dy,

S0 ( *(PS),d, *) — (ﬁo"(IP’S),f),*) is an isomorphism of dgas.

It is gratifying to find that quantizing the Poisson bivector in a manifestly holomorphic
way is consistent with the approach taken in Section 4.3. Nevertheless, it does not explain
how a theory on correspondence space which manifestly breaks translation invariance on R?
can describe the KP equation. We resolve this issue in Section 5.4, where we observe that the
dispersive term in KP can be eliminated by a field redefinition at the cost of breaking translation
invariance. We expect that this is the form of KP theory obtained by directly compactifying
non-commutative Chern-Simons using the holomorphic star product (4.11).

5 From correspondence space to space-time

In this section, we show that Poisson—Chern—Simons theory on minitwistor correspondence space
describes dKP, and furthermore that non-commutative Chern—Simons on minitwistor correspon-
dence space describes KP.

More precisely, it is long been known that solutions to the dKP equation are in correspon-
dence with minitwistor spaces dressed by suitable holomorphic data and admitting appropriate
involutive automorphisms. Furthermore, it has more recently been proposed that solutions to
the KP equation are equivalent to certain non-commutative minitwistor spaces. Solutions to the
equations of motion of Poisson—Chern—Simons theory and non-commutative Chern—Simons the-
ory engineer minitwistor spaces corresponding to solutions of dKP and KP, and so the on-shell
equivalence of the theories is not surprising.

In this section, we show that by partially imposing the equations of motion of Poisson—-Chern—
Simons theory and non-commutative Chern—Simons it is possible to recover an off-shell scalar
field ¢ € C*° (RLQ). Evaluating the correspondence space actions on this partially on-shell
solution gives dKP (2.3) and KP (2.2), respectively. This demonstrates the off-shell equivalence
of the theories.
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5.1 Recovering the dKP Lax

Here we show that gauge fixing the correspondence space field a of Poisson—Chern—Simons
and partially imposing the equations of motion recovers a Lax formulation of the dKP equation.
Repeating the exercise for non-commutative Chern—Simons yields a Lax for the full KP equation.

To recover the Lax pair, we will mimic the approach adopted in [7, 23]. The first step is to
trivialise a on the real minitwistor lines CP. for 2 € RY2. ‘Gauge transformations’ in Poisson—
Chern—Simons are Poisson diffeomorphisms whose infinitesimal counterparts are Hamiltonian
vector fields. We write ¢ € C*°(PS) for an infinitesimal gauge parameter, V. = {¢, } for
the corresponding Hamiltonian vector field and f. = exp V; for the Poisson diffeomorphism it
generates.

Pulling back a to the minitwistor line CP} yields 6%ag € Q%1 (CPL) with ag = O((\:)?) at
A ~ . To trivialise, we seek a Poison diffeomorphism f. such that

Voo = {ao, } = f7'0ofe. (5.1)
We can get an explicit formula for a, in terms of € using the derivative of the exponential

1—e Ve
ag = ——0pe.
0 V. 0
The Poisson diffeomorphism f. is determined by its action on the co-ordinate functions A\“
and 2. Defining

A%z, N) = fA*, XP(x,A) = fa?,
we can recast equation (5.1) as
DA = —1%01ap(X, A), Do X P = Labﬁaoao(X, A).

All fields and gauge parameters are required to be invariant under simultaneous conjugation and
pullback by S: (z, ) — (a;, ;\), ensuring that (X, A) are similarly equivariant. These equations
can be solved order by order in 5%, subject to suitable boundary conditions; we will assume the
resulting perturbative formula converges. When Jgp1 acts on sections of O(1), such as A, it has
two-dimensional kernel. We can fix this ambiguity byzrequiring that A — \@ = O(()\L)Q). Acting
on functions the 5@); operator has one-dimensional kernel, so it is enough to fix X% — 28 =
O((Ar)). Together these conditions amount to taking e = O((At)). Generically, this does not
describe a true gauge transformation, which instead must obey € = O((/\L>2). In fact, the gauge
invariant data contained in ag, a scalar field ¢ € C* (RLQ), is precisely the leading order term
in € as we approach A ~ ¢:

o(x) = <0)\)0a8)\aeh~b. (5.2)

Indeed, we are free to make any choice for € so long as it vanishes holomorphically to first order
on the locus A ~ ¢ with derivative (5.2) but for the moment we will leave it unspecified.

Having fixed the gauge, we next impose the equations of motion in the fibre directions. These
are easiest to interpret by writing

d+{a, }=f71d+{d, })fe (5.3)

for f. as above, a’ is the gauge field in the ‘illegal’ gauge aj, = 0. The equations of motion tell
us that the components of @’ are meromorphic in \ at fixed x

8@@7; a/a =0.
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But since the gauge af, = 0 is not attainable with a true gauge transformation, the a], do not
obey our original boundary conditions (4.6) at A ~ (. Instead they must be chosen so that
the a, obey these boundary conditions, which we recall are given by

2(A)07ay + (0A)ay = O((Ae)?)
with a finite. Certainly, this requires that (Ya, = O({\¢)). Inverting equation (5.3) yields
Ve

1— <
a,, = a + Ve (Oa€ + {aa, €}).

€

In order to impose the boundary condition, it will be useful to keep track of not merely the piece
of order (A¢) in €, but also the quadratic term. We write

_ g ? 3
€= <0)\>¢+ <o)\>2X + O((\)?).
Then
al _ oa. 209\ _ LN 9
al, = 1%aq o0 Oa€ ™ {€, Oape} + O((A0)?)
2(\e) 2(Ae)
_ __9,a,f o o o o,
Y aq — 2097 Onpd o) 0“7 Onpd o) L%17 0 X
AL o
— <<0)\>> {o. Lﬂ8a5¢} + O(<)\L>2),
so that (“al, = —2:*$9,p¢. Similarly,
o _ a 0™ \8 (oA) 1™\ (oA 1\
o%a,, = 0%aq Xy Oa € + GV Oape€ + ETVER {€,0ape} + O((\))
= 0% + i?\i\i 2P0 + %17 Bupx + %{cﬁ, P800} + O((N)).
Hence
2(Ae)o"al, = 2(A)o"ay + (0A)ay + 2(0A)1%1PDupd — 2(N)0% P Dpd + O((\)?)

= O(<)\L>2),
so we should take

“al, = @Laﬁ@aggb — o"‘Lﬁaaggb.

(M)

Putting this together,

A

a, = — <La0ﬂ — 2047 — <<i\>>babﬁ> L 0py = —Paﬂﬂaﬁggb.
L

The Lax can be recovered as the space-time components of the connection d 4 {a, } in the

gauge ag = 0. It therefore takes the form

7

I _ 5 I _ 154
L, =00+ {a,, }=P, i

9y + tawdy + P, 1705, udy, (5.4)

where we have introduced u = 01¢. This is not the standard Lax distribution introduced
in equation (2.10); however, the two are related by L/ ~ P’ Lg and so generate the same
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distribution. The Lax operators obtained in equation (5.4) have a couple of attractive features.
First, by construction they preserve the volume form 2. Second, they are a true Lax pair, rather
than a Lax distribution, for the dKP equation. Indeed, expressed in terms of inhomogeneous
co-ordinates they take the form

1
0 =0- — 2204 +udy — —=0,ud, — 204ud;,

V2

The commutator of these two operators is
1
[L/ , Lll] ~ 2 <8+3_u - iagu + 8+(U8+U)> 8Z,

vanishing precisely on the support of the dKP equation. This justifies our choice of boundary
conditions in Section 4.2.

5.2 Recovering the KP Lax

The argument of the previous subsection carries over the case of the KP equation with surpris-
ingly little difficulty.

In this case, we have non-commutative 5d Chern—Simons theory on correspondence space.
An infinitesimal gauge transformation with parameter e € C*°(PS) (where as usual we suppress
the dependence on the formal variable q) acts by a — de + [a, €],. This exponentiates to the
finite transformation

1—elo s

a—a+ T (De + [a, €l4)- (5.6)

We can understand this in a more intuitive way by forming the finite gauge parameter

— 1
fe= eXP*(f,) = D i e

m=0 m times

Note that at any given order in q (which can now be negative) infinitely many terms can
contribute; however at any fixed power of € and given order in ¢ there are only finitely many
terms. We will assume the sums over increasing powers of € converge. Then non-commutative
gauge transformations take the more familiar form

-1 - 1
D+aar—>f,E*Df6+af,6*a*fE. (5.7)

Here f_. = exp,(—¢/q) should be interpreted as the ‘inverse’ of f., obeying f_xfc = fexf— = 1.
Although the right-hand side of (5.7) seems to be terribly singular in q, applying the formula
for the derivative of the exponential recovers the transformation (5.6).12

Pulling back a to the minitwistor line CPL as before, we trivialise with f. = exp, € obeying

apg = Qf—e*éofe-

12This perspective can be made robust if normalize the cubic vertex of non-commutative 5d Chern—Simons to
be axaxa as in [12]. We choose not to do this to get a cubic vertex which is not formal.
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Without loss of generality, we may take ¢ = O((A\t)), but true gauge transformations obey
e=0 (()\L>2). The gauge invariant data contained in ag is the leading order term in € as we
approach \ ~ ¢

o(x) = <0L>0a(9,\a6’)\w € C>(R"?).

We could now make any choice for € as long as it vanishes to first order on the locus A ~ ¢ with
the above derivative, but we will leave it unspecified.

Having fixed the gauge, we next impose the equations of motion in the fibre directions. This
is achieved by writing

~ 1 ~ 1
D+aa:f—E*Dfe+af—e*a/*fe'

The equations of motion tell us that a’ is a meromorphic function of A\, which we can determine
using the boundary conditions on a. Fortunately D and [, ], differ from d and {, } respectively
by terms of order (A\¢)3. Since our boundary conditions only constrain the components of a at
order (A¢), the analysis of Section 5.1 goes through without modification and we learn that

al, = —P,%185,6.

Expressed in terms of inhomogeneous co-ordinates,

/o m 1 / _ .2 _ﬁ 3 1 E
ZD =0 (Da + qaa> =0_ z 8+ 128+ + 7\/§qay¢+ q8+<;5,
- 1 1 1
L =" (D + a;) = 2(—8 + 204 — =0 ) 5.8
1 oty Vo Ty ¢ (5.8)

The Lax equation takes the form

[fé,fll] = 0D, ( “a! ) — LO‘]_N?a(oO‘afl) + [oaa'a,Laa' ]*

(0%
1o q° 4 1 2
=—2(04+0-¢ — 533,(25 - Ea+¢ + §3+(3+¢) =

Differentiating with respect to ™ and identifying u = 9, ¢ yields the full KP equation (albeit
with formal dispersion parameter g2 playing the role of 1 /02). This is not a Lax pair in the
usual sense, since it takes the form of an Abelian connection on non-commutative correspondence
space rather than a pair of poly-differential operators. We can construct a pair of poly-differential
operators commuting on the support of the KP equation from (5.8) by forming the combinations

2
o (Da+ [, ],) = 0- = 2205 = 0% + Z A g2rugimo,

|22m
2m

\[ Z ma2m (8yu + \/§Z8+U)8§m+1,

2m

a( _ q 2m+1, 92m+1
L (Da—‘r[a;, ]*)—2<—\/§ay+2’6++mz>:0(27n+1)!22m8+ +u82 +>.

Note that these depend on ¢ only through u, and in the limit g — 0 they reproduce the Lax
operators for dKP appearing in equation (5.5). Although these poly-differential operators are of
arbitrary degree in 0,, when acting on holomorphic sections of O(n) they will truncate. A similar
non-commutative Lax equation was identified by Strachan in [63], though it does not appear to
coincide with the expression we find here.
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5.3 Reducing the action

In this subsection, we will compactify the non-commutative Chern—Simons theory engineered in
Section 4.3 from PS to RM2. Recall that its action is

i 1 = 1
S,([a]:217T/IFDSQ/\(QCL*DCL—i—3qa*a*a>7 (5.9)
where
(AdA) A dz*P A\ g
0=
(At
and the star product is defined by splitting the bivector using the constant frame
0 o 0
0o = <)\L>La87)\aa o=t Lﬂ@xaﬁ =0;.

The equations of motion for (5.9) read
~ 1
QA (Da + i[a, a]*) =0,

where Da = da — q2dz~ A Egla/12 and

3 a ~a 3 o <0>‘> A(S 0
d = O¢cpr ‘x +0%0q = Ocpr ‘I + da*Pr, (L/507 — 20807 — o) tgt” ) 9ad°

It will be useful to note that

(N
() @

obeys PP, = 267 as well as 1“P,” = 2.8 and 0®P,” = of — (NP () = 20% — NP /().
To reduce to space-time, we will solve the mixed 5% 5%-components of the equations of motion:

PP = 140% —20,1° —

- 1
Q/\&O‘ A (D(I+ 2[(1,(1,]*> =0.

Our strategy is to work perturbatively. We introduce a parameter § and write

a(d) = Z a®)§*,

k=1

where our original field is @ = a(1). The coefficient field a(¥) solves an equation of order k whose
mixed Oa-component is given by

QA ADaY =0,  QAGYA <Da(2) + 1[a(l), aM] > =0,
2 * (5.10)

QAGYA (]5@(3) + [a(l), a(z)}*) =0

and so on.

As usual for reductions to space-time, we gauge fix the pullback of a to the (CIP’QIC fibres of
correspondence space over RY2. We cannot set it to zero, since gauge transformations must
vanish to second order on the divisor, but we can instead fix

acp () = (\)20(x)"5
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for some function ¢(x) depending only on space-time. Here we have chosen a Fubini-Study
metric on CP! inducing an anti-holomorphic antipodal map X — A with 6 = ¢. 0 = <5\d5\> / <)\5\>2
is the harmonic representative of H' (CIP’l,(’)(—2)) for this metric.”®> We emphasize that we
have fixed the ezact form of acp1(0); this component is purely linear in 6. This leads to many
simplifications that are key to the success of this perturbative approach.

Firstly, when we insert the solutions to the mixed Oa-components of the equations of motion
back into the action, all contributions to the kinetic terms of the form

I an (La® ADa® 4 La® Apam) = 1 / QA a® A D
2 PS 2 2 2 PS

must vanish when k& > 1. This is because a®) has no pY component when k > 1, so this term
is proportional to the leading Oa equation of motion. In fact, remarkably the only terms in
the full non-commutative theory S[a] which can contribute to the space-time action are the
lowest-order kinetic and Poisson terms

i 1 ~ 1
OAl2a® ADa® 1 2g® MW M1, 11
or | A (2a ADat? + zat A {a'V) oM} (5.11)

Higher terms drop out because they contain too many powers of ¢, which must contract with
each other when we integrate over the CP! fibres of PS — R1:2.

To understand this, let us use the notation O ~ [p,¢] to indicate that an object O in-
volves p instances of + and ¢ space-time derivatives. ¢ is not the mass dimension under scaling,
it simply counts derivatives. For example, our gauge fixing gives acpi = (A)?¢(z)p% ~ [2,0]
while 5@1!1 ~[0,0]. We declare that the non-commutativity parameter q ~ [—4,—1] so as
to ensure that ¢*D, scales homogeneously as ~ [0,1]. Then equation (5.10) shows that
for k > 1 we have a® = %) ~ [6k — 4,k —1]. Now consider the perturbative expansion
Sila(8)] = 32_, S™§™ of the action evaluated on the solutions to (5.10). Recalling that the
holomorphic 2-form Q ~ [—4,0], we have S(™) ~ [6(m — 2),m]. Finally, expanding in pow-
ers of the non-commutativity parameter as S(™ = 3" _ S ¢2" the coefficients S™™ ~
[6m + 8n — 12,m + 2n]. Because (1) = 0, when we integrate out the CP! each power of + must
end up being contracted with a spatial derivative dg., and each such derivative can carry at most
two ts. Hence to get a non-vanishing contribution to the space-time action, we need m +n < 3
so that the only possible contributing terms have (m,n) = (2,0),(3,0),(2,1). Of these cases,
(2,0) and (2,1) correspond to the kinetic term in (5.11), while (3,0) corresponds to the vertex.
Let us now evaluate these terms.

To leading order, the partial equations of motion €2 6¢ Da® =0 give

- . PP\ q2
(1 _ 2 _ 2 fa R -
30aa <)\L> Da¢ <)\L> ( <>\[/> 8,8’7¢ la 128—‘,- ) 9

where we have used the definitions (4.9) and (4.4) of D and 8,. Solving this, we find that the
leading term

(Ar)
(M)
It is easy to check that this solution obeys the boundary conditions required in the {&O, &a} frame
introduced in Section 4.2; furthermore, had we instead tried to impose the stronger boundary

a*(\)

oV — <>\L>2¢ - <Pa65\7357¢ — Ly, 8i¢> 5.

13In the notation of Section 5.2, this amounts to writing acp1 () in ‘pure gauge’ for an illegal finite gauge
transformation fe = exp, € with € = ¢(z)(Ae)(tA)d/(AX) + O(67). The higher-order terms § are at least O ((\)?),
so that (oA)o®Ox, €|x~. = ¢(x)d as required.
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condition a, = O((A¢)) then we would have been unable to solve the linearised equation of
motion.

The quadratic term in the space-time action comes from inserting this linearised solution into
the quadratic term in (5.11). This gives

L[ anad®aDa® = 1 / QAP NG NG (A)2$Dgaly’
2 PS

47T PS
1 /i ) [ PO 2 A 2(\
- 75 [ mae i (T - La;as’;qﬁ) (P00 1T 00
1 /i A€ <)\L>)\ — (AT )
S d3 PaﬂP 1) d 1 93 Pa’B
\/i(%) /PSW/\ x( “ O ’ a +0 oy e

1 /i 1 2
-7 (2;) /Pgw A d3x<28°‘5¢8ag¢ - ;'281¢8+¢>-

In going to the second line, we used the fact that the top form

V2w A Bz
(A2

(AdA) A dz*P X N5

AP ANGBNGs =
BYE prre s

QAP NG NG =

where w = (AdA) A <5\d5\>/<)\5\>2 is the usual Kihler form on CP'. We can now perform the
integral over CP' using

i

— w=1
27T Cp!
to get
i 3 _1 2 ﬁ 2 \2
7% Rmd x<8+<z5(9_¢ 2¢y+12(8+¢) . (5.12)

Equation (5.12) is the kinetic term of the KP action, including the dispersive term.
For the vertex, we also need to compute

4 — AP o ) () B_, B\ 50 2
Pt =20y 0P T S >< gy el e >A 93,05% + O(1).
Y p

Lo, = (20,00 — 2

(M)

where we can discard terms of order ¢2. In fact, we can also discard the terms involving <;\L> as
these will also lead to factors of (1) = 0 upon integration over A\. Thus the vertex comes from

171 1 i a
3<27r> /PSQ Ao Aﬁaoa(l) Aﬁala(l) _ ﬂ(%) /Psw A A3z qs(ﬁaoa(l)) (ﬁala(l))a

1/ N2 )
- (2;) /P wnda <<A;>>2¢(mﬁaaﬁ¢) (7P, 930501 6)

=— w 3:1:M L2N8 DN
= f( >/PS Ad <Ax>2¢>( N 3g,0) (1IN 0,5046).

P,PN05,046 5% + O(q?),

This can be readily evaluated using

: a)\BY7 )0
1 XXX 1 a8

o fer T (0 3
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to give
1
\/5 R1.2

This is the vertex from the KP action (2.2) on R“2 so altogether non-commutative Chern-—
Simons descends to

1
&’z §(8+¢)3-

d3 2
Sxel¢] = /R 7;““ <<9+<Z>8_¢ - %8@@2 + %2(6%)2 + ;<6+¢>3>- (5.13)

Comparing with equation (2.2), we recognise this as the action of KP theory with formal disper-
sion parameter g2 playing the role of 1/02. (At least, up to an irrelevant overall factor of 1/ \/5)
We emphasise that this is the complete reduction of the full, non-commutative action Si[a]
on PS at § = 1, to all orders in q. Any potential higher-order terms vanish on reduction.
Thus we have shown that, when the mixed Oa-components of the equations of motion are im-
posed, Si[a] = Skp[¢].

5.4 Holomorphically split bivector on space-time

In Section 4.4, we saw that instead of naively quantizing the Poisson bivector on correspondence
space at the cost of deforming the differential, we could instead quantize using a manifestly
holomorphic splitting of the bivector. The cost is that translation invariance is explicitly broken.
We will not directly compactify this theory to space-time, but will identify a natural candidate
for the resulting 3d action.

To achieve this, we will perform a linear field redefinition eliminating the quartic vertex in
the action (5.13). The transformation

2
¢ = exp <—T2x_8i>¢ (5.14)

does the trick, since
1.5 - 0 1 q°
<a+a_ - 23§>¢> _ exp<_12x ai) <a+a_ Sl Ton)o.

Notice that the field redefinition (5.14) is takes an almost identical form to the isomorphism !
from Section 4.4. Discarding boundary terms, we also have the crucial identity

/ d%ff]z/ d3z fg.
R1.2 R1.2

Together these can be used to rewrite the action as

2 3
Skp[d] x / d3x (8+<Z~>8_gz~5 - layd? + 1(exp(qx8§)’r>8+d~>> >
RL2 2 3 12
-1 - 1 2\ p+q+r o )Ptatr ) . B B
= [ aa(odoi-gaitey X () o ear et )
P,q,720
Viewed as a Lagrangian for q;, we expect that this is the result of compactifying non-commutative
Chern—Simons with the holomorphic splitting: It has canonical kinetic term, as would be ex-
pected if the differential on correspondence space is unmodified. The price is an infinite tower
of cubic vertices and explicit violation of translational invariance in = (which plays the role of
time in the KP equation). The cubic vertex can be somewhat simplified by integrating by parts
to remove all derivatives from one of the ¢~)s. The result is

2\ PHa (.
[ (05— Ja0 - 16 5 (-5) T arragating) ).

1o
p,q>0 P
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6 Amplitudes in KP theory

A general argument of Costello [18] shows that any local holomorphic theory on twistor space
should correspond to an integrable theory on R%. One consequence of this is that all amplitudes
should vanish (at least for general kinematics). This is guaranteed by the Coleman—Mandula the-
orem: the infinitely many conserved charges of an integrable theory necessitate a perturbatively
trivial S-matrix.

The arguments of [18] can also be applied to mixed topological-holomorphic theory on PS.
In particular, scalar scattering states ¢y (z) = exp(ik - ) in R1? can be realised via the Penrose
transform by cohomology representatives

elwn/N’s, e H' (mT; O(-2)),

where ko3 = wkqkg. Pulling back these states to PS and dressing them with the divisor
generates solutions to the linearised equations of motion of non-commutative and Poisson—
Chern—Simons theory
ay = <>\L>Qeiwx°‘5}\a/\g/<)w>25/\,\%‘

Crucially, such states are localised at points on the CP* base of mT. When computing amplitudes
in a mixed topological-holomorphic theory it is natural to fix the gauge using a metric. In our
case we use a linear combination of the flat metric  on R? and the Fubini-Study metric on
the CP! fibres. Any gauge invariant quantity will be independent of the metric, which includes
the S-matrix. We can therefore choose to scale up the Fubini-Study metric on CP!, suppressing
any interactions between states supported at different values of A. For generic kinematics, all
external particles in a scattering process will be supported at different values of A ~ k;, and so
in this limit any interactions between them can be made arbitrarily weak. In this way, we see
that the S-matrix is trivial.

At the classical level, integrability of the dKP and KP equations is well established, and so it is
natural to expect vanishing of all tree level amplitudes. We verify explicitly that this expectation
is borne out by evaluating the four-point tree amplitude in both theories. In Section 6.2, we
extend this result to n-points by on-shell recursion.

However, the minitwistor description buys us more than the vanishing of the trees: Since
dimgPS = 5, our non-commutative Chern—Simons theory S,[a] cannot have any perturbative
anomaly at one-loop. Thus, at one-loop, the corresponding space-time theory Skp[¢] should
remain integrable and still have no amplitudes. We leave an explicit verification of this at
higher loop order to future work.

Let us denote the n-particle tree amplitude in momentum space as

?d)KP(ki) = (27T>35(3) (Z ki) A?d)KP<ki)-
i=1

In this section, we will show explicitly that .A‘(1 d)KP(ki) = 0 and then in Section 7 argue that the

A?d)KP(ki) obey an on-shell recursion relation implying A?d)KP(ki) = 0 inductively for all n > 4.

6.1 Vanishing of the four-point tree amplitude
We begin with the dKP theory. Recall that this theory has action

1 1
/R L (26%6@ + 3<a+¢>3> .
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It will be helpful to normalize our scattering states as

~ 1 1 eiﬁaﬁliaﬂﬁ (61)

_ ik-x
Ox() = ﬁe i{ke)? ’

where ko3 = Kqkpg is null.'* The normalization of these states has been chosen to simplify the
amplitudes by eliminating irrelevant dressing by derivatives of the external states. With this
normalization, the three-point amplitude is simply AgKP =215

Let us now check that AéKP indeed vanishes. This amplitude receives contributions from
three Feynman diagrams commonly referred to as the s-channel, ¢-channel and u-channel. Elim-
inating k4 using momentum conservation, these three diagrams give

2((10)% + (20)%)° L 20207 + 302 2((3.)% + (1)?)°
(12) (23)° (31)2 ’
where we recall that ky = (ki)2. Combining all the terms and using the fact that
0=Fkj = (ki + ko + k3)? = 2((12)% + (23)* + (31)?),
one finds after a modest amount of algebra that
T _4<1L><2L> (31)
kP (12)(23) (31)
which vanishes by the usual Schouten identity. Thus the four-point tree amplitude vanishes.
This is exactly as expected since the dKP equation is integrable.
Let us now consider full KP theory. Compared to the dKP case, we must now account for

the dispersion term in the action. This means we can still use the same scattering states (6.1)
as above, but now the external momenta obey the modified dispersion relation

4 _
AdKP -

((1e)(23) + (2)(31) + (3)(12)),

k2+q—2k4—0 (6.2)
Shi=0. .

This is solved by
2

kap = Kakpg — %LaL5<FLL>6.
Accounting for the dispersive term, the KP propagator is
1
P
4
k2 + kY
It simplifies for k = k1 + ko with k;, k2 obeying the dispersion relation (6.2) since

2
(k1 + ko) + %(kl + ko)

=2(12)% — % ((Le)2(20)? ((Le)* + (20)1) = 2(10)2(20) (2(1e)* + 3(10)2(20)* + 2(20)))
=2(12)% + q22<1b>2<2b>2(<1b>2 + <2L>2)2. (6.3)
The four-point tree amplitude is therefore
Alp = 2((10)* + (20%) ((3)* + (40)%) 5 + cyclic permutations of {2,3,4}.

(12)2 + L (10)2(20)2 ((10)2 + (20)2)

We evaluate this in Appendix C and verify that it vanishes to all orders in g2.

1411 this section, we absorb the energy w into the scale of .

15Unlike three-point amplitudes in YM or gravity in d = 4, this amplitude is non-zero even in Lorentzian
signature RY2. This is not in conflict with integrability, because momentum conservation forces these three null
particles to all be collinear.
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6.2 Vanishing of n-point tree amplitudes

In Section 7, we will see that the holomorphic collinear singularities of tree amplitudes in dKP
are described by w140, SO in particular they obey an on-shell recursion. That is, the singularity
in the amplitude as the spinor helicity variables ;, x£; become collinear takes the form

Ag}t%’(kl) ~ ‘S‘:}Z{,;] ("{ia ’{])AQKP (kh B kia ) knJrl)-

Here ngg;j (K4, K4) is a splitting operator which crucially includes derivatives in &;.

Therefore, .AgKP is free from all holomorphic collinear singularities, since AﬁKP = 0. But it is
clear that, for our chosen normalization, AZKP has vanishing weight under simultaneous scaling
of the helicity variables. Since there can be no ¢ dependence in denominators, the ambiguity at
five-points is a constant independent of all helicity variables. This constant must be proportional
to 8. Since these spinors can only contract among themselves, we infer that the constant is
zero and the five-point amplitude vanishes. This argument applies inductively at n-points: all
holomorphic singularities vanish as for the five-point and since all lower-point trees vanish there
can be no multiple-particle singularities. The constant ambiguity must be proportional to An=3)
and so vanishes. We infer that all tree amplitudes vanish in the dKP theory.

To see that this inductive argument also applies to the full KP theory, let us expand all
propagators as

! 1 Zq%<u>%<2£>%(<u>2+<2L>2)”
(12)2+ Z(1)2(202 ({12 + (202)°  (12)° 22(12)

oo

) (6.4)
which amounts to viewing q? (&2@)2 /12 as a 2-point vertex deforming dKP. At order q° we do not
call on this vertex at all, and so by the above argument in dKP the n-point tree level amplitude
vanishes. If we use the 2-point vertex k times, then by basic graph theory all diagrams with n
external legs will still have n — 2 trivalent vertices but k + n — 3 propagators. This means that
such a diagram scales like

2k . —2n—4(k+n—3)+6(n—2)+8k —2n+6(n—2)+8k _ q2k/{4kb4(n—3)+8k

q
Since we still cannot have any collinear singularities and now there also cannot be any ¢ depen-
dence in the denominator, some of the 8k ts must pair up among themselves as there are only 4k
new ks. This dependence on k is reflected in (6.4). We learn that the five-point amplitude
vanishes at all orders in g2 and hence inductively all tree level amplitudes vanish in KP (again
the vanishing of the lower-point trees ensures there are no multi-particle poles).

7 The 3d minitwistorial theory/2d vertex algebra
correspondence

In this section, we show that surface defects wrapping the fibres of correspondence space in
Poisson- and non-commutative Chern—Simons theory support wiyo, and Wi, vertex algebras
respectively. We then recover these directly on space-time from the collinear splitting of form
factors in dKP and KP theory respectively.

7.1 Koszul duality on correspondence space

Here we outline how Koszul duality on correspondence space yields an equivalence between data
of (d)KP theory (or more generally any minitwistorial theory) and that of a 2d vertex algebra C
living on minitwistor lines. This is a 3d counterpart of the Costello-Paquette correspondence
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in 4d [18]. For an introduction to the role of Koszul duality in describing defects in mixed
topological-holomorphic quantum field theory, we refer the reader to [16, 55].

To summarise: Linearised solutions to the classical equations of motion of the 3d theory are
identified with states in the vertex algebra C. Of particular interest are complexified momentum
eigenstates, which correspond to so-called ‘hard’ generators. The operator products of these
hard generators are captured by collinear splitting in space-time. The conformal blocks of C,
i.e., the possible ways of defining correlators compatible with operator products, are in bijection
with local operators of the minitwistorial theory. Finally, amplitudes of the 3d theory with
a local operator inserted at a point (form factors) equate to correlators of hard generators in the
corresponding conformal block. That collinear singularities of form factors are universal, i.e.,
independent of the inserted local operator, is a consequence of the vanishing of all space-time
amplitudes. These identifications are listed in Table 1 for convenience. In this work, we have
only engineered the correspondence space uplift of (d)KP theory at tree level, and so we can
only trust a classical version of the correspondence; however, we expect that at the very least
a one-loop version persists.

Table 1. Summary of the correspondence between 3d minitwistorial theories and 2d vertex algebras.

3d minitwistorial theory 2d vertex algebra
momentum eigenstates ¢ (x) hard generators v(k,w)
local operators O(0) conformal blocks (...)p
form factors Fo(k;) correlators (v(k1,w1,) -+ V(Kn,wn))o
collinear splitting S“1“2 (K1, Kkg) OPEs v(k1,w1)v(ke,ws) ~ -

Let us briefly sketch where this correspondence comes from, concentrating on the case of
dKP for simplicity. The linearised equations of motion read

(2040- —32)p =0

with solution ¢y (z) = exp(ik - z) for k* = 2k k- — k2 = 0. (We choose not to normalise
as we did in Section 6.) The massless condition is solved by k.3 = wkqkg with the redun-
dancy (w, kqa) ~ (t*Qw,t/fa) for t € C*. (At w = 0, the CP' factor shrinks to a point, so com-
plexified null momenta belong to C?/Z,.) We will sometimes write ¢y (z) = ¢*(z;£) to make
this parametrisation explicit. This differs from our convention in the previous section, where
we absorbed the scale w into x which was treated as an inhomogeneous variable. We should
view w(kt)? as the energy of the wave, and s as a point on the ‘celestial’ sphere. (For ¢y () to
be real, we must have x ~ & so that this celestial sphere is an S' as expected for R12. The sign
of w determines whether the momentum is past- or future-pointing.) Expanding in powers of w
is a soft expansion

L (iw)s ™t
Or(x) = Zl o @), (71)
where ¢g(z; k) = (xaﬁnang)sfl is a ‘soft’ state.

The momentum eigenstates ¢“ (z; k) lift via the Penrose transform to states on correspondence
space which pull-back from Dolbeault cohomology representatives on mT. Explicitly, they take

the form

aw(x’ \; K) _ <)\L>2eiwzaﬁ)\a>\ﬁ<HL>2/<)\L>2(§/\NH.

The precise correspondence between the space-time and twistor data is

¢ (z; k) = /(CIP’l <<);\(i>)\2> Aa’(x, N\ K).
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Amplitudes in the 3d theory vanish, since on PS these states cannot talk to one another: Feynman
diagrams can be evaluated in a gauge where they are arbitrarily far apart.

However, suppose we insert a local operator at the origin # = 0, denoted by O(0). The results
of [18] show that it lifts to a compact surface defect wrapping the minitwistor line CPL_,. This
defect is the correlation function of a universal vertex algebra C: the Koszul dual to the algebra
of bulk local operators restricted to the defect. The states of C are denoted vs(A) for s > 1 and
have conformal dimension 1 — s; they couple to the bulk gauge theory via

B (AdN) v LY a
Ifa,vs] = Z/(CP}E_O e A Go

s>1

With these conventions, the state vs(\) must vanish to order (A)2(~D at X\ ~ 1. The operator O
is identified with conformal block of C, denoted (...)», and we have

0(0) = (exp I[a,vs))o.

The form factor of @(0) can be computed on correspondence space using the states a”(x, \; k).
These only talk to one another through the defect, where they pick out ‘hard generators’
(iw)s—l

Ia® (2, A K), 0] = v(k,w) = e 1)!vs(ﬁ). (7.2)

s>1

Comparing equations (7.1) and (7.2), we can see that the operators vs(k) can be identified with
soft states ¢s(x;k). (In fact, this is the motivation for putting the factor of 1/({\.)?* in the
measure.)

The form factor Fo(k;) equates to a correlation function of hard generators in the conformal
block < . .>(9.

Fo(ki) = (v(k1,w1) - v(kn,wn))o-

In order for this equality to hold, the collinear singularities of the form factor as x;, x; coincide
must agree with the operator product of hard generators. But the operator products of the vs(A)
are also fixed by gauge invariance of the bulk-defect coupling on correspondence space. In the
next subsection, we will see how these can be determined straightforwardly.

7.2 Koszul duality for Poisson—Chern—Simons

Here we determine the operator products of the vertex algebra C corresponding to dKP theory
directly on correspondence space. This is achieved by demanding gauge invariance of the bulk-
defect coupling exp I[a, vs].

At tree level the variation of the bi-local term %I [a,vs]? under the linear part of an infinitesi-
mal gauge transformation cancels against the non-linear variation of the local term I[a, vs]. The
former picks out the singular part of the operator product of states vs(\), whereas the latter is
determined by the cubic vertex in Poisson—Chern—Simons theory.

At tree level rather than computing the operator products it is easier to determine the Lie
brackets of the vg(A) modes. These can be extracted from the bulk-defect coupling using states

R RO Sl LW VA
Asm = 5 - (A)s—1+m (Ae)2 do (7.3)

for © a step function taking the value 1 for |z| = [(0oA)/(A\e)| < 1 and O for [z| = [(oA)/(A)| > 1.
In the Cech language, these are represented by meromorphic (d-closed) functions

A\)s—1+m aﬂ)\a)\ s—1
o = LN z g (7.4)
) <>\[/>s 1+m <)\L>2
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on the overlap of the north and south patches of the A-sphere (A % ¢ and A # o, respectively).
Plugging the states (7.3) into the bulk-defect coupling yields

" = L 7{ (AdA) (oA)*~
Vsm = Hsmy 01 =500 Tar Oa)2s ()= 14m

Since the cubic vertex of Poisson—Chern—Simons theory is determined by the Poisson bracket,
the Lie algebra obeyed by the modes @5, is the Poisson algebra of Cech representatives (7.4).
We immediately find that

{dsl,m; asg,n} = aOdshmalasg,n - 315151,7130@52,771

= (m(s2 —1) —n(s1 — 1))a81+82—2,m+m (7.6)

SO [Usy . m, Uson] = (M2 — 1) — n(s1 — 1))Vs;, +s9—2,m+n. This is the mode algebra of w; o (with-
out central extension).'® Note that the {2, }mez generate a Witt subalgebra.

We have performed a sleight of hand here — the mode expansion (7.5) does not take the
standard form for a field of conformal dimension 1 — s; instead, this is the natural expansion
for T5(A\) = (A)2"45vg()) of conformal dimension s. It is really these shifted fields 9s(\) whose
operator products obey the wi;o vertex algebra. The price for performing this shift is that the
vacuum module at A ~ ¢ has been modified.

The vacuum module |0)y, at A ~ o, or equivalently z = 0, is the standard one for wjeo.
It can be read off from (7.5) by noting that 0s,,|0)x~, = 0 for m > 1 — s, since in this case
the contour integral can be contracted to a point in the northern hemisphere. Let us remind
ourselves why this defines a module. For m > 1 — s1, n > 1 — so, we require that

[681,77% 682,71”0>/\~0 = (m(sa — 1) —n(s1 — 1))581+82—27m+n‘0>z\~0 =0.

Now g, 4s9—2,m+n|0) A~vo = 0 for m—+n > 1—(s1+s2—2). This leaves the case m+n = 2—s;—s2,
for which m =1 — s; and n = 1 — s so that the structure constant m(sy — 1) —n(s; — 1) = 0.
The standard w14, vacuum module [0)y~, at A ~ ¢ similarly obeys ¥, |0)x~, for m < s — 1.
The global symmetries of w140, i.€., the Lie subalgebra of modes preserving both vacua, is the
wedge subalgebra generated by {6S,m}‘m‘§571‘17 In particular, we find a global C* symmetry
generated by jo = 71, and a PSLy(C) global conformal symmetry generated by L_1 = 931,
Lo =020, L1 = v21.

Let us write |[dKP),~, for the modified vacuum at A ~ ¢ in the case of dKP. Recalling that
the boundary condition on vs(A) requires that it should vanish to order 2(s — 1) at A\ ~ ¢, we
can see from equation (7.5) that ¥ ,,|dKP)x~, = 0 for m < —1 —s by contracting the contour in
the southern hemisphere. This defines a consistent vertex algebra module, since for any s1, so
and m < —1—s;, n < =1 —s3 we have m+n < =2 — 35 — sy < —1 — (s1 + s2 — 2). The
module |[dKP),., breaks all of the global symmetry which was present in the |0))., vacuum.
Indeed, any modes ¥s ,, preserving both vacua would need to have 1 —s <m < —1 — s.

This shift of the vacuum module is crucial for the validity of the 3d/2d correspondence
outlined in Section 7.1. Indeed, the simplest local operator of dKP theory is ¢ itself. This
should correspond to a conformal block of the vertex algebra C, or equivalently a family of w4
correlators compatible with the operator product but in which the states vs(\) may have poles
of order (\)~2%. This family of correlators is seeded by

(01(A))g(0) = < )\1L>2

180Often mathematicians refer to the universal enveloping algebra of this Lie algebra as the ‘mode algebra’.
1" This is not the wedge subalgebra appearing in the context of celestial holography, which has extra generators
corresponding to spin representations of the global sl2(C) conformal symmetry.
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¢k1 ($)

B i ¢k1+k2 (:L‘)
prop.

¢k2 (:E)

Figure 1. The tree splitting function in dKP theory is determined by the singular part of the above
diagram as (12) — 0.

with all other one-point functions set to zero. (Here by seeded we mean that all other correla-
tors are determined by recursively applying the OPE until one lands on this one-point function.)
In terms of the hard generators v(x;w), this is (v(k,w))g) = 1 = ¢x(0). Similarly, the opera-
tor u = 04 ¢ is identified with the block

5O\ _
</02( )>’u(0) <>\L>2
with all other one-point functions set to zero. This yields

(K, w))u() = iw(ke)? = 01.61(0).

Translation invariance ensures that the form factor of O(z) can be obtained from O(0) by
dressing with eX* for K the total momentum of all hard scattering states. Hence

(08, @)ty = () 2HT = O, 6y (a).

Notice that w14 with its usual vacua has no non-trivial conformal blocks, so the correspondence
would fail immediately.

7.3 Collinear splitting in dKP

In this subsection, we compute the tree splitting function, or equivalently the singular part of
the perturbiner, in dKP. It is computed as the partially off-shell Feynman diagram illustrated
in Figure 1. From the arguments of Section 7.1, we expect to recover the mode algebra directly
recovered from correspondence space. Together with the states ¢x(x) we recall the propaga-
tor —i/k? and vertex k3 /3. The perturbiner is

Wi, 2ik1 kot (k1 + k2)+ .
SdII{PQ(Hh /432) _ _ +(k1 - k2)2 +e (k1t+k2)-z

Rewriting in terms of energy and spinor-helicity variables, this is

1(10)2(20)2 (w1 (10)2 4+ wa(20)?) .
S e ma) = — R <11<§>2> Fenl) oy (7.7)

This is an off-shell solution, but the singular part of this expression in the collinear limit (12) — 0
is expressible in terms of on-shell states. To see why, we exploit the Schouten identity to write

(L (12)
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This allows us to expand the perturbiner (7.7) around x; ~ k2 to get

cl(kitke) e _ <1 — 21<1<22> <>12L>w1x"‘5/£2abﬂ + (9((12>2)> o K+ 2 maaras/(2)?
L

where Ky = (k1 +k2)+ = wi(1)? +wo(20)2. Whilst the leading term in (12) is clearly an on-shell
state, this is not immediate for the subleading piece linear in x. However, it can be written in
the form

<1 — (12)

w1 (1)
+

0 + 0((12)%) )5/ (i),

Substituting into equation (7.7) yields

102(20)2 (w1 (10)2 + we(20)2
S 1, z) o —i ><21<2>>2 + wn(20)?)

3 2
= <<122L>> Dy 520 (155,

5 (00

Here the symbol ~ indicates that we work modulo regular terms in (12). This is currently
written in terms of hard scattering states - expanding in powers of wi, we we can extract the
OPE of the soft states vy, (k).

(51 + 89 — 2) <1L>251
(12)2 (20)251-6 Vs, +s9—2(K2)

(s1 = 1) (1?1t
(12) (20)251=6

Vsq (’11)1)52 (’12) ~

+ Laa,{gc’l)sl_;_sz_g(l@).

This OPE depends explicitly on ¢, though this dependence can be removed through an appro-
priate redefinition of the states. If we let ¥5(k) = (kt)?> *5vs(k), so that ¥s(x) has conformal
spin s, then

s S9 — )22
s, (K1)Us, (K2) ~ (o1 J<r12§2 2 2;32251 Usy+s,—2(K2)
)
)

s1— 1) (1)1=251 -
( ) - LY Org Vs, +55—2(K2).-

(12) (20)22s

Although this appears to depend on ¢, in fact this dependence is only through the regular part.
Expressed in terms of the inhomogeneous co-ordinate w = (ok)/(kt), we have

. - (s14+s2—2)_ (s1—1) -
Vs, (W1)0sy (w2) ~ mvsl+sr2(w2) + m(awvsﬁszd)(wﬂ- (7.8)
These are the defining relations of the wy o vertex algebra.'® (The inhomogeneous co-ordinate w

is adapted to ¢, but since the singular part of the OPE is independent of this choice we’d get the
same result in any holomorphic co-ordinates.) The w4 algebra in particular contains a Witt
subalgebra generated by 02(w) under which the 05(w) transform as conformal primaries.

To connect with Section 7.2, it is instructive to perform a mode expansion

- v
Us(w) = Z w;TS’

meZ

18We emphasise that this is not the wedge subalgebra of w1 40, nor the loop algebra of some Lie algebra. These
are the defining OPESs of w140 on the nose.
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or equivalently in terms of the homogeneous co-ordinate x

Us(r) = Z <Oﬁ>s+ﬁ7ab>s—m'

meZ

In terms of the modes 05, the OPE (7.8) becomes the commutator
[681777% 552@} = (m(32 - 1) - n(sl - 1))681+82—2,m+n-

We recognise this as the mode algebra of w; o (7.6).

7.4 Koszul duality for non-commutative Chern—Simons

Now let us understand the consequences of switching on the dispersive term in KP. The linearised
equation of motion for the potential ¢ is more complicated, it reads

2
(2040- = )6 = S-0to

with plane wave solutions ®(z) = exp(ik - x) for 2k k_ — k; +92k1/6 = 0. We can parametrise
solutions to this dispersion relation by the same data as in the dispersionless case: by (w, kq) ~
(t_Qw, tma),

2
ﬁw

kag = wkakg — 3(k1)rqtp.

We can then perform a soft expansion as above

> (iw)s !
(23 K) = 2; ((8 _) 1)!@5(:¢; k), (7.9)

where the soft states ®4(x; k) are no longer homogeneous polynomials in z.

We can lift these states to correspondence space, although from the discussion in Sections 4.3
and 4.4 there are different isomorphic presentations of the defining dga on PS. Splitting the
bivector holomorphically to obtain the presentation (ﬁpg,a, *), we can continue to use the
correspondence space representatives

20—
O -

0, A ) = ()2 ks )/ 0
To get their counterparts in the presentation (ng,f),*), we simply apply the isomorphism
S exp(qzx_ﬁg’l/lQ) to get

Ao\ q° _
<)\L>§ - 12w2<m>4LaL5> Ok

Y(a®(z,\; k) = (M) exp jw<m>2$aﬁ<

The linear Penrose transform is then

Y (z; k) = /(Cpi <<);j>>\2> AN(a“(x, N\ K)).

We can introduce a universal vertex algebra C living on CP._, as in Section 7.1. This is simplest
using the presentation (ng, d, *) Plugging the correspondence space avatars of the soft modes
®(z; k) into the bulk-defect coupling yields states Vs (k) of conformal dimension 1—s for s € Z>;.
Again, these vanish to order (A)26—1) at X ~ ¢.
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It is easiest to compute the mode algebra of C directly on correspondence space. Since d is
undeformed we can continue to use the Cech representatives (7.4) for the modes as . Recall
that the star product is

F*G:coexpg(v()@@l—81®v0)(F®G),

where vg=030y+s9; for s= —2$aﬁba)\g/<)\b>. The vector field vy has the property vg (xo‘ﬁ)\a)\g) =0
and vo(oA) = (A¢) making it straightforward to compute

1

[ELSl,m’ d527n}* = a(dé‘hm * aszm - dsmn * dshm)

g2 2041

20+
- Z (2¢ + 1) (20 + 1)122¢ Z ( )[Sl — 14+ m]o1-k[s2 — Lorr1-k

X [32 -1+ n}k[sl - 1]kasl+327272€,m+n
g
S1,8 o
=X @iy iz Ve (Mo tsa—2-2tmen, (7.10)
>0 )

where [a], = a(a —1)---(a — (b — 1)) denotes the descending factorial and we have introduced
the structure constants

041 041
NV (m,n) = Z(—)k( & )[31 — 1i[s2 — gp1-r[s1 — 1+ m]p1—g[s2 — 1 + nl.
k=0

Notice that if £4+ 1 > s1 4+ s3 — 2 in the above then for every term in the sum either k > s; — 1
or {+1—k > s9 —1, so that either [s; — 1]y = 0 or [sa — 1]g31—r = 0. As a result the sum over ¢
in equation truncates and the bracket closes. The Lie algebra (7.10) is in fact isomorphic to the
mode algebra of Wi .

To see why, notice that in effect we are quantizing the Poisson algebra of regular functions
on C* x C equipped with the bivector 9, V d,. The non-commutative product is defined by
applying the Moyal formula to this bivector. Let us write &4(C* x C) for this associative
algebra. The commutator induces a Lie algebra structure on &,(C* x C) which is isomorphic

0 (7.10). The Moyal product on 04(C* x C) is equivariant under the C* action simultaneously
scaling q and v. Absorbing the parameter q into v yields €;(C* x C) which is isomorphic
to Diff(C*), the algebra of holomorphic differential operators on C*. Here we are identifying
v <> —d/dz. The commutator of differential operators endows Diff(C*) with a Lie algebra
structure isomorphic to the mode algebra of Wi 4o, [56].1°

Now that we have determined the Lie algebra of the modes

~ B L <)\d)\> <O)\>s—1+m ()\)
B omi Jor ()28 (A)s—im T

we should take care to keep track of the vacuum modules The Vs .m are the modes of the states
Vi(A) = (A)2451,(\), and these have vacuum module V, m|KP)xo, =0form < —1—sat A~ .
(It is straightforward to verify that this is compatible with the operator product.) However, the
vacuum module at A ~ o is more complicated. We expect this to be the familiar vacuum module
of the W 4o vertex algebra, but our generators V,()\) are not standard. (See [56] for details of
the isomorphism.) Indeed, they are not even quasi-primaries under the Witt subalgebra. It is
not clear to us how to recover the usual Wi, vacuum module on correspondence space.

Y The bivector 8, V 8, differs from the standard bivector 29, V 8, on C* x C, hence the structure constants
appearing in equation (7.10) differ from those of [56]. But the Moyal formula applied to the two bivectors yields
isomorphic associative algebras.
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7.5 Collinear splitting in KP

Finally, we rederive the Wi, vertex algebra (7.10) from collinear splitting in KP with disper-
sion. Recall that scattering states ®;(z) = exp(ik - x) are labelled by (w,x) ~ (t72w,tk) in

terms of which the momentum is
2

—w

12

kag(w, k) = wkakg — 3 (k1) ratg.

The vertex k:;)r /3 is unmodified, but the propagator is changed to —i/ (k:2 + %ki). The pertur-
biner evaluates to

2ik1 4 Koy (k1 + ko) ¢ oilk1+ks)-a
(ky + k2)2 + % (k1 + ko)

SIU?PM2 (“17 KQ) = -

Exploiting the identity (6.3), we can rewrite this in terms of spinor helicity variables to obtain

(102202 (@110 +w220°) ke
(12)2 + B (10)2(20)2 (w1 (102 + wa(20)?)” |

Swl ;W2

kp (K1, K2) = — (7.11)

We need to rewrite the singular part of the exponential exp(i(k; + k2) - ) in terms of on-shell
states. In order to do so, we exploit the identity

2
(k1 + k2)ap = Wik1ak18 + wokoakog — %(wf(h)ﬁ + w§<2L>6)LQL5
w1<1b>2 + UJ2<2L>2 (12><1L> <12>2
= ka,B < <2L>2 yR2 | — 2WIWL(QI€QB) + W1WLOCLB

+ Tw1w2<1b>2<2L>2 (w1 (1)% + w2<2b>2)LaL5

Ky wo(2)2ko + wi{1)(2t) k1 WiWo 9 q° 2 e D 1D
kaﬂ ( <21,>2 ) Kv+ + F(+ < > + 4 < L) < L) + L Lﬁ

where as above K = (k1 + k2)+. It is no surprise that the exponent can be written this way as
the denominator (7.11) measures the failure of k1 + k2 to be on-shell. Since

2 2

(02 (122 + Tt o) =1+ 027+ T a2 ),

this term does not affect the singular part of the splitting function; therefore, modulo regu-
lar terms

Skp (K1, k2) ~ —

(1) (20" Ky Ky/@20? [ . wa(2e)2 k2 + w1 (1) (20) k1
(12)2 + %<1L>2<2L>2K3(I) < ’ K. ) (7.12)

We can somewhat simplify the spinor argument appearing on the right-hand side by noticing that

wa(20)? ko + w1 (1) (2)ky ~ wi(12)(1e)
K+ = R2 7[{4— .

Let us try to unpack the formula (7.12) in terms of soft modes as defined in equation (7.9). This
requires expanding the propagator perturbatively in q2
Ky B (_)Eq% <1L>2€<2L>2€K3_£+1
(12)2 + C(1)2(2)2K2 & 2% (12)26+2
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We have
(12)2 + % (12)2(20)2K2 ’ Ky
{2+s542¢ <1L>2(£+1) <2L>2(4+2—5)K_2~_€+s o wi(12)(10)
= s| T3 kg — ——
oy (s =12 (12)26+2 ’ K. '
ize+sqze 20+1 i <1L>2£+2+k<2L>372s+kwlfKi€+s—k
~ o (s —1)12% k:o(_) K20+ 1—k)!
o 2r1-k( 1 o k '
< (20 <<12>>( O ) s (a0

Now let us eliminate the variable s in favour of ¢t = 2¢ 4 s taking values in the range ¢ > 2¢ 4 1.
The splitting function is

2L g2t (—YR(10) 202k (9)3-200-20 +k btk

Z 20 | —_ I(+ — — |
052041 k=0 2 EN20+1—k)I(t—2¢0—1)!

_ 1
X (Laaﬁ?)%Jrl k<<12>> (Laaﬂ%)kq)t_gg(.%'; K2).

Concentrating on the w; dependence, we expand

t—k

t—k -
w’fKi_k _ Z ( , ><1L>2(tqk)<2L>2qwi 94,
q=0

Identifying the soft modes ®,(z; k) with chiral algebra states Vs(k), we can extract the OPE.

To do so, we identify ¢ = so — 1, and t = s; + so — 2. The restriction ¢ > 2¢ + 1 now
limits the sum over 0 < 2¢ < s1 + s9 — 3. Furthermore, t — k > ¢ becomes k < s1 — 1, so that
0 <k <min{s; — 1,20+ 1}. In full, the soft OPE is

Vs, (K1) Vs, (K2) (7.13)
[(s14+s2—3)/2] L% (51 B 1)' min{s1—zl,2€+1} (_)k(81 + 59 — 2 _ k)l
2o P(sts-3-20)0 L= Kl —1- K+ 1)
51)— —s @ l+1— 1 @
[(s1+s2—-3)/2] 20 20+1
q p(20+1
2 CEE kZ:O( ) < k [s1+ 52 loer1-k[s1 — 1]k

s1)— —s o 2w+1-k [ 1 o k
% <1L>2(€+ 1) k<2b>2(2£+2 1)+k+1(b 6,411) + <<12>)( 8,4%) V51+52_2_2£(/€2).

In the final formula, we have eliminated the condition k < s; — 1 with the understanding that
the descending factorial [a], = a(a — 1)---(a — (b — 1)) vanishes when b > a (for a, b positive
integers).

As is immediately clear from our formula for the hard OPE, equation (7.13) is symmetric
under simultaneous exchange of k1 <> k2, s1 <> s2. We can make this symmetry manifest by
rewriting the OPE as

Vi1 (k1) Vs, (K2) (7.14)
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Y ) ) R A (L)), (2010, )) L2
= (20+1)122 2 e " (12)
and
/+1 0+ 1
M (m,n) = Z(—)k< i )[81 — ifs2 = Ueprpm ™ Fnk,
k=0

In equation (7.14), we removed the upper restriction on ¢ since M;l}’sz vanishes outside this
range anyway. To see that this reproduces equation (7.13), we expand

00 () = S () sy ) 1),

. 1
=0

The sum over ¢ < k < 2¢ 4+ 1 can then be performed directly

241 .
Z [s1 — 1g[se — Uopy1 1 [s1— 1i[s1 + 52 — 2 —i]oap 1

(20+1—k)(k—1d)! (2041 —1i)! ’

k=i
as desired. Rewriting the OPE in terms of rescaled states Vs(k) = (10)20-29V, (k) of conformal

spin s, it reads
20 2s1—1 ¥
= = q (20%17 1 s1s <<1L><Laﬁ1> <L3m>> Vsi4so—20-2(K2)
Vs, (k1) Vs, (Kg) ~ M3 ,
1( 1) 2( 2) ; (2€+ 1)!2% <1L>251_1 20 <2L>2 <2L> <12>

The ratio (1¢)/(2¢) is independent of ¢ modulo terms of order (12), and (10x)/(k¢) is also inde-
pendent of + modulo the addition of the homogeneity operator. Therefore, the singular part of

the OPE is independent of the reference spinor ¢. In terms of the inhomogeneous co-ordinate
w = (ok)/(kt), the OPE reads

20

% % q 51,8 VS so—20—2\W
Vs1 (wl)V32 (wg) ~ — Z WM%} 2 (8w1,8w2) 1+ 2w212 2( 2)'
>0 '

It is not immediate that this operator product associates. To verify this, it is useful to expand
in modes.
The corresponding modes are

~ 1

Vom = dw ws_1+ml~)s(w),

2mi w=0

and their algebra is determined by

1 s1—14+m 3271+n32€+1—k8k V81+$2*25*2<w2>
2 \2 wl 'LU2 w1 w2
( 7Tl) wa2=0 Jwi2=0 w12

-2 —(20+1) 3
= (—)2”1[31 — 1+ mlaes1g[sa — 1+ n]k% w;ﬁ-sz +m+n—(20+ )V31+3272272(w2)
wo=0

= (=) sy — 1+ mloeg1k[s2 — 1+ Nk Ve 15p—20—2.min-

Therefore, the mode algebra is

2/

~ ~ q , ~
[Vsmm V827n] N Z (2€ + 1)!225 N28£1 . (mv n)V51+82—2€—2,m+n'

>0
We recognise this as the mode algebra of Wi, obtained directly from correspondence space in

Section 7.4 (and therefore it obeys the Jacobi identity).
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8 Discussion

There are a number of natural extensions to this work.
Other examples of minitwistorial theories. We have shown that Abelian Poisson- and
non-commutative 5d Chern—Simons theory on PS with

(AdA) A dz®P Ao g

b=

describe the dKP and KP equation on space-time respectively. There are a number of natural
modifications of this set-up which will engineer other 3d minitwistorial theories.

We could instead choose to trivialise the canonical bundle with the divisor (oA)?(\)2. On-
shell arguments suggest that for this measure 5d Poisson—Chern—Simons will lead to 3d Toda
theory (also known as SUs, Toda) [69]. We expect that switching on non-commutativity leads to
the infinite 2d Toda lattice with infinitesimal spacing [53, 65]. Trivialising the canonical bundle
with 2 leads to these same theories, although perturbed around non-trivial backgrounds. One
attractive feature of these set-ups is that they make sense in both Lorentzian and Euclidean
signature.

Another natural generalisation is to study non-Abelian 5d Chern—Simons theory on PS. In the
commutative case, this was introduced in [7] and depending on the choice of divisor leads to
the Manakov—Zakharov—Ward model [49, 68] or its pseudo-dual [52]. It would be interesting
to understand the consequences of switching on non-commutativity on correspondence space in
these examples. Natural candidates for the resulting space-time theories can be found in the
literature [24, 65] (potentially including the Davey—Stewartson equation [46]).

Just as for 4d space-time, there are BF counterparts of these theories which crucially do
not rely on trivialising the canonical bundle. 5d mixed topological-holomorphic BF theory on
correspondence space descends to the monopole theory; a Lagrangian multiplier type action for
the Bogomol'nyi equation [3, 37]. It has a gravitational counterpart which on correspondence
space describes generic deformations of the transverse holomorphic foliation and descends to
a Lagrange multiplier type action for the Einstein—-Weyl equations [36, 44].

There are also a number of modified twistor constructions appearing in the literature which
could be adapted to the correspondence space of 3d space-time. These include orbifolds [10],
higher genus twistor spaces [39] and their singular degenerations [11].

Three-dimensional integrability. Crucial developments in the study of the KP equa-
tion, and indeed integrable partial differential equations more generally, were made by the
Japanese school [24, 40, 41, 42, 58]; the geometric and analytic underpinnings of this approach
were subsequently developed by Segal and Wilson [60]. The central construct is the 7-function
u = ¢ = —q°(log )z which is equated with a 2d CFT correlator with operator insertions.
We expect that the universal vertex algebra supported on minitwistor lines is intimately con-
nected with this 2d CFT, and that the inserted operators are generated by defects on correspon-
dence space intersecting the minitwistor line at points. (A link between the 7-function and the
minitwistor CP! was also suggested in [51].) Natural candidates for such defects are topological
lines supported at points on mT.

Whilst it seems the most direct connection between this work and more traditional approaches
to the KP equation is via Sato theory, it would also be enlightening to interpret the inverse
scattering transform [1, 48], Hirota’s direct method [24, 35] and the connection with topological
strings [26, 30] from the minitwistor perspective.

We also note that there have been alternative proposals for minitwistor formulations of the
KP equation through ‘generalized twistor correspondences’ [50, 52], though whether these have
any relation to non-commutative 5d Chern—Simons theory is unclear to us.
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Celestial holography. The Einstein—Weyl geometry relevant to the dKP equation can be
lifted to a self-dual metric on a 4d space-time of signature (2,2) [28, 29]. Part of the original
motivation for this work was to seek a model of celestial holography for self-dual Einstein metrics,
in the simplified setting of a symmetry reduction to 3d. From this perspective, w1y~ and Wiy
can be viewed as celestial chiral algebras for dKP and KP theory. It is natural to ask whether
these embed inside the celestial chiral algebras of 4d integrable theories.

Quantum corrections and twisted holography. We have worked exclusively at the
classical level, but we expect that both Poisson- and non-commutative 5d Chern—Simons on
correspondence space admit one-loop quantizations. In fact, we expect any 5d mixed topological-
holomorphic theory on PS to admit a one-loop quantization, because in odd dimensions one-
loop perturbative anomalies vanish. A direct consequence should be the vanishing of one-loop
amplitudes in the corresponding 3d space-time theories.

In the case of non-commutative 5d Chern—Simons, we can hope for more. Costello has con-
structed the theory perturbatively at all loop orders on C? x R, albeit at the cost of introducing
counterterms accompanied by powers of i/q3. We conjecture that a similar quantization exists
on PS, leading to a quantum integrable counterpart of KP theory. The Wi, vertex algebra
has a non-linear deformation Wi [31, 38, 47, 57] depending on an additional parameter #;
here non-linear refers to the fact that the normal-ordered products of fields can appear on the
right-hand side of operator product expansions. The deformation arises from loop corrections
to holomorphic surface defects in 5d non-commutative Chern-Simons theory [12, 33, 54]. We
anticipate that this same deformation arises on correspondence space; a direct check would be to
match one-loop corrections to the collinear splitting of form factors in KP theory to the order &
terms in the operator products of Wi . Similar computations have been performed in 4d
self-dual gauge theory [17] and gravity [5].

Finally, 5d non-commutative Abelian Chern—Simons theory conjecturally arises as the twist of
M-theory in the €2 background. Holomorphic and topological line defects are the twisted avatars
of M2 and M5 branes [12, 13]. They obey twisted and Q-deformed versions of AdS/CFT.
It is natural to ask whether these same dualities can implemented on correspondence space,
yielding 3d counterparts of the celestial holograms developed in [6, 19, 20].

A Distributor

In this appendix, we derive the distributor of d over the associative product * appearing in
equation (4.8). In order to do so we will need to recall equation (4.3)

0%\a
(tA)

and furthermore

0%\
Lo

ddy =2

®817

= dzPrgg = da™. (A.1)
We can write the star product x of f,g € QO"(PS) as

e .. ..
frg=>_ %Eﬂm g, 0, 0, - 0,9,
>0

In our chosen conventions €' = 1, all (1, 0)—vec§0r fields are implicitly acting by Lie derivatives
and we suppress wedge products. Acting with d gives

d(fxg)=dfxg+ (—)*8/ fxdg (A.2)
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+3 6??6]”1 @ ([, 0 - 03,) 05, -+ 0,9 + (=) BT Dy, -0, £[d, 0y - B, 9).
>1

Now

¢
([, 05y - 03] =D 0y - 03y, [, 05, 0syy, -+ B,

S 5o
=2 Z 03y, Oy =~ Oy, Wa’ikﬂ -+ 03,01
k=1
Here we have migrated 97 to the right-hand side of the expression harmlessly. We’d like to pull
out the (0,1)-form 6%\, /(tA) but this must be done with care since dy can act on it. Using
equation (A.1), we have

- 4
~ a Lo
[d,ail" <L)\> zjldka c lk 1azk+1"‘ai£al
{ k—
+ 2dx™ ZZ(SO i zm 1alm+1"'8ik—1aik+1'”aie81'
k=2 m=1

When plugging this into equation (A.2), we find that precisely which indices iy, i, have been
fixed to zero is immaterial, as they are dummy variables and the vector fields 0; commute with
one another. The sum over k, m therefore generates a factor of ¢(¢ — 1)/2 and the sum over k
alone gives £. The sign factor (—)°87/ in the final term of (A.2) cancels when we bring a 1-form
past f. The only remaining signs are generated when e-symbols have their indices fixed. We find

d(fxg) =df g+ (=)% fxdg

&a)\a qZ—l o _—
ATy 2 (6—1)!2@—16]1”'“6“ a
o1

X(a- w0y O1fO, - 0j,_OWg — Djy -+ O0iy_ OLf Dy -+ D, 1819)

J1i1 .. Je—2te—2
+ dx Z _2 19¢— 2€ €

x (ail’ w 281fajl’ Jﬁ 28194-81‘1- 8113 1alfaj1 ) Je 1819)'
01 _

Now the first sum vanishes as a result of the relative sign €” —€'%. The second term does not

vanish, leading to the succinct formula

2
A(f xg) = df x g+ ()% f xdg + T-da™01(01f x ug).

This is equation (4.8) from the manuscript. Notice that the extra term is a total derivative,
consistent with the difference between the Moyal and commutative products being exact.

B Independence of Poisson—Chern—Simons
from the distribution D

In Section 4.1, we made a choice of rank two integrable subbundle D C TcPS to represent THOPS.
We were motivated to make this choice because quantization of the Poisson bivector was par-
ticularly simple in this frame. However, this frame had the property that the pushforward

701 = ()20, + (1A) 05
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does not lie in 719mT. As explained in Section 3.2, this is harmless because the translation O
is BRST exact.

Nevertheless, it is natural to seek a more geometric definition of the theory. In this appendix
we first introduce an alternative choice of frame that arises from a natural holomorphic lift
of the holomorphic tangent bundle on minitwistor space. We then consider 5d Chern—Simons
theory defined using this holomorphic frame. After a field redefinition, we find that this theory
is equivalent to the definition of 5d Chern—Simons employing the constant frame of Section 4.1.

B.1 5d Chern—Simons theory in the holomorphic frame

Consider the alternative choice of distribution

- 0 -~ -5 O
D/ — (e [0} ﬁ
<A aAa x7)\ )\ 8$aﬁ>(c’
with frame
AP SR R
TN o] T P o

Note that &y, & transform as sections of Té’,OIP’S@@ O(-2). As for the constant frame, the
derivative with respect to \ is taken at fixed z € R%2. D’ also fixes representatives for Q0°(PS)
which lies in its annihilator. In this case,

D = ((AdX),dz*"Ag) .
with
S0 _ (AdX) so _ dxa/fXg
<A;>2’ (AX)

(B.1)

as the corresponding frame.

Unlike the distribution D used in the text, the distribution D’ has the property 7, D’ C T*%mT
whilst retaining the feature p.§y = 0, so that & is tangent to real minitwistor lines. How-
ever, D' suffers from a significant drawback: on the locus A ~ X it non-trivially intersects T%'PS
and is therefore not a good section. Whilst the choice of frame (B.1) is natural, it is also
singular here.

Let us now consider 5d Poisson-Chern-Simons theory defined on PS using D'. We write
A= Ag + A8 € Q%/' (PS) for the dynamical field of 5d Poisson—Chern—Simons theory in the
frame (B.1). The action takes a familiar form

i

1 ~ 1

We must now face the fact that the basis {éo, él} becomes singular on <)\;\> = 0. To handle

this, we excise the neighbourhood Ann, = {|Re z| < €} of this locus from PS and impose suitable
boundary conditions. Varying the kinetic term on PS \ Ann, yields

5SL (A = — — QAd(AASA)

47 PS\Ann.

. dA A (linearised equations of motion).

2m PS\Ann,
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On-shell we recover the boundary contribution
i i

0Skin, = / Q/\éa/\éaAﬂé-Aﬁ—/ QNG NEq A5 Ag.
8 RL2x {Re z=¢} Am R1:2x {Re z=—¢}

Now da;w)w)\g 8% 6, = —/2d3z, so that

' AdA)
5SL. = 1/ d3x<7§ j'{ >< APS A, B.3
kin. 4v/2m Jri2 (Rez=c} J{Rez=—qp/ (A)? ’ (B3)

The boundary conditions we impose on A, are engineered so that they are compatible with the
constant frame, at least at the linearised level. Whilst requiring that A\7.A, remains finite, we
tolerate a singularity in the components A, of the form

Ao = —MA + finite (B.4)
“ (X7 ' '
The boundary contribution (B.3) vanishes essentially by the same argument as in Section 4.2.
The only remaining danger occurs at A ~ ¢. The boundary condition we impose here is
complicated by the fact that ¢ is real, so both (At) and <)\5\> vanish there. We continue to
require that a version of equation (B.4) holds, where now A7A, = O((\)?) and

AN

AN

A, + AR (1.5)

for A = O((\)). The terms of order (\¢) in the above expression are further required to obey
the condition (4.6), that is

2(A)o* AT 4 (oN) 2 Alin- = O(<)\L>2). (B.6)

In order for infinitesimal gauge transformations to respect this condition, they should vanish
second order at A ~ ¢. It is natural to similarly require that &’ 4 vanishes to second order also.

B.2 Comparing the constant and holomorphic frames

We now show that the Poisson-Chern—-Simons action in the holomorphic frame (B.2) is equivalent
to that in the constant frame (4.5) used in the main text. The general argument that this should
be true follows from a generalisation of a lemma of Costello and Gwilliam [15, Section 9.2,
Lemma 9.2.1]. Here we will illustrate this by constructing a field redefinition that moves between
the two theories. We will content ourselves to work just to cubic order in the action. Thus, we
will explicitly find the relation between the field a defined in the constant distribution D and
the field A introduced in the previous appendix, correct to quadratic order. We also outline
how, in principle, this construction could be continued to higher order.

Let us first understand how the gauge fields a and A are related at linear order, which follows
simply by comparing the two frames. One finds

| ()
BYRETNEISVY:

DA +0(A%),

a =

which follows since they agree modulo terms wedging to zero against €2, and 01 sa = 0. In com-
ponent form, this reads

1 <5\L>

o Aq + UEE Aa NP Ag + O(A?),

Ao —
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or dually

Ao = (s = S50 + ().

The boundary conditions (B.4)—(B.6) follow from this linearised transformation.
We will also find it useful to introduce a frame for ¢ dual to the frame {éo, éo‘} for D',

(M —23%),)

(AN

€0 = —( AN\ 0y,

z’ ga =

N9s,.

Then 0y, 01 and &g, &1 are related by

A .
Ao ~ (Ae)%&o, O = (\)%& — By VE = (M) —r

(AN)
in terms of which

el

a:A+(7‘JA)</\L>2

+0(A%).

To construct the higher-order terms, we must consider the Lagrangians of the two theories.
Note that since a and A are both 1-forms, any higher-order corrections must involve contractions
of (0, 1) vector fields into the gauge field a, since the form degree of the Chern—Simons Lagrangian
is saturated by three as. These will also be removable by a field redefinition: the Cartan formula
[&’ ) 17_1] = £2! tells us that contraction and differentiation along (0,1) vector fields cancel in
d-cohomology. Therefore, by a field redefinition the Lagrangian can be brought into a form in
which the vertices involve neither and so terminate at cubic order.

The kinetic terms are manifestly equivalent, so it suffices to compare the cubic vertices. For
the sake of brevity, we will suppress wedge products. In the constant frame, the interaction is

i

Sint.[a] = o /PS QaLly,aly a

_ é [ 0.AL,, <A+ (MA)&;?>£GI <A+ (raA) <;3>2> +0(AY).

In order for the shift from a to A to contribute, the Lie derivatives must act on the 1-forms e!,

since left untouched they will wedge to zero against ). These Lie derivatives are currently
written in the constant frame D. To rewrite the interaction using the holomorphic frame, it
will be useful to express the vertex in terms of ordinary Lie derivatives. The relevant structure
equation is

. AdA AdN)
d<<AL>2> - 2<<)\L>3> 4z ats = 2<<)\L>3>U Aas

therefore

Loy <<A>> =% d<<;;>2> = e <<A>> =0 d<<;j>2> =0

Wedging against 2,

%o

)

=Qe%\,,
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which allows us to recast the vertex as
é Q A(‘CO\L}Q&)A + 2éa)\a7” _ ./4) (,C<)\L>2§1./4 - ETA)
PS

to cubic order. At this stage, we can split the Lie derivatives into their (1,0) and (0, 1) parts with
respect to the holomorphic frame D', which we write as Ly = El 0y EO ! with E%}O ={V,0}
and L'?/l = {VJ d’} If Vis (1,0) vector field in the holomorphlc frame for example, & or &1,
then

LYA=V dA+dV S A=0

since V contracts to zero against both A and d’A. On the other hand, if V is a (0,1) vector
field, for example, r, then

{m, (9’}A = (8'7") JA.

We can evaluate d'r using the structure equations

~a _ 1,08y 0 </\‘> 050 — ) ,a%8 _ XY g <5‘L> 0xa
de dz“” A\ge +</\ <)\)\> A%Age’e » e e + ; e e

where d acts on fields with weight under scaling by trivialising with (A\¢). (Objects invariant
under scaling are independent of this choice.) We infer

o () DN
Or & =90 (rué&)+raude —6<<)\)\>L>—<)\L><)\5\>2L e =0,

dr el :8/(7“_1@0) +7r,0 =0.

As a result, the interaction vertex in the holomorphic frame reads

Sint.[A] = 6% /IPSQA( ./4 + 28 \yr .A)( Iy 2§1~A — ,C,Q’I.A)

i
6? Q A(£<>\L>2§0A‘C<>\L>2£1A — ‘C<>\L>2£0A£1(371A
+ 28N (1 5 A) Ly y2e, A — 28N (r 5 A)LITA). (B.7)
The first term has exactly the form we expect for Poisson—Chern—Simons in the holomorphic
frame. We would like to show that there exists a quadratic field redefinition which, when inserted
into the kinetic term, eliminates the remaining three.
A natural first guess is

SA= fA+B(r s A)Ly2e, A+ Clr 5 A%\,

for constants B, C' and some function f linear in the field 4. The variation of the kinetic term is

5k = 5= | QFA+ Brs A)Lppyee, A+ Clr 5 A2EA) d'A,
PS

Contracting by parts with some amount of r in the second and third terms, we get

§Skin. = i / Qf A A+ (r 3 A)((B = D)Lpy2g A+ (C — E)(r 5 A)g¥No)d A
PS
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+ DA(r 2 Lyy2egA)d' A — DAL 2, A(r o d A)
+ BA(r 5 A)(r 58N\)d' A — EA(r 5 A&\ (r o d' A)) (B.8)

for constants D, E to be determined. Let us write h = —r 18\, = (A\¢) <5\L>/<)\;\>. A couple
of the new terms can be accounted for by shifting f — f — D(T 3 Lony2 50./4) + Eh(r 5 A) and in
the remaining two we write r o d’ = £2" — d'r_ to get

5Skm.:i Q(an’A+(mA)((B D)L 2, A+ (C = E)(r 5 A)EN)d A
PS

— DAL p2g) ALY A — EA(r 5 A& A LA

+ DALy y2e, Ad' (1 5 A) + %Aé“)\aa’(r J A)2) :

The terms involving £ are exactly of the form required to cancel two of the unwanted con-
tributions in (B.7). Concentrating on the final two terms, we follow our nose and integrate by
parts with respect to d’
1 (D.A,C )2 .Ad (roA)+ Aea/\ d/(r JA) )
2 PS
= i (DAd, (A 250./4(7“ | A) + EAa/(éaAa)O' _ .A)2
3/ E 3/ 2~a
— Dd A(T _ “4)[’</\L)2§o“4 - §d A(’I“ _ ./4) (§] )\a .

The final two terms can be collected with those in the first line of equation (B.8). From the
structure equation for €%, we learn that

d's* = —A"A38%",

therefore, d’(6*A,) = 0. This leaves
i [ QDAT Lo, Al 0 A) = / QDA £ e, | Alr 2 A)
2m 27 Jps

% QDAﬁAL JAA(r 5 A). (B.9)

The ﬁrst of these terms can be evaluated using [d’ [,100] = Eé}%ﬂ and the structure equations

for €2, e! to infer that

(&50) J 60 = &(f 0) +& 2 de? = 0,
d(&o set) + & ade' =28\, (B.10)

—~

o,

Iy
o

~—
| |

where we have used

dz®Pr A 2({\
del = —2 Lt Bl — _ < L>_ eVel + 2e%%)\,,.
(AL) <)\L><)\)\>

The equations (B.10) imply that d&y = 26%\, ® &1, so that

1,0
[d/ £(>\ )2¢0 ] = 2£éa)\ ®(A)2€1
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In the second term of equation (B.9), we integrate by parts with respect to E%ﬁ)? & Taking care
to note that Eé(’)OQ = —2h{) equation (B.9) becomes
i Q(2DA(r 5 A)S oL yy26, A + 2DRAL A(r 4 A)
PS
— DL yegy Ad A(r 5 A) — DAA AL (3,26, (1 2 A)).

The second and final term can safely be absorbed into f, and the third natural combines with
one of the terms in the first line of (B.8). The first term has the form required to cancel the
final unwanted contribution in (B.7).

Putting this all together, the variation of the kinetic term is

i Q(gAd A+ (r 2 A)((B = 3D)Lyyzeg A+ (C — 3E) (r 5 A)e®\,)d' A
PS

— DAL 26y ALYT A — EA(r 3 A)E* Ao LY A+ 2D A(r 5 A)E* ALy 2¢, A), (B.11)
where
g=f+Dlro, Loz, | A+ (2D — E)h(r 5 A).
In order for (B.2) to cancel against (B.7), we should take
B = -3, C=-3, D=-1, E=-2
Furthermore, we have g = 0 implying f = 0 since
(10, Loyzeo A = [ (A)&o] 5 A= [(M)?€1, (A)?&] oA — [0, (M)?&] 5 A= 0.

Here we have used the fact that [01, (A)%6] = 0 and [(A)2&1, (Ae)?&o] is a (1,0) vector field in
the holomorphic frame and therefore contracts to zero against A.
Therefore, performing the field redefinition

A A=3(r 5 A)L 260 A — 3(r 5 A8 N + O(A%), (B.12)

we recover the Poisson—Chern—Simons Lagrangian in the holomorphic frame up to cubic or-
der (B.2). Inserting this field redefinition in the vertex will create a new term quartic in A
which can be cancelled by including the cubic field correction in the kinetic term, and so on.

The non-linear field redefinition (B.12) will necessitate modifications to our boundary condi-
tions on the locus A ~ A, and it appears these can generate more severe singularities. Of course,
by definition the theory will be equivalent to that in the constant frame and the action will be
finite. Nevertheless, we find it unsatisfying that using a distribution adapted to the geometry
of the minitwistor correspondence yields such complicated boundary conditions.

Following [14], we believe the best way around this is to define non-commutative 5d Chern—
Simons theory in Euclidean signature from the beginning. An advantage of this perspective is
that the correspondence space PSg of Euclidean R? is honestly transversally holomorphically
foliated over mT, so none of the issues generated by the locus A ~ X arise. Whilst it may seem
very strange to define KP theory in Euclidean signature, the minitwistor correspondence allows
the recovery of Lorentzian data: to compute amplitudes, we can lift minitwistor representatives
for scatting states to PSg; Lorentzian correlators are obtained by lifting holomorphic surface
defects wrapping minitwistor lines to two-dimensional defects on correspondence space. Topo-
logical invariance along the fibres of PSg — mT ensures that the choice of pullback is immaterial,
except where defects and states meet. We we leave a more thorough analysis of this perspective
to future work.
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C Vanishing of the four-point tree amplitude in KP

In this appendix, we verify that the four-point tree amplitude in KP theory

2((1)% 4 (20)?) ((3¢)2 + (40)?)
(12)2 + L (1)2(2)2 ((10)2 + (20)2)

Afp = 5 + cyclic permutations of {2,3,4}. (C.1)

vanishes to all orders in the non-commutativity parameter g2.
First, we express morznentum conservation in terms of the spinor helicity variables ;. Recall
e g% 6 :
that ki,aﬁ = Ki,aRi8 — 13 LaLg(m> , S0 momentum conservation reads

4 4 9
o R I )6 ) =
;kl = Z(/{Z,amﬁ 12LQL5<ZL> > 0. (C.2)

i=1

It will be useful to introduce some notation for the kinematic invariants on which the amplitude
depends. We write r; = (it)? for the Lorentz violating invariants. Contracting equation (C.2)
with (% and Lo‘ﬁf gives two constraints involving the 7;

rib ety b =0, (10)(14) + (20)(24) + (30)(34) = 0. (C.3)

These are the same as we’d find in the case of dKP; however, the Lorentz invariant constraints

are modified. In particular,
q° q°
(m+@+@ﬁzﬁ:—gﬁ#:—ﬂm+@+mﬁ. (C.4)

Defining deformed ‘Mandelstam’ variables

2 2

Sq = (12>2 + qurQ(n + 7"2)2, tg = <31>2 + qugrl (rs + 7'1)2,
2 C|2 2
Uq = <23> + ZT27“3(7’2 + T‘3) ,

we can rewrite the constraint (C.4) as
Sq+tq+uq = q>rirarsry. (C.5)

Momentum conservation implies that we could, for example, have defined sq through the mo-
menta kg, k‘4

2

1 1 2
sq.= 5 (k1 + ka)? + 35 (ks + ko) = (ks + ka)? + 2 (ks + ka)}

Expressed in terms of these variables, the amplitude (C.1) is

2
Afp = — thuq (tquq(rl +79)2 + Squq(rs + )%+ Sqtq(r2 + 7"3)2)
2
=i (tﬁ(rl +79)? + 53(7’3 +71)% — 25qtq(rirs + r2r3))
alqlq
242

rirarsra (tg(r1 +12)2 + sq(rs +11)?), (C.6)
SqtqUq
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where we have eliminated wuq in the numerator using (C.5). We could also eliminate 74, but
for the moment retain it for compactness. To simplify this further, we make use of the second
constraint in equation (C.3); rearranging and squaring once gives

9(24)% 4 r3(34)2 + 2(20)(30)(24)(34) = r1(14)?,

or in terms of our modified Mandelstam variables

2
2(20) (30)(24)(34) = riug — rotq — r3sq — qzm (7‘%(7”1 + 7“4)2 — r%(rz + 7“4)2 — 7’%(7‘3 + r4)2).

Eliminating uq using (C.5), this is

2(20)(30)(24)(34) = —(r1 +12)tqg — (r3 +71)5q — q227“27“37‘4(7’17“4 — 773).

Squaring a second time,

4
4rorysqty — q2rorsry (sqrg(rg + 7“4)2 + tqra(rs + r4)2) + qzrgrgrz(rg + r4)2(r3 + r4)2
2
= ((r1 +r2)tq + (r3 +71)5q)” + q’rorsra(rira — rors)((r1 + r2)tq + (r3 +71)5q)
4
+ %T%r%ri(mm — 7“2T3)2.

The terms of order q* cancel, since (ry + 74)(r3 + r4) = 7273 — 7174. Rearranging the leftovers

(7“1 + 7”2)2753 + (?“3 + 7‘1)28c2l — qutq(T1T4 + Tg?”g)

— q2T17‘2T3T4 (Sq(?"l + 7“3)2 + tq(rl + 7"2)2) = Oa

so the two terms in equation (C.6) cancel. As claimed in Section 6.1, the tree level four-point
amplitude in KP theory vanishes.
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