Symmetry, Integrability and Geometry: Methods and Applications SIGMA 6 (2010), 086, 31 pages

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems^⋆

Andrzej BOROWIEC and Anna PACHOŁ

Institute for Theoretical Physics, University of Wroclaw, pl. Maxa Borna 9, 50-204 Wrocław, Poland E-mail: borow@ift.uni.wroc.pl, anna.pachol@ift.uni.wroc.pl Received March 30, 2010, in final form October 10, 2010; Published online October 20, 2010 doi:10.3842/SIGMA.2010.086

Abstract. Some classes of Deformed Special Relativity (DSR) theories are reconsidered within the Hopf algebraic formulation. For this purpose we shall explore a minimal framework of deformed Weyl–Heisenberg algebras provided by a smash product construction of DSR algebra. It is proved that this DSR algebra, which uniquely unifies κ-Minkowski spacetime coordinates with Poincaré generators, can be obtained by nonlinear change of generators from undeformed one. Its various realizations in terms of the standard (undeformed) Weyl–Heisenberg algebra opens the way for quantum mechanical interpretation of DSR theories in terms of relativistic (Stückelberg version) Quantum Mechanics. On this basis we review some recent results concerning twist realization of κ-Minkowski spacetime described as a quantum covariant algebra determining a deformation quantization of the corresponding linear Poisson structure. Formal and conceptual issues concerning quantum κ-Poincaré and κ-Minkowski algebras as well as DSR theories are discussed. Particularly, the so-called “q-analog” version of DSR algebra is introduced. Is deformed special relativity quantization of doubly special relativity remains an open question. Finally, possible physical applications of DSR algebra to description of some aspects of Planck scale physics are shortly recalled.

Key words: quantum deformations; quantum groups; Hopf module algebras; covariant quantum spaces; crossed product algebra; twist quantization, quantum Weyl algebra, κ- Minkowski spacetime; deformed phase space; quantum gravity scale; deformed dispersion relations; time delay

2010 Mathematics Subject Classification: 16T05; 17B37; 46L65; 53D55; 81R50; 81R60; 81T75; 83C65

1 Introduction

κ-Minkowski spacetime [1, 2, 3] is one of the examples of noncommutative spacetimes which has been studied extensively [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] for more than decade now and is interesting from physical and mathematical point of view. At first, noncommutative spacetimes [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] in general may be useful in description of physics at the Planck scale since this energy scale might witness more general spacetime structure, i.e. noncommutative one. In this approach quantum uncertainty relations and discretization naturally arise [20]. κ-Minkowski spacetime is an especially interesting example because it is one of the possible frameworks for deformed special relativity theories (DSR), originally called doubly special relativity [36, 37, 38, 39, 40]. Together with this connection a physical interpretation for deformation parameter κ, as second invariant scale, appears naturally and allows us to interpret deformed dispersion relations as valid at the “κ-scale” (as Planck scale or Quantum Gravity scale) when quantum gravity corrections

⋆This paper is a contribution to the Special Issue “Noncommutative Spaces and Fields”. The full collection is available at http://www.emis.de/journals/SIGMA/noncommutative.html

2 A. Borowiec and A. Pachoł

become relevant. Recent studies show that DSR theories might be experimentally falsifiable [41, 42, 43, 44, 45], which places κ-Minkowski spacetime on the frontier between strictly mathematical theoretical example of noncommutative algebra and physical theory describing Planck scale nature. From the latter point of view noncommutative spacetimes are very interesting objects to work on and they are connected with quantum deformation techniques [46]. Quantum deformations which lead to noncommutative spacetimes are strictly connected with quantum groups [46, 47, 48, 49] generalizing symmetry groups. In this way κ-Minkowski spacetime and κ-Poincaré algebra are related by the notion of module algebra (≡ covariant quantum space [21, 32, 50]) – algebraic generalization of covariant space. To this aim one needs κ-Poincaré Hopf algebra. It has been originally discovered in the so-called standard, inherited from anti-de Sitter Lie algebra by contraction procedure, basis [4]. Later on it has been reformulated by introducing easier bicrossproduct basis [2]. Recently, the easiest basis determined by original classical Poincaré generators has being popularized to work with (see [17], for earlier references see, e.g. [5, 6, 9]). One can extend κ-Poincaré algebra by κ-Minkowski commutation relations using crossed (smash) product construction. Particularly this contains deformation of Weyl subalgebra, which is crossproduct of κ-Minkowski algebra with algebra of four momenta. One should notice that there have been other constructions of κ-Minkowski algebra (κ-Poincaré algebra) extension, by introducing κ-deformed phase space, e.g., in [7, 51, 52] (see also [53], the name “DSR algebra” was firstly proposed here). However we would like to point out that Heisenberg double construction is not the only way to obtain DSR algebra. Particularly this leads to a deformation generated by momenta and coordinates of Weyl (Heisenberg) subalgebra. One of the advantages of using smash-product construction is that we leave an open geometrical interpretation of κ-Minkowski spacetime. Examples of κ-deformed phase space obtained by using crossproduct construction can be found also in [5, 8], however only for one specific realization related with the bicrossproduct basis.

The present paper comprises both research and review aspects. We review some results on various realizations of κ-Minkowski spacetime, however we also analyze its possible definitions and mathematical properties with more details. We also investigate new aspects of smash product algebras as pseudo-deformations. We describe different versions of quantum Minkowski spacetime algebra; twisted equipped with h-adic topology and covariant with respect to quantized general linear group (Section 3), h-adic twist independent and covariant with respect to κ-Poincaré group (Section 4.1) and last but not least its the so-called q-analog version (Section 4.2). We believe that our approach might provide a better understanding and new perspective to the subject.

For the sake of completeness we start this paper with recalling few mathematical facts about Hopf module algebras, smash-product construction and Heisenberg realization with many illustrative examples. Basic ideas of the twist deformation are also reminded with explicit form of Jordanian and Abelian twists leading to κ-Minkowski algebra which is afterwards extended via crossed product in both cases. Therefore we obtain deformed phase spaces as subalgebras. Moreover we notice that for any Drinfeld twist the twisted smash product algebra is isomorphic to undeformed one, hence we propose to call it a “pseudo-deformation”. This statement is provided with the proof and Abelian and Jordanian cases are illustrative examples of it. Furthermore we drive the attention to the point that one can see κ-Minkowski spacetime as a quantization deformation in the line of Kontsevich [54]. In the following (Section 4) we point out the main differences between two versions of κ-Minkowski and κ-Poincaré algebras, h-adic and q-analog, and we construct DSR algebras for all of them with deformed phase spaces as subalgebras. We show explicitly that DSR models depend upon various Weyl algebra realizations of κ-Minkowski spacetime one uses. The most interesting one from physical point of view seems to be version of κ-Minkowski spacetime with fixed value of parameter κ (q-analog). In this case κ-Minkowski algebra is an universal envelope of solvable Lie algebra without h-adic topology. This version κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 3

allows us to connect the parameter κ with some physical constant, like, e.g., quantum gravity scale or Planck mass and all the realizations might have physical interpretation. Also this version is used in Group Field Theories [55] which are connected with loop quantum gravity and spin foams approach. This part of (Section 4) the paper contains mostly new results. Physical implications and conclusions are summarized in the final section, where we explicitly show how different physical consequences, as different time delay predictions for photons or bounds on quantum gravity scale, appear. Realizations of wide range of DSR algebra, in terms of undeformed Weyl algebra, lead to physically different models of DSR theory. Our intention in this paper is to shed a light into technical aspects of κ-deformation, which were not properly treated in the physical literature, and provide correct definitions.

2 Preliminaries: the Hopf-module algebra, smash product and its Heisenberg representation

Let us begin with the basic notion on a Hopf algebra considered as symmetry algebra (quantum group) of another algebra representing quantum space: the so-called module algebra or covariant quantum space. A Hopf algebra is a complex^1, unital and associative algebra equipped with additional structures such as a comultiplication, a counit and an antipode. In some sense, these structures and their axioms reflect the multiplication, the unit element and the inverse elements of a group and their corresponding properties [56, 57].

Example 2.1. Any Lie algebra g provides an example of the (undeformed) Hopf algebra by taking its universal enveloping algebra U_g equipped with the primitive coproduct: Δ_0(u) = u ⊗ 1 + 1 ⊗ u, counit: ϵ(u) = 0, ϵ(1) = 1 and antipode: S_0(u) = −u, S_0(1) = 1, for u ∈ g, and extending them by multiplicativity property to the entire U_g. Recall that the universal enveloping algebra is a result of the factor construction

U_g = T g J_g

, (2.1)

where T g denotes tensor (free) algebra of the vector space g quotient out by the ideal J_g generated by elements ⟨X ⊗ Y − Y ⊗ X − [X, Y ]⟩: X, Y ∈ g.

A (left) module algebra over a Hopf algebra H consist of a H-module A which is simultaneously an unital algebra satisfying the following compatibility condition:

L ▷ (f · g) = (L_{(1)} ▷ f) · (L_{(2)} ▷ g) (2.2)

between multiplication · : A ⊗ A → A, coproduct Δ : H → H ⊗ H, Δ(L) = L_{(1)} ⊗ L_{(2)}, and (left) module action ▷ : H ⊗ A → A; for L ∈ H, f, g ∈ A, L ▷ 1 = ϵ(L), 1 ▷ f = f (see, e.g., [56, 57]).

In mathematics this condition plays a role of generalized Leibniz rule and it invokes exactly the Leibniz rule for primitive elements Δ(L) = L ⊗ 1 + 1 ⊗ L. Instead, in physically oriented literature it is customary to call this condition a covariance condition and the corresponding algebra A a covariant quantum space (see, e.g., [22, 32, 50]) with respect to H. The covariance condition (2.2) entitles us also to introduce a new unital and associative algebra, the so-called smash (or crossed) product algebra A ⋊ H [56, 57, 58, 59]. Its structure is determined on the vector space A ⊗ H by multiplication:

(f ⊗ L)#(g ⊗ M) = f(L_{(1)} ▷ g) ⊗ L_{(2)}M. (2.3)

1In this paper we shall work mainly with vector spaces over the field of complex numbers C. All maps are C-linear maps.

4 A. Borowiec and A. Pachoł

Initial algebras are canonically embedded, A ∋ f � f ⊗ 1 and H ∋ L � 1 ⊗ L as subalgebras in A ⋊ H.^2 Particularly, the trivial action L ▷ g = ϵ(L)g makes A ⋊ H isomorphic to the ordinary tensor product algebra A ⊗ H: (f ⊗ L)(g ⊗ M) = fg ⊗ LM. It has a canonical Heisenberg representation on the vector space A which reads as follows:

f̂(g) = f · g, L̂(g) = L ▷ g,

where f̂, L̂ are linear operators acting in A, i.e. f̂, L̂ ∈ End A. In other words around, the action (2.2) extend to the action of entire A ⋊ H on A: (fM) ▷ g = f(M ▷ g).

Remark 2.1. Note that A ⋊ H is not a Hopf algebra in general. In fact, enactment of the Hopf algebra structure on A ⋊ H involves some extras (e.g., co-action) and is related with the socalled bicrossproduct construction [58]. It has been shown in [2] that κ-Poincaré Hopf algebra [4] admits bicrossproduct construction. We shall not concentrate on this topic here.

Example 2.2. An interesting situation appears when the algebra A is a universal envelope of some Lie algebra h, i.e. A = U_h. In this case it is enough to determine the Hopf action on generators a_i ∈ h provided that the consistency conditions

(L_{(1)} ▷ a_i) ( L_{(2)} ▷ a_j ) − (L_{(1)} ▷ a_j ) ( L_{(2)} ▷ a_i ) − ıc^k_{ij} L ▷ a_k = 0 (2.4)

hold, where [a_i, a_j ] = ıc^k_{ij} a_k. Clearly, (2.4) allows to extend the action to entire algebra A. For similar reasons the definition of the action can be reduced to generators L of H.

Example 2.3. Another interesting case appears if H = U_g for the Lie algebra g of some Lie group G provided with the primitive Hopf algebra structure. This undergoes a “geometrization” procedures as follows. Assume one has given G-manifold M. Thus g acts via vector fields on the (commutative) algebra of smooth functions A = C^∞(M).^3 Therefore the Leibniz rule makes the compatibility conditions (2.4) warranted. The corresponding smash product algebra becomes an algebra of differential operators on M with coefficients in A. A deformation of this geometric setting has been recently advocated as an alternative to quantization of gravity (see, e.g., [22, 28, 29] and references therein).

Example 2.4. A familiar Weyl algebra can be viewed as a crossed product of an algebra of translations T^n containing P_μ generators with an algebra X^n of spacetime coordinates x^μ. More exactly, both algebras are defined as a dual pair of the universal commutative algebras with n-generators (polynomial algebras), i.e. T^n ≡ Poly(P_μ) ≡ C[P_0, . . . , P_{n−1}] and X^n ≡ Poly(x^μ) ≡ C[x^0, . . . , x^{n−1}].^4 Alternatively, both algebras are isomorphic to the universal enveloping algebra U_tn ∼= T^n ∼= X^n of the n-dimensional Abelian Lie algebra t^n. Therefore one can make use of the primitive Hopf algebra structure on T^n and extend the action implemented by duality map

P_μ ▷ x^ν = −ı⟨P_μ, x^ν ⟩ = −ıδ^ν_μ, P_μ ▷ 1 = 0 (2.5)

to whole algebra X^n due to the Leibniz rule, e.g., P_μ ▷ (x^ν x^λ) = −ıδ^ν_μx^λ − ıδ^λ_μx^ν , induced by primitive coproduct Δ(P_μ) = P_μ ⊗ 1 + 1 ⊗ P_μ, cf. (2.3). In result one obtains the following standard set of Weyl–Heisenberg commutation relations:

[P_μ, x^ν ]_# ≡ [P_μ, x^ν ] = −ıδ^ν_μ 1, [x^μ, x^ν ]_# ≡ [x^μ, x^ν ] = [P_μ, P_ν ]_# ≡ [P_μ, P_ν ] = 0. (2.6)

2Further on, in order to simplify notation, we shall identify (f ⊗ 1)#(1 ⊗ L) with fL, therefore (2.3) rewrites simply as (fL)#(gM) = f(L_{(1)} ▷ g)L_{(2)}M.

3In fact A can be chosen to be g-invariant subalgebra of C^∞(M).

4Here n denotes a dimension of physical spacetime which is not yet provided with any metric. Nevertheless, for the sake of future applications, we shall use “relativistic” notation with spacetime indices μ and ν running 0, . . . , n − 1 and space indices j, k = 1, . . . , n − 1 (see Example 2.6).

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 5

as generating relations^5 for the Weyl algebra W^n ≡ X^n ⋊ T^n. In fact the algebra (2.6) represents the so-called Heisenberg double [56, 57, 60]. It means that T^n and X^n are dual pairs of Hopf algebras (with the primitive coproducts) and the action (2.5) has the form: P ▷ x = ⟨P, x_{(1)}⟩x_{(2)}. In the Heisenberg representation P_μ▷ = −ı∂_μ = −ı^∂_{∂xμ} . For this reason the Weyl algebra is known as an algebra of differential operators with polynomial coefficients in R^n.

Remark 2.2. The Weyl algebra as defined above is not an enveloping algebra of any Lie algebra. It is due to the fact that the action (2.5) is of “0-order”. Therefore, it makes difficult to determine a Hopf algebra structure on it. The standard way to omit this problem relies on introducing the central element C and replacing the commutation relations (2.6) by the following ones

[P_μ, x^ν ] = −ıδ^ν_μC, [x^μ, x^ν ] = [C, x^ν ] = [P_μ, P_ν ] = [C, P_ν ] = 0. (2.7)

The relations above determine (2n + 1)-dimensional Heisenberg Lie algebra of rank n + 1 . Thus Heisenberg algebra can be defined as an enveloping algebra for (2.7). We shall not follow this path here, however it may provide a starting point for Hopf algebraic deformations, see e.g. [61].

Remark 2.3. Real structure on a complex algebra can be defined by an appropriate Hermitian conjugation †. The most convenient way to introduce it, is by the indicating Hermitian generators. Thus the real structure corresponds to real algebras. For the Weyl algebra case, e.g., one can set the generators (P_μ, x^ν ) to be Hermitian, i.e. (P_μ)^† = P_μ, (x^ν )^† = x^ν . We shall not explore this point here. Nevertheless, all commutation relations below will be written in a form adopted to Hermitian realization.

Remark 2.4. Obviously, the Hopf action (2.5) extends to the full algebra C^∞(R^n) ⊗ C of complex valued smooth functions on R^n. Its invariant subspace of compactly supported functions C^∞_0 (R^n) ⊗ C form a dense domain in the Hilbert space of square-integrable functions: L^2(R^n, dx^n). Consequently, the Heisenberg representation extends to Hilbert space representation of W^n by (unbounded) operators. This corresponds to canonical quantization procedure and in the relativistic case leads to Stückelberg’s version of Relativistic Quantum Mechanics [62].

Example 2.5. Smash product generalizes also the notion of Lie algebra semidirect product. As an example one can consider a semidirect product of gl(n) with the algebra of translations t^n: igl(n) = gl(n) � t^n. Thus U_{igl(n)} = T^n ⋊ U_{gl(n)}. Now the corresponding (left) Hopf action of gl(n) on T^n generators reads

L^μ_ν ▷ P_ρ = ıδ^μ_ρ P_ν .

The resulting algebra is described by a standard set of igl(n) commutation relations:

[L^μ_ν , L^ρ_λ] = −ıδ^ρ_ν L^μ_λ + ıδ^μ_λ L^ρ_ν , [L^μ_ν , P_λ] = ıδ^μ_λ P_ν , [P_μ, P_ν ] = 0. (2.8)

Analogously one can consider Weyl extension of gl(n) as a double crossed-product construction X^n ⋊ (T^n ⋊ U_{gl(n)}) with generating relations (2.8) supplemented by

[L^μ_ν , x^λ] = −ıδ^λ_ν x^μ, [P_μ, x^ν ] = −ıδ^ν_μ, [x^μ, x^ν ] = 0.

The corresponding action is classical, i.e. it is implied by Heisenberg differential representation (cf. formula (2.11) below):

P_μ ▷ x^ν = −ıδ^ν_μ, L^μ_ν ▷ x^ρ = −ıδ^ρ_ν x^μ. (2.9)

5Hereafter we skip denoting commutators with # symbol when it is clear that they has been obtained by smash product construction.

6 A. Borowiec and A. Pachoł

Therefore, the Weyl algebra W^n becomes a subalgebra in X^n ⋊ ( T^n ⋊ U_{gl(n)} ) . Besides this isomorphic embedding one has a surjective algebra homomorphism X^n ⋊ ( T^n ⋊ U_{gl(n)} ) → W^n provided by

P_μ → P_μ, x^μ → x^μ, L^ν_μ → x^ν P_μ. (2.10)

We shall call this epimorphism Weyl algebra (or Heisenberg) realization of X^n ⋊ ( T^n ⋊ U_{gl(n)} ) . Particularly, the map L^ν_μ → x^ν P_ν is a Lie algebra isomorphism. The Heisenberg realization described above induces Heisenberg representation of X^n ⋊ ( T^n ⋊ U_{gl(n)} )

P_μ ▷ = −ı∂_μ ≡ −ı ∂ ∂x^μ

, x^μ = x^μ, L^ν_μ▷ = −ıx^ν ∂_μ (2.11)

acting in the vector space X^n. One can notice that (2.11) can be extended to the vector space C^∞(R^n) ⊗ C and finally to the Hilbert space representation in L^2(R^n, dx^n).

More examples one can find noticing that the Lie algebra igl(n) contains several interesting subalgebras, e.g., inhomogeneous special linear transformations isl(n) = sl(n) � t^n.

Example 2.6. Even more interesting and important for physical applications example is provided by the inhomogeneous orthogonal transformations io(g; n) = o(g; n) � t^n ⊂ isl(n), which Weyl extension is defined by the following set of commutation relations:

[M_{μν} , M_{ρλ}] = ıg_{μρ}M_{νλ} − ıg_{νρ}M_{μλ} − ıg_{μλ}M_{νρ} + ıg_{νλ}M_{μρ}, (2.12) [M_{μν} , P_λ] = ıg_{μλ}P_ν − ıg_{νλ}P_μ, [M_{μν} , x_λ] = ıg_{μλ}x_ν − ıg_{νλ}x_μ, (2.13) [P_μ, x_ν ] = −ıg_{μν} , [x_μ, x_ν ] = [P_μ, P_ν ] = 0, (2.14)

where

M_{μν} = g_{μλ}L^λ_ν − g_{νλ}L^λ_μ. (2.15)

are defined by means of the (pseudo-Euclidean)^6 metric tensor g_{μν} and x_λ = g_{λν} x^ν . The last formula determines together with (2.9) the classical action of io(n, C) on X^n. Thus relations (2.12)–(2.14) determine Weyl extension of the inhomogeneous orthogonal Lie algebra X^n ⋊(T^n ⋊ U_{o(g;n)}) as subalgebra in X^n ⋊(T^n ⋊U_{gl(n)}). In particular, the case of Poincaré Lie algebra io(1, 3) will be studied in more details in Section 4.

Remark 2.5. Quantum groups include Hopf-algebraic deformations of Lie algebras. There exists also purely Lie-algebraic framework for deformations of Lie algebras. Accordingly, all semisimple Lie algebras are stable. The algebra (2.12)–(2.14) has been investigated in [63] from the point of view of the stability problem (see also [64]). It was shown that for the Lorentzian signature of g_{μν} stable forms of (2.12)–(2.14) are provided by simple Lie algebras: o(3, n − 1), o(2, n) or o(1, n+1). Relationships between Lie and Hopf algebraic frameworks for deformations have been discussed in [57].

3 κ-Minkowski spacetime by Drinfeld twist

Having the Hopf-module algebra structure one can use the deformation theory to construct new (deformed) objects which still possess the same structure. Assume a Hopf module algebra A over H. These can be deformed, by a suitable twisting element F, to achieve the deformed

6We shall write io(n − p, p) whenever the signature p of the metric will become important. In fact, different metric’s signatures lead to different real forms of io(n, C).

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 7

Hopf module algebra (A^F , H^F ), where the algebra A^F is equipped with a twisted (deformed) star-product (see [21, 22] and references therein)

x ⋆ y = m ∘ F^{−1} ▷ (x ⊗ y) = (f̄^α ▷ x) · (f̄_α ▷ y) (3.1)

while the Hopf action ▷ remains unchanged. Hereafter the twisting element F is symbolically written in the following form:

F = f^α ⊗ f_α ∈ H ⊗ H and F^{−1} = f̄^α ⊗ f̄_α ∈ H ⊗ H

and belongs to the Hopf algebra H. The corresponding smash product A^F ⋊ H^F has deformed cross-commutation relations (2.3) determined by deformed coproduct Δ^F . Before proceeding further let us remind in more details that the quantized Hopf algebra H^F has non-deformed algebraic sector (commutators), while coproducts and antipodes are subject of the deformation:

Δ^F (·) = FΔ(·)F^{−1}, S^F (·) = uS(·)u^{−1},

where u = f^αS(f_α). The twisting two-tensor F is an invertible element in H ⊗ H which fulfills the 2-cocycle and normalization conditions [46, 65]:

F_{12}(Δ ⊗ id)F = F_{23}(id ⊗ Δ)F, (ϵ ⊗ id)F = 1 = (id ⊗ ϵ)F,

which guarantee co-associativity of the deformed coproduct Δ^F and associativity of the corresponding twisted star-product (3.1). Moreover, it implies simultaneously that deformed and undeformed smash product are isomorphic:

Proposition 3.1. For any Drinfeld twist F the twisted smash product algebra A^F ⋊ H^F is isomorphic to the initial (undeformed) one A ⋊ H. In other words the algebra A^F ⋊ H^F is twist independent and can be realized by a change of generators in the algebra A ⋊ H.

Notice that subalgebras A and A^F are not isomorphic. In the case of commutative A we use to call noncommutative algebra A^F quantization of A. Similarly H and H^F are not isomorphic as Hopf algebras.

Proof. First of all we notice that the inverse twist F^{−1} = f̄^α ⊗ f̄_α satisfies analogical cocycle condition (Δ ⊗ id)(F^{−1})F^{−1}_{12} = (id ⊗ Δ)(F^{−1})F^{−1}_{23} . It reads as

f̄^α_{(1)}f̄^β ⊗ f̄^α_{(2)}f̄_β ⊗ f̄_α = f̄^α ⊗ f̄_{α(1)}f̄^β ⊗ f̄_{α(2)}f̄_β.

For any element x ∈ A one can associate the corresponding element x̂ = (f̄^α ▷ x) · f̄_α ∈ A ⋊ H. Thus (3.1) together with the cocycle condition gives x̂·ŷ = (f̄^α ▷(x⋆y))·f̄_α. Due to invertibility of twist we can express the original elements x as a functions of the deformed one: x = (f^α ▷ x̂) ⋆ f_α. It means that subalgebra generated by the elements x̂ is isomorphic to A^F . Notice that A = A^F , H = H^F and A ⋊ H = A^F ⋊ H^F as linear spaces.

The requested isomorphism φ : A^F ⋊ H^F → A ⋊ H can be now defined by an invertible mapping

A^F ∋ x → φ(x) = x̂ ∈ A ⋊ H and H^F ∋ L → φ(L) = L ∈ A ⋊ H. (3.2)

Utilizing again the cocycle condition one checks that φ(L ⋆ x) = L · x̂ = (L_{(1)}f̄^α ▷ x) · L_{(2)}f̄_α.

Let (x^μ) be a set of generators for A and (L^k) be a set of generators for H. Then the isomorphism (3.2) can be described as a change of generators (“basis”): (x^μ, L^k) → (x̂^μ, L^k) in A ⋊ H. ■

8 A. Borowiec and A. Pachoł

Different scheme for “unbraiding of braided tensor product” has been presented in [66].

Remark 3.1. Consider internal automorphism of the algebra H given by the similarity transformation L → W LW^{−1}, where W is some invertible element in H. This automorphism induces the corresponding isomorphism of Hopf algebras, which can be equivalently described as coalgebra isomorphism (H, Δ) → (H, Δ^{FW} ), where Δ^{FW} denotes twisted coproduct. Here F_W = W^{−1}⊗W^{−1}Δ(W ) denotes the so called trivial (coboundary) twist. Of course, the twisted module algebra A^{FW} becomes isomorphic to the undeformed A. Substituting W = exp u one gets explicit form of the twisting element F_W = exp (−u ⊗ 1 − 1 ⊗ u) exp Δ(u) = exp (−Δ_0(u)) exp Δ(u).

As it is well-known from the general framework [46], a twisted deformation of Lie algebra g requires a topological extension of the corresponding enveloping algebra U_g into an algebra of formal power series U_g[[h]] in the formal parameter h (see Appendix and, e.g., [56, 57, 65, 67] for deeper exposition)^7. This provides the so-called h-adic topology. There is a correspondence between twisting element, which can be now rewritten as a power series expansion

F = 1 ⊗ 1 + ∞∑ m=1 h^m f^{(m)} ⊗ f_{(m)} and F^{−1} = 1 ⊗ 1 + ∞∑ m=1 h^m f̄^{(m)} ⊗ f̄_{(m)},

f^{(m)}, f_{(m)},f̄^{(m)},f̄_{(m)} ∈ U_g, classical r-matrix r ∈ g ∧ g satisfying classical Yang–Baxter equation and universal (quantum) r-matrix R:

R = F^{21}F^{−1} = 1 + hr mod ( h^2 ) satisfying quantum Yang–Baxter equation. Moreover, classical r-matrices classify non-equivalent deformations. Accordingly, the Hopf module algebra A has to be extended by h-adic topology to A[[h]] as well^8.

Remark 3.2. In general, there is no constructive way to obtain twist for a given classical rmatrix. Few examples are known in the literature, e.g., Abelian [69], Jordanian [70] extended Jordanian twists [71] (see also [67, 72]) as well as some of their combinations [73]. Twisted deformations of relativistic symmetries have been studied for a long time, see, e.g., [74] and references therein. Almost complete classification of classical r-matrices for Lorentz an Poincaré group has been given in [75] (see also [76]).

Example 3.1. Let us consider the twist deformation of the algebra from Example 2.5. h-adic extension U_{igl(n)} � U_{igl(n)}[[h]] forces us to extend polynomial algebra: X^n � X^n[[h]], which remains to be (undeformed) module algebra under the C[[h]]-extended Hopf action ▷. Therefore their smash product contains h-adic extension of the Weyl algebra: W^n[[h]] = X^n[[h]]⋊T^n[[h]] ⊂ X^n[[h]] ⋊ ( T^n[[h]] ⋊ U_{gl(n)}[[h]] ) . After having done igl(n)-twist F we can now deform simultaneously both structures: U_{igl(n)}[[h]] → U_{igl(n)}[[h]]^F and X^n[[h]] → (X^n[[h]])^F keeping the Hopf action ▷ unchanged. Deformed algebra X^n[[h]]^F has deformed star multipication ⋆ and can be represented by deformed ⋆-commutation relations

[x^μ, x^ν ]_⋆ ≡ x^μ ⋆ x^ν − x^ν ⋆ x^μ = ı hθ^{μν} (x) ≡ ıh ( θ^{μν} + θ^{μν}_λ x^λ + θ^{μν}_{λρ} x^λx^ρ + · · · ) (3.3)

replacing the undeformed (commutative) one

[x^μ, x^ν ] = 0,

7This is mainly due to the fact that twisting element has to be invertible.

8The operator algebra setting for quantum groups and quantum spaces is admittedly much more heavy. Unfortunately, the passage from quantized Lie algebra level to the function algebra level is not very straightforward and sometime even not possible, see e.g. [68].

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 9

where the coordinate functions (x^μ) play a role of generators for the corresponding algebras: deformed and undeformed one. We will see on the examples below that many different twisted star products may lead to the same commutation relations (3.3). Particularly, one can define deformed Weyl algebra W^n[[h]]^F = X^n[[h]]^F ⋊T^n[[h]]^F , where T^n[[h]]^F denotes the corresponding Hopf subalgebra of deformed momenta in ( T^n[[h]] ⋊ U_{gl(n)}[[h]]

)_F . Remark 3.3. The deformed algebra X^n[[h]]^F provides a deformation quantization of R^n equipped with the Poisson structure (brackets) [54, 77]

{x^μ, x^ν } = θ^{μν}(x) ≡ θ^{μν} + θ^{μν}_λ x^λ + θ^{μν}_{λρ} x^λx^ρ + · · · , (3.4)

represented by Poisson bivector θ = θ^{μν} (x)∂_μ ∧ ∂_ν . It is assumed that θ^{μν} (x) are polynomial functions, i.e. the sum in (3.4) is finite where θ^{μν} , θ^{μν}_λ , θ^{μν}_{λρ} , . . . are real numbers.

Proposition 3.2. Proposition 3.1 implies that X^n[[h]] ⋊ U_{igl(n)}[[h]] is C[[h]] isomorphic to X^n[[h]]^F ⋊ (U_{igl(n)}[[h]])^F . Moreover, this isomorphism is congruent to the identity map modulo h.

Replacing elements f^{(m)}, f_{(m)} ∈ U_{igl(n)} in the formulae

x̂^μ = x^μ + ∞∑ m=1 h^m ( f^{(m)} ▷ x^μ ) · f_{(m)} (3.5)

from Proposition 3.1 by using Heisenberg realizations (2.10) one gets

Proposition 3.3. All igl(n)-twist deformed Weyl algebras W^n[[h]]^F are C[[h]]-isomorphic to undeformed h-adic extended Weyl algebra W^n[[h]]. In this sense we can say that W^n[[h]]^F is a pseudo-deformation of W^n[[h]] since the latter one can be obtained by (nonlinear and invertible) change of generators from the first one^9.

Remark 3.4. Replacing again elements f^{(m)}, f_{(m)} ∈ U_{igl(n)} in (3.5) by their Heisenberg representation: P_μ = −ı∂_μ (cf. Example 2.5) one obtains Heisenberg representation of W^n[[h]]^F and entire algebra X^n[[h]]^F ⋊ (U_{igl(n)}[[h]])^F in the vector space X^n[[h]]. Moreover, one can extend Hilbert space representation from Remark 2.4 to the representation acting in L^2(R^n, dx^n)[[h]]. This is due to general theory of representations for h-adic quantum groups, see, e.g., [65].

Below we shall present explicitly two one-parameter families of twists corresponding to twisted star-product realization of the well-known κ-deformed Minkowski spacetime algebra [2, 1]. Here (X^n[[h]])^F is generated by the relations:

[x^0, x^k]_⋆ = ıhx^k, [x^k, x^j ]_⋆ = 0, k, j = 1, . . . , n − 1, (3.6)

and constitutes a covariant algebra over deformed igl(n).^{10} Although the result of star multiplication of two generators x^μ ⋆ x^ν is explicitly twist dependent, the generating relations (3.6) are twist independent. Therefore all algebras (X^n[[h]])^F are mutually isomorphic to each other. They provide a covariant deformation quantization of the κ-Minkowski Poisson structure represented by the linear Poisson bivector

θ_{κM} = x^k∂_k ∧ ∂_0, k = 1, . . . , n − 1 (3.7)

on R^n (cf. [1]). The corresponding Poisson tensor θ^{μν} (x) = a^μx^ν − a^ν x^μ, where a^μ = (1, 0, 0, 0) is degenerated (det[θ^{μν} (x)] = 0), therefore, the associated symplectic form [θ^{μν} (x)]^{−1} does not exist.

9Cf. [78] for different approach to deformation of Clifford and Weyl algebras. 10Notice that h is the formal parameter. So (3.6) is not, strictly speaking, a Lie algebra.

10 A. Borowiec and A. Pachoł

Remark 3.5. More generally, there is one-to-one correspondence between linear Poisson structures θ = θ^{μν}_λ x^λ∂_μ ∧ ∂_ν on R^n and n-dimensional Lie algebras g ≡ g(θ)

[X^μ, X^ν ] = ıθ^{μν}_λ X^λ (3.8)

with the constants θ^{μν}_λ playing the role of Lie algebra structure constants. Therefore, they are also called Lie–Poisson structures. Following Kontsevich we shall call the corresponding universal enveloping algebra U_g a canonical quantization of (g^∗, θ) [54]. The classification of Lie–Poisson structures on R^4 has been recently presented in [79].

Let us consider the following modification of the universal enveloping algebra construction (2.1)

U_h(g) =

T g[[h]]

J_h , where J_h denotes an ideal generated by elements ⟨X ⊗ Y − Y ⊗ X − h[X, Y ]⟩ and is closed in h-adic topology. In other words the algebra U_h(g) is h-adic unital algebra generated by h-shifted relations

[X^μ, X^ν ] = ıhθ^{μν}_λ X^λ

imitating the Lie algebraic ones (3.8). This algebra provides the so-called universal quantization of (X^n, θ) [80]. Moreover, due to universal (quotient) construction there is a C[[h]]-algebra epimorphism from U_h(g) onto (X^n[[h]])^F for a suitable twist F (cf. (3.3)). In fact, U_h(g) can be identified with C[[h]]-subalgebra in U_g[[h]] generated by h-shifted generators X^μ = hX^μ. U_g[[h]] is by construction a topological free C[[h]]-module (cf. Appendix). For the case of U_h(g) this question is open.

Example 3.2. In the the case of θ_{κM} (3.7) the corresponding Lie algebra is a solvable one. Following [55] we shall denote it as an^{n−1}. The universal κ-Minkowski spacetime algebra U_h(an^{n−1}) has been introduced in [1], while its Lie algebraic counterpart the canonical κ-Minkowski spacetime algebra U_{an}n−1 in [2]. We shall consider both algebras in more details later on.

Abelian family of twists providing κ-Minkowski spacetime

The simplest possible twist is Abelian one. κ-Minkowski spacetime can be implemented by the one-parameter family of Abelian twists [16] with s being a numerical parameter labeling different twisting tensors (see also [13, 15]):

A_s = exp [ıh (sP_0 ⊗ D − (1 − s) D ⊗ P_0)] , (3.9)

where D =^{n−1} ∑ μ=0 L^μ − L^0. All twists correspond to the same classical r-matrix^{11}:

r = D ∧ P_0

and they have the same universal quantum r-matrix which is of exponential form:

R = A^{21}_s A^{−1}_s = e^{ıD∧P0} .

11Since in the Heisenberg realization the space dilatation generator D = x^k∂_k, r coincides with the Poisson bivector (3.7).

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 11

Remark 3.6. This implies that corresponding Hopf algebra deformations of U^F_{igl(n)} for different values of parameter s are isomorphic. Indeed, A_s are related by trivial twist: A_{s2} = A_{s1} F_{W12} , where W_{12} = exp (ı(s_1 − s_2)aDP_0) (cf. Remark (3.1)). Consequently Δ^{op}_{(s=0)} = Δ_{(s=1)} and Δ^{op} = RΔR^{−1}. We will see later on that different values of s lead to different Heisenberg realizations and describe different physical models (cf. [16]).

Remark 3.7. The smallest subalgebra generated by D, P_0 and the Lorentz generators (2.15) turns out to be entire igl(n) algebra. Therefore, as a consequence, the deformation induced by twists (3.9) cannot be restricted to the inhomogeneous orthogonal transformations (2.12)–(2.13). One can say that Abelian twists (3.9) are genuine igl(n)-twists.

The deformed coproducts read as follows (cf. [13, 16]):

Δ_s (P_0) = 1 ⊗ P_0 + P_0 ⊗ 1, Δ_s (P_k) = e^{−hsP0} ⊗ P_k + P_k ⊗ e^{h(1−s)P0} ,

Δ_s (L^m_k ) = 1 ⊗ L^m_k + L^m_k ⊗ 1, Δ_s ( L^k_0 ) = e^{hsP0} ⊗ L^k_0 + L^k_0 ⊗ e^{−h(1−s)P0} ,

Δ_s ( L^0_k ) = e^{−hsP0} ⊗ L^0_k + L^0_k ⊗ e^{h(1−s)P0} + hsP_k ⊗ De^{h(1−s)P0} − h(1 − s)D ⊗ P_k, Δ_s ( L^0 ) = 1 ⊗ L^0 + L^0 ⊗ 1 + hsP_0 ⊗ D − h(1 − s)D ⊗ P_0,

and the antipodes are:

S_s (P_0) = −P_0, S_s (P_k) = −P_ke^{hP0} ,

S_s (L^m_k ) = −L^m_k , S_s ( L^k_0 ) = −L^k_0e^{−hP0} , S_s ( L^0 ) = −L^0 − h(1 − 2s)DP_0,

S_s ( L^0_k ) = −e^{hsP0} L^0_ke^{−h(1−s)P0} + h [ sP_kDe^{hsP0} + (1 − s)DP_ke^{h(1+s)P0} ] . The above relations are particularly simple for s = 0, 1,^1_2 . Smash product construction (for given Δ_s) together with classical action (2.9) leads to the following crossed commutators:

[x̂^μ, P_0]_s = ıδ^μ_0 , [x̂^μ, P_k]_s = ıδ^μ_k e^{h(1−s)P0} − ıhsδ^μ_0 P_k,

[x̂^μ, L^m_k ]_s = ıδ^μ_k x̂^m, [ x̂^μ, L^k_0 ] s = ıδ^μ_0 x̂^ke^{−h(1−s)P0} − ıhsδ^μ_0 L^k_0 , [ x̂^μ, L^0_k ] s = ıδ^μ_k x̂^0e^{h(1−s)P0} − ıhsδ^μ_0 L^0_k + ıhsδ^μ_k D − ıh(1 − s)δ^μ_l x̂^lP_k, [ x̂^μ, L^0 ] s = ıδ^μ_0 x̂^0 + ıhsδ^μ_0 D − ıh(1 − s)δ^μ_k x̂^kP_0.

Supplemented with (2.8) and κ-Minkowski spacetime commutators:

[x̂^0, x̂^k] = ıhx̂^k, [x̂^k, x̂^j ] = 0, k, j = 1, . . . , n − 1 (3.10)

they form the algebra: X^n[[h]]^F ⋊ U^F_{igl(n)}. The change of generators (L^ν_μ, P_ρ, x^λ) � (L^ν_μ, P_ρ, x̂^λ_s ), where

x̂^i_s = x^ie^{(1−s)hP0} , x̂^0_s = x^0 − hsD

implies the isomorphism from Proposition 3.2. Similarly, the change of generators (P_ρ, x^λ) � (P_ρ, x̂^λ_s ), where

x̂^i_s = x^ie^{(1−s)hP0} , x̂^0_s = x^0 − hsx^kP_k (3.11)

illustrates Proposition 3.3 and gives rise to Heisenberg representation acting in the vector space X^n[[h]] as well as its Hilbert space extension acting in L^2(R^n, dx^n)[[h]] provided that P_k = −ı∂_k.

12 A. Borowiec and A. Pachoł

Jordanian family of twists providing κ-Minkowski spacetime

Jordanian twists have the following form [16]:

J_r = exp (J_r ⊗ σ_r) ,

where J_r = ı(^1_r D − L^0) with a numerical factor r ≠ 0 labeling different twists and σ_r = ln(1 − hrP_0). Jordanian twists are related with Borel subalgebras b^2(r) = {J_r, P_0} ⊂ igl(n, R) which, as a matter of fact, are isomorphic to the 2-dimensional solvable Lie algebra an^1: [J_r, P_0] = P_0. Direct calculations show that, regardless of the value of r, twisted commutation relations (3.3) take the form of that for κ-Minkowski spacetime (3.6). The corresponding classical r-matrices are the following^{12}:

r_J = J_r ∧ P_0 = 1 r D ∧ P_0 − L^0 ∧ P_0. (3.12)

Since in the generic case we are dealing with igl(n)-twists (see [16] for exceptions), we shall write deformed coproducts and antipodes in terms of generators {L^μ_ν , P_μ}. The deformed coproducts read as follows [16]:

Δ_r (P_0) = 1 ⊗ P_0 + P_0 ⊗ e^{σr} , Δ_r (P_k) = 1 ⊗ P_k + P_k ⊗ e^{− 1r σr} ,

Δ_r (L^m_k ) = 1 ⊗ L^m_k + L^m_k ⊗ 1, Δ_r ( L^k_0 ) = 1 ⊗ L^k_0 + L^k_0 ⊗ e^{r+1r σr} ,

Δ_r ( L^0_k ) = 1 ⊗ L^0_k + L^0_k ⊗ e^{− r+1r σr} − ıhrJ_r ⊗ P_ke^{−σr} , Δ_r ( L^0 ) = 1 ⊗ L^0 + L^0 ⊗ 1 − ıhrJ_r ⊗ P_0e^{−σr} ,

where

e^{βσr} = (1 − arP_0)^β = ∞∑ m=0 h^m m! β^m(−rP_0)^m

and β^m = β(β − 1) · · · (β − m + 1) denotes the so-called falling factorial. The antipodes are:

S_r (P_0) = −P_0e^{−σr} , S_r (P_k) = −P_ke^{1r σr} ,

S_r ( L^k_0 ) = −L^k_0e^{− r+1r σr} , S_r ( L^0_k ) = − ( L^0_k + ıhrJ_rP_k ) e^{r+1r σr} , S_r ( L^0 ) = −L^0 − ıhrJ_rP_0, S_r (L^m_k ) = −L^m_k .

Now using twisted coproducts and classical action one can obtain by smash product construction (for fixed value of the parameter r) of extended position-momentum-gl(n) algebra with the following crossed commutators:

[x̂^μ, P_0]_r = ıδ^μ_0 e^{σr} = ıδ^μ_0 (1 − hrP_0), [x̂^μ, P_k]_r = ıδ^μ_k (1 − hrP_0)^{− 1r} , (3.13)

[x̂^μ, L^m_k ]_r = ıx̂^mδ^μ_k , [ x̂^μ, L^k_0 ] r = ıx̂^kδ^μ_0 (1 − hrP_0)^{r+1r} , [ x̂^μ, L^0_k ] r = ıx̂^0δ^μ_k (1 − hrP_0)^{− r+1r} + ıh ( x̂^pδ^μ_p − rx̂^0δ^μ_0 ) P_k(1 − hrP_0)^{−1}, [ x̂^μ, L^0 ] r = ıx̂^0δ^μ_0 − ıh ( − x̂^kδ^μ_k + rx̂^0δ^μ_0 ) P_0(1 − hrP_0)^{−1}

supplemented by igl(n) (2.8) and κ-Minkowski relations (3.10). One can see that relations (3.10), (3.13) generate r-deformed phase space W^n[[h]]^F . Heisenberg realization is now in the following form:

x̂^i_r = x^i (1 − raP_0)^{− 1r} and x̂^0_r = x^0(1 − raP_0). (3.14)

12Now, for different values of the parameter r classical r-matrices are not the same.

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 13

It is interesting to notice that above formulas (3.14) take the same form before and after Heisenberg realization. Moreover one can notice that commutation relation (3.13) can be reached by nonlinear change (3.14) of generators: (P_ρ, x^λ) � (P_ρ, x̂^λ_r ). This illustrates Propositions 3.2, 3.3 for the Jordanian case. Again in the Heisenberg realization the classical r-matrices (3.12) coincide with Poisson bivector (3.7). Only for the case r = −1 the covariance group can be reduced to one-generator (dilatation) extension of the Poincaré algebra [11, 16].

4 Different models of κ-Minkowski spacetime as a covariant κ-Poincaré quantum space and corresponding DSR algebras

As it is the well-known quantum deformations of the Lie algebra are controlled by classical r-matrices satisfying classical Yang–Baxter (YB) equation: homogeneous or inhomogeneous. In the case of r-matrices satisfying homogeneous YB equations the co-algebraic sector is twistdeformed while algebraic one remains classical [46]. Additionally, one can also apply existing twist tensors to relate Hopf module-algebras in order to obtain quantized, e.g., spacetimes (see [16, 15, 14] as discussed in our previous section for quantizing Minkowski spacetime). For inhomogeneous r-matrices one applies Drinfeld–Jimbo (the so-called standard) quantization instead.

Remark 4.1. Drinfeld–Jimbo quantization algorithm relies on simultaneous deformations of the algebraic and coalgebraic sectors and applies to semisimple Lie algebras [46, 47]. In particular, it implies existence of classical basis for Drinfeld–Jimbo quantized algebras. Strictly speaking, the Drinfeld–Jimbo procedure cannot be applied to the Poincaré non-semisimple algebra which has been obtained by the contraction procedure from the Drinfeld–Jimbo deformation of the antide Sitter (simple) Lie algebra so(3, 2). Nevertheless, quantum κ-Poincaré group shares many properties of the original Drinfeld–Jimbo quantization. These include existence of classical basis, the square of antipode and solution to specialization problem [17]. There is no cocycle twist related with the Drinfeld–Jimbo deformation. The Drinfeld–Jimbo quantization has many non-isomorphic forms (see e.g. [56, 65]).

Remark 4.2. Drinfeld–Jimbo quantization can be considered from the more general point of view, in the so-called quasi bialgebras framework. In this case more general cochain twist instead of ordinary cocycle twist can be used together with a coassociator in order to perform quantization. Cochain twists may lead to non-associative star multiplications [81].

In the classical case the physical symmetry group of Minkowski spacetime is Poincaré group and in deformed case analogously quantum κ-Poincaré group should be desired symmetry group for quantum κ-Minkowski spacetime [1, 2]. However κ-Minkowski module algebra studied in the previous section has been obtained as covariant space over the U^F_{igl}[[h]] Hopf algebra. Moreover, presented twist constructions do not apply to Poincaré subalgebra. This is due to the fact that κ-Poincaré algebra is a quantum deformation of Drinfeld–Jimbo type corresponding to inhomogeneous classical r-matrix

r = N_i ∧ P^i

satisfying modified Yang–Baxter equation

[[r, r]] = M_{μν} ∧ P^μ ∧ P^ν .

As it was noticed before, one does not expect to obtain κ-Poincaré coproduct by cocycle twist. Therefore κ-Minkowski spacetime has to be introduced as a covariant quantum space in a way without using twist and twisted star product from the previous section.

14 A. Borowiec and A. Pachoł

4.1 κ-Minkowski spacetime and κ-Poincaré Hopf algebra

with “h-adic” topology

In this section we first recall κ-Poincaré Hopf algebra as determine in its classical basis^{13}. Next using “h-adic” universal κ-Minkowski spacetime algebra we obtain “h-adic” DSR algebra via smash product construction with the classical action.

We take the Poincaré Lie algebra io(1, 3) provided with a convenient choice of “physical” generators (M_i, N_i, P_μ)^{14}

[M_i, M_j ] = ıϵ_{ijk}M_k, [M_i, N_j ] = ıϵ_{ijk}N_k, [N_i, N_j ] = −ıϵ_{ijk}M_k, (4.1) [P_μ, P_ν ] = [M_j , P_0] = 0, [M_j , P_k] = ıϵ_{jkl}P_l, [N_j , P_k] = −ıδ_{jk}P_0, [N_j , P_0] = −ıP_j . (4.2)

The structure of the Hopf algebra can be defined on U_{io(1,3)}[[h]] by establishing deformed coproducts of the generators [17]

Δ_κ (M_i) = Δ_0 (M_i) = M_i ⊗ 1 + 1 ⊗ M_i,

Δ_κ (N_i) = N_i ⊗ 1 + ( hP_0 + √ 1 − h^2P^2

)_{−1} ⊗ N_i − hϵ_{ijm}P_j ( hP_0 + √ 1 − h^2P^2

)_{−1} ⊗ M_m,

Δ_κ (P_i) = P_i ⊗ ( hP_0 + √ 1 − h^2P^2 ) + 1 ⊗ P_i,

Δ_κ (P_0) = P_0 ⊗ ( hP_0 + √ 1 − h^2P^2 ) + ( hP_0 + √ 1 − h^2P^2

)_{−1}

⊗ P_0

+ hP_m ( hP_0 + √ 1 − h^2P^2

)_{−1}

⊗ P^m,

and the antipodes

S_κ(M_i) = −M_i, S_κ(N_i) = − ( hP_0 + √ 1 − h^2P^2 ) N_i − hϵ_{ijm}P_j M_m,

S_κ(P_i) = −P_i ( hP_0 + √ 1 − h^2P^2

)_{−1}

, S_κ(P_0) = −P_0 + h ⃗P^2 ( hP_0 + √ 1 − h^2P^2

)_{−1} , where P^2 .= P_μP^μ ≡ ⃗P^2 − P^2_0 , and ⃗P^2 = P_iP^i. One sees that above expressions are formal power series in the formal parameter h, e.g., √ 1 − h^2P^2 = ∑ m≥0 (−1)^m m!h^{2m} ( 1 2 )_m

P^{2m}.

This determines celebrated κ-Poincaré quantum group^{15} in a classical basis as a Drinfeld– Jimbo deformation equipped with h-adic topology [17] and from now on we shall denote it as U_{io(1,3)}[[h]]^{DJ}. This version of κ-Poincaré group is “h-adic” type and is considered as a traditional approach. The price we have to pay for it is that the deformation parameter cannot be determined, must stay formal, which means that it cannot be related with any constant of Nature, like, e.g., Planck mass or more general quantum gravity scale. In spite of not clear physical interpretation this version of κ-Poincaré Hopf algebra has been widely studied since its first discovery in [4].

13Possibility of defining κ-Poincaré algebra in a classical basis has been under debate for a long time, see, e.g., [5, 6, 9, 10, 14, 17].

14From now one we shall work with physical dimensions n = 4, however generalization to arbitrary dimension n is obvious.

15We shall follow traditional terminology calling U_{io(1,3)}[[h]] κ-Poincaré with parameter h of [lenght] = [mass]^{−1} dimension.

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 15

“h-adic” universal κ-Minkowski spacetime and “h-adic” DSR algebra. Since κ- Poincaré Hopf algebra presented above is not obtained by the twist deformation one needs a new construction of κ-Minkowski spacetime as a U_{io(1,3)}[[h]]^{DJ} (Hopf) module algebra.

We are in position to introduce, following Remark 3.5 and Example 3.2, κ-Minkowski spacetime as a universal h-adic algebra U_h(an^3) with defining relations^{16}:

[X_0, X_i] = −ıhX_i, [X_j , X_k] = 0 (4.3)

Due to universal construction there is a C[[h]]-algebra epimorphism of U_h(an^3) onto X^4[[h]]^F for any κ-Minkowski twist F.

Before applying smash product construction one has to assure that U_h(an^3) is U_{io(1,3)}[[h]]^{DJ} (κ-Poincaré) covariant algebra. It can be easily done by exploiting the classical action (see Example 2.6 and equation (4.20)) and by checking out consistency conditions similar to those introduced in Example 2.2, equation (2.4).

Remark 4.3. As it was already noticed that the algebra U_h(an^3) is different than U_{an}3 [[h]] (see Remark 3.5). Assuming P_μ ▷ X^ν = ıaδ^ν_μ and [X^0, X^k] = ıbX^k one gets from (2.4) and the κ- Poincaré coproduct the following relation: b = −ah. Particulary, our choice a = −1 (cf. (4.20)) does imply b = h. In contrast b = 1 requires a = h^{−1} what is not possible for formal parameter h. This explains why the classical action cannot be extended to the unshifted generators X^ν and entire algebra U_{an}3 [[h]]. The last one seemed to be the most natural candidate for κ-Minkowski spacetime algebra in the h-adic case.

With this in mind one can define now a DSR algebra as a crossed product extension of κ-Minkowski and κ-Poincaré algebras (4.1)–(4.3). It is determined by the following U_h(an^3) ⋊ U_{io(1,3)}[[h]]^{DJ} cross-commutation relations:

[M_i, X_0] = 0 [N_i, X_0] = −ıX_i − ıhN_i, (4.4) [M_i, X_j ] = ıϵ_{ijk}X_k, [N_i, X_j] = −ıδ_{ij} X_0 + ıhϵ_{ijk}M_k, (4.5)

[P_k, X_0] = 0, [P_k, X_j ] = −ıδ_{jk} ( hP_0 + √ 1 − h^2P^2 ) , (4.6)

[P_0, X_j ] = −ıhP_j , [P_0, X_0] = ı √ 1 − h^2P^2. (4.7)

Remark 4.4. Relations (4.4), (4.5) can be rewritten in a covariant form:

[M_{μν} , X_λ] = ıη_{μλ}X_μ − ıη_{νλ}X_μ − ıha_μM_{νλ} + ıha_ν M_{μλ},

where a_μ = η_{μν} a^ν , (a^ν ) = (1, 0, 0, 0). This form is suitable for generalization to arbitrary spacetime dimension n.

Remark 4.5. The following change of generators:

X̃_0 = X_0, X̃_j = X_j + hN_j

provides Snyder type of commutation relation and leads to the algebra which looks like a central extension obtained in [64] (see Remark 2.5)

[P_μ, X̃_ν ] = −iη_{μν} M, [P_μ, P_ν ] = 0, [X̃_μ, X̃_ν ] = ıh^2M_{μν} , [P_μ, M] = 0, [X̃_μ, M] = −ıh^2P_μ,

where M = √ 1 − h^2P^2 plays the role of central element and M_{μν} are Lorentz generators.

16We take Lorentzian metric ημν = diag(−, +, +, +) for rising and lowering indices, e.g., X_λ = η_{λν} X^ν .

16 A. Borowiec and A. Pachoł

The center of the algebra U_{io(1,3)}[[h]] is an algebra over C[[h]]. Therefore one can consider a deformation of the Poincaré Casimir operator P^2. In fact, for any power series of two variables f(s, t) the element: C_f = f(P^2, h) belongs to the center as well. The reason of using deformed Casimir instead of the standard one is that the standard one fails, due to noncommutativity of X_μ, to satisfy the relation [P^2, X^μ] = 2P^μ. Considering deformed Casimir one has freedom to choose the form of the function f. The choice

C^2_h = 2h^{−2} (√ 1 + h^2P^2 − 1 )

allows to preserve the classical properties: [M_{μν} , C^2_h] = [C^2_h, P_μ] = 0, [C^2_h, X_μ] = 2P_μ.

The standard Poincaré Casimir gives rise to undeformed dispersion relation:

P^2 + m^2_{ph} = 0, (4.8)

where m_{ph} is mass parameter. The second Casimir operator leads to deformed dispersion relations

C^2_h + m^2_h = 0 (4.9)

with the deformed mass parameter m_h. Relation between this two mass parameters has the following form [18, 12]:

m^2_{ph} = m^2_h ( 1 − h^2 4 m^2_h ) . Clearly, DSR algebra U_h(an^3) ⋊ U_{io(1,3)}[[h]]^{DJ} as introduced above is a deformation of the algebra (2.12)–(2.15) from Example (2.6) for the Lorentzian (g_{μν} = η_{μν} ) signature; i.e., the latter can be obtained as a limit of the former when h → 0. Moreover, U_h(an^3) ⋊ U_{io(1,3)}[[h]]^{DJ} turns out to be a quasi-deformation of X^4 ⋊ U_{io(1,3)}[[h]] in a sense of Propositions 3.1, 3.2^{17}. It means that the former algebra can be realized by nonlinear change of generators in the last undeformed one. To this aim we shall use explicit construction inspired by covariant Heisenberg realizations proposed firstly in [14]:

X^μ = x^μ ( hp_0 + √ 1 − h^2p^2 ) − hx^0p^μ, M_{μν} = M_{μν} , P_μ = p_μ (4.10)

in terms of undeformed Weyl–Poincaré algebra (2.12)–(2.15) satisfying the canonical commutation relations:

[p_μ, x_ν ] = −ıη_{μν} , [x_μ, x_ν ] = [p_μ, p_ν ] = 0. (4.11)

Proof. The transformation (x^μ, M_{μν} , p_μ) −→ (X^μ, M_{μν} , P_μ) is invertible. It is subject of easy calculation that generators (4.10) satisfy DSR algebra (4.4)–(4.7) provided that (x^μ, M_{μν} , p_μ) satisfy Weyl extended Poincaré algebra (2.12)–(2.15). This finishes the proof. Note that in contrast to [14] we do not require Heisenberg realization for M_{μν} .^{18} Particulary, deformed and undeformed Weyl algebras are h-adic isomorphic. ■

Above statement resembles, in a sense, the celebrated Coleman–Mandula theorem [82]: there is no room for non-trivial combination of Poincaré and κ-Minkowski spacetime coordinates.

However there exist a huge amount of another Heisenberg realizations of the DSR algebra U_h(an^3) ⋊ U_{io(1,3)}[[h]]^{DJ}. They lead to Heisenberg representations. Particularly important for

17Now we cannot make use of the twisted tensor technique from the proof of Proposition 3.1. However, we believe, that analog of Proposition 3.1 is valid for Drinfeld–Jimbo type deformations as well.

18We recall that in Heisenberg realization Mμν = xμpν − xν pμ.

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 17

further applications is the so-called non-covariant family of realizations which is labeled by two arbitrary (analytic) functions ψ, γ. We shall write explicit form of all DSR algebra generators in terms of undeformed Weyl algebra W^4[[h]]-generators (x^μ, p_ν ).

Before proceeding further let us introduce a convenient notation: for a given (analytic) function f(t) = ∑ f_nt^n of one variable we shall denote by

f̃ = f(−hp_0) = ∑ f_n(−1)^np^n_0 h^n ∈ W^4 (4.12)

the corresponding element f̃ ∈ W^4[[h]].

Now generators of deformed Weyl algebra U_h(an^3) ⋊ T[[h]]^{DJ} admit the following Heisenberg realization:

X^i = x^iΓ̃Ψ̃^{−1}, X^0 = x^0ψ̃ − hx^kp_kγ̃ (4.13)

together with

P_i = p_iΓ̃^{−1}, P_0 = h^{−1}

Ψ̃−1 − Ψ̃ 2 + 1 2 h⃗p^2Ψ̃Γ̃^{−2}. (4.14)

The momenta (4.14) are also called Dirac derivatives [14, 15, 16, 32]. Here

Ψ(t) = exp (∫_t 0 dt^′ ψ(t^′) ) , Γ(t) = exp (∫_t 0 γ(t^′)dt^′ ψ(t^′) )

for an arbitrary choice of ψ, γ such that ψ(0) = 1. Hermiticity of X^μ requires ψ^′ = −^1_3 γ, i.e. Γ = ψ^{− 1}3 .

The remaining U_h(an^3) ⋊ U_{io(1,3)}[[h]]^{DJ} generators are just rotations and Lorentzian boosts:

M_i = ıϵ_{ijk}x_j p_k = ıϵ_{ijk}X_jP_kΨ̃, (4.15)

N_i = x_iΓ̃

Ψ̃−1 − Ψ̃ 2h − x_0p_iψ̃Ψ̃Γ̃^{−1} + ı 2 hx_i⃗p^2Ψ̃Γ̃^{−1} − hx^kp_kp_iγ̃Ψ̃Γ̃^{−1}

= (X_iP_0 − X_0P_i)Ψ̃. (4.16)

The deformed Casimir operator reads as^{19}:

C_h = h^{−2} (~ Ψ^{−1} + Ψ̃ − 2 ) − ⃗p^2Ψ̃Γ̃^{−2}. (4.17)

Remark 4.6. It is worth to notice that besides κ-Minkowski coordinates X^μ one can also introduce usual (commuting) Minkowski like coordinates x̃^μ .= X^μΨ which differ from x^μ. The rotation and boost generators expressed above take then a familiar form:

M_i = ıϵ_{ijk}x̃_j P_k and N_i = (x̃_iP_0 − x̃_0P_i).

One can show that above realization (4.13)–(4.16) has proper classical limit: X^μ = x^μ, M_{μν} = x_μp_ν − x_ν p_μ, P_μ = p_μ as h → 0 in terms of the canonical momentum and position (x^μ, p_ν ) generators (4.11). In contrast the variables (x̃^μ, P_ν ) are not canonical. Moreover, physically measurable frame is provided by the canonical variables (4.11), which is important in DSR theories interpretation. For discussion of the DSR phenomenology, see, e.g., [42, 43] and references therein.

19Notice that C_h =^∞ ∑ k=0 c_kh^k is a well-defined formal power series with entries c_k ∈ U_{io(1,3)}.

18 A. Borowiec and A. Pachoł

Remark 4.7. It is important to notice that all twisted realizations (3.11), (3.14) from the previous section are special case of the one above (4.13) for special choice of the functions ψ, γ. More exactly, Abelian realization (3.11) one gets taking constant functions ψ = 1 and γ = s and Hermiticity of x̂^0 forces γ = 0. Jordanian realization (3.14) requires ψ = 1 + rt and γ = 0 (cf. [16] for details).

Example 4.1. As an example let us choose: Ψ = exp(−hp_0), Γ = exp(−hp_0). Then the representation of the Poincaré Lie algebra in this Hilbert space has the form:

M_i = 1 2 ϵ_{ijm}(x_j p_m − x_mp_j), N_i = 1 2h x_i ( e^{−2hp0} − 1 ) + x_0p_i + ih 2 x_i⃗p^2 + hx^kp_kp_i,

P_i = p_ie^{hp0} , P_0 = h^{−1} sinh(hp_0) + h 2 ⃗p^2e^{hp0} .

Moreover, one can easily see that the operators (M_i, N_i, p_μ) constitute the bicrossproduct basis. Therefore, dispersion relation expressed in terms of the canonical momenta p_μ recovers the standard version of doubly special relativity theory (cf. formulae in [36, 37])

C_h = h^{−2} ( e^{− 12 hp0} − e^{12 hp0}

)_2 − ⃗p^2e^{hp0}

implies

m^2 = [ 2h^{−1} sinh ( hp_0 2 )]_2 − ⃗p^2e^{hp0} .

4.2 q-analogs of κ-Poincaré and κ-Minkowski algebras

κ-Poincaré quantum group and κ-Minkowski quantum spacetime, with h-adic topology as described above, are not the only possible ones. One can introduce the so-called “q-analog” versions^{20}, which allows us to fix value of the parameter κ. Afterwards they become usual complex algebras without the h-adic topology. In the case of Drinfeld–Jimbo deformation this is always possible. The method is based on reformulation of a Hopf algebra in a way which allows to hide infinite series. As a result one obtains a one-parameter family of isomorphic Hopf algebras enumerated by numerical parameter κ. It is deliberated as the so-called “specialization” procedure. We shall describe this procedure for the case of κ-Poincaré (cf. [17]^{21}) and we shall find its κ-Minkowski counterpart. The corresponding (the so-called canonical) version of κ-Minkowski spacetime algebra seems to be very interesting from physical point of view. In this model κ-Minkowski algebra is a universal enveloping algebra of some solvable Lie algebra. This algebra has been also used in many recently postulated approaches to quantum gravity, e.g., Group Field Theory (see [55] and references therein). Not distinguishing between two versions, “h-adic” and “q-analog”, has been origin of many misunderstandings in the physical literature. We shall try to clarify this point here.

The main idea behind q-deformation is to introduce two mutually inverse group-like elements hiding infinite power series. Here we shall denote them as Π_0, Π^{−1}_0 : Π^{−1}_0 Π_0 = 1. Fix κ ∈ C^∗. Denote by U_κ(io(1, 3)) a universal, unital and associative algebra over complex numbers generated by eleven generators (M_i, N_i, P_i, Π_0, Π^{−1}_0 ) with the following set of defining relations:

Π^{−1}_0 Π_0 = Π_0Π^{−1}_0 = 1, [P_i, Π_0] = [M_j , Π_0] = 0, [N_i, Π_0] = − ı κ P_i,

20In some physically motivated papers a phrase “q-deformation” is considered as an equivalent of Drinfeld–Jimbo deformation. In this section we shall, following general terminology of [56, 65], distinguish between “h-adic” and “q-analog” Drinfeld–Jimbo deformations since they are not isomorphic.

21Similar construction has been performed in [83] in the bicrossproduct basis (see also [1]).

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 19

[N_i, P_j ] = − ı 2 δ_{ij} ( κ(Π_0 − Π^{−1}_0 ) + 1 κ ⃗P^2Π^{−1}_0 ) , (4.18)

where remaining relations between (M_i, N_i, P_i) are the same as in the Poincaré Lie algebra (4.1), (4.2). Commutators with Π^{−1}_0 can be easily calculated from (4.18), e.g., [N_i, Π^{−1}_0 ] = i κ P_iΠ^{−2}_0 . Notice that all formulas contain only finite powers of the numerical parameter κ. The quantum algebra structure U_κ(io(1, 3)) is provided by defining coproduct, antipode and counit, i.e. a Hopf algebra structure. We set

Δ_κ (M_i) = M_i ⊗ 1 + 1 ⊗ M_i,

Δ_κ (N_i) = N_i ⊗ 1 + Π^{−1}_0 ⊗ N_i − 1 κ ϵ_{ijm}P_j Π^{−1}_0 ⊗ M_m,

Δ_κ (P_i) = P_i ⊗ Π_0 + 1 ⊗ P_i, Δ_κ(Π_0) = Π_0 ⊗ Π_0, Δ_κ(Π^{−1}_0 ) = Π^{−1}_0 ⊗ Π^{−1}_0 ,

and the antipodes

S_κ(M_i) = −M_i, S_κ(N_i) = −Π_0N_i − 1 κ ϵ_{ijm}P_j M_m, S_κ(P_i) = −P_iΠ^{−1}_0 ,

S_κ(Π_0) = Π^{−1}_0 , S_κ(Π^{−1}_0 ) = Π_0.

To complete the definition one leaves counit ϵ undeformed, i.e., ϵ(A) = 0 for A ∈ (M_i, N_i, P_i) and ϵ(Π_0) = ϵ(Π^{−1}_0 ) = 1.

For the purpose of physical interpretation, specialization of the parameter κ makes possible its identification with some physical constant of Nature: typically it is quantum gravity scale M_Q. However we do not assume a priori that this is Planck mass (for discussion see, e.g., [18]). Particularly, the value of κ depends on a system of units we are working with. For example, one should be able to use natural (Planck) system of units, ℏ = c = κ = 1, without changing mathematical properties of the underlying physical model. From mathematical point of view, this means that the numerical value of parameter κ is irrelevant. And this is exactly the case we are dealing with. For different numerical values of κ ≠ 0 the Hopf algebras U_κ(io(1, 3)) are isomorphic, i.e. U_κ(io(1, 3)) ∼= U_1(io(1, 3)). One can see that by re-scaling P_μ →^1_κ P_μ.

In this version κ-Minkowski spacetime commutation relations have the Lie algebra form:

[X^0, X^i] = ı κ X^i, [X^i, X^j ] = 0 (4.19)

with unshifted generators (see Remark 4.3): again the numerical factor κ can be put to 1 (the value of κ is unessential) by re-scaling, i.e. the change of basis in the Lie algebra X^0 → κX^0.^{22} Relations (4.19) define fourth-dimensional solvable Lie algebra an^3 of rank 3, cf. Example 3.2.

Remark 4.8. The Lie algebra (4.19) turns out to be a Borel (i.e. maximal, solvable) subalgebra in de Sitter Lie algebra o(1, 4). It can be seen via realization:

X^0 �M^{04}, X^i �M^{0i} − M^{i4}.

This fact has been explored in [55, 84].

We are now in position to introduce the canonical (in terminology of [54], cf. Remark 3.5) κ- Minkowski spacetime M^4_κ = U_{an}3 as a universal enveloping algebra of the solvable Lie algebra an^3 studied before in [55, 85, 86]. In order to assure that M^4_κ is U_κ(io(1, 3))-module algebra one has to check the consistency conditions (cf. Example 2.2 and Remark 4.3). Then utilizing the crossed product construction one obtains canonical DSR algebra M^4_κ ⋊ U_κ(io(1, 3)).

22It was not possible in h-adic case with the formal parameter h = κ^{−1}.

20 A. Borowiec and A. Pachoł

Canonical DSR algebra

The Hopf algebra U_κ(io(1, 3)) acts covariantly on M^4_κ by means of the classical action on the generators:

P_i ▷ X^ν = −ıδ^ν_i , M_{μν} ▷ X^ρ = ıX_ν δ^ρ_μ − ıX_μδ^ρ_ν , Π^{±1}_0 ▷ X^μ = X^μ ∓ ıκ^{−1}δ^μ_0 . (4.20)

As a result cross-commutation relations determining the canonical DSR algebra M^4_κ⋊U_κ(io(1, 3)) take the following form:

[M_i, X_0] = 0, [N_i, X_0] = −ıX_i − ı κ N_i, [M_i, X_j ] = ıϵ_{ijl}X_l,

[N_i, X_j ] = −ıδ_{ij} X_0 + ı κ ϵ_{ijl}M_l,

[P_k, X_0] = 0, [P_k, X_j ] = −ıδ_{jk}Π_0, [X_i, Π_0] = 0, [X_0, Π_0] = − ı κ Π_0. (4.21)

It is easy to see again that different values of the parameter κ give rise to isomorphic algebras. One should notice that the above “q-analog” version of DSR algebra cannot be pseudodeformation type as the one introduced in the “h-adic” case. A subalgebra of special interest is, of course, a canonical κ-Weyl algebra W^4_κ (canonical κ-phase space) determined by the relations (4.19) and (4.21). Heisenberg like realization of the Lorentz generators in terms of W^4_κ-generators can be found as well:

M_i = ϵ_{ijk} [ X^j Π^{−1}_0 + 2κ^{−1}X^0P^j ( Π^2_0 + 1 − κ^{−2} ⃗P^2

)_{−1}] P_k,

N_i = X^0P^i

3 − Π^{−2}_0 ( 1 − κ^{−2} ⃗P^2 ) ( Π_0 + Π^{−1}_0 ( 1 − κ^{−2} ⃗P^2 )) + κ 2 X^i ( 1 − Π^{−2}_0 ( 1 − κ^{−2} ⃗P^2 )) . The deformed Casimir operator reads

C_κ = κ^2 ( Π_0 + Π^{−1}_0 − 2 ) − ⃗P^2Π^{−1}_0 .

Moreover, one can notice that undeformed Weyl algebra W^4: (x^μ, p_ν ) is embedded in W^4_κ via:

x^0 = 2X^0 ( Π_0 + Π^{−1}_0 ( 1 − κ^{−2} ⃗P^2 ))_{−1} , x^i = X^iΠ^{−1}_0 + 2κ^{−1}X^0 ( Π^2_0 + 1 − κ^{−2} ⃗P^2

)_{−1} P_i,

p_0 = κ 2 ( Π_0 − Π^{−1}_0 ( 1 − κ^{−2} ⃗P^2 )) , p_i = P_i.

Finally we are in position to introduce Heisenberg representation of the canonical DSR algebra in the Hilbert space L^2(R^4, dx^4). It is given by similar formulae as in the h-adic case (4.13), (4.15)–(4.17). However here instead of h-adic extension f̃ of an analytic function f (see (4.12)) one needs its Hilbert space operator realization

f̌ = ∫ f(t)dE_{(κ)}(t)

via spectral integral with the spectral measure dE_κ(t) corresponding to the self-adjoint operator^{23} E_{(κ)} = −^ı_κ ∂_0, where κ ∈ R^∗. Thus Hilbert space representation of the canonical DSR algebra generators rewrites as (cf. (4.13), (4.15), (4.16)):

X^i = x^iΓ̌Ψ̌^{−1}, X^0 = x^0ψ̌ − hx^kp_kγ̌, (4.22) Π_0 = Ψ̌^{−1}, P_i = p_iΓ̌^{−1}, (4.23) M_i = ıϵ_{ijk}x_j p_k, (4.24)

23Notice that E_{(1)} = p0.

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 21

N_i = κx_iΓ̌

Ψ̌−1 − Ψ̌ 2 − x_0p_iψ̌Ψ̌Γ̌^{−1} + ı 2κ x_i⃗p^2Ψ̌Γ̌^{−1} − 1 κ x^kp_kp_iγ̌Ψ̌Γ̌^{−1} (4.25)

with the Casimir operator:

C_κ = κ^2 (ˇ Ψ^{−1} + Ψ̌ − 2 ) − ⃗p^2Ψ̌Γ̌^{−2}. (4.26)

Here p_μ = −ı∂_μ and x^ν are self-adjoint operators acting in the Hilbert space L^2(R^4, dx^4). This leads to the Stückelberg version of relativistic Quantum Mechanics (cf. [16, 62]).

Remark 4.9. Alternatively, one can consider relativistic symplectic structure (cf. (4.11))

{x^μ, x^ν } = {p_μ, p_ν } = 0, {x^μ, p_ν } = δ^μ_ν (4.27)

determined by the symplectic two-form ω = dx^μ ∧ dp_μ on the phase space R^4 × R^4. Now we can interpret formulas (4.15), (4.16) for the fixed value h =^1_κ as a non-canonical transformation (change of variables) in the phase space. Thus in this new variables one gets κ-deformed phase space [51] with deformed Poisson brackets replacing the commutators in formulas (4.6), (4.7): { , }_κ =^1_ı [ , ]. It corresponds to the so-called “dequantization” procedure [52]. Conversely, the operators (4.22)–(4.26) stand for true (Hilbert space) quantization of this deformed symplectic structure.

Example 4.2. As a yet another example let us consider deformed phase space of Magueijo– Smolin model [38], see also [51]:

{X^μ, X^ν } = 1 κ (a^μX^ν − a^ν X^μ), {P_μ, P_ν } = 0, {X^μ, P_ν } = δ^μ_ν + 1 κ a^μP_ν .

It corresponds to the following change of variable in the phase space (4.27):

X^μ = x^μ − a^μ κ x^ν p_ν , P_μ = p_μ.

We do not know twist realization for this algebra.

5 Physical consequences of DSR algebra formalism

After discussing mathematical issues involving quantum κ-Minkowski spacetime and its κ- Poincaré symmetry let us focus on some physical ones. As already mentioned it is very important to clarify when one has a physical interpretation of the mathematical description. κ-Minkowski algebra has the deformation parameter κ which might be understood as Planck scale or Quantum Gravity scale if one chooses correct version of algebra to work on. Then κ might denote scale at which quantum gravity corrections become relevant, dispersion relations become deformed and “κ” scale should become invariant (reference independent – for all observers). Assuming this we end up in DSR theory interpretation. However as recently has been noticed [43] κ- Minkowski/κ-Poincaré formalism is not the only one which can be appropriate for description of DSR theories. Nevertheless it seems to be very fruitful and compatible with it, becoming even more promising providing framework for recent suggestions of experimentally testing quantum gravity theories. In this fashion describing modified dispersion relations and time delay with respect to different noncommutative κ-Minkowski spacetime realizations allows us to provide certain bounds on quadratic corrections, i.e. on quantum gravity scale (see [18] for complete exposition) using data from the GRB’s (gamma ray bursts). It was argued that the dispersion relation following from DSR are consistent with the difference in arrival time of photons with different energies. Moreover it has been observed in [41] that a proper analysis of the GRB data

22 A. Borowiec and A. Pachoł

using dispersion relations may require more than just the parameter given by the quantum gravity scale M_Q. We will discuss deformed dispersion relations arising from κ-Minkowski spacetime up to quadratic order in suppression by quantum gravity scale [87, 88]. Using results obtained in previous chapters we will consider now deformed (4.4)–(4.7) DSR algebra, with its different realizations leading to different doubly (or deformed) special relativity models and different physics encoded in deformed dispersion relations. Let us clarify this point in more detail. Deformed dispersion relation obtained with in this formalism come from deformed Klein–Gordon equation, where the role of d’Alembert operator is played by Casimir operator of κ Poincaré algebra: ( C_κ − m^2_κ ) ω_p = 0, (5.1)

where ω_p = exp (ıp_μx^μ) represents the plane wave with the wave vector p = (p_μ).

For photons: m = m_κ = 0 and as a consequence dispersion relations obtained from (4.8) and (4.9) are identical. One can see that in general both expressions have the same classical limit^1_κ → 0 but differ by order as polynomials in^1_κ . Deformed Klein–Gordon equation (5.1) puts constraint on wave vector p_μ in the following form of dispersion relation:

|⃗p| = −κ ( 1 − exp ( − ∫_− p0_κ 0 da ψ(a) )) exp (∫_{− p0κ} 0 γ(a)da ψ(a) ) , which takes approximate form [18]:

|⃗p| ≃ p_0 ( 1 − b_1 p_0 κ + b_2 p^2_0 κ ) (5.2)

and leads to time delay:

Δt ≃ − l c p_0 κ ( 2b_1 − 3b_2 p_0 κ ) , where l is a distance from the source of high energy photons.

For noncovariant realizations recalled in previous section to calculate second order corrections one needs the following expansion:

ψ = 1 − p_0 κ ψ_1 − p^2_0 κ^2 ψ_2 + o (( − p_0 κ )_3) , γ = γ_0 − p_0 κ γ_1 + o (( − p_0 κ )_2) . This provides general formulae for the coefficients b_1, b_2 in (5.2):

b_1 = 1 2 (2γ_0 − 1 − ψ_1),

b_2 = 1 6 ( 1 + 3ψ_1 + 2ψ^2_1 − ψ_2 + 3γ^2_0 − 3γ_0 + 3γ_1 − 6γ_0ψ_1 ) . Jordanian one-parameter family of Drinfeld twists (for details see [16, 18]). The time delay for photons is:

Δt ≃ − l c p_0 κ ( −(1 + r) − (1 + 3r + 2r^2) p_0 2κ ) = l c p_0 κ ( 1 + r + ( 1 + 3r + 2r^2

) p_0 2κ ) . κ-Minkowski spacetime from one-parameter family of Abelian twists [16, 13]: ψ = 1, γ = s = γ_0, γ_1 = ψ_1 = ψ_2 = 0 and

Δt = − l c |⃗p| κ ( 2s − 1 +

|⃗p| 2κ s(s − 1) ) .

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 23

Conclusions

This paper presents a detailed state of the art of κ-deformations of Minkowski spacetime, underlining how it may be obtained by twist, then insisting on two distinct versions (h-adic topology and q-analog) as well as their possible physical interpretations. κ-Poincaré/κ-Minkowski algebras are one of the possible formalisms for DSR theories and it has been widely studied [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 33, 34, 51]. One can see that in this formalism the second invariant scale in DSR appears from noncommutativity of coordinates, and has the meaning analogous to speed of light in Special Relativity. Nevertheless together with growth of popularity of this approach in DSR theories many critical remarks have appeared [40]. Some of the authors, using κ-Poincaré algebra formalism, have argued its equivalence to Special Relativity [40]. Also recently the problem of nonlocality in varying speed of light theories appeared, however it is still under debate [44, 45]. Nonetheless our aim in this paper was to focus on technical aspects of κ-deformation and κ-Minkowski space time with its quantum symmetry group, which were not always clearly worked out in the physical literature. We started from reminding standard definitions and illustrative examples on crossed (smash) product construction between Hopf algebra and its module. Since κ-Minkowski spacetime is an interesting example of Hopf module algebra we provided elaborated discussion on above mentioned construction. Therefore we have used smash product construction to obtain the so called DSR algebra, which uniquely unifies κ-Minkowski spacetime coordinates with Poincaré generators. Its different realizations are responsible for different physical phenomena, since we obtain different physical predictions, e.g., on quantum gravity scale or time delay. From the mathematical point of view we discuss two main cases (two mathematically different models: h-adic and q-analog) of such construction using suitable versions of κ-Poincaré and κ-Minkowski algebras. In both of them we explicitly show the form of DSR algebra and some realization of its generators. However we also point out that one should be aware that only a q-analog version of κ-Poincaré/κ-Minkowski has to be considered if one wants to discuss physics. In our paper we also remind few facts on twisted deformation, and provide κ-Minkowski spacetime as well as smash algebra, with deformed phase space subalgebras, as a result of twists: Abelian and Jordanian. Moreover we have shown that the deformed (twisted) algebra is a pseudo-deformation of an undeformed one with above mentioned Jordanian and Abelian cases as explicit examples of this theorem (Proposition 3.1). The statement that the DSR algebra can be obtained by a non-linear change of the generators from the undeformed one is an important result from the physical point of view, because it provides that one can always choose a physically measurable frame related with canonical commutation relations. Nevertheless it is only possible after either h-adic extension of universal enveloping algebra in h-adic case or introducing additional generator (Π_0) in q-anolog case. In our approach different DSR algebras have different physical consequences due to different realizations of κ-Minkowski spacetime. We have also introduced some realizations of deformed phase spaces (deformed Weyl algebra): r-deformed and s-deformed in Jordanian and Abelian cases respectively, and also h-adic and q-analog versions as well. Heisenberg representation in Hilbert space is also provided in all above cases. What is important in our approach that it is always possible to choose physical frame (physically measurable momenta and position) by undeformed Weyl algebra which makes clear physical interpretation [42]. This implies that various realizations of DSR algebras are written in terms of the standard (undeformed) Weyl–Heisenberg algebra which opens the way for quantum mechanical interpretation DSR theories in a more similar way to (proper-time) relativistic (Stuckelberg version) Quantum Mechanics instead (in Hilbert space representations contexts^{24}). But with this interpretation we can go further and ask if deformed special relativity is a quantization of doubly special relativity. As we see Deformed Special Relativity is not a complete theory yet, with open problems such as e.g. nonlocality

24We believe that this work can be also helpful for building up a proper operator algebra formalism.

24 A. Borowiec and A. Pachoł

mentioned above [44]. Fortunately, it has been also shown quite recently that nonlocality problem is inapplicable to DSR framework based on κ-Poincaré [45]. Because of this, it seems to be very timely and interesting to deal with Hopf algebras and noncommutative spacetimes associated with them. Nevertheless in our paper we only mention DSR interpretation as one of the possible ones for phenomenology of κ-Minkowski spacetime, which is interesting and promising itself. Hence we think it is important to clarify and investigate in detail these noncommutative spacetime examples from mathematical point of view because various important technical aspects of κ-Minkowski spacetime were not always introduced in the physical literature. However we would not like to force or defend any interpretation at this stage of development.

Appendix

In the paper we use the notion of h-adic (Hopf) algebras and h-adic modules, i.e. (Hopf) algebras and modules dressed in h-addic topology. Therefore, we would like to collect basic facts concerning h-adic topology which is required by the concept of deformation quantization (for more details see [56, Chapter 1.2.10] and [57, Chapter XVI]). For example, in the case of quantum enveloping algebra, h-adic topology provides invertibility of twisting elements and enables the quantization.

Let us start from the commutative ring of formal power series C[[h]]: it is a (ring) extension of the field of complex numbers C with elements of the form:

C[[h]] ∋ a = ∞∑ n=0 a_nh^n,

where a_n are complex coefficients and h is undetermined. One can also see this ring as C[[h]] = ×^∞_{n=0}C which elements are (infinite) sequences of complex numbers (a_0, a_1, . . . , a_n, . . . ) with powers of h just “enumerating” the position of the coefficient. Thus, in fact, C[[h]] consists of all infinite complex valued sequences, both convergent and divergent in a sense of standard topology on C. A subring of polynomial functions C[h] can be identified with the set of all finite sequences. Another important subring is provided by analytic functions A(C), obviously: C ⊂ C[h] ⊂ A(C) ⊂ C[[h]]. Slightly different variant of sequence construction can be applied to obtain the real out of the rational numbers. Similarly, the ring C[[h]] constitute substantial extension of the field C and specialization of the indeterminant h to take some numerical value does not make sense, strictly speaking. The ring structure is determined by addition and multiplication laws:

a + b := ∞∑ n=0 (a_n + b_n)h^n, a · b := ∞∑ n=0 (_∞ ∑ r+s=n

a_rb_s ) h^n.

This is why the power series notation is only a convenient tool for encoding the multiplication (the so-Cauchy multiplication). Let us give few comments on topology with which it is equipped, the so-called “h-adic” topology. This topology is determined “ultra-norm” || · ||_{ad} which is defined by: ‖ ‖ ‖ ∞∑ n=0 a_nh^n ‖ ‖ ‖ ad = 2^{−n(a)},

where n(a) is the smallest integer such that a_n ≠ 0 (for a ≡ 0 one sets n(a) = ∞ and therefore ||0||_{ad} = 0). It has the following properties:

0 ≤ ||a||_{ad} ≤ 1, ||a + b||_{ad} ≤ max(||a||_{ad}, ||b||_{ad}), κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 25

||a · b||_{ad} = ||a||_{ad}||b||_{ad}, ||h^k||_{ad} = 2^{−k}.

It is worth to notice that the above defined norm is discrete (with values in inverse powers of 2). Important property is that the element a ∈ C[[h]] is invertible if an only if ||a||_{ad} = 1.^{25} Above topology makes the formalism of formal power series self-consistent in the following sense: all formal power series becomes convergent (non-formal) in the norm || · ||_{ad}. More exactly, if

C[[h]] ∋ a =^∞ ∑ n=0 a_nh^n is a formal power series then ||a − A_N ||_{ad} → 0, with A_N =^{n=N} ∑ n=0 a_nh^n being

the sequence of partial sums. Moreover, C[[h]] is a topological ring, complete in h-adic topology; in other words the addition and the multiplication are continuous operations and h-adic Cauchy sequences are convergent to the limit which belongs to the ring.

Furthermore one can extend analogously other algebraic objects, such as vector spaces, algebras, Hopf algebras, etc. and equip them in h-adic topology. Considering V as a complex vector space the set V [[h]] contains all formal power series v =^∞ ∑ n=0 v_nh^n with coefficients v_n ∈ V .

Therefore V [[h]] is a C[[h]]-module. More generally in the deformation theory we are forced to work with the category of topological C[[h]]-modules, see [57, Chapter XVI]. V [[h]] provides an example of topologically free modules. Particularly if V is finite dimensional it is also free module. Any basis (e_1, . . . , e_N ) in V serves as a system of free generators in V [[h]]. More exactly ∞∑ k=0 v_kh^k = N∑ a=1 x^ae_a, v_k = N∑ a=1 x^a_ke_a,

where the coordinates x^a =^∞ ∑ n=0 x^a_nh^n ∈ C[[h]]. It shows that V [[h]] is canonically isomorphic

to V ⊗C[[h]]. The ultra-norm ||·||_{ad} extends to V [[h]] automatically. Particulary, if V is equipped with an algebra structure then the Cauchy multiplication makes V [[h]] a topological algebra.

Intuitively, one can think of the quantized universal enveloping algebras introduced in the paper as families of Hopf algebras depending on a fixed numerical parameter h. However this does not make sense, for an algebra defined over the ring C[[h]]. To remedy this situation, one has to introduce a new algebra, defined over the field of complex numbers. However this procedure is not always possible. One can specialize h to any complex number in the case of Drinfeld–Jimbo deformation but not in the case of twist deformation. For more details and examples see e.g. [65, Chapter 9].

Acknowledgements

This paper has been supported by MNiSW Grant No. NN202 318534 . The authors acknowledge helpful discussions with P. Aschieri, K. De Commer, Kumar S. Gupta, J. Kowalski-Glikman, J. Lukierski, S. Meljanac, and V.N. Tolstoy. We would like also to thank anonymous referees for their comments improving the manuscript.

References

[1] Zakrzewski S., Quantum Poincaré group related to the κ-Poincaré algebra, J. Phys. A: Math. Gen. 27 (1994), 2075–2082.

[2] Majid S., Ruegg H., Bicrossproduct structure of κ-Poincaré group and non-commutative geometry, Phys.

Lett. B 334 (1994), 348–354, hep-th/9405107.

[3] Lukierski J., Ruegg H., Zakrzewski W.J., Classical and quantum mechanics of free k-relativistic systems, Ann. Physics 243 (1995), 90–116, hep-th/9312153.

25Particularly, all nonzero complex numbers are of unital ultra-norm.

26 A. Borowiec and A. Pachoł

[4] Lukierski J., Nowicki A., Ruegg H., Tolstoy V.N., q-deformation of Poincaré algebra, Phys. Lett. B 264 (1991), 331–338.

Lukierski J., Ruegg H., Quantum κ-Poincaré in any dimension, Phys. Lett. B 329 (1994), 189–194, hep-th/9310117.

[5] Maślanka P., The induced representations of the κ-Poincaré group. The massive case, J. Math. Phys. 35 (1994), 5047–5056.

Kosiński P., Maślanka P., The κ-Weyl group and its algebra, in From Field Theory to Quantum Groups, Editors B. Jancewicz and J. Sobczyk, World Scientific, 1996, 41–49, q-alg/9512018. Kosiński P., Maślanka P., On the definition of velocity in doubly special relativity theories, Phys. Rev. D 68 (2003), 067702, 4 pages, hep-th/0211057.

[6] Kosiński P., Lukierski J., Maślanka P., Sobczyk J., The classical basis for κ-deformed Poincaré algebra and superalgebra, Modern Phys. Lett. A 10 (1995), 2599–2606, hep-th/9412114.

[7] Lukierski J., Nowicki A., Heisenberg double description of κ-Poincaré algebra and κ-deformed phase space, in Quantum Group Symposium of Group 21: Proceedings of the XXI International Colloquium on Group Theoretical Methods in Physics, Editors V.K. Dobrev and H.D. Doebner, Heron Press, Sofia, 1997, 186–192, q-alg/9702003.

Amelino-Camelia G., Lukierski J., Nowicki A., κ-deformed covariant phase space and quantum-gravity uncertainty relations, Phys. Atomic Nuclei 61 (1998), 1811–1815, hep-th/9706031.

[8] Nowicki A., κ-deformed phase space and uncertainty relations, math.QA/9803064. [9] Kowalski-Glikman J., Nowak S., Doubly special relativity theories as different bases of κ-Poincaré algebra, Phys. Lett. B 539 (2002), 126–132, hep-th/0203040.

Freidel L., Kowalski-Glikman J., Nowak S., Field theory on κ-Minkowski space revisited: Noether charges and breaking of Lorentz symmetry, Internat. J. Modern Phys. A 23 (2008), 2687–2718, arXiv:0706.3658.

[10] Lukierski J., κ-deformations of relativistic symmetries: some recent developments, in Quantum Group Symposium of Group 21: Proceedings of the XXI International Colloquium on Group Theoretical Methods in Physics, Editors V.K. Dobrev and H.D. Doebner, Heron Press, Sofia, 1997, 173–180. Lukierski J., Nowicki A., Doubly Special Relativity versus κ-deformation of relativistic kinematics, Internat. J. Modern Phys. A 18 (2003), 7–18, hep-th/0203065.

[11] Ballesteros A., Bruno N.R., Herranz F.J., A non-commutative Minkowskian spacetime from a quantum AdS algebra, Phys. Lett. B 574 (2003), 276–282, hep-th/0306089.

Ballesteros A., Herranz F.J., Bruno N.R., Quantum (anti)de Sitter algebras and generalizations of the κ- Minkowski space, in Symmetry Methods in Physics, Editors C. Burdik, O. Navratil and S. Posta, Joint Institute for Nuclear Research, Dubna, Russia, 2004, 1–20, hep-th/0409295.

Ballesteros A., Bruno N.R., Herranz F.J., A new ‘doubly special relativity’ theory from a quantum Weyl– Poincaré algebra, J. Phys. A: Math. Gen. 36 (2003), 10493–10503, hep-th/0305033. Herranz F.J., New quantum conformal algebras and discrete symmetries, Phys. Lett. B 543 (2002), 89–97, hep-ph/0205190.

[12] Meljanac S., Stojić M., New realizations of Lie algebra kappa-deformed Euclidean space, Eur. Phys. J. C 47 (2006), 531–539, hep-th/0605133.

[13] Bu J.-G., Kim H.-C., Lee Y., Vac C.H., Yee J.H., κ-deformed spacetime from twist, Phys. Lett. B 665 (2008), 95–99, hep-th/0611175.

[14] Meljanac S., Krešić-Jurić S., Stojić M., Covariant realizations of kappa-deformed space, Eur. Phys. J. C 51 (2007), 229–240, hep-th/0702215.

[15] Meljanac S., Samsarov A., Stojić M., Gupta K.S., κ-Minkowski spacetime and the star product realizations, Eur. Phys. J. C 53 (2008), 295–309, arXiv:0705.2471.

[16] Borowiec A., Pachoł A., κ-Minkowski spacetime as the result of Jordanian twist deformation, Phys. Rev. D 79 (2009), 045012, 11 pages, arXiv:0812.0576.

[17] Borowiec A., Pachoł A., The classical basis for the κ-Poincaré Hopf algebra and doubly special relativity theories, J. Phys. A: Math. Theor. 43 (2010), 045203, 10 pages, arXiv:0903.5251.

[18] Borowiec A., Gupta K.S., Meljanac S., Pachoł A., Constraints on the quantum gravity scale from κ- Minkowski spacetime, Eur. Phys. Lett., to appear, arXiv:0912.3299.

[19] Dabrowski L., Piacitelli G., Poincaré covariant κ-Minkowski spacetime, arXiv:1006.5658.

Dabrowski L., Piacitelli G., Canonical κ-Minkowski spacetime, arXiv:1004.5091.

[20] Doplicher S., Fredenhagen K., Roberts J.E., Spacetime quantization induced by classical gravity, Phys.

Lett. B 331 (1994), 39–44.

Doplicher S., Fredenhagen K., Roberts J.E., The quantum structure of spacetime at the Planck scale and quantum fields, Comm. Math. Phys. 172 (1995), 187–220, hep-th/0303037.

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 27

[21] Oeckl R., Untwisting noncommutative R^d and the equivalence of quantum field theories, Nuclear Phys. B 581 (2000), 559–574, hep-th/0003018.

[22] Aschieri P., Blohmann C., Dimitrijević M., Meyer F., Schupp P., Wess J., A gravity theory on noncommutative spaces, Classical Quantum Gravity 22 (2005), 3511–3532, hep-th/0504183.

[23] Aschieri P., Jurčo B., Schupp P., Wess J., Non-commutative GUTs, Standard Model and C, P , T , Nuclear Phys B 651 (2003), 45–70, hep-th/0205214.

[24] Madore J., Schraml S., Schupp P., Wess J., Gauge theory on noncommutative spaces, Eur. Phys. J. C 16 (2000), 161–167, hep-th/0001203.

[25] Jurčo B., Schraml S., Schupp P., Wess J., Enveloping algebra-valued gauge transformations for non-abelian gauge groups on non-commutative spaces, Eur. Phys. J. C 17 (2000), 521–526, hep-th/0006246.

[26] Jurčo B., Möller L., Schraml, S., Schupp P., Wess J., Construction of non-abelian gauge theories on noncommutative spaces, Eur. Phys. J. C 21 (2001), 383–388, hep-th/0104153.

[27] Aschieri P., Dimitrijević M., Meyer F., Schraml S., Wess J., Twisted gauge theories, Lett. Math. Phys. 78 (2006), 61–71, hep-th/0603024.

[28] Aschieri P., Dimitrijević M., Meyer F., Wess J., Noncommutative geometry and gravity, Classical Quantum Gravity 23 (2006), 1883–1911, hep-th/0510059.

[29] Szabo R.J., Symmetry, gravity and noncommutativity, Classical Quantum Gravity 23 (2006), R199–R242, hep-th/0606233.

[30] Chaichian M., Kulish P.P, Nishijima K., Tureanu A., On a Lorentz-invariant interpretation of noncommutative space-time and its implications on noncommutative QFT, Phys. Lett. B 604 (2004), 98–102, hep-th/0408069.

[31] Chaichian M., Prešnajder P., Tureanu A., New concept of relativistic invariance in noncommutative spacetime: twisted Poincaré symmetry and its implications, Phys. Rev. Lett. 94 (2005), 151602, 4 pages, hep-th/0409096.

[32] Dimitrijević M., Jonke L., Möller L., Tsouchnika E., Wess J., Wohlgenannt M., Deformed field theory on κ-spacetime, Eur. Phys. J. C 31 (2003), 129–138, hep-th/0307149.

[33] Freidel L., Kowalski-Glikman J., Nowak S., From noncommutative κ-Minkowski to Minkowski space-time, Phys. Lett. B 648 (2007), 70–75, hep-th/0612170.

[34] Govindarajan T.R., Gupta K.S., Harikumar E., Meljanac S., Meljanac D., Twisted statistics in κ-Minkowski spacetime, Phys. Rev. D 77 (2008), 105010, 6 pages, arXiv:0802.1576.

Meljanac S., Krešić-Jurić S., Generalized kappa-deformed spaces, star products, and their realizations, J. Phys. A: Math. Theor. 41 (2008), 235203, 24 pages, arXiv:0804.3072.

Krešić-Jurić S., Meljanac S., Stojić M., Covariant realizations of kappa-deformed space, Eur. Phys. J. C 51 (2007), 229–240, hep-th/0702215.

[35] Dimitrijević M., Jonke L., Möller L., Wess J., Gauge theories on the κ-Minkowski spacetime, Eur. Phys. J. C 36 (2004), 117–126, hep-th/0310116.

Dimitrijević M., Möller L., Tsouchnika E., Derivatives, forms and vector fields on the κ-deformed Euclidean space, J. Phys. A: Math. Gen. 37 (2004), 9749–9770, hep-th/0404224.

[36] Amelino-Camelia G., Relativity in space-times with short-distance structure governed by an observerindependent (Planckian) length scale, Internat. J. Modern Phys. D 11 (2002), 35–59, gr-qc/0012051. Amelino-Camelia G., Testable scenario for relativity with minimum length, Phys. Lett. B 510 (2001), 255– 263, hep-th/0012238.

Amelino-Camelia G., Gubitosi G., Marciano A., Martinetti P., Mercati F., A no-pure-boost uncertainty principle from spacetime noncommutativity, Phys. Lett. B 671 (2008), 298–302, arXiv:1004.4190.

[37] Bruno B., Amelino-Camelia G., Kowalski-Glikman J., Deformed boost transformations that saturate at the Planck scale, Phys. Lett. B 522 (2001), 133–138, hep-th/0107039.

Kowalski-Glikman J., Observer-independent quanta of mass and length, Phys. Lett. A 286 (2001), 391–394, hep-th/0102098.

[38] Magueijo J., Smolin L., Lorentz invariance with an invariant energy scale, Phys. Rev. Lett. 88 (2002), 190403, 4 pages, hep-th/0112090.

Magueijo J., Smolin L., Generalized Lorentz invariance with an invariant energy scale, Phys. Rev. D 67 (2003), 044017, 12 pages, gr-qc/0207085.

[39] Girelli F., Livine E.R., Physics of deformed special relativity: relativity principle revisited, Braz. J. Phys.

35 (2005), 432–438, gr-qc/0412079.

Girelli F., Livine E.R. Physics of deformed special relativity: relativity principle revisited, gr-qc/0412004.

28 A. Borowiec and A. Pachoł

[40] Ahluwalia-Khalilova D.V., A freely falling frame at the interface of gravitational and quantum realms, Classical Quantum Gravity 22 (2005), 1433–1450, hep-th/0503141.

Kostelecky A., Mewes M., Electrodynamics with Lorentz-violating operators of arbitrary dimension, Phys. Rev. D 80 (2009), 015020, 59 pages, arXiv:0905.0031.

[41] Amelino-Camelia G., Smolin L., Prospects for constraining quantum gravity dispersion with near term observations, Phys. Rev. D 80 (2009), 084017, 14 pages, arXiv:0906.3731.

[42] Liberati S., Sonego S., Visser M., Interpreting doubly special relativity as a modified theory of measurement, Phys. Rev. D 71 (2005), 045001, 9 pages, gr-qc/0410113.

[43] Amelino-Camelia G., Doubly-special relativity: facts, myths and some key open issues, Symmetry 2 (2010), 230–271, arXiv:1003.3942.

[44] Hossenfelder S., The box-problem in deformed special relativity, arXiv:0912.0090.

Hossenfelder S., Bounds on an energy-dependent and observer-independent speed of light from violations of locality, Phys. Rev. Lett. 104 (2010), 140402, 4 pages, arXiv:1004.0418.

Hossenfelder S., Comments on nonlocality in deformed special relativity, in reply to arXiv:1004.0664 by Lee Smolin and arXiv:1004.0575 by Jacob et al., arXiv:1005.0535.

Hossenfelder S., Reply to arXiv:1006.2126 by Giovanni Amelino-Camelia et al., arXiv:1006.4587. Smolin L., Classical paradoxes of locality and their possible quantum resolutions in deformed special relativity, arXiv:1004.0664.

[45] Jacob U., Mercati F., Amelino-Camelia G., Piran T., Modifications to Lorentz invariant dispersion in relatively boosted frames, arXiv:1004.0575.

Amelino-Camelia G., Matassa M., Mercati F., Rosati G., Taming nonlocality in theories with deformed Poincare symmetry, arXiv:1006.2126.

Arzano M., Kowalski-Glikman J., Kinematics of a relativistic particle with de Sitter momentum space, arXiv:1008.2962.

[46] Drinfeld V., Quantum groups, in Proceedings of the International Congress of Mathematicians (Berkeley, 1986), Amer. Math. Soc., Providence, RI, 1987, 798–820.

Drinfeld V., Hopf algebras and the quantum Yang–Baxter equations, Sov. Math. Dokl. 32 (1985), 254–258.

[47] Jimbo M., A q-difference analogue of U(g) and the Yang–Baxter equations, Lett. Math. Phys. 10 (1985), 63–69.

[48] Kulish P.P., Reshetikhin N.Yu., Quantum linear problem for the sine-Gordon equation and higher representations, J. Math. Sci. 23 (1983), 2435–2441.

Reshetikhin N.Yu., Takhtadzhyan L.A., Faddeev L.D., Quantization of Lie groups and Lie algebras, Leningrad Math. J. 1 (1990), 193–225.

[49] Woronowicz S.L., Compact matrix pseudogroups, Comm. Math. Phys. 111 (1987), 613–665.

[50] Blohmann C., Covariant realization of quantum spaces as star products by Drinfeld twists, J. Math. Phys.

44 (2003), 4736–4755, math.QA/0209180.

Blohmann C., Realization of q-deformed spacetime as star product by a Drinfeld twist, in Proceedings of the 24th International Colloquium on Group Theoretical Methods in Physics (Paris, 2002), Editors J.P. Gazeau, R. Kerner, J.P. Antoine, S. Metens and J.Y. Thibon, IOP Conference Series, Vol. 173, 2003, 443–446, math.QA/0402199.

Aizawa N., Chakrabarti R., Noncommutative geometry of super-Jordanian OSp_h(2/1) covariant quantum space, J. Math. Phys. 45 (2004), 1623–1638, math.QA/0311161.

[51] Lukierski J., Deformed quantum relativistic phase spaces – an overview, in Proceedings of III International Workshop “Classical and Quantum Integrable Systems” (Yerevan, 1998), Editors L.D. Mardoyan et al., JINR Dubna Publ. Dept., 1999, 141–152, hep-th/9812063.

Kowalski-Glikman J., Nowak S., Non-commutative space-time of doubly special relativity theories, Internat. J. Modern Phys. D 12 (2003), 299–315, hep-th/0204245.

Granik A., Maguejo–Smolin transformation as a consequence of a specific definition of mass, velocity, and the upper limit on energy, hep-th/0207113.

Mignemi S., Transformations of coordinates and Hamiltonian formalism in deformed special relativity, Phys. Rev. D 68 (2003), 065029, 6 pages, gr-qc/0304029.

Ghosh S., Lagrangian for doubly special relativity particle and the role of noncommutativity, Phys. Rev. D 74 (2006), 084019, 5 pages, hep-th/0608206.

Ghosh S., Pal P., Deformed special relativity and deformed symmetries in a canonical framework, Phys. Rev. D 75 (2007), 105021, 11 pages, hep-th/0702159.

Antonio Garcia J., Doubly special relativity and canonical transformations: Comment on “Lagrangian for doubly special relativity particle and the role of noncommutativity”, Phys. Rev. D 76 (2007), 048501, 2 pages, arXiv:0705.0143.

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 29

[52] Frydryszak A.M., Tkachuk V.M., Aspects of pre-quantum description of deformed theories, Czechoslovak J.

Phys. 53 (2003), 1035–1040.

[53] Kowalski-Glikman J., De Sitter space as an arena for doubly special relativity, Phys. Lett. B 547 (2002), 291–296, hep-th/0207279.

[54] Kontsevich M., Deformation quantization of Poisson manifolds, Lett. Math. Phys. 66 (2003), 157–216, q-alg/9709040.

[55] Oriti D., Emergent non-commutative matter fields from group field theory models of quantum spacetime, J. Phys. Conf. Ser. 174 (2009), 012047, 14 pages, arXiv:0903.3970.

[56] Klimyk A., Schmüdgen K., Quantum groups and their representations, Texts and Monographs in Physics, Springer-Verlag, Berlin, 1997.

[57] Kassel C., Quantum groups, Graduate Texts in Mathematics, Vol. 155, Springer-Verlag, New York, 1995.

[58] Majid S., Cross product quantisation, nonabelian cohomology and twisting of Hopf algebras, in Generalized Symmetries in Physics (Clausthal, 1993), World Sci. Publ., River Edge, NJ, 1994, 13–41. hep-th/9311184.

[59] Blattner R.J., Cohen M., Montgomery S., Crossed products and inner actions of Hopf algebras, Trans.

Amer. Math. Soc. 298 (1986), 671–711.

Blattner R.J., Montgomery S., Crossed products and Galois extensions of Hopf algebras, Pacific J. Math. 137 (1989), 37–54.

Doi Y., Takeuchi M., Cleft comodule algebras for a bialgebra, Comm. Algebra 14 (1986), 801–817. Doi Y., Equivalent crossed products for a Hopf algebra, Comm. Algebra 17 (1989), 3053–3085. Cohen M., Fischman D., Montgomery S., Hopf Galois extensions, smash products and Morita equivalence, J. Algebra 133 (1990), 351–372.

Borowiec A., Marcinek W., On crossed product of algebras, J. Math. Phys. 41 (2000), 6959–6975, math-ph/0007031.

[60] Lu J.-H., On the Drinfeld double and the Heisenberg double of a Hopf algebra, Duke Math. J. 74 (1994), 763–776.

Kashaev R.M., The Heisenberg double and the pentagon relation, St. Petersburg Math. J. 8 (1997), 585–592, q-alg/9503005.

Skoda Z., Heisenberg double versus deformed derivatives, arXiv:0909.3769.

[61] Lukierski J., Minnaert P., Nowicki A., D = 4 quantum Poincaré–Heisenberg algebra, in Symmetries in Science, VI (Bregenz, 1992), Editor B. Gruber, Plenum, New York, 1993, 469–475.

[62] Stueckelberg E.C.G., Remarque à propos de la création de paires de particules en théorie de relativité, Helvetica Phys. Acta 14 (1941), 588–594.

Stueckelberg E.C.G., La mécanique du point matériel en théorie de relativité et en théorie des quanta, Helvetica Phys. Acta 15 (1942), 23–37.

Cooke J.H., Proper-time formulation of quantum mechanics, Phys. Rev. 166 (1968), 1293–1298. Johnson J.E., Position operators and proper time in relativistic quantum mechanics, Phys. Rev. 181 (1969), 1755–1764.

Johnson J.E., Proper-time quantum mechanics. II, Phys. Rev. D 3 (1971), 1735–1747. Broyles A.A., Space-time position operators, Phys. Rev. D 1 (1970), 979–988.

Aghassi J.J., Roman P., Santilli R.M., New dynamical group for the relativistic quantum mechanics of elementary particles, Phys. Rev. D 1 (1970), 2753–2765.

Mensky M.B., Relativistic quantum theory without quantized fields. I. Particles in the Minkowski space, Comm. Math. Phys. 47 (1976), 97–108.

[63] Mendes R.V., Deformations, stable theories and fundamental constants, J. Phys. A: Math. Gen. 27 (1994), 8091–8104.

[64] Chryssomalakos C., Okon E., Generalized quantum relativistic kinematics: a stability point of view, Internat. J. Modern Phys. D 13 (2003), 2003–2034, hep-th/0410212.

Gresnigt N.G., Renaud P.F., Butler P.H., The stabilized Poincaré–Heisenberg algebra: a Clifford algebra viewpoint, Internat. J. Modern Phys. D 16 (2007), 1519–1529, hep-th/0611034.

Ahluwalia-Khalilova D.V., Gresnigt N.G., Nielsen A.B., Schritt D., Watson T.F., Possible polarization and spin-dependent aspects of quantum gravity, Internat. J. Modern Phys. D 17 (2008), 495–504, arXiv:0704.1669.

[65] Chari V., Pressley A., A guide to quantum groups, Cambridge University Press, Cambridge, 1994.

[66] Fiore G., Steinacker H., Wess J., Unbraiding the braided tensor product, J. Math. Phys. 44 (2003), 1297– 1321, math.QA/0007174.

Fiore G., Steinacker H., Wess J., Decoupling braided tensor factors, Phys. Atomic Nuclei 64 (2001), 2116– 2120, math.QA/0012199.

30 A. Borowiec and A. Pachoł

[67] Bonneau P., Gerstenhaber M., Giaquinto A., Sternheimer D., Quantum groups and deformation quantization: explicit approaches and implicit aspects, J. Math. Phys. 45 (2004), 3703–3741.

[68] Neshveyev S., Tuset L., Notes on the Kazhdan–Lusztig theorem on equivalence of the Drinfel’d category and categories of Uq (g)-modules, arXiv:0711.4302.

Vaes S., Vaĭnerman L., On low-dimensional locally compact quantum groups, in Locally Compact Quantum Groups and Groupoids (Strasbourg, 2002), Editor L. Vaĭnerman, IRMA Lect. Math. Theor. Phys., Vol. 2, de Gruyter, Berlin, 2003, 127–187, math.QA/0207271.

De Commer K., On the construction of quantum homogeneous spaces from ∗-Galois objects, arXiv:1001.2153.

[69] Reshetikhin N.Yu., Multiparametric quantum groups and twisted quasitriangular Hopf algebras, Lett. Math.

Phys. 20 (1990), 331–335.

[70] Gerstenhaber M., Giaquinto A., Schack S.D., Quantum symmetry, in Quantum Groups (Leningrad, 1990), Lecture Notes in Math., Vol. 1510, Editor P.P. Kulish, Springer, Berlin, 1992, 9–46. Ogievetsky O.V., Hopf structures on the Borel subalgebra of sl(2), Suppl. Rendic. Cir. Math. Palermo Ser. II (1993), no. 37, 185–199.

Giaquinto A., Zhang J.J., Bialgebra actions, twists, and universal deformation formulas, J. Pure Appl. Algebra 128 (1998), 133–151, hep-th/9411140.

[71] Kulish P.P., Lyakhovsky V.D., Mudrov A.I., Extended jordanian twists for Lie algebras, J. Math. Phys. 40 (1999), 4569–4586, math.QA/9806014.

Lyakhovsky V.D., del Olmo M.A., Peripheric extended twists, J. Phys. A: Math. Gen. 32 (1999), 4541–4552, math.QA/9811153.

Lyakhovsky V.D., del Olmo M.A., Chains of twists and induced deformations, Czechoslovak J. Phys. 50 (2000), 129–134.

[72] Tolstoy V.N., Chains of extended Jordanian twists for Lie superalgebras, in Supersymmetries and Quantum Symmetries (SQS’03) (Dubna, 2003), Editors E. Ivanov and A. Pashnev, Publ. JINR, Dubna, 2004, 242–251, math.QA/0402433.

Tolstoy V.N., Multiparameter quantum deformations of Jordanian type for Lie superalgebras. Differential geometry and physics, Nankai Tracts Math., Vol. 10, World Sci. Publ., Hackensack, NJ, 2006, 443–452, math.QA/0701079.

[73] Tolstoy V.N., Twisted quantum deformations of Lorentz and Poincaré algebras, in Lie Theory and Its Applications in Physics (Varna, 2007), Editors H.-D. Doebner and V.K. Dobrev, Heron Press, Sofia, 2008, 441–459, arXiv:0712.3962.

Tolstoy V.N., Quantum deformations of relativistic symmetries, in XXII Max Born Symposium “Quantum, Super and Twistors” (in honour of Jerzy Lukierski), Editors J. Kowalski-Glikman and L. Turko, Warszawa, Wydawnictwo Uniwersytetu Wroclawskiego, 2008, 133–142, arXiv:0704.0081.

Borowiec A., Lukierski J., Tolstoy V.N., New twisted quantum deformations of D = 4 super-Poincaré algebra, in Supersymmetries and Quantum Symmetries (SQS’07), Editors S. Fedoruk and E. Ivanov, Dubna, 2008, 205–215, arXiv:0803.4167.

[74] Lukierski J., Ruegg H., Tolstoy V.N., Nowicki A., Twisted classical Poincaré algebras, J. Phys. A: Math.

Gen. 27 (1994), 2389–2399, hep-th/9312068.

Borowiec A., Lukierski J., Tolstoy V.N., Once again about quantum deformations of D = 4 Lorentz algebra: twistings of q-deformation, Eur. Phys. J. C 57 (2008), 601–611, arXiv:0804.3305. Borowiec A., Lukierski J., Tolstoy V.N., Jordanian twist quantization of D = 4 Lorentz and Poincaré algebras and D = 3 contraction limit, Eur. Phys. J. C 48 (2006), 633–639, hep-th/0604146. Borowiec A., Lukierski J., Tolstoy V.N., Jordanian quantum deformations of D = 4 anti-de Sitter and Poincaré superalgebras, Eur. Phys. J. C 44 (2005), 139–145, hep-th/0412131.

Borowiec A., Lukierski J., Tolstoy V.N., On twist quantizations of D = 4 Lorentz and Poincaré algebras, Czechoslovak J. Phys. 55 (2005), 1351–1356, hep-th/0510154.

Borowiec A., Lukierski J., Tolstoy V.N., Basic twist quantization of osp(1|2) and κ-deformation of D = 1 superconformal mechanics, Modern Phys. Lett. A 18 (2003), 1157–1169, hep-th/0301033.

[75] Zakrzewski S., Poisson structures on the Lorentz group, Lett. Math. Phys. 32 (1994), 11–23.

Zakrzewski S., Poisson structures on the Poincaré group, Comm. Math. Phys. 187 (1997), 285–311, q-alg/9602001.

[76] Lyakhovsky V.D., Twist deformations of κ-Poincaré algebra, Rep. Math. Phys. 61 (2008), 213–220.

Daszkiewicz M., Generalized twist deformations of Poincaré and Galilei Hopf algebras, Rep. Math. Phys. 63 (2009), 263–277, arXiv:0812.1613.

[77] Bayen F., Flato M., Fronsdal C., Lichnerowicz A., Sternheimer D., Deformation theory and quantization.

I. Deformations of symplectic structures, Ann. Physics 111 (1978), 61–110.

κ-Minkowski Spacetimes and DSR Algebras: Fresh Look and Old Problems 31

[78] Fiore G., Deforming maps for Lie group covariant creation and annihilation operators, J. Math. Phys. 39 (1998), 3437–3452, q-alg/9610005.

Fiore G., Drinfeld twist and q-deforming maps for Lie group covariant Heisenberg algebrae, Rev. Math. Phys. 12 (2000), 327–359, q-alg/9708017.

[79] Sheng Y., Linear Poisson structures on R^4, J. Geom. Phys. 57 (2007), 2398–2410, arXiv:0707.2870. [80] Kathotia V., Kontsevich’s universal formula for deformation quantization and the Campbell–Baker– Hausdorff formula, Internat. J. Math. 11 (2000), 523–551, math.QA/9811174.

[81] Beggs E.J., Majid S., Nonassociative Riemannian geometry by twisting, arXiv:0912.1553.

Young C.A.S., Zegers R., On κ-deformation and triangular quasibialgebra structure, Nuclear Phys. B 809 (2009), 439–451, arXiv:0807.2745.

Young C.A.S., Zegers R., Triangular quasi-Hopf algebra structures on certain non-semisimple quantum groups, Comm. Math. Phys. 298 (2010), 585–611, arXiv:0812.3257.

Balachandran A.P., Ibort A., Marmo G., Martone M., Quantum fields on noncommutative spacetimes: theory and phenomenology, SIGMA 6 (2010), 052, 22 pages, arXiv:1003.4356.

[82] Coleman S., Mandula J., All possible symmetries of the S matrix, Phys. Rev. 159 (1967), 1251–1256. [83] Stachura P., Towards a topological (dual of) quantum κ-Poincaré group, Rep. Math. Phys. 57 (2006), 233–256, hep-th/0505093.

[84] Kowalski-Glikman J., Nowak S., Quantum κ-Poincaré algebra from de Sitter space of momenta, hep-th/0411154.

[85] Sitarz A., Noncommutative differential calculus on the κ-Minkowski space, Phys. Lett. B 349 (1995), 42–48, hep-th/9409014.

[86] D’Andrea F., Spectral geometry of κ-Minkowski space, J. Math. Phys. 47 (2006), 062105, 19 pages, hep-th/0503012.

Iochum B., Masson T., Schücker T., Sitarz A., Compact κ-deformation and spectral triples, arXiv:1004.4190.

[87] Albert J. et al., Probing quantum gravity using photons from a flare of the active galactic nucleus Markarian 501 observed by the MAGIC telescope, Phys. Lett. B 668 (2008), 253–257, arXiv:0708.2889. Aharonian F. et al., Limits on an energy dependence of the speed of light from a flare of the active galaxy PKS 2155-304, Phys. Rev. Lett. 101 (2008), 170402, 5 pages, arXiv:0810.3475.

[88] Abdo A. et al., Fermi observations of high-energy gamma-ray emission from GRB 080916C, Science 323 (2009), 1688–1693.

Abdo A. et al., A limit on the variation of the speed of light arising from quantum gravity effects, Nature 462 (2009), 331–334.