Symmetry, Integrability and Geometry: Methods and Applications SIGMA 5 (2009), 083, 7 pages

Non-Hermitian Quantum Mechanics with Minimal Length Uncertainty^⋆

T.K. JANA^† and P. ROY^‡

† Department of Mathematics, R.S. Mahavidyalaya, Ghatal 721212, India

E-mail: tapasisi@gmail.com

‡ Physics and Applied Mathematics Unit, Indian Statistical Institute, Kolkata-700108, India E-mail: pinaki@isical.ac.in

Received June 30, 2009, in final form August 10, 2009; Published online August 12, 2009 doi:10.3842/SIGMA.2009.083

Abstract. We study non-Hermitian quantum mechanics in the presence of a minimal length. In particular we obtain exact solutions of a non-Hermitian displaced harmonic oscillator and the Swanson model with minimal length uncertainty. The spectrum in both the cases are found to be real. It is also shown that the models are η pseudo-Hermitian and the metric operator is found explicitly in both the cases.

Key words: non-Hermitian; minimal length

2000 Mathematics Subject Classification: 81Q05; 81S05

1 Introduction

In recent years there have been growing interest on quantum systems with a minimal length [1, 2, 3, 4]. There are quite a few reasons for this. For example, the concept of minimal length has found applications in quantum gravity [5], perturbative string theory [6], black holes [7] etc. Exact as well as perturbative solutions of various non relativistic quantum mechanical systems, e.g., harmonic oscillator [2, 3, 8, 9, 10], Coulomb problem [11, 12, 13, 14], Pauli equation [15] etc., have been obtained in the presence of minimal length. Exact solutions of relativistic models like the Dirac oscillator have also been obtained [16, 17]. A novel approach based on momentum space supersymmetry was also used to obtain exact solutions of a number of problems [16, 18, 19].

On the other hand, since the work of Bender et al. [20] non-Hermitian quantum systems have been studied extensively over the past few years^1. Many of these models, especially the PT symmetric and the η pseudo-hermitian ones admit real spectrum in spite of being non- Hermitian. Recently some possible applications of non-Hermitian quantum mechanics have also been suggested [21, 22]. However all these studies have been made in the context of point particles. Here our aim is to examine non-Hermitian quantum mechanics in the presence of a minimal length. In particular we shall obtain exact solutions of a displaced harmonic oscillator with a complex coupling and the Swanson model [23]. It will be shown that in both the cases the spectrum is entirely real (subject to the parameters in the later case satisfying some constraints depending on the minimal length) and both the models are in fact η pseudo-Hermitian. Explicit representation of the metric will also be obtained in both the cases. The organization of the paper is as follows. In Section 2 we present a few results concerning quantum mechanics with minimal length uncertainty. In Section 3 we present exact solutions of the displaced harmonic

⋆This paper is a contribution to the Proceedings of the 5-th Microconference “Analytic and Algebraic Methods V”. The full collection is available at http://www.emis.de/journals/SIGMA/Prague2009.html 1See http://gemma.ujf.cas.cz/^∼znojil/conf/.

oscillator problem. Section 4 contains exact solutions of the Swanson model. In Section 5 we discuss η pseudo-Hermiticity of the models and finally Section 6 is devoted to a discussion.

2 Quantum mechanics with minimal length uncertainty

In one dimensional quantum mechanics with a minimal length the canonical commutation relation between x̂ and p̂ is modified and reads [2]

[x̂, p̂] = iℏ ( 1 + βp^2 ) , (1)

where β is a small parameter. A representation of x̂ and p̂ which realizes (1) is given by [2]

x̂ = iℏ [ ( 1 + βp^2 ) ∂ ∂p + γp ] , p̂ = p. (2)

From (1) and (2) it can be shown that

Δx̂Δp̂ ≥ ℏ 2 [ 1 + β(Δp̂)^2 ] , (3)

where in obtaining (3) we have taken ⟨p⟩ = 0. Thus the standard Heisenberg uncertainty relation (corresponding to β → 0) is modified and it follows that there is UV/IR mixing. Furthermore from (3) it follows that there also exist a minimal length given by

(Δx̂)_{min} = ℏ √ β. In the space where position (x̂) and momentum (p̂) are given by (2) the associated scalar product is defined by

⟨ϕ(p)|ψ(p)⟩ = ∫ ϕ^∗(p)ψ(p) (1 + βp^2)^{1− γβ} dp. (4)

3 Non-Hermitian displaced harmonic oscillator

The Schrödinger equation for the displaced oscillator is given by

Hψ(p) = Eψ(p), H = 1 2μ p̂^2 + 1 2 μω^2x̂^2 + iλx̂, (5)

where λ is a real constant. Now using (4) it can be shown that

H ≠ H^†,

so that H is non-Hermitian. Then we use (2) to write the Schrödinger equation (5) in momentum space as [ −f(p) d^2 dp^2

+ g(p) d dp + h(p) ] ψ(p) = ϵψ(p), (6)

where f(p), g(p), h(p) and ϵ are given by

f(p) = ( 1 + βp^2

)_2

, g(p) = −2 ( 1 + βp^2 ) [ (γ + β)p + λ μℏω^2 ] , h(p) = [ 1 ℏ^2μ^2ω^2

− γ(β + γ) ] p^2 − 2λγ ℏμω^2 p, ϵ = 2E ℏ^2μω^2

+ γ. (7)

It is now necessary to solve equation (6). To this end we perform a simultaneous change of wave function as well as the independent variable:

ψ(p) = ρ(p)ϕ(p), q = ∫ 1 √ f(p) dp, (8)

where

ρ(p) = e ∫ χ(p) dp, χ(p) = f

′ + 2g 4f . (9)

Using the transformation (8) we obtain from (6) [ − d^2 dq^2

+ V (q) ] ϕ(q) = ϵϕ(q), (10)

where V (q) is given by

V (q) = [ 4g^2 + 3f^{′2} + 8gf^′ 16f − f^{′′} 4 − g^′ 2 + h(p) ] q .

It is easy to see that (10) is a standard Schrödinger equation in the variable q and V (q) is the corresponding potential. In the present case we obtain on using (7) q = 1 √ β tan^{−1} (√ βp ) , − π 2 √ β < q < π 2 √ β , V (q) = sec^2( √ βq) ℏ^2μ^2ω^2β + λ^2 ℏ^2μ^2ω^4 − 1 ℏ^2μ^2ω^2β

+ γ. (11)

The potential V (q) given above is a standard solvable potential. The energy eigenvalues and the wave functions are given by [24]

ϵ_n = ( A + n √ β )_2 + λ^2 ℏ^2μ^2ω^4 − 1 ℏ^2μ^2ω^2β

+ γ, n = 0, 1, 2, . . . ,

ϕ_n(q) = N_n [ cos ( q √ β )] A_{√β} P (_{A√}

β −^1_2 ,^A√_β −^1_2 ) n ( sin ( q √ β )) , A = √ β + √ β +^4_{ℏ2μ2ω2β} 2 , where N_n are normalization constants and P^{(r,s)}_n (z) denotes Jacobi polynomials.

So from (7) and (8) we finally obtain (n = 0, 1, 2, . . . )

E_n = ℏω [ βℏωμ 2 ( n^2 + n + 1 2 ) + ( n + 1 2 ) √ 1 + β^2ℏ^2ω^2μ^2 4 ] + λ^2 2μω^2 ,

ψ_n(p) = N_ne^{− λ tan}

−1(√βp) ℏμω2 √ β ( 1 + βp^2

)_−(^γ_{2β +} A_{√β} ) P (_{A√}

β −^1_2 ,^A√_β −^1_2 ) n ( √ βp 1 + βp^2 ) . (12)

Thus we find that the spectrum is completely real and for λ = 0 it reduces to the known results [2, 3, 9, 10].

4 Swanson model

We now consider another type of model, namely, the Swanson model with the Hamiltonian given by [23]

H = ωa^†a + λa^2 + δa^{†2} + ω 2 , (13)

where λ ≠ δ are real numbers and a, a^† are annihilation and creation operators of the standard harmonic oscillator. Although the above Hamiltonian involves no complex coupling it is non- Hermitian and has real eigenvalues provided (ω^2 − 4λδ) > 0 [23].

We shall now obtain exact solutions of the Swanson model in the presence of a minimal length. In this case the operators a, a^† are defined exactly as in the standard case except that x̂ and p̂ are given by (2): a = 1 √ 2mℏω

(p̂ − iωx̂) , a^† = 1 √ 2mℏω

(p̂ + iωx̂) .

Now using (4) it can be shown that H ≠ H^† so that the Hamiltonian (13) is non-Hermitian.

In order to obtain the spectrum we now write the eigenvalue equation Hψ(p) = Eψ(p) in momentum space as

Hψ(p) = [ −f(p) d^2 dp^2

+ g(p) d dp + h(p) ] ψ(p) = ϵψ(p), (14)

where f(p), g(p), h(p) and ϵ are now given by

f(p) = ( 1 + βp^2

)_2 , g(p) = −2 [ 2(δ − λ) ℏmω(ω − λ − δ)

+ 2(β + γ) ] ( 1 + βp^2 ) p, h(p) = [ ω + λ + δ ω − λ − δ 1 m^2ℏ^2ω^2 − 2γ(δ − λ) (ω − λ − δ)ℏmω

− γ^2 ] p^2 − [ δ − λ + ω ℏmω(ω − λ − δ) + γ ] ( 1 + βp^2 ) , ϵ = 1 ℏm(ω − λ − δ) ( 2E ω − 1 ) . Now performing the transformation (8) we obtain from (14) [ − d^2 dq^2

+ V (q) ] ϕ(q) = ϵϕ(q),

where the potential is given by

V (q) = ν sec^2( √ βq) +

4λδ − ω^2 ℏ^2m^2ω^2β(ω − δ − λ)^2

, (15) ν = ω^2 − 4λδ − ℏmω^2β(ω − δ − λ) ℏ^2m^2ω^2β(ω − δ − λ)^2 . Now proceeding as before the energy eigenvalues and the eigenfunctions are found to be

E_n = ℏmωβ(ω − λ − δ) 2 ( n^2 + n + 1 2 ) + ( n + 1 2 ) √[ ω − ℏmωβ(ω−λ−δ) 2 ]_2 − 4λδ, (16)

ψ_n(p) = N_n ( 1 + βp^2

)_κ

P^{(s,s)}_n ( √ βp 1 + βp^2 ) , n = 0, 1, 2, . . . , where

s = √ 1 +^{4ν}_β 2 , κ = λ − δ 2ℏmω

(ω − λ − δ) − γ 2β − 1 + √ 1 +^{4ν}_β 2 . From (16) it follows that the energy is real provided [ ω − ℏmωβ(ω − λ − δ) 2 ]_2

− 4λδ > 0 (17)

and for β = 0 we recover the standard Swanson model constraint mentioned earlier. From (17) it also follows that for given ω, λ, δ (such that ω − 2 √ λδ > 0) there is a critical value β_c such that for β < β_c the energy is real. This value is given by

β_c =

2(ω − 2 √ λδ) mℏω(ω − λ − δ)

. (18)

Thus in this case apart from the standard Swanson model constraint, there is an additional constraint (18) involving the minimal length parameter.

5 η pseudo-Hermiticity

We recall that a Hamiltonian H is called η pseudo-Hermitian if it satisfies the condition [25]

ηHη^{−1} = H^†,

where η is a Hermitian operator. It may be noted that for η pseudo-Hermitian systems the usual scalar product (4) can not be used since it may lead to a norm with fluctuating sign. The scalar product for such systems is defined as

⟨ϕ(p)|ψ(p)⟩_η = ⟨ϕ(p)|ηψ(p)⟩. (19)

Thus in the present case scalar product reads

⟨ϕ(p)|ψ(p)⟩_η = ∫ ηϕ^∗(p)ψ(p) (1 + βp^2)^{1− γβ} dp. Also η pseudo-Hermitian systems are characterized by the fact that their spectrum is either completely real or the eigenvalues occur in complex conjugate pairs [25]. Since in both the models considered here the eigenvalues are real it is natural to look for η pseudo-Hermiticity of the Hamiltonians (5) and (13).

Next we take the metric as η = ( 1 + βp^2

)_− γ_β exp [ − ∫ (χ + χ^∗) dp ] . (20)

Then using (7) and (9) the metric for the displaced oscillator is found to be

η_{ho} = exp [ 2λ ℏμ √ βω^2 tan^{−1} (√ βp )] . (21)

Now it can be shown that (21) satisfies

η_{ho}Hη^{−1}_{ho} = H^†, (22) so that H is η pseudo-Hermitian. It can also be verified that the wave functions (12) are orthonormal with respect to the scalar product (19):

⟨ψ_m(p)|ψ_n(p)⟩_η = δ_{mn}. (23)

Similarly using (20) the metric for the Swanson model can be found to be

η_s = ( 1 + βp^2

)^{(δ−λ)}

ℏmωβ(ω−λ−δ) .

It can be verified that the Swanson Hamiltonian (13) satisfies the relations (22) and (23). Thus the Swanson model is also η pseudo-Hermitian.

6 Discussion

In this paper we have obtained exact solutions of a couple of non-Hermitian models in a space admitting a minimal length. In the case of the displaced oscillator the spectrum is real irrespective of the coupling strength and for the Swanson model the spectrum is real subject to certain constraints on the parameters. In this context we note that non-Hermiticity can also be introduced in a model by considering non-Hermitian coordinates, i.e. x̂^† ≠ x̂. This may be achieved by replacing x̂ → X̂ = x̂ + iϵ so that X̂ ≠ X̂^†. However this case reduces to the model considered in Section 3 once the parameters ϵ and λ are suitably related. A second possibility is to consider replacing γ by iγ in (2). With such a replacement the harmonic oscillator Hamiltonian becomes non-Hermitian although the spectrum will still remain real. We would now like to mention about the symmetry of the problems considered here. Since the transformation (8) of the variable p to the variable q is invertible, it is expected that the symmetry of the original problem is the same as that of the corresponding Schrödinger one [26]. Since the underlying symmetry of the potentials (11) and (15) is a nonlinear algebraic one [27] we expect that the original problems to have the same symmetry. We feel it would be interesting to investigate the symmetry structure of these types of models.

Finally in view of the fact that the representation of the position operator in higher dimension is non trivial we feel it would be interesting to examine non-Hermitian interactions in higher dimensions and also to examine solvability of Schrödinger equation with other types of non- Hermitian interactions.

Acknowledgments

The authors would like to thank the referees for suggesting improvements.

References

[1] Kempf A., Uncertainty relation in quantum mechanics with quantum group symmetry, J. Math. Phys. 35 (1994), 4483–4496, hep-th/9311147.

[2] Kempf A., Mangano G., Mann R.B., Hilbert space representation of the minimal length uncertainty relation, Phys. Rev. D 52 (1995), 1108–1118, hep-th/9412167.

[3] Kempf A., Non-pointlike particles in harmonic oscillators, J. Phys. A: Math. Gen. 30 (1997), 2093–2101, hep-th/9604045.

[4] Hinrichsen H., Kempf A., Maximal localization in the presence of minimal uncertainties in positions and in momenta, J. Math. Phys. 37 (1996), 2121–2137.

[5] Garay L.J., Quantum gravity and minimum length, Internat. J. Modern Phys. A 10 (1995), 145–165, gr-qc/9403008.

[6] Gross D.J., Mende P.F., String theory beyond the Planck scale, Nuclear Phys. B 303 (1988), 407–454.

Non-Hermitian Quantum Mechanics with Minimal Length Uncertainty 7

[7] Maggiore M., A generalized uncertainty principle in quantum gravity, Phys. Lett. B 304 (1993), 65–69, hep-th/9301067.

[8] Chang L.N., Minic D., Okamura N., Takeuchi T., Exact solution of the harmonic oscillator in arbitrary dimensions with minimal length uncertainty relations, Phys. Rev. D 65 (2002), 125027, 8 pages.

[9] Dadić I., Jonke L., Meljanac S., Harmonic oscillator with minimal length uncertainty relations and ladder operators, Phys. Rev. D 67 (2003), 087701, 4 pages, hep-th/0210264.

[10] Gemba K., Hlousek Z.T., Papp Z., Algebraic solution of the harmonic oscillator with minimal length uncertainty relations, arXiv:0712.2078.

[11] Brau F., Minimal length uncertainty relation and the hydrogen atom, J. Phys. A: Math. Gen. 32 (1999), 7691–7696, quant-ph/9905033.

[12] Fityo T.V., Vakarchuk I.O., Tkachuk V.M., One-dimensional Coulomb-like problem in deformed space with minimal length, J. Phys. A: Math. Gen. 39 (2006), 2143–2149, quant-ph/0507117.

[13] Akhoury R., Yao Y.-P., Minimal length uncertainty relation and the hydrogen spectrum, Phys. Lett. B 572 (2003), 37–42, hep-ph/0302108.

[14] Benczik S., Chang L.N., Minic D., Takeuchi T., Hydrogen-atom spectrum under a minimal-length hypothesis, Phys. Rev. A 72 (2005), 012104, 4 pages, hep-th/0502222.

[15] Nouicer K., Pauli-Hamiltonian in the presence of minimal lengths, J. Math. Phys. 47 (2006), 122102, 11 pages.

[16] Quesne C., Tkachuk V.M., Dirac oscillator with nonzero minimal uncertainty in position, J. Phys. A: Math.

Gen. 38 (2005), 1747–1765, math-ph/0412052.

[17] Nouicer K., An exact solution of the one-dimensional Dirac oscillator in the presence of minimal lengths, J. Phys. A: Math. Gen. 39 (2006), 5125–5134.

[18] Quesne C., Tkachuk V.M., Generalized deformed commutation relations with nonzero minimal uncertainties in position and/or momentum and applications to quantum mechanics, SIGMA 3 (2007), 016, 18 pages, quant-ph/0603077.

[19] Spector D., Minimal length uncertainty relations and new shape invariant models, J. Math. Phys. 49 (2008), 082101, 8 pages, arXiv:0707.1028.

[20] Bender C.M., Boettcher S., Real spectra in non-Hermitian Hamiltonians having PT symmetry, Phys. Rev.

Lett. 80 (1998), 5243–5246, physics/9712001.

Bender C.M., Boettcher S., Quasi-exactly solvable quartic potential, J. Phys. A: Math. Gen. 31 (1998), L273–L277, physics/9801007.

[21] Makris K.G., El-Ganainy R., Christodoulides D.N., Musslimani Z.H., Beam dynamics in PT symmetric optical lattices, Phys. Rev. Lett. 100 (2008), 103904, 4 pages.

[22] Klaiman S., Günther U., Moiseyev N., Visualization of branch points in PT symmetric waveguides, Phys.

Rev. Lett. 101 (2008), 080402, 4 pages, arXiv:0802.2457.

[23] Swanson M.S., Transition elements for a non-Hermitian quadratic Hamiltonian, J. Math. Phys. 45 (2004), 585–601.

[24] Cooper F., Khare A., Sukhatme U.P., Supersymmetry in quantum mechanics, World Scientific, 2002.

[25] Mostafazadeh A., Pseudo-Hermiticity versus PT symmetry: the necessary condition for the reality of the spectrum of a non-Hermitian Hamiltonian, J. Math. Phys. 43 (2002), 205–214, math-ph/0107001. Mostafazadeh A., Pseudo-Hermiticity versus PT -symmetry. II. A complete characterization of non- Hermitian Hamiltonians with a real spectrum J. Math. Phys. 43 (2002), 2814–2816, math-ph/0110016. Mostafazadeh A., Pseudo-Hermiticity versus PT -symmetry. III. Equivalence of pseudo-Hermiticity and the presence of antilinear symmetries, J. Math. Phys. 43 (2002), 3944–3951, math-ph/0203005.

[26] Kamran N., Olver P.J., Lie algebras of differential operators and Lie-algebraic potentials, J. Math. Anal.

Appl. 145 (1990), 342–356.

[27] Quesne C., Comment: “Application of nonlinear deformation algebra to a physical system with Pöschl– Teller potential” [Chen J.-L., Liu Y., Ge M.-L., J. Phys. A: Math. Gen. 31 (1998), 6473–6481], J. Phys. A: Math. Gen. 32 (1999), 6705–6710, math-ph/9911004.

Chen J.-L., Liu Y., Ge M.-L., Application of nonlinear deformation algebra to a physical system with Pöschl–Teller potential, J. Phys. A: Math. Gen. 31 (1998), 6473–6481.