Symmetry, Integrability and Geometry: Methods and Applications SIGMA 5 (2009), 011, 10 pages

On Integrability of a Special Class of Two-Component (2+1)-Dimensional Hydrodynamic-Type Systems^⋆

Maxim V. PAVLOV^† and Ziemowit POPOWICZ^‡

† Department of Mathematical Physics, P.N. Lebedev Physical Institute of RAS, 53 Leninskii Ave., 119991 Moscow, Russia E-mail: M.V.Pavlov@lboro.ac.uk

‡ Institute of Theoretical Physics, University of Wrocław,

pl. M. Borna 9, 50-204 Wrocław, Poland E-mail: ziemek@ift.uni.wroc.pl Received August 28, 2008, in final form January 20, 2009; Published online January 27, 2009 doi:10.3842/SIGMA.2009.011

Abstract. The particular case of the integrable two component (2+1)-dimensional hydrodynamical type systems, which generalises the so-called Hamiltonian subcase, is considered. The associated system in involution is integrated in a parametric form. A dispersionless Lax formulation is found.

Key words: hydrodynamic-type system; dispersionless Lax representation

2000 Mathematics Subject Classification: 37K10; 35Q53

1 Introduction

Quasilinear (2+1)-dimensional systems of the first order,

A^i_k(u)u^k_t + B^i_k(u)u^k_y + C^i_k(u)u^k_x = 0,

play an important role in the description of variety of physical phenomena. The method of the hydrodynamical reductions (see e.g. [1]) enables us to pick from this class the integrable systems which possess sufficiently many hydrodynamic reductions, and thus infinitely many particular solutions. Recently, a system in involution describing the integrable (2+1)-dimensional hydrodynamical type systems ( v w ) t = ( A_{11} A_{12} A_{21} A_{22} ) ( v w ) y + ( B_{11} B_{12} B_{21} B_{22} ) ( v w ) x , (1)

where A_{ik} and B_{ik} are functions of v and w, was derived in [2] using the method of hydrodynamic reductions. In a particular case ( v w ) t = ( α 0 0 β ) ( v w ) y + ( p q r s ) ( v w ) x , (2)

where α and β are constants, the corresponding system in involution for two functions r(v, w) and q(v, w) simplifies to the form

q_{vv} = (qr)_w, q_{vw} = q_vq_w q + q^2r, q_{ww} = q^2_w q + 2qq_v − q_wr_w r , ⋆This paper is a contribution to the Proceedings of the XVIIth International Colloquium on Integrable Systems and Quantum Symmetries (June 19–22, 2008, Prague, Czech Republic). The full collection is available at http://www.emis.de/journals/SIGMA/ISQS2008.html

r_{ww} = (qr)_v, r_{vw} = r_vr_w r + r^2q, r_{vv} = r^2_v r + 2rr_w − q_vr_v q , (3)

and a general solution therefore depends on 6 arbitrary constants. Two other functions p(v, w) and s(v, w) can be found in quadratures

dp = rqdv + q_vdw, ds = r_wdv + rqdw. (4)

A general solution of system (3) was presented in [2] in a parametric form.

Under a simple linear transformation of independent variables (y, t) such that

∂_t − α∂_y → ∂_t, ∂_t − β∂_y → ∂_y,

system (2) reduces to the form

v_t = p(v, w)v_x + q(v, w)w_x, w_y = r(v, w)v_x + s(v, w)w_x. (5)

Our first result is that the equations (5) reduces to the most compact form

v_t = ∂_xH_{ww}, w_y = ∂_xH_{vv} (6)

by introducing the potential function H(v, w) such that r = H_{vvv} , s = H_{vvw}, p = H_{vww}, q = H_{www}. Then the equations (3) can be written in the form

H_{vvww} = H_{vvv} H_{www},

H_{vvvvw} =

H_{vvvv} H_{vvvw} H_{vvv}

+ H^2_{vvv} H_{www},

H_{vwwww} =

H_{wwww}H_{vwww} H_{www}

+ H^2_{www}H_{vvv} ,

H_{vvvvv} =

H^2_{vvvv} H_{vvv} − H_{vvvv} H_{vwww} H_{www}

+ 2H_{vvv} H_{vvvw},

H_{wwwww} =

H^2_{wwww} H_{www} − H_{wwww}H_{vvvw} H_{vvv}

+ 2H_{www}H_{vwww}. (7)

Our second result is that we present a general solution of system in involution (7) in a new parametric form (33), which is more convenient for the investigation in the special cases. This approach is universal, i.e. any other (2+1)-dimensional quasilinear equations can be investigated effectively in the same fashion (see [6, 5]).

In the general case (1), a dispersionless Lax representation has the form (see [2])

ψ_t = a(ψ_x, v, w), ψ_y = c(ψ_x, v, w), (8)

where a(μ, v, w) and c(μ, v, w) are some functions. The function ψ is called a pseudopotential. Equations (3) and (4) can be derived directly from the compatibility condition (ψ_t)_y = (ψ_y)_t.

Our third result is that the dispersionless Lax representation (8) for (2+1)-dimensional hydrodynamical type system (5) reduces to the most compact form

ψ_t = a(ψ_x, w), ψ_y = c(ψ_x, v), (9)

i.e., each of the functions a and c depends on two arguments only.

Moreover, we were able to integrate the corresponding nonlinear system for the functions a(μ, w) and c(μ, v), i.e. we found the dispersionless Lax pair (9) for the (2+1)-dimensional quasilinear equations (6). In general, the compatibility condition (ψ_t)_y = (ψ_y)_t for the system

ψ_t = a, ψ_y = c, where a = a(μ, u^1, u^2, . . . , u^N ) and c = c(μ, u^1, u^2, . . . , u^N ) are some functions (cf. (9)), yields (2+1)-dimensional quasilinear systems of the nonlinear equations of the first order. Recently, a complete classification of pseudopotentials that satisfy the single equation ψ_t = a(ψ_x, w) was given in [6].

Our fourth result is that we were able to extract the functions a(μ, w) and c(μ, v) such that (9) yields a system of the form (6).

Let us mention that the particular case, when H_{vvv} = H_{www},

v_t = ∂_xh_v , w_y = ∂_xh_w. (10)

was considered in [1] and a complete classification of all admissible functions h(v, w) was presented in [4].

The paper is organized as follows. In Section 2, we prove that quasilinear system (6) admits the dispersionless Lax representation (9), which is a special case of (8), and conversely, a dispersionless Lax representation (9) yields an integrable (2+1)-dimensional quasilinear system (6). We also derive the associated system in involution (3) which in the case under study takes the form (7). The problem of computation of a single function H(v, w) that solves (7) is reduced to quadratures. In Section 3, we present an effective method for direct integration of the system (3) and the corresponding equations are integrated in the parametric form. The last section contains the conclusion.

2 System in involution

A classification of integrable (2+1)-dimensional two-component Hamiltonian hydrodynamictype systems (10) was obtained in [1] using the method of hydrodynamic reductions. In this paper, we use dispersionless Lax representations following the original papers [2] and [7] (see [5] for further details). It was proved in [2] that the pseudopotentials ψ(x, y, t) for (2+1)- dimensional hydrodynamic-type systems (1) must satisfy the dispersionless Lax representation of the form (8). Also, it was proved in [4] that there exist the dispersionless Lax representations for (10) of the form (9). Moreover, in our case the dispersionless Lax representation (9) remains valid for more general case (5). Indeed, the following assertion holds.

Lemma 1. The hydrodynamic-type system (5) can be obtained from the compatibility condition (ψ_t)_y = (ψ_y)_t, where the pseudopotential ψ satisfies dispersionless Lax representation (9).

Proof. The compatibility condition for (8) implies

∂_ya(ψ_x, v, w) = ∂_tc(ψ_x, v, w).

Substituting (5) into this equation yields

a_μ(c_v v_x + c_ww_x) + a_vv_y + a_w(rv_x + sw_x)

= c_μ(a_v v_x + a_ww_x) + c_v(pv_x + qw_x) + c_ww_t,

where μ = ψ_x. Since we are interested in a general solution, the coefficients at the t- and x-derivatives v and w on the left- and right-hand sides of the above equations must be identical, that is,

a_μc_v + ra_w = c_μa_v + pc_v, a_μc_w + sa_w = c_μa_w + qc_v,

and a_v = 0, c_w = 0. Thus, a is independent of v, and c is independent of w. This means that (8) reduces to (9). The lemma is proved. ■

Theorem 1. The dispersionless Lax representation (9) uniquely determines a hydrodynamictype system of the form (5).

Proof. The compatibility condition (ψ_t)_y = (ψ_y)_t implies

a_μc_vv_x + a_ww_y = c_μa_ww_x + c_v v_t, (11)

where the dispersionless Lax representation (9) is re-written in the form

μ_t = ∂_xa(μ, w), μ_y = ∂_xc(μ, v) (12)

Since a_w ≠ 0, differentiating the equation (11)

a_μc_v a_w v_x + w_y = c_μw_x + c_v a_w v_t

with respect to μ yields ( a_μc_v a_w ) μ v_x = c_{μμ}w_x + ( c_v a_w ) μ v_t.

Suppose that (c_v/a_w)_μ ≠ 0, then the equation

v_t =

(_{aμcv}

a_w ) μ (_{cv}

a_w ) μ v_x − c_{μμ} (_{cv}

a_w ) μ w_x (13)

cannot depend on μ. This means that (see (5)) we have

(_{aμcv}

a_w ) μ (_{cv}

a_w ) μ = p(v, w), c_{μμ} (_{cv}

a_w ) μ = −q(v, w)

for some functions p(v, w) and q(v, w) that do not depend on μ. Then the above equation (13) reduces to the form (cf. (5))

v_t = pv_x + qw_x.

Since c_v ≠ 0, two other relations of the above type,

a_{μμ} (_{aw}

c_v ) μ = −r(v, w),

(_{cμaw}

c_v ) μ (_{aw}

c_v ) μ = s(v, w),

where r(v, w) and s(v, w) are some other functions independent of μ, can be derived in analogy with the above, along with the second equation of the hydrodynamic-type system (5). Thus, the hydrodynamic-type system (5) is indeed uniquely determined by the compatibility condition (ψ_t)_y = (ψ_y)_t. The theorem is proved. ■

Substituting (5) into (11) implies the relations

a_w = qc_v s − c_μ

, rq = (s − c_μ)(p − a_μ). (14)

among the first derivatives of the functions a(μ, w) and c(μ, v).

The compatibility conditions (a_w)_μ = (a_μ)_w, (a_w)_v = 0 and (a_μ)_v = 0 yield

c_{vv} = p_v rq c_μc_v + qr_v − sp_v rq c_v,

c_{μv} = p_v rq c^2_μ + ( q_v q + r_v r − 2 sp_v rq ) c_μ + s^2p_v rq − ( q_v q + r_v r ) s + s_v, (15)

c_{μμ} = 1 qc_v

[p_v r (c_μ − s)^3 + ( p_w + q_v + qr_v r ) (c_μ − s)^2 + (rq_w + qr_w + qs_v)(c_μ − s) + rqs_w ] . Similar formulas can be obtained from the other compatibility conditions, namely, (c_v )_μ = (c_μ)_v, (c_v )_w = 0 and (c_μ)_w = 0. The compatibility conditions (c_{μμ})_v = (c_{μv} )_μ, (c_{μv} )_v = (c_{vv} )_μ, (a_{μμ})_w = (a_{μw})_μ, (a_{μw})_w = (a_{ww})_μ yield the system

p_{vv} = p_v rq (rp_w + qr_v), p_{vw} = p_v rq (rq_w + qr_w), p_{ww} = 1 rq (rp_wq_w + qp_vs_w),

s_{ww} = s_w rq (rq_w + qs_v), s_{vw} = s_w rq (rq_v + qr_v), s_{vv} = 1 rq (qr_vs_v + rp_vs_w),

rq_{vv} + qr_{vv} = 1 rq (r^2p_vq_w + q^2r^2_v ) + 2s_vp_v + r_wp_v − r_vq_v, (16)

rq_{ww} + qr_{ww} = 1 rq (q^2s_wr_v + r^2q^2_w) + 2p_ws_w + q_vs_w − q_wr_w,

rq_{vw} + qr_{vw} = 1 rq (r^2q_vq_w + q^2r_vr_w) + 2p_vs_w.

The last equation can be replaced by the pair of equations

r_{vw} = 1 rq (rp_vs_w + qr_vr_w), q_{vw} = 1 rq (rq_vq_w + qp_vs_w),

which can be obtained from the compatibility conditions (p_{vw})_v = (p_{vv} )_w and (s_{vw})_w = (s_{ww})_v. The second and fifth equations of (16) can be integrated once to yield

p_v = rqφ_1(v), s_w = rqφ_2(w), (17)

where φ_1(v) and φ_2(w) are arbitrary functions. However, without loss of generality these functions can be set equal to 1, because these functions can be eliminated from all of the above equations upon using the scaling ∫ φ_1(v)dv → v, ∫ φ_2(w)dw → w, φ_1(v)p/φ_2(w) → q, φ_2(w)r/φ_1(v) → r. Thus, substituting p_v = rq, s_w = rq into (16), we finally obtain the system in involution (3) together with (4) (cf. [2]).

Thus, integrable (2+1)-dimensional system (5) can be written in the most compact form (6), and the reduction to the Hamiltonian case (10) is given by the symmetric constraint r = q. The function H can be reconstructed via the complete differentials,

dH_{vv} = rdv + sdw, dH_{vw} = sdv + pdw, dH_{ww} = pdv + qdw, dH_v = H_{vv} dv + H_{vw}dw, dH_w = H_{vw}dv + H_{ww}dw, dH = H_vdv + H_wdw.

Remark 1. The above choice (17) uniquely fixes system (5) in conservative form (6). This means that the integrable (2+1)-dimensional hydrodynamic-type system (5) is reducible to (6) under appropriate choice of functions φ_1(v) and φ_2(w) in (17).

3 Dispersionless Lax representation

In this section, we obtain a general solution of the system in involution (7) and simultaneously reconstruct the functions a(μ, w) and c(μ, v) (see (9)).

Rewrite system (15) for the function c(μ, v) in the form

c_{vv} = A_1c_μc_v + A_2c_v, c_{μv} = B_1c^2_μ + B_2c_μ + B_3, (18) c_v c_{μμ} = D_1c^3_μ + D_2c^2_μ + D_3c_μ + D_4, where all the coefficients A_k, B_n, D_m depend on v alone and are to be determined. The compatibility conditions (c_{vv} )_μ = (c_{μv} )_v, (c_{μμ})_v = (c_{μv} )_μ give rise to the following system for the coefficients A_k, B_n, D_m:

A_1 = B_1 = D_1, B^′_1 = A_2B_1 − 2B_1B_2 + B_1D_2, B^′_2 = A_2B_2 − B_1B_3 + B_1D_3 − B^2 , B^′_3 = A_2B_3 + B_1D_4 − B_2B_3, (19) D^′_2 = A_2D_2 − 3B_1B_3 + 2B_1D_3 − B_2D_2, D^′_3 = A_2D_3 + 3B_1D_4 − 2B_3D_2, D^′_4 = A_2D_4 + B_2D_4 − B_3D_3, where the prime denotes the derivative with respect to v.

The derivative c_v can be expressed from the last equation of (18). Plugging this expression into the l.h.s. of the second equation of (18) yields

c_{μμμ} c^2_{μμ} = (3D_1 − B_1)c^2_μ + (2D_2 − B_2)c_μ + D_3 − B_3 D_1c^3_μ + D_2c^2_μ + D_3c_μ + D_4

, (20)

which can be expanded into simple fractions (see [6] for the general case)

c_{μμμ} c^2_{μμ} = k_1 c_μ − b_1 + k_2 c_μ − b_2 + k_3 c_μ − b_3

, (21)

where k_i(v) are some functions such that k_1 + k_2 + k_3 = 2, and the functions b_k(v) are roots of the cubic polynomial in the last equation of (18):

c_v c_{μμ} = D_1(c_μ − b_1)(c_μ − b_2)(c_μ − b_3).

Conversely, upon comparing (20) with (21) the above coefficients A_k, B_n, D_m can be expressed via the functions b_k(v) in the symmetric form

−B_2/D_1 = k_1b_1 + k_2b_2 + k_3b_3, B_3/D_1 = (1 − k_1)b_2b_3 + (1 − k_2)b_1b_3 + (1 − k_3)b_1b_2, −D_2/D_1 = b_1 + b_2 + b_3, D_3/D_1 = b_1b_2 + b_1b_3 + b_2b_3, −D_4/D_1 = b_1b_2b_3.

Lemma 2. k_i are constants.

Proof. Integrating (21) yields the following equation:

c_{μμ} = b(c_μ − b_1)^{k1} (c_μ − b_2)^{k2} (c_μ − b_3)^{k3} , where b(v) is a function of v alone. Then (see the last equation in (18)) we have

c_v =

D_1 b (c_μ − b_1)^{1−k1} (c_μ − b_2)^{1−k2} (c_μ − b_3)^{1−k3} . (22)

The compatibility condition (c_v)_{μμ} = (c_{μμ})_v is satisfied only if k_i are constants. The lemma is proved. ■

Theorem 2. Under the above substitutions, the system (19) reduces to the form b^′_i = D_1(1 − k_i) ∏ j≠i

(b_i − b_j ), i = 1, 2, 3, (23)

In this case we have

A_2 = D^′_1/D_1 + D_1(b_1 + b_2 + b_3) − 2D_1(k_1b_1 + k_2b_2 + k_3b_3). (24) Proof. The coefficient A_2 in the form (24) can be expressed from the second equation of (19). The last three equations of (19) are linear with respect to the first derivatives b^′_k. Solving this linear system with respect to b_k immediately yields (23). Moreover, the third and fourth equations of (19) are then automatically satisfied. The theorem is proved. ■ Let us choose A_1 = B_1 = D_1 = 1 in this formulation (see formulae (18), (19), (23), (24)) in agreement with the normalization (17). This means that a solution of the system (see (23), where D_1 = 1)

b^′_i = (1 − k_i) ∏ j≠i

(b_i − b_j), i = 1, 2, 3 (25)

determines the coefficients p, q, r, s of (2+1)-dimensional integrable hydrodynamic-type system (5) written in the form (6).

Introducing the “intermediate” independent variable V (v) such that

V^′ = ξV^{k1} (1 − V )^{k3} , (26) where ξ is an arbitrary constant we obtain the following theorem: Theorem 3. General solution of system (25) can be written in the form

b_2 = b_1 + ξV^{k1−1}(1 − V )^{k3} , b_3 = b_1 + ξV^{k1−1}(1 − V )^{k3−1}, b_1 = (1 − k_1)ξ ∫ V^{k1−2}(1 − V )^{k3−1}dV.

Proof. Introduce the auxiliary functions b_{12} = b_2 − b_1 and b_{13} = b_3 − b_1. Then the system (25) reduces to the form

b^′_1 = (1 − k_1)b_{12}b_{13}, b^′_{12} = b_{12}[(1 − k_2)b_{12} − k_3b_{13}], b^′_{13} = b_{13}[(1 − k_3)b_{13} − k_2b_{12}]. (27) The ratio of the last two equations

d ln b_{12} d ln b_{13} = (1 − k_2)b_{12} − k_3b_{13} (1 − k_3)b_{13} − k_2b_{12} is nothing but a first-order ODE. Substituting the intermediate function V = 1 − b_{12}/b_{13} into this ODE reduces to the following quadrature:

d ln b_{13} = (k_3 − 1)d ln(1 − V ) + (k_1 − 1)d ln V.

Taking into account that b_{12} = (1 − V )b_{13}, one can obtain the equality b_{12} = ξV^{k1−1}(1 − V )^{k3} , where the above quadrature is integrated in the parametric form b_{13} = ξV^{k1−1}(1 − V )^{k3−1}. Substituting these expressions for b_{12} and b_{13} into the first equation of (27), b^′_1 = (1 − k_1)b_{12}b_{13}, yields the quadrature

db_1 = (1 − k_1)ξV^{k1−2}(1 − V )^{k3−1}dV.

The remaining equations in (27) yield (26). The theorem is proved. ■

In turn, comparing the expressions for c_{μμ}, c_{μv} , and c_{vv} from (15) with their counterparts (18) and equating the coefficients at the powers of c_μ and c_v gives rise the following quadratures:

dp = q[rdv + (D_2 − B_2 + s)dw], (28)

d ln q =

2s^2 + (2D_2 − B_2)s + D_3 − B_3 r dw + (B_2 + 2s)dv − d ln r, (29)

where r = s^3 + D_2s^2 + D_3s + D_4 s_w

, (30)

and the function s(v, w) satisfies the Riccati equation

s_v = s^2 + B_2s + B_3. (31)

This equation can be reduced to the linear ODE

f_v = [k_3(b_3 − b_1) + k_2(b_2 − b_1)]f − 1

by the substitution s = b_1 + 1/f(v, w) with the solution given by f = 1 − V W b_2 − b_1 , where W (w) is an integration “constant”. With this in mind, the function r can be found from (30). In turn, the function W (w) cannot be found from the compatibility conditions ∂_v(∂_w ln q) = ∂_w(∂_v ln q) (see (29)) or ∂_v(p_w) = ∂_w(p_v) (see (28)). A substitution of q = s_w/r (see (4)) into (29) yields an equation

W^′ = ξ̄W^{k2} (1 − W )^{k3} (32)

which is similar to (26). Here ξ̄ is an arbitrary constant. Then the two quadratures (28) and (29) can be performed explicitly.

Thus, the functions p, q, r, s are given by the following expressions:

s = ξ

V^{k1−1}(1 − V )^{k3}

1 − V W

+ (1 − k_1)ξ ∫ V^{k1−2}(1 − V )^{k3−1}dV,

r = − ξ^2 ξ̄ W^{1−k2} (1 − W )^{1−k3}

1 − V W

V^{2k1−1}(1 − V )^{2k3−1},

q = − ξ̄2 ξ W^{2k2−1} (1 − W )^{2k3−1}

V^{1−k1} (1 − V )^{1−k3} 1 − V W , p = ξ̄

W^{k2−1} (1 − W )^{k3}

1 − V W

+ (1 − k_2)ξ̄ ∫ W^{k2−2}(1 − W )^{k3−1}dW. (33)

This means that the function H(v, w) (see (7)) is determined via its third derivatives (see the end of Section 2). Thus, we proved that a single function c(μ, v) completely determines a (2+1)- dimensional quasilinear system (6), and the second function a(μ, w) is determined via the first derivatives of c:

da = qc_v s − c_μ dw + ( p − rq s − c_μ ) dμ. (34)

In order to compute the function c(μ, v) we integrate the second equation in (18). Indeed, the equation in question (recall that we have B_1 = 1 in this normalization)

∂_v c_μ = c^2_μ + B_2c_μ + B_3 coincides with (31) up to the replacement c_μ ↔ s. Since D_1 = 1, the compatibility condition (c_v )_{μμ} = (c_{μμ})_v implies b(v) = 1 in (22). Thus, the derivative c_v can also be found. Finally, substituting (33) and just obtained expressions for c_μ, c_v into (34) yields the corresponding dispersionless Lax representation (see (12), (14), (18)) which is now determined by means of the formulas

c_μ = ξ

V^{k1−1}(1 − V )^{k3} 1 − ϵV

+ (1 − k_1)ξ ∫ V^{k1−2}(1 − V )^{k3−1}dV,

c_V = − ξ ξ̃ ϵ^{1−k2} (1 − ϵ)^{1−k3}

V^{k1−1}(1 − V )^{k3−1} 1 − ϵV , a_W = − ξ̃ ξ ϵ^{1−k1} (1 − ϵ)^{1−k3}

W^{k2−1}(1 − W )^{k3−1} 1 − ϵW , a_μ = ξ̃

W^{k2−1}(1 − W )^{k3} 1 − ϵW

+ (1 − k_2)ξ̃ ∫ W^{k2−2}(1 − W )^{k3−1}dW,

where the auxiliary variable ϵ(μ) is determined by the formula (cf. (32))

ϵ^′(μ) = ξ_0ϵ^{k2} (1 − ϵ)^{k3} .

4 Conclusion

As it was mentioned in the Introduction, the integrable (2+1)-dimensional quasilinear systems of the nonlinear first-order equations (see [5] for details) are determined by the compatibility condition (ψ_t)_y = (ψ_y)_t , where in general ψ_t = a(μ, u^1, u^2, . . . , u^N ) and ψ_y = c(μ, u^1, u^2, . . . , u^N ), cf. (8) and (9). An open problem is whether it is possible to construct hydrodynamic chains (see, for instance, [3]) associated with such (2+1)-dimensional quasilinear systems. The theory of integrable hydrodynamic chains is much simpler than the theory of integrable (2+1)-dimensional quasilinear equations, because the former still is a theory of integrable (1+1)-dimensional hydrodynamic-type systems with just one nontrivial extension – allowing for infinitely many components. Thus, an integrable hydrodynamic chain possesses the properties that are well-known in the theory of finite-component systems (dispersive or dispersionless), such as infinite series of conservation laws, infinite series of commuting flows, and infinite series of Hamiltonian structures.

At least, we can answer the above question regarding the construction of the associated hydrodynamic chain for the case of (9), but this will be the subject of a separate paper. Moreover, if we fix the first equation in (9), then an associated integrable hierarchy can be found from the dispersionless Lax representations (cf. (8) and (9))

ψ_t = a(ψ_x, w), ψ_yN = c ( ψ_x, v^1, v^2, . . . , v^N ) , where the first member of this hierarchy is given by (6) and uniquely determined by the dispersionless Lax representation (9). This means that infinitely many commuting flows (numbered by the “times” y^k) will be determined. It would be interesting to find the associated hydrodynamic chains for the case when, instead of the above dispersionless Lax representation, one has a more general ansatz

ψ_t = a ( ψ_x, w^1, w^2, . . . , w^M ) , ψ_yN = c ( ψ_x, v^1, v^2, . . . , v^N ) , where M and N are arbitrary positive integers.

10 M.V. Pavlov and Z. Popowicz

Acknowledgements

We thank Eugeni Ferapontov, Sergey Tsarev and Sergey Zykov for their stimulating and clarifying discussions. M.V.P. would like to thank the Institute of Theoretical Physics of Wrocław University for the hospitality and the Kasa Mianowski Foundation for the financial support of MVP’s visit to Wrocław making this collaboration possible. MVP is grateful to professor Boris Dubrovin for a hospitality in SISSA in Trieste (Italy) where part of this work has been done. MVP was partially supported by the Russian-Italian Research Project (Consortium E.I.N.S.T.E.IN and RFBR grant 06-01-92053).

References

[1] Ferapontov E.V., Khusnutdinova K.R., On the integrability of (2+1)-dimensional quasilinear systems, Comm. Math. Phys. 248 (2004), 187–206, nlin.SI/0305044.

[2] Ferapontov E.V., Khusnutdinova K.R., The characterization of two-component (2+1)-dimensional integrable systems of hydrodynamic type, J. Phys. A: Math. Gen. 37 (2004), 2949–2963, nlin.SI/0310021.

[3] Ferapontov E.V., Marshall D.G., Differential-geometric approach to the integrability of hydrodynamic chains: the Haantjes tensor, Math. Ann. 339 (2007), 61–99, nlin.SI/0505013.

[4] Ferapontov E.V., Moro A., Sokolov V.V., Hamiltonian systems of hydrodynamic type in 2+1 dimensions, Comm. Math. Phys. 285 (2009), 31–65, arXiv:0710.2012.

[5] Odesskii A., Sokolov V., Integrable pseudopotentials related to generalized hypergeometric functions, arXiv:0803.0086.

[6] Odesskii A., Pavlov M.V., Sokolov V.V., A classification of integrable Vlasov-like equations, Theoret. and Math. Phys. 154 (2008), 209–219, arXiv:0710.5655.

[7] Zakharov V.E., Dispersionless limit of integrable systems in 2+1 dimensions, in Singular Limits of Dispersive Waves (Lyon, 1991), Editors N.M. Ercolani et al., NATO Adv. Sci. Inst. Ser. B Phys., Vol. 320, Plenum, New York, 1994, 165–174.