Symmetry, Integrability and Geometry: Methods and Applications SIGMA 3 (2007), 057, 6 pages

On the Applications of a New Technique to Solve Linear Differential Equations, with and without Source^⋆

N. GURAPPA^†, Pankaj K. JHA^‡ and Prasanta K. PANIGRAHI^§

† Saha Institute of Nuclear Physics, Bidhannagar, Kolkata 700 064, India

‡ Department of Physics, Texas A M University, TX 77843, USA

§ Physical Research Laboratory, Navrangpura, Ahmedabad 380 009, India

E-mail: prasanta@prl.res.in URL: http://www.prl.res.in/^∼prasanta/ Received November 01, 2006, in final form March 29, 2007; Published online April 20, 2007 Original article is available at http://www.emis.de/journals/SIGMA/2007/057/

Abstract. A general method for solving linear differential equations of arbitrary order, is used to arrive at new representations for the solutions of the known differential equations, both without and with a source term. A new quasi-solvable potential has also been constructed taking recourse to the above method.

Key words: Euler operator; monomials; quasi-exactly solvable models

2000 Mathematics Subject Classification: 33C99; 81U15

1 A new procedure for solving linear differential equations

Linear differential equations play a crucial role in various branches of science and mathematics. Second order differential equations routinely manifest in the study of quantum mechanics, in connection with Schrödinger equation. There are various techniques available to solve a given differential equation, e.g., power series method, Laplace transforms, etc. Not many general methods applicable to differential equations of arbitrary order exist in the literature (see [1] and references therein). We make use of a general method for solving linear differential equations of arbitrary order to construct new representations for the solutions of the known second order linear differential equations, both without and with a source term. This method has found applications in solving linear single and multi variable differential equations. The solutions of linear differential equation with a source and development of a new Quasi-Exactly Soluble (QES) system are the new results of this paper.

1.1 Case (i). Linear differential equation without a source term

After appropriate manipulation, any single variable linear differential equation can be brought to the following form

[F (D) + P (x, d/dx)] y(x) = 0, (1)

where D ≡ x^d_{dx} , F (D) = ∑ n a_nD^n is a diagonal operator in the space of monomials spanned by x^n and a_n’s are some parameters. Here P (x, d/dx) = ∑ i,j c_{i,j}x^i(^d_{dx} )^j, where c_{i,j} = 0 if i = j.

⋆This paper is a contribution to the Vadim Kuznetsov Memorial Issue ‘Integrable Systems and Related Topics’. The full collection is available at http://www.emis.de/journals/SIGMA/kuznetsov.html

Notice that, since F (D) is a diagonal operator, 1/F (D) is also well defined in the space of monomials. The following ansatz

y(x) = C_λ

{_∞ ∑ m=0 (−1)^m [ 1 F (D)

P (x, d/dx)

]_m}

x^λ ≡ C_λĜ_λx^λ (2)

is a solution of the above equation, provided F (D)x^λ = 0 and the coefficient of x^λ in P (x,^d_{dx} )^mx^λ should be zero [6]. In order to realise (2) as a power series we impose the requirement that P (x,^d_{dx} ) lowers (i.e. c_{i,j} = 0 for i ≥ j) or raises the degree of monomials. Substituting equation (2), modulo C_λ, in equation (1)

(F (D) + P (x, d/dx))

{_∞ ∑ m=0 (−1)^m [ 1 F (D)

P (x, d/dx)

]_m}

x^λ

= F (D) [ 1 + 1 F (D)

P (x, d/dx)

] {_∞∑ m=0 (−1)^m [ 1 F (D)

P (x, d/dx)

]_m} x^λ

= F (D) ∞∑ m=0 (−1)^m [ 1 F (D)

P (x, d/dx)

]_m

x^λ

+ F (D) ∞∑ m=0 (−1)^m [ 1 F (D)

P (x, d/dx)

]_{m+1}

x^λ

= F (D)x^λ − F (D) ∞∑ m=0 (−1)^m [ 1 F (D)

P (x, d/dx)

]_{m+1} x^λ

+ F (D) ∞∑ m=0 (−1)^m [ 1 F (D)

P (x, d/dx)

]_{m+1}

x^λ = 0.

Equation (2) connects the solution of a given differential equation to the monomials. In order to show that, this rather straightforward procedure indeed yields non-trivial results, we explicitly work out a few examples. Consider the Hermite differential equation, which arises in the context of quantum harmonic oscillator, [ D − n − 1 2 d^2 dx^2 ] H_n(x) = 0.

Here F (D) = D − n and F (D)x^λ = 0 yields λ = n. Hence

H_n(x) = C_n ∞∑ m=0 (−1)^m [ 1 D − n

(−1/2)(d^2/dx^2)

]_m

x^n.

Using [D, (d^2/dx^2)] = −2(d^2/dx^2) it is easy to see that [ 1 (D − n)

(−1/2)(d^2/dx^2)

]_m

x^n = (−1/2)^m(d^2/dx^2)^m m∏ l=1 1 (−2l) x^n and H_n(x) = C_n ∞∑ m=0 (−1/4)^m 1 m! (d^2/dx^2)^mx^n = C_ne^{− 14 d} 2 dx2 x^n,

this is a well-known result. Similar expression also holds for the Lagurre polynomial which matches with the one found in [5]. Below, we list new representations for the solutions of some frequently encountered differential equations in various branches of physics and mathematics [4]. Notice that, the cases of confluent hypergeometric, hypergeometric, Chebyshev type II and Jacobi solutions are given in [6], and reproduced here for the sake of completeness.

Legendre polynomial

P_n(x) = C_ne^{−{1/(2[D+n+1])}(d2/dx2)}x^n.

Associated Legendre polynomial

P^m_n (x) = C_n(1 − x^2)^{m/2}e^{−{1/(2[D+n+m+1])}(d2/dx2)}x^{n−m}.

Bessel function

J_{±ν} (x) = C_{±ν} e^{−{1/(2[D±ν])}x2} x^{±ν} .

Generalized Bessel function

u_±(x) = C_±e^{−{βγ2/(2[D+α±βν])}x2β} x^{βν−α±βν} .

Gegenbauer polynomial

C^λ_n (x) = C_ne^{−{1/(2[D+n+2λ])}(d2/dx2)}x^n.

Hypergeometric function

y_±(α, β; γ; x) = C_±e^{−{(1/(D+λ±)}Â}x^{−λ∓} ,

where λ_± is either α or β and Â ≡ x^{d2}_{dx2} + γ^d_{dx} . All the above series solutions have descending powers of x. In order to get the series in the ascending powers, one has to replace x by^1_x in the original differential equation and generate the solutions via equation (2). However, the number of solutions will remain the same. One can also generate the series solutions by multiplying the original differential equations with x^2, and then, rewriting x^{2 d2}_{dx2} = D(D − 1) = F (D).

The solution for the following equation with periodic potential

d^2y dx^2

+ a cos(x)y = 0 (3)

can be found after multiplying equation (3) by x^2 and rewriting x^{2 d2}_{dx2} as (D − 1)D to be

y(x) = ∞∑ m,{n_i}=0

(−a)^m m! {_m ∏ i=1 (−1)^{ni} (2n_i)! }

× m∏ r=1

( 2 [ m + λ/2 − r +^{m+1−r} ∑ i=1 n_i ]) ! ( 2 [ m + λ/2 + 1 − r +^{m+1−r} ∑ i=1 n_i ]) ! x^2

(_{m+} m_∑ i=1 n_i+λ/2 ) ,

where λ = 0 or 1. In the same manner, one can write down the solutions for the Mathieu’s equation as well.

Chebyshev polynomials T_n(x) and U_n(x)

T_n(x) = C_ne^−

{_1 2 1 (D+n) d2 dx2 } x^n and U_n(x) = C^′_ne^−

{_1 2 1 (D+n+2) d2 dx2 } x^n,

where C_n and C^′_n are appropriate normalization constants.

Jacobi polynomial

J^{(α,β)}_n (x) = ∞∑ m=0 [ 1 (D − n)(D + α + β + 1) ( d^2 dx^2

+ (β − α) d dx )]_m x^n,

Schläfli, Whittaker and for that matter, any solution of a second order linear differential equation without a source term can be solved in a manner identical to the above cases.

1.2 Case (ii). Linear differential equation with a source term

Consider,

(F (D) + P (x, d/dx)) y(x) = Q(x).

Now the solution can be found in a straightforward way as

F (D) ( 1 + 1 F (D)

P (x, d/dx) ) y(x) = Q(x), and y(x) = ∞∑ m=0 (−1)^m [ 1 F (D)

P (x, d/dx)

]_m 1 F (D)

Q(x).

We list below a few examples for the above case.

Neumann’s polynomial

O_n(x) =

{_∞ ∑ r=0 (−1)^r [ 1 [(D + 1)^2 − n^2] x^2

]_r ( 1 [(D + 1)^2 − n^2] )}

× ( x cos^2(nπ/2) + n sin^2(nπ/2) ) . Lommel function

w(x) = ∞∑ m=0 (−1)^m [ 1 (D^2 − ν^2) x^2

]_m 1 (D^2 − ν^2) x^{μ+1}.

The cases of Struve, Anger and Weber functions are identical to the above ones.

It is a priori not transparent that all the solutions of a given differential equation can be obtained through the present approach. If F is a polynomial of the same degree as the order of the differential equation, and has distinct roots, the linearly independent solutions can be obtained through this approach. As has been pointed out in an earlier paper [8] a given single variable differential equation can be cast in the desired form, as required by the present approach, in more than one way through multiplication by powers of x. In a number of cases, these lead to different solutions. However, the case of degenerate roots, as also the case of inhomogeneous equations needs separate consideration, which we hope to investigate in future.

2 A new quasi-exactly solvable model

The above procedure is also applicable to differential equations having higher number of singularities e.g., Heun equation and its generalization [7]. The same can be used to generate quasi-solvable models. It is worth mentioning a quasi-solvable model based on Heun’s equation has been studied; it has been shown that, this system lacks the SL(2, R) of many well-known QES model [3, 9]. We now proceed to generalize this system for obtaining a new QES potential. The differential equation under consideration is given by:

f^{′′} + { 1 2x + 1 + 2s x − 1 + 1 2(x + ϵ^2) } f^′ +

(αβx − q −^Ω_x ) x(x − 1)(x + ϵ^2) f = 0. (4)

When Ω = 0 the above reduces to Heun equation. Under the following change of variable x = sinh^{2 ρy}_2 1 +^1_{ϵ2} + sinh^{2 ρy}_2 , and with Ψ = (1 − x)^sf(x) the above equation can be cast in the form of Schrödinger eigenvalue problem. Here s = (1 − E/ρ^2)^{1/2}, where E is energy of the system. The constants α, β and q in the equation (4) are related to s in the following form:

α = − 5 2 − s, β = 3 2 − s and q = (1 − s^2)(1 + ϵ^2) − 1 2 sϵ^2 − 1 4 (1 − 2ϵ^2).

The corresponding potential is given by

V (y) = ρ^2 { 8 sinh^{4 ρy}_2 − 4(^5_{ϵ2} − 1) sinh^{2 ρy}_2 + 2(^1_{ϵ4} −^1_{ϵ2} − 2) 8(1 +^1_{ϵ2} + sinh^{2 ρy}_2 )^2 + Ω ϵ^2 sinh^{2 ρy}_2 } . For the purpose of finding solutions we cast the generalized Heun equation (4) in the form, [F (D) + P ]y(x) = 0. Multiplying by x^2, we get [ −4x^2ϵ^2 d^2 dx^2

− 2ϵ^2x d dx − 4Ω ] f(x) + [ 4x^3(ϵ^2 − 1) d^2 dx^2

+ 2(3ϵ^2 − 2 + 4sϵ^2)x^2 d dx − 4qx + 4x^4 d^2 dx^2

+ 8(1 + s)x^3 d dx + 4αβx^2 ] f(x) = 0.

In the above equation F (D) = −4ϵ^2D^2 + 2ϵ^2D − 4Ω and the condition F (D)x^ξ = 0 yields

ξ_± = 1 4 ( 1 ± √ 1 − 16Ω/ϵ^2 ) . For polynomial solutions either of the roots of the equation must be an integer. Taking ξ_− = m we obtain the following relation for the allowed values of m

2m^2 − m + 2Ω/ϵ^2 = 0.

Let us consider a case in which Ω = −ϵ^2/2. Taking care of normalization condition and positivity of energy, the allowed value of m is 1. This yields a solution of the form:

f(x) = a_1x + a_2x^2 + a_3x^3 + · · · .

If the polynomial terminates at x^{n−1} then the coefficients a_n and a_{n+1} should be zero. Using this constraint, we get the following condition for n

s^2 + (2n − 1) + n^2 − n − 15 4 = 0, giving the allowed values of n as 2, 3. For n = 2, s = 1/2, E =^3_4 ρ^2 and ϵ^2 = 1 we get the wave function

ψ(y) = N ( 2 2 + sinh^2(ρy/2)

)_{1/2} ( sinh^2(ρy/2) 2 + sinh^2(ρy/2) ) , where N is the normalization constant. For n = 3, s = −^1_2 , which makes the wave function un-normalizable. This procedure may find applicability to unravel the symmetry properties of Heun equation and its generalization [2]. We have earlier studied the symmetry properties of confluent Hypergeometric and Hypergeometric equations using the present approach [8]. The fact that, the solutions are connected with monomials makes the search for the symmetry rather straightforward.

In the case when Ω ≠ 0, in equation (4), the additional term in Heun equation manifests in the potential in the Schrödinger equation, as a term having^1_{x2} type singularity at the origin. This is very interesting since it is of the Calogero–Sutherland type, a system much investigated in the literature. Like the Calogero–Sutherland case, a Jastrow type factor in the wave function appears because of this singular interaction. At a formal level, this interaction modifies the singularity at the origin without adding any new singularity. We note that x = 0 is still a regular singular point, since the limit x^{2 Ω}_{x2} as x → 0 is finite.

In conclusion, we have developed a new method to solve linear differential equations of arbitrary order, both without and with source term. Using this method, we worked out a few examples for the case of second order linear differential equations. We obtained known, as well as, the new representations for the corresponding solutions. The same approach is also applicable to QES models based on Heun equation and its generalizations. In particular a new potential of QES type is constructed through this approach. We intend to analyze the symmetry properties of the Heun equation through the present formalism.

Acknowledgements

We thank C. Sudheesh for giving a careful reading to the manuscript and Vivek Vyas for many useful comments.

References

[1] Adomian G., Solving Frontier Problems of physics: the decomposition method, Kluwer, Dordrecht, 1994.

[2] Atre R., Mohapatra C.S., Panigrahi P.K., Finding exact and approximate wave functions of Hooke’s atom, their information entropy and correlation, Phys. Lett. A 361 (2007), 33–38.

[3] Christ N.H., Lee T.D., Quantum expansion of soliton solutions, Phys. Rev. D 12 (1975), 1606–1627.

[4] Gradshteyn I.S., Ryzhik I.M., Tables of integrals, series and products, Academic Press Inc., 1965.

[5] Gurappa N., Khare A., Panigrahi P.K., Connection between Calogero–Marchioro–Wolfes type few-body models and free oscillators, Phys. Lett. A 244 (1998), 467–472, cond-mat/9804207.

[6] Gurappa N., Panigrahi P.K., Free harmonic oscillators, Jack polynomials, and Calogero–Sutherland systems, Phys. Rev. B 62 (2000), 1943–1949, hep-th/9910123.

[7] Gurappa N., Panigrahi P.K, On polynomial solutions of the Heun equation, J. Phys. A: Math. Gen. 37 (2004), L605–L608, math-ph/0410015.

[8] Gurappa N., Panigrahi P.K., Shreecharan T., A new perspective on single and multi-variate differential equations, J. Comput. Appl. Math. 160 (2003), 103–112.

[9] Jatkar D.P., Kumar C.N., Khare A., A quasi-exactly solvable problem without SL(2) symmetry, Phys.

Lett. A 142 (1989), 200–202.