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Chapter 1

Equivalence Groupoids of Classes

of Differential Equations

It is widely known that there is no general theory for integration of nonli-
near partial differential equations (PDEs). Nevertheless, many special cases
of complete integration or finding particular solutions are related to appropri-
ate changes of variables. Nondegenerate point transformations that leave a
differential equation invariant and form a connected Lie group are called Lie
symmetries of this equation. Transformations of this kind are ones which are
mostly used. In many cases, the algorithmic Lie reduction method, which
uses known Lie symmetries, results in the construction of group-invariant
solutions for a given PDE. This places the transformation methods among
the most powerful analytic tools currently available in the study of nonlinear
PDEs [273].

Another feature of Lie symmetries is that they reveal equations which
are important for applications among wide set of admissible ones. Indeed,
all basic equations of mathematical physics, e.g., the equations of Newton,
Laplace, Euler-Lagrange, d’Alembert, Lamé, Hamilton—Jacobi, Maxwell,
Schrodinger ete., have rich symmetry properties [89]. This property disti-
nguishes these equations from other PDEs. Therefore, an important problem
arises to single out from a given class of PDEs those admitting Lie symmetry
algebra of the maximally possible dimension. This problem is called the group
classification problem and is formulated as follows |131,227]: given a class of
PDEs, to classify all possible cases of extension of Lie invariance algebras of

such equations with respect to the equivalence group of the class.
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Another important task is to study transformational properties of classes
of differential equations, i.e. to describe explicitly nondegenerate point
transformations that link members of a given class. Indeed, if two differential
equations are connected by such a transformation, then associated objects li-
ke exact solutions, local conservation laws, and different kinds of symmetries
of these equations are also related by this transformation. Such equations are
called equivalent (or similarin terms of [227]). Knowledge of an exact solution
for one of two equivalent equations allows one to construct the correspondi-
ng exact solution for the other equation using the point transformation
connecting them. A number of exact solutions for variable coefficient PDEs
were constructed using the equivalence method, see, e.g., [175,251,300]. At
the same time, nondegenerate point transformations appear to be a useful
tool not only for finding exact solutions but also for exhaustive solving
group classifications problems (see, e.g., [21,175,248] and reference therein),
design of physical parameterization schemes [242], and study of integrabili-
ty [45,114,172,172,304].

We firstly describe the basic notions on admissible transformations in
classes of differential equations in Section 1.1. Then in Section 1.2 we relate
existing notions and results from group analysis of differential equations to
the groupoid-relevant terminology. The procedures for classifying admissible
transformations and Lie symmetries for non-normalized classes of differenti-

al equations are presented in Section 1.3. The results of this chapter are
published in [4*13%,27%].

1.1. Preliminaries on Admissible Transformations

The systematic study of transformational properties of classes of nonlinear
PDEs was initiated in 1991 by Kingston and Sophocleous [158, 159, 273].
These authors later named the transformations related two particular equati-
ons in a class of PDEs form-preserving transformations [160], because such

transformations preserve the form of the equation in a class and change only
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its arbitrary elements. Only a year later in 1992 Gazeau and Winternitz
started to investigate such transformations in classes of PDEs calling them
allowed transformations [101,315]. Rigorous definitions and developed theory
on the subject was proposed later by Popovych [239,248]. As formalization
of notion of form-preserving (allowed) transformations the term admissible
transformation was suggested therein. In brief, an admissible transformation
is a triple consisting of two fixed equations from a class and a transformation
that links these equations. The set of admissible transformations considered
with the standard operation of composition of transformations is also called
the equivalence groupoid [242].

Equivalence transformations generate a subset in a set of admissible
transformations. It is important that admissible transformations are not
necessarily related to a group structure, but equivalence transformations
always form a group. An equivalence transformation applied to any equati-
on from the class always maps it to another equation from the same class.
In other words, equivalence transformations preserve differential structure of
the whole class. At the same time, an admissible transformation may exi-
st only for a specific pair of equations from the class under consideration.
For example, the point transformation t' = e /b, o' = z, v’ = u — bt links
equations u; = (%) + ae® + b and vy = (€¥)pw + ae?, where ¢ and b
are arbitrary constants with b # 0 [131]. Both these equations are members
of the class £: w; = (") + Q(u), where @ is a smooth function of w.
Acting on other equation from this class, e.g., on u; = (€*),, + €2* + b, this
transformation maps it to the equation u/y = (e%)y + bt'e®”, that is not
constant coefficient one and does not belong to the class L.

By Ovsiannikov, the equivalence group consists of the nondegenerate poi-
nt transformations of the independent and dependent variables and of the
arbitrary elements of the class, where transformations for independent and
dependent variables are projectible on the space of these variables [227]. After

appearance of other kinds of equivalence group the one used by Ovsiannikov
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is called now usual equivalence group. If the transformations for independent
and dependent variables involve arbitrary elements, then the correspondi-
ng equivalence group is called the generalized equivalence group [194,248].
If new arbitrary elements appear to depend on old ones in a nonlocal way
(e.g., new arbitrary elements are expressed via integrals of old ones), then
the corresponding equivalence group is called extended [137,248]. Extended
generalized equivalence group possesses both the aforementioned properties.
A number of examples of usage of different kinds of equivalence groups are
presented, e.g., in [138,302].

If any admissible transformation in a given class is induced by a
transformation from its equivalence group (usual / generalized / extended /
extended generalized), then this class is called normalized in the correspondi-
ng sense.

In [292] we developed the groupoid theory in classes of differential
equations, enhancing the approaches used in previous papers on admissible
transformations in classes of differential equations and their group classifi-
cation by the algebraic method, see e.g. [17,21,24,72,96,101,178,222,239,248].
Below we relate existing notions and results from group analysis of di-
fferential equations to the groupoid-relevant terminology and then present
procedures for classifying admissible transformations and Lie symmetries for

non-normalized classes of differential equations.

1.2. Equivalence Groupoids and Related Notions

Consider a class L|s ={Ly| 0 € S} of systems of differential equati-
ons Ly for unknown functions u = (ul,...,u™) of independent variables
v = (1,...,x,) with the arbitrary-element tuple § = (#',...,0%) running
through a set S. Here Ly denotes a system of differential equations of the
form L(z,u(y,0(x,up))) = 0 with a fixed tuple L of rth order differential

functions in u parameterized by 6. We use the short-hand notation u, for
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the tuple of derivatives of u with respect to x up to order r, including u
as the zeroth order derivatives. The set S is the solution set of an auxiliary
system of differential equations and inequalities in €, where rth order jet
variables (z,u()) play the role of independent variables, S(z,u(,0y)) = 0
and, e.g., X(z, up, 0(g)) # 0 with the tuple 6, constituted by the derivatives
of § up to order ¢ with respect to (x,u)). Up to the gauge equivalence of
systems from L|s [248], which is usually trivial, the correspondence 6 — Ly
between S and L|s is bijective.

The equivalence groupoid G~ of the class L|s is the small category wi-
th L|s or, equivalently, with S as the set of objects and with the set of point
transformations of (x,u), i.e., of (local) diffeomorphisms in the space with
the coordinates (z, u), between pairs of systems from L|s as the set of arrows.

Specifically,
G~ ={T =(0,9,0)]0.0€ S, &€ Diff,: &.Ly = L;}.

(z,u

Elements of G~ are called admissible (point) transformations within the
class L|s. The pushforward of 6 by ® is defined by ®.0 = 0 if D, Ly = L;.
The definitions of all notions related to groupoids are obvious. Thus, the
source and target maps s,t: G~ — S are defined by s(7) = 0 and t(7) =
0 for any T = (6,®,0) € G~, which gives rise to the groupoid notation
G~ = S, where the symbol “=" denotes the pair of the source and target
maps. Admissible transformations 7 and 7' = (¢, ®',6') are composable if
6 = ¢, and then their composition is Tx T’ = (0,90 D, é’), which defines a
natural partial multiplication on G~. For any 6 € S, the unit at 6 is given by
idg := (0,id (), 0), where id(, ) is the identity transformation of (z, ). This
defines the object inclusion map S > 0 — idy € G7, i.e., the object set S can
be regarded to coincide with the base groupoid S = S :={idy | # € §}. The
inverse of T is T—1 := (§,®',6), where ! is the inverse of ®. All required
properties like associativity of the partial multiplication, its consistency with
the source and target maps, natural properties of units and inverses are

obviously satisfied.
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The s-fibre over € S, s71(0) C G~, is the set of possible admissible
transformations within £|s with source at 6. Similarly, the t-fibre over 6 € S,
t~1(f) C G~, is the set of possible admissible transformations within £|s
with target at 6. The subset G(6,0) := s'(0) Nt~'(A) of G~ with 0,0 € S
corresponds to the set of point transformations mapping the system Ly to
the system L;. The vertex group Gy := G(6,0) = s~ ()Nt~ 1(0) is associated
with the point symmetry (pseudo)group Gy of the system Ly,

Gy = {® € Diffy’,) | (6,9,0) € Gy}.

The orbit Op := t(s7()) of 6 is the subset of values of the arbitrary-element
tuple such that the corresponding systems in the class L|s are similar to Ly
with respect to point transformations.

Denote by w and @w” the projections from the space with the coordinates
(2, u(), 0) to the spaces with the coordinates (z,u) and (z,u (), respectively.

The (usual) equivalence group G~ of the class L|s is the (pseudo)group
of point transformations, T, in the space with the coordinates (z, (), #) that
are projectable to the spaces with the coordinates (z,u) and (z,u(,) with
@, 7T being the standard prolongation of w,T to rth order jets (z,u() and
that map the class L|s onto itself. The group G~ can be considered to act
in the space with the coordinates (x,u),0), where v < r, if the arbitrary-
element tuple depends only on (z,u(). The notion of usual equivalence
group can be generalized in several ways by weakening the specific restricti-
ons on equivalence transformations, which are their projectability and their
locality with respect to arbitrary elements. This gives the notions of generali-
zed equivalence group and extended equivalence group, respectively, or the
notions of extended generalized equivalence group if both restrictions are
weakened simultaneously [138,195, 222,239, 248,294, 300].

The action groupoid G of the equivalence group G~ of the class L|s,

G ={(0,w.7,7.0)|10€S, TG},

is a subgroupoid of the equivalence groupoid G~ of this class, G& C G~,
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with the same object set S. We say that an admissible transformation 7 in
the class L|s is generated by an equivalence transformation of this class if
T € 6%

The fundamental groupoid G' of the class L|s is the disjoint union of the
vertex groups Gy, 8 € S, G' = UpesGy. Since it has the same object set S
and the same vertex groups as G~ and 7'*1957' = Gy for any T € G(0, é),
it is a normal subgroupoid of the equivalence groupoid G~, which is also
called the fundamental subgroupoid of G~. In other words, the groupoid G' is
constituted by the admissible transformations generated by point symmetry
transformations of systems from L|s, G' := {(0,®,0) |0 € S, ® € Gy}.

The kernel point symmetry group G7' := NyesGy of systems from the
class L|s, which consists of the common point symmetries of these systems,
can be associated with the normal subgroup G" of G~ whose elements are
obtained from elements of G" by the standard prolongation to r'th order
jets (x,u(+) and the trivial prolongation to the arbitrary-element tuple 6,
G" = w,G". Thus, G" is the unfaithful subgroup of G~ under the action
on L|s.

The s-, the t- and the conjugation actions of G™ on G~ respectively defined
by T = (6, ®,0) 5 (7.0, 0(w.T)L,0), (0,(w.T)o®,T.0), (7.0, (w.T)o
® o (w@,T)"!,T.60) for any T € G~ and for any T = (0, ®,6) € G~, induce
several equivalence relations on G~ (s-G™-equivalence, t-G™-equivalence, G™-

conjugation and G~ -equivalence).

Definition 1.1. Admissible transformations 7' = (#',®',0') and
T2 = (62,8 6%) in the class L] are called conjugate with respect to the
equivalence group G~ of this class if there exists T € G~ such that 6% = 7,0,
62 = 7.0" and ®? = (w,T)od' o(w,T)~'. Admissible transformations 7' and
T2 are called G™-equivalent if there exist T,T € G~ such that 6% = T.0",
02 = 7.0" and 9? = (w.T) o ®! o (ww,T)"L. If additionally T = id (2, 0)
(resp. T = id(x’u(r)vg)), then the admissible transformations 7' and 772 are
called s-G™-equivalent (resp. t-G™-equivalent).



16

A different terminology was used in [248], where the stronger equi-
valence relation of G™-conjugation of admissible transformations was called
G~-equivalence, whereas in the present paper we use a weaker notion of
G~ -equivalence of admissible transformations. An admissible transformation
in L|s belongs to G if and only if this admissible transformation is G-
equivalent in the above sense to the identity admissible transformation with
the same source system.

Since the fundamental groupoid is a normal subgroupoid of G~, the
Frobenius product Gt xG& = {T*T’ | TG, T eGY, +(T) = S(T’)} is a
subgroupoid of G~, which coincides with the image of G' under the s-action
(resp. the t-action) of G™ on G™.

There are several kinds of classes of differential equations that are

convenient for group classification by the algebraic method in different ways
21,178,239, 248|.

Definition 1.2. The class L|s is called normalized if G = G~. Tt is called
semi-normalized if GEx GG = G~ Depending on the kind of the equivalence
group G™ (the usual, the generalized, the extended or the extended generali-
zed equivalence group of L|s), we distinguish the (semi-)normalization in the

usual, the generalized, the extended or the extended generalized sense.

Definition 1.3. Let G be the action groupoid of a subgroup H of G™.
Suppose that a family Ng := {Ny < Gy | 8 € S} of subgroups of the point
symmetry groups Gy with the associated subgroups Ny := {(6,9,0) | 0 €
S, ® € Ny} of the vertex groups Gy satisfies the property TNy = N7yT for
any 6 € S and for any T € G with s(7) = 6. Then the Frobenius product

NG =TT | TeN, T e «(T)=s(T"},

with Nt := UpesNy is a subgroupoid of G~, which coincides with the image
of N under the s-action (resp. the t-action) of H on G~. If Nt x G = G~
we call the class L|s semi-normalized with respect to the subgroup H of G~

and the family Ng of subgroups of the point symmetry groups. If additionally
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GHNNT =8 = S, then the class L|s is called disjointedly semi-normalized
with respect to the subgroup H of G~ and the family Ng of subgroups of the

point symmetry groups.

If H =G~ and Ny = {id(, )} for any 0 € S, then a class (disjointedly)
semi-normalized with respect to the group H and the family Ng is literally
normalized. If H = G~ and Ny = Gy for any 6 € S, then a class semi-
normalized with respect to the group H and the family Ng is literally semi-

normalized. It is obvious that a normalized class is semi-normalized.

1.3. Classification of Admissible Transformations and

Group Classification Problems

The most powerful method for describing admissible transformations within
a class of differential equations is still the direct method, which is based
on the definition of admissible transformations. Applying this method to
the class L|s, we consider an arbitrary pair (0,0) € S x S and a poi-
nt transformation in the space with coordinates (z,u) of the most general
form ®: 7 = X(x,u), & = U(x,u) with nonzero Jacobian [0(X,U)/0(x, )|
and assume that ®,Ly = L. Expressing the required derivatives of o with
respect to x in terms of derivatives of u with respect to x using the chain
rule, we substitute the derived expressions into the system Lj, obtaining
the system (®71),Lg, which should be identically satisfied by solutions of
the system Ly. To take into account the last condition, we fix a ranking of
derivatives of u that is consistent with the structure of Ly, substitute the
expressions for the leading derivatives of u in view of the system Ly and its
differential consequences into (®71),L£ and split the resulting system with
respect to the involved parametric derivatives of u. As a result, we obtain a
system that implies both the expression of  via (0, X,U) and the system DE
of determining equations for components of ®. The system DE involves only

the arbitrary-element tuple 6 (resp. (®1).6).



18

Assuming 6 varying within & and splitting with respect to derivati-
ves of 0 in view of the auxiliary system defining the set S,''! we get the
system DE™ of determining equations for the (x,u)-components of usual
equivalence transformations. After finding the (z,u)-components via the
integration of DE™, the #-component of usual equivalence transformations
is obtained from the above expression for 6. As a result, we construct the
usual equivalence group G~ of the class L|s.

If the solution sets of DE and DE”~ coincide, then G~ = G i.e., the
class L|s is normalized, which completes the description of the equivalence
groupoid G~. The first example of such description in the literature was
given for the normalized class of generalized Burgers equations of the form
ur + uuy, + f(t, )uy, = 0 in [159] although the normalization property was
implicitly used there.

Otherwise, the class L|s is not normalized, and integrating DE, which
can be carried out up to G~ -equivalence of admissible transformations, is a
complicated problem. A number of various techniques can be used to simplify

the solution of this problem. Below we present some of them.

Partition of classes. Let the set S be represented as a disjoint union of its
subsets, S = LyerS,, with some index set I', where each of the subsets S, is
singled out from S by additional constraints, which are differential equations
or differential inequalities. The partition of S is equivalent to the partition
of the class L|s into the subclasses L|s, with v running through I', L|s =
UyerL|s, . Denote by G and by G7 the equivalence group and the equivalence
groupoid of the subclass L|s , respectively.

If systems from different subclasses of the partition are not related by
point transformations, then the partition of the class £|s induces the parti-

tion G~ = U,erG] of its equivalence groupoid. In general, the structure

L-1This means that we set a ranking among the derivatives of # that is consistent with structure of the
auxiliary system, solve this system jointly with its differential consequences for the leading derivatives of 6,
substitute the derived expressions into DE and split the obtained system with respect to the parametric
derivatives of 6.
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of the groupoid of a subclass may even be more complicated than that of
the entire class. This is why a preliminary analysis of the system DE is
needed for an appropriate partition of the class £|s, where for any « € I the
structure of Q; is simpler than the structure of G~. Then we can find the
subgroupoids G separately and unite them. The best kind of partitions is
given by partitions into normalized subclasses, for which g; — G% and thus
G~ = UyerG©r (239,248

There are several generalizations of the partition technique.

Disjoint subclasses may be related by point transformations, and thus
the partition of the class L|s into the subclasses L|s, does not induce the
partition of the equivalence groupoid G™ into the equivalence groupoids G~
Consider a simple situation, where we have a partition of £|s into normalized
subclasses L|s , v € I', and for some fixed 7y € I and for each v € I" there
exists a point transformation @, that maps L|s, onto L[s . We can assume
that @, = id(, ). In fact, for any v € I' the normalization of L|s, follows

from the normalization of L|s and the existence of ®,. Then

g~ = {((q);l)*ﬁ, q);,l o (@T) 0 s, (0y)u(ToH)) ‘

(1.1)
€S, TeG, 7,7 € F}.

This structure is admitted by the groupoid of the class (4.46), where the
parameter o plays the role of 7, see Remark 4.22 below.

The condition that the class L|s is a disjoint union of appropriate
subclasses can be weakened by allowing a proper intersection of subclasses
in the union. Thus, in [294] a class of variable-coefficient reaction-diffusion
equations with power nonlinearities was represented as a non-disjoint uni-
on of normalized subclasses, and its groupoid was proved to be constituted
by the admissible transformations for the action groupoids of the subclasses
and the compositions of such composable admissible transformations from

the action groupoids of different subclasses with nonempty intersections.

Construction of generalized/extended/extended generalized — equivalence
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group. If the class L|s is not normalized in the usual sense, one can try
to describe its equivalence groupoid G~ via finding a generalized counterpart
of the usual equivalence group G~, with respect to which the class L|s is

normalized in the corresponding sense [222, 248|.

Mappings between classes. Suppose that there are a class L'|s of (systems
of ) differential equations with the same independent and dependent variables
x and u as systems from the class £|s and a family of point transformations
F = {¥ | § € S} such that WLy € L'|s for any § € S, and for any
0" € 8 there exists § € S with /Ly = £),. Then we say that the family F
generates the mapping F, from the class L|s onto the class L'|s, where
F.Ly = WL, or, equivalently, the mapping F,: S — S’ with F.0 = ¢’
if WLy = L); see [248,300| for the first explicit discussions of mappings
between the classes. Via F;, the family F also induces the mapping from the
equivalence groupoid G~ of the class L|s to the equivalence groupoid G~ of

the class L'|s that is defined by

G~>T =(0,8,0) 5 (99).0,970 0o (W), (99),0) € G~
We will denote this mapping by the same symbol as the corresponding
mapping between classes. The mapping F.: G~ — G~ is in fact a groupoid

homomorphism since
FTixT) = (FTh) * (FT), Fulide) =idre, Fu(T 1) =(FT)"

forany 71,72 € G~,any 0 € S and any T € G~. Moreover, this homomorphi-
sm is surjective. Indeed, take any 77 = (¢, ®,0") € G™'. By the choice of
the family F, there exist 6,0 € S such that F,(6) = ¢’ and F,(f) = #'. The
triple T = (0, ®, 0) with ® = (¥¥) 10 0 U¥ belongs to G~, and F,. T = 7.

Under an appropriate choice of F, the structure of G~ is simpler than
the structure of G~. Then after the study of G™', we can pull back obtai-
ned results with respect to F and thus get results on G~. For example, an

appropriate partition of a class into its subclasses can become evident only
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after a mapping of this class to another class [223]. The complete group classi-
fication of L|s up to G~-equivalence can easily be derived from the analogous
classification of L|s using the pullback by F. In this way, the complete group
classifications of the classes of (1+1)-dimensional Kolmogorov and Fokker—
Planck equations modulo the general point equivalence were obtained from
the classical group classification of the class of linear heat equations with
potentials, see Corollaries 7 and 17 in [249]. Using mappings between classes
for deriving complete group classifications up to G™~-equivalence needs a more
delicate consideration [300].

An important particular case of mappings between classes is given by
mappings of classes to their subclasses that are generated by subgroups of
the corresponding equivalence groups. Let S’ be a subset of S that is singled
out from & by additional auxiliary differential equations or inequalities wi-
th respect to the arbitrary-element tuple 6. Thus, £L|s is a subclass of the
class L|s, and its equivalence groupoid G~ is a subgroupoid of the equivalence
groupoid G~ of the class L|s. Suppose that for some subgroup H of G™ each
orbit of the action groupoid G¥ intersects S’ by a single ¢'. Denote by ¥’
the point transformation w,J with T € H such that 7.0 € S’. Then the
family F = {U? | § € S} satisfies the required conditions to generate the
corresponding mapping F,: L|s — L|s and the corresponding surjective
homomorphism F,: G~ — G~'. In practice, such mappings are realized via

gauging arbitrary elements by equivalence transformations.

Conditional equivalence groups. The equivalence group of a subclass of the
class L|s is called a conditional equivalence group of this class. The conditi-
onal equivalence group G~ of L|s associated with the subclass L|s is called
maximal if for any subclass of L|s properly containing L|s, its equivalence
group does not contain G~'. The equivalence group G~ of the entire class L|s
acts on subclasses of L|s simultaneously with their equivalence groups, and
the set of maximal conditional equivalence groups of L|s is closed under this

action. Hence maximal conditional equivalence groups of L|s can be classified
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modulo G~-equivalence. This classification can be a step in the description
of G~ [248]. For some classes, this lone step gives the complete descripti-
on of the corresponding equivalence groupoids [221,222|. The classification
of maximal conditional equivalence groups of the class L|s can be combined
with a partition of L|s into subclasses that is consistent with the structure of
the set of such groups. Generalized versions of conditional equivalence groups
also can be considered [221,306].

Generating set of admissible transformations. A set B = {7, € G~ |y € I'},
where I' is an index set, is called a generating set of admissible transformati-
ons for the class L|s up to G™-equivalence if any admissible transformation
of this class can be represented as the composition of a finite number of
elements of the set BU B U GY" where B is the set of inverses of admissible
transformations from B, B := {7~ | T € B}. To make the set B as small
as possible, it is natural to choose B as a subset of G~ \ G%" Moreover, if a
canonical representative in a coset of G™~-equivalent admissible transformati-
ons can be assigned, only this representative should be selected from the
coset for including in B.

We call admissible transformations 77 and 7Ts for the class L|s composable
up to G™-equivalence if an admissible transformation that is G™-equivalent
to 71 is composable with 75 or, equivalently, if 77 is composable with an
admissible transformation that is G™~-equivalent to 75. It happens if and
only if there exists T € G~ such that T, (t(77)) = s(73). We call a subset B
of G~ self-consistent with respect to G~ -equivalence if the composability of
elements of BU B up to G~ -equivalence implies their usual composability.
(The converse implication always holds.) A necessary condition for the self-

consistency of B is the equality
(s(B) x t(B)) N (s x t)(G“\G") =@

meaning that there is no element of the action groupoid G% with different

source and target in s(B) x t(B). If B is a self-consistent generating set of G~
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with respect to G~ -equivalence, then any element of G~ is G™-equivalent to
the composition of a finite number of elements of BUB. More specifically, then
for any T € G~ there exist n € NU{0}, 7o, Tns1 € GY and T1,..., T, € BU
B such that T = Tgx Ti % -+ * T, x Tr1. 1If additionally B is minimal
up to G~ -equivalence, then this representation for 7 is unique up to the

transformations
To=Tox T, Ton=T o x T T x Tiwe x Tux T

with an arbitrary T e Gi(r;) it m > 0 and under setting 7T,y1 = idy7) if
n = 0.

Furcate splitting. This technique was suggested in [209] as a refinement of the
direct method of group classification. Its essence is a special way of handling
the system of determining equations for Lie symmetries of systems from the
class under study depending on the possible number of independent constrai-
nts on values of # that are induced by this system. This is why it can be
extended to descriptions of other objects that are related to systems from
classes of differential equations and are computed via solving certain systems
of determining equations, including conservation laws |25], conditional equi-
valence groups [222] and generating sets of admissible transformations (see
footnote 4.2 below). The method of furcate splitting can further be enhanced
by involving algebraic techniques [23,25].

(Bijective) functors between groupoids. Suppose that we construct an
isomorphism between G~ and the equivalence groupoid G~ of a class £~| &
and the description of QN has been known or it is easier or more convenient
to describe the groupoid G~ than the original groupoid G~. For the latter
option, for example, some computation techniques that are relevant for G~
might be inapplicable to G~. Here it is not necessary for the classes L|s
and £~| § to be related by a family of point transformations. Then the descri-
ption of G~ implies the description of G~.

The technique involving bijective functors is effectively applied to the
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study of equivalence groupoids of classes of differential equations for the first
time in [292].

The infinitesimal counterparts of the (pseudo)groups G?, G™ and G~ are
the Lie algebras g?, g” and g~ that are constituted by the generators of
local one-parameter subgroups of the corresponding groups and which are
called the mazimal Lie invariance algebras of the systems Ly, the kernel
invariance algebra of systems from the class L|s and the equivalence algebra
of the class L|s, respectively. Note that g"' = Npesgo.

The (complete) group classification problem for the class L|s up to G™-
equivalence (resp. up to G™-equivalence) is to find g"' and an exhaustive
list of G™-inequivalent (resp. G~-inequivalent) values of 6 jointly with the
corresponding algebras gg for which go # g"'. An admissible transformati-
on from G~ \ GY between systems from the final group classification li-
st modulo G™-equivalence is called an additional equivalence transformati-
on. Supplementing the group classification up to G™-equivalence with the
complete set of additional equivalence transformations results in the group
classification up to G~-equivalence.

Any version of the algebraic method of group classification in fact reduces
to the classification, modulo G™-equivalence, of certain subalgebras contained
by the span g, := (gg,0 € S). The efficiency of using the algebraic method
depends on additional conditions satisfied by the class L|s, in particular, how
consistent the span g,, is with G™-equivalence [21, Section 12].

Normalized classes are the most convenient for group classification by the
algebraic method. If the class L|s is normalized, then g,, C w,.g™, and the
solution of the complete group classification problem for this class reduces to
the classification of appropriate subalgebras of g~ whose pushforwards by @
can be qualified as the maximal Lie invariance algebras of systems from L|s.
Since then G~ -equivalence coincides with G~ -equivalence, it is obvious that
there are no additional equivalence transformations between Lie-symmetry

extensions classified modulo G™~-equivalence. Moreover, it is inessential which
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of the two equivalences is used in the course of the classification. The above
is also true if the class L|s is semi-normalized with respect to a subgroup
H of G~ and a family Ng of subgroups of the point symmetry groups, and
additionally the subgroup H and the family Ng are known. In this case, we
call the class L|s definitely semi-normalized, and looking for G™-inequivalent
subalgebras of g~ is substituted in the algebraic method by looking for H-
inequivalent subalgebras of the infinitesimal counterpart h of H [178]. The
pure semi-normalization of L|s at least guarantees that the group classifi-
cation L|s up to G™-equivalence coincides with that up to G~-equivalence.
If the class L|s is not normalized, then some Lie-symmetry extensions

within this class are not related to subalgebras of its equivalence algebra g~ .

Definition 1.4. We call the maximal Lie invariance algebra gy of a system Ly
from the class L|s regular in this class if there exists a subalgebra s of g~

such that gy = w.s, and singular in L|s otherwise.

If g9 = g"', then the maximal Lie invariance algebra gy is regular in L|s
since g"' C w,g~.!2 If g9 # g" and gy is a regular (resp. singular) maximal
Lie invariance algebra in the class L|s, then we say that the pair constituted
by the value of the arbitrary-element tuple and the algebra gy presents a
regular (resp. singular) Lie-symmetry extension of g™ in this class.

It is obvious that the sets of regular and singular Lie-symmetry extensions
are separately invariant with respect to the action of G~ but in general this
is not the case for the action of G~. In other words, regular Lie-symmetry
extensions are G™-inequivalent to singular ones but may be G™~-equivalent to
them, see Remark 4.14 as an example on this claim. This also means that the
Lie-symmetry extension for a system Ly with 0 satisfying s71(0) # s71(6) N
GY or, equivalently, t71() # t71(0) N GY" (i.e., for a system being the
source or the target of an admissible transformation that is not generated by

an equivalence transformation in £|s) may also be regular. This is definitely

L-2More specifically, the kernel invariance algebra g” is naturally embedded into g™ via the standard
prolongation of its elements to u,) in view of the contact structure and the trivial prolongation to the
arbitrary elements 6 [72].
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the case if the quotient of the set s71(8) with respect to t-G~-equivalence of
admissible transformations is discrete, as it appears for the regular Cases 14d
and 19d of Table 4.6 below.

Using Definition 1.4, we suggest the following procedure of group classi-
fication for a non-normalized class L|s of differential equations within the

framework of the algebraic method.

1. Describe the equivalence groupoid G~ of the class L|s up to G™-
equivalence, e.g., via constructing a generating set B of admissible
transformations. The further consideration simplifies if the set B is mi-

nimal and self-consistent with respect to G™-equivalence.

2. Classify, modulo G™~-equivalence, Lie symmetries of systems Ly with 6
satisfying the condition s~1(6) # s™1(8) NG or, equivalently, t~1(6) #
t=1(0) N GE". This leads to the complete list of G~-inequivalent Lie-
symmetry extensions within the class £|s that are singular or regular but
related to other Lie-symmetry extensions with elements from G~ \ G&".
Here both the direct and the algebraic methods of group classification
might be applicable.

3. Carry out the (complete) preliminary group classification of the
class L|s. The optimized version of such classification includes the classi-
fication of candidates for appropriate subalgebras of the equivalence
algebra g~ up to G™-equivalence and, whenever it is possible, the
construction of systems from the class L|s that admit the projections
of the above candidates by w, as their Lie invariance algebras. For each
obtained system, we select the candidate that is maximal by inclusion;

such a candidate always exists.

4. Merge the lists obtained in steps 2 and 3 and exclude repetitions up
to G~-equivalence, which leads to the complete list of Lie-symmetry

extensions within the class L|s up to G~-equivalence.
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5. Extend the part of the list from step 4 that is related to the cases of step 2
by compositions of admissible transformations from the set B modulo
G"™-equivalence. This gives the complete list of Lie-symmetry extensi-
ons within the class L|s up to G~-equivalence. All possible additional
equivalence transformations between cases in this list are generated by

elements of B modulo G™-equivalence.

The order of steps or even single operations may vary depending on the
class of differential equations to be studied.

We demonstrate the application of this technique in Section 4.2.
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Chapter 2

Equivalence Groupoids in Group Analysis

of Second-Order Evolution Equations

A number of mathematical models in physics and biology are repre-
sented by (1+1)-dimensional second-order nonlinear evolution equations.
Such models are used in such diverse fields as quantum field theory [78,
pp. 294-341], physics of nanowire semiconductor devices [63], and popula-
tion genetics [203]. Many nonlinear partial differential equations (PDEs)
that are important for applications are parameterized by arbitrary ele-
ments (constants or functions) and constitute classes of PDEs. An im-
portant task is to study transformation properties of such classes. If two
PDEs are connected by such a transformation, then associated objects
like exact solutions, local conservation laws, and various kinds of symme-
tries of these equations are also related by the respective transformation.
Such connected equations are called equivalent or similar [227]. In partic-
ular, the equivalence method allows one to construct exact solutions for
variable coefficient PDEs using known exact solutions for their constant
coefficient counterparts, see, e.g., [289,290,293]. At the same time, non-
degenerate point transformations appear to be a useful tool not only for
finding exact solutions but also for exhaustive solving group classifications
problems (see, e.g., [178,224,248,289,290,293]), design of physical param-
eterization schemes [242], and study of integrability [45, 148,172, 304].

The core problem of group analysis is the classification of the reduc-
tion operators of differential equations. A reduction operator of a (1+1)-

dimensional partial differential equation (PDE) with independent variables
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t and x and the dependent variable u is a differential operator of the form
Q = 7(t,z,u)0 + £(t, x,u)0, + n(t, x,u)0y, (1,€) # (0,0), such that the
corresponding invariant surface condition Q[u] := Tu; + u, —n = 0 leads
to the construction of ansatz that reduces the number of independent vari-
ables of the respective equation by one. Thus, such operators allows one
to reduce a (141)-dimensional PDE to an ordinary differential equation.
The reduction method is an efficient tool for seeking exact solutions of
nonlinear PDEs as the general theory of integration of such equations does
not exist. Among the most known reduction techniques are the prominent
Lie reduction method that originates from works by S. Lie and the nonclas-
sical reduction method suggested by G.W. Bluman in [28] (see also [35]).
The criterion of “nonclassical” invariance was firstly formulated in [93] and
the rigorous theory of the nonclassical reduction method, theory of reduc-
tion modules, was recently developed in [42]. The nonclassical reduction
operators are also called nonclassical symmetries [218], conditional sym-
metries [185] and Q-conditional symmetries [91] (see the related discussion
in [174] and some more research papers of interest [87,88,108,212,219,323]).
There is also a direct reduction method based on substitution of ansatz
into a PDE in question [60,86]. A rigorous definition of reduction of PDEs
was presented in [335]. It was proved therein that the direct approach of
reduction, taken in its full generality, is equivalent to the non-classical (con-
ditional symmetry) approach. The enhanced proof can be found in [42].
Therefore an important problem arises: to classify reduction operators
for those classes of PDEs that are of interest for applications. Classifica-
tion of Lie reduction operators is known as group classification problem and
appears to be the central problem of the group analysis. The main benefit
of Lie method is that the determining system for finding coefficients of Lie
reduction operators consists of linear PDEs. That is why the construction
of Lie symmetry operators for a fixed PDE is a routine task usually which

can be performed using the packages of symbolic computations. See, for
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example, the Maple-based GEM package [57,58]. Unfortunately the group
classification problems can be solved automatically using symbolic com-
putations only for certain classes having simple structures. The majority
of cases requires usage of the modern techniques of the group analysis
such as mapping between classes of PDEs, gauging of arbitrary elements
of the class, application of various types of equivalence groups, etc. (see,
e.g., [245,294,300]).

The nonclassical reduction operators can be of regular and singular
types. The problem of finding singular reduction operators reduces to
solving an initial PDE, therefore this case is called the “no-go” case and
often omitted in consideration (see more about “no-go” case in [42, 92,
173,240,241, 333]). But even in the case of regular nonclassical reduction
operators the problem of their classification for classes of PDEs is difficult.
This is due to the fact that finding coefficients of nonclassical reduction
operators one requires to solve a system of nonlinear PDEs. That is why
this method more often results in the complete solution when applied to
a fixed PDE rather than to a class of PDEs. Indeed, there are quite
few examples of successful classification of nonclassical reduction operators
(even regular ones) in the literature. At the best of our knowledge, such
classifications are performed for the class of semilinear diffusion equations
with a source u; = uy, + f(u) [13,61,90], the class of nonlinear reaction—
diffusion equations uw; = (D(u)u,), + f(u) for the cases of exponential
and power low diffusivity [12], the class of nonlinear filtration equations
ur = f(ug)uy, [252], the class of variable coefficient Huxley equations u; =
Uy +k(2)u?(1 —u) [44,143], and the class of generalized Burgers equations
ur = uuy + f(t, x)ug, [233].

In Section 2.1 we study transformation properties of the gen-
eral class of (1+41)-dimensional second-order evolution equations
w = H(t,x,u,uz, uyy), Hy, # 0 and construct a chain of its nested nor-

malized subclasses. A special attention is paid to a class of variable coef-
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ficient equations of reaction-diffusion—convection type. For all the consid-
ered classes of nonlinear evolution equations, we construct their equivalence
groups, which can further be used for group analysis of these classes.

The group classification of a class of variable coefficient reaction—
diffusion equations with exponential nonlinearities f(z)u; = (g(x)e™u,),+
h(z)e™" is carried out in Section 2.2. The equivalence groupoid of this
class is exhaustively described via finding the complete family of maximal
normalized subclasses and the associated conditional equivalence groups.
Limit processes between variable coefficient reaction—diffusion equations
with power nonlinearities and those with exponential nonlinearities are si-
multaneously studied with limit processes between objects related to these
equations, including Lie symmetries, exact solutions and conservation laws.

In Section 2.3, we classify conservation laws and potential symmetries
of diffusion equations in a porous medium u; = ((u"), + f(z)u™),, n # 0.

The class of generalized Fisher equations with time-dependent coeffi-
cients, uy = b(t)uy, + a(t)u(l —u), ab # 0 is studied from Lie-symmetry
point of view in Section 2.4. We find the equivalence groupoid of this class
and perform its exhaustive group classification. Exact solutions of equa-
tions from this class are constructed using the equivalence method and the
method of mapping between classes.

A class of the Newell-Whitehead—Segel equations u; = a(t)u,+b(t)u—
c(t)u?, ac # 0, is studied with in Section 2.5. We describe its equivalence
groupoid and classify Lie reduction operators and regular nonclassical re-
duction operators of equations from this class. The criterion of reducibility
of variable coefficient Newell-Whitehead—Segel equations to their constant-
coefficient counterparts is derived. Wide families of exact solutions for
variable coefficient equations from this class are constructed.

In Section 2.6, we study Lie symmetries of generalized Burgers equa-
tions from two classes. At first we carry out the group classification

of a class of generalized Burgers equations with time-dependent viscos-
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ity uy + a(u"), = g(t)uz, agn # 0. Using computed Lie symme-
tries, we solve an associated boundary-value problem. Then the group
classification of the generalized Burgers equations with linear damping
ur + u'uy + h(t)u = g(t)uze, ng # 0, is derived using the equivalence
method suggested in [289].

In Section 2.7 the complete group classification problem for a class of
(241)-dimensional nonlinear Kolmogorov equations of the general form
u = f(t)uyy —g(t)[K(u)],, fgKu # 0, is solved via gauging the arbitrary
elements of the class by a family of equivalence transformations parameter-
ized by the arbitrary elements, which reduces their number. Two possible
gaugings are discussed in order to show how equivalence groups serve in
making the optimal choice of gaugings.

The results presented in this chapter are based on publications [1*-

3 6%, 7% 10%,18% 22* 20%].

2.1. Transformation Properties of Nonlinear

Evolution Equations in 141 Dimensions

In this section we study transformation properties of the general class of

nonlinear second-order evolution equations of the form
U = H(tvxauvul‘auxl‘)a Hugm # 03 (21)

to construct a chain of its nested normalized subclasses and to find their

equivalence groupoids.

2.1.1. Admissible Transformations of Evolution Equations. Any
nondegenerate point transformation 7 relating two fixed equations u; = H
and @; = H from the class (3.67) has the form ¢ = T(t), & = X(t,z,u),
u=U(t,x,u) with T,(X, U, — X, U,) # 0 [158,160]. The partial derivatives
are transformed as follows:
{r:DtUDxX—DxUDtX L D, U :LD (M)
t T.D,. X Y DX D.X “\D,X)’
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where Dy = 0y + w0y + unOy, + 10y, + ... and D, = 0, + u 0y + 1,0y, +
UyppOy, + ... are operators of the total differentiation with respect to ¢
and x. Moreover, it was proved in [250] that class (3.67) is normalized.

For further consideration we use the following statement.

Theorem 2.1 ( [250]). Class (3.67) is normalized in the usual sense. Its

equivalence group is formed by the transformations

t=T@), i=X(tx,u), u=U(tmxzmu), (2.2)
H = H 2.3
T.D, X i T:D, X ’ (23)

where Ty(X, U, — X, Uy,) # 0,

Formula (2.3) implies that the subclass of class (3.67) singled out by the

condition H.

for variables. The following statement is true.

= 0 has the same equivalence transformation components

Theorem 2.2. The class of quasilinear second-order evolution equations,
u = Gt x,u, U )uge + F(t, z,u,u,), G #0, (2.4)

1s normalized in the usual sense. Its equivalence group is formed by the
transformation components for variables (2.2) and the transformations for

arbitrary elements

o (DX? L o XU XU, UD.X = XiD,U
T ’ - TD,X 11D, X
+ (Xxx + 2X Uy + quui)DﬂﬁU - (Um: + 2U Uy + Uuuui)DxXG

T,D,.X
The transformation component for G implies that, if G does not depend

on u,, then X, = 0. We formulate more generally Lemma 1 from [138].

Theorem 2.3. The class

u = Gt x,u)uz + F(t,z,u,u,), G #0, (2.5)
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15 normalized in the usual sense. [ts equivalence group comprises the trans-

formations
- ~ X2
t=T(t), z=X(tx), au=U(,z,u), G:?‘T , (2.6)
t
r- Uu UtXx_XtDJ:U X:L‘xDacU_(Uxx+2Uxuux+Uuuu2)Xa:
F=—F = G
T X, X, ’

where T; X, U, # 0.

Particular important subclass of class (2.5) is one, where the function
F' is polynomial in u, and especially when it is quadratic or linear in wu,.

We formulate separate statements for each of these cases.

Theorem 2.4. The class

up = G(t, x,u)ug, + ZFk(t,x, wut, n>2  G#0, (2.7)
k=0

15 normalized in the usual sense. Its equivalence group consists of the trans-
formations (2.6) and the transformation components for the arbitrary el-
ements F¥, k = 0,...,n, are found as solutions of the algebraic system
resulting from the splitting of the following equation with respect to differ-
ent powers of u,

" (U U, \* 1 "
FF 2y, + -2 ) = —[X,U, Y FF* X, — X,D,
kz_o <Xxu +Xx) TtXx[ Ukzzo u, + Uy DU

+ (X DU — (Upy + 22Uy + Uyyu) X,) G
Theorem 2.5. The class
up = Gt T, u) Uy +F2(t, 2, u)u2+FH(t, z, u)u,+FO(t, z,u), G #0, (2.8)

15 normalized in the usual sense. Its equivalence group is formed by the

transformations
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+ QT(UWG — U, F?) — XU, + (XU, — ZUMXCC)G} :
- 1 [U? U U?
Ak +UF U 277 0 ,

where Ty X, U, # 0.

If we consider the subclass of class (2.8) singled out by the condition
F? = 0, then its equivalence group is a proper subgroup of the equivalence
group of class (2.8). The constraints for the transformations are derived
by setting 2 = 0 and F? = 0 in Theorem 5. This implies that U, = 0.

The following statement is true.

Theorem 2.6. The class
w = G(t, z, u)upy + FH(t, 2, u)u, + FO(t,2,u), G #0, (2.9)

18 normalized in the usual sense. Its equivalence group comprises the trans-

formations
t=T(@), = X(t,z), @ =U'(t,2)u+U"t,2), ,X, U #0, (2.10)
. X2 -
G=22G, F'= X, U'F' — X, U + (X,,U' = 2U' X,)G
Cz“lt ? CZ}UI ( t + ( T ) ) )
L1
0= T U'FY — (Ulu + UNF + Utu + U

Uy
+ (Qﬁ(Uju +UN UL u— ng) G] :

Consider one more subclass of class (2.8) for which the condition U, =
0 holds for admissible transformations. This is the subclass singled out by
the condition F? = G,

u = (G(t, z,u)uy), + K(t, z,u)u, + P(t,z,u), G #D0. (2.11)
This class can be written in the form

u = Gug, + Guui + (Gy + K)u, + P,



36

where connections between arbitrary elements of the latter class and
class (2.8) are given by the formulas F? = G, F! = G, + K, F° = P.
It contains derivatives of G and they naturally appear in transformation
components for arbitrary elements of the equivalence group. This group
can be considered as usual one if we extend the tuple of arbitrary elements
by new elements G, and G,. Then the transformations of these variables

take the form

~ X, X,z ~ X2
T — T Yz 2 ) ’ﬁ:—$
G TtG + T, G, G 7o

Go.

It is easy to see that the group is really usual one, representing the above

class in the form
wy = Gy, + G2 + (G? + K)u, + P

with additional arbitrary elements G' = G,,, and G? = G,.

Theorem 2.7. Reparameterized class (2.11) is normalized in the usual

sense. Its equivalence group is formed by the transformations

t=T@t), =X(tz), a=Ut2)u+Utz), T,X,U'#0,

~ 2 -~ X X Ul G X

=g, K=2Z2|K— (E2 4222)G —2U! 0y v f
G TtG’ T [ X + U1>G ( zu+Ux)U1 x|
_ Uyu+Uy)?
P== [UlP + %Gu — (Ulu + UNGe+K) + Ulu+ U}

t
Us 1n 0 1 0
+ <27”i(Uxu +U;)—U,u— Um) G] :
The subclass of class (2.11) singled out by the condition K = 0,

u = (G(t,x,u)uy), + P(t,z,u), G #0, (2.12)

is not normalized anymore in contrast to its covering classes considered
above.
Constraints for its admissible transformations are derived setting K = 0

and K = 0 in the transformations adduced in the previous theorem, which
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results in the equation

U! Uo X Ul X;
2 Zzu4+ 22 ) @, oy oZs A}
(U1U+U1>G +<Xx+ U1>G+Xx 0
The further constraints on forms of X, U! and U depend on values of the

function G. If G does not satisfy the equation of the form (au + b)G, +

cG +d = 0, where a, b, ¢ and d are functions of ¢ and x, then the point

transformations between equations from this class necessarily satisfy the
conditions X; = X, = U! = U? = 0, and such a subclass of class (2.12) will
be normalized in the usual sense. The whole class (2.12) is not normalized.

We adduce its equivalence group in the following statement.

Theorem 2.8. The equivalence group of class (2.12) is comprised of the

transformations
t=T(t), T=0v+06, a=U(u+U"), TU'S #0,

~ 71 p:_ 1P 1 0.
G TtG, Tt(U + Uju+Uy)

The description of the entire equivalence groupoid of class (2.12) needs
additional study.

Classes of evolution equations with variable coefficients of u; often ap-
pear in applications. That is why we additionally consider the generaliza-

tion of equations (2.11) of the form
S(t,r)uy = (G(t, x,u)uy) + K(t, x,u)u, + P(t,x,u), SG#0. (2.13)

In particular, the classes of variable-coefficient diffusion-reaction equa-
tions f(z)u; = (g(x)A(u)uy), + h(x)B(u) and diffusion—convection equa-
tions f(x)uy = (g(x)A(uw)ug), + h(z)B(u)u, (fgA # 0) are subclasses of
this class. Though the coefficient S(t,x) can be gauged to one by the

family of point transformation

t=t, :Ezf;S(t,y)dy, U= u,
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we will consider class (2.13) separately since its transformational properties
become more complicated in comparison with those of class (2.11). The

following statement is true.

Theorem 2.9. Any point transformation between two fixed equations from
class (2.13) has the form (2.10). Then the respective values of the arbitrary

elements are related via the formulas

K+G; X, Ul L0 G Xy
= - [ G+<Xx—2ﬁ)G 2(Ulu +U)U1——xs

G 2G P 1 (Ul + UY)?

T_Aem L Ulp 4 2z G, + (Uu+UY)S

+ (2 LU+ UY) - UL u— U§x> G— (Uu+ UK + Gx)] .

[t is obvious that transformation properties of class (2.13) become more
complicated in comparison with those of class (2.11). Transformations are
defined only for fractions of arbitrary elements. It is explained by the
fact that this class admits peculiar gauge equivalence transformation (an
equivalence transformation for which independent and dependent variables
do not transform but only arbitrary elements). This is the transformation

~ - G - K A S
S=Ztx0S), G= EZ, K = gZ—G (E)I, P = EZ’
where Z is an arbitrary smooth function of its variables with Zg # 0.

Theorem 2.10. The equivalence group of class (2.13) comprises the trans-

formations

t=T@), *=X(tuz), a=Utz)u+U"z), T,X,U'#0,

- X2@G

S (t,z,S), G 7, 5%
~ XajZ X.’L‘x Ul G Xt Xaj Z
K= K- 272 ) G — Y- =L -

TtS[ (ng+ Ul)G U XxS] TtG<S>;
. 7 2
P:— 1P - K 1 0

TtS[U + G — UK + ) + (Ul + UD)S
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Ul
- (27”;0{ — Ul u— U§x> G] :

where U = Ulu + UY.

Class (2.13) can be regarded as normalized in the usual sense since we
can present it in the form Su; = Guy, + G’lui + G?u, + P with additional
arbitrary elements G! = G,,, and G*? = K + G,.

We note that the subclass of class (2.13) singled out by the condition
K =0, i.e. the class

S(t,x)uy = (G(t, x,u)uy), + P(t,z,u), SG #0, (2.14)

is not normalized. In contrast to the case of class (2.13) the coefficient S is
essential for class (2.14). The gauge equivalence transformations are quite
simple in this case, namely, each coefficient can be multiplied by a nonvan-
ishing smooth function of . The equivalence group of class (2.14) is wider
than the equivalence group of its subclass with S = 1 (cf. Theorem 8).

The following statement is true.

Theorem 2.11. The equivalence group of class (2.14) consists of the trans-

formations
t=T(), 7=X(), a=U'®u+U%), T,X,U"#0,
S = ¢(t)%5, G=y(t)X,G, P= ‘é?) (U'P + (Ulu+TUN)S),

where (t) is a nonvanishing smooth function of its variable.

Concluding Remarks. The chain of nested subclasses of the general class
of (1+41)-dimensional second-order nonlinear evolution equations is con-
structed. For those subclasses that are proved to be normalized the found
equivalence groups give the exhaustive description of the respective equiv-
alence groupoids of these classes. So, we firstly proved that classes (2.4),
(2.5), (2.7)-(2.9), (2.11) and (2.13) are normalized and then looked for
their equivalence groups, which lead to the complete description of the

equivalence groupoids of these classes.
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Finding the equivalence groupoids for the non-normalized classes is a
difficult task since the determining equations for components of admissible
transformations are nonlinear ones. That is why for such classes other
techniques are needed like partition of the class into normalized subclasses
and the method of furcate splitting [292]. In future work we plan to use
these methods to find the entire equivalence groupoids of classes (2.12)
and (2.14), that are of special interest for further applications. There are
many models with application in physics and biology which are members
of these classes, e.g. variable coefficient Fisher and Newell-Whitehead—
Segel equations, which are also studied within this chapter. We note that
the group classification for the general class of (1+1)-dimensional second-
order quasilinear evolution equations u; = F(t, z, u, uy)u., + G(t, x, u, uy),
F # 0, that contains classes considred in this chapter as subclasses was
performed in [17]. Nevertheless those results obtained up to a very wide
equivalence group seem to be inconvenient to derive group classification

for its specific subclasses.

2.2. Extended Group Analysis of a Class
of Reaction—Diffusion Equations

with Exponential Nonlinearities

The problem of extended group analysis of variable coefficient reaction—

diffusion equations of the general form
fl)ue = (g(x) A(u)ug ), + h(z)B(u), (2.15)
where fgA # 0, was initiated in [294, 300]. The case of A and B being

power functions, i.e., the class of equations having the form
f(@)ur = (g(x)u"uy), + h(x)u™, (2.16)

where fg # 0 and (n,mh) # (0,0), was successfully investigated therein.

Lie symmetry classifications of certain subclasses of this class were carried
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out in [70,83,225,275]. The most important studies on reduction operators
(called more often nonclassical or @)-conditional symmetries) are presented
in [12,13,61,90,241,299,301]. For many reasons, the natural continuation
of the study in [294,300] is to consider equations of the form (2.15) with

A and B being exponential functions,
flo)ue = (g(x)e™ up)e + h(x)e™. (2.17)

Here f = f(x), g = g(x) and h = h(z) are arbitrary smooth functions of
the variable z, fg # 0 and n and m are arbitrary constants. The linear
case, which is singled out by the condition n = m = 0, is excluded from
consideration as it is well investigated. The semilinear equations of the
form (2.17), which correspond to the constraints n = 0 and m # 0, were
already considered in [288,301]. Moreover, equations of the form (2.17)
with n # 0 are not related to linear and semilinear equations of the same
form via point transformations. This is why in the present section we
study only the class of equations of the form (2.17) with fgn # 0, which
we briefly call class (2.17). Note that the parameter n can be gauged to 1
by a simple scaling of variables from the very beginning but we will not

use this gauge and will deal with the general form (2.17).

2.2.1. Equivalence Transformations. We make a preliminary study of
admissible transformations for class (2.17) using the direct method [160].

The obtained results are summarized in Theorems 2.12 and 2.13, where we

(4

use the notation ¥ = ¢ %" in order to simplify formulas.

A

Theorem 2.12. The generalized extended equivalence group G~ of

class (2.17) is formed by the transformations

t=01t+ 0y, T=p(x), @=du-+(z),

i) ~ 002 _m
F=2007 §=20up,0%, h="Se50h, fi=— m=
9096 pr 53

m
O3
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where ¢ 1s an arbitrary smooth function of x, p, # 0; ¥ and VU are deter-

mined by the formulas

Y(x) = —§1n U (z)|, Y(z)= 54/d—$ + 05.

n
d;, 7 =0,...,5, are arbitrary constants, 5p0163 # 0 and (d4,05) # (0,0).

Thus, elements of G~ are parameterized by five arbitrary constants and
a single arbitrary smooth function of x. The usual equivalence group G™ of
class (2.17) is the subgroup of the generalized extended equivalence group
G~ which is singled out with the condition d4 = 0.

Theorem 2.13. The generalized extended equivalence group of the class
f(@)ur = (g(x)e™uy), + h(x)e™  with nfg #0, (2.18)

coincides with the usual equivalence group G, _, of this class and consists

n

of the transformations

- 600
Uf, §=0600a0%, h=—"2[nhV + (g0,),] ¥, 7=~
Oy NPy 03

where 05, 7 = 0,1,2,3, are arbitrary constants, dp0103 # 0, ¢ and v are
_np(z)
arbitrary smooth functions of x with p, #0, U(x) =€ % .

Elements of G2

~_, are parameterized by four arbitrary constants and

two arbitrary smooth functions of x. Therefore, the group G, _, is really
a nontrivial conditional equivalence group of class (2.17).

In view of Theorem 2.12, the family of equivalence transformations
X
. d
=t ;z:/—y, i=u, (2.19)
w0 9()
parameterized by the arbitrary element g maps class (2.17) onto its subclass
consisting of equations of the form fa; = (€"iiz); + he™ with § = 1. The

new arbitrary elements are expressed via the old ones in the following way:
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f = fg, h = gh, m =m, i = n. Hence, within the framework of symmetry

analysis it suffices, without loss of generality, to investigate the equations
f(@)u = (e™uy) + h(x)e™ with nf #0 (2.20)

instead of class (2.17) because all results on symmetries, solutions and
conservation laws of equations from subclass (2.20) can be extended to
the entire class (2.17) with transformations (2.19). In other words, up to
Gw—equivalence we can assign the gauge g = 1 for the arbitrary element g.
Instead of g = 1 we can set f = 1, but the gauge g = 1 is more convenient
because it results in simpler group classification of class (2.17). Simultane-
ously, we can assign the value 1 to arbitrary element n, but this gauge is
not essential in the course of group classification and hence it will be used
only in the presentation of the final classification list.

The description of the generalized equivalence group of class (2.20) and
the generalized conditional equivalence group of the same class which is
associated with the condition m = n is deduced from Theorem 2.12 and

Theorem 2.13 by setting g = g = 1.

Theorem 2.14. The generalized equivalence group G'T of class (2.20) is

formed by the transformations

~_ ~_66x+57 ~ 53

t_51t+527 T = (54ZC—|—(557 ’U/—(Sg’u, nln\54x—|-55|,

r 51 ~ 53 m ~ n » m
:A2|54$+55‘3f7 h:E|5433+55‘n+3h, n:5_3’ 771:5_37

where 05, j = 1,...,7, are arbitrary constants such that 0103 # 0,
A = 0506 — 0407 # 0 and the tuple (4, 05, 0, 07) is defined up to a nonzero

multiplier; e.q., we can set A = +1.

Theorem 2.15. The class of equations

flz)ur = (e™uy)y + h(z)e™  with nf #0 (2.21)



44

~

admats the generalized equivalence group G consisting of the transfor-

1,m=n
mations
g )
t=00t+0, T=px), ﬂ:53u+2—3]n|5(2)g0x\, (2.22)
n
r -3 7 - 03 _3 1 N n
= 0d001|p| 2 f, h:53¢x2h+5‘%‘ (10| %) g =g

where §;, j = 0,...,3, are arbitrary constants with dp6103 # 0 and ¢ = ()

1s an arbitrary smooth function with ¢, # 0.

Class (2.21) can be mapped onto a proper subclass with only one arbi-
trary element depending on x using an appropriate family of point transfor-
mations from the group GTm:n The most convenient gauges for arbitrary
elements are the gauges f = 1 and h = 0. The first gauge can be realized

by the transformation
. v 2 1
t = sign(f)t, i‘:/ f(y)3dy, 7l:u+%l1r1|f|7 (2.23)
o

which maps an equation of the form (2.21) to the equation @; = (e™az); +
he™ ie., f = 1. The other arbitrary elements h and n are transformed to
h = f (f_éh + n_l(f_:l%)m) and n = n, respectively.

Theorem 2.16. The generalized equivalence group G?:gzl,m:n of the class

of equations
up = (e™ug) + h(x)e™  with n #0, (2.24)

consists of the transformations

~ d3. 02 - 0
[=0it+06, T=0w+06, d=0u+—In=t, h="2h @i=~-,
n 51 (54 53
where 05, j = 1,...,5 are arbitrary constants, 610304 # 0 with 6; > 0.

The gauge h = 0 for class (2.21) can be realized by the family of trans-
formations (2.22), where d; =63 =1, do = 0 and the function ¢ satisfies
the ODE (|y|2)4e + nhlp.| "2 = 0.
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Theorem 2.17. The generalized equivalence group Gihzo of the class of

equations
f(x)u = (e™uy), with nf #0, (2.25)

18 projection of the group @’f on the space (t,x,u, f,n).

It is possible to carry out the complete group classification of equations
from class (2.21) using either the gauge f = 1 or the gauge h = 0. We use
the first gauge to perform the complete group classification of (2.21).

2.2.2. Lie Symmetries. The group classification of class (2.17) is carried
out within the framework of the classical Lie approach [217,227]. At the
same time, we additionally apply a number of modern tools of symmetry
analysis. Thus, gauging the arbitrary element g to 1 by equivalence trans-
formations, we in fact classify subclass (2.20) instead of the entire class.
The main equivalence relation involved in the consideration is generated
by the generalized equivalence group Gi“ of this subclass, which contains
the usual equivalence group of the same subclass as a proper subgroup. In
other words, we use G’f—equivalence, which is stronger than G7-equivalence
prescribed by the classical Lie approach. Moreover, for group classifica-
tion of equations from subclass (2.20) with m = n we involve the equiv-
alence relation which is generated by the conditional generalized equiva-
lence group Gim:n and is even stronger than GT—equivalence. In total,
this leads to the reduction of classification cases and lowering the number
of additional equivalence transformations to be constructed. Lie symmetry
extensions are separated using the method of furcate splitting [138,209].

The following statement is true.

Proposition 2.18. The kernel algebra, 1i.e., the intersection of the
mazimal Lie invariance algebras of equations from class (2.20) (resp.
class (2.17)) is the one-dimensional algebra A" = (0}).
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The following exclusive cases appear during classification:
1)m=#0,n;, 2)m=0; 3)m=n.

The case h = 0 is special as the value of m is undefined in this case but it
can be included to the case m = n. This is why in the first two cases we
assume that h # 0.

The results of group classification for class (2.17) are collected in Ta-
ble 2.1. There exist additional equivalence transformations between clas-

sification cases presented in Table 2.1. Thus, the point transformation

1
t=—e" 2=z U=u—-ct (2.26)

en
links the equations f(zx)u; = (g(x)e™uy), + €f(z) and f(2")u, =

(g(z")e™ u!,),,. This transformation belongs to no equivalence group found
in previous section and reduces Cases 4—6 of Table 2.1 to the set of cases
‘m = n or h = 0’. For the reduction to be precisely to Cases 7-10 of
Table 2.1, for Case 5 transformation (2.26) should be composed with an
appropriate transformation of the form (2.23). Such compositions map
subcases of Case 5 to subcases of Case 8 and 9. The transformations
described exhaust additional equivalence transformations within the clas-
sification list from Table 2.1. It is proved in the next section within the
framework of admissible transformations. The transformation (2.26) can
also be included in the framework of conditional equivalence but the corre-
sponding conditional equivalence group is too complicated. The following

statement is true.

Theorem 2.19. Up to point transformations, a complete list of Lie sym-

metry extensions for equations from class (2.17) is exhausted by Cases 1-3
and 7-10 of Table 2.1.

Corollary 2.20. If an equation from class (2.17) is invariant with respect
to a four-dimensional Lie algebra then it is reduced using point transfor-

mations to the equation u; = (€"uy),.
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Table 2.1:  Results of group classification of class (2.17) under the gauge g = 1.

no. | f(z) | h(x) Basis of A™max

General case of m

1 v v O

2 | fi(z) | ha(x) | O, (d+2b— pn)td, + (nax® + bz + ¢)0y + (ax + p)0y

3 1 e 8t, 895, 2mt8t + (m — n)x@x — 28u
m=0, h#0, (h/f)s=0
4 v ef(x) | O, e =" (O + €0y)

5 | filz) | efi(x) | Oy, €750y + €0y), n(nax? + bz + ¢)0y + (nax + 2b + d)0,

6 | 1 e | 8, e Oy +20y), Dy, n2dy + 20,

m=n or h=0

7 W W 8t, nt@t — 8u

8 1 ax™? | O, ntdy — Oy, nxOy + 20,

9 1 e 8t, nt@t — 8u, 81;

10 1 0 O, ntOy — Oy, O, Nxdy + 20y

Here n, a and € are nonzero constants, n = 1 mod G7’, € = £1 mod G7,

fi(z) = exp (f —Snaztd dx) , hi(z) =cecexp (— S (Sn+m)az +2b+(m—n)p dx) ,

naz?+bzr+c nax2+bzr+c

and up to G?—equivalence the parameter tuple (a, b, ¢, d, p) can be assumed to belong to the set
{(07 ]-7 07 Jv ((j+ 2)/(n - m))7 (07 07 17 17p)7 (07 07 ]-7 07 1)7 (1/”, O? ]-7 CZ,ﬁ)},

where (d, §) # (0,0), (=3, —3—m/n) and modulo G5° we can also set d > —3/2 and, if d = —3/2,
qg=>-3/2—m/(2n); d>0and,ifd=0,p>0. In Case 5 the parameter p should be neglected.
In Case 7 the arbitrary element f (resp. h) can be additionally gauged by transformations

from G~

Lm=n- For example, we can set f = 1.

Corollary 2.21. If an equation from class (2.17) with m # 0,n possesses
a three-dimensional Lie invariance algebra then it is mapped by a point

transformation to the equation uy = (€"u,), £ ™.
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2.2.3. Equivalence Groupoid. To complete the description of the
equivalence groupoid of the class (2.17), that is not normalized, we need

to derive a conditional equivalence group for one more its subclass.

Theorem 2.22. The generalized equivalence group G _ () f)am o Of the sub-
class of class (2.17), which is singled out by the conditions m = 0 and
(h/f)z =0, consists of the transformations

( ) j:@(x), ﬂ:53u—|—¢(t,l‘),

~ . .n
f:_o f7 gzé(ﬁpxqugn n=-—,
P 53

where the smooth function T = T(t) with Ty # 0 is defined by the formulas:

et 1 et —q el 1
MILNL#O — :61 —|—52, /LIO,[L%O = —51t+52,
nfi nu nfi
th_l

pA0, i=0: T =06"

+52, n = ﬂ =0: T = 51t+52,

where p=h/f and i = }Nz/ f are constants, @ 1s an arbitrary smooth func-
tion of x with @, # 0, Y(t,x) = —%”lnlﬂ(t)\lf(x)], U(r) = (54[% + 05,
d;, 3 =0,...,5, are arbitrary constants, dp0163 # 0 and (d4,05) # (0,0).

The group G, _, (h/ om0 is a generalized equivalence group even if n is
fixed as it contains transformations with respect to ¢, which depend on
the (constant) ratio of the arbitrary elements h and f. In contrast to
GN

m=n>

class (2.20) because the apphcatlon of this conditional equivalence group

we do not use G~ —0,(h/ f)a=0 in the course of group classification of

does not have a crucial influence on classification, and the corresponding
system m = 0, (h/f), = 0 for arbitrary elements is less obvious. At
the same time, transformations from G’ 0,(h/ f)a=0 play the role of addi-
tional equivalence transformations after completmg the classification (see
the previous section).

We summarize the investigation of admissible transformations in

class (2.17) in the following assertion.
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Theorem 2.23. Let the equations

F@)us = (9(x)e™u,)s + h(x)e™ and F(@)u, = (§(F)eu,), + h(@)e™

be connected via a point transformation T in the variablest, x and uw. Then

either — =" or (m,m) = (0,n) or (m,m)=(n,0).
nomn

The transformation T s induced by a transformation from

a) G~ if either m £ 0,n orm =0, (h/f), #0;
b) Gy if m=n and m # 0, then also m = n;

c) Grmo.(hy a0 W m =1 =0, (h/f)s =0, then also (h/f), = 0.

If m =0 and m = n then (h/f), = 0 and the transformation T is the
composition of two transformations, from G _, (h/ f)a=0 and G, _., with the

intermediate equation having h = 0.

The case with m = n and m = 0 is similar to the previous one.

Theorem 2.24. Class (2.17) is represented as the wunion of its
three mazimal mnormalized subclasses separated by the conditions
(h #0, m#0,n) or (m =0, (h/f)e #0); m=0, (h/f)e=0; m=n.
Only the latter two subclasses have a non-empty intersection, and this in-

tersection is the normalized subclass ‘h = 0.

2.2.4. Contractions. Examples of nontrivial limits between equations
admitting Lie symmetry extensions are known for a long time. For in-
stance, in [39] equations with exponential nonlinearities were excluded from
the group classification list of nonlinear diffusion equations as a separate
case and were just considered as a limiting case of equations with power
nonlinearities. At the same time, it looks more convenient to include such
cases to classification lists and then indicate connections between different
classification cases via limiting processes. Using the analogy with the-

ory of Lie algebras such connections are called contractions. A theoretical
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background on contractions of differential equations, their Lie symmetry
algebras and solutions was first discussed in [139].

In this section we relate, via contractions, the group classification lists
obtained for class (2.17) with the classification list for class (2.16) [294, Ta-
ble 1]. Then contractions are used to construct exact solutions of equations
from class (2.17) using known solutions of equations from class (2.16). We
also demonstrate a similar consideration for conservation laws.
Contractions of Equations and of Lie Invariance Algebras. At first
we apply the transformation

f=6t, &=+0or, a=0u—1), ﬁ:%, m:% (2.27)
parameterized by a positive constant parameter 6 to the equation from
class (2.16) with the values arbitrary elements g = 1 and f and h presented
in Case 2 of Table 1 of [294]. The constant parameters a, b, ¢, d and p are

transformed in the following way

a=a, E:%, E=c, CZ:%, p=Vop, a=da (2.28)
wherever this is relevant, i.e., we change parameters if and only if they
appear in the values of arbitrary elements of the initial equation. Then, we
take the imaged equation and proceed to the limit 6 — +oo. This results
in the equation from class (2.20) with the values of the arbitrary elements f
and h presented in Case 2 of Table 2.1. The same procedure establishes
a contraction between the associated Lie algebras of vector fields. The
corresponding notation will be 2.2 — 1.2, where II in the first numbers
indicate the Table 1 of [294] and I in the first numbers stands for Table 2.1
and the second numbers indicate the numbers of cases within these tables.
We present the complete list of contractions which replace power nonlin-

earities by exponential ones and, therefore, connect cases of Lie symmetry

extensions for classes (2.17) and (2.16):

111, 112512 T1.3—>13 11414, IL5 15,
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I6 - 16, II.8—17 I1.9—-18, IL.1I0—19, IL.11— I.10.

Contractions of Lie Reductions and Exact Solutions. In [294] we
carried out Lie reductions and constructed Lie exact solution for equations
from class (2.16) with the values of arbitrary elements presented in Cases 9
and 12 of Table 1 in [294], which admit three-dimensional Lie symmetry
algebras. It is shown in the previous subsection that there is a contraction
of Case 9 of Table 1 in [294] to Case 8 of Table 2.1. The corresponding

equations from classes (2.17) and (2.16) are
U = (e"a;) . + ai e (2.29)
wy = (u"uy ), + o~ 2"t (2.30)

whose maximal Lie invariance algebras g and g are generated by the vector
fields X; = 05, X, = ntod; — 0y, X3 = nid; +20; and X, = 8y, Xy = ntd;, —
w0y, X3 = nxd, + 2ud,, respectively. The contraction I11.9 — 1.8 can be

realized using the simpler transformation

f=t, d=x da=0u—1), ﬁ:%, a = da (2.31)

than transformation (2.27). In the course of this contraction the algebra g
is contracted to the algebra g as a Lie algebra of vector fields in the space
of (t,z,u). Namely, X; — X;, Xo — X, and X3 — X3. Let us study the
related contractions of Lie reductions of equation (2.30) to ones of equa-
tion (2.29). Inequivalent Lie reductions of equation (2.29) with respect to
one-dimensional subalgebras of the corresponding maximal Lie invariance
algebras are exhausted by those presented in Table 2.2. For convenience we
omit tildes in Table 2.2. The transformations of the invariant independent
and dependent variables, which are induced by transformation (2.31), take
the form ¢ = d(¢ — 1) and @ = w in all Cases 9.1-9.4 of Table 2 in [294].

Consider Case 9.1 of [294, Table 2| in detail. The transformed version

and the corresponding limit of the ansatz u = |t| = = @(w) are

~\ 07 ~\ 0N
(1+%) — ||~ 0+20) (1+§) S M = [f|70H2 gt § 5 foo,
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Table 2.2: Lie reductions for Case & of Table 2.1.

no. X w U= Reduced ODE
1| Xo—pXs | zlt|* | pw) — 2 m|t] | (€")wew — pnewpy + (1 + 2p)e + anw™2e™ = 0,
€ =signt
2 X3 t p(w) + 21n|z| ng, — (an+2)e™? =0
3| Xz+X; | zeTt o(w) £ 2t (€™ ww £ Nw@, F 2+ anw ™2™ =0
4 X1 x o(w) (€") e + anw ™2™ =0

Therefore, the contracted ansatz is @ = @(@) — 222 1n[¢|. The reduced
equation from Case 9.1 of [294, Table 2| is mapped by transformation (2.31)

to the equation

¢5ﬁ+1
1 -
(1+5) |
3 & ¢6ﬁ+1
1+2 I+ |+ 1+ = 0.
+(+u)5(+5>+@2<+5> 0

Then the limit process at 6 — 400 leads to the equation

on

on + 1 T HREW s

("), — mnew@e + (1 + 2p)e + ani 2™ =0

which is also obtained from equation (2.29) by the reduction with respect
to the contracted ansatz and presented by Case 1 of Table 2.2. Analogously
we obtain contractions of the other reductions.

For Cases 9.2 and 9.4 of [294, Table 2] exact solutions of reduced equa-
tions were found in [294]. The substitution of these solutions to the re-

spective anzatze results in the following exact solutions of equation (2.30):

.%'2

C—(an+2+4n=1)t|

Si=

(2.32)

u =
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1
ntl if o =0,

9

)

|CivzInz + Co/x
U = 4 ’C’lx’“ + CQ.%'%Z‘%H, if o >0, (2.33)
\ |Ciy/zsin(o Inz) + Cg\/fcos(alnx)"%“, if o <0,

1+ V—a/
—7 0'

= 5 Here and in

where o/ = 1 —4a(n + 1), 59 =
what follows C, C and (5 are arbitrary constants. Applying transforma-
tion (2.31) to solution (2.32) and proceeding with the limit 6 — 400, we

obtain

~\ 0N -1

“Y 2 (o (an 4\;
(1+5> =2I (C (om—|—2—|—ﬁ5)t> —
" = 7% (C — (an+2)1) "

As a result, we construct the exact solution
j’Q
C—(an+2)t

uw=—In

S|~

for equation (2.29). Applying the same technique to solutions (3.54) leads
to the steady-state solutions of (2.29):

)
1n|CivVZEInz + CoV/iE|, if & =0,
u=q +In|Ci@ + Cyz™|, if & >0,
\%ln‘Clx/Esin(aln:I:) + Cov/Tcos(oclnz)|, if & <0,

1+Va V—a'

o= Another way for finding

where & =1 —4an, 9 =
this solution is to integrate the reduced equation of Case 4 from Table 2.2.
By the obvious transformation ¢ = e"¥ the reduced equation is mapped to
the Euler equation w?@,,, + ang = 0.

Contractions of Conservation Laws. We use contractions in order to
construct conservation laws of equations from class (2.17) with g = 1 us-

ing results obtained in [294] for equations from class (2.16) with the same
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gauge of g. Note that the consideration can be easily extended to the en-
tire classes (2.17) and (2.16) using transformations from the corresponding
equivalence groups.

Roughly speaking, a conservation law of a system L of differen-
tial equations is a divergence expression that vanishes on solutions of
this system. Thus, in the case of two independent variables ¢ and =z
and one unknown function u the general form of conservation laws is
D F(t,x,ugpy) + D,G(t, 2, upy) = 0 whenever u is a solution of £. Here D;
and D, are the operators of total differentiation with respect to t and =,
respectively, and u,) denotes the set of all the derivatives of the functions
u with respect to t and = of order not greater than r, including v as the
derivative of the zero order. The components F' and G of the conserved
vector (F,G) are called the density and the flux of the conservation law.
Two conserved vectors (F, G) and (F’, G') are equivalent if there exist such
functions F' , G and H of t, x and derivatives of u that F and G vanish for
all solutions of £ and F' = F+ F+D,H, G' = G+G— D;H. A conserved
vector is called trivial if it is equivalent to the zero conserved vector.

It is found in [294] that there are three subclasses of equations of the
form (2.16) which admit nontrivial conserved vectors. Thus, assuming the
gauge g = 1, each equation from class (2.16) with 1. m=n+1,2. m =1
and h = pf, and 3. m = 0, admits two linearly independent conservation
laws. They contract to the cases 1. m =mn, 2. h =0, and 3. m = 0 of
class (2.17), respectively.

In order to contract equations from class (2.16) to equations from
class (2.17), we should vary the arbitrary element n. This is why only
the case of general n is appropriate for contractions. There are three dif-
ferent ways in order to perform contractions of conservation laws. We will
contract the equations and the conserved vectors of their conservation laws.

We illustrate this in detail using equations

f(@)uy = (uuy)z + af (z)u (2.34)
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with n # —1, whose conserved vectors are given by

_ _ nil _
(ze ¥ fu, e " (—zu"u, + 17‘1?) ), A =ze

—ut _ ,—ut,n 2 _ —put
Y Y *
(e " fu, —e "u"u, ), I =e

n#—1: (2.35)

We consider as an example the first conserved vector. At first we apply
equivalence transformation
n

t=t, ==z a=06(u-1), =, i = 6p (2.36)

to equation (2.34) and proceed to the limit 6 — +oco. As a result, we

obtain the class of equations (tildes are omitted)

i.e., equations from class (2.20) with h = 0.

For the image A\ of the characteristic A\! = ze ! with respect to trans-
formation (2.31) we have that \' — z if § — +o0o. Now we are able to
construct the corresponding conservation law of (2.37) using the charac-
teristic obtained as an integrating factor. After the multiplication by x the

equation (2.37) can be written in divergence form as
1
Dy (xfu)+ D, <—.9L‘e7ﬂ”“‘uaj + —em‘) = 0. (2.38)
n

Therefore, we constructed conservation law (2.38) of equation (2.37) via
carrying out a limiting process of characteristics. Another way is to directly

deal with divergence expressions. Thus the conservation law

un+1
D —pt + D, | —e M xu"u, + e M =0
" (:r:e fu) ( e Mxu"u, +e 1

of (2.34) with n # —1 is transformed by (2.31) to
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Multiplying the obtained expression by ¢ and adding the term —z fé under
D;, we proceed to the limit 6 — +o00. (As the term —Z f¢ depends only on
T, it is negligible in view of the differentiation with respect to £.) Omitting
tildes, we exactly obtain the conservation law (2.38).

Conserved vectors can be contracted in the same way using the fact that
we can add expression which depends on Z only to the density component
up to equivalence of conserved vectors.

Contracting the conservation laws obtained in [294] jointly with the

corresponding equations, we obtain the following assertion.

Theorem 2.25. A complete list of equations from class (2.20) possessing

nontrivial conservation laws is exhausted by the following ones.

1. m=n: (gpifu, — ey, + %goi,e”“), o i=1,2.
2. m=0: (xfu, —zxe™u, + %e”“ — thdx), x;
(fu, —e™uy — [hdz), 1.

Here the functions o' = ¢'(x), i = 1,2, form a fundamental set of solutions

of the second-order linear ordinary differential equation @, +nhyp = 0.

Remark 2.26. The case h = 0:
1
(xfu, —xze™u, +—€"), x; ( fu, —e"™uy), 1,
n

appears as a particular subcase of cases 1 and 2 adduced in Theorem 2.25.

Simultaneously with constraints on the arbitrary elements we also
present conserved vectors and characteristics of the basis elements of the

corresponding space of conservation laws.
2.3. Potential Symmetries of a Class of Porous
Medium Equations

Bluman et al. [38,39] introduced a method for finding a new class of sym-

metries (non-Lie ones) for a system of PDEs A(x, ), in the case that this
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system has at least one conservation law. If we introduce potential vari-
ables v for the equations written in conserved forms as further unknown
functions, we obtain a system Z(z,u,v). Any Lie symmetry for Z(x, u,v)
induces a symmetry for A(z,u). When at least one of the infinitesimals
which correspond to the variables x and u depends explicitly on poten-
tials, then the local symmetry of Z(z,u, v) induces a nonlocal symmetry of
A(z,u). These nonlocal symmetries are called potential symmetries. More
details about potential symmetries and their applications can be found
in (30,31, 38]. Potential symmetries were investigated for quite general
classes of differential equations. The problem of finding criteria for the
existence of potential symmetries for classes of differential equations was
posed in [253]. Some useful criteria were derived for PDEs in two indepen-
dent variables. Nonclassical potential symmetries of such equations were
discussed in [261].

In [98] the construction of hidden potential symmetries for some classes
of diffusion equations is claimed. Here we show that these symmetries
are usual potential symmetries that can be derived using the conventional
method by Bluman and collaborators.

A complete classification of potential symmetries can be achieved by
considering all potential systems that correspond to the conservation laws.
It is known [245] that the equivalence group for a class of systems of differ-
ential equations or the symmetry group for a single system can be prolonged
to potential variables. It is natural to use these prolonged equivalence
groups for classification of possible potential symmetries. In view of this
statement we will classify potential symmetries of diffusion equations up to
the (trivial) prolongation of their equivalence groups to the corresponding
potentials.

The first step in the investigation of potential symmetries is to calcu-
late the conservation laws. The conventional symmetry approach for this

is based on Noether’s theorem but it cannot be directly used for evolution
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equations. There exists no Lagrangian for which an evolution equation
is an Euler-Lagrange equation. Hence the application of Noether’s theo-
rem in this case is possible only for particular equations and after special
technical tricks. At the same time, the definition of conservation laws it-
self gives rise to a method of finding conservation laws, which is called
direct and can be applied to any system of differential equations with no
restriction on its structure. The technique of calculations used within the
framework of this method is similar to the classical Lie method yielding
symmetries of differential equations. Four versions of it are distinguished
in the literature depending on the way of taking into account systems un-
der consideration and the usage either the definition of conserved vectors
or the characteristic form of conservation laws. See, e.g., [10,11,247] on de-
tails of the calculation technique. The necessary theoretical background is
given in [217]. In the present work we employ the most direct version [247]
based on immediate solving of determining equations for conserved vectors
of conservations laws on the solution manifolds of investigated systems and
additionally combined with techniques involving symmetry or equivalence
transformations.

In [98] the porous medium equations of the form

w = ((u")g + fz)u™),, (2.39)

with n # 0 was given without considering its potential symmetries. It was
stated that the complete classification of potential symmetries was carried
out in [97]. There are three remarks on this statement.

1) In [97] the case m = 0 was omitted from the consideration since
another representation for which the value m = 0 is singular was used for
equations from class (2.39). At the same time, the corresponding subclass
of class (2.39) contains well-known equations, e.g., the linearizable equation
up = (u‘zuw)x + 1. Moreover, some equations from the cases m = 0 and
m # 0 are connected within both the point and potential frame.

2) The description of potential symmetries in [97] was not a classifica-
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tion since no equivalence relations of equations or symmetries were used.

3) Only simplest potential symmetries arising under the study of the
corresponding “natural” potential systems were found. The problem on
the construction of the other simplest and, moreover, general potential
symmetries of equations from class (2.39) was still open.

We employ class (2.39) in order to give the basic steps for the exhaustive
classification of the simplest potential symmetries. Moreover, in the next
section we completely describe potential symmetries of some equations
from class (2.39).

The equivalence group G~ of class (2.39) is formed by the transforma-
tions

t= Ot + 09, T =03x+0dy, U=20 n10371u,

~ m—n n—32m-+1

f:51"7153 n—1 f'7 ’fL:/]’L, m:m,

where 6;, © = 1,...,4, are arbitrary constants, 9,03 # 0. Additionally, the
subclass singled out from (2.39) by the condition m = n can be mapped

to the subclass consisting of the equations

e—"TJrlff(:v)dyca73 _ (fbn)@gc

by the transformation
t=t, = [el/@lgy §= en J f@)drq, (2.40)
We present the conservation laws for (2.39) and the subsequent potential

systems.

Theorem 2.27. Any equation from class (2.39) has the conservation law

of form D:F + D,G = 0, whose density and flux are, respectively,
1. F=u, G=-nu"tu,— fu™. (2.41)

A complete list of G™-inequivalent equations (2.39) having additional (i.e.
linear independent with (2.41)) conservation laws is exhausted by the fol-

lowing ones
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2m=n#1: F=ufe//%dy, G=— [e/f®dz (nu" uptfu)+el [y,
3.n#1, m=0: F=au, G=—z(nu"'u, + f)+u"+ [ fdx,
4n#£l, m=1, f=1: F=(t+z)u, G=—(t+z)(nu" u, +u)+u",
5.n# 1, m=1, f=cx: F=c¢eou, G=—ea(nu"tu, +ru)+ elu",
6.n=1 m=0: F=oau, G=—a(u,+ )+ au+ [a,fdx,
7n=1m=1: F = pu, G=—pF(uz+ fu)+Bu, wheree = +1 mod G~,
a = a(t,x) and B = B(t,x) are arbitrary solutions of the linear equations
a0y = 0 and i+ Bre— fBe = 0, respectively. (Together with restrictions

on values f, n and m we also adduce densities and fluxes of additional

conservation laws.)

These conservation laws can be used for the construction of poten-
tial systems that lead to potential symmetries for the equation (2.39).
The associated characteristics are equal to the coefficients of u in the pre-
sented expressions for F'. Here we consider only simplest potential systems
(i.e., potential systems with one potential variable, constructed with usage
of single conserved vectors of basis conservation laws) of equations from
class (2.39), having the form v, = F, v, = —G. Cases 6 and 7 of Theo-
rem 2.27 can be excluded from the investigation since they concern linear
equations studied in [249]. Then, the equations of Case 2 are reducible
to diffusion equations of form (A.52) by transformation (2.40). The equa-
tions of Cases 4 and 5 are reducible to the constant coefficient diffusion

equation @; = (4")zz by means of the Galilei transformation
t=t, T=x+t a=u
and the transformation
. ﬁes(n—kl)t, n#—1, ;
t, n=—I,

respectively.
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Therefore, we have to investigate only two potential systems

vy =u, v =nu""tu, + fu™, (2.42)

vt =xzu, vf =z(nu" lu,+ f) —u" — [ fdx (2.43)

corresponding to cases 1 and 3 of Theorem 2.27. (To distinguish the po-
tential introduced, we denote the second potential by v*.)
Lie point symmetries of the potential system (2.42) give nontrivial po-

tential symmetries of equation (2.39) in the following cases:
1. f=22n=-1,m=-2

(Op, Oy, Oy — Uy,

12t0; + (3Inz — v)xd, + (3 — 3Inz + xu + v)ud, + 2(3v — t)d,);
2. f=exhnjz|,e=2xl,n=-1,m=1:

(0, Oy, e 1 (20, — udy), e (—exvd, + e(xu?® + uv)d, + 20,));
3. f=x,n=—-1,m=0:

(Op, Oy Op + 0y, 2t0r — 20, + 2u0, + VO,

20, + (v — to) 0, + (2t — w)ud, + tvd,);
4. f=0,n=-1,m=0:

(O, Oy, ©Oyp — u0y, 2t + ud, + v0,, vrd, — (v + ru)ud, + 2t0,,

4420, + (v? — 2t)20, — (V? + 2vau — 6t)ud, + 4tvd,, B0, — Bu’d,);
5. f=1,n=-1,m=1:

(O, Oy, (x+1)0, — udy, 2t0; + 220, — ud, + v0,, B0, — Byu?d,,

v(x + )0, — [(x + t)u + v]ud, + 2t0,,

4820 + [(z + t)v? — 2t — 61%)0, — [v? — 6t + 2(x + t)vu]ud, + 4tvd,);
6. f=ex,e==xl,n=—-1,m=1:

(O, Oy, xOy — uly, 2t0y — 2etx0, + (1 4 2et)ud, + v0,,

420, + (v* — 2t — 4et?) 20, — (v? — 6t + 2zvu — 4et?) ud, + 4tvd,,

v20, — (zu + v)ud, + 2t0,, e (B0, — B,ud,));

7. n=-1,m=-—1:
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(Or, Oy, VO, — (1 — f))udy, 2t0; + ud, + v0y,
4820, + (v* — 2t)0, — [2¢vu + (v* — 2t)(1 — fob) — 4t|ud, + 4tvd,,
Yv0, — ((1 — f)v + Yu)ud, + 2t,, ©(B0, — (Byu? — fBu)d,));
8. f=1,n=1m=2:
(O, Oy, Oy, 2t0;+ 20, —ud,, 4t20;+4tx0, —2(2tu+x)0, — (2t +22)0,,
2t0, — 0y, — 20y, e "[(au — )0, — ady)).
Here a = a(t,x) and f = F(t,v) run through the solution sets of

the linear heat equation oy — a,,; = 0 and backward linear heat equation
By + Buw = 0, respectively, o(z) = e /14 y(x) = e~ [Idr [elfdr gy

Note 2.28. Equations from class (2.39) with n = —1, m = 0 and
f € 10,1} are just different representations of the same equation. Potential
systems corresponding to these two cases are connected via the transforma-
tion v = v +t of potential variable v. This transformation maps case 4 to

the case

f=1,n=—-1,m=0:

(O, Op, x0p — udy, 2t0; + udy + (t + 0)05,

4420, + [(0 — t)? — 2t]w0, — [(0 — t)* + 2(0 — t)xu — 6t]ud, + 4t00;,

(0 — )20y — (0 — t + zu)udy, + 2t0s, ei 2[30, — (B — %B)u28u]),
where the ]""metz'onﬁ~ = B(t, 0) runs through the solution set of the backward
linear heat equation By + Bz = 0.
Note 2.29. Cases 5, 6 and 7 are reduced to case 4 by the point transfor-
mations {T = x+t, u = u}, {T = ez, 4 = e “u} and (2.40), respectively.

The vartables t and v are identically transformed.

As mentioned, Lie symmetries of potential system (2.42) were investi-
gated in [97] only for m # 0 and hence cases 3 and 4 were omitted there.
It is explained by choice of another representation of equation (2.39). For
all values of m, potential symmetries of equation (2.39) associated with

potential system (2.42) are first classified above.
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There exists only one inequivalent case of potential system (2.43) that
gives nontrivial potential symmetries for equation (2.39), namely, f = z,
n = —1 and m = 0. Lie algebra of potential symmetries in this case is
9. f=x,n=—-1,m=0:

(0), Dy, 2t0; — 20, + 2ud,, eV /?(220, + (z’u — 2)ud, — 40,+)).

Here we give only one example on potential symmetries of equations
from class (2.39) with f # 0, which involve two potentials. They are easily
constructed via the point transformation (2.40) from potential symmetries

Sup = (u?Buy), from

presented in Section A.4. Namely, the equation x~
class (A.52) (case 3.4, f = 275 n = —2/3) is mapped by the transformation

t =3t 7 =|2|7V2 @ = |2|7%%u to the equation
iy = ((@'?); — 38 '), (2.44)

from class (2.39), where 72 = m = 1/3 and f = —3i&~'. For coefficients to
be simpler, we have additionally combined the corresponding transforma-
tion of form (2.40) with a scaling. The second order potential system for
equation (2.44), which is constructed from (A.54) via the transformation

prolonged to the potentials as © = —v!'/2 and W = w/4, is

~ ~ -3

Uy =@, Wy=i 0, wy=i

The associated potential symmetry algebra of (2.44) is (we omit tildes for

convenience)

0y, Ow, 20y — 220, 2t0; + 3ud, + 3v0, + 3w0,,
20, — 3ud, — 200, — 4w0,,,

710, + 32 %ud, + 2(2w + :z:‘%)&v — 22 2wd,,
rwd, — 3(x %0 + w)ud, — (r7%v + 2w)vd, — 2w?0,,).
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2.4. Group Classification of the Fisher equation
with Time Dependent Coefficients

The classical Fisher equation
up = bug, +au(l —u), ab#0, (2.45)

first appeared seventy-five years ago in the seminal paper [80]. This equa-
tion was originally derived to model the propagation of a gene in a pop-
ulation. More precisely, the dependent variable, u, stands for the fre-
quency of the mutant gene in a population distributed in a linear habi-
tat, such as a shore line, with uniform density. Theorems on existence
and uniqueness of bounded solutions for equations of the more general
form u; = uy, + F(t,z,u) were proved in [161]. Traveling-wave solutions
of (2.45) were constructed in [5] (see also [52,66,168,208]). In [117,213] it
was proposed to consider generalized Fisher equations with a time depen-
dent diffusion coefficient, b, and a time dependent favorability coefficient, a,

namely the class of equations
ur = b(t) Uy, + a(t)u(l —u), (2.46)

where a(t) and b(t) are smooth nonvanishing functions. In practice these
coefficients could represent long term changes in climate or short term
seasonality [117]. Solutions for equations from this class were constructed
in [117,213]. In this section we study symmetry properties of equations
from class (2.46) and find their exact solutions [291,303].

2.4.1. Admissible Transformations. We search the admissible trans-

formations using the direct method [160]. The following statement is true.

Theorem 2.30. The usual equivalence group G~ of class (2.46) comprises

the transformations

5 2
i= L 5=

t=Tt), =9 5o il =
(t), = 1T+ 0y, U=cu-+ 5 Te T
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where T'(t) is an arbitrary smooth function with Ty # 0, 61 and dy are

arbitrary constants with 01 # 0 and € = +1.

Remark 2.31. Up to composing to each other and to continuous equiv-
alence transformations, the equivalence group GG~ contains three indepen-

dent discrete transformations
Ti: (t,x,u,a,b) — (—t,z,u, —a, —b),
To: (t,x,u,a,b) — (t,—x,u,a,b),
Ts: (t,x,u,a,b) — (t,x,1 —u,—a,b).

Theorem 2.32. Class (2.46) is normalized with respect to its generalized

extended equivalence group G~ formed by the transformations

t=T(), T=08x+0, u=uwlt)u+i(),
B a - 07
- b=—}
T T T,

where T'(t) is an arbitrary smooth function with Ty # 0, 6 and dy are

arbitrary constants with 6, # 0,

B (ozefadt—l—,ﬁ)(’yef“dt—{—(S) - Ozefadt—l—ﬁ
T (a—pyelt T b=y

the constant pairs (o, B) and (vy,9) are defined up to nonvanishing mul-
tipliers and ad — By # 0. In other words, the equivalence groupoid of
class (2.46) is generated by the generalized extended equivalence group G~

of this class.

The proof can be found in [303]. It is obvious that there are equations
in class (2.46) that are G™-equivalent but not G™-equivalent. Therefore the
usage of the group G~ strongly simplifies the group analysis of class (2.46).

Corollary 2.33. Equation (2.46) reduces to the classical Fisher equation

Up = Uy +u(l —u) (2.47)
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by a point transformation if and only if for some positive constant X the
coefficients a and b satisfy the condition
btt bQ (07 &2
AV? — 2= + 3Lt =a® —2— + 3. 2.48
b * R a * a? (2.48)
Remark 2.34. After the exclusion of the constant A by differentiation

with respect to t, the condition (2.48) reduces to the condition

3 3
o — 0t = a8 a2 T o
which is more convenient for checking using a computer algebra package.
Remark 2.35. The condition (2.48) is satisfied if and only if the function
b is expressed in terms of a as
~ Mad — By)ael @
" lael T ) e 5’

where A is a positive constant, the constant pairs (a, ) and (v,d) are

2
At bt & bt 9 b

defined up to nonvanishing multipliers and ad — v # 0.

2.4.2. Gauging of Arbitrary Elements. Equivalence transformations
allow us to simplify the group classification problem by gauging arbitrary
elements. For example, there is one arbitrary parameter-function 7'(t) in
the equivalence groups G~ and G~ of class (2.46). It means that we can
gauge an arbitrary element, either a or b, to a simple constant value, e.g., to
1. Thus the equivalence transformation ¢ = [bdt, & =z, & = u belonging
to the group G~ maps class (2.46) onto its subclass singled out by the
constraint b = 1. The arbitrary element @ of the mapped class equals a/b.
The gauge a = 1 is realized by the similar point transformation from G~
t = [adt, & = x, & = u. In the corresponding mapped class we have @ = 1
and b = b/a.

Since class (2.46) is normalized in the generalized sense, it is easy to
find the equivalence group of its subclass with b = 1 (resp. a = 1) by
setting b = b = 1 (resp. @ = a = 1) in the transformations from G~. We

obtain the following corollaries of Theorem 2.32.
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Corollary 2.36. The class of equations of the general form
U = Uy + a(t)u(l —u), (2.49)

where a runs through the set of monvanishing smooth functions of t, s
normalized in the generalized extended sense. The generalized extended
equivalence group G; of this class consists of the transformations

a

t=0it+0y, T=01x+0, u=uw(t)u+0o(t), d:52—,
W

where 6;, 1 = 0, 1,2, are arbitrary constants with 6; # 0,

(@efadt+ﬁ)(76f“dt+5) b ozefadt—l—ﬁ

(ad — By)eledt =By

the constant pairs (o, B) and (vy,9) are defined up to nonvanishing multi-
pliers and ad — By # 0.

Corollary 2.37. The class of equations of the general form
ur = b(t) Uz + u(l —u), (2.50)

where b runs through the set of nonvanishing smooth functions of t, is
normalized in the usual sense. The usual equivalence group Gy of this

class consists of the transformations

Eszyet—l—(S’ T = 012 + 0o,
o (ae" +B)(ve' +6)  ae'+p P _ 0 (ae! + B)(ve' + 5)b
~ (ad = By)et ad =By (ad—fy)et

where d;, j = 1,2, are arbitrary constants with 61 # 0, the constant quadru-

ple (o, 8,7,0) is defined up to a nonzero multiplier and ad — By # 0.

Remark 2.38. The group G} contains two discrete equivalence transfor-

mations

T (t,x,u,b) — (t,—z,u,b), T": (t,z,u,b) — (—t,z,1 —u,—b).
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An interesting question is which of the above two gauges is preferable
for further consideration. Class (2.49) is still normalized only in the gen-
eralized extended sense. At the same time class (2.50) is normalized with
respect to its usual equivalence group. This is why we can expect that it

is easier to perform the group classification in class (2.50) rather than in
class (2.49).

Corollary 2.39. Eq. (2.50) reduces to the classical Fisher equation (2.47)
by a point transformation if and only if the coefficient b has the form

Mad — Bv)et
(aet + B)(ve' +0)’

where X is a positive constant, the constant quadruple (o, 3,7y, 9) is defined

b(t) =

up to a nonzero multiplier and ad — By # 0.

2.4.3. Lie Symmetries. We study the Lie symmetries of equations from
class (2.50) using the classical approach [227]. We fix an equation, £, from

class (2.50) and search for vector fields of the form
Q= 71(t,x,u)0 + &(t,x,u)0, + n(t,x,u)0,

that generate one-parameter point symmetry groups of £. The determin-
ing equations derived using the the infinitesimal invariance criterion imply
T = 7(t) and £ = £(t,z). This completely agrees with the general re-
sults on point transformations between evolution equations (see [160] and

Section 1.1). Then the remaining determining equations take the form
Nuu = 07 2b gx = (bT)ta 2b Naw = bf;m: - ft;
0 =1+ Wee + (7 = 20 = )u+ (g — 7)u’ = 0.

The integration of the first two equations of this system results in

(b7):
2b

¢ = z+¢(t) and n=n't2)u+n"t ),
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where ¢, n' and 7" are arbitrary functions of their arguments. Then the
third equation becomes

<%(b7)t>taﬁ + ¢+ 2bnl = 0. (2.51)

After substituting the above expression for 7 into the fourth equation and

splitting this equation with respect to u, we get
nt= =T = b =1 =0, 20" =7 4 by, —

The last system implies that n' and n° do not depend upon z and are

expressed via derivatives of the function 7 as follows

1

771 = —Tt, 770 = E(Tt + Ttt)-

The function 7 satisfies the equation 7 — 7 = 0, i.e.,
ot —t
T =cCe + coe "+ cC3

for some constants c¢;, ¢s and c3. We take into account all the constraints
derived and split Eq. (2.51) with respect to z. As a result we immediately
obtain ( = ¢y = const and the classifying equation ((b7);/b); = 0 which
essentially includes both the residuary uncertainties in the coefficients of
the vector field () and the arbitrary element b. We integrate the classifying

equation once to obtain
(cre’ + cae™ 4 e3)by = (—cie’ + cae™ 4 cy)b (2.52)

with one more constant, ¢4. To find the common part of the maximal
Lie invariance algebras (the kernel algebra) of equations from class (2.50),
we split equation (2.52) with respect to b and b;, which gives ¢; = 0,
i =1,2,3,4. The only nonzero constant ¢, corresponds to the operator 0,
(Case 0 of Table 2.3).

The set V4 of coefficient tuples of equations of the form (2.52) satis-

fied by a fixed value of the parameter-function b is a linear space. The
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dimension, k3, of this space coincides with the dimension of Lie symmetry
extension for the same value of b. It is easy to prove that k;, < 3 and, if
k, = 2, any element of V}, satisfies the equation cﬁ = c% — 4cq09.
An at least one-dimensional extension of Lie symmetry exists only for
values of b satisfying (2.52) with (cq, ¢o, c3) # (0,0,0), i.e., if
b(t) = c5 exp ( / —ac o+ C4dt) (2.53)

ciel + coet + 3

for some nonzero constant c5. Then an extension operator is of the form
c
Xo = (cre’ + o'+ ¢3)0; + 54338;6 + [(CQe*t —cre)u + clet} Oy

The integration in (2.53) gives the following values of b:

4

Cs 261€t—|—03—y v
b= if D>0,c¢ #0,
crel + et + 3| 2¢1et + 3+ v 17
‘4
c3
b=—" i D>0,¢=0,
(coet4c3)
b & 2 it D=0,¢ #0
= exp| —— | 1 =0, c
e +eget s T\ 2ciel + e LT
c
b:c5exp(t—|——4et> if D=0,c¢ =0,
C2
2 2c,€
b=— “ - exp (ﬂ arctan LW) if D <0.
c1e' + e " + C3 v v

Here D = ¢ — 4cicp and v = \/ﬁ . When one uses the scaling trans-
formation with respect to x, the constant c; can be set to signcs, i.e.,
cs = £1 mod G}

In fact the above expressions for b can be simplified more by transfor-
mations from the group Gj°. Up to G} -equivalence the parameter quadru-

ple (c1, ¢2, 3, ¢4) can be assumed to belong to the set

{(0,0,1,0), (0,1,0,k), (1,1,0,p) | 0 =2 0, k = £1, p € R}.
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Indeed, combined with multiplication by a nonzero constant, each trans-
formation from the equivalence group G} is extended to the coefficient

quadruple of equation (2.52) in the following way:

¢ = €102 — 370 + Y2, Go = c18% — 308 + o0,

53 = —26165 + 03(a5 + 5’7) — 20204’)/, 64 = (O(é - 67)C4.

There are three G} -inequivalent reduced forms of the triple (c1, ca, c3) de-

pending upon the sign of D,
(0,0,1) if D>0, (0,1,0) if D=0, (1,1,0) if D <O.

So, up to Gj-equivalence, which coincides with the general point equiva-
lence, there are three types of equations from class (2.46) the maximal Lie
symmetry algebras of which are two-dimensional. They are represented
by Cases 1-3 of Table 2.3. In view of the constraint ¢} = ¢ — 4cicp any
case of extension of the kernel algebra by two linearly independent opera-
tors reduces by equivalence transformations to Case 4 of Table 2.3, where
b = +e!. Since class (2.50) is normalized, there are no additional equiva-
lence transformations between the cases listed in Table 2.3.

As a result we have proven the following theorem.

Theorem 2.40. The kernel algebra of class (2.50) is A" = (0,). Gy -
inequivalent Lie symmetry extensions for class (2.50) are exhausted by

those presented in Table 2.3.

The classification list adduced in Table 2.3 represents by itself the result

of group classification problem for class (2.46) up to G™-equivalence.

2.4.4. Exact Solutions. Criterion (2.48) shows that the subclass of equa-
tions (2.46) of the form
AAa(t)h(t)
U+ =
" (ah(t) + B)(3A(E) + 9)

Uz + a(t)u(l — u), (2.54)
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Table 2.3:  The group classification of class (2.50).

no. b Basis elements of A™?%
0 v Ox
1 cet Op, O+ 10,
2 gexp(t + ret) Oy, €10, + 510, + e~ tud,

3 S exp (parctane!) | 8,, 2coshtd; + 520, + (¢! — 2sinhtu) 9,

cosht

4 eel Opy O+ 320, €10+ udy)

Here €, o0, K, p are constants, ¢ = £1 mod Gy’, 0 > 0 mod G}’, 0 # 1 and k = =1 mod Gj}’.

where h(t) = e/ “D¥ and A = ad — By # 0, reduces by point transforma-
tions to classical Fisher equation (2.47). Using theorem 2.32 we find the
family of transformations that maps equation (2.54) into equation (2.47),
that is of the form

- ah(t)+p .
t_ln—fyh(t)—l—é +c, T= \/X+ 2, (2.55)
oo )+ B +9) ah(t) + 6

- h(OA A

where ¢; and ¢y are arbitrary constants. We apply the found transforma-
tions to known solutions of the classical Fisher equation (2.54) and get the

following family of exact solutions of the equation (2.54):

hA exp (%f—i— %%’) © (eXp <%t~—|- %%") +C,0, é) ~h

"= (ah + B)(7h + 9) Ty
B hA 1 N vh
R 2 )
(ah 4+ B)(vh 4+ 9) (CeXp (\/T%_%t)il) Yh +6

Here ¢ and 7 are defined in (2.55), p(z, k1, ko) is Weierstrass elliptic func-
tion, ¢y, ¢2, C, C, C are arbitrary constants with C # 0.

As Fisher equation admits the discrete symmetry transformation
x — —ux, the above solutions with opposite signs of x satisfy respective
equation (2.54).
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The family of point transformations parameterized by the arbitrary
element a(t) of the class (2.46),

t= [a(t)e/sOqt  F =g a=—c Jal)dly (2.56)

maps the class (2.46) into the class of quasilinear reaction—diffusion equa-
tions with quadratic nonlinearity and and an arbitrary element depending

on variable ¢,
iy = b(f)izz + %, b#0, (2.57)
Arbitrary elements of the classes (2.46) and (2.57) are related via the for-

mula

7 b e
a(t)
For the equation u; = u,,+u? several exact solutions are known (see [16,

208] and [237, p. 157]). Using the transformation (2.56), we find new exact

solutions for variable coefficient Fisher equations
w = a(t)el Dy 4+ a(t)u(l — u):

_12(4£V6)x(z + e1) + 120(12 £ 5v6)O(t) + 12(2+v/6) co + 6¢
e~ a1t (22 4 ¢12 4103+ vV6)O(F) + )

_ Ja(t)dt X 0 é)
u==e y Y 9
Y (\/6

where O(t) = [a(t)e/ “0dt, ¢|, ¢y, C are arbitrary constants.

Concluding Remarks. It turns out that class (2.46) has a number

u

Y

of interesting properties. In particular it possesses a nontrivial general-
ized extended equivalence group and it is normalized with respect to this
group. It is also mapped by proper gauging of arbitrary elements to its
subclass (2.50) that is normalized in the usual sense and the equivalence

algebra of which is finite dimensional.
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When one analyzes results of group classification problems for various
classes of variable-coefficient PDEs (see, e.g., [138,245, 248,288, 300]), one
can observe that constant coefficient equations usually admit the widest
Lie symmetry groups within such classes. In other words they repre-
sent the most symmetric cases. We unexpectedly discovered that the
Lie symmetry group of the classical Fisher equation (2.45) is not widest
within class (2.46). This fact can easily be interpreted in terms of map-
pings between classes of differential equations [248, 288, 300]. Namely
class (2.46) is mapped by a family of point transformations to a class
of similar but simpler structure. The mapped class consists of equations
uy = f(t)uze + g(t)u?, where the arbitrary elements f and g run though the
set of smooth nonvanishing functions of ¢, and this class is more convenient
for group classification than the initial class (2.46). Under the above map-
ping the classical Fisher equation is transformed to a variable-coefficient
equation and the equation presenting the Lie symmetry extension of high-
est dimension in class (2.46) (Case 4 of Table 2.3) is transformed to a
constant-coefficient equation. Using this fact we have constructed some

exact solutions for variable coefficient Fisher equations.

2.5. Classification of Reduction Operators of
Variable Coefficient Newell-Whitehead—Segel

Equations

In this section we aim to perform exhaustive classifications of Lie and
regular nonclassical reduction operators for the class of equations of the

form
wy = a*(t) gy + b(t)u — c(t)u?, (2.58)

where a(t), b(t) and ¢(t) are arbitrary smooth functions, a(t) and c(t) are

nonvanishing. This is a class of variable coefficient Newell-Whitehead—
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Segel equations called also in the literature generalized Fisher equations
and Newell-Whitehead equations.
The classical Newell-Whitehead-Segel equation, u; = g, +u — u?, was

derived in [206,265] and it is particular case of generalized Fisher equations

ue = (u"ug) 4 uP (1 —uf), (2.59)

which appear as insect and animal dispersal and invasion models in the
mathematical biology (cf. equation (13.40) in [203]). Here t and x are time
and spatial coordinates, respectively, u is a population density, p, ¢ and
m are positive parameters. The equations (2.58) with b(t) = ¢(t) = 1
were studied in [213] using the truncated Painlevé expansion method in
order to construct their exact solutions. Having the same goal the whole
class (2.58) was considered recently in [285]. It appears that all the found
in [285] “solutions” are stationary ones and moreover do not satisfy the
respective equations due to wrong signs of constants appearing therein. We
aim to construct exact solutions for equations (2.58) and also to present
the complete classifications of not only Lie reduction operators but also

regular nonclassical ones.

2.5.1. Equivalence Groupoid. Using the direct method we deduce that
the equivalence groupoid of class (2.58) is generated by the usual equiva-
lence transformations from this class. The following statement is true.

Theorem 2.41. The equivalence group G~ of class (2.58) is formed by the

transformations

2 . 1 ~ 1
~9 ) ~
t) = —a’(t b(t) = — (pb(t t) = —cl(t 2.60
() = G0, B0 = (bO) + ), o0 = el (2600
where 61 and o9 are arbitrary constants with 61 # 0, and the functions 0(t)
and @(t) are arbitrary smooth functions with 6;p # 0.

These transformations generate the equivalence groupoid of class (2.58).
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The proof can be found in [293]. Using Theorem 2.41, we can find
the conditions for arbitrary elements a, b, and ¢, for which variable coef-
ficient Newell-Whitehead—Segel equations are reducible to constant coef-
ficient equations from the same class. To derive such a condition we set
a, b and & to be constants in the formulas (2.60) and find compatibility

condition for the obtained system. This results in the statement.

Theorem 2.42. A variable-coefficient equation from class (2.58) is reduced
to a constant-coefficient equation from the same class by a point transfor-
mation if and only if for some constant \ the corresponding coefficients
a(t), b(t) and c(t) satisfy the condition
b1 efed),
273 ¢

The criterion (2.61) is rather useful for checking whether a given Newell—

=\ (2.61)

Whithead—Segel equation with time-dependent coefficients is similar to a
constant coefficient equation from the same class. In [285] “solutions” were
found for equations (2.58) with b(t) = c;k*a*(t) and c(t) = cok?a?(t), where
c1, ¢o and k are constants. It is easy to see that for such values of b(¢) and
c(t) the condition (2.61) is satisfied. In Section 2.5.4 we show how to
get wide families of non-stationary solutions for the subclass of equations,
whose coefficients satisfy (2.61) using the equivalence method.
Equivalence transformations allow us to simplify the initial class essen-
tially. The arbitrary element b(t) can be set to zero whereas a(t) to a

nonzero constant, for example, to one. Indeed, the transformation
t=[a’(t)dt, T=ux, 0=ec JoOI (2.62)
maps class (2.58) to its subclass (the tildes in it are omitted)
Uy = Uy — (). (2.63)

Admissible transformations of the class (2.63) can be easily derived from

Theorem 2.41, where we set > = a2 =1 and b = b = 0. It guarantees the
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complete result since superclass (2.58) of class (2.63), is normalized. The

result is summarized in the following statement.

Theorem 2.43. Class (2.63) is normalized. The equivalence groupoid
of (2.63) is generated by transformations which form its usual equivalence
group G7:

. - 1

t = 512t + 50, T = 5156 + 52, u = 53’&, 5(t> = 512—5326(25)7

where 6;, 1 = 0,1,2,3, are arbitrary constants with 6,93 # 0.

Therefore, we reduce the problem of classification of reduction opera-
tors for class (2.58) up to the G~-equivalence to the similar problem for
class (2.63), that contains only one arbitrary element c(t), up to the G7-

equivalence.

2.5.2. Lie Symmetries. The group classification for the class (2.63) is
performed using the standard technique [217,227]. We omit the details

and summarise the results of the classification in the following theorem.

Theorem 2.44. The kernel of mazimal Lie symmetry algebras of equations
from the class (2.63) is the one-dimensional algebra (0,). A complete list
of G™-inequivalent Lie symmetry extensions in class (2.63) is ezhausted by

the cases 1-3 given in Table 2.4.

Table 2.4 represents also the group classification results for class (2.58)
up to the G™-equivalence. We recall that a?(¢) = 1 mod G, b(t) = 0 mod
G~ for all the cases of Lie symmetry extension.

For the practical use of the group classification results it is convenient
to have also the list of Lie symmetry extensions which is not simplified
by equivalence transformations. To get such a list we use the algorithm
described in [289]. Firstly we write down the most general forms of the
function ¢(t) that correspond to equations from class (2.63) with Lie sym-

metry extensions. These are the cases:
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Table 2.4: The group classification of class (2.63) up to the G7-equivalence.

no. | c(t) Basis of A™max

0 \ O

1 et | Oy, 2t0; + 20 — (p+ 1)ud,

2 | gett Oz, 20 F u0y

3 £ 636, 8t, 2t8t + x&x — u@u

Here p is an arbitrary nonzero constant, ¢ = £1 mod G7".

Table 2.5: The group classification of class (2.58) without usage of the equivalence group.

no. c(t) Basis of A™max

0 v Ox

1| pa?e 2 [V (T 1 6)0 | 0y, Z(VT + 8)0; + ya0e + (Z (VT + 0)b — (p + 1)y)udy

9 ,ua2e"T_2fbdt ax, a%at + (% _ U)Uau

3 pae=2 /bt O, 2 (0r+budy), 20+ 20, + (2% —1)ud,

Here a = a(t) and b = b(t) are arbitrary nonvanishing smooth functions, 7' = [a?(t) dt; u, o,

0 and p are arbitrary constants with pop # 0.

1) ct) = p(yt +0)P: AN =(0y, 2(vt +6)0; + y20y — (p + 1)udu);
2) ct) = pe’t:  A™X = (9, 20; — oud,);
3) c(t) = p: A™* = (0, O, 2t0; + £0, — u0,).

Here u, v, p and o are arbitrary nonzero constants and 0 is an arbitrary
constant. Using the transformation (2.62) and the latter classification list
it’s easy to obtain the classification list for class (2.58) where arbitrary ele-
ments are not gauged by the equivalence transformations. The results are
summarized in Table 2.5. The latter list reveals the Newell-Whitehead—
Segel equations which are of more interest for applications and for which

the classical Lie reduction method can be utilized. It is also necessary for
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the study of nonclassical reduction operators that we perform in the next
section to get truly nontrivial ones, i.e., those which are not equivalent to

Lie reduction operators.

2.5.3. Nonclassical Method. Given a (1+41)-dimensional evolution
equation with the independent variables t and x and the dependent variable

u, its reduction operators have the general form
X =7(t,x,u)0 + &(t, x,u)0p + n(t, x,u)0, (2.64)

with (7,€) # (0,0). The reduction operators (2.64) with nonvanishing
coefficients of 0; are regular, and the other its reduction operators are
singular [173]; see also [42]. The singular case 7 = 0 was exhaustively
investigated for general evolution equation in [173,333].

Consider the case 7 # 0. We can assume 7 = 1 up to the usual equiva-
lence of reduction operators. This equivalence relation means that reduc-
tion operators X and X are equivalent if X = A(t,z,u) X, where A(t, x,u)
is a nonvanishing smooth function of its arguments. Then the nonclassi-
cal invariance criterion implies the following determining equations for the

coefficients ¢ and 7, and also for the arbitrary element c(t):

fuu = 07 Nuuw = 2(€mu - {Sgu)a
Nt — Ny + 25.1‘77 + (2658 - nu) cu? + 3770U2 + ctu?’ =0, (265)
€t - gacx + 25&6 - 2£u77 + 2nxu - 35u6u3 =0.

Integration of the first two equations of system (2.65) gives us the following

expressions for the coefficients £ and n
§=futg, n=—3fu+(fo = fg)u’ +hutk,

where f = f(t,x), g = g(t,z), h = h(t,z) and k = k(t,z). We further
substitute the derived forms of & and 7 into the rest two equations of
system (2.65) and split the resulting equations with respect to variable w.

This leads to a system of nine determining equations involving operator
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coefficients f, g, h, and k as well as the arbitrary element ¢(t) of class (2.65).
One of the equations is f(9¢ — 2f?) = 0. The further consideration splits
into two cases f # 0 and f = 0.

I. If f #0, then 9¢ — 2f% = 0, which means f, = 0 and f is a function
of t only. Then the rest of the determining equations imply ¢ = k = 0,
h=a, f=pe and ¢ = 5% where a and 8 # 0 are constants.
Therefore, the equation

2
Up = Uypy — 562640‘%3 (2.66)
admits the nonclassical reduction operator
X1 =0, + Be*ud, + (o — 58%**u?) ud,.

The constants a and § can be additionally gauged by equivalence trans-
formations, see Case 1 of Table 2.6.
II. If f =0, then k=0, h = —g, — %g and the rest of the determining

equations are

c 1d /(¢
gt +2995 — 39se =0, gtz + ZQi — ezt -9+ =— (-] =0.
c 2dt \c

This system of two partial differential equations for the function g(¢, z), one
of which involves arbitrary element c(t) of the class. The investigation of
compatibility of this system implies that ¢(t) can be only a power, exponen-
tial or constant function, otherwise the system is inconsistent. Truly non-
Lie reduction operators arise only if ¢(¢) is either an exponential function

or a constant. The list of the equations admitting nontrivial nonclassical

reduction operators with &, = 0 is the following:

3.
Up = Ugpy — U

3 3
X X

Up = Uy — e’ u (2.67)
X3 =0, — %\/Etanh (@x) 0, — %0 <tanh2 (‘/TEx) — %) uQy,, o > 0;
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Table 2.6: Nonclassical reduction operators of equations (2.63).

no. | c(t) Reduction operators

lop | e | 8 + 32 e*2tud, — 4 5 (3e™u® F 5) udy
1, | eet | 0, — ftanh (% ) s % (tanh2 (%a:) - %) udy
—fcoth(% ) O —f(cothz( )—%)Uau

1, | ee |+ %tan (%x) Oy — % (tan2 (%x) + %) U0y,

2 € 6t — %835 — %Uau

= 9, — 3y/o coth (@x) Oy — 30 (coth2 (*/7551:) — %) ud,, o >0;
=0 + \/—_atan< )8 + a(tan2 (?x)—k%) uly, o <0.

Here p and o are arbitrary nonzero constants. Both of them can be gauged

by the equivalence transformations to be equal to 1 or —1 depending on
their signs, namely p +— sign pu, and o — signo.

We summarize the results on classification of nonclassical reduction
operators of equations (2.63) up to the G7-equivalence in Table 2.6. In all
the cases of Table 2.6 ¢ = +1. The same table represents the results on
classification of nonclassical reduction operators of equations (2.58) up to
the G™-equivalence (a(t) = 1 mod G™ and b(t) = 0 mod G~ in this case).

Theorem 2.42 implies that equations (2.66) and (2.67) are reducible to
constant coefficient Newell-Whitehead—Segel equations (2.58) by equiva-
lence transformations from the group G™. Indeed, the transformation t = t,
I =z, i = e2'u maps equation (2.67) to the equation @; = gz + 50 — pad.
The latter observation means that direct reduction of equations (2.66)
and (2.67) using the nonclassical symmetry operators is not the optimal
way for finding their exact solutions. More convenient way is the reduction

of their constant coefficient counterparts (or immediate usage of exact so-
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lutions of constant coefficient equations, if such solutions are known) and
then derivation of exact solutions by the equivalence method, see the re-
lated discussion in [251]. The next section is devoted to construction of
exact solutions for equations from class (2.58) using the equivalence trans-

formations.

2.5.4. Exact Solutions. Theorem 2.42 implies that equations of the form

= @2ty + </\a2(t) + % - %%) w— et (2.68)

where a(t) and ¢(t) are nonvanishing smooth functions and A is a nonzero

constant, are similar to the constant-coefficient equation
Up = Upy + eu — U° (2.69)

with € = sign A. The latter equation is well studied by various techniques
and a number of its exact solutions are known, see, e.g., [237, p. 177]
and [300], and references therein. The similarity is established by the

transformation
t=\[a?(t)dt, T=+/|Nz, 0=-——*—u. (2.70)
a

for the case A # 0 and by the transformation

[=[a2(t)dt, T=x, @= a;s(;) u, (2.71)

otherwise. There are obvious restrictions for this transformations to con-
nect two real valued exact solutions for the physical case ¢ > 0. It works
fine for all functions ¢(¢) > 0 when ¢ > 0, for example for power coefficient

c(t) that is used most frequently in applications.
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We illustrate the possibility of generation of solutions for equa-
tions (2.68) by the following example The transformation (2.70) maps the
known traveling wave solution u = 5 — = tanh (ix — —t) of the constant-

coefficient equation (2.69) with € = 1 [313] to new exact solution

of variable-coefficient equation (2.68) with A > 0 and ¢(¢) > 0 for ¢ > 0.

A number of other exact solutions of the equation (2.69) are collected
n [208,237,300]. We consider the exact solutions of the equation (2.69)
collected in [300] and apply to them either transformation (2.70) in the
case A # 0 or transformation (2.71), otherwise. As a result we obtain wide
families of exact solutions of variable coefficient Newell-Whitehead—Segel
equations (2.68).

Hereafter T' = || [ a?(t)d¢; the functions cn(z, k), sn(z, k), and ds(z, k)
are Jacobian elliptic functions [316].

A>0:

2

u = a(t) A Crexp (\/_ij> —Crexw (_\/ﬁx)

()026 2T 4 0y exp(‘ﬁ >+C’exp< 2A:r:>
Cl\/_a() e2T sinh <\ﬁ)‘ ) (C’le2 cosh( x) + 2,—2)

c(t)

Cl\/_a( )eiT cosh (\ﬁ > ds (Cle2 sinh ( r) + Cy, ﬁ)
c(t)

Waalt) B s
02\/7() Smh<\/;)‘x)

C’l\/_a() S
2\/*

+
1+cn (Cle2 sinh \/TTA > ,%)
V2
+

COSh( ZU) (C&eg sinh (@x) @ i)
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2 c(t) D I) sn<Cle S (@>+CQ\/75)
A=0
w=2v21 “f&) ds (:::2 +6 [a2(t)dt, @) ,
I 1+ cn (:c2 +6 [ a2(t)dt, %5)

As equation (2.63) admits the equivalence transformation of the alter-
nating sign u — —u all the above presented solutions can also have the

forms with the opposite sign.

2.6. Lie Symmetries of Generalized Burgers
Equations and their Application to Solving

Boundary Value Problems

Lie symmetry methods play an important role in solving nonlinear PDEs

providing us with the algorithmic method of Lie reduction. There exist sev-
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eral approaches exploiting Lie symmetries in reduction of boundary-value
problems (BVPs) for PDEs to those for ODEs. The classical technique is to
require that both equation and boundary conditions are left invariant un-
der the action of a one-parameter Lie group of transformations. Of course
the infinitesimal approach is usually applied, i.e., a basis of operators of Lie
invariance algebra is used instead of finite transformations from the corre-
sponding Lie symmetry group (see, e.g., [32, Section 4.4]). The first works
in this direction appeared in the late sixties (see, e.g., [29, 35,201, 202]).
Bluman used the approach [29,35], that generally can be termed as the
“direct” one, namely firstly the symmetries of a PDE were derived and
then the boundary conditions were checked to determine whether they are
also invariant under the action of the generators of symmetry found. In
the case of a positive answer the BVP for the PDE was reduced to a BVP
for an ODE. Using this technique a number of boundary-value problems
were solved (see, e.g., [48,214,277,278]).

The method suggested by Moran and Gaggioli in [202] uses specific one-
parameter Lie groups of transformations of the independent and dependent
variables of the PDE system as well as of all arbitrary elements which
appear in the equations under study and in initial and boundary conditions.
Namely, only the groups of scalings and translations are considered which
can lead to self-similar or travelling-wave solutions only. After the admitted
Lie group of scalings and/or translations is specified, the complete set of
absolute invariants has to be found. Then a boundary-value problem for
the PDE system is reduced to similar but simpler problem for the ODE
system. Such an approach was applied to a number of engineering problems
(see, e.g., [1] and references therein).

There is also the approach in which the group classification of a PDE
system and associated boundary conditions is performed simultaneously
(see, e.g., [164,165]). Lie symmetries can also be used for certain cases

when boundary conditions themselves are not invariant with respect to
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the corresponding Lie group of transformations [102].

2.6.1. A Class of Generalized Burgers Equations. In this section
we demonstrate that the “direct” approach is much easier than that one
suggested in [202] and used, e.g., in [1]. To illustrate this we use an example

of a generalized Burgers equation of the form
ur + a(u”), = g(t)ugy, (2.72)

where a is a nonzero constant, g is an arbitrary smooth nonvanishing func-
tion of t and n # 0,1. If n = 2, a = 1/2, and g = —v, where v is a
nonzero constant, equation (2.72) becomes the prominent Burgers equa-
tion, u; + uu, + vuz, = 0, that is one of the simplest nonlinear (1 + 1)-
dimensional evolution equations that is exactly solvable. It has a long
history as it was already known to Forsyth [82] and discussed by Bateman
not many years later [19]. However, it was a serious contribution made by
Burgers which led to its present name [49]. Burgers equation has been used
to describe many processes in fluid mechanics and a variety of other fields
which seem to be rather disparate. Its remarkable feature is that it can
be transformed to the standard heat equation by means of the Hopf—Cole
transformation [62,121]. Therefore it is C-integrable [50].

The generalized Burgers equations (2.72) with n = 2 and a nonconstant
function g were derived in [116] and describe the propagation of weakly
nonlinear acoustic waves under the influence of geometrical spreading and
thermoviscous diffusion. Lie symmetries of such equations were studied
in [73,310]. This and other generalizations of the Burgers equations are
discussed, e.g., in [262,263].

We solve the group classification problem for class (2.72) in the frame-
work of modern group analysis. = Then we consider the class of BVPs
and solve successfully a specific BVP satisfying a requirement of invari-
ance with respect to Lie symmetries obtained. In contrast to the work

performed in [1] we use the “direct” approach [32,35] to solve the equation
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with associated boundary conditions and show that it is easier to imple-
ment and more transparent.

Equivalence Groupoid. We study all admissible transformations in
class (2.72). They appear to be exhausted by equivalence once. The results

of the study are summarized in the following statements.

Theorem 2.45. The usual equivalence group G~ of class (2.72) comprises

the transformations

t= 01t + 09, 5?2533324— 0y, U= O5u,
03

~ 1-n ~ ~
CI,——55 a, g=-——4g, n=mnm,

where 65, j =1,...,5, are arbitrary constants with 010305 # 0.

If n = 2, class (2.72) admits a nontrivial conditional equivalence group
which is wider than G™.

Theorem 2.46. The generalized equivalence group G; of the class,
w + a(u®), = g(t) gy, (2.73)

consists of the transformations

- at+p . kx+mt+pu . a
t = , I = , a4 = —,
vt 46 () o
i 7 (2ak(~t + 6) +nd ), § i
u = akK U — KYT — =

where o, 5,7, 0, K, J41, l1o, 0 are constants defined up to a nonzero multiplier,
ad — By # 0 and ko # 0.

Theorem 2.47. Let two equations from class (2.72), u;+a(u"), = g(t)uzs
and i; + a(@™); = §(t)izz, be connected by a point transformation T in
the variables t, x and u. Then the transformation T is the projection on
the space (t,z,u) of a transformation from the group G~ if n # 2, or from

the group G;, ifn=2.
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Table 2.8:  Group classification of the class u; + a(u"), = g(t)uze, n # 0, 1.

no. n g Basis operators of A™a*
1| #2 v s
2 | £2 £tP Dpy 20+ (p+ 1)20, + Z: iu(‘)u
3 | #£2 cet O, 20y + 20, + —15ud,
4 | #£2 1 Opy Oy, 2t0y + 20y — —L5ud,
5 | 2 ' Oz, 10y + Oy
6 | 2 etP Oy, t0y + 0y, 2t0+ (p+1)x0; + (p — 1)udy
7 2 cet Op, tO0p + 0y, 20; + 10y + u0y
8 | 2 |eePrarctant | g 40, + 0y, 2+ 10+ (t+p)axds + (x+ (p — t)u)0y
9 | 2 1 Oy, t0p+Ou, O 204+ 10, — uby, t20; +tx0y + (z — tu)dy

Here ¢ = +1 mod G™ and p is a nonzero constant. In all cases a = 1/n mod G™. In Case 6 we

can set, modG‘QN7 either p > 0 or p < 0.

Lie Symmetries. We perform the group classification of class (2.72)
within the framework of the classical Lie approach [217,227]. It is con-
venient to perform the group classification for class (2.72) up to G™-

equivalence and for its subclass (2.73) up to é;—equivalence.

Theorem 2.48. The kernel of the mazimal Lie invariance algebras of equa-
tions from class (2.72) with n # 2 coincides with the one-dimensional alge-
bra (0,). All possible G™-non-equivalent cases of extension of the mazimal

Lie invariance algebras are exhausted by the cases 2—4 of Table 2.8.

Theorem 2.49. The kernel of the mazimal Lie invariance algebras of equa-
tions from class (2.73) coincides with the two-dimensional Abelian algebra
(8, 2atd, + 0,). All possible Gy -non-equivalent cases of extension of the
mazximal Lie invariance algebras are exhausted by the cases 6-9 of Ta-
ble 2.8.

Solution of a Boundary-Value Problem Using Lie Symmetries.
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We consider the class of BVPs
ur +a(u)y = g(t)uge, x€1[0,400), t >0,
lim wu(t,z) =0, z € (0,400), (2.74)

t—+o00
u(t,0) =q(t), t>0,
lim u(t,z) =0, t>0,

T—+00
where a is a nonzero constant, g and ¢ are arbitrary smooth nonvanishing
functions and n # 0,1 and search those for which the “direct” approach
suggested by Bluman [32,35] is applicable.

We have derived the Lie symmetries for the variable coefficient equation

(2.72) and now we examine which of these symmetries leave the initial and
boundary conditions of the problem (2.74) invariant. The procedure starts

by assuming a general symmetry of the form
i=1

where m is the number of basis operators of maximal Lie symmetry algebra
of a given PDE and «;, © = 1,...,m, are constants to be determined.

Lie symmetries for equation (2.72) appear in Table 2.8. In Case 2, for
which ¢(t) = et”, the generator (B.13) takes the form

X =m0, + ay <2t5t + (p+ 1)x0, + Z: 11@“)

Application of X to the first boundary condition which is written as x = 0
and u(t,0) = q(t) gives

d —1
ap=0 and o <—2td—z+2_1q) = 0.

For nonzero ay we have
a(t) = 2,
where v > 0 is a constant. It can be shown that the symmetry X with

a1 = 0 leaves invariant the other boundary conditions. Hence the admit-

ted Lie symmetry can be used to reduce BVP (2.74) to a problem with
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the governing equation being an ordinary differential equation. In fact
the Lie symmetry 2t0; + (p + 1)xd, + ((p — 1)/(n — 1)) ud, produces the

transformation

p+1

u = t%qﬁ(n), where n=at" 7, (2.76)

that reduces (2.74) into the BVP for ODE

260" + (p+ 1)nd — 2a(¢") — %gb —0, nel0,+o0), (277)
lim ¢(n) = (2.79)
n—+00

Let p = (2 —n)/n. Then (2.77) takes the form e¢” + (n¢’ + ¢)/n —
a(¢")" = 0 and can be integrated once to give e¢/+np/n—ap"+c = 0, where
c is an integration constant. When we set ¢ = 0, this equation becomes
the Bernoulli equation that is linearizable by the substitution ¢'~" = z to

the form

1
c 2+ -nz—a=0.
n

1—n

The general solution of this equation is

1-n, 2 1_ N
z=e e <C+u/ e T d@)
€ 0

where C' is an arbitrary constant. If en(n — 1) > 0, the solution can be

written in terms of the error function as

2 (C+ a(l —n)ym erf(an)> ,

Zz = €o?
2e0

where o = ,/gml, erf(6) = \% foee*szds. Therefore a particular solution of
the second-order ODE on the function ¢ is

ezl (O 4 =) [ o5E? g m, if en(n—1) <0,
p | (O e ) m=D<0

e~ (C’+ alln)yr )*f erf(an))ln, if en(n—1)>0,
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Figure 2.1: Solution (2.80) for Figure 2.2: Solution (2.82) for Figure 2.3: Solution (2.82) for
e=1,v=0.5,a=1and various e=1,7vy=05,a=1landn=3 e=1,y=05,a=1and n =328

n. (evolution in time). (evolution in time).

where 0 = /(n — 1)/(2en). This is the solution of BVP (2.77)—(2.79) with
p=(2—n)/n, when C =~ and en > 0. Its typical behaviour is shown
on Figure 2.1.

Now we use (2.76) and obtain the solution of the following BVP

w4 a(u), = et g, € [0,400), t >0,
lim wu(t,z) =0, z € (0,400), (2.81)

t——+o0
1
u(t,0) =~t"n», t>0,
lim u(t,z) =0, ¢>0.

T—+00
For € > 0 and n > 1 the solution has the form

1 1 1— 1 1=n
u=1t nexp [—Q—th_i} <fyl_" + all = n)ym erf(axt_n)> , (2.82)
en

2e0

where 0 = \/% Note that the solution satisfies BVP (2.81) for all values
of positive v if a < 0. If @ > 0, then the parameters have to satisfy the
inequality '™ > a(n — 1)y/7/(2¢0). The typical behaviour of the latter
solution is shown on Figures 2.2 and 2.3 for the values n = 3 and n = 8§,
respectively.

The above procedure can be applied to the remaining cases that appear
in Table 2.8. If we omit Case 9 which is the well-known Burgers equation,

and constant coefficient Case 4, only in Case 6 there exists a Lie symmetry
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that leaves the boundary and initial conditions invariant. However, the
results for this case can be obtained from the above by setting n = 2 and
BVP (2.81) reduces to one with a constant coefficient governing equation.
Concluding Remarks. One performing research in the fields of engineer-
ing or physical sciences often encounters the problem of solving boundary-
value problems (BVPs) for nonlinear partial differential equations. It is
important to choose the method for solution which is easier to implement
and which leads to more general results than others. Some of the an-
alytical methods are based on the usage of Lie symmetry groups. We
have applied the classical “direct” technique involving Lie symmetries of
PDEs [32] to the class of BVPs for generalized Burgers equation with time-
dependent viscosity coefficient and have solved the particular subcase. The
used approach is more straightforward than the one suggested in [202]. One
more disadvantage of the latter technique is that it uses only scalings and
translations. Lie symmetry groups of some BVPs are wider and are not
exhausted by scalings and translations only (see, e.g., [165]). So, the “di-
rect” approach is also more general. However, as we have seen, the present
method is applicable only for specific forms of ¢g(¢) and ¢(¢) in (14). In
other words, the method has its limitations, but nevertheless is applied to
certain nonlinear problems. Some recent examples of its successful usage
can be found in [175,298].

The list of Lie symmetries derived for the class (2.72) comes to complete
the existing results that appear in the literature [73,310] and presents all
non-equivalent cases for which the algorithmic Lie reduction method can

be applied.

2.6.2. A Class of Generalized Burgers Equations With Linear
Damping. In this section we shortly adduce the classification results de-

rived in [234] for another class of variable coefficient generalized Burgers
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equations with linear damping of the form
ur + uuy + h(u = g(t)uge, ng#0, (2.83)
Here h(t) and g(t) are arbitrary smooth functions with g # 0, and n is an

arbitrary nonzero constant.

Theorem 2.50. The generalized equivalence group G~ of the class (2.83)

consists of the transformations

N )
tZT(t), T = d1x + 9y, ’[LZ(—1> u,
t
-1 T . 0°
h:—h _ = — =
T +nﬂw g 7}% n=mn,

where 01 and dy are arbitrary constants and T = T(t) is an arbitrary smooth
function with 61T, > 0. The equivalence groupoid of the subclass of the
class (2.83) singled out by the condition n # 1 is generated by elements

of G~, i.e., this subclass is normalized in the generalized sense.

Corollary 2.51. The generalized equivalence group Gy of the

h=const

class (2.83) with h = const consists of the transformations

4~

=T(t), T=0hx+0d, a= (é> n eht=hTy,

«

512 :
~ nht—nhT ~
g = Ee g, n=mnmn,

where the function T = T(t) depends on h and h and is defined by the

formulae

_ efnilT_l efnht -1
hh #0: — =

~ e—nht_l
h£0, h=0: T=a"— =18,

—nh

~ e*’njLT_

h:o)h#o —~:Oét+ﬁ,
—nh

h=h=0: T=at+p

Here o, 3, 09 and 61 are arbitrary constants with ad; > 0.
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Theorem 2.52. The generalized extended equivalence group G,jzl of the

class
ur + uy + h(t)u = g(t) Uy, (2.84)

consists of the transformations

1

~ B ~ X Xl
[=T), &= (@+a)X +a, = (u+(az+51)fa) |

Here 6y, 01 are arbitrary constants, T = T(t) is an arbitrary smooth func-
-1
tion with T, # 0, and X' = (’yfe_fh(t) 4t qt 4 (5) .

Class (2.84) is normalized in the generalized extended sense.

Therefore, the admissible transformations in the class (2.83) are ex-

haustively described. The following statement is true.

Theorem 2.53. The class (2.83), where the exponent n varies, is not nor-
malized. It can be partitioned into the normalized subclasses each of which
15 singled out by firing a value of n, and these classes are not connected by
point transformations. Each subclass of (2.83) with a specified value of n,
n # 1, is normalized in the usual sense, whereas the subclass (2.84) corre-
sponding to the value n = 1 is normalized in the generalized extended sense
only. Fvery union of any subclasses of (2.83) with n # 1 is normalized in

the generalized sense.

The transformations from G~ are parameterized by an arbitrary func-
tion T = T'(t). This allows us to gauge one of the arbitrary elements, g
or h, to a simple constant value. For example, we can set g to one or
h to zero. The gauging h = 0 looks more convenient since in this case
the class (2.83) reduces to another one, for which the group classification

problem has been solved in the previous section.?! This gauging can be

21 Group classification problems for certain subclasses of (2.83) with h = 0 were considered in [73,286,

287,310] and the complete group classification of this class was achieved in [307].
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realized with the transformation
T: t=[em/MOUq G=g 0=ty (2.85)

from the group G, which links the class (2.83) with the class i; + 4"z =

§(t)Uzz, where the new arbitrary element ¢ depends on h and g as

S nf h(t) dt

g=ce g. (2.86)

Of course the transformation 7 for this gauging is not unique. If n # 1,

then the most general transformation is
1
. S\ 7
t=afem/MVAt 45, & =diw+d), @= (_1> e/ ) dty,
Q

where «, (3, 01 and Jy are arbitrary constants with ad; # 0. In the case

n = 1 the most general transformation takes the form

gzaerﬁ j:x+ulf+,u0
45 vt 4§
o (vt + 8)e) POty — ya 4 1116 — oy
ad — By ’

where «, 3, v, 0, po, and py are arbitrary constants with ad — 8y # 0, and
P [enlhna gy
If h is a nonzero constant, then the transformation 7 gauging h to zero

has the form

) 1
t:——he nht i =gz, 4= "
n

Remark 2.54. The alternative gauge g = 1 can be set using a parameter-
ized family of point transformations that are projections of transformations

from G~ to the space of independent and dependent variables,

t=[gt)dt, &=xsgng(t), @=|g(t)] »u.

This family of transformations maps the class (2.83) onto the class 4; +
W'ig + iz(f)ﬂ = 133, where the new arbitrary element h depends on h and

ho—=h o 9
gash—g+n92.



Table 2.10: The complete list of Lie symmetry extensions for the class (2.83).

no. g Basis operators of A™a*
n#1

1 v o

2| ATWaT +B) | O, 2n(aT + B)T; 0, + an(p+1)x0,
+ (a(p—1) = 2nh(t)(aT + B)T; ) ud,

3 AT et Oz, 2nT;1(9t + anzd, + (a — th(t)thl) w0y

4 AT} Op, T 0 — W) T udy,
2nTT; 0 + nwdy — (2nh(t)TT ' + 1) udy

n=1
5 Y 8z, T&x + Ttau
P

6| A (555)" | Oe TO+ D0, (0T + BT + 0)T; 0,
+ (3(p— DA+ a(yT +6)) 20, + (a’yTtm
+ [~a(yT +8) = h(t)(aT + B)(\T + )T, " + L(p + 1)A] u) Dy

7| ATeSTS By, Ty + Ty0,,
(YT + 0 T, 0 + (YT +6) + 3A) 20,
+ ([-v(yT +6) = RO (YT + 6)°T; " + 3A] u ++*Tyz) O,

] )\Tterarctan(aTJrﬁ) Oy, TOy + T00,
(@T + B2+ 1) T, 10 + a(aT + p+ B) 20,
+([a(—aT + p—B) — h(t) ((aT + B)* + 1) T, '] u + o*Tiz) 0,

9 AT, O, Ty + T10y, 2TT, 10 + 20, — (2h()TT; " + 1) udy,
T,710, — h(t)T,  ud,
T2, 0, + T2, + (Tiw — (W(O)T?T7 '+ T) u) 9y

96

Here T =T(t) = [ e M1t 4¢ and the function h(t) is arbitrary in all cases. Here X and p are

nonzero constants. a = +1 in Case 2 and a # 0 in Cases 3 and 8. In Cases 6 and 7 «, 3, v, and §

are arbitrary constants defined up to a nonzero multiplier (with additional possibility of scaling in
Case 6) such that A = ad — v # 0. In Case 7 we can set («, 8,7,9) € {(/,0,0,1),(0,5,1,0")}.

Theorems 2.50, 2.52, and 2.53 exhaustively describe the equivalence
groupoid of the class (2.83).

The complete list of Lie symmetry extensions for equations (2.83) are

presented in Table 2.10. We do not present the list of point-inequivalent
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cases of Lie symmetry extensions since it in fact coincides with the cases
presented in Table 2.8. Note that the cases n # 2 and n = 2 for equa-
tions (2.72) correspond to the cases n # 1 and n = 1 for equations (2.83),
respectively. The classification list adduced in Table 2.10 derived using the
equivalence based approach suggested in [289].

In [307] we also derived solutions of equations from the initial

class (2.83) with arbitrary values of h(t) and specific values of g(t),
(i) w4 uug + h(t)u = eTime " MOy
T~ exp (—%sz_n%l)e_fh(t) dt

u = 1 __2 1>
(c1 —2uT it [emma®T T dg) "

(i) w4 uug + h(t)u = e PO,

1 o
u:< a(n+1) >€—fh(t)dt7

14+ ¢ ean(z—aT)

1\ "
u = ( n+ ) e_fh(t)dt’

c] — N

(490) w4+ uuy + h(t)u = g(t)uy, Vg
_ T+ o S h(t)
[e [Pt 4 q
Here a and c are arbitrary constants, ¢ = 4+1, u = ﬁﬂ), and the func-
tion T = T'(t) is defined as T(t) = [e ™/ O gz,
The equation (ii) can be rewritten as

1k
up + uu, — ﬁiu = Ky, (2.87)

where the functions k(t) and h(t) are related via the formula k = e~/ #(®)d
For n = 1 the equation (2.87) coincides with equation (3.262) in [262,

p. 90], which includes the Burgers model for turbulence but with variable

U

diffusivity (applicable to modeling of acoustic waves in the atmosphere).

We have derived two families of exact solutions for the equation (ii). The
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behavior of the solution

U = < Cl(n + 1) > 7L€,fh(t) dt (288)

14+ ¢ ean(z—aTl)

for two different values of n and forms of variable diffusivity coefficients h
is illustrated at Fig. 2.4.

——=01—"1=05—"—(=1"""1=2

Figure 2.4: The behavior of the solution (2.88) for ¢; =1, a = 0.5. Here n =1, and h =t at
Fig. a, n =2, and h = t at Fig. b; n = 1, and h = (2¢t)~! at Fig. ¢, n = 2, and h = (2t)"! at
Fig. d.

We also found that all equations from the class (2.83) that are linearized

to the heat equation

U = AN0zs (2.89)
have the form

ur + uuy + h(t)u = Ne~ Jr@®)dty, (2.90)
The corresponding transformation

t= fe‘fh(t)dt dt, z=u, —2)\@—? — e/h(t)dty,
0
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gives the formula for generating solutions of the equation (2.90) from so-

lutions of the heat equation
— [h(t)dt Uy (f, z) : — [h(t)dt
u(t,x) = —2Xe ——=, where t= [e dt.
0(t, x
Consider, for example, the exact solution v = ceaﬂ“a’?(:ﬁ + 2a)\f) of the

heat equation (2.89). Here ¢ and a are arbitrary nonzero constants. Using

the last transformation, we get an exact solution of (2.90),

ar + 2a2)\fe_fh(t)dt dt +1 )t
e )

f2) = —2)
ult, ) T+ 2a)\fe_fh(t)dt dt

2.7. Group Classification of Variable Coefficient
Nonlinear Kolmogorov Equations

in 2-+1 Dimensions

Second-order partial differential equations of the form

ur = Duy, + v [K(u)] (2.91)

2
where D and v are nonzero constants, and K is a smooth nonlinear func-
tion of the dependent variable u, appear in various applications. In par-
ticular, they describe diffusion—convection processes [77], model an inter-
action of particles with two kinds of particles on a lattice [8], arise in
mathematical finance, when studying agents’ decisions under risk [59,229].
Equations (2.91) are called in the literature diffusion—advection equations,
nonlinear ultraparabolic equations and nonlinear Kolmogorov equations.
Lie symmetries of equations (2.91) and the corresponding group in-
variant solutions were classified by Demetriou et al [67]. There are
also studies on Lie symmetries of linear Kolmogorov equations [166, 279]

and of constant coefficient nonlinear Kolmogorov equations of the form
Up — Uyy — utty = f(u) [268].
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An attempt of group classification of a class of nonlinear Kolmogorov
equations more general than (2.91), namely, such equations with time de-

pendent coefficients,

w = f(O)uyy — gOKW)],, [9Ku #0, (2.92)

was recently made [171]. Here f and g are smooth nonvanishing functions
of the variable ¢, and K is a smooth nonlinear function of u. Neverthe-
less the complete classification of Lie symmetries of class (2.92) was not
achieved in [171], in particular, the case K = wlnu was missed and di-
mensions of maximal Lie symmetry algebras as well as some of their basis
elements for the other cases of extensions were presented incorrectly. The
case K = u? that is important for applications was not studied with Lie
symmetry point of view at all.

In this section we perform the complete group classification of equa-
tions (2.92). As class (2.92) is parameterized by three arbitrary elements,
K(u), f(t) and ¢(t), the group classification problem appears to be too
complicated to be solved completely without modern approaches based on
the usage of point equivalence transformations (see also [296]). One of such
tools is the gauging of arbitrary elements by equivalence transformations
(i.e., reducing of a class to a subclass with fewer number of arbitrary el-
ements). In section 2.7.3 we discuss how to choose an optimal gauging
among possible ones. To illustrate that the chosen gauging is optimal, we
also present results on group classification of class (2.92) carried out for an

alternative gauging.

2.7.1. Admissible Transformations. To find the admissible transfor-
mations we use the direct method [160]. The details of calculations are
skipped for brevity. As it is more convenient for the study of Lie symme-

tries to consider the equivalent form of the above class,

w = F(E0uy, — g(Ok(wus,  fok, 0. (2.93)
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we present transformations for both K and k = K, in the theorems below.

A

Theorem 2.55. The generalized extended equivalence group G~ of
class (2.92) (resp. (2.93)) is formed by the transformations

EI T(t), i::51x+52fg(t)dt+53, §:54y+55,

N . €
i= Gt b fO)= S0, 40 = ot
0 ~ 1
K(u) = 5_6 (01K (u) + dou + €9) (resp. k(a) = 6—(51k(u) + 52),)
1 1
where 6;, 1 = 1,...,7, €1 and €9 are arbitrary constants with d1040¢¢1 # 0,

T(t) is an arbitrary smooth function with Ty # 0.
The usual equivalence group of class (2.92) (resp. (2.93)) consists of

the above transformations with d9 = 0.

The group G~ contains a subgroup of gauge equivalence transforma-
tions, i.e. the transformations that change only arbitrary elements while
the independent and dependent variables remain unchanged [248]. This
subgroup is formed by the transformations t = ¢, 2 =z, § = y, @ = u,
f=f g=e1g, K= (K+¢y)/e1 (resp. k = k/e;). It is more convenient
to consider class (2.93) than class (2.92) as in this case the dimension of
the gauge equivalence subgroup reduces.

It appears that the subclass of equations (2.92) with K quadratic in u
(resp. (2.93) with k linear in u) admits a wider equivalence group. Up to

the G™-equivalence we can consider the case K = u? (resp. k = u).

Theorem 2.56. The generalized extended equivalence group G’f of the class

up = f(t)uyy — g(t)uuy, fg#0, (2.94)

comprises the transformations

t= T(t), T=X(t)x+ I3 f g(t)X(t)Zdt + 04, Y= 0y + 0o,

a:%(i —56x+53), F) = 2 g0, a0) - i§<;> g(0).
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where X (t) = (06 [g(t) dt + 57)_1 , 05,1 =1,...,7, are arbitrary constants
with §105(62+02) # 0, and T(t) is an arbitrary smooth function with T; # 0.
The usual equivalence group of class (2.94) consists of the above trans-

formations with 63 = 6 = 0.

As there is one arbitrary function, 7'(¢), in the transformations from
the group G, we can set one of the arbitrary elements f or g of the initial
class equals to a nonzero constant value. We choose to perform the gauging
g = 1 by using the transformation ¢ = [¢(t)dt, Z = z, @ = u. Then, any
equation from class (2.92) (resp. (2.93)) is mapped to an equation from
its subclass that is singled out by the condition ¢ = 1. Without loss of
generality, we can restrict ourselves to the study of class (2.92) with g =1

or, what is more convenient, its equivalent form

u = f(t)uyy — k(w)u,, fky, #0. (2.95)
The generalized extended equivalence groups of class (2.95) and its sub-

class with £ = u coincide with their usual equivalence groups.

Theorem 2.57. The usual equivalence group G~ of class (2.95) consists

of the transformations

Z: 81t—|—80, .f‘:(51$+(52t+(53, g:54y+55, a:66u+(57,

R T -1
f() = ==f(t), k(@) = —(6:k(u) + ),
&1 &1
where §;, 1 =1,...,7, €1 and €y are arbitrary constants with 6104061 # 0.

Theorem 2.58. The usual equivalence group G7 of the class

u = f(t)uyy —uuy, f#0, (2.96)

15 formed by the transformations

- at+p . kx+ut+v
t: = =
vitol " vt+o 7 M e
.1 x 2
= (sl 0y — s+ =), F(0) = (ot + 07 F(),
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where a, 3,7, 0, k, 4, and v are arbitrary constants defined up to a nonzero

multiplier with A = ad — By # 0, k # 0; X\ and € are arbitrary constants,
A £ 0.

Theorem 2.58 implies that any equation (2.96) with f = a(t + b) 2,
where a # 0 and b are constants, is mapped by a point transformation to
a constant-coefficient equation from the same class.

We also present equivalence transformations for the subclass of
class (2.93) singled out by the condition f = 1, which we will use for

the comparison of the cases f =1 and g = 1 in Section 2.7.3.

Theorem 2.59. The generalized extended equivalence group G; of the class

wr = Uy — g()k(w)uy, gk, #0, (2.97)
comprises the transformations

t = (ﬁt—i—do, 53:51x—|—52fg(t)dt—|—53, y = 04y + 05,

B e € ~ 1
i = Sgu + o7, g<t>:5—;g<t>, B(T) = — (ik(u) +2).
4

where 6;, 1 =0,1,...,7, and €1 are arbitrary constants with d1040¢6c1 # 0.
Theorem 2.60. The generalized extended equivalence group Gg of the class

Ut = Uyy — g(t)uuxa g 7é 07 (298)
consists of the transformations

- 1
t:(s%t—i—ag, 53:—(:17+54)+55, 1j:51y+53,

0(t)
i =06(0)u—y(z+6)), g(t)= %’

where 0;, 1 = 1,...,6, 0(t) =y [g(t)dt + 2, 71 and 2 are arbitrary con-
stants with 6106(7; +73) # 0.
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2.7.2. Lie Symmetries. The group classification problem for class (2.93)
up to G™-equivalence reduces to the similar problem for class (2.95)
up to G~-equivalence (resp. the group classification problem for
class (2.94) up to Gf—equivalence reduces to such a problem for
class (2.96) up to G7-equivalence). To solve the group classification
problem for class (2.95) we use the classical approach based on in-
tegration of determining equations implied by the infinitesimal invari-
ance criterion [227]. We search for symmetry operators of the form
Q=71(tz,y,u)0 + &t 2, y,u)0, +n(t,x,y,u)0, + 0(t, x,y,u)0, generat-
ing one-parameter Lie groups of transformations that leave equations (2.95)
invariant [217,227]. It is required that the action of the second prolonga-
tion Q® of the operator @ on (2.95) vanishes identically modulo equa-
tion (2.95),

Q(2){ut - f(t)uyy + k(u)ux}|ut=f(t)uyy—k(u)um = 0. (2.99)

The infinitesimal invariance criterion (2.99) implies the determining

equations, simplest of which result in
T=7(t), &=&ta), n=n'y+n1),
0=t z,y)u+ v zy),

where 7, £, n', n°, ¢ and v are arbitrary smooth functions of their variables.

Then the rest of the determining equations are

Th=02n"—7)f, 2fe,=—-nly—n, (2.100)
(pu+ )k, + (1 — &)k = &, (2.101)
(et 4 )k + (0 — foyy)u + ¥ — fiby, = 0. (2.102)

Firstly we integrate equations (2.101) and (2.102) for k up to the G™-
equivalence taking into account that k, # 0. The method of furcate split-
ting [138,209] is further used. For any operator (Q € A™** equation (2.101)

gives equations on k of the general form

(au + b)k, + ck = d, (2.103)
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where a, b, ¢, and d are constants. The number s of such independent
equations is not greater than two, otherwise they form incompatible system
for k. If s = 0, then (2.103) is not an equation on k but an identity, this
corresponds to the case of arbitrary k. If s = 1, then the integration
of (2.103) up to the G~-equivalence gives three different cases: (i) k = u",
n#0,1; (ii) k = e (iii) k = Inwu. If s = 2, then the function k is linear in
u, k =umod G™.

The determining equation (2.102) implies that there exist two es-
sentially different cases of classification: 1. k,, # 0, and II. k,, = 0
(k = uw mod G™). Consider firstly the case of arbitrary function k. In this
case equations (2.101) and (2.102) should be split with respect to k and k.
The splitting results in the equations ¢ =1 = & = 7w — £, = 0. Therefore
T =act+cy & = cx+c3. As ¢ = 0, the second equation of (2.100)
implies n} = 1Y = 0, ie. ' = ¢4, and n° = ¢5. Here ¢;, ¢ = 1,...,5, are
arbitrary constants. Then the general form of the infinitesimal generator is
Q = (ait+c2)0+ (crx+c3) 0, + (cay+c5)0, and the first equation of (2.100)

takes the form

(Clt + Cg)ft = (264 — Cl)f. (2104)

This is the classifying equation for f. If f is an arbitrary nonvanishing
smooth function, then the latter equation should be split with respect
to f and its derivative, which results in ¢; = ¢ = ¢4 = 0. Therefore,
the kernel A" of the maximal Lie invariance algebras of equations from
class (2.95) is A" = (0,, 0,) (Case 1 of Table 2.11). To perform the fur-
ther classification we integrate equation (2.104) up to the G~-equivalence.
All G™-inequivalent values of f that provide Lie symmetry extensions for
equations from class (2.95) with arbitrary k are exhausted by the following
values: f =11, p#0; f =¢€'; f = 1. The corresponding bases of maximal
Lie invariance algebras are presented by Cases 2-4 of Table 2.11.

If £ =" n # 0,1, then splitting equations (2.101) and (2.102) with
respect to different powers of u leads to the system & = v = ¢, = 0,
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Table 2.11: The group classification of class (2.95) up to the G™~-equivalence.

no. | f(t) Basis of A™a*
Arbitrary k

1 V| Oz, Oy

2 tP | Op, Oy, 2t0y + 220, + (p + 1)y,

3 et | Oy, Oy, 20 + Yo,

4 1 | O, Oy, O, 2t0; + 220, + yOy

k=u" n#0,1

5 V| Oz, Oy, nw0y + udy

6 tP | Op, Oy, Nx0y + udy, 2t0; + 220, + (p + 1)y0,
7 et | Oy, Oy, nxdy + udy, 20; + yo,

8 1 Oy, Oy, Nx0y + U0y, O, 2t0; + 2x0, + Y0y

k=e"

9 V| Oz, Oy, 0+ 0,

10 | 7 | 3y, Oy, 20y + Oy 2t0y + 220, + (p+ 1)ydy
11 | e | 0y, Oy, 20y + Oy, 20, + yd,

12 1 | Oz, Oy, 0y + Oy, O, 2t0; + 220, + y0,

k=Inu

13 | V| O, Oy, t0z +udy

14 | tP | Oy, Oy, 10y + udy, 2t + 220, + (p + 1)y,
15 | € | Oy, Oy, t0y + udy, 20, +yd,

16 | 1 |0y By, t0p +udy, 0, 20 + 220, + 0,

Here n and p are arbitrary nonzero constants, and n # 1.

0t = foyy, ng + 1 — & = 0. These equations together with (2.100) imply
T =t +c, £ = (a1 +ncg)r +c3, n = cqy + ¢5, p = cg, where ¢,
1 =1,...,6, are arbitrary constants. The classifying equation for f takes
the form (2.104). Therefore, the cases of Lie symmetry extensions are
given by the same forms of f as in previous case, namely, arbitrary, power,
exponential and constant. See Cases 5—8 of Table 2.11. The dimensions of
the respective Lie symmetry algebras increase by one in comparing with

the case of arbitrary k. The highest dimension is five, not six as it was
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Table 2.12: The group classification of class (2.96) up to the G7-equivalence.

no. f(t) Basis of A™ma*
1 v O, Oy, ©0p + U0y, 10y + Oy
2 ez:rfft Oy Oy, 0y +udy, 10y + Ou, (12 +1)0; + tad, + 2oydy + (x — tu)o,
3 tP Dy Oyy Dy + Uy, 10y + Oy, 2t0; + (p + 1)ydy, — 2ud,,
4 et Oz, Oy, 10y + Uy, t0y + Oy, 20, + y0y
5 1 O, Oy, £O0p + U0y, 10y + Oy, O, 2t0; + y0, — 2u0,

Here p and o are arbitrary constants with p # 0, —2. Moreover p < —1 mod G7.

stated in [171].

The consideration of the cases kK = e and k = Inw is rather similar to
the case of k = u™ with n # 0, 1, therefore, we omit the details of calcula-
tions. The classification results are presented in Cases 9-16 of Table 2.11.

Consider the case of linear k, then up to the equivalence we can assume
k = u. We substitute k = u to equations (2.101) and (2.102) and further
split them with respect to different powers of u. This leads to the system
V=& =&+ =0,0,=0, U+ — froy, = 0, and ¢y — fih,,, = 0. We
differentiate the first and the second equation of this system with respect
to the variable y and get the additional conditions ¢, = 1), = 0. Then also
Yy = Yy = @i = 0 and the second equation of (2.100) gives n} = 1 = 0.
The general form of the infinitesimal operator Q is Q = (cot? +c1t +¢()0; +
((cat + ca)x + cat + ¢5)05 + (coy + ¢7)0y + ((ca — c1 — cat)u + com + €3)0y,

where ¢;, 2 = 0,...,7, are arbitrary constants. The classifying equation is
(02t2 + Clt + CO)ft — (266 — C1 — 262t)f. (2105)

If this is not an equation on f but an identity, then ¢y = ¢; = ¢y =
c¢ = 0. Therefore, the constants c3, ¢4, ¢5, ¢; appearing in the infinites-
imal generator () are arbitrary and the maximal Lie invariance algebra
of the equations (2.96) with arbitrary f is the four-dimensional algebra
(O, Oy, 0y + u0,, t0; + 0,) (Case 1 of Table 2.12).

The further group classification of equations (2.95) with & = u, i.e.
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equations (2.96), is equivalent to the integration of the equation on f:
(at®> +- bt +¢)f; = (d — 2at) f, (2.106)

where a, b, ¢ and d are arbitrary constants with (a,b,c) # (0,0,0). Up
to G7-equivalence the parameter quadruple (a, b, c,d) can be assumed to
belong to the set {(1,0,1,0), (0,1,0,p), (0,0,1,1), (0,0,1,0)}, where o,
p are nonzero constants, p < —1. The proof is similar to ones presented
in [302,307]. It is based on the fact that transformations from the equiva-

lence group (G7° can be extended to the coefficients a, b, c and d as follows
i = p(ad® —bys +cy?), b= p(—2aB6 + b(ad + By) — 2cay),
&= p(af? —baB +co?), d= pu(dA+ 2a35 — 2bBy + 2cary),

where A = ad — 8y # 0 and p is an arbitrary nonzero constant.

Integration of the equation (2.106) for four inequivalent cases of the

e’ arctant
f=t,p#0, f=¢
and f = 1. We further substitute the obtained inequivalent values of f

quadruple (a, b, c,d) gives respectively f = o]
into equation (2.105) and find the corresponding values of constants ¢; and,
therefore, the general forms of the infinitesimal generators. The results of
the group classification of class (2.96) are presented in Table 2.12.

The classification lists presented in Tables 2.11 and 2.12 give the ex-
haustive group classification of the class of variable coefficient nonlinear
Kolmogorov equations (2.93) with nonlinear k£ and of the class of equa-

tions (2.94) up to the G~- and éf—equivalences, respectively.

2.7.3. Discussion on the Choice of the Optimal Gauging. Appro-
priate choice of gauging of the arbitrary elements is a crucial step in solving
group classification problems. The gauging f = 1 could seem more conve-
nient if one look for the determining equations for finding Lie symmetries.
For class (2.97) they have the form

20y =Te, My — M =20y, (u+Y)gk, + 79t + (70 — &) 9k = &,
(et + V) gk + (01 — @yy)u + Uy — by, = 0.
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For the case k # w the difference in classification is not so crucial (cf.
Table 2.11 with Table 2.13). Though one can see that for & = Inu the
operator t0, + ud, appearing in Cases 13-16 of Table 2.11 transforms to
various forms in the respective cases of Table 2.13. For the case k£ = u
the difficulty of group classification of the class (2.93) with f = 1 increases
essentially in comparison with the gauging g = 1. Solving the determining

equations results in the following form of the infinitesimal generator

Q = (art + ¢0)0 + [(cax + ¢3) [g(t)dt + cax + 50, +
(3619 + c6)0y + [(c7 — ¢2 [g(t)dt)u + com + ¢5]0y,

where ¢;, 1 = 0,...,7, are arbitrary constants. The classifying equation for

g is the integro-differential equation

(Clt + Co)gt + (Cl —Cc4t+Cr— 262 fg(t) dt) g = 0

(cf. with the classifying equation (2.105) for f that is much simpler). The
results of group classification for class (2.98) are presented in Table 2.14.
Comparing Tables 2.12 and 2.14 one can conclude that forms of the basis
operators of the maximal Lie invariance algebras are more cumbersome in
Table 2.14.

The links between equations of the form (2.98) are also more tricky

than those between equations from class (2.96). For example, the equation

1
Up = Uy — Uy,
T fcosh? (vint) °
: . . 4 :
where the variable coefficient can be rewritten as m, admits the

five-dimensional maximal Lie invariance algebra with the basis operators
Oz, Oy, tanh(v In )8, + 10y, £0;, + ud,, and td; — va tanh(v Int)d, + Fy0, —

v(vx —tanh(vInt)u)d,. The equivalence of this equation and the equation

S~ Fwels~
Uy = ugy — t Uz
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Table 2.13: The group classification of class (2.97) up to the C’;—equivalence.

no. g(t) Basis of A™#*
Arbitrary k
1 v Oz, Oy
2 tr Oz, Oy, 2t0s +2(p + 1)2x0, + y0y
3 el O, Oy, Of + 20,
4 1 O, Oy, O, 2t0; + 220, + y0,
k=u",n+#0,1
5 v Oz, Oy, Nx0y + uldy
6 tP Oy, Oy, Nx0y + u0y, 2t0; + 2(p + 1)x0; + y0,
7 et Oz, Oy, NxOy + udy, O + x0y
8 1 O, Oy, Nx0y + u0y, 0, 2t0; + 220, + y0,
k=e"
9 v Oz, Oy, ©0p + 0y
10 tP Og, Oy, X0y + Oy, 2t0; + 2(p + 1)x0y + YO,
11 et O, Oy, ©Op + Oy, Oy + 20,
12 1 Oy, Oy, X0y + Oy, O, 2t0; + 220, + yO,
k=Inu
13 v Dz, Oy, [g(t)dt Dy + ud,
g [t p# =1 | Oy, Oy, P70, + (p + 1)udy, 2t0: + 2(p + 1)20, + yO,
14y t—1 Oz, Oy, Int 0y + udy, 2t0, + yo,
15 et Oz, Oy, €0y + udy, Oy + x0,
16 1 Oy, Oy, 10y + u0y, 2t0; + 220, + y0y, O

Here n and p are arbitrary nonzero constants.

from the same class does not seem obvious. Nevertheless, there exists the

transformation from the equivalence group GE{,

u v

1 T

- 1
t=1, fZZﬂﬂWJL y=1y, u=

that establishes a link between these equations. This shows that the dis-
tinguishing inequivalent cases of Lie symmetry extensions for class (2.98)

is also a more difficult task than for class (2.96).
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Table 2.14: The group classification of class (2.98) up to the G;—equivalence.

o 9() Basis of Amax
1 v Oz, Oy, 2Oy +udy, [g(t)dt 0, + 0,
1
2 tcos2(vInt) Oy, Oy, Oy + udy, tan(vInt)dy + vy,

t0 + vatan(vInt)d, + 3yd, + v(vz — tan(vInt)u)o,
1

3 p—y Oz, Oy, 0y + u0y, tantd, + Oy, Oy + xtanto, + (x — utant)o,
4, tP Oz, Oy, 2Oy + udy, P10, + (p+1)0y, 2t0 + 2(p + 1)z, + YO,
4y t~1 Oz, Oy, 2Oy + udy, Intdy + Oy, 2t0; + yo,

5 et Oy, Oy, 0y + uby, €0y + Oy, Op + 20y

6 1 Oz, Oy, 20y + udy, 10y + Oy, Op, 20; + 220, + yd,

Here p and v are arbitrary constants with v # 0, p # —2, —1,0. Moreover p < —1 mod (§3N

Therefore, the gauging ¢ = 1 is without a doubt the right choice to
perform a group classification for the class (2.93) and especially for its sub-
class (2.94). So, is there a regular way that can help one to choose a prefer-
able gauging among several possible ones? Equivalence groups appear to
be indicators showing the right choice of gauging. Indeed, the comparison
of the equivalence groups presented in Theorems 3 and 4 with those given
in Theorems 5 and 6 shows that the equivalence groups of class (2.95) and
its subclass (2.96) are usual whereas the equivalence groups of class (2.97)
and its subclass (2.98) remain to be generalized extended as the equivalence
group of the initial class. Transformations from the generalized extended
groups become point only after fixing arbitrary elements and integrals of
g then naturally appear in the forms of Lie symmetry generators and even
in the classifying equation. This of course makes the calculations more
difficult. Therefore, the widest possible equivalence group should be neces-
sarily found even before applying the Lie invariance criterion to equations
under study in order to choose the optimal gauging and to optimize the

entire process of group classification.
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The values of arbitrary element K of class (2.92) can be derived using
the values of arbitrary element k of class (2.93) adduced in Tables 1 and
3,namely: k=u",n#0,-1, < K=u"" k=u't< K=Ihu; k= e"
—~+ K=e" k=Inu<+ K=ulnu.

Application of the widest possible (generalized extended) equivalence
groups allowed us to write down classification lists in the explicit and con-
cise form. We have also shown that the equivalence group is that indicator

that helps one to choose the optimal gauging among several possible ones.
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Chapter 3

Equivalence Groupoids in the Study of
KdV-Like Equations and Related Models

The classical Korteweg-de Vries (KdV) equation and its generalizations
model various physical systems, including gravity waves, plasma waves
and waves in lattices [144]. In particular, the KdV equation arises in the
modeling of one-dimensional plane waves in cold quasi-neutral collision-free
plasma propagating along the z-direction under the presence of a uniform
magnetic field [149].

The KdV equation is widely recognised as a paradigm for the description
of weakly nonlinear long waves in many branches of physics and engineer-
ing. It describes how waves evolve under the competing but comparable
effects of weak nonlinearity and weak dispersion.

In the last decades there is a great interest to variable coefficient models
that in many cases describe the real world phenomena with more accuracy.
Classifications of Lie symmetries are usual tasks in studies of such models.
This is due to the fact that Lie symmetries allows one not only to reduce
a model PDE to a PDE with fewer number of independent variables or to
an ODE but also to derive cases that are potentially more interesting for
applications [89].

In Section 3.1 we completely describe the equivalence groupoid of
the class £ of variable coefficient KAV equations w; + f(t, z)uu, +
g(t,x)uzer = 0, fg # 0. The class £ is partitioned into six disjoint sub-
classes, which induces a partition of the equivalence groupoid of the class £

since equations from different subclasses of the partition are not related by
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point transformations. It is proved that only one of the subclasses is nor-
malized in the usual sense, whereas other subclasses are normalized in the
generalized extended sense. The usual and generalized extended equiva-
lence groups are computed for each of the subclasses, which leads, in view
of their normalization, to the description of their equivalence groupoids
and, therefore, to the description of the equivalence groupoid of the entire
class L. Ways for improvement of transformational properties of the sub-
classes that are not normalized in the usual sense are considered. These
ways involve gaugings of arbitrary elements by families of equivalence trans-
formations and mappings between classes generated by families of equiva-
lence transformations. The group classification of one of the subclasses is
carried out as an illustrative example.

In Section 3.2 we construct a hierarchy of normalized classes of third-
order (1 4 1)-dimensional evolution equations, which is related to the
Korteweg-de Vries equation and their generalizations. This gives the com-
plete description of the equivalence groupoids of the classes from the hierar-
chy. For two wide classes of the variable-coefficient KAV and mKdV equa-
tions, we derive the necessary and sufficient conditions of similarity of such
equations to the standard KdV and mKdV equations, respectively. We
also carry out exhaustive group analysis of a normalized class of variable-
coefficient KAV equations u; + f(t)uu, + g(t)uge, =0, fg # 0.

The exhaustive group classification of variable coefficient generalized
Kawahara equations u; + a(t)u"u, + B(t)tugee + 0(t)Upgaze = 0 is carried
out in Section 3.3. Lie reductions of these equations to ordinary differential
equations are classified. We also present some examples on the construc-
tion of exact and numerical solutions of these equations, in particular, the
solution of a related boundary-value problem modelling the propagation of
long nonlinear waves in the water covered by ice whose thickness grows in
time.

In Section 3.4 we investigate Benjamin—-Bona—Mahony (BBM) equa-
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tions that is similarly to KdV equation model the unidirectional
propagation of moderately long waves with small finite amplitude
in systems that manifest nonlinear and dispersive effects.  Group
classification of BBM equations with time dependent coefficients
u + f(t)uy + g(t)uu, + h(t)ugee = 0, gh # 0, is carried out using the
method of mapping between classes. As by-product of this approach the
complete group classification of a class of variable-coefficient BBM equa-
tions with forcing term is derived.

In Section 3.5 we discuss how point transformations can be used for the
study of integrability, in particular, for deriving classes of integrable vari-
able coefficient differential equations. The procedure of computing equiv-
alence groupoids is specified for the case of nth-order evolution equations.
A class of fifth-order variable-coefficient KdV-like equations is considered
within the framework suggested.

The results of this chapter are published in [4%,7% 9% 13* 17* 19* 24* 28%*].

3.1. Equivalence Groupoid of a Class of Variable

Coefficient Korteweg—de Vries Equations

Notably that one of the first classes whose transformational properties
were investigated was the class of remarkable variable-coefficient Korteweg—

de Vries equations
L: w+ f(t,v)uu, + g(t, )ugee =0,  fg #0. (3.1)

The classical Korteweg—de Vries equation and its generalizations model
various physical systems, including classical water waves, gravity waves,
plasma waves and waves in lattices [?,53,105,144]. There are a number
of works, where equations from the class £ were investigated from various
points of view. We mention only the works most related to our study. In

papers [120, 172] the Painlevé analysis of equations (3.1) was performed.
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It was shown that such equations pass Painlevé test only if the coeffi-
cients f and g satisfy the conditions f, = g, = 0, and (g/f):/f = const.
These conditions coincide with those of reducibility of variable coefficient
equations (3.1) to the standard Korteweg—de Vries equation, which is fore-
seeable.

Lie symmetries and allowed transformations of equations from the
class £ were studied in [101,110,315]. We aim to present enhanced results
on transformational properties of these equations, which will be investi-
gated with modern point of view. It was deduced correctly in [101, 315]
that there are six different subclasses of the class (3.1) which differ by
their transformational properties. There are several reasons to reconsider
the problem of classification of admissible transformations in this class:

e The consideration in [101,315] was restricted to fiber-preserving point
transformations without a proof that transformations of such kind
exhaust all possible admissible point transformations. We aim to show
that not only point but even contact admissible transformations are

exhausted by fiber-preserving ones.

e When six subclasses that differ by their transformational properties
were derived in [101,315] the arbitrary elements were gauged whenever
possible from the very beginning. The admissible transformations
were indicated for the simplified (gauged) forms of equations. Our
strategy is firstly to consider the subclasses without simplification and

only then the gauged ones.

e Only transformation components for independent and dependent vari-
ables were adduced in [101,315] without rules for changing arbitrary el-
ements. We formulate results in terms of equivalence groups of appro-
priate kinds (usual or generalized extended), where transformations
for both independent and dependent variables ¢, x, u and arbitrary

elements f, g are presented.

e Some admissible transformations were found in [101,315] in an implicit
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form, namely they included functions that satisfy certain ordinary

differential equations. We aim to present all the results explicitly.

The concept of normalized classes allows us to explain why subclasses
with different transformational properties arise in the course of the in-
vestigation. In fact they are maximal normalized subclasses in the class
under study. Therefore, all the consideration within the modern approach

becomes complete and clear.

3.1.1. Classification of Admissible Transformations. Though the
study of transformational properties in classes of PDEs are more often
restricted to point admissible transformations it is possible also to consider
contact admissible transformations and the respective contact equivalence
groupoid. It was shown in [304] that for the normalized class of evolution
equations of the form £: w; = F(t, z, u, uz)u, + G(t,x,u,uy, ..., u, 1) for
n > 3 its contact equivalence groupoid coincides with the respective point
one, i.e., any contact admissible transformation between two equations
from the class £ is the first prolongation of a point transformation between
these equations. Therefore, for subclass (3.1) of the class £ it suffices to
investigate only point admissible transformations.

It is well known that any point transformation 7 relating two fixed evo-
lution equations in 1+1 dimensions has the form ¢ = T'(t), & = X (¢, z,u),
u=U(t,x,u) with T3(X,U, — X, U;) # 0. The partial derivatives involved
in equations (3.1) are transformed as follows:

1 D; X DU
’lNI,LZ:—<DtU— t D;EU>,7-L£:DX7

i 1 1 DU
Upre = P <D$XD"” <DxX>> !

where D; = 0y + w0y + uy Oy, + U0, + ... and D, = 0, + U0y + U0y, +

Uy Oy, + ... are operators of the total differentiation with respect to ¢

and x, restectively. Here and below subscripts of functions indicate partial

derivatives with respect to the corresponding variables.
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We substitute these expressions into the equation @; + f(£,&)ui; +
§(t, %)tz = 0 and obtain an equation in terms of the untilded vari-
ables. In order to confine this equation to the manifold defined by (3.1)
in the third-order jet space with the independent variables (¢,x) and
the dependent variable u we further substitute into it the expression
up = — f(t, x)uuy — g(t, ©)uze,. Splitting the obtained identity with re-
spect to the derivatives of u leads to the determining equations on
the functions 7', X, and U. In particular, the coefficient of w,,, is
(T — g(X, + Xuu,)?®) (X, U, — X, U,). Setting it to zero and taking
into account the nondegeneracy condition T;(X, U, — X,U,) # 0 we get
Ty — g(X, + X,u,)? = 0. Further splitting with respect to u, leads to the
conditions X, = 0 and §T; = gX?2. Therefore, X = X (t,x) and it means
that there are no other admissible transformations except fiber-preserving
ones. This agrees with the results of papers [160,304], derived for more
general classes of evolution equations. The condition X, = 0 leads to es-
sential simplification of the determining equations, thus we get additional
constraints for the coefficients X and U: U,, = U,, = X, = 0. Therefore,
the transformation components for independent and dependent variables

of admissible transformations have the form

t=001), T=al)r+8(t), u=p{t)u+pt ), (3.2)
where 0, «, 3, ¢ and 1 are arbitrary smooth functions of their variables
with fowp # 0. The formulas

o

~ o .o
f—%f, =39 (3.3)

establish the connection between values of arbitrary elements of the ini-
tial equation and the target equation. We denote by overdots ordinary
derivatives with respect to the variable ¢.

The classifying equations involving 6, «, 8, ¢ and v and the arbitrary

functions f and g are of the form

f¢z + (p =0, (34)
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fo = p(ow + B), (3.5)
wt + g@bxmj = 0. (36)

To deduce the equivalence group of the class (3.1) equations (3.4)—(3.6)
should be split with respect to arbitrary elements f and ¢g. This results in

the equations & = 8 = ¢ = 1) = 0. The following statement is true.

Theorem 3.1. The class L of equations (3.1) admits the usual equivalence

group G~ consisting of the transformations

gze(t), i‘:51$+52, ﬁ:(Sgu,
x 1 - 61°

B A TR

where 0 is an arbitrary function of t with 6 # 0, d; (j = 1,2,3) are arbitrary
constants with 6103 # 0.

The class £ is not normalized in any sense, there exist subclasses of
this class singled out by setting restrictions on values of arbitrary ele-
ments f and g which possess wider equivalence groups than the group G™.
These subclasses and the corresponding mazimal conditional equivalence

groups [248, Definition 7] can be found investigating the system (3.4)—(3.6).

1 .
Equation (3.4) results in ¢ = ?f (ézx + 5), then equation (3.5) takes
o

the form

(%é) = (248
«Q o Y

There are only three possibilities for the nonvanishing function f(¢,z) to
satisfy this equation: 1. f = f(t) # 0; IL. f = p(t)e?®* pg # 0, and III.
f=pt) (x4 qt))®, pr #0. Further we consider each case separately.

I. f = f(t) # 0. We substitute this form of f into the equations (3.4)-
(3.6). This results in the conditions ¥; = ¥, = 0 and therefore ¢ = 1z +

¢y, where ¢ and ¢y are arbitrary constants. Equation (3.6) becomes an
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identity, hence there is no restriction on the form of the function g and
it remains arbitrary. Equations (3.4), (3.5) imply the system of equations
for a, B an ¢ of the form: ¢ = —c1f, pa = ¢1fa, and 906 = cofa. The
general solution of this system and formulas (3.3) give the full description
of admissible transformations of the subclass of class (3.1) with f, = 0.
After redenotion of constants ¢; = —d3, co = —d203/91 we get the following

assertion.

Theorem 3.2. The generalized extended equivalence group GT of the class
L1 u+ f(Huug + g(t, v)uge: =0, (3.7)

consists of the transformations
5156 + 52

t=0(t), 7= 5 [700) dt + 51 + 0s,

= (83 [f(t)dt + 64) u — d3z — 620507 ",

e 51 f(t) e d01°g(t, )
M= som rrwarar "0 = 50m frma o)

where 0 is an arbitrary function of t with § # 0, and 6 (1 =1,2,3,4,5)
are arbitrary constants with 61(53% + d4%) # 0.
The usual equivalence group of the class (3.7) coincides with the equiv-

alence group G~ of its superclass (3.1).

II. f = p(t)edD” where pg # 0. In this case we have in fact
reparametrization of the class, thus instead of arbitrary element f(¢,z)
there are two arbitrary elements p(t) and ¢(¢). The equivalence relations

for them are given by ¢ = g, and p = p—gexp(—qﬁ/a). Equations (3.4)—
o
¥

(3.6) lead to the conditions ¢ = £e_q%, a=0,0= % The function g
t . pq wq .o . .

has the form g = M—;W with the additional constraint s = f _P_ Q_
q ¥ P 4

The function g is also reparameterized now and the function s can be re-
garded as another arbitrary element. The admissible transformations in

the deduced subclass are described by the following statement.
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Theorem 3.3. The class of equations

s(t) — ¢(t)x

Lo up+ p(t)eq(t)xuux + Uy
q(t)?

=0 (3.8)
admits the generalized extended equivalence group GQN consisting of the

transformations

[ = =00 U= U o(t) e 1t
[=0(). &=0w+A(0). 0= e+ —Sise

sy = 0P —dswae gy 20 o 0s(t) +a()AE)
p(t) = - ( , () = 5 (?) 5.0(0) :

where 0 is an arbitrary function of t with 0 # 0,

[s(t)d
B(t) = 0193 / % dt + 8y, p(t) = 83 [p(t)q(t)el*Dddt + 5.

Here 6; (j = 1,2,3,4) are arbitrary constants with 61(d5* + 6,) # 0.
III. f = p(t)(x + g(t))r(t) with pr # 0. In this case equation (3.5)

M, then (3.4) leads to the conditions L. (r —
_ ap(x +q)" p
&

1)— and B = ga. In view of the latter condition the function 1 can be
« .

implies ¢ =

rewritten as ¢ = fg(x + @)1, Then the equation (3.6) containing g

P«
2 3 : (I —7)g
takes the form r(r* — 1)g = (z +¢q)° | s —7In(x + q) + o ) where
rTdq
the function s, that can be regarded as new arbitrary element, satisfies the
: pa d (pa : : :
equation s—— = — | —— It is easy to see that in two special cases,
jixe’ dt \ p«
namely, when » = 1 or r = —1, the function ¢ remains arbitrary. We
consider the cases r # +1, r = 1 and r = —1 separately. The general

solution of the determining equations gives in each of these three cases full
description of admissible transformations in the corresponding subclass of
the class (3.1). The results are collected in Theorems 3.4, 3.5 and 3.6. We
note that in the case r = —1 the nontrivial equivalence group which is

wider than G~ exists only if the functions ¢(t) = ¢, where ¢ is an arbitrary
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constant. In this case we use one more reparameterization introducing the
new function k = 1/p, so f takes the form f = k(t)/(z + ¢).

Theorem 3.4. The generalized extended equivalence group G; of the class

Ls: up+p(t) (@ + q(t) Duu, +

(z +4q(t))’ : (1 —r(£))q(t) _
r(t)(r(t)? — 1) (S(t) — e a®) ) Uaze =0,

r # 0,+1, consists of the transformations

P=0t), #=az+Bt), @=qpt)u+de Oz qgt) 0,

L Oé(t)l_r t) . B
(t) = (0600 p(t), qt) =q(t)alt) — B(?),
() = s 7(t) Ina Ft)=r
5(0) = o (0 + O ma®), 70 =r()

where 0 is an arbitrary nonvanishing function of t, 0 £ 0,

t)y =6 [pt)(r(t) — 1) e/*Oddt + 5,
_ (t> fs t)dt
a(t) = dzexp [51 / (1) dt = [q(t)a(t)dt + 4.

Here 6; (j = 1,2,3,4) are arbitrary constants with (6;% + 622)d3 # 0.

Note, that if » # 0,41 is a constant, then the coefficient o can be
simplified as follows a(t) = 3(t)71

Theorem 3.5. The class of equations of the form
Ly u+ (p(t)x + q(t))uuy + g(t, ) tgee =0 (3.9)

admits the generalized extended equivalence group GZ consisting of the

transformations
t = T =qat)r u = 01(u p(t) = p(t)
t=10(t), =a(t)z+p1), di(u+d2), p(1) 5.0(1)
1(6) = ——(alt)a(t) - BOP®), 3.5 = 2 Lg(t,0)
560t 1 PR 8 =50y 70
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where 6 is an arbitrary function of t with 0 # 0,
a(t) = 3¢ POt B(1) = 5,4, fq(t)ecSpr(t)dt dt + 6,

Here 6; (7 =1,2,3,4) are arbitrary constants with 4,163 # 0.

Theorem 3.6. The generalized extended equivalence group ég of the class

k(t
Ls:  u+ » ( )c g + g(t, T)uyye = 0 (3.10)

comprises the transformations

t=0(t), T=oat)(r+c)+d, U= @?;)2 U — %5153(:1: + ¢)?,
et e
(t)_élé(t)k(t)’ c=—0, g(t,7)= i g(t, x),

where 0 is an arbitrary function of t with 0 # 0,

N

a(t) =+ (03 [k(t)dt +d,) 2,

and 8; (j = 1,2,3,4) are arbitrary constants with 61(d3% + 6,2) # 0.

Theorem 3.7. Classes L1, Lo, L3, L4, and L5 are normalized in the gen-
eralized extended semse, their equivalence groupoids are induced by trans-
formations from the corresponding generalized extended equivalence groups
Gri=1,...,5.

Theorem 3.8. The subclass Lo = L\ U?:l L; that is the complement of
the union of the subclasses L;, i = 1,...,5, in the class L is normalized in

the usual sense. Its equivalence group coincides with the usual equivalence

group G~ of the whole class L.

There are no point transformations between any two equations from
different subclasses £;, i = 0,...,5, of the class (3.1).
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3.1.2. Equivalence Groups of the Gauged Subclasses Lq,...,Ls.
Using equivalence transformations we can perform the gauging of the arbi-
trary elements depending on ¢ in each subclass L4, ..., L5 of the class £ and
therefore, to reduce the number of their arbitrary elements. We consider
each subclass separately.

L. The equivalence transformations with ¢ = [f(t)dt, # = z, and
u = u, which belong the group GT, reduces each equation from class (3.7)
to the equation from the same class with f = 1. Therefore, without loss of

generality the gauged subclass
L1 u+uug + g(t, T)Ugzy = 0

can be investigated instead of £;. As £; is normalized it is easy to deduce
the equivalence group of its subclass £;. We put f= f =1 in transfor-
mations from the group G} and get the equation on 0, 0 = 8, /(dst + 64)2.
In order to write the obtained transformations in the unified form, which
include both cases d3 = 0 and d3 # 0, we redenote the constants involved
in transformations and get the following assertion (the corollary of Theo-
rem 3.2).

Corollary 3.9. The generalized extended equivalence group of the class L4
18 trivial. It coincides with the usual equivalence group of this class, which

15 comprised of transformations

- at+ B kx4t + o
t = , X = ,
vt + 0 vt + 90
_ K(Yt+6) — kyr 4 w0 — poy s k3 g(t,x)
U = ’ g(tax): )
ad — By ad — Byyt+90

a, B8,7,0, K, i1, fio are constants defined up to a nonzero multiplier, k(ad —

Bv) # 0, and without loss of generality we can assume that ad — fy = +£1.

This group is in fact coincides with the equivalence group of subclass of
class L1, singled out by the condition g, = 0, which was derived in [251].
Lo~ L4. Each equation from the classes Lo, L3, and L4, is reducible

to an equation from the respective class with p = 1 by the equivalence
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transformation with ¢ = [p(t)dt, & = z, and @ = u. The equivalence
groups of the gauged classes dlrectly follow from Theorems 3.3, 3.4 and 3.5
if we put p = 1 and p = 1 in the transformations therein. The respective

Corollaries 3.10, 3.11 and 3.12 are adduced in the following assertions.

Corollary 3.10. The generalized extended equivalence group of the class

s(t) — 4(t)x

Lo uy+ ey, + =0

consists of the transformations

- 1 1
i=6 / — e w0 4 50 F =S+ B,

p(t)
= @(t)u+ 53€—q(t)x+f s(t) dt,
Q(f) = %f), §(t~) = égp(t)e%ﬁ(t)w) (S15(t) + 4()B(1)),

where &; (j = 0,1,2,3,4) are arbitrary constants, 61(83% + 8,%) # 0,

[s(t)dt
B(t) 25153/2“) dt + 0, () :53/q(t)efs(t)dtdt—|—64.

Corollary 3.11. The generalized extended equivalence group of the class

Ly u+ (x4 q(t) Duu, +

@+a0 (s (1Y,
r(t)(r(t)? — 1) <S(t) (t) In(x +q(t)) + ) zezx = 0,

x4+ q(t)

consists of the transformations

F=0(t), z=oal)z+p1), @=q¢t)u+dsel Dzt q@) "0,

q(t) = Q(t)&(t) = B(t), 3() = a(t)e(t) (s(t) +7(t) na(t))

N
—~
~—

||
/—\
~
~—

where 0 is an arbitrary nonvanishing function of t, 0 # 0,

e(t) =0 [(r(t) —1) el sOdqs 1 5,

a(t) = dzexp {51 / 6{0( 5 dt] = [q(t)a(t)dt + 4.

Here 6; (j = 1,2,3,4) are arbitrary constants with (6;% + 62%)d3 # 0.
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Corollary 3.12. The generalized extended equivalence group GZ of the

class

~

Ly w+ (x4 q(t))uuy + g(t, 2)ugp, =0 (3.11)
18 formed by of the transformations

t=gt+0, T=0e"x+00 [qt)e? dt+d, a=0d(u+dy),
G(t) = 3e%q(t) — 0203 [q(t)e® dt — 04,  §(F,7) = 6105°e2 g (¢, x),

where §; (j =0,1,2,3,4) are arbitrary constants with §,03 # 0.

L5. In the case of subclass L5 of class (3.1) two arbitrary elements can
be gauged: the function k() can be set to one, and the constant ¢ to zero.
This gauge is realized by the equivalence transformation with = [k(t) dt

T =+ ¢, and u = u. The equivalence group of the gauged class

~

1
Ls: wu+ Euux + g(t, ) uges =0

is presented in the following statement.

Corollary 3.13. The generalized extended equivalence group of the class
Ls is trivial. It coincides with the usual equivalence group of the class

comprised of the transformations

~ at+6 N 1 N 1 1
e (At 4 0)2

t = —9(1

gl0.5) = g0,

where a, B, v, and ¢ are constants defined up to a nonzero multiplier with

ad — By # 0, without loss of generality we can assume that ad — By = £1.

All the gauged subclasses remain normalized, their equivalence
groupoids are generated by the respective equivalence groups presented

in Corollaries 3.9-3.13. The following statement is true.
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Theorem 3.14. The classes L1 and Ly are normalized in the usual sense.
The classes L, L3, and Ly are normalized in the generalized extended

Sense.

This theorem implies that the transformational properties of classes £;
and L are nicer than such properties of their superclasses £; and £5. These
classes are quite convenient already to investigate them with Lie symmetry
or other points of view. The classes Lo, L3, and £, are still normalized only
in the generalized extended sense, therefore, the links between equations
in each of them are quite complicated and this courses difficulties in their
investigation. In the next section we propose a way of improvement of the

transformational properties of the class L.

3.1.3. Possible Improvement of Transformational Properties via
Mappings Between Classes. Classes of differential equations that pos-
sess generalized extended equivalence groups are more complicated for in-
vestigation than those whose equivalence groups are usual ones. To deal
with such classes the method based on mappings between classes was pro-
posed in [300]. This method appears to be very efficient, in particular, for
solving the group classification problems. We will illustrate the method
using the example of the class £4. This class can be mapped to the related

class of KdV-like equations

ur + zuty + h(t)ugy + g(t, ©)Ugze = 0 (3.12)
by the family of point transformation

t=t, 2=x+qt), 4=u, (3.13)

parameterized by the arbitrary element ¢ of the class. The element h in the
imaged class is connected with the arbitrary element ¢ in the initial class
via the formula h(t) = ¢(t). Therefore, the case ¢ = const corresponds

to the case h = 0. In contrast to the class £, that is normalized in the
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Table 3.1:  The group classification of the class u;+xuu, +h(t)u, +g(t, T)tupee =0, hg # 0.

no. Equation Constraints Basis of A™a

1 g + vuty + " uy + B3 TLO(2 /™ uger = 0 | B(2) # A2 | 10y + maxdy — ud,

iftm=1
§t2 £t2 _§t2
2 | us+auu, +e2t up +ez CI’(ace 2 )umz:0 O + etxdy, + €0,
3 ut + Tuty + Uy + P(2)ugpy =0 d(x) # \a? | O
4 Ut + TUUL + Uy + AT Ugpy = 0 O, 1Oy + 10y — u0y

Here ¢ = £1 mod G}, A and m are arbitrary constants, A # 0.

generalized extended sense, class (3.12) is normalized in the usual sense.
The equivalence groupoid of class (3.12) is induced by the transformations
from its usual equivalence group G7:
- 1
t:(51t+(52, i':(53664tl', u = 5—(U+(54),
1

.S 83
h(t) = 5-?@4%@), 9, 7) = 5—?1635@9(15,95),

where 9, (j = 1,2, 3,4) are arbitrary constants, 4,63 # 0.

The group classification of class (3.12) can be performed using the stan-
dard method [227] based on integration of the determining equations up
to the G7-equivalence. The results of the group classification of equa-
tions (3.12) with A # 0 (resp. h = 0) are presented in Table 3.1 (resp.
Table 3.2). The group classification list for equations (3.11) with ¢ = const
coincides with such a list for equations (3.12) with A = 0 and, therefore,
it is presented by the list given in Table 3.2. The group classification of
equations (3.11) with ¢ # const can be recovered from the classification
results obtained for equations (3.12) with h # 0 by using the transforma-
tion (3.13). The results are presented in Table 3.3.

Note that in [109] the group classification for more general class of
KdV-like equations that includes classes (3.11), (3.12) was carried out.

However those results obtained up to very wide equivalence group seem to
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Table 3.2: The group classification of the class u; + zuu, + g(t, )y = 0, g # 0.

no. Equation Constraints Basis of A™aX
1 up + xuty + P(2)Uygr =0 O(x) # Az™ Oy
2 U + zuty + B TIO(2 /T uger = 0 | B(2) £ A3, Az e t0; + mx0y — udy,
3 | w + ruug, + P (xeféﬁ) Ugzr = 0 P(z) # N3 O + etxdy + €0y
4 up + Uy + ™ Upyy = 0 m # 3 O, tO; + ﬁm@m — u0Oy
5 uy + sutty + O(1) 23 uper = 0 D(t) # A, )\tl—i—y 20z, tx0z + Oy
6 U 4+ TUUy + T Ugyy = 0 O, 10y, tx0y + Oy
7 up + Ty + )\:U:uxm =0 20y, tO — U0y,
tx0y + Oy

Here ¢ = £1 mod G7’, m, A and v are arbitrary constants, A # 0.

Table 3.3:  The group classification of the class u;+ (z + ¢(t))uu, +g(t, ©)upee = 0, g # 0.

no. Equation Basis of A™ma

1 ug + (z + ™) uug + 3L (t%) Uppe = 0 | 10y + mx0yp — udy,

2 | ug+ (x+Int)uug + 710 (2 +1Int) Ugge = 0 | 0 — Oy — udy

3 U + Wil + ) <w67%t2> Ugpe = 0 O + <6tw — e%tQ) Oy + €0y
4 up + (x + t)uuy + P(z + t)ugey =0 Oy — Oy

5 w4 (z + Hung + Mz + 1) Ugee = 0 Oy — Oy, 10 + 10y — udy,

Here w =2 + [ e%tht, € = +1 mod G’Z, A and m are arbitrary nonzero constants.
In Case 1 ®(2) # Az + 1)? if m = 1. In Case 4 ®(z) # \z2.

be inconvenient to derive group classifications for classes (3.11) and (3.12).
Concluding Remarks. We have shown that the class (3.1) is not nor-
malized. Its equivalence groupoid has a complicated structure, namely, the

class (3.1) can be partitioned into the six disjoint normalized subclasses:

e the subclass Lo = L\ U?:l L; is normalized in the usual sense, the set
of its admissible transformations is generated by point transformations

from the usual equivalence group G™~ of the entire class (3.1) adduced
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in Theorem 3.1;

e the subclasses £;, ¢ =1,...,5, which are normalized in the generalized
extended sense, the sets of their admissible transformations are gener-
ated by transformations from the corresponding generalized extended

groups G;‘ presented in Theorems 3.2-3.6.

3.2. Group Analysis of Korteweg—de Vries

Equations with Time Dependent Coefficients

3.2.1. Admissible Point Transformations in Classes of Generalized
KdV Equations. Following [248], we start from the general class of third
order evolution equations and construct a hierarchy of nested normalized
subclasses of this class, which consist of different generalizations of the
Korteweg—de Vries (KdV) and Korteweg—de Vries (mKdV) equations. In
this way we describe the entire sets of admissible point transformations
(equivalence groupoids) of these subclasses.

Consider the general class £ of third order evolution equations. They

have the form
Uy = H<t7 Ly Uy Ugy Uy u:c:rx)a

where H, . # 0. To find the set of admissible transformations of the
class £ and its complete equivalence group including both discrete and
continuous equivalence transformations, we apply the direct method. The
calculations are simplified with taking into account the well-known fact
that the expression for ¢ in any point (and, even, contact) transformation
connecting two (1 + 1)-dimensional evolution equations depends only on ¢
[160,192]. Thus, a point transformation maps an equation from &% to an

equation from the same class if and only if it has the form

t=T(t), 7=X(t,z,u), a=Utzu). (3.14)
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The functions 7', X and U have to satisfy the nondegeneracy assumption
T,A # 0, where A = X, U, — X,U,. The equivalence group G§ of &3

consists of the transformations

t=T(t), 7=X(t,zu), @=U(tzu),
] _ (3.15)
i A Ha+ UD, X XthEU7

T,D.X T,D.X

where T, X and U run through the corresponding sets of smooth func-
tions satisfying the above nondegeneracy assumption and D, denotes
the operator of total differentiation with respect to the variable z,
D, = 0, + 10y + U0y, + Up0, + ---. Therefore, the class £ is nor-
malized.

= 0 has

the same equivalence group Gy and, therefore, is normalized. The same

The subclass £ singled out from £ by the constraint H,

zxxUzzy

claim is true for the subclass £, of &, associated with the additional
= 0.

Setting one more constraint H,

constraint H.

Ussaliz
ou, = 0 leads to the normalized sub-
class £, of &, whose equivalence group G7 is a proper subgroup of Gy
consisting of the transformations (3.15) with X, = 0. The normalized sub-
class &}, singled out from &£}, by the constraint H, __ , = 0 has the same
equivalence group G7.

The equivalence group G5 of the normalized subclass &£ nested in &,
and associated with the additional constraint H, ., = 0 is properly con-
tained in G7. Its elements additionally satisfy the condition X,, = 0.

Another possibility is to impose the constraint H, = 0 within the
subclass £ ;. The corresponding subclass £ is normalized and possesses
the equivalence group G3 formed by the transformations (3.15) for which
Xy =0, Uy =0and 2U,, X, = U, X,,.

Then the subclass £ = £ N E3 is normalized and its equivalence group
is Gy = G5 N G5. Integrating the total set of the constraints imposed on

the arbitrary element H and the conditions obtained for elements of G
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gives that the equations from the class £ have the form
Ut + g(t)ux:m: - F(ta I, u, ux)a

where g # 0. The equivalence group G7 consists of the transformations

(we present only components corresponding to the equation variables)
t=at), 7=pLx+~1), @=00t)u+ ot ), (3.16)

where «, (3, v, 0 and ® are arbitrary smooth functions of their arguments,

Oétﬁe 7& 0.
Further we consider two more special subclasses of £2. The first subclass

is formed by the variable-coefficient KdV equations

u + f()uuy + g(t)es
+ h(t)u + (p(t) + q(t)x)us + k(t)x + 1(t) = 0,

where all the parameters are arbitrary smooth functions of t, fg # 0. This

(3.17)

subclass is normalized. Its equivalence group (in terms of the arbitrary
element H) is singled out from G} by the condition ®,, = 0. Hence
the components of transformations corresponding to the equation variables

have the simple general form

t=at), T=pHx+~01), a=0t)u+ot)z+pt), (3.18)

where a, 3, v, 6, ¢ and ¥ run through the set of smooth functions of ¢,
a0 # 0. The arbitrary elements of (3.17) are transformed as follows

fzo%f, éZi—jg, i}:o%<—% _%)

Q“:O% q—%f+%), ﬁzi(ﬁp—vwrwgwﬂ e — gt)
’5=$<9k—w(h+q)+72f—got+go§>, ;:_sop;zwt

+&it ol — %(@k p(h+q)+ 2f <pt+g099> ¢<h—§ _%»
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Any equation from class (3.17) can be reduced by point transformations to
the form (3.23) with ¢ = 1 and forms (3.25) and (3.28). The necessary and
sufficient condition of similarity of such equations to the standard KdV

equation is

2¢—h —
s¢ = 2g9s° — 3qs + gk, where s := — + Jig fgt. (3.19)

g fg?

The second subclass consists of the variable-coefficient mKdV equations

ur + f()uuy + g(t) e + h(t)u
+ (p(t) + q(t)z)uy + k(t)uu, + 1(t) =0, (3.20)

where all the parameters are arbitrary smooth functions of ¢, fg # 0.
This subclass is also normalized. Its equivalence group (in terms of the
arbitrary element H) is singled out from G7 by the condition ®, = 0, i.e.,
the components of transformations corresponding to the equation variables
are of the form (3.18) with ¢ = 0, where a, 3, v, # and ¢ run through the
set of smooth functions of ¢, a5 # 0. The arbitrary elements of (3.20) are

transformed by the formulas

;B A 0; N By
f—wfa g_a_ga h = &t<h—§)> q = (C] 5)7

2
;(Bp 'vq+6wf 5 k47— ) (3.21)

8 o) g
2 Qt9<k—25f>, z_Qt< — bl — )

Five of the arbitrary elements can be gauged to simple constant values.

For example, it is possible toset g=1and h=p=qg=1=0.

Proposition 3.15. An equation of form (3.20) is similar to the standard
(constant coefficient) mKdV equation if and only if its coefficients satisfy

the conditions

oh—2g =Tt 9 orr gk — K
g

f

fi

7 (3.22)
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In the next section we present examples on similarity of equations from
classes (3.17) and (3.20) to the standard KdV and mKdV equations. We

also solve several classification problems for classes of KdV-like equations.

3.2.2. Group Analysis of a Class of KdV Equations. Firstly we

study a class of variable-coefficient KdV equations
ur + f(t)uuy + g(t)ugee = 0, (3.23)

where f and g are arbitrary (smooth) functions of ¢, fg # 0.

As shown in Section 3.2.1, for the general values of the parameter-
functions (arbitrary elements) f and g equation (3.23) is not equivalent to
the standard KdV equation up to point transformations but at least one of
the parameters (f or g) can be set equal to 1 using a point transformation.
(The equations of the form (3.23) with ¢ = 1 are called the transitional
KdV equations [51].) Thus, after the transformation

t=[f)dt, T=2 da=u (3.24)
equation (3.23) takes the same form with f(f) = 1 and §(f) = g(t)/f(t).

Therefore, without lost of generality we can consider the class of equations
U + utty + g(t)Ugze = 0, (3.25)

where ¢ is an arbitrary (smooth) nonvanishing function of ¢, since this class
is the image of class (3.23) under the mapping generated by the family of
point transformations (3.24). (See [248,300] for related definitions.)

We carry out the exhaustive group classification of class (3.25).

The separate consideration of subclass (3.25) is justified by the fact that
it has nicer transformational properties than the superclasses (3.23) and,
especially, (3.1).

The equivalence group G™ of class (3.25) consists of the transformations

- at+b _  exr+et+e
f=—T" i= ,
ct+d ct +d (3.26)
et +d)u —escr —egc+ e1d e’ g '
u = ) g =

€ ct +de’
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where a, b, ¢, d, ey, e; and ey are arbitrary constants with € = ad — bc # 0
and es # 0, the tuple (a, b, ¢, d, ey, €1, e5) is defined up to nonzero multiplier
and hence without loss of generality we can assume that ¢ = 41.
Equations from class (3.25) are similar only if they are G™~-equivalent.
Moreover, all admissible transformations in this class are generated by
transformations from G7, i.e., the class (3.25) is normalized in the usual
sense. (The initial class (3.23) is normalized only with respect to the ex-
tended generalized equivalence group and its superclass class (3.1) possesses
no normalization properties.) This implies the following claim: An equa-
tion of form (3.25) is similar to the KdV equation if and only if g = 0.
Any transformation realizing the similarity belongs to G~. Therefore, an
equation of form (3.23) is reduced to the KdV equation by a point trans-

formation if and only if

g(t) = f(t) (e [ f() dt + o), (3.27)

where ¢y and ¢; are constants, (cy, c1) # (0,0) [105], that well agrees with
Theorem 3 of [315] (cf. also equation (3.19)). Equation (3.27) coincides
with the constraint on arbitrary elements of the equations from class (3.23)
which have the Painlevé property [148].

The kernel A" = N,20AY of the maximal Lie invariance algebras of
equations from class (3.25) is A" = (0,, t0,+0,). All G™-inequivalent cases
of Lie symmetry extension are exhausted by the Cases 1-4 of Table 3.4

The presented group classification gives all inequivalent values of ¢ for
which the classical method of Lie reduction can be effectively used.

The class (3.23) can be also mapped to the class

U + Uty + Uzzz + h(t)u =0 (3.28)

by the family of point transformations ¢ = [g(t)dt, ¥ = x, 0 = iu

The arbitrary element h of the mapped class is expressed via the arbitrary
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Table 3.4: The group classification of the class u; + uu, + g Uuzer =0, g # 0.

no. g(t) Basis of A™a*
0 v Oz, t0y + Oy
1 tn Op, 10y + Oy, 3t + (n + 1)x0, + (n — 2)ud,
2 et O, 10y + Oy, 30; + 20, + ud,

3 | edarctant /1211 | 9 10y + Oy, 3(t2 4+ 1)0 4+ (3t + 0)x0, 4 (=3t + §)u + 32)0,

4 1 Oy, 10y + Oy, 3tO; + x0, — 2udy, O
Here n,§ are arbitrary constants, n > 1/2, n# 1, § > 0 mod G .

elements f and ¢ in the following way:
i) = £0a0) = fi(D(t)
f()(g(t))?
Thus, the equation (3.25) with g = ¢ is then mapped to the cylindrical KAV
equation (h = (2t)71) whose similarity to the standard KdV equation is

known for a long time [191]. Analogously, the value g = ¢’ corresponds to
the spherical KdV equation (h = t~1) which is not integrable.

Below we adduce several examples on similarity of KdV equations.

Example 3.16. Some traveling wave solutions of the “compound/combined
KdV-mKdV equation”

ur + (a + pu)uuy + Vg, =0, (3.29)

where o, § and 7 are real constants, 5y # 0, were constructed in [76, 135,
271,317,325,330,332]. In fact, this equation is called the Gardner equation
(o should be scaled to a standard value) and is obviously similar to the
mKdV equation @; + etz + 33 = 0, where & = sign(S~), with respect

to the point transformation
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which is well known for a long time [197]. Therefore, each solution of

equation (3.29) is represented in the form
u(t,x) = ‘1

U <’yt,:c + @—Qt) = g,
B 45 20

where u is a solution of the mKdV equation, and for any solution @ of the

mKdV equation this representation gives a solution of (3.29).

Other close class of the equations
Wy 4 Uy + oty + Uy = 0, (3.30)

where o runs through the set of real nonvanishing constants, was considered
in [328]. Only specific traveling wave solutions were found using the so-
called “Exp-function method”. Any equation of form (3.30) is reduced by

the trivial point transformation
t=t, T=x—t, a=+/|au

to the mKdV equation a; + ett; + tizzz = 0, where ¢ = signa. Equa-
tion (3.30) with a = 1 was also investigated using “extended F-expansion
method” in [190].

Example 3.17. The authors of [260] apply “generalized expansion
method” to find exact solutions of generalized KdV equations with variable

coefficients, which have the form

Ut + g(lf) (6uux + ux:c:v) + 6f(t)g(t)u
= x(fi(t) +129(t) f*()) + M (t)
with g # 0. The whole class (3.31) is mapped to the KdV equation ; +

butz + uzzz = 0 by the family of point transformations

(3.31)

f:fgfy?’dt, fz’yx—Gfg’y?’ﬁdt, a:u;fo_@

where v = ¢ 6/ /94t and g = [ M~~2dt. This means that the function

u = u(t, x) satisfies an equation of form (3.31) if and only if it is represented
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via a is a solution @ of the KdV equation by the expression

u:72&(f973dt,’ya:—6fg’y3ﬁdt) + fxr + 8.

The subclass of the equations (3.31) with ¢ = 1 and M = 0 arose
in [283], where symmetry properties of such equations were studied. It
was also mentioned in [283] that obtained results can be extended to the

equations of the more general form
Uy + 6uty + Uy + 6. () = 2(f;()+12f2(t)) + hye(t) + 12 (t)R(t).

The family of point transformations mapping the latter class to the KdV
equation consists of the transformations
. u— fr—nh
t:f’y?’dt, & =~r—06 [ hydt, ﬁ:f—z,
Y

where v = ¢ 0/ /dt,

The similarity can be applied not only for generating new solutions from
known ones and simplifying calculations. The similarity approach is eas-
ily extended to different local objects and properties related to differential
equations, e.g., Lie and point symmetries [227,248,300], conservation laws
and potential symmetries [246,247,249], reduction operators (i.e., nonclas-

sical symmetries) [252,300], Backlund transformations, etc.

3.2.3. Group Analysis of a Class of KdV-Like Equations via
Equivalence Method. We perform the group classification of a class
of variable coefficient KdV equations using equivalence based approach.
Namely, we investigate Lie symmetry properties and exact solutions of

variable coefficient KdV equations of the form
up + uty + g(t)Ugee + h(t)u =0, (3.32)

where g and h are arbitrary smooth functions of the variable ¢, g # 0.

The group classification of class (3.32) with h = 0 is carried out in the
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previous section. So, using the known classification list and equivalence
transformations we present group classification of the initial class (3.32)
without direct calculations.

Class (3.32) is normalized, therefore, there are no additional equiva-
lence transformations between cases of the classification list, which is con-
structed using the equivalence relations associated with the corresponding
equivalence group. In other words, the same list represents the group clas-
sification result for the corresponding class up to the general equivalence
with respect to point transformations. Recently the authors of [145] ob-
tained a partial group classification of class (3.32) (the notation a and b
was used there instead of h and g, respectively). The reason of failure was
neglecting an opportunity to use equivalence transformations. This is why
only some cases of Lie symmetry extensions were found, namely the cases
with h = const, h = 1/t and h = 2/t.

In fact the group classification problem for class (3.32) up to its equiva-
lence group is already solved since this class is reducible to class (3.32) with
h =0 (class (3.25)) whose group classification is carried out in [251]. Us-
ing the known classification list and equivalence transformations we present
group classifications of class (3.32) without the simplification of both equa-
tions admitting extensions of Lie symmetry algebras and these algebras
themselves by equivalence transformations. The extended classification
list can be useful for applications and convenient to be compared with the
results of [145].

Class (3.32) is a subclass of class (3.17) singled out by the conditions
f=1and p=q =k =1 = 0. Substituting these values of the functions
fip,q,k and [ to (3.19) we obtain the following assertion.

Corollary 3.18. An equation from class (3.32) is reduced to the standard
KdV equation by a point transformation if and only if there exist a constant
co and € € {0,1} such that

€ g gt

S — 3.33
2 [gdt+co g (3.33)
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Class (3.32) admits generalized extended equivalence group and it is

normalized in generalized sense only. The following statement is true.

Theorem 3.19. The generalized extended equivalence group @{“ of

class (3.32) consists of the transformations

t=a, T=PBx+7, @=MNBu+Bx+),

h= Ah—zA%—At, g=3Xg,
where f = (01 fe_fhdtdt +69)7L = 53fﬁ2e_fhdtdt + 04, 01,...,04 are
arbitrary constants with (61,62) # (0,0); « is an arbitrary smooth function

of t with ay # 0, and A = 1/cy.

The usual equivalence group G7 of class (3.32) is the subgroup of the
generalized extended equivalence group G’f, which is singled out with the
condition d; = 3 = 0.

The gauge h = 0 in class (3.32) can be made by the equivalence trans-

formation
t= | e JhWdigy =g 4= el My (3.34)

that connects equation (3.32) with the equation 4; + Gt; + (D) iz = 0.
The new arbitrary element ¢ is expressed via g and h in the following way:
gty = el MO tg(t).

For any equation from class (3.32) there exists an imaged equation in
class (3.25) with respect to transformation (3.34). The equivalence group
G™~ of class (3.25) given by (3.47) is induced by the equivalence group GT of
class (3.32) which, in turn, is induced by the equivalence group of their su-
perclass (3.17). These guarantee that Table 3.4 presents also the group clas-
sification list for class (3.32) up to G7-equivalence (resp. for the class (3.17)
up to its equivalence group). As all of the above classes are normalized,
we can state that we obtain Lie symmetry classifications of these classes

up to general point equivalence. This leads to the following assertion.
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Proposition 3.20. An equation from class (3.32) (resp. (3.17)) admits a
four-dimensional Lie invariance algebra if and only if it is reduced by a

point transformation to constant coefficient KdV equation, i.e., if and only
if condition (3.33) (resp. (3.19)) holds.

To derive the group classification of class (3.32) which is not simplified
by equivalence transformations we use the algorithm for construction of
the complete list of Lie symmetry extensions from the list of inequivalent
ones suggested in [289]. We first apply transformations from the group G~
to the classification list presented in Table 3.4 and obtain the following
extended list:

0. arbitrary §: (0;, £0; + 04);

1. g = colat +b)"(ct +d)™ n # 0,1: (03, t0; + 0, X3),
where X3 = 3(at + b)(ct + d)0; + (3act + ad(n + 1) + bc(2 — n)) £0; +
[3act — (3act + ad(2 — n) + be(n + 1))a] 9

2. §=colct +d)exp (af + b>: (03, 103 + 04, X3), where
ct+d
X3 = 3(ct+d)?0;+ (3c(ct + d) + €) 203+ [3¢*2 + (e — 3c(ct + d))a] Dg;
3§ = D\ (@ + b2+ (ci+d7 (05, 105 + 0 Xa),
where X3 = 3 ((at +b)> + (¢t + d)?) 9+ (3a(al + b) + 3c(ct + d) + €0) £05+
(3(a® + )z — (3a(at + b) + 3c(ct + d) — €6)a) 9y
4a. g=co: (0z, 10z + Oy, O, 310; + 205 — 200y);
4b. G=ct+d,c#0: (0, t0; + s, 3(ct+d)0; +2ci0; — clidy, Xy),
where Xy = (ct +d)?0; + c(ct +d)20; + c(ci — (ct + d)1)y. Here ¢y, a, b, ¢,
d and § are arbitrary constants, (a? +0?)(c* +d*) # 0, e = ad — be, ¢y # 0.

Then we find preimages of equations from the class @; + wuz +

66 arctan(

G(t)0356 = 0 with arbitrary elements collected in the above list with respect
to transformation (3.34). The last step is to transform basis operators of
the corresponding Lie symmetry algebras. The results are presented in
Table 3.5.

Generation of Exact Solutions. The N-soliton solution of the KdV



142

Table 3.5: The group classification of the class u; + vu, + gugz., + hu =0, g # 0.

no. g(t) Basis of A™#*

1 | Ty(aT + b)"(cT + d)™™ | Oy, TOy + Ty, 3T, H(aT + b)(cT + d)0; + [3acT
+ad(n+1) + be(2 — n)|z0, + (Sacht — [3acT

+ 3RT;  (aT 4 b)(cT +d) + be(n + 1) + ad(2 — n)]u) Ou

2 | cTi(cT +d)exp (g%jtg) Oy TOy + Tiy, 3T (cT + d)%0; + (3¢(cT + d) + €)20,

+ [3¢%2Ty + (e — 3(cT + d)(c+ h(cT + d)Tt_l)) u) 9y

aT+b

3 | LGty | 0y, T, + T,0a, 317 'G20,

+ [3a(aT + b) + 3c(cT + d) + e8| x0, + [3(a® + *)aT;

— (3a(aT +b) + 3c(cT + d) — €6 + 3hT, ' G?)u]0,

4a co T} Oy, Ty 4 Ti0y, Ty (0; — hud,,),

3TT 0 + x0, — (24 3TT, *h)ud,

4b (T + d)T, Dy, Ty 4 Ti0y, T (cT + d)20; + c(cT + d)20,

+ [Ty — (T + d)(c + T, H(eT + d)h)u]dy,

3TN (eT + d)oy + 2¢cx0, — (¢ + 3T (T + d)h)ud,

Here T = fe‘fh(t)dtdt, T, = e~ JR®) At G = V(aT + )2+ (T +d)2%; n ¢y, a, b, ¢, d and § are
arbitrary constants, (a? 4+ b%)(c? +d?) # 0, e = ad — be, ¢g # 0, n # 0, 1. In the case (4b) ¢ # 0.

The function A ia arbitrary in all cases.

equation in the canonical form
Uy —6UU, +U;pr =0 (3.35)

was constructed as early as in the seventies by Hirota [238]. The two-soliton

solution of equation (3.35) has the form

2

0
U=-2-—In(1+ bie” + bae®” + Abiboe” %) | (3.36)
i

2
where a;, b; are arbitrary constants, §; = a;x — alt, i = 1,2; A = <ﬁ> :
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Combining the simple transformation @ = —6U that connects (3.35)
with the KdV equation of the form

U; + Uty + Uzze = 0 (3.37)
and transformation (3.34), we obtain the formula

U= _6€—fh(t)dt U (f e— Jh(t) dtdt, x)
for generation of exact solutions for the equations of the general form

Up 4w, + eSOty oy h(t)u = 0. (3.38)

These equations are preimages of (3.37) with respect to transforma-
tion (3.34). Here h is an arbitrary nonvanishing smooth function of the
variable ?.

The two-soliton solution (3.36) leads to the following solution of (3.38)

82
w= 126 PO (1 byl o boe - Abyye’ )

where a;,b; are arbitrary constants, 6; = a;x — a} [ e~ /PO dqt § = 1 2;

2
A= (%) . In a similar way one can construct other types of solutions

for equations from class (3.38) using known solutions of classical KdV

equation.

3.3. Extended Group Analysis of Variable

Coefficient Generalized Kawahara Equations

In this section we study generalized Kawahara equations with time-

dependent coefficients
ur + a(t)u"u, + L) Uurrsr + 0(t)Upzzze = 0, (3.39)

from the Lie symmetry point of view. Here n is an arbitrary nonzero

integer, o, 8 and ¢ are smooth nonvanishing functions of the variable t.
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If o, § and o are not functions but constants, equations (3.39) become
classical models appearing in the solitary waves theory. Here we present
a brief overview on applications of Kawahara equations and the related
results. In the usual sense, solitary waves are nonlinear waves of constant
form which decay rapidly in their tail regions. The rate of this decay is usu-
ally exponential. However, under critical conditions in dispersive systems
(e.g., the magneto-acoustic waves in plasmas, the waves with surface ten-
sion, etc.), unexpected rise of weakly nonlocal solitary waves occurs. These
waves consist of a central core which is similar to that of classical solitary
waves, but they are accompanied by copropagating oscillatory tails which
extend indefinitely far from the core with a nonzero constant amplitude.
In order to describe and clarify the properties of these waves Kawahara
introduced generalized nonlinear dispersive equations which have a form

of the KdV equation with an additional fifth order derivative term, namely,
U + au, + Bu:n:rx + OUsprze = 07

where «, 5 and ¢ are nonzero constants [118,157]. This equation was heav-
ily studied from different points of view. The exact solitary wave solution
was presented in [320]. In [126] the existence of travelling wave solutions of
the Kawahara equation being considered as a formal asymptotic approx-
imation for water waves with surface tension was shown. In [41] various
numerical computations of both infinite interval and spatially periodic so-
lutions to a one-dimensional wave equation which models capillary-gravity
waves were done. Using techniques of exponential asymptotics it was shown
in [107] that solitary wave solutions of the Kawahara equation form a one-
parameter family characterized by the phase shift of the trailing oscilla-
tions. An explicit asymptotic formula relating the oscillation amplitude to
the phase shift was obtained therein. Solvability of the Cauchy problem (lo-
cal and global existence) of the Kawahara equation was studied in [65,133].
Various studies on behavior of solutions of the Kawahara equations were

presented, e.g., in [?,15,69,74,112,321]. Generalized and formal symme-
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tries as well as local conservation laws of the constant coefficient Kawahara
equations with arbitrary nonlinearity u; + f(u)u, + Btzer + OUzzzes = 0,
fuBo # 0, were classified recently in [309].

Generalized constant coefficient models related to the Kawahara equa-
tion have appeared later. For example, long waves in a shallow lig-
uid under ice cover in the presence of tension or compression were de-
scribed by the equation u; + u, + auty, + Bugrr + OUpzere = 0 [193,284].
This equation is similar to the classical Kawahara equation with re-
spect to the simple changes of variables: = x — t, where t and u are
not transformed, or &« = 1 + au, where t and x are not transformed.
A stability of solitons, described by the modified Kawahara equations
Uy + auuy + Blgry + OUprere = 0, where o, 8 and o are nonzero con-
stants, and n € N, was given in [153,154]. It appears that solitons are
stable for n < 8.

We note that neither the classical Kawahara equation nor its general-
ization adduced above are integrable by the inverse scattering transform
method [196,269].

Last time much attention is paid to variable coefficient models, like vari-
able coefficient KAV, Burgers, and Schrédinger equations [251]. This is due
to the fact that variable coefficient equations can model certain real-world
phenomena with more accuracy than their constant coefficient counter-
parts. In the recent paper [156] Lie symmetries were applied for finding
exact solutions of variable coefficient Kawahara and modified Kawahara
equations, which are of the form (3.39) with n = 1 and n = 2, respectively.
The presence of three arbitrary coefficients depending on ¢ makes the task
of finding Lie symmetries too difficult to get complete results without re-
ducing the number of coefficients by equivalence transformations. That is
why only few results on Lie symmetries were derived in [156]. In the present
paper we show that the use of such transformations is a cornerstone in the

complete solution of the problem.
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3.3.1. Admissible Transformations. We search for admissible trans-
formations in class (3.39) using the direct method [160]. The investigation

results in the statements presented in Theorems 3.21 and 3.22.

Theorem 3.21. The usual equivalence group G~ of class (3.39) consists

of the transformations

01 2 01 PN )
a(t), B(t)==p(t), o(t) = ia(t), n=n,
where 05, j = 1,2, 3, are arbitrary constants with 0,03 # 0, T' is an arbitrary

smooth function with T; # 0.

Theorem 3.22. The generalized extended equivalence group é;zl of the
class of equations

ur + a(t)uu, + B(t)Uprr + 0 () Uszgzs = 0 (3.40)
1s formed by the transformations

~ . )

F=T0), i=(@+6)X" +06, @= %u — 6305(z + 61),
N (Xl)Q - (X1)3 e (Xl)t')
t) = t t) = t t) = t
a(0) = el A0 =80, 60 = Lot
where X' = (03 [a(t)dt 4+ 64)7Y, 8;, 7 = 0,...,4, are arbitrary constants
with §3(032404%) # 0; T = T(t) is a smooth function with T; # 0. The usual
equivalence group G_; of class (3.40) comprises the above transformations
with (51 = 53 = 0.

Theorem 3.23. A wariable coefficient equation from class (3.39) is re-
ducible to constant coefficient equation from the same class if and only if

the coefficients o, 8 and o satisfy the conditions

(g) — (g) =0, for n#1, (3.41)

1 oo’
HE)RC R
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The presence of the arbitrary function 7'(¢) in the equivalence trans-
formations adduced in Theorems 1 and 2 allows one to gauge one of the
arbitrary functions «, § and o to a simple constant value, e.g., to 1. An
interesting question is which one of the three possible gauges is preferable
for further consideration. Class (3.40) with f = 1 or o = 1 is still nor-
malized only in the generalized extended sense, since transformations of
independent and dependent variables still involve [ «(t)dt. At the same
time class (3.40) with o = 1 is normalized with respect to its usual equiv-
alence group, as X! appearing in Theorem 3.22 in this case takes the form
X1 = (63t + 6,)1. This is why we can expect that in the case n = 1 it is
easier to carry out the group classification under the gauge o = 1 rather
than under other possible gauges. If n # 1 all the three suggested gauges
look equally convenient, and we choose the gauge a = 1 just to present the
group classification in the uniform way.

The gauge o = 1 is realized by the point transformation
t=[alt)dt, =2, a=u. (3.43)

Then class (3.39) is mapped to its subclass with & = 1, B = B /a and
o = o/a. Therefore, without loss of generality we can restrict ourselves to
the study of the class

ur + u'uy + B(t)Upze + (D) Upgzzr = 0, (3.44)

since all results on symmetries, conservation laws, classical solutions and
other related objects for equations (3.39) can be found using the similar
results derived for equations from class (3.44).

To derive the equivalence group for subclass of class (3.39) with a =1
we set @ = a = 1 in the transformations presented in Theorems 3.21
and 3.22.

Corollary 3.24. The generalized equivalence group ngl of class (3.44)
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comprises the transformations
t=0103""t+ 0y, T =00+, U=IJd3u,
B(t) = 0:205"B(t), o(t) = 61*6s"0(t), 7 =n,
where 05, j = 0,1,2,3, are arbitrary constants with 6103 # 0.

(3.45)

Remark 3.25. If we assume that the constant n varies in class (3.44),
then the equivalence group ngl is generalized since n is involved explic-
itly in the transformation of the variable t. From the other hand, n is
invariant under the action of transformations from the equivalence group,
so class (3.44) can be considered as the union of all its subclasses with

fixed n. For each such subclass the group ngl is usual equivalence group.

In the case n = 1 we put @« = & = 1 in transformation from Theo-
rem 3.22 and redenote the constants 9;, j = 0,...,4, to write the transfor-

mations in a more compact form.

Corollary 3.26. The usual equivalence group G_,_, of the class

up + iy + B()Uzzer + 0 () Ugzzzr = 0 (3.46)
consists of the transformations
- at+b _ extet+e . eyct+d)u— excx — egc + erd
t = , T = , U= ,
ct+d ct+d A
B 3 5
_ e b e o (3.47)
ct+dA (et +d)3 A

where a, b, ¢, d, ey, e and ey are arbitrary constants with A = ad —
bec # 0 and es # 0, the tuple (a,b,c,d, ey, e1,e2) is defined up to a nonzero

multiplier and hence without loss of generality we can assume that A = £1.

3.3.2. Lie Symmetries. The group classification of equations of the

form (3.44) with n # 1 up to G, _;-equivalence (resp. up to Go_,_;-
equivalence if n = 1) coincides with the group classification of equations
of the form (3.39) with n # 1 up to G™~-equivalence (resp. up to G~-

equivalence if n = 1). We have proven the following assertions.
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Table 3.6: The group classification of the class (3.39).

no. B(t) o(t) Basis of A™max

n #% 1. This case is classified up to G~-equivalence.

0 v v Dy

1 At 55" Oy, 30ty + (p+ 1)nwdy + (p — 2)udy
2 et sest Oz, 3n0) + nady, + ud,

3 A 0 O, O

n = 1. This case is classified up to G”—equivalence.

o v v Oy, 10y + O,

1/ AP 5t O, 10y + O, 3t0; + (p+ 1)ady + (p — 2)ud,
2 et sest O, 10y + Ou, 30; + 20y + ud,

3 A 5 O, 10y + O, O

4/ )\(tQ + 1)%€3yarctant 6(t2 + 1)%€5uarctant am’ tam + au’
(2 +1)0 + (t +v)x0s + (v — t)u + x)0y

Here a = 1 mod G™, p and v are arbitrary constants, p > 1/2, v > 0; § and \ are nonzero
constants, § = +1 mod G™.

Theorem 3.27. The kernel of the maximal Lie invariance algebras of
equations from class (3.44) (resp. (3.39)) with n # 1 coincides with the
one-dimensional algebra (0,). All possible G’gzl—inequivalent (resp. G™-
inequivalent) cases of extension of the maximal Lie invariance algebras are
exhausted by the cases 1-3 of Table 3.6.

Theorem 3.28. The kernel of the mazimal Lie invariance algebras of equa-
tions from class (3.46) (resp. (3.40)) coincides with the two-dimensional
algebra (9, 10, + 8,). All possible G3_,_,-inequivalent (resp. G-
inequivalent) cases of extension of the mazximal Lie invariance algebras
are exhausted by the cases 1'-4" of Table 3.6.

To derive the complete list of Lie symmetry extensions for the entire

class (3.39), where arbitrary elements are not simplified by point trans-
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Table 3.7:  The group classification of the class (3.39) using no equivalence.

no. B(t) o(t) Basis of A™max
n#1
0 v v O
1 AT + 1)° AT+ 05" |8, 3n(T + a9,
+n(p+1)xd, + (p — 2)ud,
2 A\ae™T /\Zaeng Oz, 3na~t0; + nmax0, + mud,
3 A Ao O, 10}
n=1
o’ v v Oy, TOy + Oy
1/ Aa(aT+b)? Aoc(aT+b) 5" | By, TOp + Oy, 3(aT+b)(cT+d)a10,
x (cT+d)'=° x (¢T+d) 5" +(3acT+ad(p+1) + be(2— p)) 20,
+(Bacx—(3acT+ad(2—p)+bc(p+1))u)0,
o | Ma(eT+d)eiT+d Noa(¢T+d)3e i | 8, Ty + B, 3(cT+d)2a10,
+ (Be(cT+d)+A) z0,
+ (3c?z+(A=3c(cT+d))u) 8,
3 Aa(cT+d) Xoa(cT+d)3 Oz, TOy + Oy, (cT+d)?a 104+
c(cT+d)xdy + c(cx—(cT+d)u)0,
4 Oz, TOy + Ou,
)\1&(331/ arctan Zg:jrrs )\2ae5uarctan% ((aT+b)2+(CT+d)2)a_1at
X((aT+b)+(cT+d)2) 2 | x(aT+b) (T +d)2) 2| + (alaT+b)+c(cT+d)+Av) 20,
+ [Ha(aT+b)+c(cT+d)— Av)u
+ (a®+c?)ald,

Here A1, A2, a, b, ¢, d, I, m, p and v are arbitrary constants, A\;Aa(c? +d?) # 0, A = ad — be # 0,

« is an arbitrary nonvanishing smooth function of ¢, T' = [«(t)dt.

formations, we use the equivalence-based approach [289]. The results are
collected in Table 3.7.

The presented group classification reveals equations of the form (3.39)
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that may be of interest for applications and for which the classical Lie

reduction method can be used.

3.3.3. Symmetry Reductions and Exact Solutions. The Lie symme-
try operators derived as a result of solving the group classification prob-
lem can be applied to construction of exact solutions of the corresponding
equations. The reduction method with respect to subalgebras of Lie in-
variance algebras is algorithmic and well-known; we refer to the classical
textbooks on the subject [217,227]. In order to get an optimal system of
group-invariant solutions reductions should be performed with respect to
subalgebras from the optimal system [217, Section 3.3].

Consider firstly the structure of the two and three-dimensional Lie al-
gebras spanned by the generators presented in Table 3.6, using notations
of [230]. In Cases 1-3 and Case 0’ the maximal Lie-invariance algebras are
two-dimensional. In Case (', Case 1 with p = —1, and Case 3 they are
Abelian (2A4;). The algebras adduced in Case 1 with p # —1 and Case
2 are non-Abelian (A;). The algebras with basis operators presented in
Cases 1’4" are three-dimensional. In Case 1’ with p # —1,2 the maximal
Lie invariance algebra is of the type As4 if p = 1/2, A%, with a = Z—ﬁ or
a = % if p > 1/2 or p < 1/2, respectively. If p = —1 or p = 2, then
Am* from Case 1’ is A1 @ Ay. In other cases the maximal Lie invariance
algebras are of the following types: Case 2 — Ao, Case 3' — the Weyl
algebra Asq, Case 4’ — A%~ with a = |v|.

If a one-dimensional invariance algebra is spanned by an operator
Q) = 70;+£0,+n0,, then the associated ansatz reducing the corresponding
PDE with two independent variables to an ODE is found as a solution of
the invariant surface condition Q[u| = 7Tu; + fu, —n = 0. In practice
the related characteristic system % = d?x

and reduced equations obtained for equations from class (3.44) using one-

= d?“ has to be solved. Ansatzes

dimensional subalgebras from Table 3.8 are collected in Table 3.9. Re-
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Table 3.8: Optimal systems of one-dimensional subalgebras of A™** from Table 3.6.

no. Optimal system
Loz = (0z), @11 = (3nt0; + (p + 1)nady + (p — 2)udy)
lp——1 = (0z), 0879 = (ntd + ady — udy)
2 = (0z), 0y = (3n0; + nx0y + udy)
3 = (0z), 0= (0+ ady)
v = (0z), 0y = ((t + )0 + 9u)
Vpt12 =(0z), 05 =(t+0)0;+0u) g1 = (3t0+ (p+1)x0; + (p — 2)udy)
Vp=1 =(0z), 85 =(t+0)0:+0u), 8] 5= (t0+ady —udy),
Vs =(0z), 85 =((t+0)0:+0u), 91 3= 0+ (x+at) 0z + ady),
2 = (), = (t0y + Ou), Oy = (30 + 20y + udy),
3 =(0n), O8y1=1(0), 0%,= (a0, +2t0,+20,)
4/ =(00), 0y ={(E+1)0+ (t+v)20y + (z + (v — t)u)0y)

In all cases a € R, n #0, 0 € {—1,0,1}.

ductions associated with the subalgebra gy are not considered since they
lead to constant solutions only. We do not present reductions with respect
to the subalgebras gi/.1, g/, and go since these subalgebras are specifi-
cations of the subalgebras g;.1, g{, and go for the case n = 1. The re-
duction for the case 1/,_, is not performed because this case is equivalent
to 1/ 1" Indeed, the equations u; + wiy + M*Uppy + 0t Uppree = 0 and
wy vy MU g 0 /U 000 = 0 are linked by the transformation
t'=1/t, ' = —x/t, v = tu — z.
The first-order reduced equation from Table 3.9, (w+a)y’'+¢ = 0, gives
the “degenerate” solution of (3.44) for arbitrary values of 5(t) and o(t),
= (r+¢)/(t+ a), where ¢ and a are arbitrary constants. Using transfor-

mation (B.28) we get the “degenerate” exact solution of equation (3.40) in
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Table 3.9: Similarity reductions of the equations (3.39) a = 1 and nfo # 0.

Case| g w Ansatz, u = Reduced ODE
Reductions for arbitrary nonzero n

Lppet| oy | 2t 5 p(w) 0" + A" + (w" rw ) ¢+ e =0
lp——1|gfy| o — %Int ) 5" + X" + (" — 2) ' — L =0

2 | go| we st eantip(w) 5" + A" + (9" = gw) ¢+ g =

3 |e5| z-a p(w) 0" + A" + (¢ —a) ¢’ =0

Specific reductions for n = 1
0" | g t so(w)+tfa (w+a)p'+9=0
3 g% x p(w) 3" + A" + o' =0

3/ gg/a x—tz/a 2t/a+<p(w), a0 590/////4_)\%0///_1_%0()0/_‘_2/&:0

re Y arctant eV arctant Tt

w)+ 5
V2 +1 \/t2+1(P( T e

Here a is an arbitrary constant.

4/ 94/ 590///// + AQO/” + (SO _ I/CU)QDI + VSD + w = O

the form
Tr+c
f a(t)dt +a
Consider fifth-order reduced ODEs from Table 3.9. Cases 3 and 3’

correspond to the constant-coefficient generalized Kawahara equations.

(3.48)

The corresponding ODEs were heavily studied in the literature, see,
, [14, 68,169, 228] and references therein. We concentrate our atten-

tion on variable coefficient cases.

3.3.4. Exact Solutions for Equations Reducible to Their Con-
stant Coefficients Counterparts. In recent papers [156,314] different
techniques for finding exact solutions were applied to construct exact so-
lutions of Kawahara equations with time-dependent coefficients. In both

papers exact solutions were derived for equations whose coefficients obey
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additional constraints, namely, when all the coefficients are proportional to
each other. Theorem 3.23 implies that such variable coefficient equations
from class (3.39) are reducible to constant coefficient Kawahara equations.

In our opinion the optimal way to get exact solutions for equations
from (3.39) that are reducible to the constant-coefficient equations from
this class is to take known solutions for constant coefficient equations and
then to make a corresponding change of variables. In such a way it is
possible to construct exact solution not only for the case when the coef-
ficients in (3.39) are proportional but also (if n = 1) for equations of the
form (3.39) whose coefficients satisfy conditions (B.23).

We derive the corresponding changes of variables using Theorem 3.21
for the case n # 1 and Theorem 3.21 for the case n = 1. The following

statement is true. The equations from class (3.39)

ur + a(t)u"u, + 504( Vgze + () Upzeer = 0, and, (3.49)
up + aft ) + + Ba(t)(ds (05 [au(t)dt + 04)tyys
+ 0o 53 foz dt + (54) Uyprrrr — 0, (350)

where «(t) is a smooth nonvanishing function, reduce to the constant co-

efficient Kawahara equations

u; + at"uz + Bumx + 0Uzi55 = and (3.51)

=

2
I
—
Q
—~
=
(oW
S
X

=z, U=a& nu, and

t= [a(t)(5; [a(t)dt + d4)2dt,

T=(x+6)(0s [at)dt+ds) 7, (3.53)
= (65 [a(t)dt + bs)u — (x + 61)d3) /&,

respectively. Here 9;, © = 1,3,4, &, [, and ¢ are arbitrary constants with

aBe (63 4 63) # 0.
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We take a family of solitary wave solutions of the Kawahara equa-
tion (3.52) of the form

26499262K° — 728036 k3 — 3132k + 5076 1

U= —

507k
280k2(3 — 1045 K> -
_ 28015 — oK) tanh? (k@ + pt + )
13
1680&/@4

tanh?(kZ + ut + )
a

with x given by

\/ —13535 \/6560 31— 3Z\F) \/6550 31+3iv/31)
%6 0 34 2606 k56 = 2606 ;

/‘6172 =+

p and x being arbitrary constants [169]. The corresponding exact solution
of (3.50), derived with the usage of (3.53), is

1 280 )
d 01) — = K*(B—1046k7) tanh® (ki + pt
1T % Jal) dt+54<3<$+ 1) =73 # (B—1046%%) tanh™(kZ+put + X)
. 264992 0'2,%5_728055.&3 . 31621% + 507&#

5070k
— 16805k tanh* (kZ + puf + x)),

where t = Ja(t) (65 [au(t)dt + 04)~ 2dt, 7 = (x + &) (65 [au(t)dt + 04)~ 161,
1 and x are arbitrary constants, x takes the six values adduced above.
A family of solutions for equation (3.49) with n = 2 has the form
 40k%* — 3
- /105
k ~
+ 6k*v/—106 tanh? (k;x + 10—~(240/<;4&2 + 58%) Ja(t)dt + x) :
o

(3.54)

where k and x are arbitrary constants with k£ # 0. On Figs. 1-3 we present
the graphs of solution (3.54) for certain values of parameters and different

time inhomogeneities.
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Figure 3.1: Solution (3.54) for ~ Figure 3.2: Solution (3.54) for ~ Figure 3.3: Solution (3.54) for
alt) =1/t,c = —-01,8=-1, aft)=1/t*, 0 =-01,8=-1, at) =+t oc=-01 5= -1,
k=1,x=0. k=1, x=-1T. k=1, x=15.

3.3.5. Numerical Solutions Using Lie Symmetries. Exact solutions
of the fifth-order ODEs presented in Cases 1, 2 and 4’ of Table 3.9 are
not known. At the same time behavior of solutions for variable coefficients
models is what we are most interested in. The Lie reductions obtained
can be useful in seeking solutions of equations (3.39) accompanied with
boundary conditions that are invariant with respect to the corresponding
Lie symmetry algebras [32]. Consider a class of boundary value problems

(BVPs) for variable coefficient generalized Kawahara equations,

up + uuy + MNP Uy + 5t%ummx =0,t>t), >0, neN (3.55)

ult,0) = yot 5, Luboll TR st i = 1,4, (3.56)
=0

where v;, ¢ = 0,...,4, A and ¢ are arbitrary constants with Ao # 0.
Both equation and boundary conditions are invariant with respect to the
scaling symmetry operator () = 3ntd; + (p+ 1)nz0, + (p —2)ud, (Case 1 of
Table 3.6). Using the corresponding ansatz (Case 1,1 of Table 3.9) this
problem reduces to the initial value problem (IVP) for a fifth-order ODE,

590///// + )\90/// + (QOn _ %lw) 90/ + p3_—n290 =0,
dip(w) (3.57)

0) = : =y, i=1,...,4.
p(0) =10, — » Vi, 1
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After the problem for the latter IVP is solved numerically, then the cor-
responding solution of BVP (3.55)—(3.56) can be recovered using the sim-
ilarity transformation u = % ¢(w) with w = 2t~ "% .

We illustrate the usage of Lie symmetries for the construction of numer-
ical solutions for the Kawahara equations with time-dependent coefficients

by the following example.

Example 3.29. Consider the equation
3 1 1 _
Ut + (% + §5UU:17 + §%Ux:m; + §7szmsx:17 =0
that arises as a model describing the propagation of long nonlinear waves
in the water covered by ice [103,134,193,284,319]. Here

a h Eh?

€:ﬁ7 %ZM(O—O_O—IIE)7 ’}/: 12(1—1/2)pwg)\47

where v is the dimensionless amplitude of the oscillations of the under-
ice surface of the fluid about the horizontal equilibrium position, a is the
characteristic wave amplitude, H is the depth of the fluid, 27\ is the
characteristic wavelength, p, and p; are the densities of the fluid and ice,
respectively; h, E, and v are the thickness, Young’s modulus and Poisson’s
ratio of the ice, and o,, is a component of the ice sheet stress tensor,
o9 = gH[p,H/(3h) + p;]. It is assumed that o,, ~ 10°N/m? is the result of
external forces [134].

We suppose that the growth of ice thickness is described by the law
h = 0.04v/t, which for certain weather conditions is in well agreement
with the data obtained for the sea of Azov for 10 days (240 hours) of
observations of ice growth starting from h=0.1m [47]. Then for the values
A~ 100m, H ~ 10m, E ~ 3 - 10°N/m?, a ~ 0.1m, p, ~ 1030kg/m?3,
po ~ 916kg/m? and og ~ 1.2 - 10°N/m? that is calculated for average ice

thickness h, ~ 0.3m we will have a model equation of the form

vy + vy + auu, + )\t%vxm + 5tgvxmm =0,
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where o« = 1.5 - 1072, 8 &~ 2.20215- 107> and § ~ 1.05566 - 1078 (after
converting time in F, oy and 0., in hours). To reduce this equation to the
form (3.55) we make the change of the dependent variable v = 1 + av and
get the equation

Up + Uty + )\t%uxm + 5t%umxm =0 (3.58)
where A and ¢ remain the same. We consider the boundary conditions
w(t,0) = 7ot~ 2, uy(t,0) = Uy (t,0) = Upga(t, 0) = tgpee(t,0) =0, (3.59)

that are invariant with respect to the operator of scaling symmetry 2t0; +
x0, — u0d, of the latter equation. Such a BVP reduces to the following

initial value problem

&0///// 4 )\90/// 4 (go . %w) I %90 — 07
p(0) =70, ¢'(0) = ¢"(0) = ¢"(0) = ¢"™(0) = 0.

The numerical solution for this initial value problem is presented on Fig. 4.

(3.60)

The corresponding numerical solution of equation (3.58) with the associ-

ated boundary conditions (3.56) is presented on Fig. 5.

Concluding Remarks. In this section the group classification problem

for class (3.39) of variable coefficient generalized Kawahara equations was

0 T T
1 2 3
®

Figure 3.4:  Solution of IVP (3.60), Figure 3.5: Solution of BVP (3.58)-(3.59),
Yo = 1/120. 70 = 1/120.



159

solved exhaustively. As a result, new variable coefficient nonlinear models
admitting Lie symmetry extensions were derived. This became possible
due to an appropriate gauge of arbitrary elements of the class. Namely,
the gauge a = 1 was utilized. The use of different equivalence groups for
the cases n # 1 and n = 1, which were found in the course of the study
of admissible transformations in class (3.39), allowed us to write down the
classification list in a simple and concise form. We also construceted zero-
order conservation laws of equations of the form (3.44), given by conserved

vectors with characteristics 1 and u

(u, =15 a(®)w™ + B(t) yr+0 () e )

(3, 25 )+ B(#) (wttee = 502) +0(8) (Wthgra — st t-$122,))

These are conservation laws of momentum and energy, respectively.

3.4. Lie Symmetries and Conservation Laws
of Generalized Benjamin—Bona—Mahony

Equations

The third-order nonlinear partial differential equation
Ut + Uy + ULy — Uggr = 0,

named these days the Benjamin-Bona—Mahony (BBM) equation, ap-
peared in [20,231] as an alternative to the Korteweg—de Vries equation,
Us + Uy + Uy + Uz, = 0, model for the unidirectional propagation of mod-
erately long waves with small but finite amplitude in systems that manifest
nonlinear and dispersive effects. Numerical studies showed that the BBM
equation admits soliton solutions whose interaction is inelastic though close
to elastic [2,40]. It was proved in [75] for the equivalent form u; = wu,+uy,.
of the BBM equation that it has no conserved quantity in addition to those
found by Benjamin, Bona and Mahony: u (mass), (u? + u2)/2 (energy),
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and u®/3 (momentum). Lie symmetries and the corresponding reductions
of the BBM equation in the above equivalent form were obtained in [163]
(these results were also presented in [131, pp 194-196]). It was found that
the maximal Lie symmetry algebra of this equation is a three-dimensional
Lie algebra of the type A1 @ Ay spanned by the vector fields 0y, t0; — u0,
and 0.

There are several recent works (see [199] and references therein) devoted
to the study of Lie symmetries of variable-coefficient BBM equations of the

general form
ur + f(t)ug + g(t)uu, + h(t)ugr = 0, (3.61)

where f, g and h are arbitrary smooth functions of the variable ¢ with
gh # 0. However none of these works contains exhaustive and completely
correct results. We aim to fill up this gap by presenting the exhaustive
group classification of equations from class (3.61) and classifying local con-

servation laws of these equations.

Theorem 3.30. The usual equivalence group G of class (3.61) is com-

prised of the transformations

where 0, j =1,2,3,4, are arbitrary constants with 6163 # 0 and T = T(t)
is an arbitrary smooth function with T, # 0. Class (3.61) is normalized in

the usual sense.

Thus, each point transformation between equations from class (3.61) is
induced by an element of the group G7". In order to find which variable-
coefficient equations of the form (3.61) admit constant-coefficient coun-
terparts, we assume that the transformed arbitrary elements f , g and h
are constants in equivalence transformations. This results in the following

assertion:
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Proposition 3.31. A variable-coefficient equation from class (3.61) is re-
duced to a constant-coefficient equation from the same class by a point
transformation if and only if the corresponding coefficients f, g and h sat-

1sfy the conditions

(B owo
9/

i.e., h is a constant and f is proportional to g.

Equivalence transformations allow us to simplify the consideration by
reducing the number of arbitrary elements. For example, we can set the

gauge g = 1 using the family of point transformations
t=[gt)dt, z=2z, a@=u (3.62)

parameterized by the arbitrary element g and related to equivalence trans-
formations from the group G7. Then the other arbitrary elements are
changed as f(f) = f(t)/g(t), and h(f) = h(t). Here and below an integral
with respect to t should be interpreted as a fixed antiderivative.
Therefore, without loss of generality we can restrict ourselves by the

study of the class
ur + f(t)uy + uuy + h(t)uge = 0. (3.63)

Since class (3.61) is normalized, the equivalence group of its subclass (3.63)
can be easily found as the subgroup of the group G” whose elements pre-

serve the gauge g = 1.

Corollary 3.32. Class (3.63) is normalized in the usual sense. Its usual

equivalence group G5 s constituted by the transformations

=40 = bt by G=dmutdi, f=0f—8u h=0h,

where 0, 7 =0,...,4, are arbitrary constants with 0,03 # 0.

There are no truly variable-coefficient equations in class (3.63) that are
reduced by point transformations to constant-coefficient equations from

the same class.
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3.4.1. Lie Symmetries. We use the method of mapping between classes,
which was suggested in [300] for solving the group classification problem.
This method has been successfully applied to several classes of nonlinear
partial differential equations (see, e.g., [297]).

Class (3.61) can be mapped to a similar class of third-order partial

differential equations of the form
up + uty + h(t)uge = U(t), h #0. (3.64)

The mapping is realized by the family of point transformations
t=[gt)dt, T=z, aG=u+—= (3.65)
g

parameterized by two arbitrary elements of class (3.61). The arbitrary
elements in the imaged equations take values (tildes in (3.64) are omitted)
h(t) = h(t), I(f) = ﬁ (%)t. Following the method of mapping between
classes, we first classify Lie symmetries of the imaged class (3.64) and then
use the family of point transformations (3.65) to extend the result to the
initial class (3.61).

In order to efficiently solve the group classification problem for
class (3.64), we look for admissible transformations in this class using the
direct method. It appears that such transformations are exhausted by

transformations from the usual equivalence group of this class.

Theorem 3.33. The usual equivalence group G5 of class (3.64) consists
of the transformations
) ~ -
= 5—1t+50, =0z +0, =0, h=0h, =21
3
where §;, j = 0,1,2,3, are arbitrary constants with 6,93 # 0. Class (3.64)

18 normalized in the usual sense.

Using the classical Lie infinitesimal method, we get the complete group
classification of equations from class (3.64). The results are summarized

in the following assertion.
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Table 3.10: The group classification of class (3.64) up to G5 -equivalence.

no. | h(t) | I(t) Basis of A™max

0 v v O

p—4

1 | et? | XM= | Oy, 20 + pxOy + (p — 2)udy

1

2 | eet | Xe2t | 0., 20, + 20, + u0,

3 e 1 895, 8t

4 9 0 f)m, 8t, t&g — Uau

Here p and A are arbitrary constants, ¢ = +1 mod G5, in Case 1 (p, A) # (0,0).

Theorem 3.34. The kernel of the mazimal Lie invariance algebras of equa-
tions from class (3.64) is the one-dimensional algebra (0,). All possible
G5 -inequivalent cases of extension of the maximal Lie invariance algebras
are exhausted by Cases 1-4 of Table 3.10.

Remark 3.35. The most general forms of the functions h and [ that cor-
respond to equations from class (3.64) with Lie symmetry extensions are

1. h=M(et+ k)", 1=X(ct+r)T:

A = (0, 2(et + k)0 + epx0y + £(p — 2)ud,);

2. h = \et, = hgezot: Amax — (Op, 20 + 020, + oudy);

3. h=XA, =Xy A" = (0, O);

4. h=X, [=0: A" =(0,, O, tO; — u0,).
Here A1, A9, €, k and p are arbitrary constants with A\joe # 0. Additionally,
in Case 1 (p,\2) # (0,0) and in Case 3 Ay # 0. Due to the presence of
arbitrary constants A\; and Ao, the constant £ can be assumed to take the

values +1 only.

The following example shows how to recover the group classification of
class (3.61) using the results obtained for class (3.64).
Consider Case 1 of Table 3.10 extended by the equivalence transfor-

mations from GY, i.e., the first case presented in Remark 3.35, were
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h=M(et+ k)P, 1 = \y(el + /1)%4. We denote [g(t)dt by T. Ast =T and

((T) = (f/9)t/g, we get (f/g)e = Aog(t)(eT + k)= . Finally,

A2g(t) (ﬁ(eT +r)T + Ag) , i p#2,
)\gg(t) (% 111<€T + HJ) + >\3> , if P = 2.

After re-denoting the constants \;, 1 = 1,2, 3, it is easy to see that we get
Cases 1 and 2 of Table 3.12, respectively. To obtain the corresponding Lie
symmetry operators one should make the change of variables t = T, & = z,
i =u+ po(eT+ k)T + 3 (vesp. @ = u+ pio In(eT + k) + 3 for the second
case) in the vector fields X; = 9; and Xy = 2(et+k)0;+epT0; +e(p—2)0d;.

It is interesting to note that the images of two distinct inequivalent cases
of Lie symmetry extensions in class (3.61) (Cases 1 and 2 of Table 3.11)
belong to the same case of Lie symmetry extensions for class (3.64) (Case 1
of Table 3.10).

The other cases are easily treated in the same way.

Theorem 3.36. The kernel of the mazximal Lie invariance algebras of equa-
tions from class (3.63) is the one-dimensional algebra (0,). All possible

G5 -inequivalent cases of Lie symmetry extensions are ezhausted by Cases
1-5 of Table 3.11.

Corollary 3.37. The group classification for class (3.61) up to G7-
equivalence results in the list presented in Table 3.10, where the arbitrary

element g is assumed to be equal 1.

In order to get the classification list for class (3.61), where forms of arbi-
trary elements are not simplified by equivalence transformations, we apply
transformation (3.62) combined with transformations from the equivalence
group G5 to equations of the form (3.63) with f and h presented in Ta-
ble 3.10. Basis elements of the corresponding maximal Lie invariance alge-
bras are pushed forward by the same transformations. Then we re-denote
the constants and collect the obtained results in Table 3.12. The detailed

procedure of the equivalence based approach for deriving most general forms
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Table 3.11: The group classification of class (3.63) up to G5 -equivalence.

no.| h(t) | f(t) Basis of A™a*
0] Vv v Oz
1] ett | M2 | 0y, 260 + p2dy + (p — 2)udy
2| et? | Int | Oy, t0+ 20, — 0y
3| eet | Mezt Oz, 20y + x0y + U0y
4] € t | Ou, Op— 0y
5 € 0 Oy, O, t0; — udy,

Here p and A are arbitrary constants, e = £1 mod G5'. In Case 1 (p,\) # (0,0).

Table 3.12: The group classification of class (3.61) using no equivalence.

no. h(t) () Basis of Amax

0 N v Oz

1| pi(eT + k)P | pag(eT + li)pT_Q + psg | Og, %(ET + k)0 + epx0y +e(p — 2)(u + p3)0y

2 | p1(eT +k)? | pogln(eT + k) + psg | O, %(ET + k)0t + ex0y — €120y

3| prexp(oT) | pog exp(%aT) 4+ usg | Og, %8,5 + o020y + o(u+ pu3)oy

4 G} p2gT + p3g Oz, éat — 20y
5 1 H3g By 500, %&t — (u+ p3)0y

Here g is an arbitrary nonvanishing smooth function, T' = [¢(t) dt; e = £1; p1, po, ps, v and p
are arbitrary constants satisfying the following constraints: g1 A # 0; in Case 1 pus # 0; and
in Case 4 ug # 0.

of arbitrary elements and basis elements of the corresponding maximal Lie
invariance algebras can be found in [289].

Comparing the results of [199] with those collected in Table 3.11, we
conclude that Lie symmetry extensions presented in [199] are particular
specifications of Cases 1-5 from Table 3.11 for certain fixed values of the

arbitrary element g. For example, there are two cases in the classification
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list derived in [199] with the three-dimensional maximal Lie symmetry
algebras (Cases 4 and 10 of Table 1 therein). These cases are particular

subcases of Case 5 of Table 3.11 for ¢ = gy = const and g = goe™.

3.4.2. Conservation Laws. We classify (local) conservation laws of
equations from class (3.61), applying the most direct method based on
the definition of conservation laws [10,11,217].

The classification of local conservation laws of equations from the
class (3.61) is as follows.

Case 0. Each equation from the class (3.61) admits the “natural” con-
servation law with the constant characteristic \' = 1. The corresponding
density and flux are

Fl=u, G'=f(t)u+ %g(t)u2 + h(t) .
For general admitted values of the arbitrary elements f, g and h the asso-
ciated space of conservation laws is one-dimensional.

Case 1. If the arbitrary elements satisfy the equation ((1/h):/g): = 0,
and, therefore, h(t) = (p1 [ g(t)dt + ,02)_1, where p; and py are constants
with (p1, p2) # (0,0), then the space of conservation laws of the correspond-
ing equation of the form (3.61) is at least two-dimensional. The second
basis conservation law can be chosen to have the following characteristic,

density and flux:

A\ = % —p(z—=[fO)dt), F*= 22@) — % —p1 (z = [f(t)dt) w,
2 _ g(t) [
G* = Sh—(t)u?’ + Qh(t)u + Ul + plh(t)ut
~pr (o= [ () (f(t)u 5900 + (B, )

where (1/h):/g = p1 = const.
Using the family of point transformations ¢ = py [ g(t)dt + p2, & = ,

@ = u/p; related to the group G, we can reduce any equation of this case
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with p; # 0 to the form u; + f(¢)u, + uu, +t Mg, = 0 (tildes are omitted
in the latter equation).

Case 2. One more case with at least two-dimensional spaces of con-
servation laws is given by the arbitrary elements satisfying the condition
((f/9)e/9)e = 0, Le., if f(t) = (o1 [ g(t)dt + 02) g(t), where o1 and o5 are
arbitrary constants. The second basis conservation law can be chosen to

have the following characteristic, density and flux:

h
N =W?— 20z + 2— Uy, F3 = W3 — 20y2u — =
g

2
G? = (—SW + ((t)) u? + h(OWuy, — 201 h(t)zug,
t
20, f(t)au — ng(Oya? + L0
where W =u+ f(t)/9(t), (f/9)t/g = o1 = const.
Using the family of point transformations ¢t = o, [ g(t)dt + o9, T = o1z,

u = u related to the group G7’, we can reduce any equation of this case
with o1 # 0 to the form wu; + tu, + wuy + h(t)ug, = 0 (tildes are omitted
in the latter equation).

Case 3. The maximal dimension of the spaces of conservation laws for
equations from class (3.61) equals three and is reached for the intersection
of Cases 1 and 2, where arbitrary elements satisfy the both constraints,
((f/9)t/9)r = 0 and ((1/h)¢/g): = 0. Then for each of the spaces, a basis
consists of conservation laws with the characteristics ', A\? and A\ and
the conserved currents (F*', G'), (F? G?) and (F?,G?), respectively. The

corresponding equation can be reduced to the form
w + (o1t + 02)uy + wuy + (prt + p2) gy = 0

by transformation (3.62). The further simplification is possible by trans-
formations from the group GG5°. For example, we can set one of the linear
combinations o1t + o9 or pit + po to t if o1 # 0 or p; # 0, respectively.

A well-studied subcase of Case 3 is constituted by constant-coefficient

equations, for which p; = o1 = 0 [20,75,216]. Up to G7-equivalence any
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constant-coefficient equation from class (3.61) can be mapped to the equa-
tion uy = uuy, + gy, Wwhere € = sgn h = +1. Then the characteristics and
the components of the conserved currents of the above basis conservation
laws take the form (cf. [131, p. 195])

1

)\1 = 17 Fl = u, Gl - —§U2 — Uty
2 2
U U 1
A= | oL B
Eu, 5 +e€ 5 3u EUlgy
1 1
A= u? + 2euy, FP = gu?’, G? = eu? —ul, — eutuy, — ZU4'

The results on conservation laws are quite expectable and, at the same
time, are not trivial. They naturally generalize well-known results of
constant-coefficient BBM equations and need the completion of the most
significant and tricky part of the proof, which is deriving an upper bound

for order of conservation laws similarly to [75].

3.5. Equivalence Transformations in the Study

of Integrability

Since late 1960s there is an unceasing interest to the study of exactly
solvable (integrable) partial differential equations (PDEs) that model real-
world phenomena. Thus, the inverse scattering transform method was
introduced in [100] and was applied therein to the prominent Korteweg—de
Vries (KdV) equation u; = gy, + 6uu, [162] in order to find its soliton
solutions. The notion of soliton had appeared earlier in [329]. It was shown
in [198] that the KdV equation possesses an infinite set of conservation
laws of arbitrarily high orders, and this property appeared to be typical for
integrable equations. A new direct method (the Hirota bilinear method) for
finding multisoliton solutions to integrable nonlinear evolution equations
was suggested in [119]. In contrast to the inverse scattering transform

method, the Hirota bilinear method is algebraic rather than analytical.
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These and other methods were then applied to a wide range of integrable
equations [269].

According to [50], integrable equations can be divided into those that
are linearizable by an appropriate Change of variables (C-integrable equa-
tions) and equations integrable by inverse scattering transform method
(Spectral transform technique) (S-integrable equations).

Among the C-integrable equations there are, e.g., the famous Burgers
equation us+uu, = vu,, [49] that can be linearized to the heat equation by
the Hopf-Cole transformation [62,121], the Sharma—Tasso—Olver equation
Up + Ugzr + 3UUy + 3u2 + 3ut,, = 0 [215,270], which is the second member
of the Burgers hierarchy, the u~2-diffusion equation (named also Fujita—
Storm equation) u; = (4 2u,), + au [36,280], the Fokas—Yortsos equation
uy = (U u,), + au"u, [81,281]. Further examples in (141)-dimensions
can be found in [50].

S-integrable equations in (1+1)-dimensions include the KdV and mod-
ified KdV equations, the Gardner equation (the combined KdV-mKdV
equation) us + Uty + Uy + Ugee = 0 [197], the cylindrical KAV equation
U = Ugppy + OUU,; — 2%5“ [191], the Dym equation u; = w3, [167], the
sine-Gordon equation u; — u,, + sinu = 0, etc. See other examples of
integrable equations, e.g., in [269].

Most of integrable PDEs considered in the beginning of the development
of integrability theory were constant-coefficient ones. At the same time,
many model equations appearing in applications explicitly involve indepen-
dent variables. For example, the generalized Burgers equations describing
the propagation of weakly nonlinear acoustic waves under the influence
of geometrical spreading and thermoviscous diffusion in non-dimensional
variables are represented as u; + uu, = g(t)uy, with g # 0 [116] (these
equations are not C-integrable for nonconstant values of g). The KdV and

cubic Schrodinger equations with time-dependent coefficients,

w + f () uty + g(t)ugee = 0 and vy + f()uze + g(t)|ul*u =0, (3.66)
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respectively, also appear in different applications [105,106]. Here f and g
are nonvanishing smooth functions of ¢.

Many papers devoted to the study of variable-coefficient equations were
published, especially, in recent years. Usual topics of these papers are the
application of Painlevé test in order to single out subclasses of integrable
equations within wider classes of variable-coefficient equations, the con-
struction of conservation laws, Lax pairs and bilinear representations and
finding exact soliton solutions by the Hirota bilinear method. Since some-
times variable-coefficient models are quite complicated and the number of
variable coefficients varies from one to five or even to ten in some cases,
packages of symbolic computations are widely used to complete these tasks.
At the same time, the equivalence between equations in a class under study
is neglected in many works, see a discussion in [251]. Though even in pio-
neering works on exactly solvable models it was shown that if an integrable
PDE is related to another PDE by certain change of variables (point or
non-point), then the latter PDE is also integrable. The classical examples
are the connection between the KdV and mKdV equation via the Miura
transformation, the reducibility of the Gardner equation to the mKdV [197]
and of the cylindrical KAV equation to the classical KdV [147,191]. Other
examples are given in [148]. It was shown that the KAV and nonlin-
ear Schrodinger equations with time-dependent coefficients (3.66) pass the
Painlevé test if and only if the coefficients f and g satisfy the conditions
g(t) = f(t)(ar [*f(s)ds+ag) (resp. g(t) = f(t)/(a1 [*f(s)ds—+ap) ), where
ap and ag are constants with a? + a3 # 0. These conditions coincide with
those of reducibility of equations (3.66) to their constant-coefficient coun-
terparts, which were obtained in [105,106].

Another way for construction of variable-coefficient integrable models
from constant-coefficient members of integrable hierarchies was presented
in [84, Theorem 3.1]. Any “linear superposition”, with arbitrary time-

dependent coefficients, of members of an integrable evolution hierarchy that
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correspond to mutually commuting flows proved to be again integrable.
The study of point transformations within a given class of variable-
coefficient PDEs and the knowledge of reducibility conditions to constant-
coefficient integrable equations allow one to obtain solutions, conservation
laws, other objects and related information in an easier way than using
the direct computations for variable-coefficient equations. This section is
devoted to the discussion of this subject. The consideration is illustrated

by variable-coefficient fifth-order KdV-like equations.

3.5.1. Admissible Transformations in Classes of Differential Equa-
tions. Consider the class of nth order (1+1)-dimensional evolution equa-

tions,
ur = H(t,x,up, uq, ..., uy), (3.67)

where n > 2, u; = du/0x?, j = 1,2,..., and uy = u. We shall also employ,
depending on convenience or necessity, the following notation for low-order
derivatives: u, = U1, Uyy = U9, Uz, = Uz, etc. In general, a subscript of
a function denotes the differentiation with respect to the corresponding
variable, e.g., u; = 0u/0t, H,, = OH /Ou;. For the above class, the tuple of
arbitrary elements 6 consists of a single arbitrary smooth function H of its
arguments. The auxiliary equations to H singling out evolution equations
among all nth order two-dimensional partial differential equations form the

system

H,, =0,i=0,...,n—1, H

Uqtt

=0, 2=0,....,.n—2, ...,

meaning that the arbitrary element H does not depend on derivatives of u
involving the differentiation with respect to t. The condition that the
equation order equals n leads to the auxiliary inequality H, # 0. For
quasilinear evolution equations the arbitrary element H is linear in the
highest-order derivative u,, i.e., the subclass &, of such equations is singled

out from the entire class (3.67) by the additional auxiliary equation H,

nUn
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0. Representing H in the form H = Fu, + G and interpreting F =
F(t,x,up,u,...,uy—1) and G = G(t,z,up,u1,...,u,_1) as new arbitrary
elements, we re-parameterize the subclass &;. In terms of F' and G, the

system of auxiliary equations and inequality for the subclass & is

F,, =G, =0, i=0,...,n—1,
F,. =Gyu,=0, i=0,....n—2, ..., (3.68)

Ugtt

F, =G, =0, F#0.

Usgtt

Imposing additional auxiliary equations on H (resp. F' and G), one can
construct a tree of nested subclasses of evolution equations.

We consider a chain of nested normalized classes of evolution equations,
which is of interest in view of the subject of the present paper. It is a well-
known folklore assertion [192] that any contact transformation 7 relating
two fixed equations v, = H and %; = H from the class (3.67) has the
form t = T(t), 2 = X(t,z,u,u,), & = U(t,z,u,u,). In comparison with
the general contact transformation in the space of (t,x,u), the peculiar-
ity is that the transformation component for ¢ depends only on ¢t and the
transformation component for all the variables does not depend on u;. The
contact and nondegeneracy assumptions are reduced for 7 to the conditions
(Up+Uyuy) Xy, = (Xo+Xyuy)Uy, and Ty # 0, rank O(X, U) /0(x, u, u,) = 2,
respectively. The standard prolongation of 7 to the derivatives uq, ..., u,
is carried out using the chain rule, which gives u; = V(¢, 2, u, u,), where
V = (U, +Uyuy) [(Xp+Xyuy,) or V=0, /X, if X,+X,u, #0or X, #0,
respectively, and @; = 0'u/07' = ((1/D,X)D,)" 'V, i = 2,...,n. Here
D, = 0y + u;0y + w0y, + uy:0,, + --- is the operator of total differ-
entiation with respect to the variable x. The possibility of simultaneous
vanishing X, + X,u, and X, is ruled out by the nondegeneracy assump-
tion. Moreover, the contact and nondegeneracy assumptions jointly imply
that (X,,U,) # (0,0). The transformed arbitrary element H is equal to
U, — XuVH+ Uy — XtV.

Ty Ty

0
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Each of the above contact transformations maps the entire class (3.67) onto
itself. Therefore, its prolongation to the arbitrary element H belongs to the
contact equivalence group G of the class (3.67), and any element of G is
obtained in this way. In other words, the equivalence group G generates
the whole contact equivalence groupoid G of the class (3.67), i.e., this class
is contact-normalized, which obviously implies its normalization also with
respect to point transformations. If n > 3, the subclass &, of nth order
quasilinear evolution equations has the same contact equivalence group and
is also contact-normalized.

Each next subclass is singled out from the previous one by se-
quently adding more equations to the system (3.68) in the way pre-
serving the property of usual normalization. The additional constraints

F,=--=F

w,, = 0 (ie, FF = F(t,x,u,u;)) lead to principally nar-
rowing the equivalence groupoid of the corresponding subclass: Its contact
equivalence group coincides with its point equivalence group. Therefore,
in the course of the consideration of equations from this subclass it suffices
to use only the point equivalence. Imposing additionally the constraint
F.,, = 0, we obtain a subclass in which the z-component of any equiva-
lence transformation does not involve u, X,, = 0, i.e., all equivalence trans-
formations are fiber preserving. The equivalence group of the subclass of
equations with F' depending only on ¢, F' = F(t), consists of transforma-
tions satisfying the equation X,, = 0. Finally, for the subclass of equations
of the form

up = F(t)u, + G(t, z,ug, Uty .oy Up1), 1= 2,
(3.69)
F#0, Guu =0 i=1,...,n—1,

any equivalence transformation is linear in u since U,, = 0. Collecting all
determining equations for admissible transformations in the class (3.69),
which are exhausted by the above equations X, = X,, = U,, = 0, we can

claim that its usual point equivalence group consists of the transformations

t=T(), 2=X'MHz+X(t), a=Ut,z)u+U"tx), (3.70)
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_ 1\n _ n—1
X)) p G—— " w+ UL | F
T t k (n)
k=0

Xlz + X7
+U 4+ U — T (U'w), + U

where T, XU # 0. The class (3.69) is normahzed with respect to this
group.

3.5.2. Integrable Subclasses in a Class of Fifth-Order Variable
Coefficient KdV Equations. Consider the class of variable-coefficient
fiftth-order KdV-like equations of the form
up + a(t)Utlyrr + b(E)Ugtizy + c(t)uuy + f(O)uuy + g()Uprran .
+ h(t)Ugzy + m(t)u + n(t)u, + k(t)zu, =0, &7y
where the functions a, b, ¢, f, g, h, m, n, and k are arbitrary smooth
functions of the time variable t with g(a? + b* + %) # 0. Recently certain
subclasses of this class were studied, e.g., in [318,326,327].
Thus, in [318] the integrability of equations from the class (3.71) with
k = 0 (and the re-denoted coefficients f = d, g = [ and h = e) was
investigated using the Painlevé test. It was found that such equations are
Painlevé integrable in the following three cases
I. b=a,c= pael™® f=2u,a, g=rs5-€ Jmdt p feae” Jmdt.
II. b=2a, c= 11y aelmat f=2m helmdt g= 3“ =L e~ fmdt

10

III. b=2a, c= prael ™ =2p0a, g = e fgldt, h = ﬁae‘f’"dt.

In all three cases p; and uo are arbitrary constants with p; # 0, the
functions a, m and n are arbitrary. In Case II the function A is also
arbitrary. Here and in what follows an integral with respect to ¢ should be
interpreted as a fixed antiderivative. N-soliton solutions were constructed
for the first two cases whereas only one- and two-soliton solutions were
presented in Case III.

The same subclass of equations with k = 0 was treated earlier in [326].

Although it was stated that both the Painlevé test and the mapping to
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the completely integrable constant-coefficient counterparts were applied for
separating integrable cases, N-soliton solutions, a Backlund transformation
and a Lax pair were constructed therein only for equations with additional
constraints a = b = 15gvel/ ™Y ¢ = 45q1%e2/mdt f — h = 0, where v
is a nonzero constant (v = 1/p in the notation of [326]), which gives a
particular subcase of Case I. The other integrable cases were missed.

In [327] such objects were constructed for equations of the form (3.71)
with f = h = 0 (and the re-denoted coefficients g = d and k = [) under the
constraints a = b = 15gvel M2t ¢ — 45422/ (m=2k)dt Tt wag also indi-
cated that these constraints are derived both by Painlevé analysis and by
mapping the corresponding variable coefficient models to their completely
integrable constant-coefficient counterparts. In fact, this consideration just
extend results of [326] to the case of nonzero k, although the parameter k
is not essential and can be set to zero by a point transformation.

We show that all the mentioned cases of integrable equations from
class (3.71) are reduced by point transformations to well-known fifth-order
integrable evolution equations. To achieve this goal, we present a com-
plete description of admissible transformations between equations from this

class.

Theorem 3.38. The generalized extended equivalence group G~ of the

class (3.71) consists of the transformations

= p(t) (u—|— ae_fmdt) ,
&:6—3& B:—?)b, ¢ = g c, f:£<f—2acefmdt>,
t

QP QP Qi Qi
5 B 3 1
=", hzﬁ—(h—aae‘fmdt), mz—(m—ﬁ>, (3.72)
O Qy o %)
ﬁ:£<n+<z> —k—+02C€ 2 [mdt 0'f€ fmdt)7
Ot 5 ;
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where «, 3, v, and @ run through the set of smooth functions of t with
;B # 0, and o is an arbitrary constant. This group generates the en-
tire equivalence groupoid G~ of the class (3.71), i.e., the class (3.71) is

normalized in the generalized extended sense.
The complete proof of this theorem can be found in [304].
Corollary 3.39. The subclass of the class (3.71) with fh =0 and (a,c) #

(0,0) is normalized with respect to its usual equivalence group consisting of
the transformations (3.72) with o = 0.

Corollary 3.40. The subclass of the class (3.71) with k = 0 is normalized
with respect to its generalized extended equivalence group that comprises
the transformations (3.72) with = const.

Corollary 3.41. Any equation from the class (3.71) can be reduced by the

point transformation
t= [ge®Iktqr G =e Jhdy — [neJRaqr 4 =elmdty (3.73)

to an equation from the same class with g =1 and m =n =k = 0. The
subclass of the class (3.71) singled out by the constraints g = 1 and m =
n = k = 0 1s normalized with respect to its generalized extended equivalence
group G7 consisting of the transformations (3.72) with 5y = p; =0, oy =
B° and v, = oSf — o?Be.

Transformations from the equivalence group G~ have a nice particular
structure. The principal property is that they are fiber-preserving (i.e., the
transformation components corresponding to the independent variables ¢
and = depend only on these variables) and, moreover, linear in w. An
additional bonus is that the transformation component for ¢ depends only
on t and the transformation component for z is linear in x. Therefore,
the entire study of equations from the class (3.71) within integrability

theory can be implemented up to G~-equivalence, which coincides for this
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class with general contact (resp. point) equivalence since the class (3.71)
is normalized with respect to G~ in both the contact-transformation and
point-transformation frameworks.

Consider the class of constant-coefficient fifth-order KdV equations of

the form
Uy 4+ Attiygy + Bugtizy + Culty + Uppees = 0, (3.74)

where A, B and C' are nonzero constants. Up to scale transformations,
there exist three inequivalent triples (A, B, C) such that the correspond-
ing equations of the form (3.74) are integrable. These are the triples
(10,20, 30), (15, 15,45) and (10,25,20) [196], which respectively give

e Lax’s fifth-order KdV equation [184]
wp + 10UUGpp + 20Uy + 30Uy + Uppres = 0; (3.75)

e the Sawada—Kotera equation [264] (equivalent to the Caudrey—Dodd—
Gibbon equation [54])

Uy 4 15Utypy + 15Uptpy + 450Uy + Upprre = O (3.76)
e the Kaup—Kupershmidt equation [155]
u + 10Utppy + 25Uptipy + 20Uty + Uppppe = 0. (3.77)

Corollary 3.42. The usual equivalence group G . of the class (3.74)

consists of the transformations

u

1?:6525‘}‘5, j:ﬁx_f—'}/, {L:%,

A=)A, B=\B, C=\C.
Here B, ~, 6, and \ are arbitrary constants with S\ # 0. This group

generates the entire equivalence groupoid G . of the class (3.74), i.e., the

class (3.74) is normalized in the usual sense.
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In view of this assertion it is obvious, e.g., that the Caudrey—Dodd—
Gibbon equation in which (A, B,C) = (30,30,180) is similar to the
Sawada-Kotera equation (3.76). The similarity between the equations is

1

realized by the scale transformation { = ¢, ¥ = z, @ = U

Theorem 3.43. An equation from the class (3.71) is similar to a constant-
coefficient equation of the form (3.74) with ABC # 0 if and only if its

coefficients satisfy the conditions

(- (2)- () -
a/y €4/ C t 7

(9) zé(m—2/€), af = 2ch.
9/+ 9

(3.78)

The coefficients of all integrable equations considered in [318,326, 327]
(except the family of equations from [318] with coefficients presented in
Case II) satisfy conditions (3.78). Therefore, these equations are similar

to constant-coefficient ones. Namely, the equation [327]

wu + 15¢T s + 159V Uptyy + 45920 Uy + GUppprs

(3.79)
+ mu + nu, + kxu, = 0,

where T = vel (m=2)dt and 1 is a nonzero constant, is mapped to the Sawa-
da—Kotera equation (3.76) by the transformation that differs from (3.73)

in the additional scaling of u by v,
t= [ge? Ikt 7 =e Jhlgp— [ne SR QL G = velmdty.  (3.80)

The same transformation maps the equation (3.71) with f = h =0 and a,
b, and c given by

a=10gT, b=20gY, ¢=30gY> or

a=10gYT, b=25¢Y, ¢=20gY>

to the constant-coefficient integrable equations (3.75) or (3.77), respec-

tively. Therefore, these two integrable cases were missed in [327].
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Another point transformation of the form

- 1 — [madt ~ M% — [madt
t=—1[uae dt, z=z-— n — —ae dt,
Y05 K1

U=k (efmdtu + &)
H1

with K = p1/3 (resp. K = p1/2) maps equations from the class (3.71)
with £ = 0 and the other coefficients satisfying conditions I (resp. III) to
the Sawada—Kotera equation (3.76) (resp. the Kaup—Kupershmidt equa-
tion (3.77)).

The equation (3.71) with k£ = 0 and coefficients presented in Case II is

reduced to the variable coefficient equation

up + 10UuUppr + 20U Uypy

3.81

where ¥(t) = %f“%ef mdt by the transformation

fae‘fmdtdt, I=x— [ndt ﬂ:%efmdtu.

The equation (3.81) is integrable since it is a “linear superposition”, with
time-dependent coefficients, of Lax’s fifth-order KAV equation (3.75) and
the classical KAV equation u; + 6uu, + u,., = 0, which are integrable and
whose associated evolution vector fields commute [84, Theorem 3.1].
Using point transformations we have explained the appearance of all
integrable cases found in [318,326,327] and have found that two integrable
cases were missed in [326,327]. Therefore, all these variable coefficient

integrable equations could be found using equivalence transformations.

3.5.3. Applications of Point Transformations for Finding Lax
Pairs. When the similarity of integrable equations from the class (3.71)
to well-known integrable equations is established, the further considera-

tion is needless as all objects related to general integrable equations from
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the class (3.71) and their properties can be easily derived from those of
the classical similar equations using the similarity. We demonstrate this
derivation only for Lax pairs, for which the special structure of transforma-
tions from G™ is essential, since the same procedure, e.g., for symmetries,
conservation laws and exact solutions is already absolutely conventional.

The Sawada—Kotera equation (3.76) admits the Lax pairs

L = 0,% + 3ud,,
P = 90,° + 45u0,> + 45u,0,% + 15(2ugy + 3u>)0,;

L =8, + 3ud, + 3u,,
P = 90,° + 45u0,> + 90u,0,> + 15(5uzy + 3u)0, + 30(Ugyy + Suny).
Carrying out the transformation (3.80) in the associated spectral problems,

Ly = M\, Yy = P, we derive the corresponding Lax pairs for the variable
coefficient equation (3.79),

L=e3Tk9.3 4+ 37ud,),
P = 998;55+45gTu6w3+45gTux8$2+(30gTum+45gT2u2—kx—n)@x;
L =e3h49,% + 3Tud, + 3 u,),
P = 9¢d,” + 45¢Tud,* + 90gYu,0,>
+ (759 T tyy + 459V 0* — ka — n)0, + 309 Uy + 909 v,
respectively. Here and in what follows we again use the notation T =

vel (m=2k)dt with a nonzero constant v.

The Kaup—Kupershmidt equation (3.77) admits the Lax pair

L =0, 4 2udy + uy,
P =90, + 30ud,” + 45,0, + 5(Tugy + 4u*)0, + 10(Uppe + 2uty).

Using the transformation (3.80) it is possible to derive the corresponding

Lax pair for the equation
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+ mu + nu, + kxu, = 0,
which is of the form

I — €3f’fdt(8x3 + 2T ud, + YTuy),
P = 9¢0,° 4+ 30gTud,> + 459 Tu,0,>
+ (359 uy, + 2090 — kx — n)0; + 109V uyyy + 2097 % uu,.

Note that the above Lax pairs, which are constructed using the similar-
ity to well-known constant-coefficient integrable equations, are still associ-
ated with isospectral problems in contrast to, e.g., Lax pairs constructed
in [327] directly for variable coefficient equations.

Discussion. As we have shown, equivalence transformations fit well into
the study of integrability of variable coefficient PDEs, where they can be

used for several targets:

e to look for inessential arbitrary elements of the class of variable coeffi-
cient PDEs under consideration and to gauge these elements to chosen

simple values from the very beginning;

e to establish the similarity of integrable variable coefficient PDEs,
which are separated by another method (e.g., the Painlevé test)
from the class under consideration, to well-known (usually, constant-
coefficient) integrable equations; or, more generally, to select canonical

representatives in the obtained list of integrable equations;

e to check listed integrable cases using the established similarity to pre-

viously known integrable equations;

e to derive all objects related to a singled out integrable equation and
their properties from those of a similar well-studied integrable equa-
tion; such objects include, but are not exhausted by, local symme-
tries, cosymmetries, conservation laws, recursion operators, Backlund
transformations, exact solutions, the Painlevé expansion, bilinear rep-

resentations and Lax pairs.
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Chapter 4

Algebraic Method of Group Classification

and its Extensions

Group classification is concerned with finding an exhaustive list of in-
equivalent equations from a class of differential equations containing one
or more arbitrary elements. It was originally motivated from theoreti-
cal physics, where traditionally those equations admitting the maximal
number of symmetries among equations from a given class yield the most
promising model describing real-world phenomena. Mathematically, group
classification problems for classes of differential equations have been in-
tensively investigated, starting with Sophus Lie’s classifications of second-
order ordinary differential equations [188] and of second-order linear par-
tial differential equations with two independent variables [186]. Recently,
a number of novel techniques of group classification have been introduced,
which include various flavors of the algebraic method [21, 72,178,222, 248]
and of the advanced modification of the direct method called the method
of furcate splitting [23,209,224]. The algebraic method of group classifica-
tion has proven so far to be the most powerful since it has been efficiently
applied to classes of differential equations with arbitrary elements that are
functions of several arguments.

Among the classes considered in the literature on group classification,
the most prominent ones are classes of (1+1)-dimensional evolution equa-
tions, see e.g. [7,17,18,24,38,71,72,101, 109, 124, 125,131, 138, 192, 222
224,227,245, 289,294,297, 300] and references therein. It is thus also no

coincidence that in the field of invariant discretization, which is concerned
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with deriving numerical schemes for differential equations possessing the
same symmetries as the original, undiscretized equation, mostly evolu-
tionary equations have been considered in the past, see e.g. [26]. What
distinguishes evolutionary equations from the symmetry-perspective is the
special role of the time variable, which is similar to the role of a param-
eter. Thus, the time component of any point or contact transformation
between evolution equations only depends on the time variable [160,192].
This considerably simplifies the classification procedure.

The complete group classification of the class of mKdV equations with
time-dependent coefficients u; + uu, + g(t)ugee + h(t)u = 0, g # 0, is
carried out in Section 4.1 using the standard algebraic method. Then
the equivalence method is applied to the group classification of related
classes of mKdV-like equations with variable coefficients. We prove that
the classes under consideration are normalized. This allows us to formulate
the classification results in three ways: up to two kinds of equivalence,
which are respectively generated by the corresponding equivalence groups
and by all admissible point transformations, and using no equivalence.
Some exact solutions of mKdV-like equations are also constructed.

In Section 4.2 we extend the algebraic method of group classification
to non-normalized classes of differential equations. Enhancing and essen-
tially generalizing previous results on a class on (1+41)-dimensional non-
linear wave and elliptic equations, we exhaustively describe its equivalence
groupoid. Then the complete group classification problem for the class un-
der study is achieved up to both usual and general point equivalences. The
solution includes the complete preliminary group classification of the class
and the construction of singular Lie-symmetry extensions, which are not
related to subalgebras of the equivalence algebra. The complete prelimi-
nary group classification is based on classifying appropriate subalgebras of
the entire infinite-dimensional equivalence algebra whose projections are

qualified as maximal extensions of the kernel invariance algebra.
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A preliminary study of Lie symmetries in a class of nonlinear Dirac
equations in two spatial dimensions is given in Section 4.3, using a version
of the algebraic approach. A complete list of inequivalent nonlinearities for
which such equations admit one-dimensional extensions of the kernel Lie
invariance algebras is presented. Some solutions for the equations under
study are constructed.

The results of this chapter are based on works [20% 21%* 24* 27*].

4.1. Lie Symmetries and Exact solutions of
Variable Coefficient mKdV Equations

In this section we investigate Lie symmetry properties and exact solutions

of variable coefficient mKdV equations of the form
wp + uuy + g(H)Upre + h(t)u = 0, (4.1)

where g and h are arbitrary smooth functions of the variable ¢, g # 0. It is
shown that using equivalence transformations the function i can be always
set to the zero value and therefore the form of A does not affect results of
group classification. So, at first we carry out the exhaustive group classi-
fication of the subclass of class (4.1) singled out by the condition h = 0.
Then using the classification list obtained and equivalence transformations
we present group classification of the initial class (4.1).

Moreover, equivalence transformations appear to be powerful enough to
present the group classification for much wider class of variable coefficient
mKdV equations (3.20), where all parameters are smooth functions of the

variable t, fg # 0 and the parameters f, h, k and [ satisfy the condition

20f =k + kh — k?, (4.2)

i.e. the equations
w+ f(OuPuy + g()ueer + h(t)u + (p(t) + q(t)z)u, w3
4.3

+ k(t)uu, + (k(t) + k(t)h(t) — k() f(1)/ f(t) = 0.

1
2f(t)
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This result can be easily obtained due to the fact that the group classifi-
cation problem for class (3.20) can be reduced to the similar problem for
class (4.1) with h = 0 if and only if condition (4.2) holds. Namely, equa-
tions (3.20) whose coefficients satisfy (4.2) are transformed to equations
from class (4.1) with A = 0 by the point transformations (see Remark 1 for
details). Equations from class (3.20) are important for applications and,
in particular, describe atmospheric blocking phenomenon [282].

The above classes of differential equations is normalized, i.e., all admis-
sible point transformations within these classes are generated by transfor-
mations from the corresponding equivalence groups. Therefore, there are
no additional equivalence transformations between cases of the classifica-
tion lists, which are constructed using the equivalence relations associated
with the corresponding equivalence groups. In other words, the same lists
represent the group classification results for the corresponding classes up
to the general equivalence with respect to point transformations.

Recently the authors of [146] obtained a partial group classification
of class (4.1) (the notation a and b was used there instead of h and g,
respectively.) The reason of failure was neglecting an opportunity to use
equivalence transformations. This is why only some cases of Lie symmetry
extensions were found, namely the cases with h = const and h = 1/t.

In this section we at first carry out the group classification problems
for classes (4.1) and (4.3) up to the respective equivalence groups. Then
using the obtained classification lists and equivalence transformations we
present group classifications of these classes without the simplification of
both equations admitting extensions of Lie symmetry algebras and these
algebras themselves by equivalence transformations. The extended classi-
fication lists can be useful for applications and convenient to be compared
with the results of [146].

Then we show how equivalence transformations can be used to construct

exact solutions for those equations from class (4.3) and its subclass (4.1)
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which are reducible to the standard mKdV equation.

4.1.1. Equivalence Transformations. We find the equivalence group
G7 of class (4.1) using the results obtained in [251] for more general class
of variable coefficient mKdV equations. Namely, in [251] a hierarchy of
normalized subclasses of the general third-order evolution equations was
constructed. The equivalence group for normalized class of variable coeffi-
cient mKdV equations (3.20) as well as criterion of reducibility of equations
from this class to the standard mKdV equation were found therein.

The equivalence group G of class (3.20) consists of the transformations

t=at), T=pBlx+~1), u=~0t)u+(t), (4.4)

where o, 3, v, 6 and ¥ run through the set of smooth functions of t,
a0 # 0. The arbitrary elements of (3.20) are transformed by the for-
mulas (3.21) The criterion of reducibility to the standard mKdV equation
obtained in [251] adduced in Proposition 3.15.

Class (4.1) is a subclass of class (3.20) singled out by the conditions
f=1and p=q =k =1 = 0. Substituting these values of the functions
fyp,q,k and [ to (3.22) we obtain the following assertion.

Corollary 4.1. An equation from class (4.1) is reduced to the standard
mKdV equation by a point transformation if and only if

oh = -2,
g

i.e. if and only if g(t) = coexp(—2 [h(t)dt), where ¢y is an arbitrary

nonzero constant.

As class (3.20) is normalized [251], its equivalence group G~ generates
the entire set of admissible (form-preserving) transformations for this class.
Therefore, to describe of the set of admissible transformations for class (4.1)
weshouldset f=f=1,p=p=d=q=k=k=I0=1=01n (3.21) and

solve the resulting equations with respect to transformation parameters.
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It appears that projection of the obtained transformations on the space
of the variables ¢,z and u can be applied to an arbitrary equation from
class (4.1). It means that set of admissible transformations of class (4.1)
is generated by transformations from its equivalence group and therefore
this class is also normalized.

Summing up the above consideration, we formulate the following theo-

rem.

Theorem 4.2. Class (4.1) is normalized. The equivalence group G7 of

this class consists of the transformations

fzﬁf%, T=pPr+~v u=0()u,

h = %(eh—eo, §— o,

where B and v are arbitrary constants, 5 # 0 and the function 6 is an

arbitrary nonvanishing smooth function of the variable t.

The parameterization of transformations from the equivalence group G7
by the arbitrary function 6(¢) allows us to simplify the group classification
problem for class (4.1) via reducing the number of arbitrary elements. For
example, we can gauge arbitrary elements via setting either h = 0 or g = 1.

Thus, the gauge h = 0 can be made by the equivalence transformation
t= 1l e 2 /MW A gy g =g g =elMOdly (4.5)

that connects equation (4.1) with the equation @; + @tz + §(t)tzz: = 0.

The new arbitrary element g is expressed via g and h in the following way:
g(f) = M0 1),

This is why without loss of generality we can restrict the study to the

class

wy + u?uy + g(t)Upey = 0, (4.6)
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since all results on symmetries and exact solutions for this class can be
extended to class (4.1) with transformations of the form (4.5).

The equivalence group for class (4.6) can be obtained from Theorem 4.2
by setting h = h = 0. Note that class (4.6) is also normalized.
Theorem 4.3. The equivalence group G§ of class (4.6) is formed by the

transformations
t~: —t+51, T :62.I—|—53, 11:5414, g = 5225429,

where 05, j = 1,...,4, are arbitrary constants, 6204 # 0.
Corollary 4.4. The equivalence algebra g~ of class (4.6) is spanned by the
operators Oy, Oy, tO; — %u(“)u — g0, and t0; + 20, + 2g0,.

Remark 4.5. An equation from class (3.20) is reducible to an equation
from class (4.6) by a point transformation if and only if its coefficients
f,h,k and [ satisfy the second condition of (3.22), i.e., condition (4.2).

The corresponding transformation from G~ has the form
f= [ fe Jardtqy 7 — e Jadty _ [ (p _ %) e~ Jadiqy,

i = eJh (u n %) C §= %ezﬂh—q)dy

In particular, condition (4.2) implies that all equations from class (3.20)

(4.7)

with & = [ = 0 are reducible to equations from class (4.6).

4.1.2. Lie Symmetries. We at first carry out the group classification of
class (4.6) up to Gy-equivalence. In this way we simultaneously solve the
group classification problems for class (4.1) up to G7-equivalence and for
the class (4.3) up to G™-equivalence (see explanations below). Then us-
ing the obtained classification lists and equivalence transformations we are
able to present group classifications of classes (4.1) and (4.3) without the
simplification of equations with wider Lie invariance algebras by equiva-
lence transformations. These extended classification lists can be useful for

applications and convenient to be compared with the results of [146].
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Table 4.1:  The group classification of the class (4.6).

no. g(t) Basis of A™ma*
0 v O
1 | dt", n#0 | 0y, 6t0:+2(n+1)xdy + (n —2)ud,
2 Jet Op, 60 + 220, + udy,
3 1) Op, O, 3t0; + 10y — u0y

Here 6 = +£1 mod Gf, n is an arbitrary nonzero constant.

Using the criterion of infinitesimal invariance we get the operators which
generate one-parameter groups of point symmetry transformations of equa-

tions from class (4.6) have the form

1
Q = (Clt + CQ)at + (0333‘ + 64)833 + 5(03 — cl)uau,
and the classifying equation which includes arbitrary element ¢

(c1t 4+ ¢2) g = (3¢5 — 1) g. (4.8)

The study of the classifying equation leads to the following theorem.

The following statement is true.

Theorem 4.6. The kernel g"' of the mazimal Lie invariance algebras of
equations from class (4.6) coincides with the one-dimensional algebra (0,).
All possible Gy -inequivalent cases of extension of the mazimal Lie invari-

ance algebras are erhausted by Cases 1-3 of Table 4.1.

Proof. As class (4.6) is normalized, it is also convenient to use a version of
the algebraic method of group classification or combine this method with
the direct investigation of the classifying equation [72]. The procedure
which we use is the following. We consider the projection Pg™ of the
equivalence algebra g~ of class (4.6) to the space of the variables (¢, z,u).
It is spanned by the operators 0y, 0,, D! = t0; — %u@u and D* = x@x—l—%uﬁu.

For any g the maximal Lie invariance algebra of the corresponding equation
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from class (4.6) is a subalgebra of Pg™ in view of the normalization of this
class and contains the kernel algebra g"' = (9,). The algebra Pg™ can be
represented in the form Pg™ = g & g™, where g" and g™* = (D', D* 9;) is
an ideal and a subalgebra of Pg™, respectively. Therefore, each extension of
the kernel algebra g is associated with a subalgebra of g®™*. In other words,
to classify Lie symmetry extensions in class (4.6) up to G§-equivalence it
is sufficient to classify Gg-inequivalent subalgebras of g™* and then check
what subalgebras are agreed with the classifying equation and corresponds
to a maximal extension. The complete list of G -inequivalent subalgebras

of g®™* is exhausted by the following subalgebras:

go =10}, g1, = <Dt +aD"), gl{.z = (D" +00), g1.3 = (0),
g2.1 = <DtaDm>7 95.2 - <Dt + anaat>7 g23 = <Dm78t>7
g3 = <Dt7D$78t>7

where the parameter b can be scaled to any appropriate value if it is
nonzero. We fix a subalgebra from the above list and substitute the coef-
ficients of each basis element of this subalgebra into the classifying equa-
tion (4.8). As a result, we obtain a system of ordinary differential equations
with respect to the arbitrary element g. The systems associated with the
subalgebras g{ 5, g%,, where a # 1/3, g2.3 and g3 are not consistent with the
condition g # 0. The extensions given by the subalgebras g; 3 and g}/f’ are
not maximal since the maximal Lie invariance algebra in the case g, = 0
coincides with gs3. The subalgebras go, g4, g, and g;/:g, where a # 1/3
and b # 0, correspond to cases 0, 1, 2 and 3, respectively. The parameter
n appearing in case 2 is connected with the parameter a via the formula

n = 3a — 1, in case 3 the parameter b is scaled to the value b = 3. ]

For any equation from class (4.1) there exists an imaged equation in
class (4.6) with respect to transformation (4.5) (resp. in class (4.3) with
respect to transformation (4.7)). The equivalence group Gy of class (4.6)

is induced by the equivalence group G7 of class (?77)&which, in turn, is
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induced by the equivalence group G™ of class (3.20). These guarantee that
Table 1 presents also the group classification list for class (4.1) up to G-
equivalence (resp. for the class (4.3) up to G~-equivalence). As all of the
above classes are normalized, we can state that we obtain Lie symmetry
classifications of these classes up to general point equivalence. This leads

to the following corollary of Theorem 3.

Corollary 4.7. An equation from class (4.1) (resp. class (3.20)) admits
a three-dimensional Lie invariance algebra if and only if it s reduced by
a point transformation to constant coefficient mKdV equation, t.e., if and

only if g(t) = coexp(—2 [h(t)dt), where ¢y is an arbitrary nonzero constant
(resp. if and only if conditions (3.22) hold).

To derive group classification of class (4.1) which are not simplified by
equivalence transformations, we at first apply equivalence transformations
from the group Gy to the classification list presented in Table 4.1 and
obtain the following extended list:

0. arbitrary g: (0z);

1. §g=co(t+c1)": {0z, 6(t+c1)0; + 2(n + 1)T0; + (n — 2)udy);

2. G =coe™: (Dz, 60; + 2mids +mudy);

3. g=co: {0z, O;, 3t0; + 70z — u0y).

Here ¢y, c1, m and n are arbitrary constants, comn # 0.

Then we find preimages of equations from class @7 + @2tz + §(f)tz35 = 0
with arbitrary elements collected in the above list with respect to trans-
formation (4.5). The last step is to transform basis operators of the corre-
sponding Lie symmetry algebras. The results are presented in Table 4.3.

Now it is easy to see that Table 4.3 includes all cases presented in [146)]
as partial cases.

In a similar way, using transformations (4.7) we obtain group classifi-
cation of class (4.3) without simplification by equivalence transformations.

The corresponding results are collected in Table 4.5.
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Table 4.3:  The group classification of the class (4.1).

no. | h(t) g(t) Basis of A™ma*

0 v v Oz

1 vV | e (fe_thdtdt—i—cl)ne_thdt Oz, HO 4+ 2(n 4+ 1)20; + (n — 2 — hH)u0,

2 v Coef(meﬂ Jhdt_gp)dt Oy, Ge2 fhdtat + 2mad, + (m — 6he2 fhdt) w0y,

3| v coe 2 hdt Oy, 21 (5, — hud,)

HO, + 220, — (2 + hH)udy,

Here cg, c¢1, m and n are arbitrary constants with comn # 0, and H = 6¢? fhdt( [e? fhdtdtJrcl).

In case 3 ¢; = 0 in the formula for H.

4.1.3. Construction of Exact Solutions Using Equivalence Trans-
formations. A number of recent papers concern the construction of exact
solutions to different classes of KdV- or mKdV-like equations using e.g.
such methods as “generalized (G’/G)-expansion method”, “Exp-function
method”, “Jacobi elliptic function expansion method”, etc. A number of
references are presented in [251]. Nevertheless, almost in all cases exact
solutions were constructed only for equations which are reducible to the
standard KdV or mKdV equations by point transformations and usually
these were only solutions similar to the well-known one-soliton solutions. In
this section we show that the usage of equivalence transformations allows
one to obtain more results in a simpler way.

The N-soliton solution of the mKdV equation in the canonical form
U + 6UU, 4 Upyy = 0 (4.9)

were constructed as early as in the seventies using the Hirota’s method [4].
The one- and two-soliton solutions of equation (4.9) have the form
ko

U=a+ :
V4a? + k2 cosh(kox — ko(6a2 + k2)t + ) + 2a

(4.10)
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Table 4.5:  The group classification of the class (4.3).

no. g(t) Basis of A™#*
1 Cofle(qfh)dt <I;> efthé?x, HO, + [(qH+2n+2)x+H<p— %)

—2(n+1)Q]8$+ [(n—2—hH)u+ Ln- )—ZH] By

9 cofef(mfe_ J(at2m)dt 4 9g2p)dt eladty, Fo, + [(qF +2m)z + F ( f) 2mQ]

+ [(m hF)u—F—f —ZF} Ou

3 cofe2(a—h)dt eladty, F [815 + (qx +p— %) 0y — (hu +1) 84,

HO+ [(aH +2)z+ H (p - 57 ) - 200,

— {(2+hH)u+§+ZH}au

The functions f, h, p, ¢ and k are arbitrary functions of the variable ¢ in all cases, f # 0.

co, €1, m and n are arbitrary constants, comn # 0,

F= ?ef(q-l—Zh)dt’ H=F (f fe— J(at2madtgqy 4 Cl) :

Q=elut [ (p— ) e Juttar, 1=k (k+kh—kL).

In case 3 ¢y = 0 in the formula for H.

A
(1+ie )+692<1+—e29)
4a3 4a? (4.11)

1 1 2 A 27
_= ot _= pbs 1 — 01+0;
(2@1 et 2a9 c ) + ( 4aias c )

where kg, a, b, a;,b; are arbitrary constants, §; = a;x — a’t + b;, i = 1,2;

2

a; — a

A= <%> . Rational solutions which can be recovered by taking a
ai — az

long wave limit of soliton solutions are also known for a long time [3,220].
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Thus, the one- and two-soliton solutions give the rational solutions

4a
U=y ¢
3 3
4 2
12a (z o i 24752) (4.12)

3 2 N2
4a? <z3+12t—@z) +9<z2+@>

respectively, where z = x — 6a’t and a is an arbitrary constant. These
solutions can be found also in [238]. Note that solution (4.11) and the
second solution of (4.12) are presented in [238] with misprints.

Combining the simple transformation @ = +/6U that connects the
form (4.9) of the mKdV equation with the form

”LNL{ + ﬂQﬂg} + Uzzz = 0 (413)
and transformation (4.5), we obtain the formula

w = \/Ge— Ihvadt {7 (f o2 [h(t)diqy x) _

Using this formula and solutions (4.10)—(4.12) we can easily construct exact

solutions for the equations of the general form

up + ulu, + e fhdtumz + hu = 0, (4.14)

which are preimages of (4.13) with respect to transformation (4.5). Here
h = h(t) is an arbitrary nonvanishing smooth function of the variable ¢.

For example, the two-soliton solution (4.11) leads to the following so-
lution of (4.14)

e (1 + iQ 6292> + ef (1 + iz 6291)
u = /e Jht Aaj day

2 2
L 691 + L 692 + 1 — A 691+92
2a1 2a59 daras

where a;, b; are arbitrary constants, 6; = a;x — a? fe’2 Jhdtqy 4 b, 4 =1,2;

2
A= (%) . In a similar way one can easily construct one-soliton and

rational solutions for equations from class (4.14).
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More complicated transformation of the form

w = /G~ Ihdt U(ffe_ Jaramdtqy = Jadty _ [(p — %)e— fthdt) -

allows us to use solutions (11)—(13) of equation (4.9) for construction of

exact solutions of equations of the form

we + fulug + @Ay bt (p o+ gr)u,

4.15
+kuuz+%<kt+kh—k%):0’ (4.15)

which are preimages of equation (4.13) with respect to transformation (4.7).
Here f, h, k,p and ¢ are arbitrary smooth functions of the variable ¢, f # 0.

For example, the solution of (4.15) obtained from the one-soliton solu-
tion (11) has the form

P
u:\/ge_fhdt a + /430 —£7
V4a? + k3 cosh z + 2a 2f

2 = kpe Judly — [k, f(p — %)6_ Jadtqy — ko(6a* + k3) [ fe~ Jlat2mdtqe 4

where kg, a and b are arbitrary constants. In a similar way one can easily

construct other types of solutions for equations from class (4.15).

4.2. Generalization of the Algebraic Method of
Group Classification: Nonlinear Wave and El-

liptic Equations

Wave and elliptic equations play an important role in physics and the math-
ematical sciences since wave equations model the transport of quantities at
finite speeds whereas elliptic equations describe stationary processes. From
the symmetry perspective, such equations are challenging since all the in-
dependent variables in them enter at equal footing. Lie symmetries of wave

and elliptic equations with two independent variables have also been stud-
ied extensively, see e.g. [21,33,34,37,38,99,122,123,131,132,179, 181, 182]
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and references therein. Note that the first investigations of such equations
within the framework of group analysis of differential equations, which are
relevant for the subject of the present paper, were carried out by Sophus
Lie in the course of his classification of second-order linear partial differen-
tial equations with two independent variables [186] and in the course of his
study of contact transformations between nonlinear Klein—Gordon equa-
tions of the form d?z/dx dy = F(z) [187]. Exact solutions constructed for
nonlinear wave and elliptic equations using group-theoretical and related
methods are collected, e.g., in [131,235-237,336].

In this section we exhaustively solve the group classification problem

for the class VW of nonlinear wave and elliptic equations of the form
Ut = f(xa u)uxx + g(l[), u) (416)

We need to explicitly impose two auxiliary inequalities on the arbitrary-
element tuple 8 = (f,g) in order to precisely describe the class W, which
is also referred to as the class (4.16) in the paper. The auxiliary inequality
f # 0 is natural since equations of the form (4.16) with f = 0 are not
true partial differential equations.*! We denote by Wje, the superclass of
equations of the form (4.16) with f # 0. In order to guarantee nonlinearity
of equations from the class W, the definition of this class should also in-
clude the auxiliary inequality (fu, guu) # (0,0). The subclass Wi, of linear
equations in Whey is the complement of W in Ween, W = Wen \ Wiin. The
reason why we separate nonlinear and linear equations of the form (4.16)
is that they are not mixed by point transformations (see Remark 4.8 be-
low) and have quite different Lie-symmetry properties. Although linear
wave and elliptic equations with two independent variables were already
extensively investigated within the framework of classical symmetry anal-
ysis, see, e.g., [37, 38,186, 226, 227], we discuss specific transformational

and symmetry properties of equations from W), in Remark 4.19 below,

41 Qince we work within the local framework, auxiliary inequalities on arbitrary elements are interpreted

as satisfied for all values of arguments of arbitrary elements on the relevant domain.
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relating them to equations from V. The sign of f is not too essential in
the course of group classification of the class V. In fact, we classify both
the subclass of hyperbolic equations for which f > 0 and the subclass of
elliptic equations with f < 0. Hyperbolic and elliptic equations are also
not mixed by point transformations. Note that the consideration is local
and all values are real throughout the paper although the transition to the
complex case needs only minor modifications.

Following [7,132], a so-called partial preliminary group classification
problem [21,72] for the class W has been considered in [272]. Specifi-
cally, the authors selected a six-dimensional subalgebra gg of the infinite-
dimensional equivalence algebra g~ of the class WW and tried to only clas-
sify one-dimensional subalgebras of the subalgebra gs up to the equiva-
lence generated by the corresponding six-dimensional subgroup Gy of the
infinite-dimensional equivalence (pseudo)group G~ of the class (4.16). The
G¢-equivalence is much weaker than the G™~-equivalence. This is why the
classification in [272] led to an excessively large list of 24 Gg-equivalent
simplest classification cases of one-dimensional Lie-symmetry extensions
most of which are G™~-equivalent to each other and, up to G™~-equivalence,
fit into the first four cases of Table 4.6 below. Moreover, a number of
classification cases were missed even within the posed partial preliminary
group classification problem.

We enhance and substantially generalize the results of [272]. The
class W is neither normalized nor semi-normalized in any sense (the usual,
the generalized or the extended ones). It cannot be partitioned into
normalized or semi-normalized subclasses that are not related by point
transformations. There is no mapping of it by families of point trans-
formations to a class with better transformational properties. This is
why Lie symmetries of equations from the class VW cannot be exhaus-
tively classified by the existing versions of the algebraic method of group
classification, which are explicitly [21,24, 72,178, 222,239, 248] or implic-
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itly [17,18,96, 101,109, 124, 125,179, 181, 182, 192] based on certain nor-
malization properties of classified classes. (Note that most of the above
papers are devoted to group classifications of various classes of single (1+1)-
dimensional evolution equations.) On the other hand, the class W is not
convenient to be considered within the framework of the direct method of
group classification [7,38,71,131,226,227], including its advanced versions
like the method of furcate splitting suggested in [209]. The last method
is especially efficient for classes of differential equations with arbitrary el-
ements depending on single arguments [122, 123, 138, 224, 245, 289, 297],
although it has also been applied to classes whose arbitrary elements de-
pend on two arguments [23,209]. Various specific algebraic techniques were
suggested for group classification of classes such that sets of certain objects
related to Lie symmetries of equations from these classes can be endowed
with Lie-algebra structures [23,207,244] but this is not applicable for the
class W.

This is why to efficiently solve the complete group classification prob-
lem for the class W, we develop a new version of the algebraic method
of group classification for non-normalized classes of (systems of) differen-
tial equations, which is based on classifying admissible transformations of
the class under study up to their equivalence generated by the equivalence
group of this class. In Chapter 1 we revisited the general framework of
the classification of admissible transformations via modifying its basic no-
tion of equivalent admissible transformations and introducing the notion
of generating sets for equivalence groupoids. Several new techniques for
classifying admissible transformations of non-normalized classes are also
suggested. More specifically, we show that the method of furcate splitting
and the algebraic method for computing the complete point or contact
symmetry groups of single systems of differential equations [127-129] and
the complete equivalence groups of classes of such systems [22] (includ-

ing discrete symmetry and equivalence transformations) can be extended
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to admissible transformations. We also use the unexpected opportunity of
describing admissible transformations via establishing of a functor between
the equivalence groupoids of classes that are not related by families of point
transformations. Revisiting the algebraic method of group classification,
we introduce the notions of regular and singular Lie-symmetry extensions
for a class of differential equations, £|s. Regular Lie-symmetry extensions
are associated with subalgebras of the equivalence algebra of the class L|s.
They are the extensions that can be constructed by the algebraic method
in the course of the complete preliminary group classification [21,72] of L|s.
Singular Lie-symmetry extensions can involve only systems from L|s be-
ing sources of admissible transformations of £|s that are not generated by
equivalence transformations of L|s. As a result, the group classification
problem for the class VW that originated the above studies turns into a

proof-of-concept example for the new methods designed for its solution.

4.2.1. Preliminary Study of Admissible Transformations To find
the complete point equivalence group G~ of the class (4.16) (including both
continuous and discrete equivalence transformations) and the equivalence
groupoid G~ of this class, it is necessary to apply the direct method of com-
puting point transformations that relate systems of differential equations.

We will start our consideration with a preliminary study of admissible

~

transformations of the superclass Wee,, which constitute the groupoid G,

of Weyen. This will also give relevant information on the group G~ and the
groupoid G~.

Denote by Ly the equation in the class Wien that corresponds to a fixed
value of the arbitrary-element tuple 6 = (f,g). An admissible transforma-
tion of the class Wy, is a triple (8, ®,0), where § = (f,g) and 6 = (£, §)

are respectively the source and target arbitrary-element tuples for 7, and
O: t=T(t,x,u), T=X(tzu), u=U(tuz,u) (4.17)

with nonvanishing Jacobian J := (T, X,U)/0(t,z,u) is a point transfor-
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mation in the space with the coordinates (¢, , u) that maps the equation Ly
to the equation £;. Therefore, we should directly seek for all point transfor-
mations mapping a fixed equation Ly of the form (4.16) to an equation L;
of the same form, i;; = f(Z,4)zz + §(Z, ).

To carry out the transformation ® in practice, it is necessary to find
its prolongation to derivatives of u up to order two. For this we act by
the total derivative operators D; and D,, respectively, on the expression

u(t, @) = U(t,x,u), assuming t = T'(t, z,u) and & = X (¢, x,u). This gives

;DT + u;D,X —D,U =0, @D, T+ @;D, X —D,U =0,
t(D,T)? + 21 (D X)(D,T) + 13:(Dy X)? + @ DT + 1;D? X = D?U,
t7(D,T)* 4 207:(D, X ) (D, T) + 133(D. X)* + 4;D*T + 4; D2 X = DU,

cf. [21]. Solving the last two equations for uy and w,,, respectively, and

substituting the derived expressions into (4.16), we obtain

U (DeT)? + 205 (D,T) (D X)) + 33(D X)* + @ V'T + a4 V' X
— V'U = flag(D,T)* + 205D, T)(D, X) + @32 (D.X)*  (4.18)
+ @ VT 4+ u; V' X = V*U| — g(4;T, + u: X — Uy),
where we use the notation V' := 0y + 2u;0p, + 420y and V¥ := 0,y +
20Oy + 1,204y, The substitution g = f&m + ¢ in view of L; into (4.18)

wherever 4;; occurs leads to an identity with respect to 4z and ;. In

particular, we can collect the coefficients of u;; in (4.18), which results in
(T3 4+ Tyur) (X + Xyue) = f(Ty + Tyug) (X + Xyug). (4.19)

The equation (4.19) involves only original quantities (without tilde) and is
a polynomial in u; and u,. Therefore, we can split it with respect to u;
and u, by collecting the coefficients of different powers of these derivatives.

As a result, we get
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T,X; + T, X, =0, (4.21)
T,X, + T, X, =0, (4.22)
T,.X, = fT.X,. (4.23)

We multiply the equation (4.21) by T), (resp. X,) and, in view of the equa-
tion (4.20), derive that T, X; = 0 (resp. T;X,, = 0). We apply the same
trick also to the equation (4.22) to have the equations T, X, = 0 and (resp.
X, T, =0). The system T, X; =0, T, X, =0, T, X, = 0 (resp. X, T} =0,
X, T, =0, X,,, = 0) implies that T, = 0 (resp. X, = 0) since oth-
erwise the Jacobian J of the point transformation (4.17) vanishes. The
condition T,, = X, = 0 means that any admissible point transformation
of the class (4.16) is fiber-preserving. In view of this condition, the equa-
tions (4.20)—(4.22) are identically satisfied, and the splitting of (4.18) with

respect to uz; gives the equations
FT2 + X2 = (T + X2). (4.24)
917 + @iTy + @ Xer — Uyt + 2Unus + Upi})
= F(GT2 + W4Ty + 13 X or — (Upe + 2Usutly + Uyuui2)) + gU,.

Splitting the last equation with respect to @; and u; gives the equations
Uy = 0 and

Uu qu
Uut Uuaz
Xy — 22X, = f Xpo — 222X, ), 4.26
o250 = £ Xor -2, (4.26
~2 Uut - ~r2 qu
gT;t - Utt + QFUt - f ng - Uxx + 2 U Ux + gUu- (427)

The equation U,, = 0 implies the representation U = Ul(t, z)u + U'(¢, z).
The additional condition to keep in mind is the nondegeneracy of ®, which
in view of the conditions T,, = X,, = 0 reduces to the inequality U, (T; X, —
T,X;) # 0, and hence Ty X, — T, X; # 0 and U! := U, # 0. Note that the
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equations T, = X, = U,, = 0 for admissible point transformations within
the class Wien can also be derived using item (c) of Theorem 4.4b in [160].
Rewriting the equation (4.24) as f(T;2 — fT.2) + X,> — fX,2 = 0 shows
that both the expressions T,? — fT,? and X,*> — fX,? are nonzero,

T;f2_fTa:27éO7 Xt2_fXx27éO'

Indeed, otherwise f > 0, T} = &1 f'/?T, # 0, where ¢; = +1, and hence
the equation (4.23) would imply that X; = e1 12X, but this contradicts
the nondegeneracy of ®. Thus, f; = 0 if f, = 0. Conversely, supposing
fz = 0 and using the same argumentation for the inverse of 7, we derive
that f, = 0. Therefore, f@ = 0 if and only if f, = 0.

In view of nonvanishing the expression 7,2 — fT.2, the equation (4.27)
similarly implies that f; = Gza = 0 if and only if f, = guy = 0.
Remark 4.8. Preserving the constraint f,, = g,, = 0 by admissible trans-
formations of the class Wee, means that the equivalence groupoid Gg,, of
the class Wien is the disjoint union of the equivalence groupoids G~ and Gy,
of the subclasses W and Wi, Gy, = 7 U G- In other words, equations
from the class VW are not related to equations from the class Wy, by point
transformations. This justifies the exclusion of the class Wy, from the

consideration, which has been mentioned in the introduction.

4.2.2. Equivalence Group and Equivalence Algebra At this point,
we continue the consideration by computing the equivalence group of the
class (4.16) as it is needed both for the exhaustive description of admissi-
ble transformations and for the analysis of the determining equations for
components of Lie-symmetry vector fields. In the course of computing
equivalence transformations, the arbitrary elements f and g of the class
should be varied. We can therefore split the equations (4.23)—(4.27) with
respect to these arbitrary elements. The equation (4.23) and the nonde-
generacy constraint 7; X, — T, X; # 0 imply that either T; = X, = 0 and
T.X; #0or T, = X; =0 and T; X, # 0.
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For T, = X, = 0, the equation (4.24) is simplified to X? = ffT2,
or T2f = X?/ f . Differentiating the last equation with respect to ¢ and
splitting the arising equation with respect to f and its derivatives implies
X; = 0, which contradicts the nondegeneracy condition.

Therefore, we necessarily have X; = T, = 0 and thus 7' = T'(¢), X =
X (x), where T;X, # 0. Then the equation (4.24) reduces to fT? = fX?

and the differentiation of this equation with respect to ¢ yields
2T, Ty f + T2U, fz = 0. (4.28)

Since the equation (4.28) holds for all f, we can split it with respect to f
and fu and derive Ty = 0 and U; = 0. The equation (4.25) is identically
satisfied in view of the above equations. The equation (4.26) reduces to the
equation (U2?/X,), = 0 and the equation (4.27) yields the transformation
relation for g.

Integrating the derived equations in view of the nondegeneracy condi-

tion J # 0, we prove the following theorem.

Theorem 4.9. The equivalence (pseudo)group G~ of the class (4.16) con-
sists of the transformations

. 2
i=atta, T=p@), d=olplPuri@), [=%7
L (4.29)

2

~ Co 1/2 1 < 2905658959095 - 3@;535 Prx

g:_gpx‘ g— =51 U‘*‘@/)zx_ ¢x f:
C% C% 4|90x‘3/2 Pz

where ¢y, c1 and cy are arbitrary constants satisfying the condition cico # 0,

and @ and Y run through the set of smooth functions of x with o, # 0.

Corollary 4.10. The class (4.16) admits ezactly three discrete equiva-
lence transformations that are independent up to combining with each other
and with continuous equivalence transformations of this class. These are

involutions alternating signs of variables, (t,x,u, f,g) — (—t,x,u, f,qg),

(t7x7u7fag) = (t7 —a:,u,f,g) and (t7x7u7fag) = (t,ﬂ?, _u7f7 _g)
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In contrast to [272], we have proved that there are no other independent
discrete equivalence transformations for the class (4.16).

Theorem 4.9 implies that any transformation T from G~ can be repre-
sented as the composition T = P'(cy)D!(c1)G(¢¥)D(p)D¥(cs) of elementary
equivalence transformations, each of which belongs to a family of equiv-
alence transformations parameterized by a single constant or functional
parameter,

Plcy): t=t

Dier): t=eat, =z, a=u, f=c’f §=
Dip): tT=t =4, i=]|p h
Di(ey): t=t T=ux G0=cou, f
Z(1): t=t

where the parameters are described i

20000 — 3903?:(;
af(x) = PN

These transformations are shifts and scalings in ¢, arbitrary transforma-
tions in x, scalings of u and shifts of u with arbitrary functions of =z,
respectively.

The equivalence algebra g~ of the class (4.16) can be easily derived as
the set of vector fields that generate local one-parametric subgroups of the

equivalence group G™. It is spanned by the vector fields
P'=0,, D' =t —2f0; —299,, D"=ud,+ gd,
D(¢) = (0s + 56Uy + 26 fOp + 5(Ceg = Cozattf )0y, (4.30)
Z(X) = XOu = Xaa f Oy,

where ¢ = ((z) and x = x(x) run through the set of smooth functions

of . The nonvanishing commutation relations between these vector fields

are exhausted by
[Pt>Dt] - Pta [Z<X)7 Du] - Z(X)7
[D(¢H), D] =D(C'G — G¢P)s [P, 2(0)] = 2(¢xe — 36X)-
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4.2.3. Determining Equations for Lie Symmetries. Suppose that
a vector field Q = 7(t,z,u)0; + £(t,z,u)0, + n(t, z,u)0, belongs to the

max

maximal Lie invariance algebra g of an equation £: L = 0 from the

class (4.16), i.e., it is the generator of a one-parameter Lie-symmetry group
of L.
Tu=E =N =0o0r7="7(t2), & =&t x) and n = n(t, 2)u+n’(t, z).

the system of determining equations

& = Tuf, (4.31)
Tt — Tow = 2N, ( )
&t — Coaf = 2000 f, (4.33)
Efe +nfu=2 — 1) f, (4.34)
£Ge + 190 = (M — 270)9 — Neaf + Nut- (4.35)

In order to derive the kernel algebra g of the class (4.16), we further split
the determining equations with respect to the arbitrary elements and their
derivatives. This immediately gives that g"' = (9;). Consequently, the Lie
symmetries admitted by each equation from the class (4.16) are exhausted
by transformations of the form (¢,z,u) — (t + co,x,u), where ¢y is an

arbitrary constant.

4.2.4. Results of Classifications. For convenience, we collect, in a sin-
gle table, the Lie-symmetry classification cases derived below and formulate

the final result of group classification of the class (4.16) as a theorem.

Theorem 4.11. All G™-inequivalent (resp. point-inequivalent) cases of
Lie-symmetry extensions of the kernel algebra g = (9;) in the class (4.16)

are exhausted by cases presented in Table 4.6.

In each case of Table 4.6 we present only vector fields which extend the
basis (0;) of g"" into a basis of the corresponding Lie invariance algebra.
The spans of g and the vector fields given in cases of Table 4.6 that are

parameterized by functions f or g are the maximal Lie invariance algebras
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Table 4.6: G™-inequivalent Lie-symmetry extensions of g” = (9;) for the class (4.16).

N f g Basis of extension
1| f)|ul? | §(w)|uPu —ptOy + 200 + 2u0,
2 | fwe® | gu)e® t0y — 20,
3| fx)er | glx)er tOy — 20,
4 | f(u) 9(u) 0z
5a | € g(u) Oy, O + €ty
5b | 1 G(u)e2® R(e*Th), R(e*™Y)
5¢ | -1 G(u)e2® R(e* cost), R(e*sint)
6a | ¢ G(u)z=2 t0; + 20, (12 + c22)0; + 2tx0,
6b | 1 G(u)cos™?x R(cost cosx), R(sint cosx)
6c | 1 —§(u) cosh 2z | R(e! coshz), R(e~* coshz)
6d |1 g(u)sinh ™2z R(e'sinhx), R(etsinhz)
6e | —1 G(u)cos™2x R(etcosz), R(e ! cosz)
6f | —1 g(u)sinh ™2z R(cost sinhz), R(sint sinhz)
7 | -1 g(u)cosh™ 2z | R(cost coshz), R(sint coshx)
8a | eu? p(x)u=3 2t0; + udy, t20; + tud,
8b | eu? p(z)u™3 +u e (0 + udy,), e 2 (0 — udy)
8¢ | eu? p(r)u= —u cos(2t)0 — sin(2t)udy, sin(2t)0; + cos(2t)ud,
9 |ee®lulP | ver|ulPu POy — Uy, tO — 20,
10 | ex?e® ve¥ 20y, 0y — 20y
11 | f(u) 0 Oy, t0) + 10,
12 | ee® g'ed® Oz, qtOy + (¢ — 1)x0y — 20y,
13 | elulP M| Oz, (1 —@)t0r + (1 +p — q)x0y + 2u0,
lda | eu™* gu3 2t0; + udy, t20; + tudy, Oy
14b | eu™ gu3 +u e (0 +udy), e 2 (0 — udy), Oy
ldc | eu™ gu=3 —u cos(2t)0y — sin(2t)udy, sin(2t)0; + cos(2t)udy, Oy
14d | eu? e'u Oy, 220, + udy, 20, + zud,
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Table 2.1: Continuation.

15a | eu™* | va—2u=3 2t0 + udy, t20; + tudy, 220, — ud,
15b | eu™ | v 2u=3 +u | (0 + udy), e 2 (0 — udy), 200, — ud,

15¢ | eu™ | va™2u™3 — u | cos(2t)0; — sin(2t)ud,, sin(2t)0; + cos(2t)udy, 220, — ud,

16 | elul? | 0 Oz, tOr + 20y, pr0y + 20,
17 | ee* 0 Oy, 1Oy + 20y, x0y + 20,
18a | ¢ e’ |ul? Op, 10y + €20, (¢ — 1)ty + (¢ — 1) 20y — 2udy

18b | 1 g'lu|le~2® R(e® ), R(e®Y), (¢ — 1)y + 2ud,

18 | =1 | &'|u|te 2 R(e® cost), R(e*sint), (¢ — 1)0; + 2udy,

19a | eu ™ | 0 2t0; + udy, t20; + tudy, Oy, 220, — udy,

19b | eu™ | u 2 (0 + udy), e 210y — udy), Oy, 220, — ud,

19c | eu™ | —u cos(2t)0; — sin(2t)udy, sin(2t)0; + cos(2t)udy, Oy, 200, — ud,
19d | eu* | 0O Oy, t0; + 0y, 220, + uOy, 20, + zud,

20 | e g'e¥ TO + €0y — 2740y

Here ¢,/ = £1 mod G™, § € {0,1} mod G™, p, q and v are arbitrary constants with p # 0
and v # 0. Additionally, p # 44 in Case 16, and ¢ # 0,1 in Cases 18a—18c. In Case 1,
w:=z—0In|ul. R(®) := ®,0; + ®:9,. The tuple (7, &) of smooth functions depending on (¢, x)

runs through the solution set of the system 7. = &, & = 7.

of the corresponding equations for the general values of these parameter
functions f and ¢, but for certain values of f and ¢ additional extensions
are possible, which are equivalent to other cases of Table 4.6. Thus, f +
const in Case 4 since otherwise up to G~ -equivalence we obtain Case b5a.
There are also constraints for constant parameters that are imposed by the
condition of inequivalence of the corresponding extensions or the condition
of their maximality.

Depending on the dimension of Lie-symmetry extension (one, two,
three, four or infinity), we split the cases of Table 4.6 into groups sep-
arated by horizontal lines. Note that all Lie-symmetry extensions of maxi-

mal and submaximal dimensions (infinity and four) for equations from the
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class (4.16) are not associated with subalgebras of the equivalence alge-
bra g~, i.e., they are singular.

The usage of two-level numeration for classification cases listed in Ta-
ble 4.6 is justified by the presence of additional equivalences among them.
Namely, numbers with the same Arabic numerals and different Roman
letters correspond to cases that are G™-inequivalent but equivalent with
respect to additional equivalence transformations. To construct all ad-
ditional equivalence transformations among G~-inequivalent classification
cases and thus to solve the group classification problem for the class (4.16)
up to G~ -equivalence, we need to classify admissible transformations of this
class up to G~-equivalence. This classification is presented in the following

theorem, which is proved in Section 4.2.5.

Theorem 4.12. A generating (up to G~ -equivalence) set B of admissi-
ble transformations for the class VYV, which is minimal and self-consistent
with respect to G~ -equivalence, is the union of the following families of

admissible transformations, where ,&’,e" = +1:

Tl fo=9.=0, fu#0orf=1, f=1/f, §=—g/f, & t=u,

T=1t, u=u;

T2. f=cu, g = pla)utou, o€ {-1,0,1}, f=ca, §=p@)a?,
i runs through the set of smooth functions of x with u, # 0,

a. ¢ t=t"', =2, a=t"tu if o=

b. &: f:%em, T=ux, u=-cu if o=1,
c. &: t=tant, T =2, G=wucost if o=—I,
T3. f=1 g=e¢), [=1, §=g(a),
®: t=e*sinht, & =e “cosht, @ =u;
T4 f=1, g=g'(2)g’(u), f=1, §=3"¢(a),
~ t
a. gt(x) =a72, &: t= F= 2 U= u,
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- cost N COoS T N
b. gi(x) =cos 2, & t=——— T=——"— U=u
sint + sinx sint 4+ sinzx

c. g'(x) = —cosh™?x, ®: { =e'sinhz, ¥ =e'coshe, @ =u;

d. ¢"(x) =sinh %z, ®: t=e'coshx, & =e'sinhz, U =u;

T5. f: _17 9:6721792(“)7 f: _17 §:g2(a)7

®: t=e"sint, x =e "cost, u=u;

T6. f=-1, g=g"(x)¢*(v), f=-1, §=a"2¢*(a),
~ t X
1 ) ~ ~
a. T) =21 P = T =— Uu=u;
g ( ) J x2 +t27 xQ +t27 Vi
b. g'(z) = cos?x, ®: t=eclsinx, T=ccosz, U =u;
- sint sinh x
c. g'(x) = sinh 2z, ®: f = , T = ,
cost + coshx cost + cosh x

T7. f =—1, g= 92(u> COSh_2 x, f =-1, g= 92(1]) COSh_2 Z,

siny sinh z 4+ cosysint

®: t = arctan

)

cost

cosy sinhx — sinysint
B TR G =,y € (0,27);

T = arctanh
cosh x

=f=1,9.=0, =g,

T8. a. f
®: ¢t =tcoshy+xsinh~y, ¥ =tsinhy+xcoshy, t=u, v € R_p;
f

:f:_l; gw:o; §:g7 o: {ZtCOS"}/—QfSiH’}/,
T =tsinvy + x cosy, ﬂ:u,7€(0,27f);

T9. f=¢, g=¢ce", f=¢, g=¢£et, & t=T(tx), T =X(t0),
i = u+In|T?> — eT?|, where e,e’ = +1, ¢’ = 14ife =1, (T, X)
runs through a complete set of representatives of solution cosets of
the system Ty = X, Xy = €T, with (T, T,) # (0,0) with respect to
the action of the group constituted by the transformations of the form
t=cit +co, & =c1m+ co, T = a1 + ¢, X = c1X + ¢o, where ¢y, ¢,

Co, Cy, C1 and o are arbitrary constants with ci¢; # 0.
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Throughout the rest of the paper, we use the notation TN for the
admissible transformation given in item N of Theorem 4.12, where N is

the corresponding (one- or two-level) number.

Remark 4.13. The transformational part ® of admissible transforma-
tion T4b can be represented as

T+t r—t _ T+t r—t
+ tan — tan

u =1u.

T4b: ¢ = cot T = cot

2 2 2 7
The transformational parts ® of admissible transformations T4c and T4d
can be replaced by alternative ones, which are analogous to that of T4b,

- t —t t -1
T4c: t:coth%—tanh%, :E:coth%—l—tanhx2 , U= u;

t —1 t —1
v —tanh$2 ,f:tamhij +tanhx2 ,

There also exist similar alternatives for transformational parts of other

T4d: t = tanh U = U.

admissible transformations in the class WW. The counterparts of modified
admissible transformations T4b—T4d and of admissible transformation T3

for linear equations from the class W, were presented in Notes 1 and 2
of [334].

As a result, we obtain the following independent additional equivalence
transformations among classification cases given in Table 4.6. (Below we
do not indicate the corresponding parameters if they are not changed.)
T1: (a) 4j, — 41/f,—g/f7 Sag — da_gif e =1, 11; — lll/f,

12pcc000(u— —u) = 121 _ge—cer, 13p 400 — 13- —pe—cers
14d. o — 14a. oo, 16, — 16, ., 18a,. o — 18ay. <o,

19d — 19a, 20 — 20, ..

T2: (b) 8b — 8a, 14b — 14a, 15b — 15a, 19b — 19a;
(¢) 8¢ — 8a, 14c — 14a, 15c — 15a, 19¢ — 19a.

T3: 5b — da.—1, 18b — 18a._;.



211

T4: (b) 6b — 6a.—1, (¢) 6¢c — 6a.—1, (d) 6d — 6a._.
T5: bc — da.—_1, 18c — 18a.—_;.
T6: (b) 6e — 6a.—_1, (c) 6f — 6a.—_;.

Remark 4.14. In Table 4.6, only Cases 1-4, 9-13, 14d, 16, 17 and 19d
present regular Lie-symmetry extensions in the class V. Therefore, the
regular Cases 14d and 19d are G™-inequivalent but G~-equivalent to the

singular Cases 14a and 19a, respectively.

Consider the subclass W, of the class W singled out by the additional
constraints f, = g, = 0 for the arbitrary-element tuple 8 = (f, g), i.e., the

class of equations of the general form

up = f(u)ug, + g(u), (4.36)

where (fu, guu) # (0,0). Cases 4, ba, 11, 12, 13, 14a—14d, 16, 17, 18a,
19a—-19d and 20 of Table 4.6 are related to the subclass WW.. The kernel Lie
invariance algebra g. = (04, 0,) of equations from the subclass W, is given
by Cases 4, which is the general case within this subclass. It is obvious from
Theorem 4.11 and the above list of additional equivalence transformations
that a complete list of G_-inequivalent Lie-symmetry extensions within
the subclass W,, where G is its equivalence groupoid, is exhausted by
Cases ba, 11, 12, 13, 14a, 16, 17, 18a, 19a and 20 of Table 4.6, where
additionally ¢ > 1/2 in Case 12, p > 0 in Cases 13 and 16, and ¢’ = 1 in
Cases 18a and 20 with e = 1. The group classification of the subclass W, up
to equivalence generated by its equivalence group G is more delicate. The
group G7 is generated by transformations of the form (4.29) with ¢,, =
Y, = 0, which constitute the intersection G;'NG™, and one more (discrete)
equivalence transformation t =, # =t, i =u, f = 1/f, § = —f/g of Wk,
which generates the family T1 of admissible transformations within W.
This is why some G™-inequivalent Lie-symmetry extensions can be G-

equivalent, which occurs for Cases 14a and 14d as well as for Cases 19a
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and 19d. The converse situation is not possible since the subgroupoid of G~
generated by G™ is contained in the subgroupoid generated by G7'. This

results in the following assertion.

Corollary 4.15. A complete list of G -inequivalent Lie-symmetry exten-
stons within the subclass W, is exhausted by Cases 5a, 11, 12, 13, 14a—14c,
16, 17, 18a, 19a—19¢ and 20 of Table 4.6, where additionally ¢ > 1/2 in
Case 12, p > 0 in Cases 13 and 16, and ¢’ = 1 in Cases 18a and 20 with

e =1.

4.2.5. Equivalence Groupoid and Singular Lie Symmetry Exten-
sions The equivalence groupoid G~ of the class W contains admissible
transformations that are not generated by elements of G, i.e., this class is
not normalized. Nevertheless, we can describe the groupoid G~, classifying
admissible transformations within the class W up to the G™-equivalence;
see [248] for posing the general problem on classifying admissible transfor-
mations. More precisely, proving Theorem 4.12, we construct the generat-
ing (up to G~-equivalence) subset B of G~ with the simultaneous classifi-
cation of singular Lie-symmetry extensions within the class W.

Since the class W is a subclass of Wy, the transformational part ® of

any admissible transformation 7 = (6, ®,6) in the class W takes the form
t=T(tz), i=X(tz), @=U=Ut2)ut+U""z)

with T;X, — T, X; # 0 and Ul # 0, and additionally the system (4.23)—
(4.27) is satisfied. Here 8 = (f, g) and 8 = (f, §) are respectively the source
and target arbitrary-element tuples for T, Ly, L5 € W.

By W, and W; we respectively denote the subclasses of W singled out
by the constraints f, = 0 and f, # 0. The partition W = W, U W,
of the class VW induces the partition of the equivalence groupoid G~ of
this class since f; = 0 if and only if f, = 0, cf. the end of Section 4.2.1.

In other words, equations in the subclass ¥, are not related by point
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transformations to equations in the subclass ;. This claim can be nicely

reformulated in terms of equivalence groupoids.

Proposition 4.16. The equivalence groupoid G~ of the class W 1is the
disjoint union of the equivalence groupoids G5~ and Gy of the subclasses W

and Wi, G~ = Gy LU GT.
We describe the equivalence groupoids G and G~ separately.

Lemma 4.17. The usual equivalence group of the subclass Wy coincides
with G~. A generating (up to G™-equivalence) set By of admissible trans-
formations for the class Wy, which is minimal and self-consistent with

respect to G~ -equivalence, 1s the union of the restriction of the family T1
to Wy and the famailies T3-T9.

Lemma 4.18. A complete list of G™-inequivalent singular Lie-symmetry
extensions for equations from the class Wy, which are not related to ap-
propriated subalgebras of g~ , is exhausted by Cases 5a—7, 18a—18c and 20

within the subclass of equations with arbitrary elements of the form f = ¢
and g = g'(v)g*(u).

Proof. We will simultaneously prove Lemmas 4.17 and 4.18. Let T € Gj,
e, fu =0, guu £ 0, fo = 0 and Gaz # 0. We express X, from the
equation (4.24), substitute this expression into the squared equation (4.23).

After factorizing the resulting equation, we obtain the equation
(nQ - foQ)(fXx2 - firt2) - 07

which implies in view of T,? — fT.2 # 0 that fX? = thz Then the
equation (4.24) yields X,> = ffT.2. This means that f and f have the
same sign and up to G~-equivalence we can assume that f = f = ¢, where
e==1,ie., X2 =1T,2 and X,2> = T,2. More precisely, gauging of f and f
can be realized via transformations D(y) and D(p) of x and Z, respectively.
Taking into account the equation (4.23) and alternating the sign of ¢ (this

transformation belongs to the kernel group of the class (4.16)), we can set



214

X, =1T;, Xy = €T,. Since these equations give Ty, = €T, and Xy = e X,
the pair of the equations (4.25) and (4.26) reduce to the system of linear
homogeneous algebraic equations T;Uy; — T, U, = 0, XUy — X, Uy =0
with respect to U,; and U,,. The determinant of the associated matrix is
nonzero, (1T; X, — T, X;) # 0. Hence U, = U,, = 0, i.e., U, is a nonzero
constant and using a transformation D"(cy) we can set U, = 1. In view of

the above conditions, the equation (4.27) takes the form
(XS —eX,”)g =g+ Uy — Uy, (4.37)
Sequentially acting on the equation (4.37) by the operators (X 2 —eX,?) 10,

and 0;, we obtain two differential consequences of (4.37),

2 2 0 0
~ 0~ (Xx T gXt )t ~ (Utt - EUmc)t

X2 _ex?) (U9 — =0 )
X):0s 0 e ( x t Jt = it xx )t . 4
s+ O+ (=) o= () - a9

Studying the consistency of the equations (4.38) and (4.39) as first or-

t

der quasilinear partial differential equations with respect to g, we con-
sider different cases depending on whether the matrix of coefficients of the
derivatives g; and g; in the system of these equations is degenerate or

nondegenerate.*?

1. Suppose first that this matrix is nondegenerate, X;(U?); — U (X;); # 0.
We solve the system (4.38)—(4.39) as a system of linear algebraic equations
with respect to g; and gz,

gi=a'g+a’, ga=p'9+p8" (4.40)
Here the coefficients o, o', 3% and ! are functions of (¢, %) whose explicit

expressions in terms of X and U are not essential for the further consid-

eration. Differentiating the equations (4.40) with respect to ¢, we derive

42This procedure and the previous partition of W into Wy and W fits well into the framework of the
method of furcate splitting [209,224,289,297]. This method of furcate splitting was used to describe the
equivalence groupoid of the class of general Burgers—Korteweg—de Vries equations with space-dependent
coefficients via classifying maximal conditional equivalence groups of this class [221,222]. The further

consideration is the first construction of a generating set of admissible transformations using this method.
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the consequences o@g + oz? = 0, ﬁtlg + ﬁ? = 0, which implies in view of
gu # 0 that a7 = o = 3] = B} = 0. The cross-differentiation of the equa-
tions (4.40) with respect to & and @ leads to the compatibility conditions
for these equations, which are 8. = 0 and 82 = ol — a’Bl. Therefore,
B! is a constant. Since gz # 0, the second equation in (4.40) implies that
B! # 0. Using the equivalence transformation D“(1/3'), we can gauge /3!
to 1. Then the second equation in (4.40) integrates to § = §°(2)e" + (%)
with g1 = —Y. The equation (4.37) implies that the function g is of similar
form in the initial variables, g = ¢%(x)e"+¢'(z), and (X 2—X,?)e" §° = ¢°,
(X2 —eXHg' = g+ U —eU?,. Using equivalence transformations of the
form G(¢)) in both the old and new variables, we set ¢ = ¢ and §° = &
with ¢',& = +1. Then (X2 — X2 = ¢ ie.,

U= —In|X? — X

and thus U} — eUY. = 0 since Xy — eX,, = 0. The equation (4.37) takes
the form

g'(x)

§7Lgxg:§%X) (4.41)

In other words, in this case it suffices to classify admissible transformations

within the subclass Wy of equations of the form
Uy = EUye + €' + g () (4.42)

up to the subgroup Gjp, of G~ singled out by the constraints ¢, = ¢,
Ccy = \01]_1/ 2 and ¢ = 0. This reduces to deriving possible G{-inequivalent
expressions for X = X (¢,z), g' = g'(z) and §' = §'(2) satisfying the joint
system of the equation (4.41) and the equation Xy = £X,,. We change the
independent variables in this system, y = x4+t and z = z —t, where t = 1
or . =i if e = 1 or e = —1, respectively, i is the imaginary unit, > = —1.

2

Hence t* = €. In the variables y and z the equation Xy = X, takes the

form X, = 0 and its general solution is represented as X =Y (y) + Z(2),
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where Z(z) coincides with the conjugate value of Y (y) if ¢ = —1. Then
the equation (4.41) can be rewritten as

1
1,2,

y+z
2 )

Y(z) =" (X), assuming z = X=Y+2Z (4.43)

Excluding the parameter function §' via acting by the operator Y,0, — Z.0,
on the equation (4.43), we reduce this equation, after the expansion and

algebraic transformations, to

290y +0.)(Y, ' = Z") = —gu (Y, = Z]1).

z z

The last equation integrates to nyl — Z71 = 1h°h!, where BV is a (real-
valued) smooth function of ¢, h' := |g'|7"/? # 0 and thus h! is a (real-
valued) smooth function of x. We act on the integration result by the
operator 92 — €d? = —4¢0,0, to get hi,h' = eh’hl .

If h° = 0, then Y:y_l = 7! = const € R and thus Y, = Z, = const € R,
which implies X,, = 0. Therefore, T, = T;; = 0 as well. This means that
the admissible transformation 7 is induced by an element of G™.

The case h! = g' = 0 corresponds to the Liouville equation. The sign
of ¢ is alternated by the corresponding admissible transformation from
the family T1 if ¢ = 1 and cannot be alternated in view of the equation
(X2 —eX?)el"d = ¢ if ¢ = —1. The equivalence group G induces the
subgroup H of the complete point symmetry group of the Liouville equation
for each fixed value of (e, ¢’), which is constituted by the transformations of
the form = c1t+cy, T = c1x+ca, where ¢, ¢; and ¢y are arbitrary constants
with ¢; # 0. For the minimality of the set of admissible transformations
to be constructed, we should takes a single representative in each coset of
G~ -equivalent elements of the corresponding vertex group. This gives the
family T9 of admissible transformations.

Further we assume that h°h! # 0 and thus ¢' # 0 as well. The
separation of variables in the equation h)h' = eh®hl  implies that

hY,/hY = ehl_/h' is a constant, which can be assumed, modulo scalings
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from G~ preserving the constraint f = ¢, to take values from the set

{—1,0,1}. Up to shifts of x and alternating the sign of x, we have

g'€C:={v,va? 22, —vcosh?z, vsinh 2, e |

veR,v#0,e" ==£1}.

, VCOS

Using the same arguments for the inverse of the admissible transforma-
tion 7, we obtain that the function g' also belongs to the set C (up to
replacing the argument = by 7).

We first present a complete set of G™-inequivalent (independent up to
inversion and composing with each other) non-identity admissible transfor-
mations for g! running through the set C and then explain the derivation

of this list. It is exhausted by the family T8|y,,, and the following families:

T3. f=1, g=e"+e"e? f=1 G=e"+¢",
®: t=e *sinht, ¥ =e "cosht, @ =u+ 2x;

T4. f=1, g=ce"+g'(x), f=1, g=E&e"+vi? veRy,
~ t x
o — =2 2 1 & T =
a. g (zv)=vax—, & =¢, & t_xQ—tQ’ U=y
@ =u+2In|z? — 3;
b. gi(x) =vcos2x, & =¢,
~ cost coOST
¢ t=——— T=——"—"— GU=u+2In|sint+sinz|;
sint +sinw sint +sinw
c. g'(x) = —vcosh ?z, & = —¢/, ®: {=e'sinhz, ¥ = e coshu,
u=u— 2t;
d. ¢"(z) = vsinh 2, & = ¢, & ¢ = e'coshe, & = e'sinhz,
u=u— 2t;

T5. f=—1, g=cle +e'e 2 f=—1 G=ce"+¢,

O: t=e"sint, T =e cost, U =u+ 2z

T6'. f=—1, g=ce'+g'(x), f=—1, §=ce"+vi? v € Ry,
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~ t - x
N g €Tr =
x? + 1% x? + 1%

t

o =u+2In|z2+;

b. gi(x) =vcos2x, ®: t=clsinx, T =elcosz, U =u— 2t

c. g'(x) = vsinh™* ,
- sint sinh
d: t = , T = :
cost + coshz cost + coshz

@ =u-+2In|cost + coshzl;

T7. f = -1, g = e +vcosh 2z, f=—1, §=ce®+vcosh?7,

siny sinh z + cosysint

.t = arctan

KA

9

. cost
cosy sinhx — sinysint

T = arctanh

Y

cosh x
u+In ’ cosh?z — (cos~y sinh x — sinysint)ﬂ, v € (0,2m).

U

The direct way of checking which elements of the set C are related
via admissible transformation is to fix an element ¢' in C, thus defining
hl = |g'|7"? # 0, to solve the equation A}, = AR? with X\ := ehl /bl =
const, to find Y and Z by separating variables y and z in the equation
Yy*1 — Z71 = 1h°h! and further integration, and finally to determine g
from (4.41).

We follow an optimized strategy. In the above way, we find the map-
pings ve ?* s v by T3'if f =1 and by T5 if f = —1, vcos 2z +— va >
by T4'b if f =1 and by T6'b if f = —1, —vcosh 2z — va~2 by T4c if
f=1,vsinh ?z+ va~2 by TAdif f =1 and by T6'c if f = —1. The sign
of ¢/ is alternated only in T4’c. For f = —1, the value ¢! = —vcosh 2z
is mapped to the value g' = vz~2 by an admissible point transformation
only over the complex field.

The maximal Lie invariance algebras of the equations of the form (4.42)

with values of (f, g') that have not been reduced to other ones are

(fa gl) = (177/): g0 = <at7 axa xﬁt +t8x>7
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(fu gl) = (_17V): g0 = <at7 axa x(?t — tax>;

go = (0, t0, + 10, — 20,, (t* + ex*)0, + 2tx0, — 4t0,),
(f.g") = (—1,vcosh ?z): gg= (0, R'(cost coshz), R'(sint coshz)),

where R'(®) := ,0; + 9,0, — 294, 0,. These invariance algebras are given
in Cases ba.—; and Ha.—_; of Table 4.6 and are associated with Cases 6a
and 7 of the same table, respectively. They are realizations of the Poincaré
algebra p(1, 1), the Euclidian algebra e(2), the real special linear algebra
sl(2,R) and the orthogonal algebra o(3), which are not isomorphic to each
other. At the same time, systems of differential equations are related by
point transformations only if their maximal Lie invariance algebras are
isomorphic.

Therefore, we need to classify admissible transformations within
the four subclasses of equations of the form (4.42), where for
each of these subclasses the tuple (f,¢') is of a fixed form in
{(L,v), (-1,v), (6,v272) (=1,vcosh )}, and v runs through R, For
this purpose, we apply for the first time an extension of the algebraic
method to finding admissible transformations. This method was suggested
by Hydon in [127-129] for computing discrete symmetries and extended to
equivalence transformations in [22].

We in detail consider only the first subclass. Let Ly and L£; be two
fixed equations of the form (4.42) with f = f =1, § = v, ¢* = ¥ and
some ¢',& = +1. These equations have the same maximal Lie invariance
algebra, gy = g5 = (O, O, t0, + x0;), which is given in Case bas—; of Ta-
ble 4.6 and is a realization of the Poincaré algebra p(1,1). Therefore, the
pushforward of vector fields by ® induces an automorphism of gy associ-
ated with an automorphism of p(1,1). Recall that the transformation ®
is completely defined by its - and x-components. Inner automorphisms of

p(1,1) correspond to continuous point transformations generated by vec-
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tor fields from gy. Such transformations are symmetries of Ly, i.e., they
do not change the parameters v and . Up to shifts of ¢ and x, which
are induced by elements of G~, we obtain the family T8aly,,, of admissi-
ble transformations. There are only two outer automorphisms of p(1,1)
that are independent up to composing to each other and to inner automor-
phisms.*3 The corresponding transformations are the alternation of the
sign of ¢, which is a discrete symmetry of £y induced by Df(—1), and the
permutation of ¢ and x, which belongs to the family T1. There is no point
transformation that satisfies the restriction for ® and induces the identity
automorphism of gg.

The other three subclasses are considered in a similar way. Each of the
algebras e(2) and sl(2,R) possesses a single independent outer automor-
phism, which is here related, e.g., to alternating the sign of £. The algebra
0(3) admits no outer automorphism but alternating the sign of ¢ generates
the identity automorphism of the corresponding algebra gy. Factoring out
shift and scaling symmetries of related equations, which are induced by ele-
ments of G, we construct the families T8b|y,,, T4'a and T7', respectively.
The last family consists of the non-identity transformations generated by
the Lie-symmetry vector field R'(cost cosh x) of the equation (4.42) with
(f,g") = (—1,vcosh™?).

It is obvious that Gg,-inequivalent singular cases of Lie-symmetry ex-

tensions within the subclass Wy are exhausted by those with ¢* € C.
2. Now we suppose that the matrix of coefficients of the derivatives g;
and g in the system (4.38), (4.39) is degenerate,

X(U2); — UL(X); = 0. (1.44)

If X; =0 then T, = X,, = T = 0 and the equation (4.37) implies in view
of the condition gz # 0 that U? = 0, i.e., the admissible transformation 7~

is generated by an element of G*. This is why in what follows we assume

13See [79,243] for necessary facts on automorphisms of low-dimensional Lie algebras.
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that X; # 0. Representing the equation (4.44) in the form (UP/X;); = 0,
we integrate it by £, which yields U = V%(X)X, for some smooth func-
tion V% = V%(Z). Then we integrate by ¢, obtaining U° = V1(X) + V?(z),
where V1 is an antiderivative of VO, V1(z) = V%), and V2 = V?(x) is
a smooth function of x. Therefore, up to G~-equivalence (namely, up to
composing the transformation 7 with transformations from the subgroup
{S(¢)}), we can set UY = 0 and thus U = u. We then rewrite the equa-
tion (4.38) as

@ 1 (Xx2 B gXt2)t

i X X2—eX?2

The left- and right-hand sides of the last equations do not depend on t
and u, respectively, and hence they are equal to a function of only z.
Solving the equation with respect to g gives the representation of g as the
product of functions of different arguments, § = g*(z)g*(@). Since @ = u
and g = (X2 — €X,?)g, the function g admits the similar representation
g = g (x)g*(u), where ¢*(u) = g*(u). As a result, we again obtain the

equation (4.41). Therefore, equations of the form

Utt = EUgy + gl(x)QQ(u) with gzgiuu # (giu)2 (445)

with coinciding values of the parameter function g2 are related by a point
transformation if and only if the equations of the form (4.42) with the same

values of the parameters ¢ and ¢' and some values of ' are related by a
2

u

point transformation. The inequality ¢g2¢2,, # (92,)%, which is equivalent
to the linear independence of g2, ¢ and 1, is imposed for excluding the
intersection of the subclass (4.45) and the subclass of equations of the form
Uy = ez + g°(x)et + g(z) with ¢° # 0, which are reduced by equiva-
lence transformations to equations from the subclass (4.42). To properly
translate the classification of admissible transformations within the sub-
class (4.42) to those within the subclass (4.45), we take into account the

condition g' # 0 for the subclass (4.45) and replace the u-components of
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all transformational parts by « = u. Since the coefficients v and 7 coincide,
they can just be absorbed by ¢2. In total, this gives the restrictions of the
families T'1, T3-T7 and T8 to the subclass (4.45). Here the families T3-T7

respectively correspond to the families T3'-T7'.

To complete the classification of admissible transformations in the sub-
class W, we map each equation from the subclass (4.42) with g* € C by the
equivalence transformation Z(In g!) to the equation uy = ey, + ¢ (z)g*(u)
with ¢?(u) = €’e* + . Here §' is of the same form as g' but with fixed
v=10=2¢" ¢ = —1for § = cosh >z and £’ = 1 otherwise. As a
result, the families T3'-T7" are mapped into the families T3-T7. The com-
pletion of the latter families allows us to neglect the auxiliary inequality
9292, # (g2,)? of the subclass (4.45) for these families.

The obtained set By of admissible transformations of the subclass W, is
a generating set for G5 up to G™-equivalence by construction. No element
of G§' relates different values of 6 from s(By) U t(By). No element of By
can be represented as the composition of a finite number of other elements
of By or their inverses. Therefore, the generating set By is minimal and
self-consistent with respect to G~-equivalence for G; .

Up to G™-equivalence, singular Lie-symmetry extensions in the sub-
class (4.45) are possible only for g' € C, which gives Cases 5a—5c, 6a—6f
and 7. Since Case 7 reduces to Case 6a over the complex field, for fur-
ther extensions it suffices to check only equations with g = 1 (Case 5a)
and with g! = 7% (Case 6a). For g* = 1, we obtain only Case 18a with
two G~ -equivalent Cases 18b and 18c. There are no further Lie-symmetry

extensions for ¢! = z72. O

Remark 4.19. A generating set of admissible point transformations within
the class Wy, of linear equations of the form (4.16) and the group classi-
fication of this class can be easily derived from the computation of their
counterparts for the class W,. For this purpose, we need to consider the

~EeSS

essential subgroupoid G;** of the equivalence groupoid Gy, of Wy, and es-
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sential Lie invariance algebras of equations from W, respectively factoring
out transformations and Lie-symmetry vector fields related to the linear
superposition of solutions, cf. [249, Section 2| and [178]. Elements of Wi,
take the form uy = f(2)uz, +g'(x)u+ g°(z). Their kernel point symmetry
group is generated by the transformations 7, P(cy) and 7, D%(cz), and their
kernel invariance algebra is g} = (0}, ud,). The equivalence group of Wiy,
coincides with G~. Using equivalence transformations, we can gauge the
parameter functions f and ¢° to e € {—1,1} and 0, respectively. As a
result, we map the class W), onto its subclass Wy, of linear wave and

elliptic equations with z-dependent potentials, which are of the form
Uy = EUgy + gl(aj)u7

cf. [334]. Each equation Ly from Wy, admits the (pseudo)group Gi* of
point symmetries associated with the linear superposition of solutions,
Gin={d:t=1t,7=ux a=u+h(tx)|h € Ly}, where the notation “h €
Ly” means that the function h runs through the solution set of Ly. The cor-
responding Lie algebra is gi® = (h(t,2)9, | h € Ly). Let GZI" be the sub-
groupoid of the equivalence groupoid Gy, of the class Wi,y that is consti-

tuted by the admissible transformations related the linear superposition of

~lin

solutions, i.e., Gy /" is the union of Glain as subgroups of vertex groups in Gy,

for all 8 with £y € Why. The essential equivalence groupoid Gpo* of Wiy,
~lin

which is the complement of Gi /" in G, is naturally isomorphic to the

equivalence groupoid of the class of equations of the form (4.42) with a fixed

~ess
lin’

equivalence groupoid G5 ™ of Wiy, which is defined similarly to G5, con-

value of /. Therefore, a generating set for G2 and, thus, for the essential
sists of the counterparts of the families T3—T9 for linear equations. That
is, one should substitute ¢*> = u, §*> = @ into T3-T7 and ¢ = ¢"u, § = £"a
into T8 and replace g, § and the u-component of ® in T9 by g = "u, g =
e’ and 4 = u. A complete list of G™-inequivalent essential Lie-symmetry
extensions in the class Wi, (i.e., extensions of g{i‘n + ggn) are exhausted

by Cases 5a—7 of Table 4.6 with § = ¢”u and the counterpart of Cases 20,
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where g = 0 and the extension is spanned by 70;+£0, with the same condi-
tion on (7,&). Additional equivalence transformations between the classifi-

cation cases are exhausted by the counterparts of those for Cases 5a—6f.%4

It now remains to study the equivalence groupoid G7 of the subclass Wi,
which is singled out from the class (4.16) by the constraint f,, # 0. By Wy
and W9 we respectively denote the subclasses of VV; that is associated with
the additional auxiliary condition f, = g, = 0 mod G~ and that consists

of the equations G~ -equivalent to equations of the form
Uy = €U Uy + p(x)u"> 4 ou, (4.46)

where p runs through the set of smooth functions of x, ¢ and o are con-
stants, € # 0 and hence ¢ = £1 mod G~ and ¢ € {—1,0,1} mod G™.

Lemma 4.20. The usual equivalence group of the subclass Wi coincides
with G~. Any admissible transformation in Wy \ (Wi UWys) is generated
by a transformation from G~. A generating (up to G™-equivalence) set By
of admissible transformations for the class Wy, which is minimal and self-

consistent with respect to G~ -equivalence, is the union of the restriction of
the family T1 to Whi and the family T2, which acts within YWhs.

Proof. For T € G, the equation (4.23) immediately implies that T; X; =
T,.X, = 0 for admissible transformations within the subclass W;.
Supposing T, # 0, we obtain that X, = 0, X; # 0 and hence T; = 0.
Up to G™-equivalence of admissible transformations we can assume that
T = x and X = t as under the above restrictions the transformation 7T

is represented as the composition of D(T'), a transformation permuting ¢
and z and D(X). For T = z and X = t, the equations (4.24), (4.25)

44Therefore, a complete list of G -inequivalent Lie-symmetry extensions within the class Wy, are
exhausted by the equations from the class Wi, with g! = 0 (the (1+1)-dimensional wave equation for
¢ = 1 and the two-dimensional Laplace equation for ¢ = —1), (¢*,e) = (—1,1) (the (1+1)-dimensional
Klein-Gordon equation), (g',) = (¢, —1) (the two-dimensional Helmholz equation) and g* = vz =2 (the
(14+1)-dimensional wave equation with the potential vz=2 for ¢ = 1 and the two-dimensional Laplace

equation with the potential vx=2 for ¢ = —1).
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and (4.26) reduce to the simple equations ff = 1, and U,, = Uy = 0,
i.e. U, = const. By a scaling of u, which belongs to G™, the constant U,
can be set equal to 1. Differentiating the equation f = 1/f with respect
to t and then, assuming (#,%, %) as basic variables, with respect to t, we
derive the equation U?, = 0. Therefore, U = () +)(t) and the reduced
transformation 7 with T'=x, X =t and U, = 1 can be represented as the
composition of the transformations G(v), ¢t <+ x and §(1)), where t <
denotes the transformation which only permutes ¢t and x: t = =, & =t
and @ = u. This means that up to G~-equivalence of admissible transfor-
mations the transformation 7 coincides with ¢ <+ x. The corresponding
transformation components for the arbitrary elements f and g follow from
the equations (4.24) and (4.27). They read f = 1/f and § = —g/f. Since
the left-hand (resp. right-hand) sides of these equalities do not depend on
t = x (resp. T = t), the arbitrary elements of equations from the class (4.16)
that are connected by the transformation ¢ <+ x satisfy the additional aux-
iliary constraints f, = g, = 0 and f; = gz = 0. In other words, admissible
transformations of the case under consideration are generated by transfor-
mations from the equivalence group G~ of the entire class (4.16) and the
equivalence transformation ¢ <+ x of the subclass ¢ which is singled out
from the class (4.16) by the additional auxiliary constraints f, = g, = 0
and f, # 0. In particular, the equivalence group of the subclass U con-
sists of the transformations of the form (4.29) with ¢,, = 1, = 0 and the
compositions of these transformations with ¢ <> x.

Now we consider the case T, = 0 for which T; # 0, X; = 0 and X, # 0.
Then the equations (4.24)-(4.26) reduce to fT;2 = fX2, (U2/T)); = 0,
(U2/X,), = 0. From the first equation we can conclude that f; # 0 if and
only if f,, # 0. Solving the other two equations with respect to U,, equating
the expressions obtained and separating variables in this equality, we derive
that U := U, = %\/m , Where s is a nonzero constant. Differentiating
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the equation f7}% = fX 2 with respect to t results in the consequence

(- U0t 4T) + 200 =0 (147)

t

If Ty = 0, the equation (4.47) implies that U'/+/]X,| = const and
U? = 0 and, therefore, the transformation 7 belongs to the equivalence
group G™.

Further we assume that T} # 0. By fixing a value of ¢, we derive from
the equation (4.47) that the arbitrary element f is a solution of an ordinary
differential equation of the general form (@ + 5(&))fs + 4f = 0, where the
variable  plays the role of a parameter and A is a smooth function of 7.
This implies that f = &(Z)(i+5(%))* for some smooth function & = &().
Combining the equation f7,2 = fX? with the expression for f yields
_T7 a(X) _ ofx)

- XF(UW AU+ BX)) (ut B))

where a(z) = (3X,)"*&(X) and B(z) := (B(X) + U")/U". Furthermore,

upon using transformations from the equivalence group G, we can set

f

B = B = 0, which consequently implies that U" = 0. By means of equiva-
lence transformations, we can also set o, & € {—1,1} and as the multiplier
relating o and & is strictly positive, we have that @ = o =: ¢ € {—1,1}.
Then X, is a constant and we can set X = x and s» = 1 using a scaling
and a translation of x and a scaling of w, which belong to G~. There-
fore, U = wu, where w := \/m and hence w; # 0. After taking into
account all the conditions derived, we reduce the equation (4.27) to the
form w3g + w(w™)yu = ¢. Differentiating the last equation with re-
spect to t and dividing the result by w?w;, we obtain ug; + 3§ = 464,
where 6 = —(w(w ™ 1)y) ,/(4wPw;) is a constant. The general solution of
the equation for g is § = ji(z)a™3 + 6. The expression for g is similar:
g = p(x)u™3 + ou, where p = fi, and o = cw* + w(w )y is, like 7, a
constant. We rewrite the relation defining o as an ordinary differential

1

equation for w, (w1 = ow™ — w3, Up to scalings from G~ there are
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only three essentially different values of o (resp. ), 0,6 € {—1,0,1}. Fi-
nally, from the class (4.16) we single out the subclass of equations of the
general form (4.46).

For each pair of values of o, the corresponding equations from the sub-
class (4.46) with the same value of the parameter function u are related
by a point transformation. This is why within this subclass it suffices to
classify admissible transformations with ¢ = 0. We solve the equation

(w1 = ow™! with respect to w and then construct T using the relation
T, = w? mod G~. We find

(a1t + ag)/(ast + as) if 0=0,
T=2< (me* +ap)/(aze® +ay) if o=1,
by tan(t + by) + bo if o=-—1,
where ay, ..., a3, are constants with ajas — agag # 0 that are determined

up to a common nonvanishing multiplier, and by, by and b, are constants
with b; # 0.

In the case 0 = 0 we obtain a subgroup of the complete point symmetry
group of the corresponding equation. This group is obviously isomorphic
to PGL(2,R). The condition T # 0 is equivalent to a3 # 0 and we
can assume ag = 1 due to the indeterminacy up to a constant multiplier.
Then ay — ajas # 0 and we gauge as, ag and a; to 0, 1 and 0 using
the s-action of P!(as) and the t-action of P!(—a;) o D!(c3) o D¥(cy) with
e = (ag — ajaz) ™.

group G~ induce point symmetries of the equation under consideration.

All the above transformations from the equivalence

Therefore, we can assume that 7' = ¢! mod G, obtaining the family T2a,
of admissible transformations.

In the same way we derive that T' = %e% mod G~ and T' = tant mod G~
if o =1 and o0 = —1, which gives the family T2b and T2c of admissible
transformations, respectively.

We set p, # 0 and iz # 0 for admissible transformations from the

family T2 since similar admissible transformations with p, = 0 are G™-
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equivalent to admissible transformations from the restriction of the fam-
ily T1 to Wi1 N Wis. The equations of the form (4.46) with p, # 0 are not
related to those with p, = 0 by point transformations.

Following the argumentation for the generating set By of G from the
end of the simultaneous proof of Lemmas 4.17 and 4.18, we can show that
the singled out set B; of admissible transformations of the subclass W

is a minimal self-consistent generating set with respect to G™~-equivalence
for G7°. O

The equivalence groups of the subclasses W, and W, coincide with the
equivalence group G of the entire class W, and G~ = G§ U G7”. There-
fore, after uniting the generating (up to G™-equivalence) sets By and B
of G§ and G77, which are minimal and self-consistent with respect to G™-
equivalence within the corresponding groupoids, we get the generating (up
to G™-equivalence) set B of G~, which is minimal and self-consistent with

respect to G™~-equivalence within G~ .

Lemma 4.21. A complete list of G™-inequivalent Lie-symmetry extensions

for equations of the general form (4.46) is exhausted by the following cases:

la—lc. general pu: g9 =g,

2a-2c. p=*£1: 90 = 9, + (0),

3a-3c. p=vr 2, v#0: gop=g"+ (220, — ud,),
da—4c. p=0: g9 = g + {0y, 220, — udy)

with
a. 0=20: gg = (&g, 2t8t + u@u, t28t + tu8u>,
b. o=1: g{'= (0, e¥(0; + ud,), e 2 (0 — ud,)),
c. o=—=1: g7 = (0, cos(2t)0; — sin(2t)ud,, sin(2t)0; + cos(2t)ud,).

The cases 0 = 1 and 0 = —1 reduce to the case o = 0 with the same

value of the parameter function p = p(x) by the additional equivalence

12t % -

transformations t = 5e*, T =z, 4 = elu and t = tant, T = x, 4 = wcost,

respectively.
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Proof. 1t follows from Lemma 4.20 that it suffices to classify only equations
of the form (4.46) with 0 = 0. Spitting the system of determining equations
(4.31)—(4.35) for a Lie-symmetry vector field @ of the equation Ly with 6 =
(f,9) = (eu™, p(x)u™3) with respect to u, we derive that the components
of @ are of the form 7 = 7(t), £ = 2c1x+ ¢y, n = (%Tt —¢1)u, where 1y = 0,
and ¢y and ¢; are constants with (2¢c1z + ¢o)p, = —4cip. The four cases
for p from the lemma’s statement arise in the course of analysis of the last

equation. H

Lemmas 4.20 and 4.21 jointly imply that there are no more singular

Lie-symmetry extensions within the class Wj.

Remark 4.22. The groupoid of the class of equations of the form (4.46)
with ¢ = +1 and 0 € {—1,0,1} can be represented in the form (1.1),
where the parameter o plays the role of v, ®, is the identity transforma-
tion of (¢, z,u), and ®; and ®_; are transformational parts of T2a and T2b,
respectively. Since this class is a subclass of W5 that is obtained by gaug-
ing the arbitrary elements Wiy with equivalence transformations of W,
then the equivalence groupoid of Wi, is of similar structure. The analogue

of the last claim also holds for the intermediate class of equations of the
form (4.46) with € € Ry and o € R.

4.2.6. Classification of Appropriate Subalgebras. The equivalence
group G" and the equivalence algebra g~ admit related representations in
the form of a semi-direct product and a semi-direct sum, G~ = G" x G2,
and g~ = §" 3 g, respectively. Here G7 = {P!(cy) | ¢ € R} is the normal
subgroup of G™ associated with the kernel group G of the class (4.16),
Gz
form (4.29) with ¢y = 0 and thus effectively acts on the class (4.16),
g" = (P') is the ideal of g~ corresponding to the kernel algebra g and
g = (D", D', D((), Z(x)) is a subalgebra of g™, which is the “essential”

part of g~ from the point of view of Lie-symmetry extensions within the

is the subgroup of G~ that consists of the transformations of the
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class (4.16). Denote by 7 the projection from the space with the coordi-
nates (¢, z,u, f,g) to the space with the coordinates (¢, z,u), and by m,Q
the pushforward of a projectable vector field () in the space with the coor-
dinates (¢, z,u, f,g) by m. A subalgebra a of g~ is called appropriate if its
projection 7.a is the maximal Lie invariance algebra gy of an equation Ly
from the class (4.16). Any appropriate subalgebra a of g~ should contain
g as an ideal. Hence it can also be represented in the form of the semi-
direct sum a = "' D s, where s is a subalgebra of g... We call a subalgebra
s of go., appropriate if s = g, M a for an appropriate subalgebra a of g~.
Appropriate subalgebras a; and ay of g~ are G~ -equivalent if and only if
the corresponding subalgebras s; and s9 of g_., are G .~equivalent. As a re-

sult, the classification of Lie-symmetry extensions induced by subalgebras

of g~ up to G -equivalence reduces to the classification of appropriate
subalgebras of goi, up to G -equivalence.

For the latter classification, we need to compute the adjoint action of

the group G, on the algebra gg,. Since this algebra is infinite-dimensional,
it is convenient to realize this computation via pushing forward the vector
fields D, D', D(¢) and Z(x), which span g2, by elementary equivalence
i.e., by D (c1), S(), D(p) and D*(cs), cf. Sec-

tion 4.2.2. In other words, the usual transformation rule of vector fields

transformations from G,

under point transformations will be used [21,72]. This yields the following

non-identity actions:

G.(0)D" =D" = Z(y),  G.(¥)D(¢)
Di(e2)Z2(x) = 22(x), Du(p)Z(x)
Di(¢)D(C) = D(C(9)/¢s),

where ¢ = ¢(x) is the inverse of the function .

D(¢) + Z(Cthw — 3G0),
Z(‘@x‘_l/zX(‘/B))a

All vector fields from g, identically satisfy the determining equa-
tions for Lie symmetries of equations from the class (4.16), except the
equations (4.34) and (4.35). The latter two equations imply restrictions on

appropriate subalgebras of go...
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Lemma 4.23. s N (D", Z(x)) = s N (D" = {0} for any appropriate subal-
gebra s.

Proof. Suppose that an appropriate subalgebra s of g, contains a vector
field @ = bD" + Z(x), where the constant b or the function y = x(z) does
not vanish. Then 7,Q) is a Lie-symmetry vector field for an equation Ly
from the class (4.16). Substituting the components of the vector field 7,.Q
into the determining equations (4.34) and (4.35) implies the following con-
ditions for the arbitrary-element tuple 6 = (f, g):

(bu+x)fu=0, (bu+ Xx)gu =bg — Xauzf-

Then f, =0 and g,, = 0if b # 0 or y # 0. This contradicts the definition
of the class (4.16).

Analogously, the condition 7, D! € gg gives the equation f = 0, which
is also inconsistent with the definition of the class (4.16).

Therefore, any appropriate subalgebra contains no vector fields of the

forms considered. []

Lemma 4.24. dim (5 N(D((), Z(X)>) € {0,1,3} for any appropriate sub-
algebra s.

Proof. Suppose that s is an appropriate subalgebra of g, and dim (5 N
(D(¢), Z(x))) = 2. This means that the subalgebra s contains (at least)
two vector fields Q' = D(¢') + Z(x*), where the functions (%, i = 1,2,
should be linearly independent in view of Lemma 4.23. In other words,
the projections m.Q" of ' simultaneously are Lie-symmetry vector fields
of an equation from the class (4.16). By W we denote the Wronskian of
the functions ¢ and ¢%, W = (1¢%2 — (*¢l. W # 0 as the functions ¢! and
(2 are linearly independent.

Plugging the coefficients of 7, Q" into the equation (4.34) gives two equa-

tions with respect to f only,

2C' fo + (Cu+2x) fu = 4C.f. (4.48)



232

We multiply the equation (4.48) with ¢ = 1 by ¢? and subtract it from
the equation (4.48) with ¢ = 2 multiplied by ¢!. Dividing the resulting
equation by W, we obtain the ordinary differential equation (u+2)f, = 4f,
where 3 = () := 2(¢'x2 — (*x})/W and the variable x plays the role
of a parameter. It is possible to set § = 0 by means of an equivalence
transformation, §(—p). Indeed, this transformation preserves the form of
the vector fields @, only changing the values of the functional parameters
Y'. In particular, it does not affect the linear independency of the functions
(. The integration of the above equation for 3 = 0 yields that f = au?,
where o = a(z) is a nonvanishing function of z. In view of the derived
form of f, splitting of equations (4.48) with respect to u leads to (‘a, = 0
and y'a = 0, i.e., a, = 0 and x* = 0. The constant o can be scaled to
a = *+1 by an equivalence transformation.

In a similar manner, consider the equation (4.35), taking into account
the restrictions set on parameter functions and the form of f. For each Q°,

the equation (4.35) gives an equation with respect to g,
2C' g, + Clug, = Cbg — (., au’. (4.49)

Again, we multiply the equation (4.49) with ¢ = 1 by ¢? and subtract
it from the equation (4.49) with 4 = 2 multiplied by ¢!, divide the re-
sulting equation by W and thereby obtain that ug, = ¢ + p%u’, where
= pl(x) = —a(C1¢3,, — ¢3¢l.)/W and the variable x again plays
the role of a parameter. Integrating the last equation for g directly gives
g = pPu’/4 + plu, where ! = pl(x) is a smooth function of z. The
parameter function p!' can be set equal to zero by the equivalence trans-
formation D(y), where the function ¢ = ¢(x) is a solution of the equation
(2020000 — ©,.2) + pte2 = 0. Substituting the derived form of g into
equations (4.49) and splitting with respect to u, we find that ul = 0,
H =0,

Summing up, we have proved that any equation of the class (4.16)

admitting (at least) two linearly independent vector fields m,Q° in fact
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possesses exactly three linearly independent vector fields of this form and
is G~-equivalent to an equation of the form wy; = +uu,, + plu, where pt!

is a constant which can be scaled to +1 if it is not zero. ]

The equation uy = Futu,,, for which ' = 0, admits an additional

Lie-symmetry extension.

Corollary 4.25. There are only two G~ -inequivalent cases of Lie-
symmetry extensions in the class (4.16) where the corresponding Lie in-

variance algebras contain at least two linearly independent vector fields of
the form m.Q" with Q" = D(¢") + Z(x"),

14d. uy = evtug, +eu: g™ = g" + 7.(D(1),D(z), D(z%)),
19d. uy = ev'ug,: g™ =g¢" + 1.(D(1), D(z),D(2*), D" — 2D")

with €, = +1.

Corollary 4.25 gives the classification of appropriate subalgebras of gg.,
the dimensions of whose intersections with (D((), Z(x)) are not less than
two. Hence we should continue with the computation of inequivalent ap-
propriate subalgebras of g_., that contain at most one linearly independent
vector field of the form D(() + Z(x), where ¢ = ((x) is a nonvanishing
function. In view of Lemma 4.23 it is obvious that the dimension of such
subalgebras cannot be greater than three. Here we select candidates for
such subalgebras using only restrictions on appropriate subalgebras pre-
sented in Lemma 4.23. Since there exist specific restrictions for two- and
three-dimensional appropriate subalgebras, we will make an additional se-
lection of appropriate subalgebras from the set of candidates directly in
the course of the construction of invariant equations.

The result of the classification is formulated in the subsequent lemmas.

Lemma 4.26. A complete list of G -inequivalent appropriate one-

dimensional subalgebras of gy, is given by

(2D" — ¢D' + 2D(5)), (D' —D(2)), (D' — Z(2)), (D(1)), (4.50)
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where 0 € {0,1} and q is an arbitrary constant.

Remark 4.27. In Lemma 4.26 and in the next two lemmas, we choose such
values of parameters in basis elements of appropriate subalgebras among
possible ones up to G™-equivalence that the corresponding equations from

the class W have a simple form.

Lemma 4.28. Up to G -equivalence, any appropriate two-dimensional

subalgebra of go., which contains at most one linearly independent vector
field of the form D(C) + Z(x) belongs to the following list:

(D" —D(p), D' = D(2)), (D"—2D(x), D' - 2(2)),

(4.51)
(4, D" 4 ayD' + asD(x) + Z(6), D(1)),

where p, ay, as, az and § are constants with p # 0, (a1,a2) # (0,0),
(ag,a3) # (0,0) and (a1, as,6) # (0,0,0). Due to scaling of the first basis
element and G, -equivalence we can also assume that one of a’s equals 1,
(2a1 + a3)6 =0, and 6 € {0,1}.

Lemma 4.29. Up to G -equivalence, any appropriate three-dimensional

subalgebra of 9o, which contains at most one linearly independent vector
field of the form D(C) + Z(x), has one of the forms

<Du —1—p1'D(x), D' +p2,D(£)? D(l)),

(4.52)
(D" — 2D(z) + Z(d), D' — Z(2), D(1)),

where p1, po and d are constants such that pips # 0.

4.2.7. Regular Lie Symmetry Extensions For each vector field Q
from g™, the substitution of the components of 7, Q into the system (4.34)—
(4.35) results in the condition on the arbitrary-element tuple 6 = (f, g) for
the equation Ly to be invariant with respect to m,Q. This is why equations
from the class (4.16) that are invariant with respect to the projection s
of an appropriate subalgebra s of g~ can be described by the following way:

For each basis element O of 5, we substitute the components of 7,Q into the
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equations (4.34) and (4.35). Collecting all the equations derived from the
entire basis s leads to a system of first-order (quasi)linear partial differential
equations in the arbitrary elements f and g to be solved. Simultaneously
we check whether the projection m,s is really the maximal Lie invariance
algebra of the equation Ly for obtained values of the arbitrary-element
tuple 0 = (f, g).

Each of the algebras listed in Lemma 4.26 is really an appropriate one-
dimensional subalgebra of g_ ;. and results in a simple uncoupled system of
two first-order linear differential equations in f and g. The corresponding
list of equations from the class (4.16), which possess one-dimensional Lie-

symmetry extensions of g related to g™, reads

1. 2D" — gD' +2D(6):  uy = |ul?(f(w)tzs + §(w)u),
2. D' —D(2): g = € (f(u)tgs + §(u)),

3. D — 2(2): U — eu(]?(x)umx + g(l’)),

4.

D(1): we = f(u)ttg, + §u),

where w :=x —d1n|u|, § € {0,1} and ¢ is an arbitrary constant. Here and
in what follows, in each case we present only vector fields that extend the
basis (P?) of the ideal g" of g~ into a basis of the corresponding subalgebra
of g~.

The computation related to two-dimensional extensions are more com-

plicated. We first present its result and then give some explanations.

9. D*—D(p), D' —D(2), p#£0:  uy = e’ |ulP(ug + vu),
10. D" —2D(x), D' — Z(2):  uy = £’ Uy, + ve,
11. =D +2D' +2D(x), D(1):  uy = f(u)tge,
12. (1 - q)D" +2¢D' — 2(1 — q)D(x) — Z(4), D(1):
U = T Uy, + e,
13. B=p+q)D"+2(1—¢q)D'+2(1+p—q)D(x), D(1):

u = HlulPuy, + €'|ull.
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Constraints for constant and functional parameters that are imposed by
the maximality condition for the corresponding extensions and their in-
equivalence are discussed after Theorem 4.11.

Cases 9 and 10 are associated with the first and second families of
subalgebras listed in Lemma 4.28, respectively. In both the cases, v is an
arbitrary constant. Note that an arbitrary nonzero constant multiplier in
the expression for the arbitrary element f, which arises in the course of
integrating the equation for f, can always be set to £1, e.g., by scaling
of t.

The third span from Lemma 4.28 in fact represents a multiparametric
series of candidates for appropriate extensions, which is partitioned in the
course of the construction of invariant equations into Cases 11-13. Not
all values of series parameters give appropriate extensions. Additional
constraints for parameters follow from the compatibility conditions of the

associated system in the arbitrary elements,

fe=0,  ((a1 + 3a3)u+9)fu = pf,

9: =0,  ((a1+ 3a3)u+8)gu = qg,
with the inequalities f # 0 and (fy, guu) # (0,0) and the requirement that
the dimension of extensions should not exceed two. Here we introduce the
notation p = 2(ag — as) and ¢ = a1 + %ag — 2a9.

The above partition is carried out in the following way. If ag = —2a;
and 6 = 0, the inequality f # 0 implies that p = 0, i.e., as = a3. Since ay,
as and ag cannot simultaneously be zero, we obtain that ¢ # 0 and hence
g = 0. Multiplying the first basis element by —al_l, we set ap = —1. This
gives Case 11. For ag = —2a; and 0 = 1 we have ay = —q/2, a3 = (p—q)/2
and a; = —(p — q)/4. The parameter p should be nonzero since otherwise
we obtain the Liouville equation whose maximal Lie invariance algebra is
infinite-dimensional. We additionally multiply the first basis element by
—4 and scale p with D"(¢y) for some ¢, to 1 and obtain Case 12. Case 13

corresponds to the condition a3 # —2a;. Scaling the first basis element
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allows us to set a; + 3a3 = 4. Then ay = 2(1 — q), a3 = 2(1 +p — q)
and a3 = (3 —p+¢q). In both Cases 12 and 13 the parameter €’ is nonzero
(otherwise the extension dimension is greater than two) and can be gauged
to =1 by simultaneous scaling of ¢ and =x.

Consider the candidates for three-dimensional appropriate extensions
listed in Lemma 4.29. The compatibility of the associated systems in the
arbitrary elements, supplemented with the inequality f # 0, implies p; =
2(py — 1) and d = —4 for the first and the second span of Lemma 4.29,
respectively. The general solutions of these systems up to G™~-equivalence
are (f,g) = (£[ul’,0) and (f,g) = (£e",0). This gives the following cases

of Lie-symmetry extensions:

16. (p—4)D" —2pD(z), (p — 4)D' —4D(x), D(1), p # 0,4:
Ut = :l:‘u‘puxaiv
17. D" —2D(z) — Z(4), D' — Z(2), D(1):

W = e Uypy.

Here p := 4(p2 — 1) /pa # 4 since for p = 4 the corresponding equations ad-
mits the Lie-symmetry vector fields 7,D(z) and 7, D(z?). Equations from
the class (4.16) which are invariant with respect to two linearly indepen-
dent vector fields of the form 7,Q", where Q" = D(¢")+ Z(x"), are classified
in Corollary 4.25. Therefore, G™-inequivalent regular Lie-symmetry exten-
sions in the class (4.16) are exhausted by Cases 1-4, 9-13, 14d, 16, 17 and
19d.

4.2.8. Concluding Remarks. The complete group classification of the
class W of (1+1)-dimensional nonlinear wave and elliptic equations of the
form (4.16) is performed up to both G™- and G~-equivalences using the new
version of the algebraic method of group classification for non-normalized
classes of differential equations. The results of the classification are col-
lected in Theorem 4.11. The key ingredient of the classification procedure

is the construction of a generating set for the equivalence groupoid G~ of
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the class YW modulo G~-equivalence. This generating set is given in The-

~

orem 4.12. In view of the partition Gg,,

= G~ U G, of the equivalence

~

gen

with f # 0, cf. Remark 4.8, we can merge the results on WV with the anal-

ogous results from Remark 4.19 on the class Wi, of linear equations of the

groupoids G, of the superclass Wyey of all equations of the form (4.16)

form (4.16) to those for Wee,. Thus, we have also obtained the complete
group classifications of the classes Wi, and W, and the classifications of
admissible transformations of these classes.

Below we compare this paper’s results with some similar results existing
in the literature for related classes of differential equations. The problem of
group classification for the class of semilinear wave equations of the general

form
Ut = Uz + g(E, T, U, Uy) (4.53)

was solved in [181,182]. The class (4.53) was partitioned into four (nor-
malized) subclasses, and each of these subclasses was classified separately.
One of these subclasses, which we denote by I, is singled out from the
class (4.53) by the constraint g,, = 0. The group classification of the
subclass K was carried out in Section 6 of [182] and the major part of
classification results was collected in Table 1 therein, see also Section V
and Table I in [181]. Cases ls—1p=2 j=1, 2j=1, Dac—1, 6a.—; and 18a._; of
Table 4.6 in the present paper correspond to Cases 3, 2, 8 5 and 9 of
Table 1 in [182], whereas the Liouville equation is given as Case 20 in Ta-
ble 4.6 of the present paper and as the equation (5.4) in [182], and this
exhausts all possible analogous cases. The counterpart of Case 1s—1 ;22 j—1
of our Table 4.6 is missed in [181,182]. In fact, each of Cases 3 and 4 of
Table 1 in [182] should contain one more constant parameter, which cannot
be removed by equivalence transformations of the subclass K. In [179,180],
Lahno and Spichak classified the semilinear elliptic equations of the rather

general form

Ut + Ugy = F(t7x7u7utaux)
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whose maximal Lie invariance algebras are finite-dimensional. Cases 6a, 7,
ba and 18a of Table 4.6 are the restrictions of the first cases of Theorems 3.1

7

and 3.2 from [179] and of the cases “Asg-Invariant Equations (1)” and
“Ay1o-Invariant Equations (3)” from [180] to the class W, respectively.
There are no other related cases in [179,180] and the present paper.

More important than the solutions of the above specific classification
problems are the development and modification of general concepts and
techniques as well as their combinations that have been carried out in the
course of solving these problems in the present paper.

Partitions of classes of differential equations into subclasses that induce
partitions of the corresponding equivalence groupoids had already regularly
been applied in the course of the study of equivalence groupoids [21,239,
248]. We have made the two partitions of classes, Wyen = W U Wi, and

W =W, U W, obtaining the partitions of the groupoids
Goon =G~ UG, and G~ =Gy ugy,

see Remark 4.8 and Proposition 4.16. All the above classes and subclasses
have the same equivalence group G~. Nevertheless, in contrast to the exam-
ples existing in the literature, the subclasses in these two partitions do not
have better normalization properties than their superclasses. This is why
no kind of normalization can be used for justifying the partitions, which
are rather derived via the direct analysis of the determining equations
for admissible transformations. Although the structure of the partition
components is simpler than the entire groupoid for both the groupoid par-
titions, this becomes clear only after a comprehensive study of admissible
transformations.

We have separately constructed generating sets By and B; of the equiv-
alence groupoids Gy and G7°, which are constituted by the families T1]|y,
and T3-T9 and by the families T1|y, and T2 given in Theorem 4.12, re-
spectively. Due to constructing By and B; modulo G~-equivalence, we can

and should factor out elements of the action groupoid G& from admis-
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sible transformations before including to these sets. This is realized via
successively gauging arbitrary elements of singled out subclasses of equa-
tions that are sources or, equivalently, targets of elements from G~ \ G
In other words, mapping these subclasses onto smaller ones with simpler
equivalence groupoids by families of equivalence transformations, we have
factored out subgroups of G~ and have simplified the consideration for the
corresponding classification cases.

To classify admissible transformations of the class W, in the optimal
way, we split the construction of the generating set B, in the simultaneous
proof of Lemmas 4.17 and 4.18 into two cases depending on the number
of independent constraints for arbitrary elements that arise in the course
of the classification. In this way, we have extended for the first time the
method of furcate splitting to the construction of generating sets of admis-
sible transformations.

Moreover, we have found a bijective functor between two categories,
which are the equivalence groupoids Gy and Gy o of the subclasses Wy
and Wy, of equations of the forms (4 42) and (4.45) with g' # 0 and a
fixed ¢ € {—1,1} and with a fixed ¢* satisfying ¢2g2,., # (92,)*, respec-

tively. The isomorphism from G, to Ggy,, is given by

Er>E=E¢, gr—>g g
P:t=T,i=X, i=u—In|X?—ecX?
o:t=T, 2=X, 4=u

Fixing ¢’ and ¢ is natural since values of these parameters cannot be
changed by admissible transformations in the entire classes Wy, and Wy,
up to gauge equivalence transformations of moving a nonzero constant
multiplier between ¢' and ¢? within W, which can be neglected. That
is, the partitions of the classes Wy, and W,; into the subclasses associated
with fixed values of €' and of g%, Wy = UoWoyor and Wy = L2 Woige,
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induce the partition of the corresponding equivalence groupoids,
Goo = U Ggor and - Goy = U2 G o

No equations from Wy are related to equations from Wyy,, by point trans-
formations. In other words, the functor from Gy, to g(’ﬁgz is not underlaid
by a family of point transformations generating a mapping from Wy
onto Wy, or conversely. Nevertheless, it allows us to easily obtain the
equivalence groupoid Ggy,, from the equivalence groupoid G,

A necessary preliminary step for finding the above functor is the proper
selection of classes to be related via a functor. For the first (degenerate)
case in the simultaneous proof of Lemmas 4.17 and 4.18, under the gauge
f = e we derive the specific form g = ¢°(x)e" + ¢g!(x) for values of g of the
source and target equations of admissible transformations that are not gen-
erated by elements of G~. There are two possibilities for a further gauging
of parameters in the above form of g, either to ¢! = 0 or to ¢° = ¢’. The
first possibility seems preferable since after gauging we obtain equations of
the same general form as those in the class (4.45). In this way, the study
can be reduced to describing the equivalence groupoid of the single class of
equations of the form (4.45), where the auxiliary inequality g2¢2,, # (g2,)°
is neglected. At the same time, the structure of the subgroupoid of the

above groupoid that is the equivalence groupoid of the subclass singled out

2
U

by the constraint g2¢2,. = (g2,)? is different from and more complicated
than the structure of its complement, and thus this subgroupoid needs a
separate consideration. As a result, the preferable gauge is in fact ¢° = €.
Although we then have to study two classes of equations of different forms,
via excluding the evidently marked out value g' = 0, which corresponds
to the Liouville equations giving rise to the family T9 of admissible trans-
formations, and via fixing ¢’ and ¢* we have partitioned the corresponding
equivalence groupoids into naturally isomorphic subgroupoids. Therefore,
it suffices to describe only one of them.

It is convenient to construct a generating set for the equivalence
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groupoid Gy, up to the equivalence group of the subclass Wy since then
we can apply various algebraic techniques, including an original extension
of Hydon’s algebraic method to admissible transformations.*® These tech-
niques are based on knowing the maximal Lie invariance algebras of equa-
tions from the subclass Wy whose efficient classification involves a prelim-
inary knowledge on admissible transformations within the subclass Wy .
This is why we have merged the proofs of Lemmas 4.17 and 4.18. Mapping
the families T3'-T'7" into the families T3-T7 and uniting the restrictions of

the families T3-T8 to Wy and to the class of equations of the same form

2

292, = (g2,)% provide us with the presentation of the final results in

with g
Theorem 4.12 in a concise form.

An unexpected by-product of the proper additional gauging of the
arbitrary elements for equations from the class W, with f = ¢ and
g = ¢°(x)e" + g'(z) by transformations from the group G~ is that this
gauging is in accordance with the maximal natural gauging of the arbi-
trary elements within the class Wy, by transformations from the same
group, which leads to the subclass Wi of Wi,. There exists a canonical
isomorphism between the essential equivalence groupoid G/ 7% of Wiy and
the equivalence groupoid of the class of equations of the form (4.42) with a
fixed value of ¢/, and it is the above concordance that makes this existence
evident. As a result, the complete group classifications of the class Wi, up
to G~- and G~ -equivalences and the classification of admissible transforma-
tions within this class are carried out in the single Remark 4.19. This is one
more demonstration of the efficiency of the functor method in classification
problems of group analysis of differential equations. Note that analogously
to the previous isomorphism between G, and Gy, this groupoid isomor-

phism is not induced by families of admissible point transformations within

45This consideration shows that the algebraic method can further be developed to the construction
of the complete equivalence groupoids for classes of differential equations via applying the algebraic
method to the corresponding equivalence algebroids, which are infinitesimal counterparts of the equiva-

lence groupoids.
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the superclass Wien.

Necessary preliminaries for the classification of singular Lie-symmetry
extensions within the subclass W, have been given by the classification of
admissible transformations within this subclass. As a result, the former
classification can easily be completed by either the direct or the algebraic
method. The classification of regular Lie-symmetry extensions has been
carried out within the framework of the algebraic method and has reduced
to the preliminary group classification of the subclass VW. We have used
our optimized version of this method, which involves the classification of
candidates for appropriate subalgebras of g~ by taking into account the
principal restrictions on the dimensions and structure of such subalgebras
and the completion of selecting appropriate subalgebras in the course of
constructing the corresponding equations possessing Lie-symmetry exten-

sions.

4.3. Lie Symmetries of (241)-Dimensional

Nonlinear Dirac Equations

In 2004 /2005 the first truly two-dimensional solid state material, graphene,
was created in the laboratory [210,211,331]. Later in 2010 the Nobel Prize
in Physics was awarded to A. Geim and K. Novoselov “for groundbreak-
ing experiments regarding the two-dimensional material graphen”. It was
noted in [210] that in graphene “electron transport is essentially governed
by Dirac’s (relativistic) equation.” The authors of [331] has presented a
new class of nonlinear phenomena in Bose-Einstein condensates in a honey-
comb optical lattice, that can be described by a nonlinear Dirac equation
(NLDE) in 2+1 dimensions. The form of the nonlinearity appeared as
a natural physical result of binary interactions between bosons. It was
shown that NLDE for Bose—Einstein condensates breaks the Lie symmetry

governed by Poincaré algebra. After these works there were a number of
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papers with studies of NLDEs in two spatial dimensions. For example,
some exact stationary state solutions of a nonlinear Dirac equation in 241
dimensions was constructed in [113] (see also [115]). The important results
on symmetries of NLDEs can be found in [89,95].

Inspired by the importance of (2+1)-dimensional NLDEs we investigate

Lie symmetries of the following model equations

F
(1020y + 010, — 030,)¥ = @,  where ¥ = (u) , D= <G> . (4.54)
v

Here u = u(t, x,y) and v = v(t, z,y) are dependent variables, F' = F'(u,v)
and G = G(u,v) are arbitrary smooth functions which are not linear in u

and v simultaneously, o1, 09, and o3 are the Pauli matrices

0 1 0 —i 1 0
o] = , 09 = , O3 = :
1o >~ \i 0 T lo -1

Equation (4.54) can be rewritten as the coupled system of first-order partial
differential equations (PDE system)
v+ v, —u, = F(u,v),
v = Flwo) (4.55)
U — Uy — vy = —G(u,v).

It is well known that the Dirac equation describes a complex wave
function. However, for some physical problems it is possible to restrict
ourselves to real solutions like it is done in theories of massive neutrino.
In this case a special (Majorana) representation of the Dirac matrices with
purely imaginary entries should be used. In the present paper we also

restrict ourselves to the Dirac equation for real wave functions.

4.3.1. Lie symmetries. We study Lie symmetries of PDE systems from
class (4.55) using the classical approach [217,227]. We fix a system £ from

class (4.55) and search for vector fields of the form

X = gt(ta x,y,u, U)at + Sm(t7 T, Y, u, U)ax + gy(ta x,y,u, U)ay
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+n'(t, x,y,u,v)0, +0"(t, z,y,u,v)0,

that generate one-parameter point symmetry groups of £. These vector
fields form the maximal Lie invariance algebra A™** = A™**(L) of the PDE
system L. Any such vector field X satisfies the infinitesimal invariance

criterion, i.e., we require that

X(l)(vt—l—vx—uy—F(u,v))|E:O,

(4.56)
X (uy — uy — vy + G(u,v))|, = 0.

After the elimination of w; and v; by means of (4.55), equations (4.56)
become identities in nine variables, ¢, x, y, u, v, u,, u,, v, and v,. In fact,
equations (4.56) are polynomials in the variables u,, u,, v, and v,. The co-
efficients of different powers of these variables are zero, which gives twenty
four determining equations for the coefficients &%, &%, €Y, n* and n*. The
computations were verified using GeM software package for computation
of symmetries and conservation laws of differential equations [57].

At first we solve those determining equations, which do not involve F'
and G, and find the form of the coefficients of the operator X:

¢ =1ag(t® + 27 +y°) + (0 + aux + asy)t + By + Bax + po,
& =ta1(®+2° — y*) + (6 + aot + asy)x — Boy + Bot + p1,
¢ = Las(t? — 2% + y*) + (0 + apt + 1)y + Box + Bit + po,

n" = Xu+ ¢ — 3(B2 + ax + ont)u
—|—%(0z2(.7: —t) = (o + 1)y — (Bo + B1))v,
n’ = \v+ 1+ %(@2 + o + ast)v
—3(as(z +t) + (@ — ar)y + (Bo — Br))u,
where oy, 53;, pi, ¢ = 0,1,2, and ¢ are arbitrary constants whereas A, ¢, and

1y are arbitrary smooth functions of the independent variables ¢, z, and y.

Therefore, the general form of the infinitesimal operator is

X =x+ oK' + B J + 6D+ p; P, (4.57)
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where «;, 8;, pi, t = 0,1,2, and ¢ are arbitrary constants and

=Mu+¢)0y+ (MN+)d, P'=08, P'=08, P*=09,
D =t + z0, +y0,, J°=2x0, —yd, — %v@u + %u@v,
J' =10, + yo, — 100, — 3udy, J* =10, + 20 — Fud, + 3v0,,
K = 3(t* + 2* + y*) 0y + t20, + tyd, — 5(zu+ yv)d, + 3
K' =tz + 1(* + 2 — y*)0, + 2yd, — 5(tu + yv)d, + 5
K? = tyd; + xyd, + 5(8* — 2® + y*) 0y + 5(x — t)vd, — 3(x + t)ud,.
The usual summation convention, i.e., summation over repeated indices, is

used in (4.57). The nonzero commutation relations are

[ ]_ [PO Jl] — P2 [PO,JQ] — Pl, [Pl,JO] :PQ,
[Pl,J2] PO [PQ JO] [P2,J1] — PO, [JO,Jl] — {]27
[J°, ) = -J°, [JY ) =-J, [P°, K'Y =J% [P K?=J,
(P!, K" = J% [PYK?=-J° [PL, K| =J" [P*K'=J°

where 2 =0, 1, 2.

Then the remaining determining equations, which involve the func-
tions F', G and their first-order partial derivatives with respect to u and v,
are

[()\—%(Bz—l—aoa:—i-oqt)) u—% (o(t—2)+ (ap+an)y~+Bo+P1) v—|—90} E,
[% (—ao(z+1t)+ (a1 —ap)y+Bo—P1) u+ ()\—|—%(52—|—040:E—|—a1t)) v—Hﬂ F,
[aa(t—2)+(a1t+a0)y+Fo+ /]G

[(Oéo+%041)t+(Oé1+%060)x+042y+%52+5—>\]F
+(AyFaz)u— (A4 +a1+ap)v =Y =, +¢, = 0,
[(A=3(Bo+apztait)) u—3 (aa(t—2) + (ao+oa)y+Bo+51) v+e] G,
+ [3 ((ao(z+t)+ (a1 —ag)y+Bo— 1) u+ (A3 (Bt apz+ant)) v+9| G
+35 [ao(z+t)— (a1 —ao)y—Bo+ 5] F
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+ [(ao—%oq)t—l—(oq—%ao)x—kagy—%ﬁg—ké—)\}G
+(M—=Ap—ar+ag)u—(A\y+a2)v+pr—p,—1, = 0.

These equations are called the classifying equations or the classifying sys-
tem. The main difficulty of group classification problem is that they should
be solved for remaining uncertainties in the coefficients of X and the arbi-

trary elements of the class simultaneously.

4.3.2. The kernel algebra. In order to find Lie symmetries which are
admitted by any PDE system (4.55) we should split classifying equations
with respect to the functions F, G and their derivatives. This results in
the conditions o; = 8; = 0, 4,7 = 0,1,2, and § = A = p = o = 0, p",
k = 0,1, 2, are arbitrary constants. The following statement is true.

Lemma 4.30. The kernel of the maximal Lie invariance algebras of sys-

tems of equations from class (4.55) coincides with the three-dimensional
algebra A = (P Pt P?).

One-dimensional extension of A™2*, As classifying equations are quite com-
plicated we at first consider extension of the kernel algebra A*" on one
symmetry generator. For this purpose we take the general form of the
admitted Lie symmetry operator (4.57) and require that X and operators
from A*" form a Lie algebra, i.e., we require [A*", X] € (A*", X). This
condition implies the equalities

[P’ X] = apD + oy J* + apJ' + xy = aX,

(P!, X] = apJ? + a1 D — apJ” + x, = bX,

[P?, X] = agJ' + a1 J° + asD + x, = cX,

which result in the two possibilities for X
1. (a,b,¢) = (0,0,0) = X =3D+p8J +x,

2. (a,b,c) #(0,0,0) = X = edthrtayy,
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Here a, b and ¢ are arbitrary real constants, x = (Au + ©)9, + (Av + )0,
with A\, ¢, and 9 being arbitrary constants.

Case I. If X = 6D + B;J" + (M + ¢)9, + (Av + )9, where A, ¢, and 1)
are arbitrary constants, then the classifying equations take the form
[(2A = B2)u — (Bo + Br)v + 2] Fyy + [(Bo — Br)u
+@2A+ Bo)v + 20 B, + (81 + Bo) G+ (20 — 2A + Bo) F' = 0, (4.58)
[(2A = Ba)u — (Bo + Br)v + 20] Gy + [(Bo — Br)u
F@A+ B2)v + 20] Gy + (20 = 2X = o) G + (B1 — Bo) I =
This PDE system admits the point equivalence transformations
U= a1+ b0 + c1, v = agl + bV + co,
F=aF+bG, G = ayF + b,G.
Here a;, b; and ¢;, © = 1, 2, are arbitrary constants with A = a1bs—byas # 0.

The constant parameters appearing in system (4.58) are changed under

the action of these transformations as follows: Ad = d,

By = ﬁg ((Bo — Br)(ad + 1) + (Bo + B1)(a3 + b3) + 2B2(araz + biba)) |
B = —ig ((Bo — Br)(af = b}) + (Bo + B1)(a3 — b3) 4 2P2(araz — bibs)) ,
(B0 — Br)arbr + (Bo + B1)asbs + Ba2(aibs + bras)) ,
Lg [(Bo — Bi)bicr + (Bo + Br)baca + Ba(bica + c1bo)
+2)\(blcg — ¢1ba) + 201 — 2bay]
= 5418y — Br)arer + (Bo + Br)azcs + Ba(arcs + cran)
+2X(a1cy — craz) + 2a1¢ — 2a¢] ,
where A = aibs — bjas # 0. Considering the possibilities of simplifying
the coefficients we obtain that the nonzero triple (Bo, A, 52) has only three
inequivalent values depending on the sign of D = b3 + b} — bZ:

(0,0,1) if D>0, (1,1,0) if D=0,  (1,0,0) if D <O0.

Therefore, it is sufficient to consider four inequivalent forms of
the constant tuple (5o, 81, 02,0, \, @,1p), namely, 1. (0,0,1,8,X,0,0),



249

2. (1,0,0,0’,M,0,0), 3. (1,1,0,¢,X,0,0), 4. (1,1,0,0",0,¢',¢') and the
fifth tuple, namely, 5. (0,0,0,0’, A, 0,0) arises when 5y = 51 = 2 = 0.
Consider the first case, where 5y = 1 = p =9 =0, o =1, ) and A

are arbitrary constants. Then system (4.58) becomes

(2A — DuF, + (2A + 1)vE, + (26 —2A + 1) F = 0,

4.59
2A — DuGy + 22X+ 1)vGy + (26 —2XA — 1) G = 0. (4.59)

1+2)\)

If A # 1/2, then the general solution of (4.59) is F' = Mase) F(vur=2x),
G=utimg (vu%) (Case 1 of Table 4.7). Here and below the functions
F and G are arbitrary smooth functions of their variables.

If X\ =31, then FF = v " F(u), G =v'"°G(u) (Case 2 of Table 4.7).

In the second case system (4.58) takes such a form which has no solu-
tions over the real field R and can be solved over the field C only.

In the third and the fourth cases system (4.58) becomes

AM—-—v+)Fy+MN+Y)F,+(0—N)F+G=0, (4.60)
Mt — v+ @) Gy + (M + 1) Gy + (6 —N) G =0, '

where either ¢ = 1 = 0 or A = 0. The results of its integration are

presented by Cases 3-5 of Table 4.7.
In the fifth case system (4.58) is of the form

uF, +vF, + (0/A—1)F =0, uG,+vG,+ (6/Xx—1)G =0,

whose general solution is F' = u'~9/* F(v/u), G = u'~* F(v/u) (Case 6
of Table 4.7).

Case II. If X = ™02 (\u + ¢)d, + (Av + 1)d,), where a, b, ¢, ), ¢,
and v are arbitrary constants with (a,b,c) # (0,0,0), then system of the

classifying equations becomes the uncoupled system
(Aut@)Fy+(Av+9) Fy—AF+c(Au+¢)—(a+b)(Av+1) = 0, (461)
(Au+9)Gy + (Av+19)G, — AG + (a—b)(Au+y¢) — c(Av+1) =0 |

If A £ 0, then the equivalence transformation @ = \u + @, v = v + 1,
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Table 4.7:  Lie symmetries of (241)-dimensional Dirac equations (4.55).

Nonlinearities Basis operators of A™a%
1| F=u T Fou), PO, P, p2,
AAL | G = ul TR g our ) SD+.J2+ N (udy +v0y)
2 | F=v"%F(u), PY Pl p2
G =v""°G(u) 6D+ J%+ 5 (udy+vd,)
3 |F=-3W(2)G PO, Pl P2
A#0 +€>\T_6W(Z)]:(lnv+)\u/v), §D+J0+ T+ X9y +v0,)
G= eAT_(SW(Z)g(lnv—i—)\u/v)
4 F:SO;UG PO pl p2
YA0 | +evP ) Flo — pu — 30?), 5D+ JO+ 1+, + 1D,
G = vV Glov = du = o)
5 :v_ G—i—evw}"() PO, pl P2
G:ev%g( ) SD+J0+ I+,
6 | F=u'""9F/u), PY pl p2
A£0 | G =u'"G(v/u) D+ A (udy+v0y)
7 | F=((b+a)v—cu)lnutuF(v/u), | P’ P P2
G = ((b—a)u+ cv)Inut+uG(v/u) e HbrHey (y9, +00,)
8 | F=(b+a)/p—c)utFlu—yv), | P’ P, P
0#0 | G=(b—a+c/o)u+G(u—pv) o(w)ed+br+ey (09, +0,)
9 | F=(atb+ Flu), PO, P!, p2,
G=cv+G(u) o(x—t)edttbrteyy,
10 | F=—cu+ F(v), po pt p2
G=(b—a)u+G(v) o(z+t)edttbrteyy,

Here 8, \, ¢, ¥, a, b and c are constants with a® + b+ ¢ # 0, w = P?(t +2) + 20y +t — z; 0 is
arbitrary smooth nonvanishing function of the indicated variable. W(z) = LambertW(z) [64],

)\
where z = —)\%e A

F = \F, G = \G maps system (4.61) to the one with A = 1, $ = ¢ = 0,
whose general solution is
F=({(b+av—cu)lnu+uF(v/u),
G=((b—a)u+cv)lnu+uG(v/u)
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(see Case 7 of Table 4.7).
If A =0, then (¢,%) has the following inequivalent values (¢, 1) with
¢ # 0 and (1,0). The corresponding general solutions are

F=((b+a —c)u+ F(u— pv),
G:Ez(;ai/f/gp)iwm(wf,) P70 v =1
F = (a+b)o + F(u).

G = cv+G(u), p=0e=t

F=—cu+ F(v),

G = (b—a)u+G(v),
(Cases 8-10 of Table 4.7).

Let us note that the four-dimensional Lie symmetry algebras

(P, PY, P2, "0, +49,)),  (p,9) € {(p,1),(1,0)}

are not maximal for nonlinearities presented in Cases 8-10. The corre-
sponding systems (4.55) admit infinite-dimensional Lie symmetry algebras
with basis operators adduced in Table 4.7.

Therefore we have found all nonlinearities F' and G, for which (2+1)-
dimensional real Dirac equations admit extension on one-symmetry gen-
erator. It should be noted that in most cases the maximal Lie invariance
algebra becomes four-dimensional (Cases 1-7), but sometimes the exten-
sion operator appears to involve an arbitrary function and in this case the

maximal Lie invariance algebra becomes infinite-dimensional (Cases 8-10).

Note 4.31. Table 4.7 consists some cases that are equivalent with respect
to point transformations. Thus, Cases 9 and 10 are mapped to each other

by the transformation
t——t, z—2x, y—-—-y, u—v, v—u F—G, G—F,

that belongs to the equivalence group of class (4.55). The same transfor-

mation maps Case 2 to Case 1 with A = —1/2.
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Note 4.32. The Lie invariance algebras adduced in Table 4.7 are maximal
Lie invariance algebras for arbitrary values of constants and functions ap-
pearing in corresponding nonlinearities F' and GG. For certain values of the

parameters these algebras will not be maximal. For example, let ¢ = 0,
F, =G, =01n Case 5 of Table 4.7, then the system (4.55) takes the form

u du
UVt + Uy — Uy = (;m—l—mg)ev,
Up — Uy — Uy = — ke,
where x; and ky are constants, k2 + k3 # 0. It admits additional Lie
symmetry generated by the operator D + ud, + vd,. The maximal Lie

invariance algebra is five-dimensional in this case.

4.3.3. Reduction Procedure. In this section we present a couple of
examples of finding exact solutions of NLDEs from class (4.55) via Lie
reduction method. Consider Case 6 of Table 4.7 with 6 = A # 0, namely,
PDE systems (4.55) of the form

v + v, — uy = F(v/u), (4.62)

U — uy — vy = —G(v/u),
admitting the Lie invariance algebra g = (P°, P!, P?, D +ud, + vd,).

Using one-dimensional subalgebras of g we can reduce family of PDE

systems (4.62) to PDE system in (141) dimensions. Consider, for exam-
ple, the one-dimensional subalgebra (D +ud,+v0d,)) of g. This subalgebra
belongs to the optimal system of subalgebras of g (a procedure of finding
the optimal system is well described in [217] and classification of subalge-
bras of real three- and four-dimensional algebras can be found in [230]).
The substitutions v = tU(z,w), v = tV(z,w), where z = x/t, w = y/t,
reduce (4.62) to the (1+1)-dimensionsional PDE system

(1—2)V. —wV, — U, + V = F(V/U),

(4.63)
1+ 2)U, +wU, +V,, — U =G(V/U).
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We have found simple particular solutions of this system for arbitrary
F==G. Itis

U=FV=(wF1)C, FF(F1), F==G,
where (' is an arbitrary constant. Thus system (4.62) has the solutions

u=—v=(y—t)C, —tF(-1) if F=g,

u=v=(y+t)Cy +tF(1) if F=-G,
that are valid for any function F that is well-defined when its argument is
equal to —1 (resp. to 1 in the second case).

To reduce system (4.62) to an ODE system a two-dimensional subalge-

bra should be used. Consider the two-dimensional subalgebra
(Pl + ao P2 + ayP°, D+ ud, + v0,), «Q9,a9 € R.
The substitutions reducing system (4.62) to ODE system are

u=(t —apx)U(2), Y — Qo
where 2z = .
v=(t — az)V(2), t—aor

The corresponding ODE system is

((ap— 1)z =) V. = U.+ (1 —a)V = F(V/U),

(4.64)
((CM() + 1)2’ — O{Q) UZ + ‘/Z - (1 + CY())U = Q(V/U)

If 7 = G then the system has particular solution
U=-V=(ag—14+(1—ap)2)Cy — F(-1)/(1 — ), ap#1,
where ] is an arbitrary constant. Therefore the solution of system (4.62)

with F =G is

(t — apzr)F(—1)
(1 — Oé()) '

It is valid for any F that is well-defined when its argument is equal to —1.

u=—v=/[(t—apx)(a—1)+ (y — ax)(1 — )] C; —
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Using the reduction method exact solutions can be constructed to other
NLDEs (4.55) with nonlinearities presented in Table 4.7.

The preliminary group classification of nonlinear Dirac equations in
two spatial dimensions for real wave functions is carried out in [303].
Namely, all forms of nonlinearities F' and G such that the correspond-
ing NLDE (4.55) admits one-dimensional extension of its Lie invariance
algebra are described. The found symmetries are useful for construction
of exact solutions for wide subclasses of such equations with nonlinearities
presented in Table 4.7.
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Appendix A

Lie and Nonclassical Symmetries of Variable

Coefficient Reaction—Diffusion Equations

In this appendix we collect the results on classification of Lie and nonclas-
sical (conditional and potential) reduction operators for classes of (1+1)-
dimensional reaction—diffusion equations with coefficients dependent on
spatial variable.

Section A.1 is devoted to the group classification of diffusion equations
with a nonlinear source u; = ug, + h(x)B(u), hBy, # 0. The achieve
complete classification we use a conditional equivalence group found in the
course of the study of admissible point transformation within the class.

In section A.2 Lie and nonclassical reduction operators of variable co-
efficient semilinear reaction-diffusion equations with exponential source
f(z)ur = (g(x)uy), + h(z)e™ are investigated using the algorithm involv-
ing a mapping between classes of differential equations, which is generated
by a family of point transformations. Special attention is paid to check
whether reduction operators are inequivalent to Lie symmetry operators.
The derived reduction operators are applied to construction of closed-form
solutions. The similar study on nonclassical reduction operators of vari-
able coefficient semilinear reaction-diffusion equations with power source
f(@)us = (g(x)ugz)r + h(x)u™ is performed in Section A.3.

In Section A.4 we derive potential symmetries of variable coefficient
nonlinear diffusion equations of the form f(z)u; = (g(z)u"uy)., fgn # 0.

The results collected in this appendix are published in the following
papers [11%* 23% 25% 26* 30%*].
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A.1. Group Classification of a Class of Quasilinear

Reaction—Diffusion Equations

In this section we solve the group classification problem for the class of

variable coefficient semilinear reaction—diffusion equations of the form
U = Ugy + h(x)B(u), (A.1)

where h = h(z) and B = B(u) are arbitrary smooth functions of their
variables, hB,, # 0. Linear equations singled out from class (A.1) by the
condition B,, = 0 are excluded from consideration since group classifica-
tion of all second-order linear PDEs in two dimensions was performed by
Lie (see [186]). Equations (A.1) are used to model various phenomena such
as microwave heating, problems in population genetics, etc. (see, e.g., [44]
and references therein). Lie symmetries of certain subclasses of (A.1) are
known. The group classification of constant coefficient equations from
class (A.1) was carried out by Dorodnitsyn [70] (the results are adduced
in handbook [131]). Class (A.1) includes the generalized Huxley equations
Uy = Ugy + h(2)u?(1 — u), whose Lie symmetries were studied in [43,136].
There exists also a certain intersection with the results on group classifi-

cation of the classes

U = Uye + H(x)u™ + F(z)u, m#0,1, H#0, and (A.2)
Ut = Ugy + H(z)u? + G(x), H #0, (A.3)

which were obtained in [300]. Firstly we present the results on the study

of admissible transformations in class (A.1).

Theorem A.1. The usual equivalence group G~ of class (A.1) consists of

the transformations

ﬂh B = §,B,

gzé%t—{—éQ, 5~(::51x+(53, '&:54U+55; ;L: ) )
575,

where 0, 7 =0,...,5, are arbitrary constants with 600104 7 0.



292

Table A.1: The group classification of the class u; = uy, + h(x)B(u), hBy, # 0.

no. | B(u) | h(zx) Basis of Amax

v O

v
1 A dx=2 | O, 2t0 + x0,
v

0 | O Op

3 u™ dz® | Oy, 2(m —1)t0r + (m — 1)x0z — (s + 2)ud,

4 u' 0e* | O, (1 —m)0y + ud,

5 u™ ) Oy Oy, 2(m —1)t0 + (m — 1)axdy — 2ud,

6 et dx® | O, 2t0 + 20, — (s+2)0,

7| et | et | 8y, O, F 220,

8 | ev 5 | 8y, Oy, 268, + 20y — 20,

9 | ulnwu ) Oy, Oy, €tudy, eét(ax—%xuﬁu)

Here §, m and s are arbitrary constants, m # 0,1, s 20, § = +£1 mod G™.

It appears that there exist point transformations between equations
from (A.1) which do not belong to G~ and form a conditional equivalence

group. Moreover, this group is not usual but a generalized extended one.

Theorem A.2. The generalized extended equivalence group ngp of the

subclass
Up = Ugy + h(x)(e™ 4+ 1) (A.4)
of class (A.1) is formed by the transformations

tN: 512t+(52, T = (Sll'—l—(Sg, u = 54u—|—g0(x),

Bzﬁe_i‘ph, =2 fmen?p_fa)
dsh

where v and 0;, j = 1,...,4, are arbitrary constants with 0104 # 0. The

transformation component for r can be interpreted as the constraint for o,

Ouw = O4h(r — Fe 91%).



293

Theorem A.2 implies that class (A.4) reduces to the class

Uy = Tgy + h(x)e™ (A.5)
by the transformation { = t, & = x, & = u+ p(z), where h(&) = e #@h(z)
and ¢, = rh(x). Class (A.4) is normalized. Therefore, the equivalence

group of class (A.4) with » = 0 can be found setting 7 = r = 0 in transfor-

~

mations from the group Gexp.

Corollary A.3. The usual equivalence group G, of the class

Ut = Uy + h(x)e™

consists of the transformations

t=0%+0y, T=0w+03 @=0d4u-+ 05z + 5,
= 04 (5uats) _n
h = —¢ 5\%7%)p, = —

(5%6 , n 5,

where 0, j =1,...,6, are arbitrary constants with 6104 # 0.

In the course of the study of Lie symmetries we use the derived equiv-
alence transformations for the simplification of calculations and for pre-
senting the final results in a concise form. We study Lie symmetries of
equations from class (A.1) using the classical approach [227] in a combi-
nation with the method of furcate splitting [245]. The results on group
classification of class (A.1) are summarized in Table A.1. It is important
to note that group classification of subclass (A.4) is carried out up to the

A~

Gop-equivalence, whereas all other cases are classified up to the usual G™~
equivalence. The complete proofs can be found in [308].

The derived results on group classification can be applied for searching
closed form solutions via the classical reduction method. The knowledge of
Lie symmetries is also necessary for finding nonclassical symmetries (called

also -conditional symmetries or reduction operators) of equations (A.1).
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A.2. Lie and Nonclassical Reduction Operators
of a Class of Semilinear Diffusion

Equations with an Exponential Source

In this section we use the method of mappings between classes to find non-
classical reduction operators of the variable coefficient reaction-diffusion

equations with exponential nonlinearity
f@)u = (g()ug)s + h(z)e™. (A.6)

Here f, g and h are arbitrary smooth functions of the variable x, fgh # 0
and m is an arbitrary nonvanishing constant.

Lie Symmetries and Equivalence Transformations. Class (A.6) has
complicated transformational properties. An indicator of this is that it
possesses the nontrivial generalized extended equivalence group, which does
not coincide with its usual equivalence group, cf. Theorem A.4 below. To
produce the group classification of class (A.6) it is necessary to gauge
arbitrary elements of this class with equivalence transformations and a
subsequent mapping of it onto a simpler class [288,300]. It appears that
the preimage set of each equation from the imaged class is a biparametric
family of equations from the initial class (A.6). Moreover preimages of the
same equation belong to the same orbit of the equivalence group of the
initial class. It allows one to look only for the simplest representative of
the preimage to obtain its symmetries, solution etc., and then to reproduce
these results for a two-parametric family of equations from the initial class

using equivalence transformations.

~

Theorem A.4. The generalized extended equivalence group Gg, of

class (A.6) consists of the transformations

5251t+527 :Z‘ZQD(QL‘), 1]:(53u—|—¢($),

0 - b}
501f, g = 00z, h:50365<;p<—E )h, fn:?,
3

T T

f=
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where ¢ is an arbitrary nonconstant smooth function of x, ¥ = 04 [ %7%55

and 0, 3 =0,1,...,5, are arbitrary constants such that dyd103 # 0.
Corollary A.5. The usual equivalence group of class (A.6) is the subgroup
of Gg(p singled out by the condition d, = 0.

The transformations from G2 associated with varying the parameter d

exp

in fact do not change equations from class (A.6) and hence form the gauge
equivalence group of this class. The values of arbitrary elements connected
by a such transformation correspond to different representations of the
same equation.

We firstly map class (A.6) onto its subclass
f@)uy = (f (2)uz)e + h(x)e" (A.T)

(we omit tildes over the variables) using the family of equivalence trans-

formations parameterized by the arbitrary elements f, g and m,
1
x §
@) dr, U= mu. (A.8)

t = sign(f(z)g(z))t, == / g(x)

The new arbitrary elements are expressed via the old ones in the following

way:

f(@) = 3(@) = sign(g(@)| f(@)g(@)[},  h(E) =m ‘%

The next step is to change the dependent variable in class (A.7):

h(z), m=1.

v(t,z) = u(t,r) + G(z), where G(z)=1In|f(z) 'h(z)|. (A.9)
Finally we obtain the class
U = Uy + F(2)v, + €€’ + H(z), (A.10)

where ¢ = sign(f(z)h(x)) and the new arbitrary elements F' and H are
expressed via the arbitrary elements of class (A.10) according to the for-

mulas

F=ff"' and H=—-G, —G,F (A.11)
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Table A.2: The group classification of the class A.10.

no. F(x) H(x) Basis of A™ma*

0 N N O

1 | ozt 4px | Be=2+2u | Oy, e 20y — pzdy + 2u0,)

2 ar~! B2 O, 2t0p + x0y — 20,

3 7%y ~ Oy, e Mo,

4 A v O, Oz

5 T 20 O, e M9,, e 29y — pwdy + 2ud,)
6 A 0 Or, Oy, 260 + (x — Mt)0y — 20,

Here A € {0,1} mod G5, p = 1 mod G,,; «, 8 and v are arbitrary constants,

exp’ exp’

a? + %2 £ 0. We also have v # 2u and v # 0 in Cases 3 and 4, respectively.

All results on Lie symmetries and solutions of class (A.10) can be ex-
tended to class (A.7) by the inversion of transformation (A.9).
The arbitrary elements f and h of class (A.10) are expressed via the

functions F' and H in the following way:
f=coexp (dem), h = ecyexp (dex—l—G),

(A.12)
where G = fe‘dex (01 — fHedexdm> dzr + cs.

Here ¢y, ¢; and ¢y are arbitrary constants, ¢y # 0. The constant ¢y is
inessential and can be set to the unity by an obvious gauge equivalence
transformation. The equations from class (A.7), that have the same image
in class (A.10) with respect to transformation (A.9), i.e. the arbitrary

elements of which are given by (A.12) and differ only by values of constants

~

c1 and cg, are G

-equivalent. The equivalence transformation
t=t, =z, G=utc [e [Ty +cy (A.13)

maps an equation (A.10) having f and h of the form (A.12) with ¢}4c2 # 0

~

to the one with ¢; = ¢; = 0. Hence up to Gexp

-equivalence we can consider,
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without loss of generality, only equations from class (A.7) that have the

arbitrary elements determined by (A.12) with ¢; = ¢y = 0.

Theorem A.6. The generalized extended equivalence group Gg, of
class (A.10) coincides with its usual equivalence group and is formed by

the transformations
t=02+0y, T=06x+03, D=v—Ind}, F=06'F H=06">H,

where 05, j = 1,2, 3, are arbitrary constants, 6; # 0.

The kernel of the maximal Lie invariance algebras of equations from
class (A.10) is the one-dimensional algebra (0;). It means that any equation
from class (A.10) is invariant with respect to translations by ¢ and there

are no more common Lie symmetries.

Theorem A.7. G -inequivalent cases of extension of the maximal Lie

invariance algebras in class (A.10) are exhausted by those presented in
Table A.2.

The corresponding results on group classification of class (A.6) up to

A

Go,-equivalence were derived in [288] and collected in Table A.3. The first

exp

number of each case indicates the associated case of Table A.2.

~

exp

of Lie symmetry extension are also constructed. The pairs of point-

Additional equivalence transformations between G7; _-inequivalent cases
equivalent cases from Table A.2 and the corresponding transformations

are exhausted by the following:

- - - 1
12, 565, t=—¢ T=c¢c"z, o=0v-2ut,

) ) 2 (A.14)
445y, 665, t=t, T=x+AX, =0

The inequivalence of other different cases of Table A.2 can be proved using
differences in properties of the corresponding maximal Lie invariance alge-
bras, which should coincide for similar equations. Thus the dimensions of

the maximal Lie invariance algebras are one, three and two in the general
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Table A.3: The group classification of class (A.7)

no. | f(x) h(x) Basis of A™max

0 v v O

1 | z%2™ | §pez® T | g, e 2t [at — pxOy + p (2 + xwi) 8u]

21| ot | 6w o, 20 +20,— (24 20,
2.2 T Spl—5 e O, 2t0 + 20y, — (2 — Blnz)0o,
3 e5 Seaat+w? O, e Mo, — e_“twgau
4.1 ev oeP* O, Op + (1 —p)0y
4.2 1 5e7 37 | 8y, Oy + y10y
5 e5®? Sesa’+w’ O, e Mo, — e*“twiﬁu,

e~ 2nt [3,5 — pxly + 1 (2 + xwg) au]

6.1 e oe* O, Oy, 2t0p + (x — )0y — 20,

6.2 1 1) 8t, 8:,;, 2758,5 + xf)x - 28u

Here § = £1, u = £1 mod G’T; a, B,7, p are arbitrary constants, p # 1, o® + 82 # 0. In case
2.1 a#1. Incase 3 v # 2u. In case 4.2 v # 0; w! = — far:*o‘e_%””2 [(Bz™2 + 2u)xae%x2dx dz,

B2 B2 ) . P
wd=—y[e 2" [e2"drdr, wd=wdmg,, wi= dd%, i=1,3.5.

case (Case 0), Cases 5 and 6 and the other cases, respectively. In contrast
to Cases 1-3, the algebra of Case 4 is commutative. The derivative of the
algebra of Case 3 has the zero projection onto the space of ¢ and this is
not the case for Cases 1 and 2. Possession of the zero (resp. nonzero) pro-
jection onto the space of ¢ is an invariant characteristic of Lie algebras of
vector fields in the space of the variables ¢, x and v with respect to point
transformations connecting a pair of evolution equations since for any such
transformation the expression of the transformed ¢ is well known to depend
only on ¢ [160,192].

A more difficult problem is to prove that there are no more additional
equivalences within a parameterized case of Table A.2. (In fact all the cases

are parameterized.) A description of the set of admissible transformations



299

of the class (A.10) is given by the following statements.
Proposition A.8. Any admissible point transformation in the class (A.10)

has the form

P=T@), i=0yTixa+X(t), ©=v—InT),

S

where 6 = 1 and T and X are arbitrary smooth functions of t such that
Ty > 0. The corresponding values of the arbitrary elements are related via

the formulas

0 0T Xy 1 T
VT,  2VT# . T, T

Corollary A.9. Only equations from the class (A.10) the arbitrary ele-

F:

ments of which have the form

i

T (A.15)

«
F=p+\+——, H=7v9+
T+ K

where «, B, v, k and p are constants, possess admissible transformations

~

exp”

The subclass of the class (A.10), singled out by condition (A.15), is closed

under any admissible transformation within class (A.10). The (constant)

that are not generated by transformations from the equivalence group G

parameters of the representation (A.15) are transformed by an admissible

transformation in the following way:

da=a, B=p  E=6yTik—X if (a,B)#(0,0),

In particular Ty = 0 if v #£ 2u.

Finally we can formulate the assertion on group classification with re-

spect to the set of admissible transformations.

Theorem A.10. Up to point equivalence cases of extension of the maximal

Lie invariance algebras in class (A.10) are exhausted by Cases 0, 2, 3, 4x—¢
and 6|yx=o of Table A.2.
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A.2.1. Nonclassical Reduction Operators and Solutions. Reduc-
tion operators of equations from class (A.7) are easily found from reduction

operators of corresponding equations from (A.10) using the formula

Here 7, £ and n, respectively, are the coefficients of 0;, 9, and 0, in a
reduction operator of an equation from class (A.10). The function G is
defined in (A.12).

In [299,300] we discussed two ways to use mappings between classes
of equations in the investigation of reduction operators and their usage
to find solutions. The preferable way is based on the implementation of
reductions in the imaged class and preimaging of the obtained solutions
instead of preimaging the corresponding reduction operators.

Following the above algorithm we look for G -inequivalent reduction
operators with nonvanishing coefficient of 9, for the equations from the
imaged class (A.10). Up to the usual equivalence of reduction operators

we need to consider only the operators of the form
Q=0+ &(t,x,v)0, +n(t, x,v)0,.

Applying conditional invariance criterion to equation (A.10) we obtain
a third-degree polynomial of v, with coefficients depending on ¢, z and v
which has to identically equal zero. Separation respect to different powers
of v, results in the following determining equations for the coefficients &

and n:
Sow =0, Ny = 2(&60 — &8 — Ffu)a §t — Eux + 2828
+ 38, (H 4+ e€”) + 21y — 26,n + F& + EF, =0, (A.17)

TNt — Nax + 2€x77 = ng + an + (2533 - nv)H + 560 (77 + 2637 - 771}) :

Integration of the first two equations of (A.17) gives us the expressions

for £ and n with an explicit dependence on v:

1
E=av+b n= —§a203+(a$—ab—aF)v2+cv+d, (A.18)
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where a = a(t,z), b = b(t,x), ¢ = c(t,z) and d = d(t,x) are smooth
functions of ¢ and =x.

Substituting the expressions (A.18) for £ and 7 into the third and forth
equations of (A.17) and collecting the coefficients of different powers of v
in the resulting equations, we derive the conditions a = ¢ =0, d = —2b,
and two classifying equations, which contain both the coefficient b = b(¢, x)
and the arbitrary elements F' = F(z) and H = H(z). Summarising the

above consideration we have the following assertion.

Proposition A.11. Any reqular reduction operator of an equation from

the imaged class (A.10) is equivalent to an operator of the form
Q = 0 + b0, — 20,0, (A.19)

where the coefficient b = b(t, x) satisfies the overdetermined system of par-
tial differential equations
by — by + 20b, + Fb, + 0F, = 0,

(A.20)
bH, + 2b, H — 4bb,y — 2(Fb) sy — 2F by, = 0

with the corresponding values of the arbitrary elements F = F(x) and
H = H(x).

We were not able to completely study all the cases of integration of
system (A.20) depending upon values of F' and H. This is why we try to
solve this system under different additional constraints imposed either on b
or on (F, H).

The most interesting results are obtained for the constraint b; = 0.
Then F' and H are expressed, after a partial integration of (A.20), via the

function b = b(x) that leads to the following statement.

Theorem A.12. For an arbitrary smooth function b = b(x) the equation

from class (A.10) with the arbitrary elements
2

F= B

(bp + k1 — %), H=— (ka+by(k1 —b*) + bby) , (A.21)

[« NI
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where ky and ks are constants, admits the reduction operator (A.19) with

the same b.

An Ansatz constructed by the reduction operator (A.19) with by = 0
has the form
dx
.
The substitution of the Ansatz into equation (A.10) leads to the reduced
ODE

v=z(w)—2Inlb|, where w=1-—

Zow — klzw +ee® + 2]{32 = 0. (A22)
For k; = 0 the general solution of (A.22) is written in the implicit form
[(e1 — 4dkoz — 2662)_% dz = t(w+ ). (A.23)

Up to similarity of solutions of equation (A.10) the constant ¢, is inessential
and can be set to equal zero by a translation of w, which is always induced
by a translation of ¢.

Setting additionally ko = 0 in (A.23), we are able to integrate (A.23) in
closed form and to write explicitly the general solution of (A.22). If ¢ =1,
then ¢; > 0 and (A.23) gives the following expression for e*:

2
ez o 231

B COShZ(Slw + 59)

Here and below s; = /|c1|/2 and sy = c9s1. If € = —1, the integration

leads to

( 257
. 192 ! , €1 > 07
sinh”(s1w + s9)
2 2
e = < °1 ., 1 <0,
cos?(s1w + S2)
2
. ¢ = 0.
( (w + ¢2)? '
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As a result, for the equation from class (A.10) of the form

1 2
U= U F 7 (by — b*) vy + e’ + 7 (b — bb,) (A.24)
with € = —1, we construct three families of closed-form solutions

= —21n 2£bsmh <S1t—81/—+52>

2 d
v=—2In £bcos <81t—81 —x+82) )
S1 b

2
v=—-2ln gb <t—/d%+02) ,

where s1, s and ¢y are arbitrary constants, s; # 0. Also we obtain a family

2£bCOSh (Slt—81/——|—82>

of the equation (A.24) with € = 1.

We continue the consideration by studying whether the equations from

(A.25)

of solutions

— —2In (A.26)

class (A.10) possessing nontrivial Lie symmetry properties, i.e. having the
maximal Lie invariance algebras of dimension two or three, have nontrivial
(i.e. inequivalent to Lie ones) regular reduction operators. It has been
already remarked that constant coefficient equations from class (A.10) do
not admit such reduction operators [13,61]. Hence it is needless to consider
Cases 4 and 6 of Table A.2 as well as Case 5 connected with Case 6 by
point transformation (A.14). As Case 1 reduces to Case 2 with the same
transformation (A.14), we have to study only two cases, namely Cases 2
and 3. We substitute the pairs of values of the parameter-functions F
and H corresponding to Cases 2 and 3 into system (A.20) in order to find
relevant values for b. We ascertain that b; = 0 is a necessary condition for

existing non-Lie regular reduction operators for equations with the above
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values of (F, H). This is why we can use equations (A.21) instead of (A.20)
for further studying.

The investigation of Case 3 of Table A.2 leads to the conclusion that
there are no non-Lie regular reduction operators for this case.

The functions F' and H presented in Case 2 of Table A.2 satisfy (A.21)
if and only if 8 = 2(1 — «), i.e., they have the form F = az™!, H = 2(1 —
a)z~2, and k; = ko = 0. The corresponding value of b is b = —(1 + o)z~
Hence a # —1 since otherwise b = 0. Substituting the derived form of the
function b into the formulas (A.25) and (A.26), we find that the equation

2(1 —
Vp = Upy + gvx + e’ + (—204) (A.27)
x x
has the families of solutions
2(1 2
v=—2In Mcosh slt+i+32
S1 2(1+ )
if e=1 and
\/5(1 + Oé) 5122
= —2In|———~sinh t+ ———
v n 251 sin <51 + 2(1+ ) + 52) ;
V2(1+a) 5122
= 2In|—= t+ ——
v n Sy cos <81 + 21+ ) + 82) 5
V2(1 + a) 2
=2In|—— [t + ——
! N 2z ( +2(1—|—04)+02>
if ¢ = —1. Recall that s, sy and ¢y are arbitrary constants with s; # 0.

As a representative of the preimage of equation (A.46) with respect to

the transformation (A.9) we can choose the equation
%y = (2%u,), + e e, (A.28)

Solutions of this equation can be easily constructed from the above solu-

tions of equation (A.46) using the transformation u = v—21In|z|. If « =1,
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the chosen equation (A.28) can be replaced, e.g., by zus = (zu,), + exve"
which is just another representation of equation (A.46).
Non-Lie solutions of the equation
2(1 — «)
72

o
Ut:Uxx+(;+M$) vy +ee’ + + 2,

where av # —1 (Case 1 of Table A.2), can be easily obtained from exact
solutions of the equation (A.28) using the transformation (A.14). The
corresponding reduction operator has the form (A.19) with b = —(1 +
a)r! — p.
We also prove the following assertions.

Proposition A.13. Equations from class (A.10) with F = const or
H = const may admit only nontrivial reqular reduction operators that are
equivalent to operators of the form (A.19), where the function b does not

depend upon the variable t.

Proposition A.14. Any reduction operator of an equation from
class (A.10), having the form (A.19) with b,, = 0, is equivalent to a Lie

symmetry operator of this equation.

A.3. Nonclassical Reduction Operators of a Class
of Semilinear Diffusion Equations With Power

Source

In [300] simultaneous usage of equivalence transformations and mappings
between classes allowed us to carry out group classification of the class
of variable coefficient semilinear reaction—diffusion equations with power

nonlinearity
f@)ue = (9(x)ue)e + h(z)u™, (A.29)

where f = f(z), g = g(x) and h = h(x) are arbitrary smooth functions of
the variable =, f(z)g(x)h(z) # 0, m is an arbitrary constant (m # 0,1).
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At first the gauge f = g was performed using equivalence transformations

of the class, so class was reduced to its subclass A.29

f(@)u = (f(z)uy), + h(x)u™, fh#0, m#0,L. (A.30)
The next step was to make the change of the dependent variable

o(t,z) = /| f(@)]ult, z) (A.31)
in class (A.30). As a result, we obtain the class of related equations

Ut = Vg + H(z)0™ + F(2)v, (A.32)

where the new arbitrary elements F' and H are connected with the old ones

via the formulas

/()] (VI ()]

We study nonclassical reduction operators for equations (A.32) and then

use them to construct exact solutions of equations (A.30).
Reduction Operators for General Values of m. We look for G7% -
inequivalent reduction operators of the imaged class (A.32). Here reduction
operators have the general form Q) = 70, + £0, + n0,, where 7, £ and 7 are
functions of t, z and v, and (7,£) # (0,0). Since (A.32) is an evolution
equation, there are two principally different cases of finding Q): 7 # 0 and
T =01[92,173,333]. The singular case 7 = 0 was exhaustively investigated
for general evolution equation in [173,333].

If 7 £ 0, we can assume 7 = 1 up to the usual equivalence of reduction

operators. Then the determining equations are of the form

gvv = 07 Tov = 2(5331} - ng)a

& (Hov™ + Fyv) + (26, — o) (H™ + Fo) + 1 (F + Ho™ 'm) ,

3&) (va + FU) =+ 2§x£ =+ ft + 2771}1: - g:cx - 251177 =0.
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Integration of first two equations of system (A.34) gives us the following
expressions for & and 7
E=av+b,
(A.35)
n=—3a*0®+ (a, — ab)v® + cv + d,
where a = a(t,x), b="0b(t,x), c = c(t,x) and d = d(t, x).

Substituting £ and 7 from (A.35) into the third and forth equations
of (A.34), we obtain the classifying equations which include both the resid-
uary uncertainties in coefficients of the operator and the arbitrary elements
of the class under consideration.

Since the functions a, b, ¢, d, F' and H do not depend on the variable
v, the classifying equations should be split with respect to different powers
of v. Two principally different cases a = 0 and a # 0 should be considered
separately.

If a = 0 then for any m # 0, 1,2 the splitting results in the system of

five equations
mHd =0, dy—d., +2b,d— Fd=0,

b — byw + 2bby, + 2¢, = 0,
(A.36)
bH, + (c(m — 1) + 2b,) H = 0,

bF, + 2b,F + cpp — ¢t — 2b,c = 0.

Since mH # 0 then d = 0 and the second equation of (A.36) becomes
identity.

Finding the general solution of the other three equations from (A.36)
appears to be a very difficult problem. But it is easy to construct certain
particular solutions setting, e.g., by = 0. This supposition implies that
¢t = 0. Then the integration of (A.36) gives the expressions of ¢, F' and H
via the function b(x) # 0

1 1
= —— b b+ k
c 5 + 5 + K1,
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1, _2 1 /b,\°  1by
F = =0+ ki + kob +b$+4<b> ST (A.37)

H =ksb™™ exp {(m - 1)/ (g - %) dx] , (A.38)

where kq, ko and k3 are arbitrary constants, ks # 0.

Theorem A.15. The equations from class (A.32) with the arbitrary ele-
ments giwen by formulas (A.37) and (A.38) admit reduction operators of
the form

1 1
where b = b(x) is an arbitrary smooth function and ky is an arbitrary
constant.

Note A.16. Theorem A.15 is true for any m € R, including m € {0, 1, 2}.

We present the illustrative example, by considering specific of the func-

tion b.

Example A.17. Consider b = 2 1. In view of theorem A.15 the equations

from class (A.32) with the arbitrary elements

F =k + ko> — 2272, H = kyaHezlmmhie® (A.40)
admit the reduction operator

Q=0 +270, + (b — 22) 00,

The ansatz constructed with this operator is v = r~!eM’z(w), where

w = 22 — 2¢t, and the reduced equation reads
42,0 + kge%(l_m)klwzm + koz = 0.

If k1 = k9 = 0, the reduced equation has the particular solution
m—1 k ﬁ

(:l: CRRVARICESY w) ; m# —1,

z =X 2

exp{— [erf1 (:I:%i fjw)] }, m = —1.

\

;

A
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Substituting the obtained z to the ansatz, we construct exact solutions
of equations from class (A.32) with the arbitrary elements (A.40) for the
values k1 = ky = 0.

The preimaged equation z*u; = (x%u,), + ks 23 u™ has the exact

solution
( 2

_ _ , Tm
3 (:I:m2 1 _2(mki1) (22 — 2t)) , m # —1,

273 exp { [erf—1 (ig\/%@z - 275))]2} . om=—1.

More examples can be found in [299]. We have shown the applicability

\

of theorem A.15 for construction of non-Lie exact solutions of equations
from classes (A.32) and (A.30). Moreover, using these solutions one can
find exact solutions for other equations from (A.32) and (A.30) with the
help of equivalence transformations from the corresponding equivalence
groups.

In the case m = 3 we are able to construct more exact solutions of
equations from class (A.32) whose coefficients are given by (A.37)—(A.38)

with k; = 0, namely, for the equations

Vi = Upy + /@glf?’eﬂ’d%3

ke 1., 1 /b,\> 1by,
A A A A A4l
+<b2 i +4(b> 25)” (A41)

where b = b(x), k3 # 0.

According to theorem A.15, equation (A.41) admits the reduction op-
erator (A.39) (with k; = 0). An ansatz constructed with this operator has
the form

\ d
v=z2(w)\/|ble 2/ where w=1t— ?:C,
and reduces (A.41) to the second-order ODE

2w = —k32® — koz.
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It is interesting that the reduced ODE does not depend on the function
b(x). Multiplying this equation by z, and integrating once, we obtain the
equation
k
zf) = —53,24 — ky2? + C.

Its general solution is expressed via Jacobian elliptic functions depending
on values of the constants ks, k3 and Cf.

For example, if ko = 1+ p?, k3 = —2p? and C1 =1 (0 < p < 1) we find

two exact solutions of equation (A.41)
v=sn(t— [fde,p)y/Ple 3P v =cd (t — [{da, p)/[ble 2P,

where sn(w, u1), cd(w, ) are Jacobian elliptic functions [316].
The second case to be considered is a # 0. Then after substitution of £

and 7 from (A.35) to system (A.34) its last equation takes the form

2
—av® + 2a(ab — 2a,)v* + (a; + 3a,, + 3aF — 2(ab), — 2ac)v

3 (A.42)
+b; + 2b,b — by — 2ad + 2¢, + 3aHV™ = 0.

It is easy to see that a # 0 if and only if m = 3.

Specific Reduction Operators for the Cubic Nonlinearity. Splitting
equation (A.42) in the case m = 3 and a # 0 with respect to u, we obtain
that the functions a, b ¢ and d do not depend on the variable ¢ and are

expressed via the functions F' and H in the following way

3 H
= S\2ey—H, b=-
a 2\/_5 : R

c= é(mv —2 (%) — (%)2 ) (A.43)

g V22 (p LHO(HN LN Y
o0/ —H 2H \H), 2\H),

where ¢ = +1. If H < 0 the corresponding reduction operators have real

coefficients.
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Then splitting of the third equation of system (A.34) for m = 3 results

in the system of two ordinary differential equations
H3H, o —13HY+2F,H*H, + 22 HH?>H,, — 4 FH*H?
—4H?H?, —6H*H,H,,, + AFH*H,, — 6 F,, H* = 0,
16F,,.H> + 16 H?H,H?, +3H*H?H,,, — 4 F,H'H,, (A.44)
—6H*H, Hypy — 1SHH3H,, — 8 FF,H + 2 F,H>H?
—20FH*H} —12FH"H,p + 5H) + 32 FHH, H,, = 0.
The following statement is true.

Theorem A.18. The equations from class (A.32) with m = 3 and the
arbitrary elements satisfying system (A.44) admit reduction operators of
the form

H
Qz@ﬂr(g\@a\/—HUJr#)&g
3 4 3 . Hy , 1 H, H,\’
2Hu+4\/§g _Hv—|—8(12F 2(H>x (H))v

e )3 e

where ¢ = +1.

+

System (A.44) consists of two nonlinear fourth- and third-order ODEs.
Unfortunately we were not able to find its general solution. Nevertheless,
we tested the six pairs of functions /' and H appearing in table 1 in order to
check whether they satisfy system (A.44). In the case of positive answer the
corresponding reduction operator is easily constructed via formula (A.45).
It appears that system (A.44) is satisfied by F' and H from cases 1, 2 and

6 and by those from cases 3 and 4 for special values of the constants £ and
az, namel}I7 (kv a?) € {(_37 491) ) (_%7 %)}
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Example A.19. Class (A.32) contains equations with cubic nonlinearity,
which are not reduced to constant-coefficient ones by point transformations
and admit reduction operators of the form (A.45). One of them is the
equation with the coefficients ' and H presented by case 3 of table 77?7
with £k = =3, as = % and § = —1, namely,
9

Vp = Upp — 20 + Z:U_Qv. (A.46)

According to theorem A.18 this equation admits two similar reduction

operators (e = £1)
3
Q+r =0, + 5\/5 (53:‘3@ — \/593_1)3:7; -
3
Z\@ (\/§x3v3 — 3ex 30? — V22 20 4 dea 3)5%

They lead to the solutions differing only in their signs. Since equa-
tion (A.46) is invariant with respect to the transformation v — —v, we
consider in detail only the case ¢ = 1. For all expressions to be correctly
defined, we have to restrict ourself with values x > 0. (Another way is to
replace x by |z|.)

For convenient reduction we apply the hodograph transformation

=1

(g}

t=v, I=u,
which maps equation (A.46) and the reduction operator @), to the equation

9. 9. o t3~ 9¢ _
U7 Dz + U3 O — 207 03 Uz + 0F + —= =3 S_Zﬁvf =0 (A.47)

and its reduction operator
3 N - .
L= —7V2 <\/§5:—3t3 _ 3575 — V2 + 4:5-3)ag+
—\/_< 3 —\/ii_l)af—i-a@,

respectively. An ansatz constructed with the operator Q+ has the form
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and reduces (A.47) to the simple linear ODE wz,,, + 22, = 0 whose general

solution z = ¢; + cow ™! substituted to the ansatz gives the exact solution

At 2aet+V2E 1 L,
V= — — — —T +C
2472 27 12

of equation (A.47). Applying the inverse hodograph transformation and

canceling the constant ¢; by translations with respect to ¢, we construct

the non-Lie solution

3t + 24ta? + ¢
= /2 A .48
Y o xt 4+ 24tx? — ¢ ( )

of equation (A.46). The solution (A.48) with ¢ = 0 is a Lie solution
invariant with respect to the dilatation operator D = 4t0; + 2x0, + v0,
from the maximal Lie invariance algebra of equation (A.46). However, it
is much harder to find this solution by the reduction with respect to the
operator D. The corresponding ansatz v = /zz(w), where w = t 122, has
a simple form but the reduced ODE 4w?z,, + w(w + 4)2, + 22 — 23 = 0 is
nonlinear and complicated.

This example justifies the observation made by W. Fushchych [85] that
“ansatzes generated by conditional symmetry operators often reduce an
initial nonlinear equation to a linear one. As a rule, a Lie reduction does
not change the nonlinear structure of an equation.” We can also formulate
the more general similar observation that a complicated non-Lie ansatz
may lead to a simple reduced equation while a simple Lie ansatz may give
a complicated reduced equation which is difficult to be integrated.

One of the preimages of equation (A.46) with respect to transforma-
tion (A.31) is the equation

zsin?(v21n x)u, = (IC sin2(\/§lnsz:)ux) — 2 tsint(vV2Inx) ud,

X

having the non-Lie exact solution

2 3zt + 24ta?
u:\/i|cosec(\/§lnx)\ vt et +C2.
T

xd + 24tx? — ¢y
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Example A.20. Consider the equation from the imaged class (A.32)
Vg = Ugy — LY A (A.49)
for the values > 0. It admits the reduction operator of form (A.45)

3 3
Q. =0+ 3 (ﬂxiv — x1> Oy — 3 (49&31}3 -3 \/53:*%112 — x2v> Oy.

Usage of the same technique as in the previous example gives the non-Lie
exact solution of (A.49)

1 1 3t + a2
— 2521 . A .50
73 V2 VI (15t + 22) + ¢ ( )

Applying the transformation v = /z(bjz7 + byz 1) u to solution (A.50),
we obtain a non-Lie solution of the equation
1 _1.9
z(bixt + box ™ 4) Uy =

(a:(blxﬁll + ngi)Qum) — \/E(blaci + ng*i)4u3

T

from class (A.30), where b; and by are arbitrary constants, b3 + b3 # 0.

More examples and nonclassical reduction operators of those equations
from class (A.30) that are reducible to constant coefficient equations from
class (A.32) can be found in [299].

A.4. Potential Symmetries of a Class of

Inhomogeneous Diffusion Equations

In this section we consider variable coefficient nonlinear diffusion equations

of the form

f(@)w = (9(x)u"us)s,  fgn # 0. (A.51)

Using the transformation t we can reduce equa-

t, &= [2 4=
tion (A.51) to f(&)i; = (4"z)z,

9@’ o
where f(Z) = g(z)f(z) and §(z) = 1.
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That is why, without loss of generality, we restrict ourselves to the inves-

tigation of equations having the form

f(@)uy = (Wuy)z, fn #0. (A.52)

The equivalence group G~ of class (A.52) has a simple structure and

consists of the transformations

where 9;, ¢ = 1,...,5, are arbitrary constants, 010203 # 0. At the same
time, class (A.52) possesses a generalized equivalence group which is wider
than G™.

Theorem A.21. The generalized equivalence group G~ of class (A.52)

under the condition n # —1 consists of the transformations

~ (53$+(54 1
t=0t+0d, T=-——— u=070 dg| "u,
1it+02, T 5oz 1 0 U 7|05 + d6| U

~ 3n+4

[ =0107"|052 + 66| 1 f, N =n,

where 05, 7 =1,...,7, are real constants, 6107 # 0 and 0306 — 0405 = £1.

In the case n = —1 transformations from the group G~ take the form
{: 51t + 527 T = 53:6 + 547 u = 65656Iu7 .]E = 6153_265_16_66$f7

where 0j, 7 =1,...,6, are arbitrary constants, 010305 # 0.

Since the parameter n is an invariant of all admissible (point) transfor-
mations in class (A.52), this class can be presented as the union of disjoint
subclasses where each from the subclasses corresponds to a fixed value
of n. This representation allows us to give the interpretation of the gener-
alized equivalence group G~ as a family of the usual conditional equivalence
groups of the subclasses parameterized with n, and the value n = 0 and

n = —1 being singular.
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The conservation laws for the class (A.52) are found in [137,140]. The
space of local conservation laws of any equation (A.52) with n # 0 is
two-dimensional and spanned by conservation laws with the conserved vec-
tors (fu, —u"uy) and (xfu, —azu"u, + [u"du).

Up to G~ -equivalence, these conservation laws give rise to the following

inequivalent potential systems for equations (A.52):

1L vl = fu, vf =u"u;
2. vi=zxfu, v}=azu"u, — [u"du;
3. vl=fu v =u"w,, V:=zfu, v=zu"u, — fu"du.

Systems 1 and 2 are associated with the conservation laws having the char-
acteristics 1 and x, respectively. The united system 3 corresponds to the
whole space of conservation laws. The generalized equivalence group G~
prolonged to potentials establishes additional equivalence between poten-

tial systems. Thus, in the case n # —1 the transformation

~ -~ _ - _ 1
t=t x=at a=|z| "y,
v v

. (A.53)

I = —(signa)v?, L

2 = —(signa)v

maps systems 1 and 2 to systems 2 and 1 in the tilde variables with

f= \5:\_3”5?14 f(z71), respectively. Systems 1 and 2 are G~-inequivalent for

an arbitrary pair of values of f iff n = —1.

Potential symmetries of equation (A.52), associated with system 1, were
first obtained in [274,275], see also [7,38,39] for the constant coefficient
case f = 1. There exist two inequivalent equations of form (A.52) admit-
ting such nonlocal symmetries. Below we adduce the values of arbitrary
elements together with bases of the corresponding maximal Lie invariance

algebras.
1.1. f=1,n=—-2:
(O, Opr, 2t0;+udy+v'0y, 10, —udy,, —v 20, + (xu+vH)ud, +2td,,
4820, — ((v1)2+2t) 20, + ((v1) 246+ 2zuvt )ud, +4tv1 0, 00, — P u?d,);
1.2 f=a3 n=—-2:
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(O, Oy, 20 + ud, + v'0y, 320, — ud, — 200,
320010, — (v 4 327 3u)ud, — (v)%0,).
Here and below ¢ = ¢(t,v!) is an arbitrary solution of the linear heat
equation p; = Q,1,1.
Potential symmetries of equation (A.52) associated with system 2 were
first investigated in [276] (see also [141]). Up to the equivalence group G~,
there exist exactly two cases of equations in class (A.52) admitting such

potential symmetries:
21. f=22n=—-2

(O, Oy2, Oy, 2t0; + udy + v20y2, V210, — u?0, + 2t0,e,

482014 ((v?3)242t) 20, +2(2t—uv*)ud, +4tv? 02, 1900, —xu(Y+1)2u)0,,).
22. f=a2(c; +cx )3 #£0, n=-2

(O, Dy2, 2t0r +udy +v°0y2, 3(crx+ 2)T0; — (2¢2 + 3c12)udy + 2¢0020,2,

302 (cre+c) w0, — (323 (crz+c2) TV 3u+ (20431 2) v ) udy +c2(v?)20,2);
Here and below ¢ = 1)(¢,v?) is an arbitrary solution of the linear heat
equation ¢y = ,2,2. By transformation (A.53), cases 2.1 and 2.2 are
reduced to cases 1.1 and 1.2, respectively. For the precise reduction 2.2 —
1.2 the transformation ¢ = t, 2 =c 4k, 0= 02_171 from G~ has to be

additionally carried out.

The united system 3 is equivalent to the second-level potential system
v = fu, w,=0v', w = [u'du (A.54)

constructed from system 1 using its conserved vector (v, — [u"du), and
w = zv' —v% Nontrivial G™-inequivalent cases of potential symmetries
associated with system (A.54) are new and exhausted by the following

ones:
31. f=1,n=—2:
(0, Oy, Oyt + 10y, 2t0; + udy + v10y + wdy, 10, — ud, + W,
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(w — 20'2)0, + (2zu + vud, + 2t + (2t — (v1)?) 20y,
48201+ (20w — 3z (v1)? = 6t1) 0, + (6zuv! — 2uw+ (v1)?+ 10t )ud, +4tv' O,
+ (01w = 2tw — 22(0')*) 0w, P10z — 9?0y + (V' pu — 9)0u);
32. f=1,n=-2/3
(O, Op, Ow, Oyt + 10y, 2t0; + 3ud, + 3010 + 3wd,,

10, — 3ud, — 200, — wdy,, wd, — 3uvtd, — (v1)?d,);

33. f=272,n=—2
(O, Ow, Op + 20y, 10y — V10, 2ty + ud, + v10n + w0y,
r(2zv! — w)d, — u(zv! + 2u)0, + v (w — )0y + (22 (v1)? — 2t)0,,

4820, + x(6t + 322(vh)? — daxvtw + w?)o,

+ 2u(2t — 3zuvt + 2uw — 2*(vh)? + 2vlw)d,

22 (vh)? — wHolo, + 2(2tw + 23 (v1)? — 2% (v1)?w)d,,

+(2zviw — 2t —
$2¢028x + (¢U2 -+ th>xuau — POy + 37(37”177%2 - ¢)5w>,

34. f=a7% n=-2/3:
(0, O, Ot +20y, 2t04+3ud,+30 0y +3wd,,, 10,+6ud,+v10,+2w0,,

220, + 3xud, + (w — xv1)dy + 2w,
zwd, — 3(xv! — 2w)ud, — (zvt — w)v'dy + w?d,).
Here v? = xv! — w. By transformation (A.53) which is rewritten for v!

and w as 9! = wsignz — |z|v! and W = |z|lw, cases 3.3 and 3.4 are
reduced to cases 3.1 and 3.2, respectively.
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Appendix B

Group Analysis of K(m,n),
Benjamin—Bona—Mahony—Burgers and
KdV-Like Equations

In this appendix we present the results on group analysis of K(m,n),
Benjamin—-Bona—Mahony—Burgers and generalized Korteweg—de Fries
equations of third and fifth orders. Usage of transformations from the
equivalence groupoids of the classes plays the crucial role in complete solu-
tion of group classification problems for all the classes under consideration.

In Section B.1 we perform the group classification of the variable coef-
ficient Gardner equations u; + k(t)uu, + f(t)u*uy + g(t)Usee = 0, fg # 0.
We show that even the use of usual equivalence group allows one to get
the complete result. At the same time utilizing wider generalized extended
equivalence group provides more simplification and therefore is preferable.

The exhaustive group classification of a class of variable coefficient gen-
eralized KdV equations u;+u"u,+h(t)u+g(t)uz. = 0, ng # 0, is presented
in Section B.2. The found Lie symmetries are applied in order to reduce
the initial and boundary value problem for the generalized KdV equations
to an initial value problem for nonlinear third-order ODEs.

Sections B.3 and B.4 are devoted to the exhaustive group classification
of generalized fKdV equations with time dependent coefficients of the gen-
eral form w; + u"u, + a(t)u + B(t)ugzrze = 0, nf # 0. The cases n = 1
and n # 1 differ by their transformational properties and therefore treated

separately in sections B.3 and B.4, respectively.
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In Section B.5 we investigate Lie symmetry properties of variable co-
efficient K(m,n) equations u; + g(t)(u™), + f(t)(u")gae = 0, fn # 0.
Group classification is presented up to widest possible equivalence groups,
the usual equivalence group of the whole class for the general case and the
conditional equivalence groups for special values of the exponents m and n.

Using the method of mapping between classes we present the complete
group classification of BBMB equations u; + f(¢)u, + g(t)uu, + k(t)ug, +
h(t)uz.: = 0, ghk # 0, in Section B.6. As a by-product of this approach
we also get the group classification of a related class of BBMB equations
with a forcing term u; + uu, + K(t)uze + H (U = F(t), HK # 0.

For many equations from the considered classes exact solutions are

constructed. The results adduced in this appendix are published in pa-
pers [5% 8% 12% 14* 15* 16*].

B.1. Enhanced Group Classification of Gardner

Equations with Time Dependent Coefficients

In this section we perform the group classification of the variable coefficient

Gardner equations
up + k(tuv, + (O + g(Hteee =0, fg #0, (B.1)

Here k, f, and g are smooth functions of the variable t. The particular
results on Lie symmetries of such equations were derived in [200]. We
achieve the exhaustive classification using the groups of equivalence trans-
formations of class (B.1). We show that even the use of usual equivalence
group allows one to get the complete result. At the same time utilizing
wider generalized extended equivalence group provides more simplification
and therefore is preferable. This is illustrated in the process of finding Lie
symmetries of equations (B.1).

Firstly we investigate admissible transformations in class (B.1). The

following statements are true.
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A

Theorem B.1. The generalized extended equivalence group G~ of

class (B.1) is formed by the transformations

f=a(t), &=dw+%% [(0k(t) = &f())Al+ 61, &= b+ b,
= 01 03 - 01 6
k(t)=—— 1| k(t) —2=f(t t) = t t) = —glt
0= 52 (b0 - 2200} 70 = 510, 30 = L0
where 0;, 1 = 1,...,4, are arbitrary constants with 6100 # 0, a is an arbi-

trary smooth function with oy # 0.
The usual equivalence group G~ of class (B.1) consists of the above

transformations with d3 = 0.

Theorem B.2. The entire set of admissible transformations (equivalence
groupoid) of class (B.1) is generated by the transformations from the

group G~. Class (B.1) is normalized in the generalized extended sense.

Thus, there are no other point transformations between equations from
class (B.1) than those transformations from the group G™~. To deduce
which variable coefficient equations of the form (B.1) is reducible to their
constant coefficient counterparts we assume k and f are constant in the
transformation components for arbitrary elements in G‘N, this results in

the following statement.

Proposition B.3. A variable coefficient equation from class (B.1) is re-
ducible to constant coefficient equation from the same class if and only if

the coefficients f, g and k satisfy the conditions

(f/F)e = (g/k): = 0.

As there is one arbitrary function, «(t), in the transformations from
the group é”, we can set one of the arbitrary elements of class (B.1) to a
nonzero constant value. We choose the gauging ¢ = 1 and perform it using

the transformation

t=[gt)dt, =2z, a=u. (B.2)
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Then, any equation from the class (B.1) is mapped to one from its subclass
singled out by the condition ¢ = 1. Old forms of the arbitrary elements
are connected with new ones via the formulae k = k /g and f = f/g.

The most general form of transformation that maps an equation from

class (B.1) to another equation from the same class with g = 1 is

t~:53fg dt—{-(So, ﬁ:52u+53,

B.3
= 5153]52 t) — 5f(t))dt + 64, (B3)

where ¢;, 1 = 0,...,4, are constants with 6,0, # 0.
Without loss of generality, we can restrict ourselves to the study of the

class
wy + k() uuy, + f(t)utu, + tppy = 0. (B.4)

As class (B.1) is normalized in the generalized extended sense, in order
to derive the equivalence group for its subclass with ¢ = 1 it is enough
to set ¢ = g = 1 in the transformations from the group G~ presented
in Theorem 1. This leads to the equation for a: oy = 47, resulting in
a = 63t + &y, where dy is an arbitrary constant. The following statement

1s true.

Theorem B.4. The generalized extended equivalence group GI’ of

class (B.4) comprises the transformations

5153

tN: 613t-|—50, T = 51$+ f 52 —53f(t))dt+54,

i - 52k(t) —203f(t) 7z J(@)

= du+ 93, k(t) = 5757 . flt) = @,
where 6;, 1 = 0,...,4, are arbitrary constants with 6169 # 0.

The usual equivalence group G of class (B.4) consists of the above

transformations with 63 = 0.
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Table B.1:  The group classification of class (B.1) up to G™-equivalence.

no. | f(t) k(t) Basis of A™max

0 v v Oz

3p+4

Oy, 3t + <x7%# ( 62 475

3p+4
- 3”’2—+2 (u+ ) Oy

3p—
1.1 )\175/) )\2 6

+1
+ 5511 o,

12 | A\t=5 | ¢ 5Injt| | O 2Mit0; + (ZAlx —3(In|t| —3)t3) 0, — Oy

)
L3 | Mt=! | Mot=0 40t | Oy, 3t0; + (a; + (3/\2156 +30In !ﬂ)) Op + 5 (u+50) 0y
)

L4 | Mt73 | Mot~ 14+ 6t75 | 8, 3t0; + <x 1o ()\2 In|t| — 36t73 ) ) Oy + (u+ »)

| Mel | Aged +6et | By, 20, — 5 (me% n 5et> By — (u+ ) Dy

o1 | N\ t Dy 2M1 0y — 3120, — Oy

v € ) Oz, Op, 30 + (x — 326t)0y — (u+ ) Oy

Here g = 1 mod G™; A, i = 1,2, and p are arbitrary constants with \; # 0, p # —%, —1;
§ € {0,1} mod G~, e = £1 mod G, and » = $5/A;. In Case 1.1 (p,§) # (0,0).

We note that class (B.4) is normalized in the generalized extended sense.
From Proposition B.3 we deduce that there are no variable coefficient equa-
tions (B.4) that are reducible to constant coeflicient equations from the
same class by point transformations.

In the next section we demonstrate usage of the found equivalence trans-
formations in the process of group classification. Simplifications by usual
and generalized equivalence groups will be compared.

Classification of Lie Symmetries. Using the classical Lie-Ovsiannikov

technique, we have proved the following statement.

Theorem B.5. The kernel of the maximal Lie invariance algebras of equa-
tions from class (B.1) coincides with the one-dimensional algebra (0,). All
possible G~ -inequivalent (resp. Gw-inequivalent) cases of extension of the

mazximal Lie invariance algebras are exhausted by Cases I-1V of Table B.1
(resp. Table B.2).
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Table B.2:  The group classification of class (B.1) up to G~-equivalence.

no. | f(t) Ek(t) Basis of A™max

0 v v O

L1 | Mte | 675 | Oy, 3t0; + 20, — 2200,

12 | M5 | 3 me] | 9, 2018 + (%m —3(Int| - 3) t%) By — Oy

I | At Ses Oy, 20y — udy

Im | N t Oy 2M10; — 5120, — O,

v € 0 Oy, O, 3t0¢ + 0 — udy,

Here ¢ = 1 mod G~; A\ and p are arbitrary constants with \; # O,
6 € {0,1} mod G~, and € = +1 mod G™~. In Case L.1 (p, ) # (0,0).

In order to get the most general forms of arbitrary elements of
class (B.1) (not simplified by equivalence transformations) we should ap-
ply transformation (B.3) to the equations (B.4) with k and f presented in
Table B.1 or even simpler transformation (B.3) with d3 = 0 to the equa-
tions (B.4) with k& and f presented in Table B.2. The complete results
are presented in [297], were we also used the method of mappings between
classes to perform the group classification of the related class of equations
u + F () uuy + tppe = L(t), F # 0.

We have found that, besides the usual equivalence group G~, class (B.1)
admits the wider generalized extended equivalence group G~. Although the
exhaustive group classification of class (B.1) can be achieved even using
the usual equivalence group, we have shown that the generalized extended
equivalence group provides more simplification and allows one to write
down the classification list in a simple and concise form (compare Table B.2
with Table B.1).

We note that the case of the three-dimensional maximal Lie symmetry

algebra was not indicated in [200].
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B.2. Application of Lie Symmetries to Boundary
Value Problems for Variable Coefficient

Generalized KdV Equations

In applications, one is usually interested in a solution of a given PDE sat-
isfying some initial condition or/and a boundary condition. In a recent
paper [307], Lie symmetries were successfully applied to solve an initial
and boundary value problem (IBVP) for a generalized Burgers equation
arising in nonlinear acoustics. Namely, the IBVP for a generalized Burgers
equation was reduced to an initial value problem (IVP) for a related non-
linear second-order ODE. As a result, a closed-form solution of the IBVP
for the generalized Burgers equation was found. Motivated by that work,
we intend to apply Lie symmetries to construct solutions for IBVP for the

variable coefficient generalized Korteweg—de Vries (KdV) equation,
u + uu, + h(t)u + g(t)uxm" =0, ng#0, (B'5)

arising in several applications (see [266] and references therein). For this
purpose we carry out an exhaustive group classification of equations from
this class. In other words, we at first find a Lie invariance algebra admitted
by any equation in the class, the so-called kernel algebra, and then classify
all possible cases of extension of Lie invariance algebras of such equations
with respect to the equivalence group of the class [227]. Some cases of
Lie symmetry extension for (B.5) were found in [266], namely, the cases
h = const and h = 1/(at+b) with a and b being constants. Here we present
a complete group classification taking advantage of the use of equivalence
transformations (this opportunity was neglected in [266]). We point out
that complete group classifications of class (B.5) for n = 1 and n = 2 were
obtained in [251,289] (see also [290]). The results were presented there in
two ways: with respect to corresponding equivalence groups and using no
equivalence. We would like to mention that in [109] group classifications

for more general classes that include class (B.5) were carried out. However
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it seems to be inconvenient to derive group classifications for class (B.5)
using those results obtained up to a very wide equivalence group.

Note that the more general class of the form
w+ f(Ou g + h(t)u + g(t)uzer =0, nfg#0, (B.6)

reduces to class (B.5) via the change of the variable ¢. That is why without
loss of generality it is sufficient to study class (B.5), since all results on
exact solutions, symmetries, conservation laws, etc. for class (B.6) can be
derived form those obtained for (B.5).

Admissible Transformations. We study admissible transformations in
class (B.5) using the direct method [160]. We omit the details of calcula-

tions and present the result only.

Theorem B.6. The equivalence group G~ of class (B.5) consists of the

transformations

. n (B.7)
§:5120”g, h:9—<h—@>, n=n,

where €5, j = 0,1,2, are arbitrary constants with €1 # 0; § = 0(t) is an

arbitrary nonvanishing smooth function.

Now we can use equivalence transformations (B.7) to gauge one of the
arbitrary elements g or h to a simple constant value. It was shown in [251]
that the parameter-function A in (B.5) can be set equal to zero by the point

transformation
t= e "Odgr G =g G=cllDdy (B.8)

and the transformed value of the arbitrary element g is () = e/ " dtg(¢).
This transformation can be easily found from Theorem B.6 setting h = 0
in (B.7) and solving the obtained equation for 6. The fact that the arbi-

trary element h can always be set to zero means that fixing the arbitrary
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element h cannot lead to cases of equations (B.5) with special symmetry
properties. So, without loss of generality we can restrict our investigation

to the class
up + u"uy + g(t)Upsr =0, ng # 0. (B.9)

There are no other point transformations except (B.7) that link equa-
tions from class (B.5) with n # 0,1, therefore, this class is normalized.
It means that an equivalence group for (B.9) can be derived from Theo-
rem B.6 by simply setting » = h = 0. Then we get that 0 = e3 is an
arbitrary nonzero constant and the following statement is true.
Corollary B.7. The equivalence group Gy of class (B.9) is formed by the

transformations

B.2.1. Lie Symmetries. The group classification of class (B.5) up to
G™-equivalence reduces to the group classification of class (B.9) up to G§-
equivalence. We carry out the group classification of class (B.9) using the

classical algorithm [217].

Theorem B.8. The kernel of the maximal Lie invariance algebras A™ of
equations from class (B.9) (resp. (B.5)) coincides with the one-dimensional
algebra (0,). All possible Gy -inequivalent (resp. G~ -inequivalent) cases of
extension of A™** are exhausted by Cases 1-3 of Table B.35.

In Table B.4, we also adduce the results of the group classification
of (B.5) without gauging of h and g by equivalence transformations. The
extended classification list can be derived from that presented in Ta-
ble B.3 using equivalence transformations (the detailed procedure is de-
scribed in [289,290]). It is easy to see that Table B.4 includes all cases

presented in [266] as special cases.
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Table B.3:  The group classification of class (B.5) up to G™-equivalence.

no. | g(t) Basis of A™#*

0 V| Oy

1 | etl | Oy, 3ntO + (p+ 1)nxdy + (p — 2)udy,

2 gel | Oy, 3nO; + nxdy + ud,

3 € | O, O, 3ntO; + nxdy — 2udy

Here h = 0 mod G~, ¢ = +1 mod G~, p is an arbitrary nonzero constant.

Table B.4: The group classification of class (B.5) using no equivalence.

no. g(t) Basis of A™max

1| A([emh®dtgy 4 g)enIhtdt | g, H, + n(p+ 1)2dy + (p — 2 — h(t) H)ud,

9 A ef(me—nfh(t) dt,nh(t))dt Oy, 3nenfh(t)dtat + mnxd, + (m _ 3nh(t)e"fh(t)dt)u8u

3 \ e~ h(t)dt Oy, €™/MDA (5, — h(t)ud,),

HOy + nx0y — (24 h(t)H)ud,

Here A, k, p, and m are arbitrary constants with Apm # 0. The function h(t) is arbitrary
in all cases and H = 3ne"fhdt(f e~ nShdt gy 4 /<;). In Case 3, k = 0 in the formula for H.

Similarity Solutions of the Generalized KdV Equations. Lie sym-
metries provide us with an algorithmic technique for finding exact solutions
using the reduction method [217,227]. It was found by Lie that if one Lie
symmetry generator of an ODE is known, than the order of this ODE
can be reduced by one, and if we know a Lie symmetry generator for a
n-dimensional PDE, then it can be reduced to a n—1-dimensional PDE.
This is true for Lie symmetry generators corresponding to one-parameter
Lie symmetry groups that act regularly and transversally on a manifold
defined by this PDE [217]. So, in our case of (1+1)-dimensional PDEs it is

enough to perform reductions with respect to one-dimensional subalgebras
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Table B.5:  Optimal systems of subalgebras of A™** presented in Table B.3.

no. Optimal system

Loz—1 | 81 = (02), 011 = (3ntdy + (p+ 1)nxdy + (p — 2)udy)

L1 | 81 =(02), g1 = (ntdy + aly — udy)

2 g1 = (0z), @y = (3n0; + nx0y + udy)

3 g, =(02), 05, =1(0:+00y), @30= (3nt0;+ nxdy — 2u)

In all casesa € R, n#0, 0 € {—1,0,1}.

Table B.6: Similarity reductions of the class u; + u™u, + g(t)uz, = 0 with ng # 0 that
correspond to the subalgebras presented in Table B.5.

no. g(t) g w Ansatz, u Reduced ODE

pt1 2

Lo eth,p#F—1]gy,| at” 3 tpl‘;"SO(W) e + (Spn B pTHw) v+ %‘P =0

2 et~ 0y |z —2lnt | tTwp(w) | e+ (" —2) ¢ —1f=0

3 ee! g | we it | emitow) | e + (0" —hw) ¢ + 4o =0
4 € 93, | z—ot pw) e+ (" =)' =0

5 2 G52 | @7 | tTEpW) | e + (" — jw) ¢’ — Ee =0

In all cases a € R, n #0, 0 € {—1,0,1}, e = £1 mod G™.

of the found maximal Lie invariance algebras to get reductions to ODEs.

Reductions should be performed using subalgebras from the optimal
system [217]. Optimal systems of one-dimensional subalgebras of Lie in-
variance algebras from Table B.3 are presented in Table B.5.

We do not consider reductions associated with the subalgebra g; = (9,)
because they lead to constant solutions only. Ansatzes and reduced equa-
tions that are obtained for equations from class (B.9) by means of one-
dimensional subalgebras from Table B.5 are collected in Table B.6.

It is possible to get exact traveling wave solutions of the equation u; +
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u"uy + €Ugrr = 0 solving the reduced ODE from Case 4 of Table B.6,
e + (" — o)y’ = 0. (B.10)

If ¢ # 0, two partial solutions of this equation are, for example,

1 =
_ (o) " _ o(n+)(n+2) \" ,
Y = ( 2sinh2(g\/§w—|—0)> 5 and @ (2008h2(g\/§w+(])> , where C 1S an

arbitrary constant. They lead to the following traveling wave solutions

- (_a(n+1)(n+2)>i, . <a(n—|—1)(n+2))i’

2sinh? 2 2 cosh? 2

where z = g\/g (x—at)+C, of the generalized KAV equation with constant
coefficients, u; + u"u, + eu,,., = 0. Note that some exact solutions were
constructed in the literature for variable coefficient generalized KdV equa-
tions of the form w,+u"u, +a(t)utee ™ Wby, . =0, (see, e.g., [27,322]),
but it is due to the fact that the latter equations are reduced to constant
coefficient ones.

Boundary Value Problem for Generalized KdV Equations. There
are several approaches for exploiting Lie symmetries to reduce boundary
value problems (BVPs) for PDEs to those for ODEs. The classical tech-
nique is to require that both equation and boundary conditions are left in-
variant under the one-parameter Lie group of infinitesimal transformations.
Of course, the infinitesimal approach is usually applied (see, e.g., [32, Sec-
tion 4.4]). We apply this technique for an IBVP for variable coefficient
generalized KdV equations with and without linear damping terms.
IBVP for Generalized KdV Without Linear Damping. We apply
at first this procedure to a problem with the governing equation being the
KdV of the form (B.9), i.e., we consider the following initial and boundary

value problem

up + uuy + g(t) Uy =0, t>0, x>0, (B.11)
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u(z,0) =0, x>0,
u(0,t) =q(t), t >0,
uz(0,t) =0, t>0,
uze(0,8) =0, ¢>0,

(B.12)

where ¢(t) is a nonvanishing smooth function of its variable.

The procedure starts by assuming a general symmetry of the form

n
Q= Z ;i Qi (B.13)
i=1
where n is the number of basis operators of the maximal Lie invariance
algebra of the given PDE and «;, ¢ = 1,...,n, are constants to be deter-
mined.

We consider Case 1 of Table B.3. The general symmetry (B.13) takes

the form
Q = 10, + a [3nt0; + (p + 1)nxdy + (p — 2)ud,] .
Application of @ to the first boundary condition z = 0, u(t,0) = q(t) gives
ap =0 and q(t) = 7tp3;nz, ~ = const .
Using the second extension of @),
QY = 3ntd; + (p + V)nzd, + (p — 2)ud,
+(p—np—n—2)u 0y, + (p—2np — 2n — 2)u,,0,, .,
where the unused terms have been ignored, it can be shown that it leaves

the initial condition and the remaining three boundary conditions invari-

ant. Finally, symmetry () produces the ansatz
u = t%gp(w), w=uaxt ¥, (B.14)

which reduces the problem (B.11) into the initial value problem

"

e + g — By’ + 220 =0,
(B.15)
p(0) =7,  ¢0)=0, ¢"(0)=0.
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In Case 2 of Table B.3, the corresponding symmetry does not leave the
boundary conditions invariant and for Case 3 we obtain the above results
with p = 0.

IBVP for Generalized KdV With Linear Damping. We consider
the IBVP for the generalized KdV equation with variable-coefficient linear
damping

ur + uu, + %u +9(t)uger =0, t>0, x>0, (B.16)

with initial and boundary conditions (B.12). In the previous section we
have shown that the symmetry operator which is admitted by both an
equation from class (B.5) and initial and boundary conditions (B.12) with ¢
being a power function is the so-called dilatation operator, i.e., the operator
corresponding to the one-parameter Lie group of scalings of the variables
t, z and u. Equation (B.17) admits a Lie symmetry generator which keeps
the boundary conditions invariant if and only if ¢ is a power function
or constant (Cases 1 and 3 of Table B.4). Substituting h = j/t into the
formulas for g and corresponding symmetry generators presented in Case 1
of Table B.4 (without loss of generality we set k = 0) we find that the

equation
up + uug + ‘%u 4 AgPAmd)=nag, 0, (B.17)

admits the Lie symmetry generators 0, and

3n
1—ny

Q= t&+n@+1ﬂ%+(p—2—:m]>uﬁ-

1—ny

Boundary conditions (B.12) are left invariant with respect to the sym-
metry transformation generated by the operator ) if and only if
q = ytw, where v = const. Therefore we can apply Lie sym-
metries to solve the following BVP for the generalized KdV equation with

linear damping

w+ﬁm&%u+ﬁmwﬁw%m:0,t>a x>0, (B.18)
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u(z,0) =0, x>0,
p(1—nj)—nj—2
w(0,8) =t s, >0,
0.8) =7 (B.19)
u,(0,t) =0, t>0,
U2 (0,1) = 0, t>0.
The symmetry () produces the transformation
Y tp(l—ngl—nj—zgp(w), Y xt(pﬂ)énjfl)’
which reduces the problem (B.18)—(B.19) to
)‘me + QOn(,O, 4+ (erl)énjil)ng, + —(p*Q)S(TlL*nj)gp =0,
(B.20)

p(0) =7, ¢'(0)=0, ¢"(0)=0.

For j = 1/2 and j = 1 (B.18) becomes generalized cylindrical and
spherical KdV equations, respectively.

A group classification for variable coefficient generalized KdV equa-
tions (B.5) is carried out exhaustively. The results are presented in two
ways: up to G~-equivalence (Table B.3) and without simplification by
equivalence transformations (Table B.4). Similarity solutions are classified
(Table B.6). The derived Lie symmetries of a generalized KdV equation
are employed to IBVP (B.11)-(B.12) transforming it into an IVP for an
ODE (B.15) in [298]. The resulting nonlinear problem is solved numerically
with the aid of a second-order finite-difference scheme with fixed-point it-
erations. The scheme was validated by applying it to similar problems in
the literature which were solved using other methods and the results were
found to be in excellent agreement. The effect of the governing parame-
ters on the solutions of (B.11)—(B.12) was examined and solutions of the

original PDE were constructed using the aforementioned transformations.
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B.3. Group Analysis of Variable Coefficient
Fifth-Order KdV Equations

The KAV equation arises, in particular, in the modeling of one-dimensional
plane waves in cold quasi-neutral collision-free plasma propagating along
the z-direction under the presence of a uniform magnetic field [149]. It
appeared that, when the propagation angle of the wave relative to the
external magnetic field becomes critical, the third-order (dispersion) term
in the model equation should be replaced by the fifth-order one [150].
Namely, magneto-acoustic waves propagating along this critical direction
are modeled by the simplest fifth-order KAV (fKdV) equation (called also
quintic KdV equation),

Up + Uy + PUpprre = 0, 4 = const. (B.21)

In [204] the equation (B.21) with 4 = —1 was shown to describe solitary
waves in the nonlinear transmission line of a LC ladder type.

Later equation (B.21) and its generalizations were studied in a number
of papers. Thus, an exact solitary wave solution of equation (B.21) in terms
of Jacobi elliptic function cn was found in [152,320]. Pulsating multiplet
solutions of this equation were examined in [130]. Local conservation laws

2 were indicated therein. Note that

with the densities u, u* and u® + 3 (uy,)
the fKdV equation is not integrable by the inverse scattering transform
method in contrast to the classical KdV equation [196]. Lie symmetries and
the corresponding reductions of (B.21) to ordinary differential equations
(ODEs) were found in [189].

An attempt of Lie symmetry classification of the generalized fKdV equa-
tions with time dependent coefficients, u; + v"u, + a(t)u + 6(t)Uzzpzze = 0,
was made in [311]. However, the results presented therein are incorrect in
general. In the present paper we perform the correct and complete group

classification of the class

ur + uty + a(t)u + B()Upzzer =0, B #0, (B.22)
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where a and ( are smooth functions of the variable t. To be able to reduce
the number of variable coefficients and to proceed with Lie symmetry anal-
ysis in an optimal way, we at first find the admissible transformations [248]
in class (B.22). Then classifications of Lie symmetries and similarity re-
ductions are presented.

Admissible Transformations. The equivalence groupoid of class (B.22)

is described in the following statement.

A

Theorem B.9. The generalized extended equivalence group G~ of

class (B.22) is formed by the transformations

F=T(t), &= (x+0)X 40, ii= Tl(X1u+X(a:+51))
a0 = 7 (a0 235+ 7). 50 =S Ls0

where X' = (53 fe et qe46,)7", 95,7 =1,...,4, are arbitrary constants
with (93,04) # (0,0) and T' =T (t) is a smooth function with Ty # 0.
The entire set of admissible transformations of class (B.22) is generated

by the transformations from the group G~.

Using this theorem we can formulate a criterion of reducibility of vari-

able coefficient fKdV equations to constant coefficient ones.

Theorem B.10. A variable coefficient equation from class (B.22) is re-
ducible to the constant coefficient fKdV equation (B.21) if and only if its

coefficients o and (B are related by the formula
3
B = e Jo)dt <01 [e~Jedtqy 4 02) : (B.23)

where ¢ and co are arbitrary constants with (c1,c2) # (0,0).

Using the equivalence transformation
t=[eJoldqr G =g a=cloldy (B.24)

from the group G~ we can set the arbitrary element a to the zero value.

Indeed, this transformation maps class (B.22) to its subclass with & = 0.
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The arbitrary element B of a mapped equation is expressed in terms of «
and [ as B — ¢/ M dt 5 Without loss of generality we can restrict ourselves

to the investigation of the class
up + uty + B()Upzzer = 0. (B.25)

We derive equivalence transformations in class (B.25) setting & = o = 0

in transformations presented in Theorem B.9.

Corollary B.11. The usual equivalence group G5_, of class (B.25) con-

sists of the transformations

- at+b . exwr+et+e . esct+d)u— escr —egc+ erd
t=——, T = , U= ,
ct+d ct+d A
o2 B
(ct +d)3A’

where a, b, ¢, d, ey, e; and ey are arbitrary constants with A = ad —
bc # 0 and es # 0, the tuple (a,b,c,d, ey, e1,e2) is defined up to a nonzero
multiplier and hence without loss of generality we can assume that A = £1.

The entire set of admissible transformations of class (B.25) is generated

by the transformations from the group G7_,.

The transformation components for ¢, x and u coincide with those ob-
tained for the class of Burgers equations u; + uu, + 5(t)u., = 0 [232] and
the class of KAV equations u; + uu, + 5(t)uz, = 0 [251].

Corollary B.12. A variable coefficient equation from class (B.25) is re-
ducible to the constant coefficient fKdV equation (B.21) if and only if

B = (c1t+co)3, where ¢y and ¢y are arbitrary constants with (cy, c2) # (0,0).

Lie Symmetries. We solve the group classification problem using the

classical Lie-Ovsiannikov approach. The following assertion is true.

Theorem B.13. The kernel of the maximal Lie invariance algebras of
equations from class (B.25) is the two-dimensional Abelian algebra A" =
(O, t0; + Oy). All possible GY_j-inequivalent cases of extension of the

mazximal Lie invariance algebras are exhausted by Cases 14 of Table B.7.
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Table B.7:  The group classification of the class (B.25) up to G5 _,-equivalence.

10. B(t) Basis of Ama*
0 v 0,
1 tP Oy, t0y+ 0y, 5t0+ (p+ 1)x0, + (p — 4)ud,

2 et Oy, t0p + Oy, 5O + 20y + udy,

8

3) 10y + Oy

3| (B4 1)zevactant | g 49 40, (24 1)8, + (t+v)2ds + (v — )u + 7)d,

4 1 Oy, 10y + Dy, Oy, 50y + 20y — dud,

Here p and v are real constants, p # 0. Up to G _j-equivalence we can assume that
p<3/2,v=0.

Remark B.14. A group classification list for class (B.22) up to G™-

equivalence coincides with the list presented in Table B.7.

Remark B.15. An equation of the form (B.22) admits a four-dimensional
Lie symmetry algebra if and only if it is point-equivalent to the constant
coefficient fKdV equation (B.21).

In Table B.8 we present also the complete list of Lie symmetry ex-
tensions for class (B.22), where arbitrary elements are not simplified by
point transformations. This is achieved using the equivalence-based ap-
proach [289].

Cases presented in Table B.8 give all equations (B.22) for which the
classical method of Lie reduction can be effectively used.

Lie Symmetry Reductions. Lie symmetries provide one with the pow-
erful tool for finding solutions of nonlinear PDEs reducing them to PDEs
with fewer number of independent variables or even to ODEs. If a (141)-
dimensional PDE admits a Lie symmetry operator, Q = 70; + £0, + 1n0,,
then the ansatz reducing this PDE to an ODE is found as a solution of the
invariant surface condition Q[u] := Tu;+&u, —n = 0 [217,227]. In practice,
one has to solve the corresponding characteristic system % = d?x = “17—“. To

get inequivalent reductions one should use subalgebras from an optimal
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Table B.8: The group classification of class (B.22) using no equivalence.

no. B(t) Basis of A™ma*
0 v Ory TOy + TiOy
1 Op, Ty + T,0y, 5T, ' (aT +b)(cT + d)dy, + [5acT
N (aT +b)P(cT 4+ d)*~* | +ad(p+ 1)+ be(4 — p)| 0, + (Sacht — [bacT
+ 50T, (aT + b)(cT +d) + be(p + 1) + ad(4 — p)] u) O
2 | ATy(cT + d)® exp (g%jg) Oy, TOy + Ty0u, 5T, (cT + d)20, + (5e(cT + d) + A)zd,
+ [5e22Ty + (A = 5(cT + d)(c + T + d)T[l)) u) 9y
3 Opy TOy +Tp0y, T, ((aT + )% + (cT + d)?) 0,
AT aretan(eria) + [a(aT +b) + c(cT + d) + vA] 20,
x ((aT + b)* + (cT + d)Q)% + [(a* + *)aTy — (a(aT +b) + c(cT +d) — vA
+ o1t ((aT + b)? + (cT + d)?))u] O,
4a AT} Oz, TOy+Ti0y, T (0 — aud,),
5TT0; + 20, — (44 5TT;  a)ud,
4b Oz, Ty + TiOy,
Ty(cT + d)* 5T, 1T + d)oy + 4cxdy — (¢ + 5T (T + d)a)ud,,
T, (eT + d)%0; + c(cT + d)x0,
+ [2Ty — (T + d)(c + T M (T + d)a)u]d,

Here a, b, ¢, d, A\, v, and p are arbitrary constants with A £ 0 and p # 0,3, A = ad—bc # 0;
The function «(t) is arbitrary in all cases, T = [ e~ JoWdigy,

system (see Section 3.3 in [217]).

We have constructed optimal systems of one-dimensional subalgebras

for all the maximal Lie invariance algebras presented in Table B.7. The

results are summarized in Table B.9.

The reductions with respect to the subalgebra g lead to constant solu-

tions only. The reduction with respect to the subalgebra g, 3 is not pre-

sented since it coincides with that performed using g1 for p = 0. Other
reductions are listed in Table B.10.
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Table B.9: Optimal systems of one-dimensional subalgebras of A™** from Table B.7.

Case Optimal system
0 | 9=(0), g*=(({t+a)ds+0u)
pt—14 | 8=1(0z), 87 =((t+0)0+0u), g11= 50+ (p+1)z0, + (p — 4)udy)
=1 | 9=(0), 87 =((t+0)0+0u), 87s= (L0 +aly —udy)
2 g=(0.), = (t0y + Ou), @9 = (5O, + 20y + udy)
3 0=(0z), 95={(t*+1)0+ (t+ )20 + (x+ (v —1t)u)dy)
Here a is a real constant, o € {—1,0,1}. Up to G, _j-equivalence we can assume that
p<3/2,v>=0
Table B.10: Similarity reductions of the equations (B.25).
Case g w Ansatz, u = Reduced ODE
0 g® t @(w)—l—tj_a (w+a) +9=0
Lpt—14 | 911 €T -5 t 5490(‘”) " + (80 p+1 )90 + p5 =0
lp=—1 | 872 | z—alnt t p(w) "+ (p—a)¢'—p=0
2 | g | et eso(w) "+ (p—qw) @'+ 5 =0
re Vv arctant eV arctant xt
3 W)+ —5— | "+ (p—vw)p +rvp+w=0
g3 1 | et W g |9 Pl
41 | gaa x p(w) "+’ =0
2
42 \gip| w5 p(w) Ft "+’ F1=0

Here a is an arbitrary constant.

Solving the first-order reduced equation from Table B.10 and subse-

quently applying to it transformation (B.28) we get a “degenerate” solution
of equation (B.22),

U =

:1:+b

[T

(Ddtqt + a

- fa(t)dt

Y

that is valid for any smooth function . Here a and b are arbitrary con-
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stants.

Using equivalence transformations it is possible to construct an exact
solution for the equations (B.22) that are reducible to their constant coef-
ficient counterparts, i.e., whose coefficients are related by (B.23). We take
the known solution in terms of the Jacobi elliptic function cn from [320]

for equation (B.21) and get the exact solution

Pa cn (W(t, x); ﬁ) + c1(z + d)
el ab)dt 7 ’
for the variable coefficient fKdV equation,

u =

Ut + U, + Oé(t> —€ —J o dtzgulxmxm =0,

4 Z 8
cs, @ 1S a positive constant, ci, co, b and d are arbitrary constants with

(c1, ¢2) # (0,0).

One-dimensional subalgebras of the Lie symmetry algebras admitted by

where W (t,z) = Lqi (ﬂl —Zg [ t)dt dt) +b, Z = [e Jedqs 4

equations from class (B.22) are classified in Table B.9 and all inequivalent
reductions with respect to such subalgebras are summarized in Table B.10.
Performed reductions can be used for the construction of exact and/or
numerical solutions. Examples of such constructions were given in [175] for
the generalized Kawahara equations. Two simple solutions are constructed

in this section.

B.4. Group Analysis of a Class of Generalized
Fifth-Order Korteweg—de Vries Equations

In this section the class of generalized variable-coefficient fifth-order
Korteweg—de Vries (fKdV) equations

ur + u"uy + a(t)u + B(t)Uprrze = 0 (B.26)

is investigated from the Lie symmetry point of view. Here o and [ are

smooth nonvanishing functions of the variable ¢ and n is a positive integer,
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n > 2. This work is a natural continuation of the study undertaken by
ourselves in [177], where the group classification of the equations (B.26)
with n = 1 was carried out exhaustively. Lie symmetry analysis of the
class (B.26) was initiated in [311]. We show that the results presented
therein are incorrect. The case n = 2 was considered also in [312] but the
complete group classification was not achieved.

Various generalizations of the Korteweg—de Vries equation appear in
many physical models, including ones describing gravity waves, plasma
waves and waves in lattices [144]. The equation (B.26) with n =1, a =
0 and 8 = const models, for example, one-dimensional hydromagnetic
waves in a cold quasi-neutral collision-free plasma propagating along the
x-direction under the presence of a uniform magnetic field under some
conditions, namely, when the propagation angle of the wave relative to
the external magnetic field becomes special, critical angle [150]. More
references on studies concerned with these equations can be found in [177].
We also discuss the incorrectnesses of the results obtained in [311,312].
Admissible Transformations. We search for admissible transformations
in class (B.26) using the direct method [160]. The following statement is

true.
Theorem B.16. The generalized equivalence group G~ of the class (B.26)
consists of the transformations
) ) /6"
t=T(t), T=hx+0d, u=|=] u,
T,
o Ty 55 01 _
1) = — + 1 t) = —B(t =
G(0) =+ A A = A0, A=,
where 65, 7 = 1,2, are arbitrary constants, T' is an arbitrary smooth func-
tion with 60T, > 0.
The entire set of admissible transformations of the class (B.26) is gen-
erated by the transformations from the group G™.

If we assume that the constant n varies in the class (B.26), then the

equivalence group G~ is generalized since n is involved explicitly in the
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transformation of the variable u. Since n is invariant under the action
of transformations from the equivalence group, the class (B.26) can be
considered as the union of its disjoint subclasses with fixed n. For each
such subclass the equivalence group G is usual one.

Using Theorem B.16 we derive a criterion of reducibility of variable-
coefficient equations (B.26) to constant coefficient equations from the same

class.

Theorem B.17. A wvariable coefficient equation from the class (B.26) is
reducible to the constant coefficient equation from the same class if and

only if its coefficients av and [ satisfy the equality

n(a/B), = (1/8)- (B.27)

Equivalence transformations from the group G~ allow us to gauge one
of the arbitrary element o or 3 to a simple constant value, for example, «
can be set to zero or 8 to unity. The gauge o = 0 leads to more essential
simplification of the study than the gauge § = 1, therefore, the first one
is preferable. Any equation from the class (B.26) can be mapped to an

equation from the same class with & = 0 by the equivalence transformation
t= fenJeWdqr 7 =g a=eloWdy, (B.28)

Then the single variable coefficient in the transformed equation will be
expressed via a and 8 as § = er/e)dig, (Here and in what follows an
integral with respect to ¢ should be interpreted as a fixed antiderivative.)

Therefore, we can restrict ourselves to the study of the class
ur + u"uy + B(t)Upprzr = 0. (B.29)

To derive the equivalence group for (B.29) we set & = o = 0 in the
corresponding transformation presented in Theorem B.16 and deduce that

the function 7' is linear with respect to t. The following assertion is true.
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Table B.11: The group classification of class (B.29) up to G§-equivalence.

no. | A(t) Basis of A™max

1 V| Oy

2 | etl | Oy, 5t + (p+ 1)nady + (p — 4)ud,

3 | e | Oy, 5nO; + nxdy + ud,

4 3 ax, 8t, 5nt8t + nxax — 4u8u

Here n # 0,1, p is an arbitrary nonzero constant; ¢ = +1 mod Gy

Corollary B.18. The generalized equivalence group Gy of the class (B.29)

comprises the transformations

S

t~:5gt+54, £:51x+52, u = (g—;) u,

- 5.°
5<t>=5—13

where 05, j = 1,2, 3,4, are arbitrary constants with 6103 > 0.

(B.30)
(t)7 n=mn,

The entire set of admissible transformations of the class (B.29) is gen-

erated by the transformations from the group Gy .

Lie symmetries. In the previous section we have shown that the group
classification problem for the class (B.26) reduces to the similar problem

for its subclass (B.29). We have proved the following statement.

Theorem B.19. The kernel of the mazximal Lie invariance algebras of non-
linear equations from the class (B.29) with n # 1 coincides with the one-
dimensional algebra (0,). All possible G -inequivalent cases of extension

of the maximal Lie invariance algebras are exhausted by those presented in
Cases 2—4 of Table B.11.

Proposition B.20. A group classification list for the class (B.26) up to

G~ -equivalence coincides with the list presented in Table B.11.

Proposition B.21. An equation of the form (B.26) admits a three-

dimensional Lie symmetry algebra if and only if it is point-equivalent to
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Table B.12: The group classification of the class (B.26) with n # 0, 1 using no equivalence.

no. B(t) Basis of A™ma*

1 N Ox

2 | AL(T +.)" | 0p, 50(T + )T, 0 +n(p+ 1)20, + (p — 4 — 5na(t)(T + k)T, M )udy

3 AT emT Oz, 5nTt_13t + mnzd, + (m — 5na(t)Tt_1)u8u

4 T, Op, T 10y — at)udy), SnTT; 10y + nawdy — (4 + dna(t) T, )ud,

Here A, k, p, and m are arbitrary constants with Apm # 0, T = T(t) = fe_”f"‘(t) dtqt,

and the function a(t) is arbitrary in all cases.

the constant-coefficient fKdV equation u; + u"uy + €Upprre = 0 from the

same class.

For convenience of further applications we present in Table B.12 the
complete list of Lie symmetry extensions for the initial class (B.26), where
arbitrary elements are not simplified by equivalence transformations (the
detailed procedure of deriving such a list from a simplified one is described
in [289]).

The obtained group classification results give all equations (B.26) for
which the classical method of Lie reduction can be applied.
Symmetry Reductions and Construction of Exact Solutions. To
find optimal systems of one-dimensional subalgebras for Lie algebras A™#*
presented in Table B.11, we firstly consider their structure, using notations
of [230]. In Cases 2 and 3 the maximal Lie-invariance algebras are two-
dimensional. In Case 2 with p = —1 it is Abelian (24;). The algebras
adduced in Case 2 with p # —1 and Case 3 are non-Abelian (Ay). The
three-dimensional algebra with basis operators presented in Case 4 is of
the type A§:, where a = 1/5.

Therefore, optimal systems of one-dimensional subalgebras of the maxi-

mal Lie invariance algebras A™* presented in Table B.11 are the following:

2p2-1 89 = (02), O21 = (5nt0y + (p + 1)nzdy + (p — 4)udy);
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Table B.13: Similarity reductions of the equations u; + u™u, + B(¢)Uzzzee = 0.

no. B(t) g w Ansatz Reduced ODE
1 |eth, p#—11|g9, e tp5;n4<p(w) e + <cp" pH > O +=p=0
2 et™! g5y |z —%Int | u= t*%go(w) e + (90" %) o — %go =
3 ee’ g5 | we | u=emlpw) | e + (¢" — tw) ¢ + o=
4 e g, | z—ol | u=pW) "+ (¢"—0)¢' =0
5 5 042 xt”s u= t_%go(w) e+ (" — L) ¢ — o=

Here a is an arbitrary constant, o € {—1,0,1}, ¢ = £1 mod G5, n # 0, 1.

20=—1: 8y = (On), 899 = (nt0; + a0, — ud,), where a is an arbitrary
constant;

3: gy = (0s), g5 = (5n0; + nxd, + ud,);

4: gy =(0y), 871 = (0 +00:), 949 = (5Nt + nxd, — 4ud,);
oe{-1,0,1}.

We do not perform the reductions with respect to the subalgebra g,
since they lead to constant solutions only. The reductions with respect to
other one-dimensional subalgebras from the found optimal lists are pre-
sented in Table B.13.

It is possible to consider also reductions of the generalized fKdV equa-
tions to algebraic equations using two-dimensional subalgebras of their Lie
invariance algebras. There is only one such subalgebra that leads to a

nonconstant solution, it is the subalgebra
(O, Bntoy + nxd, — 4ud,)

of the algebra A™** presented in Case 4 of Table B.11. The corresponding

ansatz u = Cz~n reduces the equation
Up + uUy + EUppppr = 0 (B.31)

to an algebraic equation on the constant C. We solve it and get the sta-
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tionary solution
w=(=8(n+1)(n+2)(n+4)(3n+4))"(nz)r.

of the equation (B.31). Using this solution and equivalence transforma-

tion (B.28) we construct simple nonstationary exact solution,
_ 1 —2 — [a(t)dt
u=(—8(n+1)(n+2)(n+4)(3n+4))"(nx) e :
for the fKdV equation with time-dependent coefficients
up + uug + a(t)u + e Jolt) Wy = 0, (B.32)

where « is an arbitrary nonvanishing smooth function.

If n = 2 the travelling wave solution
u = +2v/—10¢ (3tanh(z + 24et)” — 2)

of the equation (B.31) is known [228]. Using (B.28) we get the exact
solution of the equation (B.32) with n = 2,

P
u = +2v/—10¢ <3 tanh (:r: + 24€f€_2 Jal?) dtdt) — 2) e~ Jo(t)dt

It is worthy to note that the obtained reductions to ODEs can be used

for construction of numerical solutions of the generalized fKdV equations,
see [175,298] for details.
Concluding remarks. Lie symmetry analysis of the class (B.26) was
initiated in [311], and the case n = 2 was also treated separately in [312].
However, the results presented therein are either incorrect [311] or incom-
plete [312]. Here we discuss main lucks of the results obtained in those two
papers.

In [312] only some cases of Lie symmetry extensions for equations of the
form (B.26) with n = 2 were found, namely, the cases with ov = const and
a = 1/t. If one performs the group classification up to the corresponding

equivalence transformations it is enough to consider the case a = 0. If one



347

wants to get the classification, where all equations admitting Lie symmetry
extensions are presented, not only their inequivalent representatives, then
all such equations will have the coefficient o being arbitrary, so the cases
a = const and a = 1/t can be considered as particular examples only.
Moreover, even studying these particular cases the authors of [312] missed
one case of Lie symmetry extension for each value of o considered by them.
For example, for the case o = 0 this is § = e(t + 0)”, where ¢, § and p are
arbitrary constants with ep # 0. Nevertheless, at least dimensions and basis
operators of the found Lie symmetry algebras for those particular cases
derived in [312] are correct in contrast to the results presented in [311].
In [311] the authors state that they find three cases of Lie symmetry
extensions for equations (B.26) and in each derived case the corresponding
Lie symmetry algebra is four-dimensional. This is a false assertion. In this
paper and in [177] we show that equation (B.26) admits four-dimensional
Lie symmetry algebra if and only if n = 1 and, moreover, the equation is
point-equivalent to the simplest constant-coefficient fKdV equation u; +
Uy + fUzgrer = 0, where p = const. So, the results of [311] are principally

incorrect.

B.5. Group Classification of Variable Coefficient
K(m,n) Equations

In order to understand the role of nonlinear dispersion in the formation of
patterns in liquid drops, Rosenau and Hyman [259] introduced a general-

ization of the KdV equation of the form

u +e(u™), + ("), =0,

TxT

where ¢ = +1. Such equations, that are known as K (m,n) equations, have
the property for certain values of m and n their solitary wave solutions are
of compact support. In other words, they vanish identically outside a finite

core region. Further study followed in the references [255-258].
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Here we consider a class of variable coefficient K (m,n) equations of the

form
ug+ (™), + F() (W), = 0, (B.33)

where f is an arbitrary nonvanishing function of the variable ¢, n and m are
arbitrary constants with n # 0, and € = 1. Note that the more general

class (appeared, e.g., in [324]) of the form

ur+g(t)(u™)y + f(E)(U")gee =0,  fn#0, (B.34)

reduces to class (B.33) via the transformation ¢ = ¢ [¢(¢)dt, & = z, @ = w.
This transformation maps the class (B.34) into its subclass (B.33), where
f=ef /g. This is why without loss of generality it is sufficient to study
class (B.33).

In this section we carry out the Lie group classification for the class
(B.33). All point transformations that link equations from the class are
described. Firstly we find equivalence group of the entire class and then de-
rive three its subclasses that have nontrivial conditional equivalence groups.
The obtained Lie symmetries are employed also to a specific boundary value
problem.

Admissible transformations. The results on admissible transforma-
tions for equations from the class (B.33) are given in the following theo-
rems, which give the description of the equivalence groupoid. We exclude
linear equations, i.e., equations with (n,m) € {(1,0), (1,1)}, from the con-

sideration. The proofs of these theorems are omitted.

Theorem B.22. The usual equivalence group G~ of the class (B.33) is

formed by the transformations
t~: :|:51531_mt + 50, T = (51.%’ + (52, U = (53u,
f::izé%égn_”f, E==2e, n=n, m=m,

where 0;, 7 =0,1,2,3, are arbitrary constants with 4,63 # 0.
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It appears that if (n,m) € {(n,0),(n,1),(1,2)}, then there exist non-
trivial conditional equivalence groups of the class (B.33) that are wider

than G™, namely the following assertions are true.

Theorem B.23. The class (B.33) with m = 0,
admits usual equivalence group G(”n 0) consisting of the transformations

5365
T
where §;, 7 = 1,2,3, are arbitrary constants with 6103 # 0, T(t) is an

t=T(), T=06x+0, u=0du, [f=

o n=n,

arbitrary smooth function with Ty # 0.

Theorem B.24. The generalized equivalence group GTn 3 of the
class (B.33) with m = 1,

ur + eug + f(t) (u"),,, =0, (B.36)

comprises the transformations

t=T(), T=0(x—et)xeT(t)+05, u=dzu,

where §;, 7 = 1,2,3, are arbitrary constants with 6103 # 0, T(t) is an
arbitrary smooth function with Ty # 0.

Theorem B.25. The generalized equivalence group G(Nl %) of the class,
wp + e(u?)y + f()Upge = 0, (B.37)

consists of the transformations

2ek (Yt + 0)u — Kyx + 16 — poy

T

! 2¢(ad — 37) |

- t t . 3

t:a+ﬁ7 i’:ﬁx—i_ul +MO, é::l:g, f: R f ,
vt + 0 vt + 0 ad — Byvyt+9o

where a, 8,7, 0, 41, o, and k are constants defined up to a nonzero multi-
plier, k(ad — B7y) # 0.
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Table B.14: Classification of the equations (B.33) with n # 1.

no.

3
3

f(t) Basis of A™ma*

Oy

v v
2 |V | 22|V |8, 20, + 3ud,
v

0 1 815, Bz, x@ + luau, 3t8t + xa

4 —% 0 1 Oy, Oy, ©Oy — 20y, 30y + 20y, x20, — dzud,

5 v v 1 | O Oy, Bm—n—2)t0; + (m—n)x0y — 2ud,

6a | =5 | =3 | 1 |0 O, 30 + 2udy,

sinx 0, — 2cos x udy, cosx d; + 2sinx udy,

6y —% —% 1 O, O, 3t0; + 2u0,, €*0, — 2e*udy, € %0, + 2e ™ *udy,

7TV v th | Oy, (B3m—n—2)t0; + (km— k+m—n)x0, + (k—2)ud,

8 A ”TH t2 | 0y, 0y + 5 luau, t0: + 20,

9 | V v el | Oy, B3m—n—2)0; + (m—1)20,; + ud,

Here k is an arbitrary nonzero constant. In Cases 6, and 6, ¢ = 1 and € = —1, respectively.

The equations from the class (B.36) can be reduced to ones (with tilded
variables) from the class (B.35) by the additional equivalence transforma-
tion t =t, & = x — et, & = u. Therefore, the case m = 1 being equivalent
to the case m = 0 will be excluded from the classification list.

Lie symmetries. We perform the group classification of class (B.33)
within the framework of the classical approach [38,217,227]. There are
two essentially distinguished cases n # 1 and n = 1.

Lie symmetries according to the forms of f(¢) of equations (B.33) with
n # 1 are tabulated in Table B.14. All cases presented in Table B.14 except
Cases 3 and 4 are classified up to G™~-equivalence. For Cases 3 and 4,
where m = 0, we used the equivalence group G that is wider than G™.
Thus, the equation (B.35) with n # —1/2 admlts the four-dimensional Lie
symmetry algebra with the basis operators

Lo, 0, w0+ —ua, LY
Ft) n—1 f(t)

8t+3:8
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Table B.15: Classification of the class (B.33) with n = 1.

no. f(t) Basis of A™max
m # 2
1 N Oy
2 1 Oty O, 3(m — 1)t0; + (m — 1)x0y — 2ud,
3 tk Oz, 3(m — 1)t + (m — 1)(k + 1)z0x + (k — 2)ud,
4 et Oz, 3(m —1)0; + (m — 1)x0, + u0,
m=2
5 v Oy, 26tDy + Oy
6 1 O, 2et0y + Oy, Oy, 30y + 10, — 2ud,
7 th Oy, 26t0y + Oy, 3t0p + (k + )20, + (k — 2)ud,
8 et Oy, 2et0y + Oy, 30; + x0y + udy,
9 | ekarctant /12 11 | 9 2etd, + Oy, 6(t? + 1)0; + 2e(3t + k)xdy + (2e(k — 3t)u + 32)0,

Here k is an arbitrary constant satisfying the following constraints: k& # 0 in Case 3, k # 0,1
and k > 1/2 mod G(N1 2 in Case 7, kK > 0 mod G(N1 ) in Case 9.

irrespectively of the form of the function f. Here and throughout the paper
an integral with respect to t should be interpreted as a fixed antiderivative.
If n = —1/2, then the Lie symmetry algebra of the equation (B.35) is five-
dimensional spanned by the above operators and the additional operator
2%0, — 4zud,. Using the equivalence transformation ¢ = [ f(¢t)dt, 7 = «,
u = u from the group G(Nn,o) we reduce these cases to ones with f =1 (cf.,
Cases 3 and 4 of Table B.14).

Lie symmetries according to the forms of f(¢) of equations (B.33) with
n = 1 are tabulated in Table B.15.

The group classification of the class (B.33) with n = 1 and m # 2 is
performed up to G™~-equivalence. For the classification of Lie symmetries of
the equations (B.33) with n = 1 and m = 2 we used the wider conditional

equivalence group G(“i 2)- Since transformations from the group G(Nl 5 are
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quite complicated, we adduce also the additional cases of Lie symmetry
extensions of equations (B.33) with n = 1 and m = 2 that are inequivalent
with respect to the group G~ to Cases 6-9 of Table B.15.

L f=0t+)t"" k401,840 (0., 2ctd, + 0y, Q3), where
Qs = 6et(t + 8)0; + 2 (3t + B(2 — k)) 20, + [3x — 2e(3t + Bk + 1))u]0y;
2. f=ter: (8, 2ct0y+0,, 6et20,+2¢(3t—1)x0y+ (3x—2e(3t+2)u)d,);

3. f=t: (0, 2et0; + Oy, 3t0; + 220, — ud,,
2et?0; + 2etx0, + (v — 2etu)d,).

From the first sight it looks like the counterpart to Case 9 of Ta-
ble B.14 is missed. At the same time it appears that the func-
tion f = MAexp (k arctanii—i’?) locally coincides with the function
f = Xexp(karctan(at + 3)), see [234] for details.

As an example for a reduction into an ordinary differential equation, we
consider Case 7 of Table B.15 which corresponds to the variable coefficient

KdV equation

up +&(U?) s + Fugey = 0 (B.38)
that admits the three-dimensional Lie symmetry algebra

Q1 =0, Q=2et0, + 0y, Q3=3t0+ (k+ 1)x0, + (k — 2)ud,.

Depending on the value of k£ an optimal system of one-dimensional subal-

gebras of this Lie symmetry algebra consists of the subalgebras

(Q1), (Q240Q1), (Qs) it k#-1,2
(Q1), (Q2+0Q1), (Qs+aQ) if k=-1
(Q1), (Q2+0Q1), (Q3+aQ2) if k=2.

Here 0 € {—1,0,1}, a € R.
Reductions associated with the subalgebra (Q)1) are not considered since
they lead to constant solutions only. The ansatz constructed with the

subalgebra (Q2+ c@1) has the form u = 5 tx—i— + ¢(w) with the similarity
et+o
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variable w = t. This ansatz reduces equation (7) to the ODE (2ew+0)¢p,, +

c
2¢¢ = 0 whose general solution is ¢ = —1, where ¢; is an arbitrary
2ew +o N
x+c
constant. The corresponding solution of (7) takes the form u = S L
et+o

It is fair to note that this solution satisfies equations of the form (B.37) for
arbitrary f. Other reductions depend on the value of the exponent k. We

adduce the ansatzes together with the corresponding reduced equations.

k+1

k#A—12 (Q)iu=t7¢w), w=ut 7,
3¢www + 68¢¢w - (k + 1)¢ww + (k - 2)¢ = O;

k=—1. (Q3+aQy): u:%gb(a}), w:x—glnt,
3¢www+65¢¢w_a¢w_3¢zo;
k=2 (Qs+aQ2): u=§lnt+¢(w), w:?——lnt,

3
3w + 600, — 3w — 2acd, +a = 0.

We note that the latter two cases are equivalent. Indeed, the equation
up+e(u?) + 2z, = 0 is mapped to the equation ;+e ()%, +¢ tizzz = 0
by the following transformation from the group G(N1,2)

-1 _ T . 2etu—=x
t=—-, 1=—1—, u=——.
t t 2e

As a result Lie symmetries of K(m,n) equations with time-dependent
coefficients are classified. Group classification is presented up to widest
possible equivalence groups, the usual equivalence group of the whole class
for the general case and the conditional equivalence groups for special val-

ues of the exponents m and n.
B.6. Enhanced Group Analysis of a Class of
Benjamin—Bona—Mahony—Burgers Equations

The regularized long wave equation u; + u; + v, — U+ = 0 was proposed

by Peregrine [231] and later by Benjamin et al. [20] to describe small-
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amplitude long waves on the surface of water in a channel. In order to
take into account the mechanisms leading to the degradation of the wave

the model including dissipative term u,, was considered in [9], namely
Up + Uy + Uy — VUgy — Upyr = 0, v € RT.

Here u = u(x,t) is a real-valued function of the two real variables x and
t, which, in applications, are typically proportional to distance in the di-
rection of propagation and to elapsed time, respectively. The dependent
variable may represent a displacement of the underlying medium or a veloc-
ity [9]. The regularized long wave equation with a Burgers-type dissipative
term appended is more frequently called the Benjamin—Bona—Mahony—
Burgers (BBMB) equation [205].

The most general form of the BBMB equation with time-dependent

coeflicients is
(e f(t)ux + g(t)uux + k(t)ux;r + h(t)um:t = 0: ghk 7é 07 (B'39)

where f, g, h, and k are smooth functions of the variable .

In this paper we aim to investigate this class with the Lie symmetry
point of view, namely, to present the complete group classification of this
class of equations. A similar study was initiated in [170] but the complete
and correct group classification was not achieved therein. Lie symmetries
and conservation laws of equations (B.39) without dissipative term (i.e.
with k£ = 0) were thoroughly investigated in [305].

We carry out the group classification of class (B.39) using the method of
mapping between classes suggested in [300] and then successfully applied
for several classes of variable coefficient PDEs, see, e.g., recent works [297,
305]. When the complete group classification is achieved Lie reductions of
BBMB equations to ODEs are performed as well as some exact solutions
are constructed.

Equivalence Groupoid and Group Classification. Consider firstly

the transformational properties of class (B.39). We look for the admissible
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point transformations using the direct method [160]. The proofs of the
statements below are similar to those presented in [305] for equations (B.39)
with £ = 0. Thus, we skip the details of calculations for the sake of brevity
and present the final results only.

All the admissible transformations in class (B.39) are generated by
equivalence transformations and therefore this class is normalized in the

usual sense. The following statement is true.

Theorem B.26. The usual equivalence group G~ of class (B.39) consists

of the transformations

[=T(t), &=6z+0, i=0u+6, k)= ‘;ﬁk(t),
F0) = 200 = 0190, 300 = g(0). BE) = 62000,

where 6;, j = 1,2,3,4, are arbitrary constants with 6,03 # 0 and T = T'(t)
is an arbitrary smooth function with T; # 0. Class (B.39) is normalized in

the usual sense.

Using this theorem, we can formulate the criterion of reducibility of
variable coefficient BBMB equations from class (B.39) to their constant

coefficient counterparts:

Proposition B.27. A wvariable-coefficient equation from class (B.39) is
reduced to a constant-coefficient equation from the same class by a point
transformation if and only if the corresponding coefficients f, g, h, and k

satisfy the conditions

(f/9)y =hi =k =0,
i.e., k and h are constants and the function f s proportional to g.

We note that the maximal Lie invariance algebra A™* of the constant
coefficient BBMB equation was found in [46]. It is two-dimensional Abelian

algebra (0, 0,) spanned by the operators of time and space translations.
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Table B.16: The group classification of class (B.41) up to G7-equivalence.

no. | H(t) | K(t) | F(t) Basis of A™ma*
0 v v V| 0
p—4

1| ett | XP7E| 0t 2 | O, 2t0; + px0y + (p — 2)udy

2 | eet Xel | Sext | Oy, 20, + 20y + ud,

3 € A o Oz, O

Here ¢, 9, A, and p are arbitrary constants with e\ # 0, ¢ = £1 mod G7".
In Case 3 0 = 0,1 mod G7 and additionally A = —1 mod G7" if § = 0.

The presence of four arbitrary elements in class (B.39) leads to diffi-
culties in solving the group classification problem. Therefore, we firstly
simplify the problem by reducing the number of arbitrary elements in the
class. This can be done either via gauging of arbitrary elements by equiv-
alence transformations or using the method of mapping between classes.
We choose the second option.

The family of point transformations

; . _ f(t)
t=|gt)dt, z=2, u=u+—7>=, B.40
Jott) L (B.40)
parameterized by two arbitrary elements of class (B.39), maps class (B.39)
to the related class of variable coefficient BBMB equations with a forcing

term
ur + uty + K (g + H(t)uge = F(t), HK #0. (B.41)

(Tildes in (B.41) are omitted.) The arbitrary elements of the initial
class (B.39) and the imaged class (B.41) are related via the formulas

K (i) = % H) = h(t), F(I) = Ilt) (%)t (B.42)

Following the method of mapping between classes, we firstly classify Lie

symmetries of the imaged class (B.41) and then use the family of point
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transformations (B.40) and the relations (B.42) to extend the result to the
initial class (B.39).

In order to efficiently solve the group classification problem for
class (B.41), we look for admissible transformations in this class using
the direct method. Similarly to class (B.39) such transformations are ex-
hausted by transformations from the usual equivalence group admitted by

this class.

Theorem B.28. The usual equivalence group GY of class (B.41) comprises

the transformations

where 6;, j = 0,1,2,3, are arbitrary constants with 6163 # 0. Class (B.41)

18 normalized in the usual sense.

The results on group classification of the class (B.41) are summarized
in Table B.16.

Note B.29. Any constant coefficient BBMB equation u; + fu, + guu, +

ktgzy + htge, = 0 can be reduced to the equation u; + uthy — Ugyy + Uy = 0,
where ¢ = sign(h), (Case 4 of Table B.17 with § = 0 and A = —1) by

. @ VI

k
——t, T = u = ———(gu + f) from the

171 iz k

the transformation t =
group G~ .

The classification list for the initial class (B.39) can be obtained using
the transformation (B.40), the relations (B.42) and the group classifica-
tion results derived for the imaged class (B.41) (Table B.16). The trans-
formation (B.40) can be considered as a composition of the equivalence
transformation 7~: ¢ = [g()dt, # = Z, @ = u from the group G~ and

0]

the transformation 7: t =t, 2 =z, u = u + 70 that does not belong to

the group G~. The transformation 7~ maps any equation from (1) to the
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Table B.17: The group classification of class (B.39) up to G™-equivalence.

no. | h(t) | k(t) | f(t) Basis of A™max

0 N N v Oz

1 | ett | XP7Y | 6t 2 | Oy, 20 + px0yp + (p — 2)udy

2 | et? M| dlnt | Oy, tO; + 20, — 50,

3 cet et de2t | 0y, 20; + 10y + u0,

4 13 )\ (5t 81«, at - 5au

Here g(t) = 1 mod G™; ¢, §, A, and p are arbitrary constants with e\ # 0, e = £1 mod G™.
In Case 4 6 = 0,1 mod G~ and additionally A = —1 mod G~ if § = 0.

equation from the same class with ¢ = 1. In order to obtain the group clas-
sification for class (B.39) up to the G™-equivalence it is enough to consider
the transformation (B.40) with ¢ = 1. Then the formulas (B.42) which
connect arbitrary elements in classes (B.39) and (B.41) take the simple
form H = h, K =k, F' = f;. We integrate the latter ODE for the values
of F' appearing in Table B.16. We, respectively, get the following forms of
f=f):

1. f=0t"" +C (8§ =26/(p—2)),if p#2and f = dInt+C, otherwise;

2. f=éext +C (6 =20); 3. f=0dt+C.

The integration constant C' = 0 mod GG™. The last step is to perform the
change of variable & = u + f(t) in basis operators of the maximal Lie
invariance algebras presented in Table B.16. The results are summarized
in Table B.17.

We also derive the complete list of Lie symmetry extensions for the
entire class (B.39), where arbitrary elements are not simplified by point
transformations (Table B.18).

Reductions and Exact Solutions. The classes of BBMB equa-
tions (B.39) and (B.41) are similar with respect to the transforma-
tions (B.40). If one has exact solutions for equations (B.41) the simi-

lar solutions for equations (B.39) can easily be recovered using (B.40).
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Table B.18: The group classification of class (B.39) using no equivalence.

no. h(t) k(t) f(t) Basis of A™max

0 v v v Ox

_ 2
1 |1 (eT + k)P pog(eT + k)P~ pu3g(eT + /i)pTQ + pag| Oz, ;(ET + k)0 + epx0y

+e(p —2)(u+ pa)0u

1
2 | (eT + k)2 pog(eT + k) | puzgIn(eT + k) + pag | Os, Q(ET + R)O; + ex0y — €30,

2
3 | urexp(cT) | pagexp(eT) | pusg exp(%aT) + pag | O, gﬁt + ox0y + o(u+ pg)0y

1
4 p1 H2g u3gT + pag Or, ;&e — 1130y

Here ¢ is an arbitrary nonvanishing smooth function, T' = fg(t) dt; e = £1; py, 0 =1,...,4,

o, k and p are arbitrary constants with op;pue # 0.

That is why it is convenient to perform classification of Lie reductions
for class (B.41), where the number of inequivalent cases of Lie symmetry
extension is smaller.

To perform the classification of Lie reductions we need the optimal
systems of one-dimensional subalgebras of the maximal Lie invariance al-
gebras of the BBMB equations (B.41). Such algebras are at most two-
dimensional. The optimal system of a two-dimensional Lie algebra (X7, X5)
is {(X1), (Xo)} if the algebra is non-Abelian and {(X3), (Xo4+aX;)}, where
a € R, if it is Abelian. We have non-Abelian algebras in Case 1 with p # 0
and Case 2 of Table B.16 and Abelian algebras in Case 1 with p = 0 and
Case 3 of this table. We note that reductions with respect to subalge-
bra (X; = 0,) lead to trivial constant solutions. Therefore, we perform
only the reductions with the second subalgebra. For each case we list the
BBMB equation, the one-dimensional subalgebra, the Ansatz constructed
with this subalgebra and the corresponding reduced ODE.

Case 1.

U + utty + M gy + etPup = 5tp%l, (B.43)
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(2t0) + prdy + (p — 2)udy,), u=1t2"'p(w), where w = 2t %,
epwe” + (e(p+2) = 2N)" — 20" + pwy' + (2 — p)p + 26 = 0.
This ODE has particular exact solution ¢ = w + %S, which gives the
“degenerate” solution u = % + %ftg_l of equation (B.43) with p # 0.
Case 1,—o.

Wy 4 Uty + N gy + EUpyy = 02, (B.44)

1
(t0y + a0y — udy), u= ;gp(w), where w = 2 — alnt,

" + (e =N — o' +ap +¢o+d=0.

For a = —¢ this ODE has particular solution ¢ = w + ¢, where ¢ is an
arbitrary constant. This leads to the “degenerate” solution u = %(m +
dInt + ¢) of the equation (B.44).

Case 2.

Uy + Uy + Nl Uy, + € Upyy = (5e%t, (B.45)

N+

(20p + 20, +udy), u= e%go(w), where w = zre™ 2,

ewp” + (e = 20" — 200" + w' — p + 26 = 0.
Case 3.

U + Uy + Mgy + EUgpt = O, (B.46)

(O + ady), u=p(w), where w =1z — at,

ca” — A" — o+’ + 6 =0.

Up to the equivalence we can consider A = —1. We found exact solutions

for the case 0 = 0, these are ¢ = —2tanhw, a = 0; and

1—12¢ 12 6 1
=4 — —~tanhw + — tanh? =4+,
v 10e 5 e e, =g
Thus, equation u; + uu, — Uy + €Uy = 0 admits the exact solutions
u = —2tanhx and

1—12 12 t 6 ¢
u==x S Ctanh(r+-— )£ tanh? (2 £ — ).
10e oY 10e o 10e
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Using the method of mapping between classes we have presented the
complete group classification of BBMB equations (B.39). As a by-product
of this approach we also got the group classification of a related class
of BBMB equations with a forcing term (B.41). For the convenience of
applications we adduced the results in two ways: the classification list
where only inequivalent equations are presented (Table B.17) and the list
with their most general forms (Table B.18).



	Chapter 1Equivalence Groupoids of Classes of Differential Equations
	Preliminaries on Admissible Transformations
	Equivalence Groupoids and Related Notions
	Classification of Admissible Transformations and Group Classification Problems

	Chapter 2Equivalence Groupoids in Group Analysis of Second-Order Evolution Equations
	Transformation Properties of Nonlinear Evolution Equations in 1+1 Dimensions
	Extended Group Analysis of a Class of Reaction–Diffusion Equations with Exponential Nonlinearities
	Potential Symmetries of a Class of Porous Medium Equations
	Group Classification of the Fisher equation with Time Dependent Coefficients
	Classification of Reduction Operators of Variable Coefficient Newell–Whitehead–Segel Equations
	Lie Symmetries of Generalized Burgers Equations and their Application to Solving Boundary Value Problems
	Group Classification of Variable Coefficient Nonlinear Kolmogorov Equations in 2+1 Dimensions

	Chapter 3Equivalence Groupoids in the Study of KdV-Like Equations and Related Models
	Equivalence Groupoid of a Class of Variable Coefficient Korteweg–de Vries Equations
	Group Analysis of Korteweg–de Vries Equations with Time Dependent Coefficients
	Extended Group Analysis of Variable Coefficient Generalized Kawahara Equations
	Lie Symmetries and Conservation Laws of Generalized Benjamin–Bona–Mahony Equations
	Equivalence Transformations in the Study of Integrability

	Chapter 4Algebraic Method of Group Classification and its Extensions
	Lie Symmetries and Exact solutions of Variable Coefficient mKdV Equations
	Generalization of the Algebraic Method of Group Classification: Nonlinear Wave and Elliptic Equations
	Lie Symmetries of (2+1)-Dimensional Nonlinear Dirac Equations

	List of References
	Appendix ALie and Nonclassical Symmetries of Variable Coefficient Reaction–Diffusion Equations
	Group Classification of a Class of Quasilinear Reaction–Diffusion Equations
	Lie and Nonclassical Reduction Operators of a Class of Semilinear Diffusion Equations with an Exponential Source
	Nonclassical Reduction Operators of a Class of Semilinear Diffusion Equations With Power Source
	Potential Symmetries of a Class of Inhomogeneous Diffusion Equations

	Appendix BGroup Analysis of K(m,n), Benjamin–Bona–Mahony–Burgers and KdV-Like Equations
	Enhanced Group Classification of Gardner Equations with Time Dependent Coefficients
	Application of Lie Symmetries to Boundary Value Problems for Variable Coefficient Generalized KdV Equations
	Group Analysis of Variable Coefficient Fifth-Order KdV Equations
	Group Analysis of a Class of Generalized Fifth-Order Korteweg–de Vries Equations
	Group Classification of Variable Coefficient K(m,n) Equations
	Enhanced Group Analysis of a Class of Benjamin–Bona–Mahony–Burgers Equations


