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Ïðî òîïîëîãi÷íó åêâiâàëåíòíiñòü
ïñåâäî-ãàðìîíi÷íèõ ôóíêöié
çàãàëüíîãî ïîëîæåííÿ íà ïëîùèíi

Topological classification of functions in the plane is considered. Using
a generalization of the Cronrod-Reeb graph we give necessary and suf-
ficient conditions when two pseudo-harmonic functions which have finite
number of singular points and comply with an additional condition are
topologically equivalent.

Ðîçãëÿíóòî ïèòàííÿ òîïîëîãi÷íî¨ êëàñèôiêàöi¨ ôóíêöié íà ïëîùèíi.
Âèêîðèñòîâóþ÷è óçàãàëüíåííÿ ãðàôó Êðîíðîäà-Ðiáà äàíî íåîáõiäíi i
äîñòàòíi óìîâè, êîëè äâi ïñåâäî-ãàðìîíi÷íi ôóíêöi¨ çàãàëüíîãî ïîëî-
æåííÿ, ÿêi ìàþòü ñêií÷åíó êiëüêiñòü ñèíãóëÿðíèõ òî÷îê i âiäïîâiäàþòü
ïåâíié äîäàòêîâié óìîâi, áóäóòü òîïîëîãi÷íî åêâiâàëåíòíèìè.

1. Âñòóï

Ó ðîáîòi äîñëiäæó¹òüñÿ ïèòàííÿ ðîçðiçíåííÿ íåïåðåðâíèõ
ôóíêöié íà ïëîùèíi ç òî÷íiñòþ äî îði¹íòîâàíî¨ òîïîëîãi÷íî¨
åêâiâàëåíòíîñòi.
Ó òàêié çàãàëüíié ïîñòàíîâöi öÿ çàäà÷à äóæå ñêëàäíà, òîìó

ìè îáìåæó¹ìîñü êëàñîì ôóíêöié, ìíîæèíè ðiâíÿ ÿêèõ ëîêàëü-
íî ìàþòü ïðîñòó áóäîâó � ïñåâäî-ãàðìîíi÷íèìè ôóíêöiÿìè.

© Â. Â. Øàðêî , �. Î. Ïîëóëÿõ, Þ. Þ. Ñîðîêà, 2015
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Íàãàäà¹ìî, ùî ôóíêöiÿ íà ïëîùèíi íàçèâà¹òüñÿ ïñåâäî-ãàð-
ìîíi÷íîþ, ÿêùî ëîêàëüíî â îêîëi êîæíî¨ òî÷êè îáëàñòi âèçíà-
÷åííÿ âîíà òîïîëîãi÷íî åêâiâàëåíòíà äî Re zn ó äåÿêîìó îêîëi
ïî÷àòêó êîîðäèíàò íà êîìïëåêñíié ïëîùèíi (n ∈ N çàëåæèòü
âiä òî÷êè).
Ìè ðîçãëÿäà¹ìî ïñåâäî-ãàðìîíi÷íi ôóíêöi¨ çàãàëüíîãî ïîëî-

æåííÿ (ðiçíi ñèíãóëÿðíi òî÷êè çíàõîäÿòüñÿ íà ðiçíèõ ìíîæè-
íàõ ðiâíÿ), ÿêi äî òîãî æ ìàþòü ñêií÷åíó êiëüêiñòü ñèíãóëÿðíèõ
òî÷îê.
Ó ÿêîñòi îñíîâè äëÿ ïîáóäîâè iíâàðiàíòó, ÿêèé ðîçðiçíÿ¹ òà-

êi ôóíêöi¨, ìè áåðåìî òàê çâàíèé ãðàô Êðîíðîäà-Ðiáà ôóíêöi¨
ΓK−R(f) i íàäiëÿ¹ìî éîãî äîäàòêîâîþ êîìáiíàòîðíîþ ñòðóêòó-
ðîþ.
Âiäîìî, ùî íà êîìïàêòíèõ ïîâåðõíÿõ ãðàôè Êðîíðîäà-Ði-

áà ôóíêöié ç ïðîñòîþ ëîêàëüíîþ áóäîâîþ (íàïðèêëàä, ôóí-
êöié Ìîðñà, àáî áiëüø çàãàëüíî � ãëàäêèõ ôóíêöié ç içîëüîâà-
íèìè îñîáëèâîñòÿìè) ¹ òîïîëîãi÷íèìè ãðàôàìè. Ñèòóàöiÿ êàð-
äèíàëüíî ìiíÿ¹òüñÿ ïðè ïåðåõîäi äî íåêîìïàêòíèõ ïîâåðõîíü �
âiäîìi ïðèêëàäè ãëàäêèõ ôóíêöié áåç îñîáëèâîñòåé íà ïëîùèíi,
äëÿ ÿêèõ òîïîëîãi÷íèé ïðîñòið ΓK−R(f) íàâiòü íå ¹ Õàóñäîð-
ôîâèì (äèâ. [1]).
Ó çâ'ÿçêó ç öèì íàì ïðèõîäèòüñÿ ùå áiëüøå îáìåæóâàòè êëàñ

ôóíêöié, ÿêèé ìè ðîçãëÿäà¹ìî i ââîäèòè äîäàòêîâó òåõíi÷íó
óìîâó, ÿêà ãàðàíòó¹, ùî ΓK−R(f) ¹ �ìàéæå òîïîëîãi÷íèì ãðà-
ôîì� (ìè íàçèâà¹ìî òàêi îá'¹êòè ãðàôàìè ç ÷åðåøêàìè).
Íå äèâëÿ÷èñü íà òàêi çíà÷íi îáìåæåííÿ, ìè îòðèìó¹ìî äî-

âîëi øèðîêèé i öiêàâèé êëàñ ôóíêöié. Çóïèíèìîñÿ íà öüîìó
äîêëàäíiøå.
ÍåõàéM2 �äâîâèìiðíà ïîâåðõíÿ, f � ãëàäêà ôóíêöiÿ íà íié

ç içîëüîâàíèìè êðèòè÷íèìè òî÷êàìè.
ßêùî x ∈M2 �ðåãóëÿðíà òî÷êà f , òî çà òåîðåìîþ ïðî ðàíã

(äèâ. [2]) iñíó¹ äèôåîìîðôiçì äåÿêîãî îêîëó Ux òî÷êè x íà
îêië ïî÷àòêó êîîðäèíàò â R2, ÿêèé âiäîáðàæà¹ êîìïîíåíòè ïå-
ðåòèíiâ ìíîæèí ðiâíÿ f ñ Ux ó ìíîæèíè ðiâíÿ êîîðäèíàòíî¨
ïðîåêöi¨ pr1 : R2 → R, pr1 : (x1, x2) 7→ x1.
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Âiäîìà òàêà òåîðåìà (äèâ. [3,4]): äëÿ êîæíî¨ içîëüîâàíî¨ êðè-
òè÷íî¨ òî÷êè x0 (îêðiì ëîêàëüíèõ åêñòðåìóìiâ) ôóíêöi¨ f ∈
C3(M2,R) iñíó¹ îêië, ó ÿêîìó ôóíêöiÿ òîïîëîãi÷íî åêâiâàëåí-
òíà äî Re zk äëÿ äåÿêîãî k ∈ N.
Îòæå, êîæíà ôóíêöiÿ f ∈ C3(M2,R), ÿêà íå ìà¹ ëîêàëü-

íèõ åêñòðåìóìiâ i âñi êðèòè÷íi òî÷êè ÿêî¨ içîëüîâàíi, ¹ ïñåâäî-
ãàðìîíi÷íîþ.

Ñêàæåìî äåêiëüêà ñëiâ ïðî ñòðóêòóðó ðîáîòè i ¨¨ îñíîâíèé
ðåçóëüòàò.
Ó ðîçäiëàõ 2 i 3 ìè âèçíà÷à¹ìî êëàñ ôóíêöié, ÿêèé ìè âè-

â÷à¹ìî, i îçíà÷à¹ìî ïîíÿòòÿ ãðàôà Êðîíðîäà-Ðiáà.
Äîäàòêîâà ñòðóêòóðà íà ãðàôi Êðîíðîäà-Ðiáà âêëþ÷à¹ îði-

¹íòàöiþ éîãî ðåáåð i ÷àñòêîâèé ïîðÿäîê íà ìíîæèíi âåðøèí,
ÿêi ïîðîäæåíi íàïðÿìêîì çðîñòàííÿ ôóíêöi¨ f . Öèì ïîíÿòòÿì
ïðèñâÿ÷åíèé ðîçäië 4.
Iíøîþ ñêëàäîâîþ äîäàòêîâî¨ ñòðóêòóðè íà ΓK−R(f) ¹ ñïií

ó âåðøèíàõ öüîãî ãðàôà. Ñïiíîì ó âåðøèíi íàçèâà¹òüñÿ âèáðà-
íèé ïåâíèì ÷èíîì öèêë ðåáåð, ÿêi ¨é iíöèäåíòíi. Îçíà÷åííþ
öèõ ïîíÿòü i äîñëiäæåííþ âëàñòèâîñòåé ñïiíà ïðèñâÿ÷åíi ðîç-
äiëè 5�7.
Ó ðîçäiëi 8 îçíà÷åíi ïîíÿòòÿ íàâàíòàæåíîãî i ñëàáî íàâàí-

òàæåíîãî ãðàôiâ Êðîíðîäà-Ðiáà, à òàêîæ ïîíÿòòÿ ¨õ åêâiâà-
ëåíòíîñòi . Êðiì òîãî ìè îçíà÷à¹ìî ïîíÿòòÿ îði¹íòîâàíî¨ ïî-
øàðîâî¨ åêâiâàëåíòíîñòi ôóíêöié f i g, áiëüø ñëàáêå, íiæ ¨õ
îði¹íòîâàíà òîïîëîãi÷íà åêâiâàëåíòíiñòü.
Íàðåøòi, ðîçäiëè 9 òà 10 ïðèñâÿ÷åíi äîâåäåííþ íàñòóïíîãî

îñíîâíîãî ðåçóëüòàòó äàíî¨ ðîáîòè.

Òåîðåìà 1.1. Íåõàé f, g : R2 → R�ôóíêöi¨ çàãàëüíîãî ïîëî-
æåííÿ, ùî çàäîâîëüíÿþòü óìîâè =.
Ôóíêöi¨ f i g ¹ îði¹íòîâàíî ïîøàðîâî åêâiâàëåíòíèìè òîäi

i òiëüêè òîäi, êîëè ñëàáî íàâàíòàæåíèé ãðàô Êðîíðîäà-Ðiáà
ôóíêöi¨ f åêâiâàëåíòíèé ñëàáî íàâàíòàæåíîìó ãðàôó îäíi¹¨ ç
ôóíêöié g àáî −g.
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Ôóíêöi¨ f i g ¹ îði¹íòîâàíî òîïîëîãi÷íî åêâiâàëåíòíèìè
òîäi i òiëüêè òîäi, êîëè ¨õ íàâàíòàæåíi ãðàôè Êðîíðîäà-Ðiáà
¹ åêâiâàëåíòíèìè.

Äàëi ìè áóäåìî ïîçíà÷àòè ÷åðåç A i FrA çàìèêàííÿ i ìåæó
ìíîæèíè A, âiäïîâiäíî.

2. Óìîâè = i ôóíêöi¨ çàãàëüíîãî ïîëîæåííÿ

Íåõàé V1, V2 � îáëàñòi íà ïëîùèíi. Íàãàäà¹ìî, ùî íåïåðåðâíi
ôóíêöi¨ g1 : V1 → R òà g2 : V2 → R íàçèâàþòüñÿ òîïîëîãi÷íî
åêâiâàëåíòíèìè, ÿêùî äëÿ äåÿêèõ ãîìåîìîðôiçìiâ h : V1 → V2

òà h′ : R → R âèêîíó¹òüñÿ ðiâíiñòü h′ ◦ g1 = g2 ◦ h. Ôóíêöi¨ g1

òà g2 îði¹íòîâàíî òîïîëîãi÷íî åêâiâàëåíòíi , ÿêùî äîäàòêîâî
ãîìåîìîðôiçìè h òà h′ çáåðiãàþòü îði¹íòàöiþ.
Íåõàé f : R2 → R íåïåðåðâíà ôóíêöiÿ, ÿêà çàäîâîëüíÿ¹ íà-

ñòóïíèì óìîâàì, ÿêi ïîçíà÷èìî =.
a) Äëÿ êîæíîãî x ∈ R2 â îêîëi òî÷êè x ôóíêöiÿ f òîïîëî-

ãi÷íî åêâiâàëåíòíà äî Re zn, n ∈ N, â îêîëi ïî÷àòêó êîîðäèíàò
(ÿêùî n = 1, òîäi òî÷êó x íàçèâàòèìåìî ðåãóëÿðíîþ òî÷êîþ;
ÿêùî n > 1, òîäi x íàçèâàòèìåìî ñèíãóëÿðíîþ òî÷êîþ).
á) ×èñëî ñèíãóëÿðíèõ òî÷îê ôóíêöi¨ f ¹ ñêií÷åííèì.
â) Íåõàé äëÿ a ∈ R, òî÷êè x1, x2 ∈ R2 íàëåæàòü ðiçíèì

êîìïîíåíòàì ìíîæèíè ðiâíÿ f−1(a). Òîäi çíàéäóòüñÿ âiäêðèòi
îêîëè U1 3 x1 i U2 3 x2, òàêi, ùî äëÿ êîæíîãî b ∈ R i êîì-
ïîíåíòè Fb ìíîæèíè ðiâíÿ f

−1(b) âèêîíó¹òüñÿ ñïiââiäíîøåííÿ
(Fb ∩ U1 = ∅) ∨ (Fb ∩ U2 = ∅).

Îçíà÷åííÿ 2.1. Ñêàæåìî, ùî f : R2 → R ¹ ôóíêöi¹þ çà-

ãàëüíîãî ïîëîæåííÿ, ÿêùî íà êîæíié ìíîæèíi ðiâíÿ ìi-
ñòèòüñÿ íå áiëüøå îäíi¹¨ ñèíãóëÿðíî¨ òî÷êè.

3. Ïðîñòið Êðîíðîäà-Ðiáà ôóíêöi¨ f

Ðîçãëÿíåìî ðîçáèòòÿ ïëîùèíè, åëåìåíòàìè ÿêîãî ¹ êîìïî-
íåíòè ìíîæèí ðiâíÿ f . Åëåìåíòè ðîçáèòòÿ, ÿêi ìiñòÿòü ñèíãó-
ëÿðíi òî÷êè, íàçâåìî ñèíãóëÿðíèìè. Âñi iíøi êîìïîíåíòè ìíî-
æèí ðiâíÿ áóäåìî íàçèâàòè ðåãóëÿðíèìè.
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Ôàêòîð-ïðîñòið ΓK−R(f) ïëîùèíè ïî âêàçàíîìó ðîçáèòòþ
íàçèâà¹òüñÿ ïðîñòîðîì Êðîíðîäà-Ðiáà ôóíêöi¨ f . Ïîçíà÷èìî
÷åðåç πf : R2 → ΓK−R(f) âiäîáðàæåííÿ ïðîåêöi¨.
Ç òîãî, ùî f âiäîáðàæà¹ åëåìåíòè ðîçáèòòÿ íà êîìïîíåíòè

ñâî¨õ ìíîæèí ðiâíÿ â òî÷êè R, âèïëèâà¹ (äèâ. [5]), ùî íåïå-
ðåðâíå ôàêòîð-âiäîáðàæåííÿ fK−R : ΓK−R(f) → R, òàêå, ùî
f = fK−R ◦ πf .
Íàãàäà¹ìî äåÿêi îçíà÷åííÿ i êîíñòðóêöi¨ (äèâ. [1]).
Ñêàæåìî, ùî ãðàô ñêií÷åíèé, ÿêùî ìíîæèíè éîãî âåðøèí i

ðåáåð ¹ ñêií÷åíèìè. Ãðàô ëîêàëüíî-ñêií÷åíèé, ÿêùî êîæíà éî-
ãî âåðøèíà iíöèäåíòíà ñêií÷åíié êiëüêîñòi ðåáåð. Äëÿ ëîêàëüíî-
ñêií÷åíîãî ãðàôà êiëüêiñòü ðåáåð, ÿêèì iíöèäåíòíà âåðøèíà,
íàçèâà¹òüñÿ ïîðÿäêîì âåðøèíè. Ïåòëåþ ¹ ðåáðî ãðàôà, êiíöi
êîòðîãî çáiãàþòüñÿ. Ëèñòêàìè íàçèâàþòüñÿ âåðøèíè ïîðÿäêó
îäèí.
Íåõàé G ¹ ëîêàëüíî-ñêií÷åíèé (íå îáîâ'ÿçêîâî ñêií÷åíèé)

ãðàô áåç ïåòåëü. Ðîçãëÿíåìî G ÿê îäíîâèìiðíèé ïðåäñèìïëiöi-
àëüíèé êîìïëåêñ, íóëüâèìiðíèìè ñèìïëåêñàìè êîòðîãî ¹ âåð-
øèíè, à îäíîâèìiðíèìè ¹ ðåáðà (äèâ. [6]). Âiäìiòèìî, ùî ãðàô,
ÿêèé íå ìiñòèòü êðàòíèõ ðåáåð, ¹ ñèìïëiöiàëüíèì êîìïëåêñîì.
Ðîçãëÿíåìî àáñòðàêòíèé ïîëiåäð |G|, ùî âiäïîâiäà¹ öüîìó êîì-
ïëåêñó. Òîïîëîãiÿ íà |G| ïîðîäæó¹òüñÿ ïîêðèòòÿì, ÿêå ñêëàäà¹-
òüñÿ ç çàìêíåíèõ ñèìïëåêñiâ êîìïëåêñó G (ïiäìíîæèíà A ⊂ |G|
¹ çàìêíåíîþ òîäi é òiëüêè òîäi, êîëè ¨¨ ïåðåòèí ç êîæíèì ðå-
áðîì G ¹ çàìêíåíèì). Äàëi ãîâîðÿ÷è ïðî òîïîëîãiþ íà ãðàôi G
ìè áóäåìî ìàòè íà óâàçi òîïîëîãi÷íèé ïðîñòið |G|.
Ãðàô G, íà ÿêîìó çàäàíà îïèñàíà âèùå ñòðóêòóðà òîïîëî-

ãi÷íîãî ïðîñòîðó, íàçèâà¹òüñÿ òîïîëîãi÷íèì ãðàôîì. Äàëi ìè
áóäåìî ðîçãëÿäàòè òiëüêè òàêi ãðàôè.
Çàìêíåíèì ðåáðîì G áóäåìî íàçèâàòè âiäïîâiäíèé çàìêíå-

íèé îäíîâèìiðíèé ñèìïëåêñ, à âiäêðèòèì ðåáðîì � âiäêðèòèé
ñèìïëåêñ (ðåáðî áåç âåðøèí, ÿêi ¹ éîãî êiíöÿìè).
Íåõàé V0 ¹ ïiäìíîæèíîþ ìíîæèíè ëèñòêiâ Vl ãðàôà G (âè-

ïàäîê V0 = ∅ ìè íå âèêëþ÷à¹ìî).
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Íåõàé e ⊂ G� (çàìêíåíå) ðåáðî G, iíöèäåíòíå äåÿêîìó ëèñ-
òêó ç V0. Ìíîæèíó e \ V0 íàçâåìî ÷åðåøêîì. Ïðîñòið G0 = G \
V0 íàçèâà¹òüñÿ òîïîëîãi÷íèì ãðàôîì ç ÷åðåøêàìè. Ïîçíà÷èìî
÷åðåç Σf i Kf ìíîæèíó ñèíãóëÿðíèõ òî÷îê i îá'¹äíàííÿ ñèíãó-
ëÿðíèõ êîìïîíåíò ìíîæèí ðiâíÿ f . ×èñëî a ∈ f(R2) íàçèâà¹-
òüñÿ ñèíãóëÿðíèì çíà÷åííÿì ôóíêöi¨ f , ÿêùî f−1(a)∩Σf 6= ∅.

Çàóâàæåííÿ 3.1. Íåõàé x ∈ R2, Fx �êîìïîíåíòà ìíîæèíè
ðiâíÿ f , ÿêà ìiñòèòü x. Îñêiëüêè ìíîæèíà Fx ⊂ f−1(f(x)) çâ'ÿ-
çíà (äèâ. [7]), òî Fx = Fx.
Ç óìîâ = ñëiäó¹, ùî ìíîæèíà Kf ¹ íåçâ'ÿçíèì îá'¹äíàííÿì

ñêií÷åíî¨ êiëüêîñòi çàìêíåíèõ ñèíãóëÿðíèõ êîìïîíåíò ìíîæèí
ðiâíÿ f . Òîìó ìíîæèíà Kf \ Fx çàìêíåíà i x ìà¹ îêië, ÿêèé íå
ïåðåòèíà¹òüñÿ ç öi¹þ ìíîæèíîþ.

Ç ïóíêòiâ à)-â) óìîâè = i ç [1, òåîðåìà 1], âèïëèâà¹ òàêå
òâåðäæåííÿ.

Òåîðåìà 3.2. Ïðîñòið Êðîíðîäà-Ðiáà ôóíêöi¨ f : R2 → R1, ùî
çàäîâîëüíÿ¹ óìîâó = ¹ ãðàôîì ç ÷åðåøêàìè, ìíîæèíà âåðøèí
ÿêîãî çáiãà¹òüñÿ ç ìíîæèíîþ πf (Kf ).
Çàìêíåíi ðåáðà ΓK−R(f) ¹ îáðàçàìè çàìèêàííÿ êîìïîíåíò

ìíîæèíè R2 \Kf , ÷åðåøêè ¹ îáðàçàìè çàìèêàííÿ êîìïîíåíò
R2 \Kf , ùî ìàþòü çâ'ÿçíó ìåæó.

Çàóâàæåííÿ 3.3. Çà îçíà÷åííÿì, ãðàô ΓK−R(f)�ëîêàëüíî-
ñêií÷åíèé, à òîìó ç ïîïåðåäíüîãî çàóâàæåííÿ i òåîðåìè 3.2 ñëi-
äó¹, ùî öåé ãðàô ñêií÷åíèé, êîëè f âiäïîâiäà¹ óìîâàì =.

4. Îði¹íòàöiÿ ðåáåð ãðàôà Êðîíðîäà-Ðiáà i
âiäíîøåííÿ ïîðÿäêó íà éîãî âåðøèíàõ, ùî

iíäóêîâàíi f

Íåõàé f ¹ ôóíêöi¹þ çàãàëüíîãî ïîëîæåííÿ. Ïîìiòèìî, ùî íà
ðåáðàõ ãðàôó ΓK−R(f) ôóíêöiÿ fK−R ¹ ñòðîãî ìîíîòîííîþ.
Äiéñíî, ó ïðîòèâíîìó âèïàäêó íà äåÿêîìó âiäêðèòîìó ðå-

áði e ôóíêöiÿ fK−R ìàëà á (íåñòðîãèé) ëîêàëüíèé åêñòðåìóì.
Âíàñëiäîê öüîãî îáìåæåííÿ f |π−1(e) ìàëî á ó äåÿêié òî÷öi x
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âiäêðèòî¨ ìíîæèíè π−1(e) ëîêàëüíèé åêñòðåìóì. Îòæå, f òåæ
ìàëà á ëîêàëüíèé åêñòðåìóì ó òî÷öi x. À öå íåìîæëèâî, îñêiëü-
êè çà óìîâîþ = ó äåÿêîìó îêîëi òî÷êè x ôóíêöiÿ f òîïîëîãi÷íî
åêâiâàëåíòíà äî Re zn â îêîëi ïî÷àòêó êîîðäèíàò äëÿ ïåâíîãî
n ∈ N. À òî÷êà 0 î÷åâèäíî íå ¹ ëîêàëüíèì åêñòðåìóìîì Re zn

íi ïðè ÿêîìó n ∈ N.
Îòæå, íà êîæíîìó ðåáði ãðàôó ΓK−R(f) âèçíà÷åíèé íàïðÿ-

ìîê çðîñòàííÿ fK−R i ôóíêöiÿ f iíäóêó¹ îði¹íòàöiþ íà ΓK−R(f).
Íà ìíîæèíi âåðøèí ΓK−R(f) ìîæíà ââåñòè äåêiëüêà ðiçíèõ

âiäíîøåíü ñòðîãîãî ÷àñòêîâîãî ïîðÿäêó, ïîâ'ÿçàíèõ ç f .
Îçíà÷èìî ïîðÿäîê P1(f), ïîêëàâøè v1 < v2 òîäi i ëèøå òîäi,

êîëè fK−R(v1) < fK−R(v2), äå v1, v2 � âåðøèíè íà ãðàôi. Ç îçíà-
÷åííÿ 2.1 ñëiäó¹, ùî fK−R(v1) 6= fK−R(v2) ïðè v1 6= v2. Òîìó
äëÿ ôóíêöié çàãàëüíîãî ïîëîæåííÿ ïîðÿäîê P1(f) ¹ ëiíiéíèì.
Çðîçóìiëî, ùî ïîðÿäîê P1(f) óçãîäæåíèé ç îði¹íòàöi¹þ íà

ΓK−R(f) ó íàñòóïíîìó ñåíñi. ßêùî âåðøèíè v1 òà v2 ¹ âiäïî-
âiäíî ïî÷àòêîì i êiíöåì îði¹íòîâàíîãî ðåáðà e, òî v1 < v2.
×àñòêîâèé ïîðÿäîê P2(f) íà ìíîæèíi âåðøèí ΓK−R(f) âè-

çíà÷èìî íàñòóïíèì ÷èíîì. Ñêàæåìî, ùî âåðøèíà v1 ïåðåäó¹
v2, ÿêùî iñíó¹ îði¹íòîâàíèé øëÿõ, äëÿ ÿêîãî âåðøèíà v1 ¹ ïî-
÷àòêîì, à v2 �êiíöåì.
Âiäìiòèìî, ùî ïîðÿäîê P2(f) ¹ ñëàáøèì çà P1(f), îñêiëüêè

ΓK−R(f) ìîæå ìiñòèòè âåðøèíè, ÿêi íå ìîæíà ç'¹äíàòè çà äî-
ïîìîãîþ îði¹íòîâàíîãî øëÿõó.
Íåõàé f ¹ ôóíêöi¹þ çàãàëüíîãî ïîëîæåííÿ, ΓK−R(f)� ¨¨ ïðî-

ñòið Êðîíðîäà-Ðiáà. Ç îãëÿäó íà òåîðåìó 3.2 ìè áóäåìî íàçèâà-
òè ΓK−R(f) îði¹íòîâàíèì ãðàôîì ç ÷åðåøêàìè Êðîíðîäà-Ðiáà
ôóíêöi¨ f , àáî ñêîðî÷åíî ãðàôîì Êðîíðîäà-Ðiáà ôóíêöi¨ f .

5. Îçíà÷åííÿ öèêëó

Äëÿ òîãî, ùîá îçíà÷èòè äîäàòêîâó ñòðóêòóðó íà ãðàôàõ Êðîí-
ðîäà-Ðiáà, íàì áóäå ïîòðiáíå ïîíÿòòÿ öèêëó åëåìåíòiâ ìíîæè-
íè.
Îòæå, íåõàé A�äåÿêà ìíîæèíà, A∞ �ìíîæèíà âñiõ ñêií÷å-

íèõ ïîñëiäîâíîñòåé åëåìåíòiâ A. Íåõàé h�ðîçáèòòÿ ìíîæèíè
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A∞, ïîðîäæåíå âiäíîøåííÿì

〈a1, a2, . . . , ar〉 ∼ 〈a2, . . . , ar, a1〉 , 〈a1, . . . , ar〉 ∈ A∞ .

Åëåìåíòè ôàêòîð-ìíîæèíè Â = A/h áóäåìî íàçèâàòè öèêëàìè
íà A.
Íåõàé p : A→ Â�ïðîåêöiÿ. Ïîçíà÷èìî

(a1, . . . , ar) = p (〈a1, . . . , ar〉) ,

〈a1, . . . , ar〉 ∈ A∞.
ßêùî p (〈b1, . . . , br〉) = (a1, . . . , ar), íàçâåìî ïîñëiäîâíiñòü

〈b1, . . . , br〉 ïðåäñòàâíèêîì öèêëó (a1, . . . , ar).
Åëåìåíòè ai, ai+1 ∈ A ïîñëiäîâíîñòi 〈a1, . . . , ar〉 áóäåìî íàçè-

âàòè ñóñiäíiìè, i ∈ {1, . . . , r − 1}.
Íàçâåìî ñóñiäíiìè åëåìåíòè ai, ai+1 ∈ A öèêëó (a1, . . . , ar),

i ∈ {1, . . . , r − 1}, à òàêîæ åëåìåíòè ar òà a1.

6. Ñïií

Íåõàé x ∈ R2 ¹ ñèíãóëÿðíîþ òî÷êîþ ôóíêöi¨ f çàãàëüíîãî
ïîëîæåííÿ. Íåõàé Fx 3 x� âiäïîâiäíà êîìïîíåíòà ñèíãóëÿðíî¨
ìíîæèíè ðiâíÿ f . Çàôiêñó¹ìî îêië U ⊂ Fx ∩ (R2 \ Kf ) òî÷êè
x (äèâ. çàóâàæåííÿ 3.1) òà ãîìåîìîðôiçìè h : U → h(U) ⊂ C,
h′ : R → R, ÿêi çáåðiãàþòü îði¹íòàöiþ i òàêi ùî âèêîíóþòüñÿ
ðiâíîñòi h(x) = 0 òà h′ ◦ f = Re zn ◦ h äëÿ äåÿêîãî n ≥ 2. Íåõàé
V = h(U).
Ïîçíà÷èìî

Zn = {z ∈ C | Re zn = 0} = {z ∈ C | arg z =
πk

n
, k ∈ Z} .

Ç îçíà÷åíü ñëiäó¹, ùî h(f−1(f(x))) = Zn ∩ h(U).
Iñíó¹ ε > 0, äëÿ ÿêîãî Uε(0) = {z ∈ C | |z| < ε} ⊂ V . Ìíîæè-

íà Uε(0)\Zn ðîçïàäà¹òüñÿ íà 2n îáëàñòåé V1, . . . , V2n. Ïðîîáðàç

V̂s = h−1(Vs) êîæíî¨ ç íèõ ¹ çâ'ÿçíîþ ïiäìíîæèíîþ äîïîâíåííÿ
R2 \ Kf â ñèëó âèáîðó U i h. Òîìó çãiäíî ç òåîðåìîþ 3.2 äëÿ
êîæíîãî s = 1, . . . , 2n iñíó¹ ðåáðî es ãðàôà ΓK−R(f), òàêå, ùî

V̂s ⊂ π−1(es).
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Îòæå, ïîñëiäîâíîñòi îáëàñòåé 〈V1, . . . , V2n〉 âiäïîâiäà¹ ïîñëi-
äîâíiñòü 〈e1, . . . , e2n〉 ðåáåð ãðàôà Êðîíðîäà-Ðiáà, à òîìó i öèêë
ðåáåð (e1, . . . , e2n).

Îçíà÷åííÿ 6.1. Íåõàé iíäåêñè îáëàñòåé V1, . . . , V2n çáiëüøó-
þòüñÿ âiä 1 äî 2n ïðè îáõîäi íàâêîëî ïî÷àòêó êîîðäèíàò ó
äîäàòíîìó íàïðÿìi, ÿêèé âèçíà÷à¹òüñÿ îði¹íòàöi¹þ ïëîùèíè
C.
Íàçâåìî âiäïîâiäíèé ¨ì öèêë ñïiíîì ó âåðøèíi v = πf (x)

ãðàôà Êðîíðîäà-Ðiáà ΓK−R(f) i ïîçíà÷èìî éîãî �v.

Òâåðäæåííÿ 6.2. Îçíà÷åííÿ ñïiíà êîðåêòíå.

Äîâåäåííÿ çâîäèòüñÿ äî ëåãêî¨ áåçïîñåðåäíüî¨ ïåðåâiðêè.

Îçíà÷åííÿ 6.3 (äèâ. [8]). Íåõàé ó äåÿêîìó îêîëi ñèíãóëÿðíî¨
òî÷êè x ∈ R2 ôóíêöiÿ f òîïîëîãi÷íî åêâiâàëåíòíà äî Re zn,
n > 1, â îêîëi ïî÷àòêó êîîðäèíàò. ×èñëî n − 1 íàçèâà¹òüñÿ
êðàòíiñòþ ñèíãóëÿðíî¨ òî÷êè x.

7. Âëàñòèâîñòi ñïiíà

Òâåðäæåííÿ 7.1. Íåõàé f ¹ ôóíêöi¹þ çàãàëüíîãî ïîëîæåííÿ,
ùî çàäîâîëüíÿ¹ óìîâè =. Òîäi êîæíà ñèíãóëÿðíà êîìïîíåíòà
ìíîæèíè ðiâíÿ ôóíêöi¨ f ¹ îá'¹äíàííÿì ñèíãóëÿðíî¨ òî÷êè
f êðàòíîñòi n − 1, (n > 1� äåÿêå ÷èñëî, ÿêå çàëåæèòü âiä
êîìïîíåíòè), i 2n ïðîìåíiâ, ÿêi âèõîäÿòü ç ñèíãóëÿðíî¨ òî÷êè
i ïðÿìóþòü äî íåñêií÷åííîñòi.

Äîâåäåííÿ. Íåõàé F � ñèíãóëÿðíà êîìïîíåíòà çâ'ÿçíîñòi ìíî-
æèíè ðiâíÿ f . Ç îçíà÷åííÿ ôóíêöi¨ çàãàëüíîãî ïîëîæåííÿ ñëi-
äó¹, ùî iñíó¹ ¹äèíà ñèíãóëÿðíà òî÷êà x0 ∈ F .
Ðîçãëÿíåìî ìíîæèíó F0 = F \ {x0}. Íåõàé H �êîìïîíåíòà

çâ'ÿçíîñòi öi¹¨ ìíîæèíè.
Ïåðåâiðèìî, ùî x0 ∈ H. Çà îçíà÷åííÿì H ¹ çàìêíåíîþ ïiä-

ìíîæèíîþ ïðîñòîðó F0 â iíäóêîâàíié ç R2 òîïîëîãi¨. Îñêiëü-
êè F0 íå ìiñòèòü iíøèõ ñèíãóëÿðíèõ òî÷îê, îêðiì x0, òî öåé
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ïðîñòið ¹ ëîêàëüíî çâ'ÿçíèì (ç óìîâ = ñëiäó¹, ùî â îêîëi êî-
æíî¨ òî÷êè F0 ëîêàëüíî ãîìåîìîðôíèé iíòåðâàëó) i H ¹ éî-
ãî âiäêðèòîþ ïiäìíîæèíîþ. Íåõàé x0 /∈ H. Ç îäíîãî áîêó,
H = H ∩F0 = H ∩F i H çàìêíåíà â F . Ç iíøîãî áîêó, ìíî-
æèíà F0 âiäêðèòà â F i H âiäêðèòà â F0 çà ïðèïóùåííÿì. Òîìó
ìíîæèíà H âiäêðèòà â F . Îòæå, H ¹ âiäêðèòî-çàìêíåíîþ â F ,
ùî íåìîæëèâî, îñêiëüêè çà îçíà÷åííÿì F ¹ çâ'ÿçíîþ ìíîæè-
íîþ i H � ¨¨ âëàñíà ïiäìíîæèíà.
Îòæå, äëÿ êîæíî¨ êîìïîíåíòè çâ'ÿçíîñòi H ìíîæèíè F0 òî-

÷êà x0 ìiñòèòüñÿ â ¨¨ çàìèêàííi.
Çãiäíî ç ëåìîþ 1 ç [1], H ¹ àáî âêëàäåíèì ó R2 âiäêðèòèì

iíòåðâàëîì, àáî êîëîì. ßêùî H ãîìåîìîðôíà êîëó, òî H ¹ êîì-
ïàêòîì i H = H 63 x0. Ìè ùîéíî äîâåëè, ùî òàêå íåìîæëèâî.
Îòæå, êîæíà êîìïîíåíòà çâ'ÿçíîñòi H ìíîæèíè F0 ¹ ãîìåîìîð-
ôíèì îáðàçîì iíòåðâàëó.
Çãiäíî ç [1, çàóâàæåííÿ 3 i ëåìà 1] ìà¹ âèêîíóâàòèñÿ âêëþ÷å-

ííÿ H ⊂ H ∪ {x0}. Ïî äîâåäåíîìó x0 ∈ H, îòæå H = H ∪ {x0}.
Íåõàé α : R → R2 � âêëàäåííÿ, òàêå, ùî α(R) = H. Ðîçãëÿ-

íåìî (äèâ. [1]) ìíîæèíè

L′ =
⋂
τ∈R

α(−∞,−τ) , L′′ =
⋂
τ∈R

α(τ,+∞) .

Ëåìà 3 ç [1] ñòâåðäæó¹, ùî êîæíà ç öèõ ìíîæèí àáî ïîðîæíÿ,
àáî çáiãà¹òüñÿ ç {x0}.
Âèïàäîê L′ = L′′ = ∅ íåìîæëèâèé. Äiéñíî, ç îäíîãî áîêó,

H ∪ L′ ∪ L′′ = H çãiäíî [1]. Ç iíøîãî áîêó, ìè âñòàíîâèëè, ùî
x0 ∈ H \H.
Ïðèïóñòèìî, ùî L′ = L′′ = {x0}. Òîäi, ÿê ëåãêî áà÷èòè, ìíî-

æèíà H ãîìåîìîðôíà êîëó. Çà òåîðåìîþ Æîðäàíà, äèâ. [7], öå
êîëî ¹ ìåæåþ âiäêðèòîãî äèñêó W . Íåõàé D = W . Îñêiëüêè
D ¹ êîìïàêòîì, òî ôóíêöiÿ f |D íàáóâà¹ ó äåÿêèõ òî÷êàõ ìiíi-
ìàëüíå i ìàêñèìàëüíå çíà÷åííÿ m òà M , âiäïîâiäíî. Ç óìîâ =
ñëiäó¹, ùî ôóíêöiÿ f íå ¹ ïîñòiéíîþ íà âiäêðèòié ìíîæèíi W ,
òîìó m 6= M i îäíå ç öèõ äâîõ çíà÷åíü âiäðiçíÿ¹òüñÿ âiä f(x0).
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Íåõàé m 6= f(x0). Îñêiëüêè H ⊂ F ⊂ f−1(f(x0)), òî iñíó¹ òî-
÷êà x ∈ W , òàêà, ùî f(x) = m. Òîäi, î÷åâèäíî, x ¹ ëîêàëüíèì
ìiíiìóìîì ôóíêöi¨ f . À öå ñóïåðå÷èòü óìîâàì =.
Îòæå, îäíà ç ìíîæèí L′, L′′ ïîðîæíÿ, à iíøà çáiãà¹òüñÿ ç

{x0}. Âíàñëiäîê öüîãî ìíîæèíà H ¹ ïðîìåíåì, ÿêèé âèõîäèòü
ç ò. x0 i ïðÿìó¹ äî íåñêií÷åííîñòi.
Íåõàé n− 1�êðàòíiñòü ñèíãóëÿðíî¨ òî÷êè x0. Òîäi ó äåÿêî-

ìó îêîëi U òî÷êè x0 ôóíêöiÿ f òîïîëîãi÷íî åêâiâàëåíòíà äî
ôóíêöi¨ g(z) = Re zn â îêîëi íóëÿ. Íåõàé h : U → h(U) ⊂ C òà
h′ : R → R òàêi ãîìåîìîðôiçìè, ùî h(x0) = 0 òà h′ ◦ f = g ◦ h.
Çìåíøóþ÷è çà íåîáõiäíîñòi îêië U , ìè ìîæåìî ââàæàòè, ùî

h(U) = Ua(0) = {z ∈ C | |z| < a}

äëÿ äåÿêîãî a > 0. Íå îáìåæóþ÷è çàãàëüíiñòü ìiðêóâàíü, ìî-
æåìî ââàæàòè, ùî h(U) = U1(0).
Ðîçãëÿíåìî ìíîæèíó

F0 ∩ U = (F ∩ U) \ {x0} = h−1 ((Zn ∩ U1(0)) \ {0}) .

Î÷åâèäíî, âîíà ìà¹ 2n êîìïîíåíò çâ'ÿçíîñòi.
Íåõàé çíîâóH ¹ êîìïîíåíòîþ çâ'ÿçíîñòi ìíîæèíè F0. Òàê ÿê

x0 ∈ H, òî H ïåðåòèíà¹òüñÿ ïðèíàéìíi ç îäíi¹þ êîìïîíåíòîþ
çâ'ÿçíîñòi ìíîæèíè F0 ∩ U . Ïðèïóñòèìî, ùî H ïåðåòèíà¹òüñÿ
ç äâîìà ðiçíèìè êîìïîíåíòàìè öi¹¨ ìíîæèíè ó òî÷êàõ x′ òà x′′,
âiäïîâiäíî.
Ç âèáîðó îêîëó U ñëiäó¹, ùî ìíîæèíà F ∩ U ëiíiéíî çâ'ÿ-

çíà, òîìó iñíó¹ äóãà R0 ⊂ F ∩ U ç êiíöÿìè ó òî÷êàõ x′ i x′′.
Çðîçóìiëî, ùî x0 ∈ R0.
Ç iíøîãî áîêó, iñíó¹ äóãà R1 ⊂ H, ÿêà ç'¹äíó¹ òî÷êè x′ i

x′′. Î÷åâèäíî, x0 /∈ R1. Ëåãêî áà÷èòè, ùî ðàçîì äóãè R0 i R1

óòâîðþþòü êîëî S ⊂ F ⊂ f−1(f(x0)). ßê áóëî ïîêàçàíî âèùå, ó
âíóòðiøíîñòi äèñêó, ìåæåþ ÿêîãî ¹ S, ìà¹ ìiñòèòèñü ëîêàëüíèé
åêñòðåìóì ôóíêöi¨ f . Àëå öå ñóïåðå÷èòü óìîâàì =.
Çðîçóìiëî, ùî êîæíà êîìïîíåíòà ìíîæèíè F0∩U ìà¹ ìiñòè-

òèñÿ ó äåÿêié êîìïîíåíòi áiëüøî¨ ìíîæèíè F0. Îòæå H ∩ U �
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êîìïîíåíòà çâ'ÿçíîñòi ìíîæèíè F0 ∩ U i F0 ìà¹ ðiâíî 2n êîì-
ïîíåíò. �

Íàñëiäîê 7.2. Íåõàé x� ñèíãóëÿðíà òî÷êà f , Fx� ñèíãóëÿð-
íà êîìïîíåíòà ìíîæèíè ðiâíÿ f , ÿêà ìiñòèòü x, Q� êîìïî-
íåíòà çâ'ÿçíîñòi ìíîæèíè R2 \Kf .

ßêùî Q∩Fx 6= ∅, òî x ∈ Q.
Íåõàé H � êîìïîíåíòà çâ'ÿçíîñòi ìíîæèíè Fx\{x}. ßêùî

Q∩H 6= ∅, òî H ⊂ Q.

Äîâåäåííÿ. ÍåõàéH �êîìïîíåíòà çâ'ÿçíîñòi ìíîæèíè Fx\{x}.
Ç òâåðäæåííÿ 7.1 ñëiäó¹, ùî x ∈ H. Îòæå, ïåðøå òâåðäæåííÿ
íàñëiäêó ñëiäó¹ ç äðóãîãî.
Íåõàé x′ ∈ Q∩H. Âiçüìåìî äåÿêå x′′ ∈ H. Îñêiëüêè ìíîæè-

íà H ãîìåîìîðôíà iíòåðâàëó âíàñëiäîê òâåðäæåííÿ 7.1, òî â
íié iñíó¹ ïiäìíîæèíà R, ÿêà ãîìåîìîðôíà âiäðiçêó i ìiñòèòü
x′ òà x′′. Êîðèñòóþ÷èñü êîìïàêòíiñòþ ìíîæèíè R iç çàóâàæå-
ííÿ 3.1 ëåãêî âèâåñòè, ùî iñíó¹ îêië U ìíîæèíè R, äëÿ ÿêîãî
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ U ∩Kf ⊂ H.
Ç òâåðäæåííÿ 7.1 âèïëèâà¹, ùî H ìiñòèòü ëèøå ðåãóëÿðíi

òî÷êè f , òîìó äî R ìîæíà çàñòîñóâàòè òâåðäæåííÿ 2 ç [1].
Îòæå, iñíóþòü òàêèé îêië N ìíîæèíè R i òàêèé ãîìåîìîð-

ôiçì h : N → [−1, 1]2, ùî h(N ∩Fx) = {0}× [−1, 1]. Çìåíøóþ÷è
îêië N , ìîæíà ââàæàòè, ùî N ⊂ U i h(N ∩Kf ) = {0} × [−1, 1].
Ðîçãëÿíåìî ìíîæèíè

W1 = (−1, 0)× (−1, 1), W2 = (0, 1)× (−1, 1),

à òàêîæ ¨õ ïðîîáðàçè Vi = h−1(Wi), i = 1, 2.
Çðîçóìiëî, ùî ìíîæèíè V1 i V2 çâ'ÿçíi. Òàêîæ çà ïîáóäîâîþ

N ∩ (R2 \Kf ) = V1 ∪ V2. Òàê ÿê x′ ∈ N ∩ Q, òîìó N ∩ Q 6= ∅.
Îñêiëüêè Q ⊂ R2 \Kf , òî Q ∩ (V1 ∪ V2) 6= ∅.
Íåõàé Q ∩ V1 6= ∅. Ìíîæèíà V1 ⊂ R2 \ Kf çâ'ÿçíà, à Q ¹

êîìïîíåíòîþ çâ'ÿçíîñòi R2 \ Kf òîìó V1 ⊂ Q. Çðîçóìiëî, ùî

x′′ ⊂ R ⊂ V1 ⊂ Q.
Àíàëîãi÷íî, ÿêùî Q ∩ V2 6= ∅, òî x′′ ⊂ V2 ⊂ Q.
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Îñòàòî÷íî, H ⊂ Q âíàñëiäîê äîâiëüíîñòi ó âèáîði x′′ ∈ H.
Íàñëiäîê äîâåäåíî. �

Òâåðäæåííÿ 7.3. Íåõàé f ¹ ôóíêöi¹þ çàãàëüíîãî ïîëîæåííÿ,
ùî çàäîâîëüíÿ¹ óìîâè =. Íåõàé ñèíãóëÿðíà êîìïîíåíòà F ¨¨
ìíîæèíè ðiâíÿ ìiñòèòü ñèíãóëÿðíó òî÷êó x0 êðàòíîñòi n−1
äëÿ äåÿêîãî n > 1.
Òîäi ìíîæèíi F â ΓK−R(f) âiäïîâiäà¹ âåðøèíà, ÿêié iíöè-

äåíòíi ðiâíî 2n ðåáåð, n > 1. Ïðè÷îìó äëÿ n ç öèõ ðåáåð âåð-
øèíà ¹ ïî÷àòêîì, äëÿ iíøèõ n ðåáåð � êiíöåì.

Äîâåäåííÿ. Íåõàé U � îêië ò. x0, â ÿêîìó f òîïîëîãi÷íî åêâi-
âàëåíòíà äî ôóíêöi¨ Re zn â äåÿêîìó îêîëi 0. Íåõàé òàêîæ
h : U → h(U) ⊂ C i h′ : R→ R� âiäïîâiäíi ãîìåîìîðôiçìè.
Íå îáìåæóþ÷è çàãàëüíiñòü ìiðêóâàíü (äèâ. çàóâàæåííÿ 3.1),

áóäåìî ââàæàòè, ùî U ∩ Kf ⊂ F i h(U) ⊃ U1(0). Ïîêëàäåìî

D = h−1
(
U1(0)

)
.

Ïîçíà÷èìî ÷åðåç V1, . . . , V2n êîìïîíåíòè çâ'ÿçíîñòi ìíîæèíè
U1(0) \ h(F ) = U1(0) \ Zn. Íåõàé Wi = h−1(Vi), i = 1, . . . , 2n.
Çðîçóìiëî, ùî âñi Wi çâ'ÿçíi, ëåæàòü ó R2 \ Kf i ìiñòÿòü x0

ó ìåæi. Òàêîæ ç âëàñòèâîñòåé Re zn ñëiäó¹, ùî äëÿ ïîëîâèíè
iíäåêñiâ âèêîíó¹òüñÿ ñïiââiäíîøåííÿ f(Wi) ⊂ (−∞, f(x0)), à
äëÿ iíøî¨ ïîëîâèíè f(Wi) ⊂ (f(x0),+∞).
Íåõàé Qi �êîìïîíåíòà çâ'ÿçíîñòi ìíîæèíè R2\Kf , äëÿ ÿêî¨

Wi ⊂ Qi. Ç òåîðåìè 3.2 òà ç ìîíîòîííîñòi f íà ðåáðàõ ΓK−R(f)
ñëiäó¹, ùî âåðøèíà v = πf (F ) ¹ ïî÷àòêîì ðåáðà ei = πf (Qi),
ÿêùî f(Wi) ⊂ (f(x0),+∞). Àíàëîãi÷íî v ¹ êiíöåì ei, ÿêùî
f(Wi) ⊂ (−∞, f(x0)).
Íàñëiäîê 7.2 ñòâåðäæó¹, ùî äëÿ êîæíî¨ êîìïîíåíòè çâ'ÿçíî-

ñòi Q ìíîæèíè R2 \Kf , ÿêà ìåæó¹ ç ìíîæèíîþ F , âèêîíó¹òüñÿ

ñïiââiäíîøåííÿ x0 ∈ Q. Îñêiëüêè U ∩ (R2 \Kf ) ⊂
⋃2n
i=1Qi, òî

Q çáiãà¹òüñÿ ç îäíi¹þ ç ìíîæèí Q1, . . . , Q2n. Îòæå, âåðøèíi v
ãðàôà Êðîíðîäà-Ðiáà ôóíêöi¨ f iíöèäåíòíî íå áiëüøå, íiæ 2n
ðåáåð.
Äëÿ çàâåðøåííÿ äîâåäåííÿ íàì çàëèøà¹òüñÿ ïåðåâiðèòè, ùî

Qi 6= Qj ïðè i 6= j.
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Íåõàé öå íå òàê i Wi ∪Wj ⊂ Qi ïðè äåÿêèõ i 6= j.
Çàôiêñó¹ìî xi ∈Wi, xj ∈Wj , i ç'¹äíà¹ìî ¨õ ó Qi ïðîñòîþ íå-

ïåðåðâíîþ êðèâîþ γ : [0, 1] → Qi ⊂ R2. Öå ìîæëèâî, òîìó ùî
âiäêðèòà çâ'ÿçíà ïiäìíîæèíà Qi ïëîùèíè ¹ ëiíiéíî çâ'ÿçíîþ.
Âiäêðèòiñòü Qi ñëiäó¹ ç íàñòóïíèõ ìiðêóâàíü. Ìíîæèíà R2\Kf

âiäêðèòà â ñèëó çàóâàæåííÿ 3.1, òîìó âñi ¨¨ êîìïîíåíòè çâ'ÿ-
çíîñòi òåæ âiäêðèòi, îñêiëüêè ïðîñòið R2 ¹ ëîêàëüíî-çâ'ÿçíèì
(äèâ. [7]).
Íåõàé xi = γ(0), xj = γ(1). Ïîçíà÷èìî

ti = sup{t ∈ [0, 1] | γ(t) ∈Wi},
tj = inf{t ∈ [ti, 1] | γ(t) ∈Wj} .

Çà ïîáóäîâîþ Wi ∩Wj ⊂ Kf , òîìó Wi ∩Wj ∩Qi = ∅ i ti < tj .
Ïîçíà÷èìî yi = γ(ti), yj = γ(tj).
Íå îáìåæóþ÷è çàãàëüíiñòü ìiðêóâàíü, ìîæåìî ââàæàòè, ùî

γ(t) /∈ D ïðè t ∈ (ti, tj). Äiéñíî, ÿêùî γ(τ) ∈ D äëÿ äåÿêîãî

τ ∈ (ti, tj), òî çíàéäåòüñÿ k ∈ {1, . . . , 2n}, òàêå, ùî γ(τ) ∈ Wk.

Îñêiëüêè γ(τ) ∈ Wk ∩Qi, òî ç âiäêðèòîñòi ìíîæèíè Qi ñëiäó¹,
ùî Wk ∩ Qi 6= ∅, âíàñëiäîê ÷îãî Wk ⊂ Qi. Çà ïîáóäîâîþ k /∈
{i, j}, i çàìiñòü ïàðè îáëàñòåéWi∪Wj ⊂ Qi ìîæåìî ðîçãëÿíóòè
Wi ∪Wk ⊂ Qi.
Íåõàé γ̃(t) = γ(ti + (tj − ti)t), t ∈ [0, 1]. Çà ïîáóäîâîþ γ̃ �

ïðîñòà íåïåðåðâíà êðèâà, γ̃(0) = yi, γ̃(1) = yj i γ̃(t) /∈ D ïðè
âñiõ t ∈ (0, 1). Íåõàé òàêîæ γi i γj �ïðÿìîëiíiéíi âiäðiçêè, ùî
ç'¹äíóþòü â U1(0) òî÷êó 0 ç h(yi) òà h(yj), âiäïîâiäíî. Ïîêëà-
äåìî

γ̃i = h−1 ◦ γi, γ̃j = h−1 ◦ γj .

Ïðîõîäÿ÷è ïîñëiäîâíî êðèâi γ̃i, γ̃ òà γ̃j , îòðèìà¹ìî ïðîñòó
çàìêíåíó êðèâó µ, ÿêà ïðîõîäèòü ÷åðåç x0 i ëåæèòü ó Qi çà âè-
êëþ÷åííÿì öi¹¨ òî÷êè. Íåõàé E � âiäêðèòèé äèñê, ìåæåþ ÿêîãî
¹ µ. Ïîçíà÷èìî

S = Fr(U1(0)) = {z ∈ C | |z| = 1}, S̃ = h−1(S) = FrD.
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Êîëî S̃ ðîçáèâà¹òüñÿ òî÷êàìè yi òà yj íà äâi äóãè S′ òà S′′.
Îñêiëüêè x0 ∈ µ ∩ IntD 6= ∅ i γ̃(1/2) ∈ µ ∩ (R2 \ D) 6= ∅ çà
ïîáóäîâîþ, òî îäíà ç öèõ äóã ëåæèòü â E, iíøà íå ïåðåòèíà¹
E.
Íåõàé S′ ⊂ E. Êiíöÿìè öi¹¨ äóãè ¹ òî÷êè yi ∈ W i ∩Qi òà

yj ∈ W j ∩Qi. Òî÷êè h(yi) òà h(yj) ìiñòÿòüñÿ â ðiçíèõ ñåêòîðàõ

ìíîæèíè U1(0) \Zn. Ç âèäó ôóíêöi¨ Re zn â îêîëi 0 ëåãêî ñëi-
äó¹, ùî äóãà h(S′) ìiñòèòü òî÷êè ìíîæèíè h(F ) = h(U) ∩ Zn.
Âiäïîâiäíî, S′ ∩ F 6= ∅. Íàïðèêëàä, F ∩ FrWi ∩ S′ 6= ∅ i
F ∩ FrWj ∩ S′ 6= ∅. Òîìó iñíó¹ x′ ∈ F ∩ E. Î÷åâèäíî, x′ 6= x0.
Ç òâåðäæåííÿ 7.1 ñëiäó¹, ùî iñíó¹ ïðîìiíü

β : [0,+∞)→ F ⊂ R2,

ÿêèé âèõîäèòü ç òî÷êè x0 = β(0), ïðîõîäèòü ÷åðåç òî÷êó x′

ïðè äåÿêîìó t′ > 0 i ïðÿìó¹ íà íåñêií÷åííiñòü. Çà ïîáóäîâîþ µ
ïåðåòèíà¹òüñÿ ç F â ¹äèíié òî÷öi x0, òîìó β(t) ∈ E äëÿ êîæíîãî
t > 0, ùî íåìîæëèâî, îñêiëüêè ìíîæèíà E êîìïàêòíà.
Âíàñëiäîê îòðèìàíîãî ïðîòèði÷÷ÿ ïðè i 6= j âèêîíó¹òüñÿ íå-

ðiâíiñòü Qi 6= Qj . �

Íàñëiäîê 7.4. Íåõàé v� âåðøèíà ΓK−R(f) i

�v = (e1, . . . , e2n)

� ñïií ó âåðøèíi v. Òîäi âñi åëåìåíòè öèêëó (e1, . . . , e2n) ðiçíi
i ó öüîìó öèêëi ïðèéìàþòü ó÷àñòü óñi ðåáðà, iíöèäåíòíi v ó
ΓK−R(f).
Â êîæíié ïàði ñóñiäíiõ ðåáåð öèêëó �v ðåáðà ìàþòü ðiçíi

îði¹íòàöi¨ âiäíîñíî v (äëÿ îäíîãî ðåáðà v ¹ ïî÷àòêîì, äëÿ ií-
øîãî � êiíöåì).

Äîâåäåííÿ. Öå òâåðäæåííÿ ñëiäó¹ ç ëîêàëüíîãî âèãëÿäó ôóí-
êöi¨ f ó îêîëi ñèíãóëÿðíî¨ òî÷êè (äèâ. óìîâè =) i ç òâåðäæåí-
íÿ 7.3. �

Íàñëiäîê 7.5. Íåõàé x� ñèíãóëÿðíà òî÷êà f , Fx� ñèíãóëÿð-
íà êîìïîíåíòà ìíîæèíè ðiâíÿ f , x ∈ Fx.
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Íåõàé Q� êîìïîíåíòà çâ'ÿçíîñòi ìíîæèíè R2 \ Kf , ÿêà

ìåæó¹ ç Fx. Òîäi ìíîæèíà Q∩Fx ¹ îá'¹äíàííÿì ñèíãóëÿðíî¨
òî÷êè i äâîõ ïðîìåíiâ, ùî âèõîäÿòü iç öi¹¨ òî÷êè i ïðÿìóþòü
íà íåñêií÷åííiñòü.
Íåõàé H � êîìïîíåíòà çâ'ÿçíîñòi ìíîæèíè Fx \ {x}. Òîäi

¹ ðiâíî äâi êîìïîíåíòè çâ'ÿçíîñòi ìíîæèíè R2 \Kf , ñïiëüíà
ìåæà ÿêèõ ìiñòèòü H. Çàìèêàííÿ áóäü-ÿêî¨ iíøî¨ êîìïîíåí-
òè R2 \Kf íå ïåðåòèíà¹òüñÿ ç H.
Ïðèïóñòèìî, ùî H ìiñòèòüñÿ ó ñïiëüíié ìåæi êîìïîíåíò

Q′ i Q′′ ìíîæèíè R2 \ Kf . Íåõàé e′ = πf (Q′), e′′ = πf (Q′′)�
âiäïîâiäíi ¨ì ðåáðà ΓK−R(f), v = πf (Fx)� âåðøèíà, ùî âiäïî-
âiäà¹ êîìïîíåíòi Fx ìíîæèíè ðiâíÿ f , �v� ñïií ó âåðøèíi v.
Òîäi ðåáðà e′ i e′′ ¹ ñóñiäíiìè åëåìåíòàìè öèêëó �v.
ßêùî ðåáðà e′ i e′′ ¹ ñóñiäíiìè åëåìåíòàìè öèêëó �v, òî

ó ñïiëüíié ìåæi âiäïîâiäíèõ ¨ì îáëàñòåé Q′ i Q′′ ìiñòèòüñÿ
êîìïîíåíòà ìíîæèíè Fx \ {x}, ïðè÷îìó òàêà êîìïîíåíòà
¹äèíà.

Äîâåäåííÿ. Íåõàé U ⊂ Fx ∪ (R2 \ Kf )� îêië ò. x0, â ÿêîìó f
îði¹íòîâàíî òîïîëîãi÷íî åêâiâàëåíòíà äî ôóíêöi¨ Re zn â äåÿêî-
ìó îêîëi 0. Íåõàé h : U → h(U) ⊂ C i h′ : R → R� âiäïîâiäíi
ãîìåîìîðôiçìè.
Íå îáìåæóþ÷è çàãàëüíiñòü ìiðêóâàíü, áóäåìî ââàæàòè, ùî

h(U) = U1(0) = {z ∈ C | |z| < 1}.
Ïîçíà÷èìî ÷åðåç V1, . . . , V2n êîìïîíåíòè çâ'ÿçíîñòi ìíîæè-

íè U1(0) \ h(Fx) = U1(0) \ Zn â ïîðÿäêó îáõîäó â äîäàòíîìó
íàïðÿìêó íàâêîëî ïî÷àòêó êîîðäèíàò. Íåõàé Wi = h−1(Vi),
i = 1, . . . , 2n.
Ïîçíà÷èìî ÷åðåç T1, . . . , T2n êîìïîíåíòè çâ'ÿçíîñòi ìíîæèíè

U1(0) ∩ (Zn \ 0) = h(U ∩ (Fx \ {x}))
òàêèì ÷èíîì, ùîá êîìïîíåíòà Ti ëåæàëà ó ñïiëüíié ìåæi Vi òà
Vi+1, à T2n � ó ñïiëüíié ìåæi V2n òà V1. Íåõàé Ri = h−1(Ti),
i = 1, . . . , 2n.
Íåõàé H1, . . . ,H2n �êîìïîíåíòè ìíîæèíè Fx \ {x}. Ç òâåð-

äæåííÿ 7.1 ñëiäó¹, ùî êîæíà ç íèõ ìiñòèòü ðiâíî îäíó ç ìíîæèí
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R1, . . . , R2n. Çìiíèâøè íóìåðàöiþ ìíîæèí Hi, ìîæåìî ââàæà-
òè, ùî Ri = Hi ∩ U , i = 1, . . . , 2n.
Àíàëîãi÷íî, çàñòîñîâóþ÷è òâåðäæåííÿ 7.3 ìîæåìî ââàæàòè,

ùî äëÿ êîìïîíåíò Q1, . . . , Q2n ìíîæèíè R2 \Kf , ÿêi ìåæóþòü
ç Fx, âèêîíóþòüñÿ ñïiââiäíîøåííÿ Wi = Qi ∩ U , i = 1, . . . , 2n.
Ðîçãëÿíåìî Qk äëÿ äåÿêîãî k ∈ {2, . . . , 2n}. Îñêiëüêè U ¹

âiäêðèòîþ ìíîæèíîþ, ëåãêî áà÷èòè, ùî

Qk ∩U = Wk ∩U ⊃ Rk−1 ∪Rk, Qk ∩Rm∗ = ∅

ïðè n /∈ {k − 1, k}. Òîìó ç íàñëiäêó 7.2 âèïëèâà¹, ùî

Hk−1 ∪Hk ⊂ Qk, Hm ∩Qk = ∅

ïðè m /∈ {k − 1, k}. Àíàëîãi÷íî, êîëè k = 1 ìà¹ìî

H2n ∪H1 ⊂ Q1, Hm ∩Q1 = ∅

ïðè m /∈ {1, 2n}.
Òîìó äëÿ äîâiëüíî¨ êîìïîíåíòè Q ìíîæèíè R2 \Kf , ÿêà ìå-

æó¹ ç Fx, iñíóþòü äâi êîìïîíåíòè H
′ i H ′′ ìíîæèíè Fx \ {x},

òàêi, ùî

Q∩Fx = H ′ ∪H ′′ ∪ {x}.
Ïîçíà÷èìî v = πf (Fx), ei = πf (Qi), i = 1, . . . , 2n. Ç âèáîðó

ìíîæèí Wi = Qi ∩ U ñëiäó¹, ùî �v = (e1, . . . , e2n).
Ðîçãëÿíåìî Hk äëÿ äåÿêîãî k ∈ {1, . . . , 2n − 1}. Ïî âæå äî-

âåäåíîìó

Hk ⊂ Qk ∩Qk+1, Hk ∩Qm = ∅

ïðèm /∈ {k, k+1}. Î÷åâèäíî, ðåáðà ek i ek+1 ¹ ñóñiäíiìè ó öèêëi
�v.
Àíàëîãi÷íî, êîëè k = 2n, ìà¹ìî

H2n ⊂ Q2n ∩Q1, H2n ∩Qm = ∅

ïðè m /∈ {1, 2n}. Ðåáðà e2n i e1 ¹ ñóñiäíiìè ó öèêëi �v.
Äëÿ çàâåðøåííÿ äîâåäåííÿ ëèøà¹òüñÿ çàóâàæèòè, ùî äëÿ

êîæíî¨ êîìïîíåíòè çâ'ÿçíîñòi H ìíîæèíè Fx \{x} âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ H ∈ {H1, . . . ,H2n}. �



24 Â. Â. Øàðêî , �. Î. Ïîëóëÿõ, Þ. Þ. Ñîðîêà

8. Íàâàíòàæåíi i ñëàáî íàâàíòàæåíi ãðàôè
Êðîíðîäà-Ðiáà

Ëåãêî ïîáóäóâàòè ïðèêëàäè, ÿêi ïîêàçóþòü, ùî ãðàô Êðîí-
ðîäà-Ðiáà íå ¹ ïîâíèì iíâàðiàíòîì ôóíêöi¨ çàãàëüíîãî ïîëî-
æåííÿ. Òîáòî iñíóþòü òîïîëîãi÷íî íå åêâiâàëåíòíi ôóíêöi¨, ÿêi
ìàþòü içîìîðôíi ãðàôè Êðîíðîäà-Ðiáà.
Íåõàé f çàäîâîëüíÿ¹ óìîâè = i ¹ ôóíêöi¹þ çàãàëüíîãî ïîëî-

æåííÿ. Íàøà ìåòà çíàéòè äîäàòêîâå íàâàíòàæåííÿ íà ΓK−R(f),
ÿêå á ïåðåòâîðþâàëî éîãî íà ïîâíèé iíâàðiàíò f .

Îçíà÷åííÿ 8.1. Ñëàáî íàâàíòàæåíèì ãðàôîì Êðîíðî-

äà-Ðiáà íàçèâà¹òüñÿ îði¹íòîâàíèé ãðàô ΓK−R(f), äëÿ ÿêîãî â
êîæíié âåðøèíi âèçíà÷åíèé ñïií.

Âèÿâëÿ¹òüñÿ, ùî îði¹íòàöi¨ ðåáåð i ñïiíà ó âåðøèíàõ ΓK−R(f)
íå äîñèòü, ùîá ðîçðiçíÿòè ôóíêöi¨ çàãàëüíîãî ïîëîæåííÿ. Ñïðà-
âà ó òîìó, ùî ÷àñòêîâèé ïîðÿäîê P2(f), ùî ïîðîäæåíèé îði¹í-
òàöi¹þ ðåáåð ΓK−R(f), íå ¹ ëiíiéíèì. Òîáòî, íå êîæíà ïàðà
âåðøèí ïîðiâíÿíà ïî âiäíîøåííþ äî öüîãî ïîðÿäêó.
Ëåãêî áóäó¹òüñÿ ïðèêëàä äâîõ ôóíêöié çàãàëüíîãî ïîëîæå-

ííÿ, ÿêi ìàþòü içîìîðôíi ñëàáî íàâàíòàæåíi ãðàôè Êðîíðîäà-
Ðiáà, àëå ïîðîäæóþòü ðiçíi ëiíiéíi ïîðÿäêè íà ìíîæèíàõ âåð-
øèí öèõ ãðàôiâ.
Îäíàê íèæ÷å ìè äîâåäåìî, ùî ñëàáî íàâàíòàæåíi ãðàôè

Êðîíðîäà-Ðiáà ðîçðiçíÿþòü ôóíêöi¨ âiäíîñíî áiëüø ñëàáêî¨,
íiæ òîïîëîãi÷íà, åêâiâàëåíòíîñòi, ÿêó ìè çàðàç i îçíà÷èìî.

Îçíà÷åííÿ 8.2. Íåõàé íåïåðåðâíi ôóíêöi¨ f i g âiäïîâiäàþòü
óìîâàì =. Ñêàæåìî, ùî f i g ïîøàðîâî åêâiâàëåíòíi (âiä-
ïîâiäíî, îði¹íòîâíî ïîøàðîâî åêâiâàëåíòíi), ÿêùî iñíó¹
ãîìåîìîðôiçì (âiäïîâiäíî, îði¹íòîâàíèé ãîìåîìîðôiçì) ïëî-
ùèíè íà ñåáå, ÿêèé âiäîáðàæà¹ êîìïîíåíòè ìíîæèí ðiâíiâ
f íà êîìïîíåíòè ìíîæèí ðiâíiâ g.

Ëiíiéíèé ïîðÿäîê P1(f) ¹ iíâàðiàíòîì âiäíîñíî îði¹íòîâà-
íî¨ òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi ôóíêöié, àëå âèÿâëÿ¹òüñÿ, ùî
ñëàáî íàâàíòàæåíèé ãðàô Êðîíðîäà-Ðiáà ç ëiíiéíèì ïîðÿäêîì
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P1(f) íà ìíîæèíi âåðøèí âñå ùå íå ¹ ïîâíèì iíâàðiàíòîì. Ïî-
òðiáíî äîäàòêîâî âiäñòåæóâàòè ïîâåäiíêó f �íà íåñêií÷åííîñòi�.
Ãðàô ç ÷åðåøêàìè íå ¹ ñïðàâæíiì ãðàôîì ó êîìáiíàòîðíîìó

ñåíñi. Âií îòðèìàíèé çi �ñïðàâæíüîãî ãðàôà� øëÿõîì âèëó÷åí-
íÿ äåÿêî¨ ïiäìíîæèíè âåðøèí ïîðÿäêó 1.
Çðîçóìiëî, ùî ìàþ÷è ãðàô ç ÷åðåøêàìè i éîãî ðîçáèòòÿ íà

âåðøèíè i ðåáðà, ìîæíà îäíîçíà÷íî âiäíîâèòè íà íüîìó êîìái-
íàòîðíó ñòðóêòóðó ãðàôà, �äîäàâøè íàçàä� âèëó÷åíi âåðøèíè
ïîðÿäêó 1. Áóäåìî íàçèâàòè òàêi âåðøèíè âiðòóàëüíèìè. Ìíî-
æèíó âiðòóàëüíèõ âåðøèí ïîçíà÷èìî Vvirt.
Çãàäà¹ìî, ùî íà ΓK−R(f) âèçíà÷åíà ôóíêöiÿ fK−R, òàêà ùî

fK−R ◦ πf = f . Äëÿ êîæíîãî ðåáðà e âèçíà÷åíi äâi âåëè÷èíè
m(e) = infx∈e fK−R(x) i M(e) = supx∈e fK−R(x). Êîæíà ç öèõ
âåëè÷èí ìîæå áóòè ÿê ñêií÷åíîþ, òàê i ±∞.
Íåõàé V �ìíîæèíà âåðøèí ΓK−R(f). Íà ìíîæèíi V ∪ Vvirt

îçíà÷èìî ôóíêöiþ flim íàñòóïíèì ÷èíîì. ßêùî v ¹ ïî÷àòêîì
ðåáðà e, íåõàé flim(v) = m(e), à ÿêùî v ¹ êiíöåì e, òî íåõàé
flim(v) = M(e).
Ìè âñòàíîâèëè âèùå, ùî fK−R ñòðîãî ìîíîòîííà íà ðåáðàõ.

Âíàñëiäîê öüîãî flim = fK−R íà ìíîæèíi V �ñïðàâæíiõ� âåð-
øèí ΓK−R(f). Îñêiëüêè âñi âiðòóàëüíi âåðøèíè ìàþòü ïîðÿäîê
1, òî flim êîðåêòíî âèçíà÷åíà òàêîæ íà Vvirt.
Íàñ áóäå öiêàâèòè íå âñÿ ìíîæèíà Vvirt, à ëèøå òi âiðòóàëüíi

âåðøèíè, íà ÿêèõ flim íàáóâà¹ ñêií÷åíi çíà÷åííÿ. Ïîçíà÷èìî

Vfin = {v ∈ Vvirt | flim(v) 6= ±∞} .

Ìíîæèíó Vext = V ∪Vfin íàçâåìî ðîçøèðåíîþ ìíîæèíîþ âåð-
øèí ãðàôà ΓK−R(f).
Ôóíêöiÿ flim ïîðîäæó¹ íà Vext âiäíîøåííÿ ÷àñòêîâîãî ïîðÿä-

êó Pext(f), ÿêå âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì. Íåõàé v1, v2 ∈
Vext. ßêùî flim(v1) < flim(v2), òî ââàæàòèìåìî, ùî v1 < v2.
ßêùî æ flim(v1) = flim(v2), òî v1 i v2 íåïîðiâíÿííi. Íàçâåìî öå
âiäíîøåííÿ ðîçøèðåíèì âiäíîøåííÿì ïîðÿäêó íà Vext.
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Çðîçóìiëî, ùî Pext(f) çáiãà¹òüñÿ ç P1(f) íà V . Òàêîæ î÷åâè-
äíî, ùî Pext(f) óçãîäæåíå ç îði¹íòàöi¹þ ðåáåð ΓK−R(f) ó òîìó
ñåíñi, ùî êiíåöü ðåáðà çàâæäè áiëüøèé çà éîãî ïî÷àòîê.

Òâåðäæåííÿ 8.3. Âiäíîøåííÿ �áóòè íåïîðiâíÿííèìè âiäíî-
ñíî Pext(f)� ¹ òðàíçèòèâíèì íà ìíîæèíi Vext.

Äîâåäåííÿ. Íåõàé v1 i v2, à òàêîæ v2 i v3 íåïîðiâíÿííi âiäíîñíî
Pext(f). Òîäi flim(v1) = flim(v2) i flim(v2) = flim(v3). Âíàñëiäîê
öüîãî v1 i v3 íåïîðiâíÿííi. �

Îçíà÷åííÿ 8.4. Íåõàé íà ìíîæèíi A çàäàíå âiäíîøåííÿ ρ
÷àñòêîâîãî ïîðÿäêó. ßêùî âiäíîøåííÿ �áóòè íåïîðiâíÿí-

íèìè âiäíîñíî ρ� ¹ òðàíçèòèâíèì íà A, òî âiäíîøåííÿ ρ
íàçèâà¹òüñÿ ôóíêöi¹ïîäiáíèì.

Îòæå, âiäíîøåííÿ Pext(f) ôóíêöi¹ïîäiáíå.

Îçíà÷åííÿ 8.5. Íàâàíòàæåíèì ãðàôîì Êðîíðîäà-Ðiáà

íàçèâà¹òüñÿ ñëàáî íàâàíòàæåíèé ãðàô ΓK−R(f) ðàçîì iç ïiä-
ìíîæèíîþ Vfin ìíîæèíè âiðòóàëüíèõ âåðøèí i ðîçøèðåíèì
âiäíîøåííÿì ïîðÿäêó Pext(f) íà ðîçøèðåíié ìíîæèíi âåðøèí
Vext = V ∪ Vfin.

Íåõàé ΓK−R(f) i ΓK−R(g)� îði¹íòîâàíi ãðàôè ç ÷åðåøêàìè.
Ðîçãëÿíåìî îði¹íòîâàíi êîìáiíàòîðíi ãðàôè Gf i Gg, ÿêi ¨ì âiä-
ïîâiäàþòü. Ìíîæèíîþ âåðøèí Gf (Gg) ¹ îá'¹äíàííÿ çâè÷àéíèõ
i âiðòóàëüíèõ âåðøèí ΓK−R(f) (ΓK−R(g)), åëåìåíòàìè ìíîæè-
íè ðåáåð Gf (Gg) ¹ ðåáðà ΓK−R(f) (ΓK−R(g)). Iíöèäåíòíiñòü
âåðøèí äî ðåáåð i îði¹íòàöiÿ ðåáåð ïåðåíîñèòüñÿ ç âiäïîâiäíî-
ãî ãðàôà ç ÷åðåøêàìè.

Îçíà÷åííÿ 8.6. Êîìáiíàòîðíèì içîìîðôiçìîì îði¹íòî-

âàíèõ ãðàôiâ ç ÷åðåøêàìè ΓK−R(f) i ΓK−R(g) íàçèâà¹-
òüñÿ içîìîðôiçì îði¹íòîâàíèõ ãðàôiâ Gf i Gg, ÿêèé âiäîáðà-
æà¹ ìíîæèíó âiðòóàëüíèõ âåðøèí ãðàôà ΓK−R(f) íà ìíî-
æèíó âiðòóàëüíèõ âåðøèí ãðàôà ΓK−R(g).
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Îçíà÷åííÿ 8.7. Íàçâåìî (ñëàáî) íàâàíòàæåíi ãðàôè Êðîí-
ðîäà-Ðiáà ôóíêöié f i g åêâiâàëåíòíèìè, ÿêùî iñíó¹ êîì-
áiíàòîðíèé içîìîðôiçì ψ îði¹íòîâàíèõ ãðàôiâ ç ÷åðåøêàìè
ΓK−R(f) i ΓK−R(g), ÿêèé çáåðiãà¹ (ñëàáêå) íàâàíòàæåííÿ.

Òîáòî içîìîðôiçì ψ êîæíîìó ñïiíó íà ΓK−R(f) ñòàâèòü ó
âiäïîâiäíiñòü ñïií íà ΓK−R(g):

�v = (e1, e2, ..., en) 7−→ �ψ(v) = (ψ(e1), ψ(e2), ..., ψ(en)) .

Òàêîæ ó âèïàäêó, êîëè ðîçãëÿäàþòüñÿ íàâàíòàæåíi ãðàôè
Êðîíðîäà-Ðiáà, ψ iíäóêó¹ içîìîðôiçì ðîçøèðåíèõ ïîðÿäêiâ íà
ðîçøèðåíèõ ìíîæèíàõ âåðøèí.

9. Îñíîâíà òåîðåìà

Ëåìà 9.1. Íåõàé f �ôóíêöiÿ çàãàëüíîãî ïîëîæåííÿ, ùî âiä-
ïîâiäà¹ óìîâàì =. Íåõàé Q� êîìïîíåíòà çâ'ÿçíîñòi ìíîæè-
íè R2 \Kf .

Òîäi çíàéäåòüñÿ ãîìåîìîðôiçì φ : Q → R × f(Q) ⊂ R2, òà-
êèé, ùî f = pr2 ◦φ (òóò pr2 : R2 → R�ïðîåêöiÿ íà äðóãó
êîîðäèíàòó).

Äîâåäåííÿ. Ç óìîâ =, à òàêîæ ç [1, òâåðäæåííÿ 6 i íàñëiäîê 4]
ñëiäó¹, ùî

f(Q) = Int f(Q) , f(FrQ) = f(Q) ∩ Fr f(Q) . (9.1)

Ìíîæèíà Q, à ðàçîì ç íåþ i ìíîæèíà f(Q) çâ'ÿçíi. Òîìó iñíó-
þòü a, b ∈ R ∪ ±∞ òàêi, ùî f(Q) = (a, b), f(FrQ) ⊂ {a, b} ∩ R.
ßêùî a ∈ f(FrQ), òî |a| < ∞ i çãiäíî ç [1, íàñëiäîê 4],

iñíó¹ ñèíãóëÿðíà êîìïîíåíòà Fa ìíîæèíè ðiâíÿ f−1(a), òàêà,
ùî f−1(a) ∩Q ⊂ Fa.
Ç íàñëiäêó 7.5 ñëiäó¹, ùî Ha = Q∩f−1(a) ¹ îá'¹äíàííÿì ñèí-

ãóëÿðíî¨ òî÷êè i äâîõ ïðîìåíiâ, ùî âèõîäÿòü ç öi¹¨ òî÷êè i ïðÿ-
ìóþòü íà íåñêií÷åííiñòü. Ç öüîãî i ç òåîðåìè Æîðäàíà ïðî
êðèâó ëåãêî ñëiäó¹, ùî ìíîæèíà Ha ãîìåîìîðôíà R i ðîçáè-
âà¹ ïëîùèíó íà äâi êîìïîíåíòè çâ'ÿçíîñòi, çàìèêàííÿ êîæíî¨
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ç ÿêèõ ãîìåîìîðôíå çàìêíåíié ïiâïëîùèíi. Ha ¹ ñïiëüíîþ ìå-
æåþ öèõ äâîõ êîìïîíåíò.
Àíàëîãi÷íî, ÿêùî b ∈ f(FrQ), òî |b| <∞ i iñíó¹ ñèíãóëÿðíà

êîìïîíåíòà Fb ðiâíÿ f
−1(b), ÿêà ìiñòèòü ìíîæèíó

Hb = f−1(b) ∩Q .

Ìíîæèíà Hb ãîìåîìîðôíà R i ðîçáèâà¹ R2 íà äâi ïiâïëîùè-
íè, äëÿ ÿêèõ Hb ¹ ñïiëüíîþ ìåæåþ. Òàêèì ÷èíîì, ìà¹ìî òðè
ìîæëèâîñòi.
1) f(FrQ) = ∅. Òîäi FrQ = ∅ i Q ¹ âiäêðèòî-çàìêíåíîþ ïiä-

ìíîæèíîþ R2. Òîìó Q = R2 i f íå ìà¹ ñèíãóëÿðíèõ òî÷îê ó
R2. Íàñëiäîê 3 ç [1] ñòâåðäæó¹, ùî äëÿ êîæíîãî x ∈ Q ìíîæè-
íà f−1(f(x))∩Q çâ'ÿçíà. Âíàñëiäîê öüîãî ìîæåìî çàñòîñóâàòè
òåîðåìó 1 ç [9], ùî é äîâîäèòü ëåìó ó äàíîìó âèïàäêó.
2) Ìíîæèíà f(FrQ) íå ïîðîæíÿ i çâ'ÿçíà. Ó öüîìó âèïàäêó

àáî FrQ = Ha, àáî FrQ = Hb.
Íåõàé FrQ = Ha. Ó öüîìó âèïàäêó Q ¹ îäíîþ ç äâîõ êîìïî-

íåíò çâ'ÿçíîñòi ìíîæèíè R2 \Ha. Ïîçíà÷èìî iíøó êîìïîíåíòó
Qa. Ïîçíà÷èìî òàêîæ ÷åðåç x0 ∈ Ha ⊂ Fa ñèíãóëÿðíó òî÷êó
ôóíêöi¨ f .
Çàôiêñó¹ìî ãîìåîìîðôiçì χ : Qa → R × (−∞, a]. Ðîçãëÿíå-

ìî íåïåðåðâíó ôóíêöiþ fa = pr2 ◦χ : Qa → R. Çà ïîáóäîâîþ
f(x) = fa(x) íà ìíîæèíi Q∩Qa, à òîìó ôóíêöiÿ g : R2 → R,
îçíà÷åíà çà äîïîìîãîþ ôîðìóëè

g(x) =

{
f(x), ÿêùî x ∈ Q ,
fa(x), ÿêùî x ∈ Qa ,

áóäå íåïåðåðâíîþ íà R2.
Çðîçóìiëî, ùî äëÿ êîæíîãî x ∈ R2\Ha ó äåÿêîìó îêîëi òî÷êè

x ôóíêöiÿ g òîïîëîãi÷íî åêâiâàëåíòíà äî êîîðäèíàòíî¨ ïðîåêöi¨
pr2. Òàêîæ äëÿ êîæíîãî x ∈ Ha ó äåÿêîìó îêîëi òî÷êè x ó
ïðîñòîði Qa ôóíêöiÿ fa îði¹íòîâàíî òîïîëîãi÷íî åêâiâàëåíòíà
äî pr2 ó îêîëi òî÷êè 0 ó ïðîñòîði R× (−∞, 0].
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Ç ïåðøî¨ óìîâè = ñëiäó¹, ùî äëÿ êîæíîãî x ∈ Ha \{x0} ôóí-
êöiÿ f ó äåÿêîìó îêîëi òî÷êè x îði¹íòîâàíî òîïîëîãi÷íî åêâiâà-
ëåíòíà äî pr2 ó îêîëi 0 ó R2. Îñêiëüêè çà ïîáóäîâîþ f(y) > f(x)
äëÿ êîæíîãî y ∈ Q, òî ôóíêöiÿ f |Q ó îêîëi x îði¹íòîâàíî òî-

ïîëîãi÷íî åêâiâàëåíòíà äî pr2 ó îêîëi 0 ó ïðîñòîði [0,+∞).
Âíàñëiäîê öüîãî äëÿ êîæíîãî x ∈ Ha \ {x0} ôóíêöiÿ g òîïî-

ëîãi÷íî åêâiâàëåíòíà äî pr2.
Iñíó¹ îêië U0 òî÷êè x0, â ÿêîìó f òîïîëîãi÷íî åêâiâàëåíòíà

äî gn = Re zn â îêîëi 0. Íåõàé h : U0 → h(U0) ⊂ C i h′ : R→ R�
âiäïîâiäíà ïàðà ãîìåîìîðôiçìiâ, äëÿ ÿêèõ gn ◦ h = h′ ◦ f .
Ç òâåðäæåíü 7.1 i 7.3 ñëiäó¹, ùî îáðàç h(U0 ∩Q) çáiãà¹òüñÿ ç

ïåðåòèíîì h(U0) i çàìèêàííÿ îäíîãî ç ñåêòîðiâ V , ùî ¹ êîìïî-
íåíòîþ çâ'ÿçíîñòi ìíîæèíè C \ Zn = C \ g−1

n (0). Òîìó íà ìíî-

æèíi h(U0 ∩Q) îçíà÷åíå íåïåðåðâíå âiäîáðàæåííÿ ĥ(z) = n
√
z,

ÿêå âiäîáðàæà¹ V íà ïiâïëîùèíó. Íåõàé iùå ĥ′(t) = Sign t· n
√
|t|.

Ëåãêî áà÷èòè, ùî ïàðà âiäîáðàæåíü ĥ ◦ h i ĥ′ ◦ h′ ðåàëiçó¹
îði¹íòîâàíó òîïîëîãi÷íó åêâiâàëåíòíiñòü ôóíêöi¨ f |Q â îêîëi

U0 ∩ Q òî÷êè x0 äî ôóíêöi¨ pr2 ó äåÿêîìó îêîëi 0 â ïðîñòîði
R× [0,+∞). Âíàñëiäîê öüîãî â îêîëi òî÷êè x0 ôóíêöiÿ f òàêîæ
òîïîëîãi÷íî åêâiâàëåíòíà äî pr2.
Çà ïîáóäîâîþ g−1(t) = f−1(t)∩Q ïðè t ∈ (a, b). Òîìó ìíîæè-

íà g−1(t) çâ'ÿçíà ïðè t > a (äèâ. [1, íàñëiäîê 3]). Àíàëîãi÷íî,
g−1(t) = χ−1(R × {t}) ïðè t ≤ a, òîìó ìíîæèíà g−1(t) çâ'ÿçíà
òàêîæ ïðè t ≤ a.
Îòæå, ìè ìîæåìî çàñòîñóâàòè òåîðåìó 1 ç [9] äî ôóíêöi¨ g.
Îòðèìà¹ìî ãîìåîìîðôiçì φ0 : R2 → R × (−∞, b), òàêèé ùî

g = pr2 ◦φ0. Òîäi îáìåæåííÿ φ1 = φ0|Q : Q → R × (−∞, b) ¹

âêëàäåííÿì i φ1(Q) = [a, b). Òîìó φ1 iíäóêó¹ ãîìåîìîðôiçì
φ : Q→ R× [a, b), φ(x) = φ1(x), x ∈ Q, ÿêèé âiäïîâiäà¹ âèìîãàì
ëåìè.
3) f(FrQ) = {a, b}. Òîäi FrQ = Ha ∪Hb, ìíîæèíè Ha ⊂ Fa

i Hb ⊂ Fb ãîìåîìîðôíi R i êîæíà ç íèõ ðîçáèâà¹ R2 íà äâi
ïiâïëîùèíè. Ïîçíà÷èìî ÷åðåç Qa i Qb òi êîìïîíåíòè çâ'ÿçíîñòi
ìíîæèí R2 \ Ha i R2 \ Hb âiäïîâiäíî, ÿêi íå ïåðåòèíàþòüñÿ
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ç Q. Îñêiëüêè Ha ⊂ f−1(a), Hb ⊂ f−1(b), òî Ha ∩ Hb = ∅ i
R2 = Qa ∪Q∪Qb, ïðè÷îìó Qa ∩Q = Ha, Qb ∩Q = Hb.
Çàôiêñó¹ìî ãîìåîìîðôiçìè

χa :Qa → R× (−∞, a], χb :Qb → R× [b,+∞)

i ðîçãëÿíåìî íåïåðåðâíi ôóíêöi¨

fa = pr2 ◦χa : Qa → R, fb = pr2 ◦χb : Qb → R.

Î÷åâèäíî, fa|Ha = f |Ha i fb|Hb
= f |Hb

, òîìó êîðåêòíî îçíà÷åíà
ôóíêöiÿ g : R2 → R,

g(x) =


fa(x), ÿêùî x ∈ Qa ,
f(x), ÿêùî x ∈ Q ,
fb(x), ÿêùî x ∈ Qb .

Îñêiëüêè çàìêíåíi ìíîæèíè Qa, Q i Qb óòâîðþþòü ñêií÷åíå
çàìêíåíå ïîêðèòòÿ R2 i íà êîæíié ç íèõ g íåïåðåðâíà, òî g
íåïåðåðâíà íà R2.
Ìiðêóâàííÿ, àíàëîãi÷íi äî íàâåäåíèõ ó ïîïåðåäíüîìó âèïàä-

êó, äîâîäÿòü íàñòóïíå. Ïî-ïåðøå, ó äåÿêîìó îêîëi êîæíî¨ òî÷êè
ïëîùèíè ôóíêöiÿ g òîïîëîãi÷íî åêâiâàëåíòíà äî êîîðäèíàòíî¨
ïðîåêöi¨. Ïî-äðóãå, âñi ìíîæèíè ðiâíÿ g çâ'ÿçíi.
Îòæå, ìîæåìî çàñòîñóâàòè òåîðåìó 1 ç [9] äî g.
ßê i ðàíiøå, îòðèìà¹ìî ãîìåîìîðôiçì φ0 : R2 → R2, òàêèé

ùî g = pr2 ◦φ0. Òîäi îáìåæåííÿ φ1 = φ0|Q : Q→ R2 iíäóêó¹ ãî-

ìåîìîðôiçì φ : Q→ R×[a, b] = φ1(Q), ÿêèé âiäïîâiäà¹ âèìîãàì
ëåìè. �

Çàóâàæåííÿ 9.2. Çà ðàõóíîê äîäàòêîâî¨ ïiäêðóòêè çà äîïî-
ìîãîþ âiäîáðàæåííÿ I : R2 → R2, I (x, y) = (−x, y), çàâæäè
ìîæíà äîáèòèñÿ ùîá ãîìåîìîðôiçì φ ç ëåìè 9.1 áóâ îði¹íòîâà-
íèé.

Ëåìà 9.3. Íåõàé f ¹ ôóíêöi¹þ çàãàëüíîãî ïîëîæåííÿ, ùî çà-
äîâîëüíÿ¹ óìîâó =. Òîäi ¨¨ ãðàô Êðîíðîäà-Ðiáà ¹ äåðåâîì ç ÷å-
ðåøêàìè.
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Äîâåäåìî ñïî÷àòêó îäíå äîïîìiæíå òâåðäæåííÿ.

Òâåðäæåííÿ 9.4. Íåõàé G ¹ ëîêàëüíî ñêií÷åííèì òîïîëîãi-
÷íèì ãðàôîì, V0 �ïiäìíîæèíà ìíîæèíè Vl ëèñòêiâ G. Íåõàé
H = G \ V0 � ãðàô ç ÷åðåøêàìè.
ßêùî H íå ìiñòèòü öèêëiâ, òî G ¹ äåðåâîì.

Äîâåäåííÿ. Íåõàé iñíó¹ öèêë

C = (v0, e1, v1, . . . , en, vn = v0)

â G. Òóò vi, i = 0, . . . , n, � âåðøèíè, ej �ðåáðà, vj−1 òà vj iíöè-
äåíòíi ðåáðó ej , j = 1, . . . , n.
Òîäi vi /∈ Vl äëÿ êîæíîãî i. Îòæå, vi /∈ V0 i vi ∈ H, i = 0, . . . , n.

Âíàñëiäîê öüîãî öèêë C ìiñòèòüñÿ â H.
Ç íàâåäåíèõ àðãóìåíòiâ ñëiäó¹, ùî ÿêùî â H íåìà¹ öèêëiâ,

òî é G íå ìiñòèòü öèêëiâ. �

Äîâåäåííÿ ëåìè 9.3. Ïðèïóñòèìî, ùî â ΓK−R(f) iñíó¹ ïðîñòèé
(áåç ñàìîïåðåòèíiâ) öèêë

C = (v0, e1, v1, . . . , en, vn = v0) .

Òóò vi � âåðøèíè, ej � âiäêðèòi ðåáðà ïðîñòîðó ΓK−R(f), òàêi
ùî vj−1, vj ∈ ej , j = 1, . . . , n.
Íàãàäà¹ìî, ùî ÷åðåç Kf ìè ïîçíà÷èëè îá'¹äíàííÿ ñèíãóëÿð-

íèõ êîìïîíåíòiâ ðiâíÿ ôóíêöi¨ f . Íåõàé Fi = π−1
f (vi)� âiäïî-

âiäíi ñèíãóëÿðíi êîìïîíåíòè ðiâíiâ f , Qj = π−1
f (ej)�êîìïî-

íåíòè çâ'ÿçíîñòi äîïîâíåííÿ R2 \Kf .
Ç òåîðåìè 3.2, òâåðäæåííÿ 7.1 i íàñëiäêó 7.4 ñëiäó¹, ùî êîæíà

êîìïîíåíòà ìíîæèíè R2 \ F0 ìiñòèòü ïðîîáðàç ðiâíî îäíîãî
âiäêðèòîãî ðåáðà ãðàôà ΓK−R(f), ÿêå iíöèäåíòíå âåðøèíi v0.
Òîìó ìíîæèíè Q1 i Qn íàëåæàòü äî ðiçíèõ êîìïîíåíò çâ'ÿ-

çíîñòi ìíîæèíè R2 \ F0.
Ðîçãëÿíåìî ìíîæèíó

C0 =

n−1⋃
i=1

vi ∪
n⋃
j=1

ej
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i ¨¨ ïðîîáðàç

π−1
f (C0) =

n−1⋃
i=1

Fi ∪
n⋃
j=1

Qj .

Î÷åâèäíî, ìíîæèíà C0 çâ'ÿçíà. Ïåðåâiðèìî, ùî ìíîæèíà
π−1
f (C0) òåæ çâ'ÿçíà.

Íåõàé s ∈ {1, . . . , n}. Ç òåîðåìè 3.2 ñëiäó¹, ùî iñíóþòü òî÷êè
xs ∈ Qs ∩Fs i ys ∈ Qs+1 ∩Fs. Ìíîæèíè Qs, Fs, Qs+1 çâ'ÿçíi,
òîìó çâ'ÿçíi òàêîæ ìíîæèíèQs∪{xs} ⊂ Qs,Qs+1∪{ys} ⊂ Qs+1.
Îòæå, çâ'ÿçíà i ìíîæèíà

Ws = Qs ∪ Fs ∪Qs+1 = (Qs ∪ {xs}) ∪ Fs ∪ (Qs+1 ∪ {ys}) .

Ìíîæèíà π−1
f (C0) =

⋃n−1
s=1 Ws òåæ çâ'ÿçíà âíàñëiäîê òîãî,

ùî Ws ∩Ws+1 ⊃ Qs+1 6= ∅, s = 1, . . . , n− 2.
Ïîìiòèìî, ùî π−1

f (C0) ∩ F0 = ∅, îñêiëüêè Ws ∩ F0 = ∅ äëÿ

êîæíîãî s = 1, . . . , n − 1. Àëå Q1 ∪ Qn ⊂ π−1
f (C0) i çâ'ÿçíà

ìíîæèíà π−1
f (C0) ìà¹ ïåðåòèíàòèñü ïðèíàéìíi ç äâîìà ðiçíèìè

êîìïîíåíòàìè ìíîæèíè R2 \ F0.
Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü, ùî ΓK−R(f) íå ìiñòèòü öè-

êëiâ. Îòæå, ΓK−R(f) ¹ äåðåâîì ç ÷åðåøêàìè âíàñëiäîê òâåð-
äæåííÿ 9.4. �

Ðîçãëÿíåìî íàñòóïíó êîíñòðóêöiþ. Íåõàé a < b i c < d�
äåÿêi äiéñíi ÷èñëà, α, β : R → R i χ : [a, b] → [c, d]�íåïåðåðâíi
âiäîáðàæåííÿ. Íåõàé χ̂ : [a, b]→ [0, 1],

χ̂(t) =
χ(t)− c
d− c

, t ∈ [a, b] ,

¹ êîìïîçèöi¹þ χ i ëiíiéíîãî âiäîáðàæåííÿ âiäðiçêà [c, d] íà [0, 1].
Âèçíà÷èìî íåïåðåðâíå âiäîáðàæåííÿ Φ: R× [a, b]→ R× [c, d]

çà ôîðìóëîþ:

Φ(x, y) =
(
α(x)(1− χ̂(y)) + β(x)χ̂(y), χ(y)

)
, (9.2)

äëÿ (x, y) ∈ R × [a, b]. Äîâåäåííÿ íàñòóïíî¨ ëåìè ìè ëèøà¹ìî
÷èòà÷ó.
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Ëåìà 9.5. ßêùî α, β i χ ¹ ñþð'¹êòèâíèìè i ñòðîãî çðîñòà-
þòü, òî Φ ¹ ãîìåîìîðôiçìîì, çáåðiãà¹ îði¹íòàöiþ i âiäîáðà-
æà¹ ãîðèçîíòàëüíi ïðÿìi íà ãîðèçîíòàëüíi ïðÿìi.

10. Äîâåäåííÿ òåîðåìè 1.1

Íåîáõiäíiñòü. Íåõàé iñíó¹ ãîìåîìîðôiçì h : R2 → R, ÿêèé
âiäîáðàæà¹ êîìïîíåíòè ìíîæèí ðiâíÿ f íà êîìïîíåíòè ìíî-
æèí ðiâíÿ g. Âiäîìî, ùî îáðàç çâ'ÿçíî¨ ìíîæèíè ïiä äi¹þ íå-
ïåðåðâíîãî âiäîáðàæåííÿ çâ'ÿçíèé. Âíàñëiäîê òîãî, ùî h i h−1

ái¹êòèâíi òà íåïåðåðâíi, îáðàçàìè ðiçíèõ êîìïîíåíò ¹ ðiçíi êîì-
ïîíåíòè. Îòæå, îçíà÷åíå ái¹êòèâíå íåïåðåðâíå ôàêòîð-âiäîáðà-
æåííÿ η : ΓK−R(f) → ΓK−R(g) ïðîñòîðiâ Êðîíðîäà-Ðiáà. Çðî-
çóìiëî, ùî ãîìåîìîðôiçì h−1 ïîðîäæó¹ ôàêòîð-âiäîáðàæåííÿ,
îáåðíåíå äî η. Òîìó η ¹ ãîìåîìîðôiçìîì.
Íåõàé x ∈ R2, Fx �êîìïîíåíòà ìíîæèíè ðiâíÿ ôóíêöi¨ f ,

ÿêà ìiñòèòü x. Ç óìîâ = ñëiäó¹, ùî ïîðÿäîê ordx(Fx) òîïîëî-
ãi÷íîãî ïðîñòîðó Fx ó òî÷öi x áiëüøèé 2 òîäi é òiëüêè òîäi,
êîëè x ¹ ñèíãóëÿðíîþ òî÷êîþ f (äèâ. [7]). Òîìó ìíîæèíè Σg

i Kg ñèíãóëÿðíèõ òî÷îê i ñèíãóëÿðíèõ êîìïîíåíò çâ'ÿçíîñòi
ìíîæèí ðiâíÿ g ¹ îáðàçàìè âiäïîâiäíèõ ìíîæèí Σf i Kf , ùî
âiäíîñÿòüñÿ äî ôóíêöi¨ f .
Çi ñêàçàíîãî ñëiäó¹, ùî η âiäîáðàæà¹ ìíîæèíó âåðøèí ãðàôà

ç ÷åðåøêàìè ΓK−R(f) íà ìíîæèíó âåðøèí ΓK−R(g).
Çðîçóìiëî, ùî h âiäîáðàæà¹ êîìïîíåíòè çâ'ÿçíîñòi ìíîæèíè

R2 \ Kf íà êîìïîíåíòè ìíîæèíè R2 \ Kg. Òîìó ç òåîðåìè 3.2
ñëiäó¹, ùî η ¹ içîìîðôiçìîì ãðàôiâ ç ÷åðåøêàìè.
Íåõàé h çáåðiãà¹ îði¹íòàöiþ íà ïëîùèíi. Çà óìîâàìè òåîðåìè

f i g ¹ ôóíêöiÿìè çàãàëüíîãî ïîëîæåííÿ, òîìó êîæíà ¨õ ñèí-
ãóëÿðíà êîìïîíåíòà ëiíi¨ ðiâíÿ ìiñòèòü ðiâíî îäíó ñèíãóëÿðíó
òî÷êó. Îòæå ìíîæèíè Σf i Σg çíàõîäÿòüñÿ ó ái¹êòèâíié âiäïî-
âiäíîñòi ç ìíîæèíàìè âåðøèí ãðàôiâ ç ÷åðåøêàìè ΓK−R(f) i
ΓK−R(g).
Îñêiëüêè h çáåðiãà¹ ïîðÿäîê îáõîäó íàâêîëî òî÷îê ïëîùèíè,

òî η âiäîáðàæà¹ ñïií ó êîæíié âåðøèíi ΓK−R(f) íà ñïií â îáðàçi
öi¹¨ âåðøèíè, à îòæå η ¹ åêâiâàëåíòíiñòü ãðàôiâ çi ñïiíàìè.
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Äî öèõ ïið ìè íå çãàäóâàëè ïðî îði¹íòàöiþ ðåáåð. Íåõàé
ΓK−R(g)� ãðàô ç ÷åðåøêàìè ôóíêöi¨ g, ó êîæíié âåðøèíi ÿêî-
ãî çàäàíî ñïií. Íåõàé e�äåÿêå ðåáðî öüîãî ãðàôà. Òîäi îði¹í-
òàöiÿ âñiõ ðåáåð ΓK−R(g), ùî ïîðîäæåíà íàïðÿìêîì çðîñòàííÿ
ôóíêöi¨ gK−R, îäíîçíà÷íî âiäíîâëþ¹òüñÿ ïî îði¹íòàöi¨ ðåáðà e.
Ïåðåâiðèìî öå.
ßêùî ðåáðî e iíöèäåíòíå äåÿêié âåðøèíi v, ìè ìîæåìî ñêî-

ðèñòàòèñÿ íàñëiäêîì 7.4 i, ìàþ÷è ñïií �v, âiäíîâèòè îði¹íòàöiþ
âñiõ ðåáåð, ùî iíöèäåíòíi v.
Íåõàé e′ � iíøå ðåáðî ΓK−R(g). Çàôiêñó¹ìî øëÿõ

P (e, e′) = (e = e1, . . . , en = e′),

ÿêèé ç'¹äíó¹ e i e′. Íåõàé P (e, e′) ïîñëiäîâíî ïðîõîäèòü ÷åðåç
âåðøèíè v1, . . . , vn−1 (vi ¹ ñïiëüíèì êiíöåì ðåáåð ei òà ei+1). Çà
äîïîìîãîþ ñïiíiâ �v1, . . . ,�vn−1 ìè ìîæåìî ïîñëiäîâíî âiäíî-
âèòè îði¹íòàöi¨ ðåáåð e2, . . . , en = e′. Çãiäíî ç ëåìîþ 9.3 ΓK−R(g)
¹ äåðåâîì ç ÷åðåøêàìè, òîìó øëÿõ P (e, e′), ÿêèé ç'¹äíó¹ e i
e′ âèçíà÷åíèé îäíîçíà÷íî. Îòæå, îði¹íòàöiÿ ðåáðà e′ çàëåæèòü
òiëüêè âiä îði¹íòàöi¨ ðåáðà e.
Âíàñëiäîê ñêàçàíîãî íà ãðàôi çi ñïiíàìè ΓK−R(g) ìîæëèâi

ðiâíî äâi ðiçíèõ îði¹íòàöi¨ ðåáåð.
Î÷åâèäíî, ôóíêöiÿ −g âiäïîâiäà¹ óìîâàì = i ¹ ôóíêöi¹þ

çàãàëüíîãî ïîëîæåííÿ. Ñëàáî íàâàíòàæåíi ãðàôè Êðîíðîäà-
Ðiáà ΓK−R(g) i ΓK−R(−g) içîìîðôíi ÿê ãðàôè ç ÷åðåøêàìè,
ìàþòü îäíàêîâi ñïiíè ó âiäïîâiäíèõ âåðøèíàõ i âiäðiçíÿþòüñÿ
òiëüêè îði¹íòàöi¹þ ðåáåð. Îñêiëüêè η ¹ åêâiâàëåíòíiñòþ ãðàôiâ
çi ñïiíàìè, òî öå âiäîáðàæåííÿ iíäóêó¹ åêâiâàëåíòíiñòü ñëàáî
íàâàíòàæåíîãî ãðàôà Êðîíðîäà-Ðiáà ΓK−R(f) äî ΓK−R(g), àáî
ΓK−R(−g).
Öå äîâîäèòü íåîáõiäíiñòü òâåðäæåííÿ òåîðåìè äëÿ îði¹íòî-

âàíî ïîøàðîâî åêâiâàëåíòíèõ ôóíêöié f i g.
Íåõàé ôóíêöi¨ f òà g îði¹íòîâàíî òîïîëîãi÷íî åêâiâàëåíòíi,

òîáòî iñíóþòü ãîìåîìîðôiçìè h : R2 → R2 òà k : R→ R, ùî çáå-
ðiãàþòü îði¹íòàöiþ i òàêi, ùî k ◦ f = g ◦ h. Òîäi ãîìåîìîðôiçì
h : R2 → R2 âiäîáðàæà¹ ìíîæèíè ðiâíÿ ôóíêöi¨ f íà ìíîæèíè
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ðiâíÿ g. Çðîçóìiëî, ùî, áóäó÷è ái¹êòèâíèì, h âiäîáðàæà¹ êîì-
ïîíåíòè ìíîæèí ðiâíÿ f íà êîìïîíåíòè ìíîæèí ðiâíÿ g. Îòæå
f i g îði¹íòîâàíî ïîøàðîâî åêâiâàëåíòíi, âíàñëiäîê ÷îãî ñëàáî
íàâàíòàæåíèé ãðàô Êðîíðîäà-Ðiáà ΓK−R(f), åêâiâàëåíòíèé äî
ΓK−R(g), àáî ΓK−R(−g).
Íåõàé, ÿê i âèùå, η : ΓK−R(f)→ ΓK−R(g) ¹ ôàêòîð-âiäîáðà-

æåííÿì ãîìåîìîðôiçìó h âiäíîñíî ïðîåêöié πf i πg. Òîäi âèêî-
íó¹òüñÿ ðiâíiñòü

k ◦ fK−R = gK−R ◦ η . (10.3)

Âðàõîâóþ÷è, ùî ôóíêöiÿ k ìîíîòîííî çðîñòà¹, ëåãêî áà÷è-
òè, ùî η çáåðiãà¹ íàïðÿìîê çðîñòàííÿ iíäóêîâàíî¨ ôóíêöi¨ íà
ðåáðàõ ãðàôà Êðîíðîäà-Ðiáà. Îòæå, ñëàáî íàâàíòàæåíèé ãðàô
Êðîíðîäà-Ðiáà ΓK−R(f) åêâiâàëåíòíèé äî ΓK−R(g).
Çðîçóìiëî, ùî η iíäóêó¹ ái¹êòèâíå âiäîáðàæåííÿ ìíîæèíè

Vvirt(f) âiðòóàëüíèõ âåðøèí ΓK−R(f) íà ìíîæèíó Vvirt(g) âið-
òóàëüíèõ âåðøèí ΓK−R(g). Ùîá íå íàãðîìàäæóâàòè ïîçíà÷åíü,
ìè éîãî òåæ áóäåìî ïîçíà÷àòè η.
Íåõàé e�ðåáðî ΓK−R(f), ẽ = η(e)� âiäïîâiäíå éîìó ðåáðî

ΓK−R(g). Íåõàé, ÿê i ðàíiøå,

m(e) = inf
x∈e

fK−R(x) , M(e) = sup
x∈e

fK−R(x) ,

m(ẽ) = inf
x∈ẽ

gK−R(x) , M(ẽ) = sup
x∈ẽ

gK−R(x) .

Ôóíêöiÿ k ìîíîòîííî çðîñòà¹, òîìó

m(ẽ) = k ◦m(e), M(ẽ) = k ◦M(e).

Îòæå íà ìíîæèíi âåðøèí ΓK−R(f) (âêëþ÷àþ÷è âiðòóàëüíi) âè-
êîíó¹òüñÿ ðiâíiñòü k ◦ flim = glim ◦ η.
Âðàõîâóþ÷è òå, ùî k : R → R ¹ ãîìåîìîðôiçìîì, ìà¹ìî, ùî

η(Vfin(f)) = Vfin(g). Îòæå η(Vext(f)) = Vext(g) i η iíäóêó¹ içî-
ìîðôiçì ðîçøèðåíèõ âiäíîøåíü ïîðÿäêó íà ðîçøèðåíèõ ìíî-
æèíàõ âåðøèí.
Öå äîâîäèòü íåîáõiäíiñòü òâåðäæåííÿ òåîðåìè äëÿ îði¹íòî-

âàíî òîïîëîãi÷íî åêâiâàëåíòíèõ ôóíêöié f i g.
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Äîñòàòíiñòü. Ðîçãëÿíåìî äâi ôóíêöi¨

f : R2 → R, g : R2 → R.

Áóäåìî ââàæàòè, ùî äëÿ ñëàáî íàâàíòàæåíèõ ãðàôiâ Êðîíðî-
äà-Ðiáà ΓK−R(f), ΓK−R(g) öèõ ôóíêöié çàäàíèé êîìáiíàòîðíèé
içîìîðôiçì ψ, ùî çáåðiãà¹ ñïiíè.
ÍåõàéKf iKg �ìíîæèíè ñèíãóëÿðíèõ êîìïîíåíò çâ'ÿçíîñòi

ðiâíiâ ôóíêöié f òà g âiäïîâiäíî.
Âiçüìåìî âåðøèíó v ∈ ΓK−R(f) i ðîçãëÿíåìî âiäïîâiäíó âåð-

øèíó w = ψ(v) ∈ ΓK−R(g). Íåõàé Fv = π−1
f (v) i F̃w = π−1

g (w)�
ñèíãóëÿðíi êîìïîíåíòè ìíîæèí ðiâíÿ f i g, ÿêi âiäïîâiäàþòü
âåðøèíàì v i w.

Ïîáóäó¹ìî ãîìåîìîðôiçì h0
v : Fv → F̃w, òàêèé, ùî äëÿ áóäü-

ÿêî¨ êîìïîíåíòè äîïîâíåííÿ U ⊂ R2\Kf , ÿêié âiäïîâiäà¹ ðåáðî
e ãðàôà ΓK−R(f), âèêîíó¹òüñÿ ðiâíiñòü

h0
v(FrU ∩ Fv) = Fr Ũ ∩ F̃w , (10.4)

äå Ũ �êîìïîíåíòà äîïîâíåííÿ R2 \ Kg, ÿêié âiäïîâiäà¹ ðåáðî
ψ(e) ãðàôà ΓK−R(g).
Îñêiëüêè f ¹ ôóíêöi¹þ çàãàëüíîãî ïîëîæåííÿ, òî ìíîæèíà

Fv ìiñòèòü ¹äèíó ñèíãóëÿðíó òî÷êó xv ôóíêöi¨ f . Àíàëîãi÷íî,

F̃w ìiñòèòü ¹äèíó ñèíãóëÿðíó òî÷êó x̃w ôóíêöi¨ g. Ç òâåðäæå-
ííÿ 7.3 ñëiäó¹, ùî êðàòíîñòi xv i x̃w çáiãàþòüñÿ. Íåõàé âîíè
äîðiâíþþòü n − 1 äëÿ äåÿêîãî n > 1. Òîäi ç òâåðäæåííÿ 7.1

âèïëèâà¹, ùî êîæíà ç ìíîæèí Fv i F̃w ñêëàäà¹òüñÿ ç ñèíãó-
ëÿðíî¨ òî÷êè i 2n ïðîìåíiâ, ùî ç íå¨ âèõîäÿòü i ïðÿìóþòü íà
íåñêií÷åííiñòü.
Íåõàé �v = (e1, . . . , e2n). Ïîçíà÷èìî ÷åðåç Qi = π−1

f (ei),

i = 1, . . . , 2n, êîìïîíåíòè R2 \ Kf , ÿêi ìåæóþòü ç Fv. Ñêîðè-
ñòà¹ìîñü íàñëiäêîì 7.5 i îáåðåìî íóìåðàöiþ êîìïîíåíò çâ'ÿ-
çíîñòi ìíîæèíè Fv \ {xv} òàê, ùîá êîìïîíåíòà Hi ìiñòèëàñü ó
FrQi∩FrQi+1 ïðè i = 1, . . . , 2n−1, à òàêîæH2n ⊂ FrQ2n∩FrQ1.
Çà ïîïåðåäíiì ïðèïóùåííÿì �w = (ψ(e1), . . . , ψ(e2n)). Ïî-

çíà÷èìî Q̃i = π−1
f (ψ(ei)), i = 1, . . . , 2n, � êîìïîíåíòè R2 \Kg,
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ÿêi ìåæóþòü ç F̃w. Çíîâó íàñëiäîê 7.5 ãàðàíòó¹ ìîæëèâiñòü

îáðàòè íóìåðàöiþ êîìïîíåíò çâ'ÿçíîñòi ìíîæèíè F̃w \{x̃w} òà-
êèì ÷èíîì, ùîá êîìïîíåíòà H̃i ìiñòèëàñü ó Fr Q̃i ∩Fr Q̃i+1 ïðè

i = 1, . . . , 2n− 1, à òàêîæ H̃2n ⊂ Fr Q̃2n ∩ Fr Q̃1.
Äëÿ êîæíîãî i = 1, . . . , 2n çàôiêñó¹ìî ãîìåîìîðôiçì

h0
v,Hi

: {xv} ∪Hi → {x̃w} ∪ H̃i

ïðîìåíÿ Hi = {xv} ∪Hi íà ïðîìiíü H̃i = {x̃w} ∪ H̃i.
Çðîçóìiëî, ùî h0

v,Hi
(xv) = x̃w, à òàêîæ Hi ∩Hj = {xv} ïðè

i 6= j. Òîìó êîðåêòíî îçíà÷åíå âiäîáðàæåííÿ h0
v : Fv → F̃w,

h0
v(x) = h0

v,Hi
(x) , ÿêùî x ∈ Hi , i ∈ {1, . . . , 2n} .

Íàáið ìíîæèí {Hi} óòâîðþ¹ ñêií÷åíå çàìêíåíå ïîêðèòòÿ Fv,
îòæå âiäîáðàæåííÿ h0

v íåïåðåðâíå. Ç òîãî, ùî âñi h0
v,Hi

¹ ãî-
ìåîìîðôiçìàìè, ñëiäó¹, ùî îçíà÷åíå i íåïåðåðâíå îáåðíåíå âiä-
îáðàæåííÿ (h0

v)
−1. Îòæå, h0

v ¹ ãîìåîìîðôiçìîì.
Çà ïîáóäîâîþ Hi−1 ∪Hi ∪ {xv} = FrQi, i = 2, . . . , 2n, i òàêîæ

H2n ∪H1 ∪ {xv} = FrQ2n (äèâ. íàñëiäêè 7.2 i 7.5).

Àíàëîãi÷íî, H̃i−1 ∪ H̃i ∪ {x̃w} = Fr Q̃i, i = 2, . . . , 2n, òàêîæ

H̃2n ∪ H̃1 ∪ {x̃v} = Fr Q̃2n. Òîìó âèêîíó¹òüñÿ ñïiââiäíîøåí-
íÿ (10.4).
Íàãàäà¹ìî, ùî çà îçíà÷åííÿì ìíîæèíè Kf i Kg ¹ ïðîîáðàçà-

ìè ìíîæèí âåðøèí ãðàôiâ ΓK−R(f) i ΓK−R(g) âiäíîñíî ïðîå-
êöié πf i πg, âiäïîâiäíî. Òîìó êîðåêòíî âèçíà÷åíå âiäîáðàæåííÿ
h0 : Kf → Kg çà òàêîþ ôîðìóëîþ: h0(x) = h0

πf (x)(x).

Ìíîæèíè Fv, v ∈ πf (Kf ), ïîïàðíî íå ïåðåòèíàþòüñÿ, ¹ çà-
ìêíåíèìè, i ¨õ ñêií÷åíå ÷èñëî (äèâ. çàóâàæåííÿ 3.1). Òå æ ñòî-
ñó¹òüñÿ i ¨õ îáðàçiâ âiäíîñíî h0. Îáìåæåííÿ h0 íà êîæíó ç ìíî-

æèí Fv ¹ ãîìåîìîðôiçìîì íà ñâié îáðàç F̃ψ(v). Òîìó âiäîáðà-

æåííÿ h0 ¹ ãîìåîìîðôiçìîì.
Çàðàç ìè ïðîäîâæèìî h0 äî âiäîáðàæåííÿ h : R2 → R2, ÿêå

êîìïîíåíòàì çâ'ÿçíîñòi ìíîæèí ðiâíÿ ôóíêöi¨ f ñòàâèòü ó âiä-
ïîâiäíiñòü êîìïîíåíòè ìíîæèí ðiâíÿ g.
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Ïîçíà÷èìî ÷åðåç Qf i Qg ìíîæèíè, åëåìåíòàìè ÿêèõ ¹ êîì-
ïîíåíòè çâ'ÿçíîñòi ìíîæèí R2 \Kf i âiäïîâiäíî R2 \Kg.
Íåõàé Q ∈ Qf , e = πf (Q)� âiäïîâiäíå ðåáðî ΓK−R(f). Ç

ëåìè 9.1 òà çàóâàæåííÿ 9.2 âèïëèâà¹, ùî iñíó¹ ãîìåîìîðôiçì
φ : Q→ R×f(Q), ÿêèé çáåðiãà¹ îði¹íòàöiþ i çàäîâîëüíÿ¹ óìîâó
f = pr2 ◦φ.
Íåõàé Q̃ ∈ Qg, äëÿ ÿêî¨ πg(Q̃) = ψ(e). Òîäi iñíó¹ ãîìåîìîð-

ôiçì φ̃ : Q̃ → R × g
(
Q̃
)
, ÿêèé çáåðiãà¹ îði¹íòàöiþ i òàêèé, ùî

g = pr2 ◦φ̃.
Ìíîæèíà f(Q) = fK−R(e) çâ'ÿçíà. Çi ñïiââiäíîøåíü (9.1) ñëi-

äó¹, ùî ìíîæèíà f(Q) ãîìåîìîðôíà iíòåðâàëó, ïiâiíòåðâàëó
àáî âiäðiçêó, f(Q) = Int f(Q) ãîìåîìîðôíà âiäêðèòîìó iíòåð-
âàëó.
Íàãàäà¹ìî, ùî fK−R ñòðîãî ìîíîòîííà íà ðåáði e. Òîìó,

ÿêùî f(Q) ìiñòèòü êiíåöü iíòåðâàëà f(Q), âií âiäïîâiäà¹ âåð-
øèíi ãðàôà ΓK−R(f), ÿêà iíöèäåíòíà ðåáðó e. ßêùî íå ìiñòèòü,
òî êiíåöü iíòåðâàëà âiäïîâiäà¹ âiðòóàëüíié âåðøèíi.

Àíàëîãi÷íå ñïðàâåäëèâî i äëÿ ìíîæèí g(Q̃) òà g
(
Q̃
)
.

Îñêiëüêè içîìîðôiçì ψ çáåðiãà¹ îði¹íòàöi¨ ðåáåð i âiäîáðà-
æà¹ ìíîæèíó âiðòóàëüíèõ âåðøèí ΓK−R(f) íà ìíîæèíó âiðòó-
àëüíèõ âåðøèí ΓK−R(g), òî çi ñêàçàíîãî âèùå ñëiäó¹, ùî iñíó¹

ñòðîãî çðîñòàþ÷å ái¹êòèâíå âiäîáðàæåííÿ χ : f(Q)→ g
(
Q̃
)
.

Îòæå, íåõàé a < b, c < d ∈ R ∪ ±∞ òàêi, ùî

f(Q) = (a, b), f(FrQ) ⊂ {a, b} ∩ R,

g(Q̃) = (c, d), g(Fr Q̃) ⊂ {c, d} ∩ R.

Ìíîæèíà f(FrQ) ìîæå ìàòè íå áiëüøå äâîõ åëåìåíòiâ. Ðîçãëÿ-
íåìî âñi ìîæëèâi âèïàäêè.
(a) Íåõàé FrQ = ∅. Òîäi îáèäâà êiíöi ðåáðà e = πf (Q) âiðòó-

àëüíi. Âíàñëiäîê öüîãî Fr Q̃ = ∅, ΓK−R(f) = e, ΓK−R(g) = ψ(e),

Q = Q̃ = R2 (äèâ. äîâåäåííÿ ëåìè 9.1).
Ðîçãëÿíåìî âiäîáðàæåííÿ

Φ = idR × χ : R× f(R2)→ R× g(R2) .
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Çðîçóìiëî, ùî Φ ¹ ãîìåîìîðôiçìîì i çáåðiãà¹ îði¹íòàöiþ, à òîìó

h = φ̃−1 ◦ Φ ◦ φ

ìà¹ ïîäiáíi âëàñòèâîñòi.
Î÷åâèäíî, φ âiäîáðàæà¹ êîìïîíåíòè çâ'ÿçíîñòi ìíîæèí ðiâ-

íÿ f íà ãîðèçîíòàëüíi ïðÿìi, à φ̃−1 âiäîáðàæà¹ ãîðèçîíòàëüíi
ïðÿìi íà êîìïîíåíòè ìíîæèí ðiâíÿ g. Òîìó h çàäà¹ ïîøàðîâó
åêâiâàëåíòíiñòü f i g.
(b) Íåõàé f(FrQ) ìiñòèòü ðiâíî îäèí åëåìåíò. Òîäi ç íàñëiä-

êó 4 ç [1], ñëiäó¹, ùî ìíîæèíà FrQ çâ'ÿçíà, îòæå iñíó¹ ¹äèíà
êîìïîíåíòà çâ'ÿçíîñòi Fv ìíîæèíè Kf , òàêà, ùî Fv ∩ Q 6= ∅.
Òóò v� âåðøèíà ΓK−R(f), äëÿ ÿêî¨ Fv = π−1

f (v).

Òîäi g(Fr Q̃) òåæ ìiñòèòü îäèí åëåìåíò. Îòæå, äëÿ âåðøè-

íè w = ψ(v) i âiäïîâiäíî¨ êîìïîíåíòè çâ'ÿçíîñòi F̃w = π−1
g (w)

ìíîæèíè Kg ìà¹ âèêîíóâàòèñü ñïiââiäíîøåííÿ Q̃∩Kg ⊂ F̃w.
Íåõàé �v� ñïií ïðè âåðøèíi v ãðàôà ΓK−R(f). Ïîçíà÷èìî

÷åðåç e′ ðåáðî, ÿêå ïåðåäó¹ e ó öüîìó öèêëi. Íåõàé e′′ �ðåáðî,
ÿêå ñëiäó¹ çà e. Ðîçãëÿíåìî âiäïîâiäíi åëåìåíòè Q′ = π−1

f (e′) i

Q′′ = π−1
f (e′′) ìíîæèíè Qf .

Íåõàé xv ∈ Fv � ñèíãóëÿðíà òî÷êà f . Ïîçíà÷èìî H ′ òà H ′′

êîìïîíåíòè ìíîæèíè Fv \ {xv}, äëÿ ÿêèõ âèêîíóþòüñÿ ñïiââiä-
íîøåííÿ H ′ ⊂ Q′ ∩Q, H ′′ ⊂ Q∩Q′′.
Àíàëîãi÷íî, íåõàé x̃w ∈ F̃w � ñèíãóëÿðíà òî÷êà g, �w� ñïií

ïðè âåðøèíi w ãðàôà ΓK−R(g). Íåõàé ðåáðî ẽ′ = πg(Q̃
′) ïåðåäó¹

ẽ ó öèêëi �w, ẽ′′ = πg(Q̃
′′) ñëiäó¹ çà ẽ. Ïîçíà÷èìî ÷åðåç H̃ ′

òà H̃ ′′ êîìïîíåíòè ìíîæèíè F̃w \ {x̃w}, òàêi ùî H̃ ′ ⊂ Q̃′ ∩ Q̃,
H̃ ′′ ⊂ Q̃∩ Q̃′′.
Ç íàñëiäêó 7.5 âèïëèâà¹, ùî

Q∩Fv = H ′ ∪H ′′ ∪ {xv}, Q̃∩F̃w = H̃ ′ ∪ H̃ ′′ ∪ {x̃w}.

Îñêiëüêè ψ çáåðiãà¹ ñïiíè, òî ẽ′ = ψ(e′), ẽ′′ = ψ(e′′).
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Âiäîáðàæåííÿ h0 ïîáóäîâàíî òàêèì ÷èíîì, ùî

h0(Fv) = h0
v(Fv) = F̃w, h0(xv) = x̃w,

h0(H ′) = H̃ ′, h0(H ′′) = H̃ ′′.

Îòæå, h0(Q∩Fv) = Q̃∩F̃w. Î÷åâèäíî, îáìåæåííÿ h0 íà Q∩Fv
iíäóêó¹ ãîìåîìîðôiçì

h0
v,Q : Q∩Fv → Q̃∩F̃w .

Ïðèïóñòèìî, ùî f(FrQ) = {a}. Ç iñíóâàííÿ χ ñëiäó¹, ùî

g(Fr Q̃) = {c}.
Íåõàé q ∈ R. Ââåäåìî íàñòóïíi ïîçíà÷åííÿ.

R−q = (−∞, 0)× {q} ⊂ R2 ,

R+
q = (0,+∞)× {q} ⊂ R2 .

Iç ñïiââiäíîøåíü (9.1) ñëiäó¹, ùî φ(Q∩Fv) = R× {a}.
Íå îáìåæóþ÷è çàãàëüíiñòü ìiðêóâàíü, ìîæåìî ââàæàòè, ùî

φ(xv) = (0, a), φ̃(x̃w) = (0, c). Áóäåìî òàêîæ ââàæàòè, ùî äîäà-
òíèé íàïðÿìîê îáõîäó íàâêîëî òî÷êè íà ïëîùèíi ¹ íàïðÿìîê
ïðîòè ãîäèííèêîâî¨ ñòðiëêè.
Ïðè îáõîäi íàâêîëî òî÷êè xv ìè ðóõà¹ìîñÿ ó îáëàñòi Q âiä

ìíîæèíè H ′ ó íàïðÿìêó ìíîæèíè H ′′. Àíàëîãi÷íî, ïðè îáõîäi
íàâêîëî òî÷êè (0, a) = φ(xv) ìè ðóõà¹ìîñÿ âñåðåäèíi îáëàñòi
R × (a, b) = φ(Q) âiä R+

a ó íàïðÿìêó R−a . Îñêiëüêè φ çáåðiãà¹
îði¹íòàöiþ, òî φ(H ′) = R+

a , φ(H ′′) = R−a .

Àíàëîãi÷íî, φ̃(Q̃∩F̃w) = R× {c}, (0, c) = φ̃(x̃w), φ̃(H̃ ′) = R+
c

i φ̃(H̃ ′′) = R−c .
Ðîçãëÿíåìî âiäîáðàæåííÿ

Φa = φ̃ ◦ h0 ◦ φ−1|R×{a} : R× {a} → R2 .

Î÷åâèäíî, Φa ¹ ãîìåîìîðôiçìîì íà ñâié îáðàç R× {c}. Òàêîæ
ñïðàâåäëèâi ðiâíîñòi Φa(R

−
a ) = φ̃ ◦ h0(H ′′) = φ̃(H̃ ′′) = R−c i

Φa(R
+
a ) = R+

c .
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Íåõàé ia : R→ R2, ia(t) = (t, a), t ∈ R. Îçíà÷èìî ôóíêöiþ

α = pr1 ◦Φa ◦ ia : R→ R .

Òóò pr1 : R2 → R�ïðîåêöiÿ íà ïåðøó êîîðäèíàòó.
Ëåãêî áà÷èòè, ùî α ¹ ãîìåîìîðôiçìîì. Òîìó öÿ ôóíêöiÿ àáî

ñòðîãî çðîñòà¹, àáî ñòðîãî ñïàäà¹. Îñêiëüêè äëÿ ìíîæèíè

R− = {t ∈ R | t < 0}
âèêîíóþòüñÿ ñïiââiäíîøåííÿ ia(R

−) = R−a i pr1(R−c ) = R−, òî
çà ïîáóäîâîþ α(R−) = R− i ôóíêöiÿ α çðîñòà¹.
Îçíà÷èìî âiäîáðàæåííÿ Φ: R× [a, b)→ R× [c, d),

Φ(x, y) = (α(x), χ(y)) , (x, y) ∈ R× [a, b) .

Ç âëàñòèâîñòåé α i χ ñëiäó¹, ùî öå ãîìåîìîðôiçì, ÿêèé çáåðiãà¹
îði¹íòàöiþ. Òàêîæ çà ïîáóäîâîþ Φ(x, y) = Φa(x, y) äëÿ âñiõ
(x, y) ∈ R× {a}.
Íàðåøòi, íåõàé

hQ = φ̃−1 ◦ Φ ◦ φ : Q→ Q̃ .

Çà ïîáóäîâîþ hQ ¹ ãîìåîìîðôiçìîì i çáåðiãà¹ îði¹íòàöiþ.
Îñêiëüêè φ(FrQ) = R× {a}, òî

hQ|FrQ = φ̃−1 ◦ Φa ◦ φ = h0 .

Çà îçíà÷åííÿì ìíîæèíà R2 \Kf ¹ îá'¹äíàííÿì óñiõ ðåãóëÿð-
íèõ êîìïîíåíò ðiâíÿ ôóíêöi¨ f . Âíàñëiäîê öüîãî êîæíà êîì-
ïîíåíòà ðiâíÿ f , ÿêà ïåðåòèíà¹òüñÿ ç Q, ìiñòèòüñÿ â Q. Àíà-
ëîãi÷íî, ÿêùî êîìïîíåíòà çâ'ÿçíîñòi ðiâíÿ g ìà¹ íåïîðîæíié

ïåðåòèí ç Q̃, âîíà ìiñòèòüñÿ â öié îáëàñòi.

Îòæå, ç âëàñòèâîñòåé φ i φ̃−1 ñëiäó¹, ùî hQ äëÿ êîæíî¨ òî÷êè
x ∈ Q âiäîáðàæà¹ êîìïîíåíòó çâ'ÿçíîñòi ìíîæèíè f−1(f(x)),
ÿêà ìiñòèòü x, íà êîìïîíåíòó ìíîæèíè ðiâíÿ g, ùî ìiñòèòü
òî÷êó hQ(x).
Âèïàäîê f(FrQ) = {b} ðîçãëÿäà¹òüñÿ àíàëîãi÷íî.
(c) Íåõàé ìíîæèíà f(FrQ) ìiñòèòü äâà åëåìåíòè. Òîäi îáè-

äâà êiíöÿ ðåáðà e íå âiðòóàëüíi. Ïîçíà÷èìî ¨õ v′ i v′′. ßê i
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ðàíiøå, çàñòîñîâóþ÷è íàñëiäîê 4 ç [1], ïðèõîäèìî äî âèñíîâêó,
ùî äëÿ êîìïîíåíò çâ'ÿçíîñòi Fv′ = π−1

f (v′) i Fv′′ = π−1
f (v′′) ìíî-

æèíè Kf ñïðàâåäëèâi ñïiââiäíîøåííÿ Fv′∩Q 6= ∅, Fv′′∩Q 6= ∅,
Q ⊂ Fv′ ∪ Fv′′ .
Òàê ÿê âåðøèíè w′ = ψ(v′) i w′′ = ψ(v′′) ãðàôà ΓK−R(g) ¹ êií-

öÿìè ðåáðà ψ(e), à òîìó êîìïîíåíòè çâ'ÿçíîñòi F̃w′ = π−1
f (w′)

i F̃v′′ = π−1
f (w′′) ìíîæèíè Kg âiäïîâiäàþòü ñïiââiäíîøåííÿì

F̃w′ ∩ Q̃ 6= ∅, F̃w′′ ∩ Q̃ 6= ∅, Q̃ ⊂ F̃w′ ∪ F̃w′′ .
Íåõàé, ÿê i âèùå, ãîìåîìîðôiçìè

φ : Q→ R× [a, b], φ̃ : Q̃→ R× [c, d]

çáåðiãàþòü îði¹íòàöiþ, f = pr2 ◦φ i g = pr2 ◦φ̃.
Íå îáìåæóþ÷è çàãàëüíiñòü ìiðêóâàíü, ìè ìîæåìî ââàæàòè,

ùî φ(Fv′ ∩Q) = {a}, φ(Fv′′ ∩Q) = {b}.
Içîìîðôiçì ψ çáåðiãà¹ îði¹íòàöiþ ðåáåð. Îñêiëüêè âîíà âè-

çíà÷à¹òüñÿ íàïðÿìêîì çðîñòàííÿ ôóíêöié f i g, òî

φ̃(F̃w′ ∩ Q̃) = {c}, φ̃(F̃w′′ ∩ Q̃) = {d}.

ßê i ó ïîïåðåäíüîìó âèïàäêó, ç íàñëiäêó 7.5 ñëiäó¹, ùî êîðå-
êòíî âèçíà÷åíi âiäîáðàæåííÿ

Φa = φ̃ ◦ h0 ◦ φ−1|R×{a} : R× {a} → R2 ,

Φb = φ̃ ◦ h0 ◦ φ−1|R×{b} : R× {b} → R2 ,

ÿêi ãîìåîìîðôíî âiäîáðàæàþòü R×{a} i R×{b} íà R×{c} òà
R× {d}, âiäïîâiäíî.
Íåõàé ia : R → R2, ia(t) = (t, a), ib : R → R2, ib(t) = (t, b),

t ∈ R. ßê i âèùå, ïåðåâiðÿ¹òüñÿ, ùî ôóíêöi¨
α = pr1 ◦Φa ◦ ia : R→ R ,
β = pr1 ◦Φb ◦ ib : R→ R ,

¹ ái¹êòèâíèìè i òàêèìè, ùî ñòðîãî çðîñòàþòü.
Çàôiêñó¹ìî òàêîæ ãîìåîìîðôiçì χ : [a, b] → [c, d], òàêèé, ùî

χ(a) = c.
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Ç ëåìè 9.5 ñëiäó¹, ùî âiäîáðàæåííÿ Φ: R× [a, b]→ R× [c, d],
îçíà÷åíå çà äîïîìîãîþ ôîðìóëè (9.2), ¹ ãîìåîìîðôiçìîì, çáå-
ðiãà¹ îði¹íòàöiþ, à òàêîæ âiäîáðàæà¹ ãîðèçîíòàëüíi ïðÿìi íà
ãîðèçîíòàëüíi ïðÿìi.
Îñêiëüêè χ̂(a) = 0 i χ̂(b) = 1, òî ç ôîðìóëè (9.2) âèïëèâà¹, ùî

Φ(x, y) = Φa(x, y) äëÿ âñiõ (x, y) ∈ R × {a} i Φ(x, y) = Φb(x, y)
äëÿ êîæíîãî (x, y) ∈ R× {b}.
Îçíà÷èìî

hQ = φ̃−1 ◦ Φ ◦ φ : Q→ Q̃ .

Çà ïîáóäîâîþ hQ ¹ ãîìåîìîðôiçìîì i çáåðiãà¹ îði¹íòàöiþ.
Îñêiëüêè φ(FrQ) = R × {a, b}, òî àíàëîãi÷íî äî ïîïåðåäíüîãî
âèïàäêó

hQ|FrQ = h0 .

ßê i âèùå, ïåðåâiðÿ¹òüñÿ, ùî hQ âiäîáðàæà¹ êîæíó êîìïîíåíòó
çâ'ÿçíîñòi ìíîæèíè ðiâíÿ f , ÿêà ïåðåòèíà¹òüñÿ ç Q, íà äåÿêó
êîìïîíåíòó ìíîæèíè ðiâíÿ g.

Ïî¹äíóþ÷è (a)-(c), äëÿ êîæíîãî Q ∈ Qf ìè îòðèìàëè ãî-

ìåîìîðôiçì hQ ¨ ¨ çàìèêàííÿ íà çàìèêàííÿ äåÿêîãî Q̃ ∈ Qg, ùî
âiäîáðàæà¹ êîìïîíåíòè çâ'ÿçíîñòi ìíîæèí ðiâíÿ f , ùî íàëå-
æàòü Q, íà êîìïîíåíòè ìíîæèí ðiâíÿ g.
Íåõàé Q′ i Q′′ �äâà ðiçíi åëåìåíòè Qf . Òîäi çà îçíà÷åííÿì

Q′ ∩Q′′ = FrQ′∩FrQ′′ ⊂ Kf . Îòæå, çà ïîáóäîâîþ äëÿ êîæíîãî

x ∈ Q′ ∩Q′′ âèêîíó¹òüñÿ ðiâíiñòü hQ′(x) = hQ′′(x) = h0(x). Êðiì

òîãî, ç íàñëiäêó 7.2 âèïëèâà¹, ùî R2 =
⋃
Q∈Qf

Q.

Òîìó êîðåêòíî îçíà÷åíå âiäîáðàæåííÿ h : R2 → R2,

h(x) = hQ(x), ÿêùî x ∈ Q, Q ∈ Qf . (10.5)

Îñêiëüêè ãðàô ΓK−R(f) ñêií÷åíèé (äèâ. çàóâàæåííÿ 3.3), òî íà-
áið ìíîæèí {Q | Q ∈ Qf} óòâîðþ¹ ñêií÷åíå çàìêíåíå ïîêðèòòÿ
ïëîùèíè, i íà êîæíîìó åëåìåíòi öüîãî ïîêðèòòÿ h íåïåðåðâíå
çà îçíà÷åííÿì. Òîìó h íåïåðåðâíå íà R2 (äèâ. [5]).
Çà ïîáóäîâîþ h|Kf

= h0 i h ái¹êòèâíî âiäîáðàæà¹ Kf íà
Kg. Òàêîæ h ái¹êòèâíî âiäîáðàæà¹ êîæíó ìíîæèíó Q ∈ Qf íà
äåÿêèé åëåìåíò ñiì'¨ Qg.
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Íåõàé Q′, Q′′ ∈ Qf , Q
′ 6= Q′′, Q̃′ = h(Q′), Q̃′′ = h(Q′′). Íåõàé

e′ = πf (Q′), e′′ = πf (Q′′), ẽ′ = πg(Q̃′), ẽ′′ = πg(Q̃′′)� âiäïî-

âiäíi ðåáðà ãðàôiâ ΓK−R(f) i ΓK−R(g). Îñêiëüêè ẽ′ = ψ(e′),

ẽ′′ = ψ(e′′) i ψ�êîìáiíàòîðíèé içîìîðôiçì, òî Q̃′ i Q̃′′ �ðiçíi

åëåìåíòè Qg. Îòæå, Q̃′ ∩ Q̃′′ = ∅.
Î÷åâèäíî, äëÿ êîæíîãî Q ∈ Qf âèêîíóþòüñÿ ñïiââiäíîøåííÿ

R2 \ Q = Kf ∪
⋃
Q′∈Qf ,Q′ 6=QQ

′. Çi ñêàçàíîãî âèùå ñëiäó¹, ùî

h(R2 \Q) = Kg ∪
⋃
Q̃′∈Qg ,Q̃′ 6=h(Q)

Q̃′. Òîìó h(Q) ∩ h(R2 \Q) = ∅
äëÿ âñiõ Q ∈ Qf i âiäîáðàæåííÿ h ái¹êòèâíå.
Îòæå, îçíà÷åíå âiäîáðàæåííÿ h−1. Îñêiëüêè h(Q) ∈ Qg i

h−1|h(Q) = h−1
Q äëÿ êîæíîãî Q ∈ Qf , âñi h

−1
Q íåïåðåðâíi çà

ïîáóäîâîþ i ñiì'ÿ {Q̃ | Q̃ ∈ Qg} óòâîðþ¹ ñêií÷åíå çàìêíåíå
ïîêðèòòÿ ïëîùèíè, òî âiäîáðàæåííÿ h−1 íåïåðåðâíå i h ¹ ãî-
ìåîìîðôiçìîì.
Ìè äîâåëè âèùå, ùî âñi âiäîáðàæåííÿ h|Q, Q ∈ Qf i h0 ñòàâ-

ëÿòü ó âiäïîâiäíiñòü êîìïîíåíòàì çâ'ÿçíîñòi ìíîæèí ðiâíÿ f
êîìïîíåíòè ìíîæèí ðiâíÿ g. Îòæå, h ¹ ïîøàðîâîþ åêâiâàëåí-
òíiñòþ f i g.
Àíàëîãi÷íî, ÿêùî äëÿ ñëàáî íàâàíòàæåíèõ ãðàôiâ Êðîíðî-

äà-Ðiáà ΓK−R(f) i ΓK−R(−g) çàäàíèé êîìáiíàòîðíèé içîìîð-
ôiçì, ùî çáåðiãà¹ ñïiíè, òî ôóíêöi¨ f i −g ïîøàðîâî åêâiâà-
ëåíòíi. Àëå çðîçóìiëî, ùî ðîçáèòòÿ R2, åëåìåíòàìè ÿêîãî ¹
êîìïîíåíòè çâ'ÿçíîñòi ìíîæèí ðiâíiâ ôóíêöi¨ −g, çáiãà¹òüñÿ ç
àíàëîãi÷íèì ðîçáèòòÿì íà êîìïîíåíòè ìíîæèí ðiâíiâ g. Òîìó
i ó öüîìó âèïàäêó ôóíêöi¨ f i g ïîøàðîâî åêâiâàëåíòíi.

Ïðèïóñòèìî òåïåð, ùî íàâàíòàæåíi ãðàôè Êðîíðîäà-Ðiáà
ΓK−R(f) i ΓK−R(g) ¹ åêâiâàëåíòíèìè. Öå îçíà÷à¹, ùî ñëàáî
íàâàíòàæåíi ãðàôè Êðîíðîäà-Ðiáà ôóíêöié f i g åêâiâàëåíòíi i
êîìáiíàòîðíèé içîìîðôiçì ψ, ÿêèé çáåðiãà¹ ñëàáêå íàâàíòàæå-
ííÿ, òàêîæ iíäóêó¹ içîìîðôiçì ψ̂ ÷àñòêîâî âïîðÿäêîâàíèõ ðîç-

øèðåíèõ ìíîæèí âåðøèí Vext i Ṽext ãðàôiâ ΓK−R(f) i ΓK−R(g)

âiäíîñíî ïîðÿäêiâ Pext i P̃ext, âiäïîâiäíî.
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Íàãàäà¹ìî, ùî ÷àñòêîâèé ïîðÿäîê Pext (âiäïîâiäíî, P̃ext) ií-

äóêó¹òüñÿ íà ìíîæèíi Vext (âiäïîâiäíî, Ṽext) çi ñòàíäàðòíî-
ãî ëiíiéíîãî ïîðÿäêó íà ïðÿìié çà äîïîìîãîþ âiäîáðàæåííÿ

flim : Vext → R (âiäïîâiäíî, glim : Ṽext → R).
Ïîçíà÷èìî Af = flim(Vext), Ag = glim(Ṽext). Ç òâåðäæåí-

íÿ 8.3 ñëiäó¹, ùî iñíó¹ ái¹êòèâíå ñòðîãî çðîñòàþ÷å âiäîáðàæå-
ííÿ k̂ : Af → Ag, òàêå, ùî êîìóòàòèâíà äiàãðàìà

Vext
ψ̂−−−−→ Ṽext

flim

y yglim
Af −−−−→

k̂
Ag

Ìíîæèíè Af i Ag ñêií÷åíi (äèâ. çàóâàæåííÿ 3.3) i ìàþòü îäíà-
êîâó êiëüêiñòü åëåìåíòiâ m.
Íåõàé Af = {a1, . . . , am}, a1 < . . . < am; Ag = {b1, . . . , bm},

b1 < . . . < bm. Î÷åâèäíî, bi = k̂(ai), i = 1, . . . ,m.
Îçíà÷èìî âiäîáðàæåííÿ k : R → R çà äîïîìîãîþ ñïiââiäíî-

øåííÿ

k(t) =


t+ (b1 − a1), ÿêùî t < a1 ,

1
ai+1−ai

[
bi(ai+1 − t) + bi+1(t− ai)

]
, ÿêùî t ∈ [ai, ai+1] ,

t+ (bm − am), ÿêùî t > am .

Òîäi k ¹ ãîìåîìîðôiçìîì i k(ai) = bi = k̂(ai), i = 1, . . . ,m.
Îñêiëüêè ñëàáî íàâàíòàæåíi ãðàôè Êðîíðîäà-Ðiáà ôóíêöié

f i g åêâiâàëåíòíi, òî ìè ìîæåìî ïîáóäóâàòè ãîìåîìîðôiçìè

h0 : Kf → Kg i hQ : Q → Q̃, Q ∈ Qf , ÿê ìè öå çðîáèëè ïðè
äîâåäåííi ïîøàðîâî¨ åêâiâàëåíòíîñòi f i g.
Ïðè ïîáóäîâi âiäîáðàæåíü hQ ¹ ïåâíà íåîäíîçíà÷íiñòü. Âèÿâ-

ëÿ¹òüñÿ, ùî öi âiäîáðàæåííÿ ìîæíà âèáðàòè òàêèì ÷èíîì, ùî
ãîìåîìîðôiçì h, âèçíà÷åíèé çà äîïîìîãîþ (10.5), äàñòü ðàçîì
iç k òîïîëîãi÷íó åêâiâàëåíòíiñòü f i g.
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Îòæå, íåõàé Q ∈ Qf , e = πf (Q)� âiäïîâiäíå ðåáðî ãðàôà
ΓK−R(f), v′, v′′ ∈ V ∪ Vvirt � âåðøèíè, ÿêi ç'¹äíó¹ ðåáðî e. Òî-
äi âåðøèíè w′ = ψ(e′) i w′′ = ψ(e′′) ãðàôà ΓK−R(g) ç'¹äíàíi

ðåáðîì ψ(e). Íåõàé Q̃ = π−1
g (ψ(e))� âiäïîâiäíèé åëåìåíò Qg.

Âèùå ìè ïîáóäóâàëè hQ ó âèãëÿäi φ̃−1 ◦Φ ◦ φ, äå φ i φ̃� âiä-
îáðàæåííÿ ç ëåìè 9.1, à Φ ìà¹ âèãëÿä Φ(x, y) = (η(x, y), χ(y)),
(x, y) ∈ R× f(Q) (äèâ. ôîðìóëó (9.2)). Îòæå, êîìóòàòèâíà íà-
ñòóïíà äiàãðàìà:

Q
hQ−−−−→ Q̃

φ

y yφ̃
R× f(Q)

Φ−−−−→ R× g(Q̃)

pr2

y yp̃r2

f(Q)
χ−−−−→ g(Q̃)

Ëåìà 9.1 ñòâåðäæó¹, ùî f = pr2 ◦φ i g = pr2 ◦φ̃. Òîìó êîìó-
òàòèâíà íàñòóïíà äiàãðàìà:

Q
hQ−−−−→ Q̃

f

y yg
f(Q)

χ−−−−→ g(Q̃)

(10.6)

Ó öié êîíñòðóêöi¨ â ÿêîñòi χ : Q→ Q̃ ìîæíà âçÿòè äîâiëüíå
íåïåðåðâíå ái¹êòèâíå çðîñòàþ÷å âiäîáðàæåííÿ.
Ôóíêöiÿ fK−R ñòðîãî ìîíîòîííà íà ðåáðàõ ΓK−R(f). Îòæå,

íå îáìåæóþ÷è çàãàëüíîñòi ìiðêóâàíü, ìè ìîæåìî ââàæàòè, ùî
flim(v′) < flim(v′′). Îñêiëüêè ψ çáåðiãà¹ îði¹íòàöiþ ðåáåð, òî
glim(w′) < glim(w′′).
Íåõàé v′ /∈ Vext. Òîäi flim(v′) ∈ ±∞. Òàê ÿê flim(v′) < flim(v′′),

òî flim(v′) = −∞. Çà îçíà÷åííÿì ψ(Vext) = Ṽext, à çíà÷èòü

w′ = ψ(v′) /∈ Ṽext i ïî àíàëîãi¨ ç ïîïåðåäíiì glim(w′) = −∞.



Ïðî òîïîëîãi÷íó åêâiâàëåíòíiñòü . . . 47

ßêùî v′ ∈ Vext, òî flim(v′) = ar äëÿ äåÿêîãî r ∈ {1, . . . ,m}.
Òîäi

glim(w′) = glim ◦ ψ(v′) = k̂ ◦ flim(v′) = k ◦ flim(v′) = br .

Òàê ñàìî, àáî flim(v′′) = glim(w′′) = +∞, àáî flim(v′′) = as i
glim(w′′) = k ◦ flim(v′′) = bs äëÿ äåÿêîãî s ∈ {1, . . . ,m}.
Âíàñëiäîê ñêàçàíîãî âèêîíó¹òüñÿ ðiâíiñòü k(f(Q)) = g(Q̃).

Îòæå, ìîæåìî âçÿòè χ(t) = k(t), t ∈ f(Q) . Òîäi çi ñïiââiäíî-
øåíü (10.5) i (10.6) ñëiäó¹, ùî k◦f = g◦h. Òåîðåìó 1.1 äîâåäåíî.
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We study classes of topological conjugacy of quadratic homogeneous poly-
nomial maps of a plane which are internal maps. Partial results are
achieved, but this problem needs futher research.

Äîñëiäæóþòüñÿ êëàñè òîïîëîãi÷íî¨ ñïðÿæåíîñòi îäíîðiäíèõ êâàäðàòè-
÷íèõ âiäîáðàæåíü ïëîùèíè, ÿêi ¹ âíóòðiøíiìè âiäîáðàæåííÿìè.

1. Ââåäåíèå

Îòîáðàæåíèÿ èç îäíîãî ïðîñòðàíñòâà â äðóãîå òîïîëîãè-
÷åñêè êëàññèôèöèðóþòñÿ êàê êëàññû òîïîëîãè÷åñêîé ýêâèâà-
ëåíòíîñòè, òî åñòü çàìåíû êîîðäèíàò ãîìåîìîðôèçìàìè â îáðà-
çå è ïðîîáðàçå. Â ñëó÷àå, êîãäà îòîáðàæåíèå îòîáðàæàåò ïðî-
ñòðàíñòâî â ñåáÿ, ñóùåñòâóþò è äðóãèå, áîëåå äåòàëüíûå ñïî-
ñîáû êëàññèôèêàöèè, äîïîëíèòåëüíî ïîäðàçäåëÿþùèå êëàññû
òîïîëîãè÷åñêîé ýêâèâàëåíòíîñòè. Ýòî êëàññèôèêàöèÿ ñ òî÷íî-
ñòüþ äî ëåâîãî èëè ïðàâîãî äåéñòâèÿ ãîìåîìîðôèçìîì è êëàñ-
ñèôèêàöèÿ ñ òî÷íîñòüþ äî òîïîëîãè÷åñêîé ñîïðÿæåííîñòè (òî
åñòü îïèñàíèå ñâîéñòâ, èíâàðèàíòíûõ îòíîñèòåëüíî ñîïðÿæåí-
íîñòè ãîìåîìîðôèçìîì1).

1Ãîìåîìîðôèçìû f, g : X → X òîïîëîãè÷åñêè ñîïðÿæåíû, åñëè ñóùåñòâó-
åò ãîìåîìîðôèçì h : X → X òàêîé, ÷òî f ◦ h = h ◦ g. Ïîäðîáíåå ñì. [1].

© È. Þ. Âëàñåíêî, Ä. À. Ãîëüöîâ, 2015
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Äëÿ êëàññèôèêàöèè ñ òî÷íîñòüþ äî òîïîëîãè÷åñêîé ñîïðÿ-
æåííîñòè ïîëó÷åíî ìíîãî ðåçóëüòàòîâ, îòíîñÿùèõñÿ ê ðàç-
ëè÷íûì êëàññàì îáðàòèìûõ îòîáðàæåíèé� ãîìåîìîðôèçìîâ
è äèôôåîìîðôèçìîâ. Â òî æå âðåìÿ íåîáðàòèìûå ýíäîìîð-
ôèçìû, ïî ñðàâíåíèþ ñ îáðàòèìûìè, ñðàâíèòåëüíî íå èçó÷å-
íû. Ãîëîìîðôíûå îòîáðàæåíèÿ îäíîé êîìïëåêñíîé ïåðåìåí-
íîé ÿâëÿþòñÿ íà ñåãîäíÿøíèé äåíü îäíèì èç ñàìûõ èçó÷åííûõ
êëàññîâ íåîáðàòèìûõ âíóòðåííèõ îòîáðàæåíèé. Îäíàêî è äëÿ
íèõ êëàññèôèêàöèÿ äàæå ñåìåéñòâà ïîëèíîìîâ âòîðîãî ïîðÿä-
êà z2 + c ÿâëÿåòñÿ íåïðîñòîé çàäà÷åé (ñì. [2]).
Îòîáðàæåíèÿ, îòëè÷íûå îò ãîëîìîðôíûõ è íåêîòîðûõ äðó-

ãèõ ñïåöèàëüíûõ êëàññîâ íåîáðàòèìûõ îòîáðàæåíèé, òàêèõ,
êàê îäíîìåðíûå îòîáðàæåíèÿ îòðåçêà, êàê ïðàâèëî, ïðåäñòàâ-
ëÿþò ñîáîé “terra incognita” äëÿ çàäà÷ òîïîëîãè÷åñêîé êëàññè-
ôèêàöèè.
Â ðàáîòàõ [3,4] áûë ââåäåí ðÿä íîâûõ èíâàðèàíòîâ òîïîëîãè-

÷åñêîé ñîïðÿæåííîñòè âíóòðåííèõ (ò.å. îòêðûòûõ äèñêðåòíûõ)
îòîáðàæåíèé, â êà÷åñòâå ìîäåëè äëÿ êîòîðûõ èñïîëüçîâàëèñü
äèíàìè÷åñêèå èíâàðèàíòíûå ìíîæåñòâà ãîìåîìîðôèçìîâ.
Èñïîëüçóÿ ýòè èíâàðèàíòû, â [5] äëÿ íåêîòîðîãî êëàññà âíóò-

ðåííèõ îòîáðàæåíèé, âêëþ÷àþùèõ îòîáðàæåíèÿ, ó êîòîðûõ
êîîðäèíàòíûå ôóíêöèè ÿâëÿþòñÿ îäíîðîäíûìè ìíîãî÷ëåíàìè
ïðîèçâîëüíîé ñòåïåíè äâóõ äåéñòâèòåëüíûõ ïåðåìåííûõ, áûëè
èçó÷åíû íåêîòîðûå òîïîëîãè÷åñêèå èíâàðèàíòû ñîïðÿæåííî-
ñòè, îïèñàíû èõ ñâîéñòâà è äàí êðèòåðèé òîïîëîãè÷åñêîé ñî-
ïðÿæåííîñòè.
Êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè, ïîëó÷åííûé â [5],

ïðèìåíÿåòñÿ â äàííîé ðàáîòå äëÿ èçó÷åíèÿ ãðàíèö êëàññîâ òî-
ïîëîãè÷åñêîé ñîïðÿæåííîñòè êâàäðàòè÷íûõ îäíîðîäíûõ âíóò-
ðåííèõ ïîëèíîìèàëüíûõ îòîáðàæåíèé ïëîñêîñòè.



50 È. Þ. Âëàñåíêî, Ä. À. Ãîëüöîâ

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Âíóòðåííèì îòîáðàæåíèåì áóäåì íàçûâàòü íåïðåðûâíûé
îòêðûòûé (îáðàç ëþáîãî îòêðûòîãî ìíîæåñòâà îòêðûò) êîíå÷-
íîêðàòíûé (ó êàæäîé òî÷êè ÷èñëî ïðîîáðàçîâ êîíå÷íî) ýïè-
ìîðôèçì. Ïîäðîáíåå î âíóòðåííèõ îòîáðàæåíèÿõ ñì. [6].
Îòîáðàæåíèå f : Rn → Rn íàçîâåì îäíîðîäíûì ïîðÿäêà k,

åñëè ∀t ≥ 0 ∀x ∈ Rn f(tkx) = tkf(x).

Ïóñòü Ĉ�äâóìåðíàÿ ñôåðà, ÿâëÿþùàÿñÿ çàìûêàíèåì äâó-
ìåðíîãî öèëèíäðà R2 \ {0} òî÷êàìè 0 è ∞, è f : Ĉ → Ĉ� åãî
âíóòðåííåå è îäíîðîäíîå ïîðÿäêà k > 1 íåîáðàòèìîå îòîáðàæå-
íèå, íå èìåþùåå â öèëèíäðå R2 \ {0} îñîáûõ òî÷åê, ñ òî÷êàìè
âåòâëåíèÿ 0 è ∞.
Çàìåòèì, ÷òî íå âñÿêîå îäíîðîäíîå îòîáðàæåíèå ÿâëÿåòñÿ

âíóòðåííèì. Íàïðèìåð, îäíîðîäíîå ïîðÿäêà 2 îòîáðàæåíèå
(x, y) 7→ (x2, y2) ñêëàäûâàåò áëèí÷èêîì îêðåñòíîñòü òî÷êè 0
è âíóòðåííèì íå ÿâëÿåòñÿ.
Îáîçíà÷èì ÷åðåç O+

f (x) ïîëîæèòåëüíóþ ïîëóòðàåêòîðèþ

òî÷êè x, òî åñòü ìíîæåñòâî {fn(x)| n ≥ 0}. Îáîçíà÷èì ÷åðåç
O−f (x) îòðèöàòåëüíóþ ïîëóòðàåêòîðèþ òî÷êè x, òî åñòü ìíî-

æåñòâî {fn(x)| n < 0}. Øèðîêîé òðàåêòîðèåé Of (x) òî÷êè x

íàçîâåì ìíîæåñòâî ∪y∈O+
f (x)O

−
f (y).

Â îòëè÷èå îò ãîìåîìîðôèçìîâ, äëÿ êîòîðûõ òðàåêòîðèÿ òî÷-
êè â òî÷íîñòè ñîñòîèò èç åå ïîëîæèòåëüíîé è îòðèöàòåëüíîé
ïîëóòðàåêòîðèé, ó âíóòðåííèõ îòîáðàæåíèé øèðîêàÿ òðàåêòî-
ðèÿ òî÷êè èìååò è äðóãèå òî÷êè. Ââåäåì åùå îäíî åñòåñòâåí-
íîå ïîäìíîæåñòâî øèðîêîé òðàåêòîðèè òî÷êè, êîòîðîå íèãäå
íå ïåðåñåêàåòñÿ ñ åå ïîëîæèòåëüíîé è îòðèöàòåëüíîé ïîëóòðà-
åêòîðèÿìè, êðîìå êàê â ñàìîé òî÷êå.
Íåéòðàëüíûì ñå÷åíèåì òðàåêòîðèè òî÷êè x íàçîâåì ìíîæå-

ñòâî {f−n (fn(x)) | n ≥ 0}, êîòîðîå áóäåì îáîçíà÷àòü O⊥f (x).
Êàê ëåãêî âèäåòü èç îïðåäåëåíèÿ, åñëè ñðåäè îáðàçîâ x íåò

ïåðèîäè÷åñêîé òî÷êè, à f èìååò â òî÷êàõ îðáèòû áîëüøå îäíî-
ãî ïðîîáðàçà, òî øèðîêàÿ òðàåêòîðèÿ òî÷êè x ðàñïàäàåòñÿ íà
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áåñêîíå÷íîå ÷èñëî íåéòðàëüíûõ ñå÷åíèé, ïðè÷åì êàæäîå íåé-
òðàëüíîå ñå÷åíèå ñîñòîèò èç áåñêîíå÷íîãî ÷èñëà òî÷åê.

Îïðåäåëåíèå 2.1. Òî÷êà x íàçûâàåòñÿ áëóæäàþùåé òî÷-
êîé f , åñëè íàéäåòñÿ òàêàÿ åå îêðåñòíîñòü U , ÷òî äëÿ âñåõ
m ∈ Z âûïîëíåíî óñëîâèå fm(U) ∩ U = ∅.

Îáùèå îïðåäåëåíèÿ ñóïåðáëóæäàþùèõ è ðàâíîìåðíî ñóïåð-
áëóæäàþùèõ äàíû â [4]. Äëÿ êðàòêîñòè èçëîæåíèÿ äàäèì çäåñü
óïðîùåííîå îïðåäåëåíèå, èñïîëüçóÿ òîò ôàêò, ÷òî â ïîñòðî-
åííûõ ïðèìåðàõ áëóæäàþùåå ìíîæåñòâî äâóñâÿçíî è ãîìåî-
ìîðôíî öèëèíäðó, à ñóæåíèå ðàññìàòðèâàåìûõ îòîáðàæåíèé
íà ýòîò öèëèíäð ÿâëÿåòñÿ ëîêàëüíûì ãîìåîìîðôèçìîì.

Îïðåäåëåíèå 2.2. Òî÷êà x íàçûâàåòñÿ íåéòðàëüíî áëóæ-

äàþùåé òî÷êîé f , åñëè íàéäåòñÿ òàêàÿ åå ñâÿçíàÿ îêðåñò-
íîñòü U , ÷òî ∀n ≥ 0 îòêðûòîå ìíîæåñòâî f−n(fn(U)) ðàñ-
ïàäàåòñÿ íà êîìïîíåíòû ñâÿçíîñòè òàêèå, ÷òî ñóæåíèå f íà
êàæäóþ êîìïîíåíòó ñâÿçíîñòè ÿâëÿåòñÿ ãîìåîìîðôèçìîì è
êàæäàÿ êîìïîíåíòà ñâÿçíîñòè ñîäåðæèò â òî÷íîñòè îäíó
òî÷êó èç ìíîæåñòâà {f−n (fn(x))}.

Îïðåäåëåíèå 2.3. Òî÷êà x íàçûâàåòñÿ ñóïåðáëóæäàþùåé

òî÷êîé f , åñëè îíà áëóæäàþùàÿ è íåéòðàëüíî áëóæäàþùàÿ.

Îáîçíà÷èì ÷åðåç Ω ìíîæåñòâî íåáëóæäàþùèõ (íå ÿâëÿþ-
ùèõñÿ áëóæäàþùèìè) òî÷åê. Îáîçíà÷èì ÷åðåç Ω⊥ ìíîæåñòâî
íåéòðàëüíî íåáëóæäàþùèõ (íå ÿâëÿþùèõñÿ íåéòðàëüíî áëóæ-
äàþùèìè) òî÷åê. Çàìåòèì, ÷òî ýòî çàìêíóòûå ìíîæåñòâà.

Îïðåäåëåíèå 2.4. Áëóæäàþùàÿ òî÷êà x íàçûâàåòñÿ ðåãó-
ëÿðíîé, åñëè äëÿ êàæäîãî ε > 0 ñóùåñòâóåò δ-îêðåñòíîñòü
δ(x) òî÷êè x, è N > 0 òàêèå, ÷òî äëÿ ëþáîãî k ∈ Z òàêîãî,
÷òî |k| > N âûïîëíÿåòñÿ óñëîâèå: fk(δ(x)) ⊂ ε(Ω), ãäå ε(Ω)�
ε-îêðåñòíîñòü ìíîæåñòâà Ω.

Î÷åâèäíî, ÷òî ìíîæåñòâî ðåãóëÿðíûõ òî÷åê îòêðûòî.
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3. Êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè
äâóìåðíûõ îäíîðîäíûõ âíóòðåííèõ îòîáðàæåíèé

Íàïîìíèì, ÷òî f : Ĉ→ Ĉ� âíóòðåííåå è îäíîðîäíîå ïîðÿä-
êà k > 1 íåîáðàòèìîå (ñòåïåíè >1) îòîáðàæåíèå, íå èìåþùåå
â öèëèíäðå R2 \ {0} îñîáûõ òî÷åê, ñ òî÷êàìè âåòâëåíèÿ 0 è ∞.
Â ðàáîòå [5] ïîëó÷åíû ñëåäóþùèå ñâîéñòâà ýòèõ îòîáðàæå-

íèé:

(1) ∀x ∈ R2 \ {0}, ∀t > 0, íåéòðàëüíûå ñå÷åíèÿ O⊥(x) è
O⊥(tx) ïîäîáíû ñ öåíòðîì ïîäîáèÿ â 0.

(2) Ó îòîáðàæåíèÿ f òî÷êè 0 è ∞ îáëàäàþò îòêðûòûìè
áàññåéíàìè ïðèòÿæåíèÿ.

(3) Íà êàæäîì ëó÷å, èñõîäÿùåì èç öåíòðà êîîðäèíàò, ëå-
æèò ðîâíî îäíà òî÷êà, íå ïðèíàäëåæàùàÿ áàññåéíàì
ïðèòÿæåíèÿ òî÷åê 0 è ∞.

(4) Ìíîæåñòâî òî÷åê, íå ïðèíàäëåæàùèõ áàññåéíàì ïðèòÿ-
æåíèÿ òî÷åê 0 è ∞, îáðàçóåò ãîìåîìîðôíóþ îêðóæíî-
ñòè íåéòðàëüíî èíâàðèàíòíóþ (òî åñòü ñîäåðæàùóþ ñ
êàæäîé ñâîåé òî÷êîé åå íåéòðàëüíîå ñå÷åíèå) æîðäàíî-
âó êðèâóþ, ðàçäåëÿþùóþ áàññåéíû ïðèòÿæåíèÿ òî÷åê
0 è ∞.

Âîçüìåì íåêîòîðûé ëó÷, âûõîäÿùèé èç öåíòðà êîîðäèíàò.
Îáîçíà÷èì òî÷êó ïåðåñå÷åíèÿ ýòîãî ëó÷à è γ1 ÷åðåç p1. Òîãäà
òî÷êè ëó÷à ìîæíî ïðåäñòàâèòü êàê pt = tp1, t > 0. Èñïîëü-
çóÿ t êàê êîýôôèöèåíò ïîäîáèÿ, ïîñòðîèì íàáîð êðèâûõ γt,
t > 0, ÿâëÿþùèõñÿ ãîìîòåòèÿìè êðèâîé γ1 îòíîñèòåëüíî íà÷à-
ëà êîîðäèíàò. Ïî ïîñòðîåíèþ, ýòî íåêîòîðîå ñëîåíèå öèëèíäðà
R2 \ {0}, ïðè÷åì ýòî ñëîåíèå íåéòðàëüíî èíâàðèàíòíî.
Îáîçíà÷èì ÷åðåç Sφ ãîìåîìîðôíîå îêðóæíîñòè ìíîæåñòâî

ëó÷åé, èñõîäÿùèõ èç íà÷àëà êîîðäèíàò, ãäå ðàññòîÿíèå ìåæäó
äâóìÿ ëó÷àìè ðàâíî ìèíèìóìó óãëîâ ìåæäó íèìè. Òîãäà f
èíäóöèðóåò íà Sφ íåîáðàòèìîå âíóòðåííåå îòîáðàæåíèå fφ áåç
îñîáûõ òî÷åê, òî åñòü íàêðûòèå.
Â [4] ïîëíûé òîïîëîãè÷åñêèé èíâàðèàíò íàêðûòèé îêðóæíî-

ñòè îïèñàí â òåðìèíàõ íåéòðàëüíî èíâàðèàíòíûõ ìíîæåñòâ, è
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â ýòèõ òåðìèíàõ äàí êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè
íàêðûòèé îêðóæíîñòè îäíîé è òîé æå ñòåïåíè.

Òåîðåìà 3.1 (Êðèòåðèé òîïîëîãè÷åñêîé ñîïðÿæåííîñòè, [4]).
Ïóñòü f è g� âíóòðåííèå è îäíîðîäíûå ïîðÿäêà k > 1 íåîáðà-
òèìûå îòîáðàæåíèÿ, íå èìåþùèå â öèëèíäðå R2 \ {0} îñîáûõ
òî÷åê, ñ òî÷êàìè âåòâëåíèÿ 0 è ∞, è fφ, gφ : Sφ → Sφ�èí-
äóöèðîâàííûå èìè âíóòðåííèå îòîáðàæåíèÿ ìíîæåñòâà Sφ.
f è g òîïîëîãè÷åñêè ñîïðÿæåíû ⇐⇒ fφ è gφ òîïîëîãè÷åñêè
ñîïðÿæåíû.

4. Êëàññû òîïîëîãè÷åñêîé ñîïðÿæåííîñòè

Â ðàáîòå [5] îäíîðîäíûå îòîáðàæåíèÿ áûëè êëàññèôèöèðî-
âàíû â òåðìèíàõ èíâàðèàíòíûõ ìíîæåñòâ èíäóöèðîâàííîãî
îòîáðàæåíèÿ íà ìíîæåñòâå ëó÷åé. Ýòîò ïîäõîä ðàáîòàåò, åñ-
ëè èíâàðèàíòíûå ìíîæåñòâà ñðàâíèâàåìûõ îòîáðàæåíèé óæå
èçâåñòíû.
Îäíàêî òàêîé âàæíûé ÷àñòíûé ñëó÷àé îäíîðîäíûõ îòîáðà-

æåíèé, êàê îäíîðîäíûå ïîëèíîìèàëüíûå îòîáðàæåíèÿ, çàäà-
þòñÿ êîýôôèöèåíòàìè ñâîèõ êîîðäèíàòíûõ ïîëèíîìèàëüíûõ
ôóíêöèé. Â òàêîì ñëó÷àå èõ èíâàðèàíòíûå ìíîæåñòâà èíäó-
öèðîâàííîãî îòîáðàæåíèÿ íà ìíîæåñòâå ëó÷åé çàðàíåå íå èç-
âåñòíû. Ïîýòîìó äëÿ îäíîðîäíûõ ïîëèíîìèàëüíûõ îòîáðàæå-
íèé âîçíèêàåò çàäà÷à âû÷èñëèòü ïî êîýôôèöèåíòàì èõ êîîð-
äèíàòíûõ ïîëèíîìèàëüíûõ ôóíêöèé èõ òîïîëîãè÷åñêèå èíâà-
ðèàíòû, ÷òîáû ê íèì ìîæíî áûëî áû ïðèìåíèòü ðåçóëüòàòû
ðàáîòû [5].
Îòìåòèì, ÷òî, íåñìîòðÿ íà ïðîñòîòó ïîñòàíîâêè, çàäà÷è òà-

êîãî âèäà âåñüìà ñëîæíû â ðåàëèçàöèè. Çäåñü óìåñòíî âñïîì-
íèòü è îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî îòîáðàæåíèé ïðÿìîé
x2 + c, äëÿ èçó÷åíèÿ êîòîðîãî ïîíàäîáèëîñü ðàçâèòèå ìåòîäîâ
ýðãîäè÷åñêîé äèíàìèêè. Ñ èõ ïîìîùüþ óäàëîñü óñòàíîâèòü,
÷òî íà èíòåðâàëå çíà÷åíèé ïàðàìåòðà c, ïîðîæäàþùèõ õàîòè-
÷åñêóþ äèíàìè÷åñêóþ ñèñòåìó, ýíòðîïèÿ Êîëìîãîðîâà-Ñèíàÿ
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îòîáðàæåíèé ðàçëè÷íà, à çíà÷èò, îòîáðàæåíèÿ ïîïàðíî òîïî-
ëîãè÷åñêè íå ñîïðÿæåíû.
Áîëåå îáùåå êîìïëåêñíîå îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî

îòîáðàæåíèé êîìïëåêñíîé ïëîñêîñòè z2 + c, ïîðîæäàåò çíàìå-
íèòîå ìíîæåñòâî Ìàëüäåáðîòà, èçó÷åíèþ êîòîðîãî ïîñâÿùåíî
áîëüøîå êîëè÷åñòâî ðàáîò, à ìíîãèå âîïðîñû î åãî ñòðîåíèè íå
ðåøåíû äî ñèõ ïîð.
Ðàññìàòðèâàåìàÿ çäåñü çàäà÷à ñðîäíè óïîìÿíóòûì âûøå çà-

äà÷àì òåì, ÷òî, êàê è îíè, îíà íå ðåøàåòñÿ �â ëîá�. Èíäóöè-
ðîâàííîå îòîáðàæåíèå íà ìíîæåñòâå ëó÷åé ìîæíî ÿâíî âû÷èñ-
ëèòü. Îäíàêî äàëåå èç ðåçóëüòàòîâ ðàáîòû [5] ñëåäóåò, ÷òî òîïî-
ëîãè÷åñêèå èíâàðèàíòû èíäóöèðîâàíííîãî îòîáðàæåíèÿ îïðå-
äåëÿþòñÿ íàëè÷èåì è âçàèìíûì ðàñïîëîæåíèåì åãî ïåðèîäè÷å-
ñêèõ èíòåðâàëîâ. ×òîáû îïðåäåëèòü ðàñïîëîæåíèå ïåðèîäè÷å-
ñêèõ èíòåðâàëîâ, íåîáõîäèìî èññëåäîâàòü ïåðèîäè÷åñêèå òî÷-
êè îòîáðàæåíèÿ, êîòîðûõ áåñêîíå÷íîå ÷èñëî, âûäåëèòü ñðåäè
íèõ íåîòòàëêèâàþùèå òðàåêòîðèè, îïðåäåëèòü, âõîäÿò ëè òà-
êèå òðàåêòîðèè â ãðàíèöó ïåðèîäè÷åñêèõ èíòåðâàëîâ, è îïðå-
äåëèòü âçàèìíîå ðàñïîëîæåíèå ïåðèîäè÷åñêèõ èíòåðâàëîâ.
Â ðàáîòå [4] âûñêàçàíî ïðåäïîëîæåíèå, ÷òî ÷èñëî ïåðèîäè-

÷åñêèõ èíòåðâàëîâ òàêîãî îòîáðàæåíèÿ êîíå÷íî. Îäíàêî àïðè-
îðè ýòî ÷èñëî ìîæåò áûòü êàê óãîäíî áîëüøèì, â ÷àñòíîñòè,
ïðåâîñõîäèòü âîçìîæíîñòè êîìïüþòåðíîãî ýêñïåðèìåíòà. Ïî-
ýòîìó îïèñàòü òîïîëîãè÷åñêèå èíâàðèàíòû îäíîðîäíûõ ïîëè-
íîìèàëüíûõ îòîáðàæåíèé â òåðìèíàõ êîýôôèöèåíòîâ åãî êî-
îðäèíàòíûõ ïîëèíîìèàëüíûõ ôóíêöèé� êðàéíå íå ïðîñòàÿ çà-
äà÷à äàæå äëÿ êâàäðàòè÷íûõ ïîëèíîìèàëüíûõ ôóíêöèé.
Òåì íå ìåíåå, íåêîòîðûå ÷àñòè÷íûå ðåçóëüòàòû ïîëó÷èòü

ìîæíî, ÷åì ìû è çàéìåìñÿ äàëåå. Äëÿ äàëüíåéøåãî ïðîäâèæå-
íèÿ â áóäóùåì ìîæíî áóäåò ïðîâåñòè ìàñøòàáíûå êîìïüþòåð-
íûå ýêñïåðèìåíòû, â îñíîâå êîòîðûõ áóäóò ïîëó÷åííûå çäåñü
÷àñòè÷íûå ðåçóëüòàòû.

4.1. Îäíîðîäíûå êâàäðàòè÷íûå âíóòðåííèå îòîáðàæå-
íèÿ. Êàæäîå îäíîðîäíîå êâàäðàòè÷íîå îòîáðàæåíèå èìååò
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âèä:

f : (x, y) 7→ (a20x
2 + a11xy + a02y

2,

b20x
2 + b11xy + b02y

2).

Ó íåãî èìååòñÿ åäèíñòâåííàÿ íåïîäâèæíàÿ îñîáàÿ òî÷êà (0, 0).
Ìàòðèöà ßêîáè f ïðèíèìàåò âèä(

2a20x+ a11y a11x+ 2a02y
2b20x+ b11y b11x+ 2b02y

)
,

à åå äåòåðìèíàíò ðàâåí

(2a20x+ a11y)(b11x+ 2b02y)− (2b20x+ b11y)(a11x+ 2a02y) =

= 2(a20b11−a11b20)x2+4(a20b02−a02b20)xy+2(a11b02−a02b11)y2.

×òîáû îäíîðîäíîå êâàäðàòè÷íîå îòîáðàæåíèå áûëî âíóò-
ðåííèì, íåîáõîäèìî, ÷òîáû îñîáàÿ òî÷êà áûëà èçîëèðîâàííîé,
òî åñòü, ÷òîáû âûðîæäåííàÿ êðèâàÿ II ïîðÿäêà

(a20b11−a11b20)x2+2(a20b02−a02b20)xy+(a11b02−a02b11)y2 = 0

âûðîæäàëàñü â òî÷êó (ïðåäñòàâëÿëà ñîáîé âûðîæäåííûé ýë-
ëèïñ â êëàññèôèêàöèè êðèâûõ II ïîðÿäêà). Äëÿ ýòîãî íåîáõî-
äèìûì è äîñòàòî÷íûì óñëîâèåì ÿâëÿåòñÿ íåðàâåíñòâî I2 > 0
äëÿ âòîðîãî èíâàðèàíòà êðèâûõ II ïîðÿäêà. Â íàøèõ îáîçíà-
÷åíèÿõ

I2 = (a20b11−a11b20)(a11b02−a02b11)− (a20b02−a02b20)2 > 0.

Â òàêîì âèäå îäíîðîäíûå êâàäðàòè÷íûå îòîáðàæåíèÿ öè-
ëèíäðà ÿâëÿþòñÿ øåñòèïàðàìåòðè÷åñêèì ñåìåéñòâîì îòîáðà-
æåíèé. Äëÿ çàäà÷è òîïîëîãè÷åñêîãî îïèñàíèÿ ýòîãî ñåìåéñòâà
òàêîå êîëè÷åñòâî ïàðàìåòðîâ èçáûòî÷íî. Çàìåíàìè êîîðäèíàò
âûäåëèì èç ýòîãî ñåìåéñòâà áîëåå ïðîñòîå äëÿ èçó÷åíèÿ ïîä-
ñåìåéñòâî, ñîäåðæàùåå ïðåäñòàâèòåëåé âñåõ êëàññîâ òîïîëîãè-
÷åñêîé ñîïðÿæåííîñòè èñõîäíîãî ñåìåéñòâà.
Ëåãêî âèäåòü, ÷òî îäíîðîäíûå êâàäðàòè÷íûå îòîáðàæåíèÿ

ñ íåïîäâèæíîé îñîáîé òî÷êîé â (0, 0) îáëàäàþò èíâàðèàíòíûì
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ñëîåíèåì íà êîîðäèíàòíûå êðèâûå φ = const â ïîëÿðíûõ êî-
îðäèíàòàõ � èñõîäÿùèå èç òî÷êè O ëó÷è. Òàêæå, îòîáðàæåíèå
ñèììåòðè÷íî îòíîñèòåëüíî öåíòðà êîîðäèíàò.
Íà îêðóæíîñòè � ïðîñòðàíñòâå èñõîäÿùèõ èç òî÷êè O ëó-

÷åé � íàøå îäíîðîäíîå êâàäðàòè÷íîå âíóòðåííåå îòîáðàæåíèå
èíäóöèðóåò äâóëèñòíîå íàêðûòèå. Òàêîå îòîáðàæåíèå âñåãäà
èìååò êàê ìèíèìóì îäíó íåïîäâèæíóþ òî÷êó (ëåììà 7.5 â [4]),
êîòîðîé ñîîòâåòñòâóåò èíâàðèàíòíûé ëó÷. Ïîâîðîòîì ñèñòåìû
êîîðäèíàò ìîæíî äîáèòüñÿ, ÷òîáû ýòîò èíâàðèàíòíûé ëó÷ ïå-
ðåøåë â ïîëîæèòåëüíûé ëó÷ êîîðäèíàòíîé îñè OX. Ïðè ýòîì
b20 áóäåò ðàâíî 0, îäíîðîäíîå êâàäðàòè÷íîå âíóòðåííåå îòîá-
ðàæåíèå ïðèíèìàåò âèä

f : (x, y) 7−→
(
a20x

2 + a11xy + a02y
2, b11xy + b02y

2
)
,

à óñëîâèå äëÿ I2 ïðèíèìàåò âèä

I2 = a20b11(a11b02 − a02b11)− a2
20b

2
02 > 0.

Îãðàíè÷åíèå f íà ïîëîæèòåëüíûé ëó÷ êîîðäèíàòíîé îñè OX
ÿâëÿåòñÿ îòîáðàæåíèåì a20x

2. Ïîñêîëüêó ýòîò ëó÷ èíâàðèàí-
òåí, òî a20 > 0 è a20x

2 � ãîìåîìîðôèçì ñ ïðèòÿãèâàþùèìè
òî÷êàìè 0 è ∞ è íåïîäâèæíîé îòòàëêèâàþùåé òî÷êîé 1

a20
. Òî-

ãäà ëèíåéíîé çàìåíîé êîîðäèíàò x′ = x√
a20

ìîæíî äîáèòüñÿ,

÷òî a20 = 1, íà ëó÷å êîîðäèíàòíîé îñè OX (1, 0) ÿâëÿåòñÿ îò-
òàëêèâàþùåé íåïîäâèæíîé òî÷êîé, è îäíîðîäíîå êâàäðàòè÷-
íîå âíóòðåííåå îòîáðàæåíèå ïðèíèìàåò âèä

f : (x, y) 7−→
(
x2 + a11xy + a02y

2, b11xy + b02y
2
)

ñ óñëîâèåì I2 = b11(a11b02 − a02b11)− b202 > 0.
Ðàññìîòðèì íåéòðàëüíîå ñå÷åíèå íåïîäâèæíîé òî÷êè (1, 0).

Âû÷èñëèì åå íåéòðàëüíûå èòåðàöèè1. ∆⊥1 ((1, 0)) = {(−1, 0)}.
Ñîñ÷èòàåì ∆⊥2 ((1, 0)). Äëÿ ýòîãî íàéäåì ïðîîáðàç òî÷êè
(−1, 0):

1∆⊥n (x) = f−n ◦ fn(x) \ f−(n−1) ◦ fn−1(x), ñì. òæ. îïðåäåëåíèå 3.7 â [4].
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x2 + a11xy + a02y
2 = −1

b11xy + b02y
2 = 0

Åñëè b02 = 0, òî x = 0 è y2 = 1
−a02 .

Åñëè b02 6= 0, òî y = − b11
b02
x è

x2 =
b202

b11(a11b02 − a02b11)− b202

=
b202

I2
> 0.

Â ïåðâîì ñëó÷àå (b02 = 0) èç óñëîâèÿ I2 > 0 ïîëó÷èì, ÷òî
a02 < 0. Òîãäà ëèíåéíîé çàìåíîé y′ =

√
−a02y îòîáðàæåíèå â

íîâîé ñèñòåìå êîîðäèíàò ïðèâîäèòñÿ ê âèäó

f : (x, y) 7→ (x2 + a11xy − y2, b11xy) (4.1)

ñ óñëîâèåì I2 = b211 > 0, èëè, ýêâèâàëåíòíî, b11 6= 0.
Ïðè ýòîì â íîâûõ êîîðäèíàòàõ ∆⊥1 ((0, 1)) = {(−1, 0)},

∆⊥2 ((0, 1)) = {(0,−1), (0, 1)}.
Âî âòîðîì ñëó÷àå (b02 6= 0) ìû èìååì

∆⊥2 ((0, 1)) =


√b202

I2
,−b11

b02

√
b202

I2

 ,

−
√
b202

I2
,
b11

b02

√
b202

I2

 .

Âîçüìåì ëèíåéíóþ çàìåíó êîîðäèíàò, êîòîðàÿ îñü OX îñòàâ-
ëÿåò íåèçìåííîé, à ïðÿìóþ, ñîåäèíÿþùóþ òî÷êè O = (0, 0) è(

+

√
b202
I2
,− b11

b02

√
b202
I2

)
ïåðåâîäèò â îñü OY òàê, ÷òî îáðàçîì òî÷-

êè

(√
b202
I2
,− b11

b02

√
b202
I2

)
ñòàíåò òî÷êà (0, 1).

Ñ ïîìîùüþ òàêîé çàìåíû âî âòîðîì ñëó÷àå (b02 6= 0) âíóò-
ðåííåå îòîáðàæåíèå â íîâîé ñèñòåìå êîîðäèíàò òàêæå ïðèâî-
äèòñÿ ê âèäó (4.1).

Ñëåäñòâèå 4.2. Îäíîðîäíûå âíóòðåííèå êâàäðàòè÷íûå îòîá-
ðàæåíèÿ öèëèíäðà R2 \ O ëèíåéíî ýêâèâàëåíòíû îòîáðàæå-
íèÿì äâóõïàðàìåòðè÷åñêîãî ñåìåéñòâà (4.1).
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Îòìåòèì, ÷òî äëÿ îòîáðàæåíèé ñåìåéñòâà (4.1)

Jf = det

(
2x+ a11y a11x− 2y
b11y b11x

)
= 2b11(x2 + y2).

Ïîýòîìó çíàê ßêîáèàíà Jf îïðåäåëÿåòñÿ çíàêîì b11. Ñîîòâåò-
ñòâåííî, ñåìåéñòâî (4.1) ñîäåðæèò 2 ïîäñåìåéñòâà: îòîáðàæå-
íèÿ, ñîõðàíÿþùèå îðèåíòàöèþ, ñ b11 > 0, è îáðàùàþùèå îðè-
åíòàöèþ, ñ b11 < 0.
Èçó÷èì îòîáðàæåíèÿ ýòîãî ñåìåéñòâà ñ òî÷íîñòüþ äî òîïî-

ëîãè÷åñêîé ñîïðÿæåííîñòè.
Çàìåòèì, ÷òî îäíîðîäíûå êâàäðàòè÷íûå îòîáðàæåíèÿ ÿâëÿ-

þòñÿ ÷àñòíûì ñëó÷àåì îäíîðîäíûõ îòîáðàæåíèé èç ðàáîòû [5],
ïîýòîìó äëÿ íèõ ñïðàâåäëèâû óòâåðæäåíèÿ ëåìì 1�5 è òåîðå-
ìà 1 èç ýòîé ðàáîòû.

Ñëåäñòâèå 4.3. Ó îòîáðàæåíèé ñåìåéñòâà (4.1) çàìûêàíèå
íåéòðàëüíîãî ñå÷åíèÿ òî÷êè (1, 0) âõîäèò â îáùóþ ãðàíèöó
áàññåéíîâ ïðèòÿæåíèÿ òî÷åê O è ∞.

Ïóñòü f � îòîáðàæåíèå ñåìåéñòâà (4.1). Îáîçíà÷èì ÷åðåç
f1(x, y) = x2 + a11xy− y2, f2(x, y) = b11xy êîîðäèíàòíûå ôóíê-
öèè îòîáðàæåíèÿ f .
Îáîçíà÷èì ÷åðåç Sφ ãîìåîìîðôíîå îêðóæíîñòè ìíîæåñòâî

ëó÷åé, èñõîäÿùèõ èç íà÷àëà êîîðäèíàò. Îòîáðàæåíèå f èíäó-
öèðóåò íà Sφ âíóòðåííåå îòîáðàæåíèå fφ.
Â êà÷åñòâå Sφ ìîæíî âçÿòü åäèíè÷íóþ îêðóæíîñòü. Åå òî÷êè

èìåþò âèä (cosϕ, sinϕ), ãäå ϕ� óãëîâàÿ êîîðäèíàòà. Ïðè ýòîì

f1(ϕ) = cos 2ϕ+
a11

2
sin 2ϕ, f2(ϕ) =

b11

2
sin 2ϕ.

Òîãäà âíóòðåííåå îòîáðàæåíèå fφ : Sφ → Sφ ìîæíî âûðàçèòü

èç óðàâíåíèé cos(fφ) = f1√
f21 +f22

, sin(fφ) = f2√
f21 +f22

, ctg(fφ) = f1
f2
.

Èç íèõ ïîñëåäíåå âûðàæåíèå íàèáîëåå óäîáíî äëÿ âû÷èñëåíèé.
Ïîëó÷èì
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fφ(ϕ) =



arcctg
(

2
b11

ctg(2ϕ) + a11
b11

)
, f2 > 0

arcctg
(

2
b11

ctg(2ϕ) + a11
b11

)
− π, f2 < 0, f1 > 0

arcctg
(

2
b11

ctg(2ϕ) + a11
b11

)
+ π, f2 < 0, f1 ≤ 0

π
2 , f2 = 0, f1 > 0

−π
2 , f2 = 0, f1 < 0

Ïðåäïîëîæèì, ÷òî ϕ íå ïðèíèìàåò çíà÷åíèÿ 0, π2 , π,
3π
2 . Äëÿ

óäîáñòâà îáîçíà÷èì a = a11, b = b11. Òîãäà ïðîèçâîäíàÿ îòîá-
ðàæåíèÿ fφ(ϕ) èìååò âèä

(fφ)′(ϕ) =

(
arcctg

(
2

b
ctg 2ϕ+

a

b

))′
=

= − 1

1 +
(

2
b ctg 2ϕ+ a

b

)2 (2

b
·
(
− 1

sin2 2ϕ

)
· 2
)

=

=
4

b · sin2 2ϕ
(

1 +
(

2
b ctg 2ϕ+ a

b

)2) .
Òàêèì âûðàæåíèåì óäîáíî ïîëüçîâàòüñÿ äëÿ âñåõ òî÷åê,

êðîìå 0, π
2 , π,

3π
2 . Äëÿ âû÷èñëåíèÿ çíà÷åíèÿ (fφ)′(ϕ) â ýòèõ

òî÷êàõ óäîáíåå âîñïîëüçîâàòüñÿ âûðàæåíèåì sin(fφ) = f2√
f21 +f22

,

Èç íåãî ñëåäóåò, ÷òî â ýòèõ òî÷êàõ (fφ)′ = b.
Â ðàáîòå [5] îïèñàíû êëàññû òîïîëîãè÷åñêîé ñîïðÿæåííîñòè

èíäóöèðîâàííîãî îòîáðàæåíèÿ fφ, à çíà÷èò, è îòîáðàæåíèé ñå-
ìåéñòâà (4.1). Äëÿ fφ âîçíèêàåò ñëåäóþùàÿ äèõîòîìèÿ: ëèáî

Ω⊥(fφ) = Sφ, ëèáî Ω⊥(fφ) 6= Sφ.

4.4. Îòîáðàæåíèÿ ñîïðÿæåííûå ñ z 7→ z2. Ðàññìîòðèì
âíà÷àëå ñëó÷àé, êîãäà Ω⊥(fφ) = Sφ. Òîãäà ó fφ íåò ïåðèîäè÷å-
ñêèõ èíòåðâàëîâ è fφ òîïîëîãè÷åñêè ñîïðÿæåíî ñòàíäàðòíîìó
ëèíåéíîìó ðàñòÿæåíèþ îêðóæíîñòè φ 7→ 2φ ëèáî φ 7→ −2φ, â
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çàâèñèìîñòè îò òîãî, fφ ñîõðàíÿåò îðèåíòàöèþ îêðóæíîñòè Sφ
èëè íåò.
Òîãäà äëÿ îòîáðàæåíèé ñåìåéñòâà (4.1) èìåþò ìåñòî ðåçóëü-

òàòû èç [5] è ãëàâû 7 [4]. Â ÷àñòíîñòè, çàìûêàíèå íåéòðàëüíîãî
ñå÷åíèÿ òî÷êè (1, 0) ÿâëÿåòñÿ òîé ãîìåîìîðôíîé îêðóæíîñòè
æîðäàíîâîé êðèâîé, êîòîðàÿ ðàçäåëÿåò áàññåéíû ïðèòÿæåíèÿ
òî÷åê O è ∞, è òàêîé, ÷òî ñóæåíèå íà íåå îòîáðàæåíèÿ ñå-
ìåéñòâà (4.1) ïîðîæäàåò îòîáðàæåíèå fφ. Ïðè ýòîì, åñëè f ñî-
õðàíÿåò îðèåíòàöèþ, òî f òîïîëîãè÷åñêè ñîïðÿæåíî z2, à åñëè
îáðàùàåò � òî z2.
Âîçíèêàåò åñòåñòâåííûé âîïðîñ: ïðè êàêèõ çíà÷åíèÿõ êîýô-

ôèöèåíòîâ a è b ó îòîáðàæåíèÿ fφ, èíäóöèðîâàííîãî îòîáðà-

æåíèåì f ñåìåéñòâà (4.1), èìååò ìåñòî Ω⊥(fφ) = Sφ?
Äëÿ ïðîâåðêè ìîæíî áûëî áû âîñïîëüçîâàòüñÿ òåì, ÷òî îòîá-

ðàæåíèå fφ ãëàäêîå, è ñîñ÷èòàòü ïðîèçâîäíóþ âäîëü êàæäîé

ïåðèîäè÷åñêîé òðàåêòîðèè. Åñëè Ω⊥(fφ) = Sφ, òî âñå ïåðèîäè-
÷åñêèå òðàåêòîðèè òîïîëîãè÷åñêè îòòàëêèâàþùèå. Åñëè ïðè
íåêîòîðûõ çíà÷åíèÿõ êîýôôèöèåíòîâ a è b ó îòîáðàæåíèÿ
fφ íàéäåòñÿ òðàåêòîðèÿ, òàêàÿ, ÷òî ïðîèçâîäíàÿ âäîëü òðà-
åêòîðèè (ïðîèçâåäåíèå çíà÷åíèé ïðîèçâîäíîé âî âñåõ òî÷êàõ)
ìåíüøå 1, òî îòîáðàæåíèå fφ èìååò ïðèòÿãèâàþùóþ òðàåêòî-

ðèþ, è Ω⊥(fφ) 6= Sφ. È íàîáîðîò, åñëè äëÿ âñåõ ïåðèîäè÷å-
ñêèõ òðàåêòîðèé ïðîèçâîäíàÿ âäîëü òðàåêòîðèè áîëüøå 1, òî
âñå ïåðèîäè÷åñêèå òðàåêòîðèè òîïîëîãè÷åñêè îòòàëêèâàþùèå
è Ω⊥(fφ) = Sφ. Åñëè æå äëÿ êàêîé-òî ïåðèîäè÷åñêîé òðàåê-
òîðèè ïðîèçâîäíàÿ âäîëü òðàåêòîðèè ðàâíà 1, òî äëÿ òàêîé
òðàåêòîðèè òðåáóåòñÿ äîïîëíèòåëüíîå èññëåäîâàíèå, ÿâëÿåòñÿ
ëè îíà òîïîëîãè÷åñêè îòòàëêèâàþùåé.
Îäíàêî òàêîé êðèòåðèé íà ïðàêòèêå íå ïðèìåíèì, òàê êàê

äëÿ èññëåäîâàíèÿ áåñêîíå÷íîãî ÷èñëà òðàåêòîðèé òðåáóåòñÿ
ïðîèçâåñòè áåñêîíå÷íîå ÷èñëî âû÷èñëåíèé. Òåì íå ìåíåå, îäèí
âàæíûé ÷àñòíûé ñëó÷àé ýòîãî êðèòåðèÿ ìîæíî ëåãêî âû÷èñ-
ëèòü. Êîãäà ïðîèçâîäíàÿ îòîáðàæåíèÿ fφ ñòðîãî áîëüøå 1 íà
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âñåé îêðóæíîñòè, òî òåì áîëåå äëÿ âñåõ ïåðèîäè÷åñêèõ òðàåê-
òîðèé ïðîèçâîäíàÿ âäîëü òðàåêòîðèè áîëüøå 1.
Îãðàíè÷èìñÿ ÷àñòíûì ñëó÷àåì, êîãäà îòîáðàæåíèÿ ñåìåé-

ñòâà (4.1) ñîõðàíÿþò îðèåíòàöèþ, (b > 0). Âû÷èñëèì, êîãäà
ïðîèçâîäíàÿ îòîáðàæåíèÿ fφ ñòðîãî áîëüøå 1 íà âñåé îêðóæ-
íîñòè.
Êàê è âûøå, ìîæíî ñ÷èòàòü, ÷òî ϕ 6= 0, π2 , π,

3π
2 . Òîãäà èç

b > 0 ïîëó÷àåì, ÷òî b · sin2 2ϕ
(

1 +
(

2
b ctg 2ϕ+ a

b

)2)
> 0. Ñëåäî-

âàòåëüíî, |f ′(ϕ)| > 1 âëå÷åò

4

b · sin2 2ϕ
(

1 +
(

2
b ctg 2ϕ+ a

b

)2) > 1,

b · sin2 2ϕ
(

1 +
(

2
b ctg 2ϕ+ a

b

)2)
< 4,

b ·
(

sin2 2ϕ+ sin2 2ϕ ·
(

4
b2

ctg2 2ϕ+ 4a
b2

ctg 2ϕ+ a2

b2

))
< 4,

b sin2 2ϕ+ 4
b cos2 2ϕ+ 4a

b cos 2ϕ sin 2ϕ+ a2

b sin2 2ϕ < 4,

b2 sin2 2ϕ+ 4 cos2 2ϕ+ 4a cos 2ϕ sin 2ϕ+ a2 sin2 2ϕ < 4b,(
a2 + b2

)
sin2 2ϕ+ 4a cos 2ϕ sin 2ϕ+ 4 cos2 2ϕ− 4b < 0,(

a2 + b2
) (2 tgϕ)2

(1 + tg2 ϕ)
2 + 4a

2 tgϕ
(
1− tg2 ϕ

)
(1 + tg2 ϕ)

2

+4

(
1− tg2 ϕ

)2
(1 + tg2 ϕ)

2 − 4b < 0,(
a2 + b2

)
tg2 ϕ+ 2a tgϕ

(
1− tg2 ϕ

)
+
(
1− tg2 ϕ

)2−
−b
(
1 + tg2 ϕ

)2
< 0.

Èñïîëüçóÿ çàìåíó u = tgϕ ïîëó÷èì:(
a2 + b2

)
u2 + 2au

(
1− u2

)
+
(
1− u2

)2 − b (1 + u2
)2
< 0,

(1− b)u4 − 2au3 +
(
a2 + b2 − 2b− 2

)
u2 + 2au+ (1− b) < 0.
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Ïîëîæèì

q(u) = (1− b)u4 − 2au3 +
(
a2 + b2 − 2b− 2

)
u2 + 2au+ (1− b).

Çàìåòèì, ÷òî êîãäà ϕ ∈
(
0, π2

)
, òî u > 0. ×òîáû èìåëî ìåñòî

íåðàâåíñòâî q1(u) < 0, äëÿ êàæäîãî u > 0 ãðàôèê ïîëèíîìà q1

äîëæåí ëåæàòü ïîä îñüþ Ox. Ðàññìîòðèì äâà ñëó÷àÿ
1) Ïóñòü b = 1. Òîãäà

q1(u) = −2au3 +
(
a2 − 3

)
u2 + 2au < 0,

u
(
2au2 −

(
a2 − 3

)
u− 2a

)
> 0,

2au2 −
(
a2 − 3

)
u− 2a > 0.

Ðàññìîòðèì ïîñëåäíåå íåðàâåíñòâî. Ïðè a 6= 0 îíî çàäàíî ïî-
ëèíîìîì âòîðîé ñòåïåíè. Îòìåòèì, ÷òî äèñêðèìèíàíò ëåâîé
÷àñòè ïîñëåäíåãî íåðàâåíñòâà ðàâåí

D =
(
a2 − 3

)2
+ 16a2 > 0.

Îí âñåãäà ïîëîæèòåëåí, à çíà÷èò, óðàâíåíèå âñåãäà èìååò êîð-
íè è ñëó÷àé a 6= 0 íå ïîäõîäèò. Åñëè æå a = 0, òî ïîëó÷èì
íåðàâåíñòâî −3u2 < 0, êîòîðîå íå âûïîëíÿåòñÿ ïðè a = 0. Ïî-
ýòîìó ïðè b = 1 èìååì òîëüêî íåñòðîãîå íåðàâåíñòâî −3u2 ≤ 0
è fϕ íå ÿâëÿåòñÿ ñòðîãî ìåòðè÷åñêè ðàñòÿãèâàþùèì îòîáðàæå-
íèåì.
2) Ïðåäïîëîæèì, ÷òî b 6= 1. Òîãäà

(1− b)u4 − 2au3 +
(
a2 + b2 − 2b− 2

)
+ 2au+ (1− b) < 0.

Ñîêðàùàÿ íà u2, ïîëó÷èì:

(1− b)
(
u2 + 1

u2

)
− 2a

(
u− 1

u

)
+
(
a2 + b2 − 2b− 2

)
< 0

(1− b)
((
u− 1

u

)2
+ 2
)
− 2a

(
u− 1

u

)
+
(
a2 + b2 − 2b− 2

)
< 0.

Ñäåëàåì çàìåíó t = u− 1
u , òîãäà

(1− b)t2 − 2at+
(
a2 + b2 − 4b

)
< 0.
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Åñëè u ïðîáåãàåò âñå ìíîæåñòâî ïîëîæèòåëüíûõ ÷èñåë, òî t
ïðîáåãàåò âñþ ÷èñëîâóþ ïðÿìóþ, ïîýòîìó ïîñëåäíåå íåðàâåí-
ñòâî äîëæíî âûïîëíÿòüñÿ äëÿ âñåõ t ∈ R, òî åñòü äèñêðèìèíàíò
ëåâîé ÷àñòè äîëæåí áûòü îòðèöàòåëüíûì è 1 − b < 0. Òàêèì
îáðàçîì,

D = 4a2 + 4(b− 1)
(
a2 + b2 − 4b

)
< 0,

a2 + (b− 1)
(
a2 + b2 − 4b

)
< 0,

a2b+ b(b− 4)(b− 1) < 0,

a2 + b2 − 5b+ 4 < 0,

÷òî äàåò íàì îòêðûòûé äèñê (âíóòðåííîñòü ýëëèïñà):

a2 +
(
b− 5

2

)2
<
(

3
2

)2
.

Çàìåòèì, ÷òî òî÷êà a = 0, b = 2 (ñîîòâåòñòâóþùàÿ îòîáðàæå-
íèþ z2) ëåæèò ó íåãî âíóòðè, à òî÷êà a = 0, b = 1 ëåæèò íà
ãðàíè÷íîé îêðóæíîñòè ýòîãî äèñêà. Òàêæå, ýòîò äèñê öåëèêîì

ëåæèò â îáëàñòè b > a2

4 + 1 (or a2 < 4(b − 1)), êîòîðàÿ áóäåò
ðàññìîòðåíà äàëåå.

4.5. Îòîáðàæåíèÿ, íå ñîïðÿæåííûå ñ z 7→ z2. Â ïðåäûäó-
ùåì ðàçäåëå áûëè íàéäåíû äîñòàòî÷íûå óñëîâèÿ, êîãäà îòîá-
ðàæåíèÿ ñåìåéñòâà (4.1) ñîïðÿæåíû z2. Íàéäåì òåïåðü äî-
ñòàòî÷íûå óñëîâèÿ, êîãäà îòîáðàæåíèÿ ñåìåéñòâà (4.1) íå ñî-
ïðÿæåíû z2. Äëÿ ýòîãî ðàññìîòðèì îñòàâøèéñÿ ñëó÷àé, êîãäà
Ω⊥(fφ) 6= Sφ. Òîãäà ó ìíîæåñòâà W

⊥(fφ) îòîáðàæåíèÿ fφ åñòü
ïåðèîäè÷åñêèå èíòåðâàëû.
Êàê ñëåäóåò èç ðåçóëüòàòîâ ãëàâû 7 [4], â ýòîì ñëó÷àå êàæ-

äîìó öèêëó ïåðèîäè÷åñêèõ êîìïîíåíò îòîáðàæåíèÿ fφ ñîîòâåò-
ñòâóåò â R2 èíâàðèàíòíûé äëÿ îòîáðàæåíèÿ f íàáîð ñåêòîðîâ,
çàïîëíåííûõ ëó÷àìè, èñõîäÿùèìè èç íà÷àëà êîîðäèíàò. Ãðà-
íèöû òàêèõ ïåðèîäè÷åñêèõ êîìïîíåíò ñîñòîÿò èç ïåðèîäè÷å-
ñêèõ ëó÷åé, â ñóæåíèè íà êàæäûé öèêë èç ñâîèõ ïåðèîäè÷å-
ñêèõ êîìïîíåíò îòîáðàæåíèå fφ ÿâëÿåòñÿ ãîìåîìîðôèçìîì, à
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âíóòðè òàêèõ ïåðèîäè÷åñêèõ êîìïîíåíò ïîä äåéñòâèåì îòîáðà-
æåíèÿ fφ êàæäûé ëó÷ ñî âðåìåíåì ñõîäèòñÿ ê ïåðèîäè÷åñêîìó
ëó÷ó âíóòðè èëè íà ãðàíèöå òàêîé ïåðèîäè÷åñêîé êîìïîíåíòû.
Ïîñêîëüêó îòîáðàæåíèå êâàäðàòè÷íî, òî íà êàæäîì ïåðè-

îäè÷åñêîì ëó÷å ñóùåñòâóåò åäèíñòâåííàÿ ïåðèîäè÷åñêàÿ òî÷-
êà, êîòîðàÿ ðàçäåëÿåò áàññåéíû ïðèòÿæåíèÿ òî÷åê O è ∞. Ñî-
îòâåòñòâåííî, íà êàæäîì äâèæóùåìñÿ ëó÷å ñóùåñòâóåò åäèí-
ñòâåííàÿ òî÷êà, êîòîðàÿ ïðèíàäëåæèò â çàâèñèìîñòè îò íà-
ïðàâëåíèÿ äâèæåíèÿ óñòîé÷èâîìó èëè íåóñòîé÷èâîìó ìíîãîîá-
ðàçèþ ñîîòâåòñòâóþùåé ïåðèîäè÷åñêîé òî÷êè è ðàçäåëÿåò áàñ-
ñåéíû ïðèòÿæåíèÿ òî÷åê O è ∞, ïðè÷åì òî÷êè, ïîïàäàþùèå â
áàññåéíû ïðèòÿæåíèÿ òî÷åê O è ∞, ÿâëÿþòñÿ ñóïåðáëóæäàþ-
ùèìè.
Òàêèì îáðàçîì, è â ñëó÷àå, êîãäà Ω⊥(fφ) 6= Sφ, áàññåéíû

ïðèòÿæåíèÿ òî÷åê O è∞ òàêæå ðàçäåëÿåò îáðàçîâàííàÿ äèíà-
ìè÷åñêè âûäåëåííûìè òîïîëîãè÷åñêè èíâàðèàíòíûìè ìíîæå-
ñòâàìè æîðäàíîâà êðèâàÿ γ, â ñóæåíèè íà êîòîðóþ îòîáðàæå-
íèå f ñîïðÿæåíî fφ.
Ïðè ýòîì âñå ïåðèîäè÷åñêèå òî÷êè îòîáðàæåíèÿ f , êðîìå

O = (0, 0) è ∞, ëåæàò íà æîðäàíîâîé êðèâîé γ, è èõ ìîæíî
åñòåñòâåííî îòîæäåñòâèòü ñ ïåðèîäè÷åñêèìè òî÷êàìè îòîáðà-
æåíèÿ fφ.
Åñëè îòîáðàæåíèÿ ñåìåéñòâà (4.1) ñîïðÿæåíû z2, òî ó íèõ

åñòü ðîâíî òðè íåïîäâèæíûå òî÷êè: O = (0, 0),∞ è åäèíñòâåí-
íóþ íåïîäâèæíóþ òî÷êó íà æîðäàíîâîé êðèâîé γ, êîòîðàÿ ïî
ïîñòðîåíèþ èìååò êîîðäèíàòû (1, 0).
Ñîîòâåòñòâåííî, åñëè ó îòîáðàæåíèÿ âîçíèêíóò äîïîëíè-

òåëüíûå íåïîäâèæíûå òî÷êè, òî òàêîå îòîáðàæåíèå íå ñîïðÿ-
æåíî z2.

5. Äîïîëíèòåëüíûå íåïîäâèæíûå òî÷êè

Íàéäåì êîíå÷íûå íåïîäâèæíûå òî÷êè îòîáðàæåíèÿ

f : (x, y) 7−→ (x2 + axy − y2, bxy),
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ò. å. ðåøèì ñèñòåìó óðàâíåíèé:{
x2 + axy − y2 = x
bxy = y

Åñëè y = 0, òî èìååì óæå óïîìÿíóòûå íåïîäâèæíûå òî÷êè
(1, 0) è (0, 0). Ïóñòü y 6= 0. Òîãäà x = 1

b , è

1

b2
+
a

b
y − y2 =

1

b
=⇒ 1 + aby − b2y2 = b.

Ïóñòü t = by. Ðàññìîòðèì óðàâíåíèå t2 − at+ b− 1 = 0.
Åñëè D < 0, òî, êàê è âûøå, ó íàñ òîëüêî äâå (êîíå÷íûå)

íåïîäâèæíûå òî÷êè (1, 0) è (0, 0) îòîáðàæåíèÿ f . Íî òàê êàê

D = a2 − 4b+ 4, òî ýòî äîñòèãàåòñÿ, åñëè b >
(
a
2

)2
+ 1.

Ðàññìîòðèì ñëó÷àé, êîãäà D = 0. Òîãäà b =
(
a
2

)2
+1, è t = a

2 ,

ñëåäîâàòåëüíî, x = 1
b , y = a

2b .
Ïðè a = 0, b = 1 âñå ðàâíî äâå íåïîäâèæíûå òî÷êè, òàê

êàê y = 0, à ïðè ëþáûõ äðóãèõ çíà÷åíèÿõ a è b, ëåæàùèõ

íà ïàðàáîëå b =
(
a
2

)2
+ 1, âîçíèêàåò 3 íåïîäâèæíûå òî÷êè:

(1, 0), (0, 0),
(

1
b ,

a
2b

)
.

Åñëè D > 0 (b <
(
a
2

)2
+ 1), òî ó íàñ ìîæåò áûòü äî ÷åòûðåõ

íåïîäâèæíûõ òî÷åê:

(0, 0), (1, 0),

(
1

b
,
a−
√
a2 − 4b+ 4

2b

)
,

(
1

b
,
a+
√
a2 − 4b+ 4

2b

)
.

Íî åñëè b = 1, òî òî÷êà
(

1
b ,

a−
√
a2−4b+4
2b

)
ñîâïàäàåò ñ òî÷êîé

(1, 0) è îñòàþòñÿ òðè íåïîäâèæíûå òî÷êè: (0, 0), (1, 0), (1, a).

Äëÿ îñòàëüíûõ çíà÷åíèé ïàðàìåòðîâ èç îáëàñòè b <
(
a
2

)2
+ 1

âñå ÷åòûðå òî÷êè ðàçëè÷íû.
Ðàññìîòðèì íåïîäâèæíûå òî÷êè, ëåæàùèå íà êðèâîé γ. Êî-

ãäà 0 < b < 1, òî, ñîñ÷èòàâ ïðîèçâîäíóþ, ëåãêî âèäåòü, ÷òî
òî÷êà (1, 0)�ïðèòÿãèâàþùàÿ, è äâå äðóãèå íåïîäâèæíûå òî÷-
êè îáðàçóþò ãðàíèöû èíâàðèàíòíîãî èíòåðâàëà áàññåéíà ïðè-
òÿæåíèÿ òî÷êè (1, 0).
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Êîãäà 1 < b <
(
a
2

)2
+ 1, òî îòîáðàæåíèå fφ òàêæå îáëàäàåò

èíâàðèàíòíûì èíòåðâàëîì, íî òî÷êà (1, 0) óæå âõîäèò â ãðàíè-
öó ýòîãî èíâàðèàíòíîãî èíòåðâàëà, êîòîðûé ïðåäñòàâëÿåò ñî-
áîé áàññåéí ïðèòÿæåíèÿ, îáðàçîâàííûé îäíîé èç îñòàâøèõñÿ
íåïîäâèæíûõ ïðèòÿãèâàþùèõ òî÷åê.
Ñóììèðóåì ïîëó÷åííûå ðåçóëüòàòû â ñëåäóþùåé òåîðåìå:

Òåîðåìà 5.1. Îäíîðîäíûå âíóòðåííèå êâàäðàòè÷íûå îòîá-
ðàæåíèÿ öèëèíäðà R2 \ O ëèíåéíûìè çàìåíàìè êîîðäè-
íàò ñâîäÿòñÿ ê îòîáðàæåíèÿì äâóõïàðàìåòðè÷åñêîãî ñåìåé-
ñòâà (4.1). Ïðè ýòîì äëÿ ïîëó÷åííûõ êîýôôèöèåíòîâ ñïðàâåä-
ëèâû ñëåäóþùèå óòâåðæäåíèÿ:
(a) åñëè ïàðàìåòðû a è b ïîïàäàþò âíóòðü îáëàñòè

a2 +
(
b− 5

2

)2
<
(

3
2

)2
,

òî îòîáðàæåíèå òîïîëîãè÷åñêè ñîïðÿæåíî ãîëîìîðôíîìó
îòîáðàæåíèþ z2;

(b) çà èñêëþ÷åíèåì òî÷êè a = 0 b = 1, îáëàñòü b ≤
(
a
2

)2
+ 1

â ïîëóïëîñêîñòè ïàðàìåòðîâ {(a, b)|b > 0}, ñîõðàíÿþùèõ îðè-
åíòàöèþ îòîáðàæåíèé ñåìåéñòâà (4.1), ñîäåðæèò îòîáðà-
æåíèÿ, êîòîðûå òîïîëîãè÷åñêè íå ñîïðÿæåíû ãîëîìîðôíîìó
îòîáðàæåíèþ z2;

(c) â îáëàñòè b ≤
(
a
2

)2
+ 1 ìîæíî âûäåëèòü ñëåäóþùèå ïîä-

ìíîæåñòâà:

• òî÷êà a = 0 b = 1;
• ïðÿìàÿ b = 1 áåç òî÷êè a = 0 b = 1;

• ïàðàáîëà b =
(
a
2

)2
+ 1 áåç òî÷êè a = 0 b = 1;

• äâóìåðíûå îòêðûòûå îáëàñòè - ñâÿçíûå êîìïîíåíòû
äîïîëíåíèÿ ê îáúåäèíåíèþ âûøåïåðå÷èñëåííûõ ïîäìíî-
æåñòâ â ïîëóïëîñêîñòè ïàðàìåòðîâ.

òàêèå, ÷òî îòîáðàæåíèÿ, ïàðàìåòðû êîòîðûõ ïðèíàäëåæàò
ïîäìíîæåñòâàì ðàçíûõ ðàçìåðíîñòåé, òîïîëîãè÷åñêè íå ñî-
ïðÿæåíû ìåæäó ñîáîé, òàê êàê èìåþò ðàçíîå ÷èñëî íåïî-
äâèæíûõ òî÷åê.
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Äëÿ äàëüíåéøåãî îïèñàíèÿ êëàññîâ òîïîëîãè÷åñêîé ñîïðÿ-
æåííîñòè îòîáðàæåíèé ñåìåéñòâà (4.1) íåîáõîäèìî äàëüíåéøåå
èññëåäîâàíèå èõ ïåðèîäè÷åñêèõ òî÷åê.
Ïðè ýòîì èññëåäîâàíèå òî÷åê ïåðèîäà 2 åùå ìîæåò áûòü âû-

ïîëíåíî àíàëèòè÷åñêèì ñïîñîáîì, òàê êàê ñâîäèòñÿ ê óðàâíå-
íèÿì 4-é ñòåïåíè, îäíàêî èññëåäîâàíèå òî÷åê áîëåå âûñîêèõ
ïåðèîäîâ ïðèâîäèò ê óðàâíåíèÿì 8-é è áîëüøå ñòåïåíè, ÷òî
ïîòðåáóåò ïðèáëèæåííûõ âû÷èñëåíèé è ýêñïåðèìåíòîâ íà êîì-
ïüþòåðå. Â ðàáîòå [4] áûëî âûñêàçàíî ïðåäïîëîæåíèå, ÷òî ÷èñ-
ëî ïåðèîäè÷åñêèõ èíòåðâàëîâ ó èíäóöèðîâàííîãî îòîáðàæåíèÿ
îêðóæíîñòè áóäåò êîíå÷íûì. Èñïîëüçóÿ êîìïüþòåðíûå ýêñïå-
ðèìåíòû, ìîæíî ïîïûòàòüñÿ îöåíèòü ýòî ÷èñëî, çàòåì äîêàçû-
âàòü ïîëó÷åííóþ ãèïîòåçó ìåòîäàìè îäíîìåðíîé äèíàìèêè.
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Ïðèìåðû âíóòðåííèõ îòîáðàæåíèé
öèëèíäðà ñ íåéòðàëüíî íåáëóæäàþ-
ùèìè òî÷êàìè, íå ÿâëÿþùèìèñÿ
íåéòðàëüíî ðåêóððåíòíûìè

We construct examples of inner mappings of cylinder with neutrally non-
wandering points that are not neutrally recurrent.

Ïîáóäîâàíî ïðèêëàäè âíóòðiøíiõ âiäîáðàæåíü öèëiíäðà, ÿêi ìàþòü
íåéòðàëüíî íåáëóêàþ÷i òî÷êè, ùî íå ¹ íåéòðàëüíî ðåêóðåíòíèìè.

1. Ââåäåíèå

Â ðàáîòàõ [1,2] áûëè ââåäåíû íîâûå òîïîëîãè÷åñêèå èíâàðè-
àíòû âíóòðåííèõ îòîáðàæåíèé, â êà÷åñòâå ìîäåëè äëÿ êîòîðûõ
áûëè âçÿòû èíâàðèàíòíûå ìíîæåñòâà äèíàìè÷åñêèõ ñèñòåì,
îáðàçîâàííûå ãîìåîìîðôèçìàìè. Â ÷àñòíîñòè, áûëè ââåäåíû
ìíîæåñòâà íåéòðàëüíî ðåêóððåíòíûõ è íåéòðàëüíî íåáëóæ-
äàþùèõ òî÷åê. Êàê èçâåñòíî, èõ àíàëîãè �ìíîæåñòâà ðåêóð-
ðåíòíûõ è íåáëóæäàþùèõ òî÷åê ðàçëè÷íû (ñì. [3], ãëàâà 1.1).
Îäíàêî îñòàâàëñÿ îòêðûòûì âîïðîñ, ðàçëè÷íû ëè ìíîæåñòâà
íåéòðàëüíî ðåêóððåíòíûõ è íåéòðàëüíî íåáëóæäàþùèõ òî÷åê.
Ïîñòðîåííûé â [4] ïðèìåð äàë íà ýòîò âîïðîñ ïîëîæèòåëüíûé
îòâåò. Îäíàêî ïîñòðîåííîå îòîáðàæåíèå ÿâëÿåòñÿ âíóòðåííèì
îòîáðàæåíèåì íåêîòîðîãî àáñòðàêòíîãî òîïîëîãè÷åñêîãî ïðî-
ñòðàíñòâà, íå âëîæèìîãî íè â êàêîå êîíå÷íîìåðíîå ìíîãîîáðà-
çèå. Â äàííîé ðàáîòå òàêæå ïîñòðîåíû ïðèìåðû îòîáðàæåíèé,
ó êîòîðûõ íåéòðàëüíî íåáëóæäàþùåå ìíîæåñòâî îòëè÷íî îò

© È. Þ. Âëàñåíêî, Ò. Â. Ðûáàëêèíà, 2015
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íåéòðàëüíî ðåêóððåíòíîãî ìíîæåñòâà, à òàêæå äîïîëíèòåëüíî
íåéòðàëüíî íåáëóæäàþùåå ìíîæåñòâî îòëè÷íî îò íåéòðàëüíî
ïðåäåëüíîãî ìíîæåñòâà, è íåéòðàëüíî ïðåäåëüíîå ìíîæåñòâî
îòëè÷íî îò íåéòðàëüíî ðåêóððåíòíîãî ìíîæåñòâà. Êðîìå òî-
ãî, â îòëè÷èå îò ïðèìåðà â [4], ïîñòðîåííîãî íà íåêîòîðîì àá-
ñòðàêòíîì òîïîëîãè÷åñêîì ïðîñòðàíñòâå, äàííûå ïðèìåðû ÿâ-
ëÿþòñÿ íàêðûòèÿìè äâóìåðíîãî öèëèíäðà.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Âíóòðåííèì îòîáðàæåíèåì áóäåì íàçûâàòü îòêðûòîå (îá-
ðàç îòêðûòîãî ìíîæåñòâà îòêðûò) èçîëèðîâàííîå (ïðîîáðàç
êàæäîé òî÷êè ñîñòîèò èç èçîëèðîâàííûõ òî÷åê) îòîáðàæå-
íèå. Ïóñòü f : X → X � âíóòðåííèé ýíäîìîðôèçì öèëèíäðà
X = R× S1.
Ñëåäóþùèå îïðåäåëåíèÿ áûëè ââåäåíû â [1,2].

Îïðåäåëåíèå 2.1. Íåéòðàëüíûì ñå÷åíèåì òî÷êè x íàçîâåì
ìíîæåñòâî

O⊥f (x) =
⋃
n≥0

f−n(fn(x)). (2.1)

Îïðåäåëåíèå 2.2. Òî÷êà x íàçûâàåòñÿ íåéòðàëüíî ðåêóð-
ðåíòíîé (èëè ⊥-ðåêóððåíòíîé), åñëè x ãðàíè÷íàÿ òî÷êà
äëÿ ìíîæåñòâà O⊥f (x) \ {x}.

Îïðåäåëåíèå 2.3. Òî÷êà x íàçûâàåòñÿ áëóæäàþùåé òî÷-
êîé f , åñëè íàéäåòñÿ òàêàÿ åå îêðåñòíîñòü U , ÷òî fm(U) ∩
U = ∅ äëÿ âñåõ m ∈ Z. Ïðè ýòîì U íàçûâàåòñÿ îêðåñòíî-
ñòüþ áëóæäàíèÿ äëÿ x. Èíà÷å òî÷êà íàçûâàåòñÿ íåáëóæ-

äàþùåé.

Îïðåäåëåíèå íèæå ïðèìåíèìî òîëüêî äëÿ ëîêàëüíî ñâÿçíûõ
ïðîñòðàíñòâ, íî â äàííîì ñëó÷àå åãî äîñòàòî÷íî. Îáùàÿ ôîðìà
ýòîãî îïðåäåëåíèÿ åñòü â [2].
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Îïðåäåëåíèå 2.4. Òî÷êà x íàçûâàåòñÿ íåéòðàëüíî áëóæ-

äàþùåé (èëè ⊥-áëóæäàþùåé) òî÷êîé f , åñëè íàéäåòñÿ îò-
êðûòàÿ îêðåñòíîñòü U òî÷êè x òàêàÿ, ÷òî U ÿâëÿåòñÿ êîì-
ïîíåíòîé ñâÿçíîñòè ìíîæåñòâà ∪n≥0f

−n(fn(U)). Ïðè ýòîì
U íàçûâàåòñÿ îêðåñòíîñòüþ ⊥-áëóæäàíèÿ äëÿ x. Èíà÷å
òî÷êà íàçûâàåòñÿ ⊥-íåáëóæäàþùåé.

Çäåñü è âåçäå çíàê ⊥- áóäåò ñèíîíèìîì è ñîêðàùåíèåì ñëî-
âà �íåéòðàëüíî�. Òîãäà â îïðåäåëåíèÿõ âûøå ⊥-áëóæäàþùåå
îçíà÷àåò íåéòðàëüíî áëóæäàþùåå, ⊥-ðåêóððåíòíîå îçíà÷àåò
íåéòðàëüíî ðåêóððåíòíîå è ò. ä.

Îïðåäåëåíèå 2.5. Ìíîæåñòâî U íàçîâåì íåéòðàëüíî èí-

âàðèàíòíûì îòíîñèòåëüíî f , åñëè äëÿ âñåõ x ∈ U , O⊥f (x) ⊂
U .

Îïðåäåëåíèå 2.6. Ìíîæåñòâî f−n(fn(U))\f−(n−1)(fn−1(U))
íàçîâåì n-é íåéòðàëüíîé èòåðàöèåé ìíîæåñòâà U .

Îïðåäåëåíèå 2.7. Íåéòðàëüíûì ïðåäåëüíûì ìíîæå-

ñòâîì òî÷êè x íàçîâåì

⊥(x) =
⋂
n∈N

O⊥f (x) \ f−n(fn(x))

Îïðåäåëåíèå 2.8. Ìíîæåñòâî òî÷åê y òàêèõ, ÷òî íàéäåò-
ñÿ x, òàêîå, ÷òî y ∈ ⊥(x), íàçîâåì ìíîæåñòâîì íåé-

òðàëüíûõ ïðåäåëüíûõ òî÷åê îòîáðàæåíèÿ f è îáîçíà÷èì
÷åðåç Lim⊥(f).

3. Èòåðèðîâàííàÿ ãðóïïà ìîíîäðîìèè

Îïðåäåëåíèå 3.1. Îòêðûòîå ìíîæåñòâî U ïðàâèëüíî íà-

êðûòî îòîáðàæåíèåì f , åñëè f−1(U) ìîæíî ïðåäñòàâèòü â
âèäå äèçúþíêòíîãî îáúåäèíåíèÿ îòêðûòûõ ìíîæåñòâ Vi ⊂
X, êàæäîå èç êîòîðûõ ãîìåîìîðôíî îòîáðàæàåòñÿ íà U ïðè
ïîìîùè f .

Îïðåäåëåíèå 3.2. Íåïðåðûâíîå îòîáðàæåíèå f : X → X íà-
çûâàåòñÿ íàêðûâàþùèì, åñëè ëþáàÿ òî÷êà x ∈ X èìååò
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îòêðûòóþ îêðåñòíîñòü, ïðàâèëüíî íàêðûòóþ îòîáðàæåíè-
åì f . Â ýòîì ñëó÷àå ìû ãîâîðèì, ÷òî f �íàêðûòèå.

Îïðåäåëåíèå 3.3. Ãîìåîìîðôèçì h : X → X íàçûâàåòñÿ
ñêîëüæåíèåì èëè æå àâòîìîðôèçìîì íàêðûòèÿ f : X →
X, åñëè f ◦ h = f .

Ïðåäïîëîæèì, ÷òî X �ìíîãîîáðàçèå ñ àáåëåâîé ôóíäàìåí-
òàëüíîé ãðóïïîé π1(X), äëÿ êîòîðîãî ñóùåñòâóåò íàêðûâàþ-
ùåå îòîáðàæåíèå f : X → X. Òîãäà äëÿ êàæäîãî n ≥ 1 îòîáðà-
æåíèÿ fn òàêæå ÿâëÿþòñÿ íàêðûòèÿìè. Îòìåòèì, ÷òî f èíäó-
öèðóåò ãîìîìîðôèçì ôóíäàìåíòàëüíîé ãðóïïû π1(X) â ñåáÿ.
Ïîñêîëüêó π1(X) � àáåëåâà, òî îáðàç π1(X) ÿâëÿåòñÿ íîðìàëü-
íîé ïîäãðóïïîé â π1(X). Òàêèå íàêðûòèÿ íàçûâàþò ðåãóëÿðíû-
ìè. Â ýòîì ñëó÷àå ôàêòîð-ãðóïïà Gf = π1(X)/f(π1(X)) äåé-
ñòâóåò íà X, òàê, ÷òî îòîáðàæåíèå f ìîæíî ðàññìàòðèâàòü êàê
ôàêòîð-îòîáðàæåíèå f : X → X/Gf ∼= X.
Àíàëîãè÷íî, òàê êàê π1(X) àáåëåâà, òî íàêðûòèå fn : X → X

òàêæå áóäåò ðåãóëÿðíûì, à çíà÷èò fn : X → X/Gfn ∼= X, ãäå
Gfn = π1(X)/fn(π1(X))� ãðóïïà àâòîìîðôèçìîâ íàêðûòèÿ fn

(ñì., íàïðèìåð, [5]).
Äðóãèìè ñëîâàìè, ìû èìååì óáûâàþùóþ ïîñëåäîâàòåëü-

íîñòü íîðìàëüíûõ ïîäãðóïï

π1X ⊃ f(π1X) ⊃ · · · ⊃ fn(π1X) ⊃ fn+1(π1X) ⊃ · · · ,

è ñîîòâåòñòâóþùóþ âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü ôàê-
òîð-ãðóïï:

Gf ⊂ Gf2 ⊂ · · · ⊂ Gfn ⊂ · · · .
Ïðÿìîé ïðåäåë ýòèõ ãðóïï ïî âëîæåíèþ îáîçíà÷èì ÷åðåç Gf∞
è íàçîâåì ãðóïïîé èòåðèðîâàííîé ìîíîäðîìèè íàêðûòèÿ f .
Ýòà ãðóïïà äåéñòâóåò íà X ãîìåîìîðôèçìàìè.
Äëÿ ïðîèçâîëüíîé òî÷êè x ∈ X ðàññìîòðèì òî÷êó fn(x).

Ýëåìåíòû ãðóïïû Gfn � ãîìåîìîðôèçìû X → X, êîòîðûå
îòîáðàæàþò òî÷êó x â ðàçëè÷íûå ïðîîáðàçû òî÷êè fn(x) ïîä
äåéñòâèåì f−n. Ïîýòîìó çíà÷åíèå ìíîãîçíà÷íîãî îòîáðàæåíèÿ
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f−n ◦ fn â òî÷êå x ñîâïàäàåò ñ îáúåäèíåíèåì çíà÷åíèé âñåõ
ýëåìåíòîâ ãðóïïû Gfn â òî÷êå x, ò. å.

f−n(fn(x)) =
⋃

h∈Gfn

h(x).

Îòñþäà âûòåêàåò, ÷òî ãðóïïà Gf∞ èòåðèðîâàííîé ìîíîäðîìèè
íàêðûòèÿ f îñòàâëÿåò èíâàðèàíòíûìè íåéòðàëüíûå ñå÷åíèÿ
òî÷åê.

4. Ñåìåéñòâî íàêðûòèé öèëèíäðà

Áóäåì ñòðîèòü ïðèìåðû ñ ïîìîùüþ ñïåöèàëüíîãî ñåìåéñòâà
âíóòðåííèõ îòîáðàæåíèé äâóìåðíîãî öèëèíäðà R × S1, ñ êî-
îðäèíàòàìè r ∈ R è ϕ ∈ [0, 1). Ýòè âíóòðåííèå îòîáðàæåíèÿ
èìåþò âèä f(r, ϕ) = (r+1+d(r, ϕ), 2ϕ), ãäå ôóíêöèÿ d(r, ϕ) ïî-
äîáðàíà òàê, ÷òî ïðè ëþáîì ôèêñèðîâàííîì çíà÷åíèè ϕ îòîá-
ðàæåíèå r+ d(r, ϕ) ÿâëÿåòñÿ ãîìåîìîðôèçìîì îòðåçêà [0, 1] íà
ñåáÿ, à îòîáðàæåíèå f(r, ϕ) òîïîëîãè÷åñêè ñîïðÿæåíî ñàìî ñ
ñîáîé ñ ïîìîùüþ ãîìåîìîðôèçìà ñäâèãà r 7→ r + 1. Êàê ñëåä-
ñòâèå, òîãäà d(r+ 1, ϕ) = d(r, ϕ). Ëåãêî ïðîâåðèòü, ÷òî êîîðäè-
íàòíûå ïðÿìûå ϕ = const ýòîãî öèëèíäðà îáðàçóþò äëÿ âñåõ
îòîáðàæåíèé òàêîãî âèäà èíâàðèàíòíîå ñëîåíèå. Â ÷àñòíîñòè,
ïðÿìàÿ ϕ = 0 îòîáðàæàåòñÿ èìè â ñåáÿ.
Â òàêîì âèäå ýòè îòîáðàæåíèÿ ÿâëÿþòñÿ íàêðûòèÿìè öè-

ëèíäðà ñòåïåíè 2. Ãðóïïà àâòîìîðôèçìîâ òàêîãî íàêðûòèÿ ÿâ-
ëÿåòñÿ öèêëè÷åñêîé ñòåïåíè 2. Ñîîòâåòñòâåííî, ãðóïïà àâòî-
ìîðôèçìîâ k-é ñòåïåíè òàêîãî íàêðûòèÿ ÿâëÿåòñÿ öèêëè÷åñêîé
ñòåïåíè 2k, à îïèñàííàÿ âûøå ãðóïïà èòåðèðîâàííîé ìîíîäðî-
ìèè� ãðóïïîé äâîè÷íî-ðàöèîíàëüíûõ âû÷åòîâ ïî ìîäóëþ 1.
Äëÿ ãîìåîìîðôèçìà ãðóïïû èòåðèðîâàííîé ìîíîäðîìèè íà-

êðûòèé öèëèíäðà ìîæíî ââåñòè îáîçíà÷åíèÿ âèäà hϕ, ãäå h0

� òîæäåñòâåííîå îòîáðàæåíèå, à hψ � àâòîìîðôèçì íåêîòîðîé
ñòåïåíè íàêðûòèÿ, êîòîðûé ïåðåâîäèò ïðÿìóþ ϕ = 0 â ïðÿìóþ
ϕ = ψ. Èç êîììóòàòèâíîñòè ñëåäóåò, ÷òî hϕ1 ◦ hϕ2 = hϕ1+ϕ2 .
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5. Ïîñòðîåíèå ïðèìåðîâ

Ïîñòðîèì ïðèìåðû íàêðûòèé öèëèíäðà, ó êîòîðûõ åñòü ⊥-
íåáëóæäàþùèå òî÷êè, íå ÿâëÿþùèåñÿ ⊥-ðåêóððåíòíûìè.

Ïðèìåð 5.1. Ïðèìåð îòîáðàæåíèÿ, èìåþùåãî ⊥-íåáëóæäà-
þùèå ⊥-ïðåäåëüíûå, íî íå ⊥-ðåêóððåíòíûå òî÷êè.

Ïîñòðîåíèå. Ïóñòü âíóòðåííåå îòîáðàæåíèå öèëèíäðà
f(r, ϕ) = (R(r, ϕ),Φ(ϕ)) çàäàíî ñ ïîìîùüþ ïàðû ôóíêöèé
R(r, ϕ) = r + 1 + d(r, ϕ) è Φ(ϕ) = 2ϕ, ãäå

d(r, ϕ) =
1

4
min

(
{r}, 1− {r}

)
min

(
{ϕ}, 1− {ϕ}

)
,

ïðè÷åì ôóíêöèÿ d(r, ϕ) ïîäîáðàíà òàê, ÷òîáû îòîáðàæåíèå
r+ d(r, ϕ) ïðè ëþáîì ôèêñèðîâàííîì çíà÷åíèè ϕ ÿâëÿëîñü ãî-
ìåîìîðôèçìîì îòðåçêà [0, 1] íà ñåáÿ.
Áëàãîäàðÿ ñïåöèàëüíîìó âèäó ôóíêöèè d(r, ϕ), îòîáðàæåíèå

f−1, îáðàòíîå ê îòîáðàæåíèþ f , ìîæíî âûïèñàòü ÿâíî. Èìåí-
íî, ïóñòü f ((r′, ϕ′)) = (r, ϕ). Òîãäà{

r′ + 1 + 1
4 min

(
{r′}, 1− {r′}

)
min

(
{ϕ}, 1− {ϕ}

)
= r

2ϕ′ mod 1 = ϕ.

Çàìåòèì, ÷òî îáîçíà÷åíèå òî÷êè ïðîîáðàçà ÷åðåç (r′, ϕ′)
íåîäíîçíà÷íî. Îòîáðàæåíèå f ÿâëÿåòñÿ íàêðûòèåì ñòåïåíè 2,
ïîýòîìó ó òî÷êè (r, ϕ) ðîâíî 2 ïðîîáðàçà. Îáîçíà÷èì èõ (r′0, ϕ

′
0)

è (r′1, ϕ
′
1).

Îòîáðàæåíèå f èìååò òðåóãîëüíûé âèä1, è ϕ′ ìîæíî ðàçðå-
øèòü ÷åðåç ϕ íåçàâèñèìî îò r è r′. Äëÿ ϕ′ èìååòñÿ 2 çíà÷åíèÿ:
ϕ′0 = ϕ

2 è ϕ′1 = (ϕ2 + 1
2) mod 1. Îáîçíà÷èì

C0 =
1

4
min

(
{ϕ′0}, 1− {ϕ′0}

)
, C1 =

1

4
min

(
{ϕ′1}, 1− {ϕ′1}

)
.

1Îòîáðàæåíèå f îò n ïåðåìåííûõ x1,. . . , xn èìååò òðåóãîëüíûé âèä, åñëè
åãî êîîðäèíàòíàÿ ôóíêöèÿ fn çàâèñèò òîëüêî îò ïåðåìåííîé xn; êîîðäè-
íàòíàÿ ôóíêöèÿ fn−1 çàâèñèò òîëüêî îò xn−1 è xn; êîîðäèíàòíàÿ ôóíêöèÿ
fn−2 çàâèñèò òîëüêî îò xn−2,. . . , xn è ò. ä.
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Òîãäà äëÿ r′0 è r
′
1 âûïîëíåíû ñîîòíîøåíèÿ

r′0 + 1 + C0 min
(
{r′0}, 1− {r′0}

)
= r,

r′1 + 1 + C1 min
(
{r′1}, 1− {r′1}

)
= r.

Çàïèøåì r′i, i ∈ {0, 1}, êàê ñóììó öåëîé br′ic è äðîáíîé {r′i}
÷àñòåé:

br′ic+ {r′i}+ 1 + Ci min
(
{r′i}, 1− {r′i}

)
= brc+ {r}.

Ôóíêöèÿ d(r, ϕ) ïîäîáðàíà òàê, ÷òîáû îòîáðàæåíèå r+d(r, ϕ)
ïðè ëþáîì çíà÷åíèè ϕ ÿâëÿëîñü ãîìåîìîðôèçìîì îòðåçêà [0, 1]
íà ñåáÿ, ïîýòîìó âñåãäà br′ic+ 1 = brc. Îòñþäà ñëåäóåò, ÷òî

{r′i}+ Ci min
(
{r′i}, 1− {r′i}

)
= {r}.

Òîãäà {r′i} ðàçðåøàåòñÿ ÷åðåç {r} ñëåäóþùèì îáðàçîì:

{r′i} =


{r}

1+Ci
{r′i} ≤ 1− {r′i}

{r}−Ci

1−Ci
{r′i} ≥ 1− {r′i}.

Ïîñêîëüêó óñëîâèÿ {r′i} ≤ 1− {r′i} è {r′i} ≥ 1− {r′i} âûðàæåíû
â òåðìèíàõ èñêîìîé âåëè÷èíû {r′i}, èõ óäîáíåå ïåðåïèñàòü â
òåðìèíàõ ñðàâíåíèÿ {r} ñ íåêîòîðûì ïîðîãîâûì çíà÷åíèåì.
Åñëè {r′i} ≤ 1−{r′i}, òî {r′i} ≤ 1

2 , ñëåäîâàòåëüíî, {r} ≤
1
2 + 1

2Ci.

È íàîáîðîò, åñëè {r′i} ≥ 1 − {r′i}, òî {r′i} ≥ 1
2 , ñëåäîâàòåëüíî,

{r} ≥ 1
2 + 1

2Ci. Òîãäà, çíàÿ ϕ
′
i, r
′
i ìîæíî îäíîçíà÷íî âû÷èñëèòü

÷åðåç r è ϕ′i:

br′ic = brc − 1,

{r′i} =


{r}

1+Ci
{r} ≤ 1

2 + 1
2Ci

{r}−Ci

1−Ci
{r} ≥ 1

2 + 1
2Ci.

(5.2)

Çàìåòèì, ÷òî ïîñêîëüêó ϕ ìîæåò ïðèíèìàòü çíà÷åíèÿ íà îòðåç-
êå [0, 1), òî âûðàæåíèÿ Ci = 1

4 min ({ϕ′i}, 1− {ϕ′i}) ïðèíèìàþò
çíà÷åíèÿ íà îòðåçêå [0, 1

8 ]. Ïðè ýòîì, åñëè Ci = 0, òî ãðàôèê
âûðàæåíèÿ (5.2) åñòü ãðàôèê òîæäåñòâåííîãî îòîáðàæåíèÿ, à
åñëè Ci > 0, òî ãðàôèê âûðàæåíèÿ (5.2) ïðåäñòàâëÿåò ñîáîé
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ëîìàíóþ èç äâóõ çâåíüåâ, êîòîðàÿ ñòðîãî íèæå ãðàôèêà òîæ-
äåñòâåííîãî îòîáðàæåíèÿ íà âíóòðåííîñòè îòðåçêà [0, 1] è ïå-
ðåñåêàåòñÿ ñ ãðàôèêîì òîæäåñòâåííîãî îòîáðàæåíèÿ â òî÷êàõ
(0, 0) è (1, 1). Êàê ñëåäñòâèå, äëÿ ëþáîé òî÷êè öèëèíäðà, ó êî-
òîðîé äðîáíàÿ ÷àñòü åå r-êîîðäèíàòû {r} 6= 0, åñëè åå ïðîîáðàç
ïîä äåéñòâèåì f íå ëåæèò íà ïðÿìîé ϕ = 0, òî ó åå ïðîîáðà-
çà äðîáíàÿ ÷àñòü åå r-êîîðäèíàòû áóäåò ñòðîãî ìåíüøå, ÷åì ó
èñõîäíîé òî÷êè.
Íåéòðàëüíûå èòåðàöèè ïðÿìîé ϕ = const âñþäó ïëîòíû â öè-

ëèíäðå. Êðîìå òîãî, îêðóæíîñòè r = 0 mod 1 èíâàðèàíòíû, è
íà íèõ îòîáðàæåíèå ñîâïàäàåò ñî ñòàíäàðòíûì ðàñòÿãèâàþùèì
îòîáðàæåíèåì 2ϕ. Ñëåäîâàòåëüíî, îêðóæíîñòè r = 0 mod 1 ÿâ-
ëÿþòñÿ íåéòðàëüíûì ïðåäåëüíûì ìíîæåñòâîì äëÿ ñâîèõ òî-
÷åê.
Ëåãêî ïðîâåðèòü, ÷òî îòîáðàæåíèå f òîïîëîãè÷åñêè ñîïðÿ-

æåíî ñàìî ñ ñîáîé ñ ïîìîùüþ ãîìåîìîðôèçìà ñäâèãà r 7→ r+1.
Êàê ñëåäñòâèå, íà âñåõ çàìêíóòûõ êîëüöàõ Uk ìåæäó îêðóæ-
íîñòÿìè r = k è r = k + 1 äèíàìèêà îäèíàêîâà ñ òî÷íîñòüþ äî
ñäâèãà r 7→ r+1. Ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü òîëüêî îäíî
êîëüöî.
Ðàññìîòðèì çàìêíóòîå êîëüöî U0, îãðàíè÷åííîå îêðóæíî-

ñòÿìè r = 0 è r = 1. Ïî ïîñòðîåíèþ âñå òî÷êè öèëèíäðà áëóæ-
äàþùèå, à êîëüöà ìåæäó îêðóæíîñòÿìè r = 0 mod 1 ÿâëÿþòñÿ
íåéòðàëüíî èíâàðèàíòíûìè. Ïîýòîìó U0 ÿâëÿåòñÿ ôóíäàìåí-
òàëüíîé îêðåñòíîñòüþ âòîðîãî ðîäà1 è äëÿ ëþáîé òî÷êè x ∈ U0,
O⊥f (x) ⊂ U0. Ïîñêîëüêó U0 çàìêíóòî, òî è⊥(x) ⊂ U0. Äëÿ òî÷åê

x ∈ Int(U0) êîíêðåòíûé âèä ìíîæåñòâ ⊥(x) çàâèñèò îò ñâîéñòâ
îòîáðàæåíèÿ f .
Äëÿ ëþáîãî îòðåçêà Iφ0 , îáðàçîâàííîãî ïåðåñå÷åíèåì êîîð-

äèíàòíîé ïðÿìîé ϕ = φ0 c çàìêíóòûì êîëüöîì U0, ìíîæåñòâî
∪
m
f−m(fm(Iφ0)) ïëîòíî â çàìêíóòîì êîëüöå U0.

1Ñì. ðàçäåë 4.6 â [2].
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Ðàññìîòðèì îòðåçîê I0 = U0 ∩ {ϕ = 0}. Ýòîò îòðåçîê óäî-
áåí òåì, ÷òî äëÿ ëþáîé åãî âíóòðåííåé òî÷êè x ∈ Int(I0) îáðà-
çû ýòîé òî÷êè ïîä äåéñòâèåì ïîñëåäîâàòåëüíîñòè íåéòðàëüíûõ
îòîáðàæåíèé f−n◦fn íàêàïëèâàþòñÿ ïî íàïðàâëåíèþ ê îêðóæ-
íîñòè r = 0. Äîêàæåì ýòîò ôàêò.
Ôóíêöèÿ d(r, ϕ) âûáðàíà òàê, ÷òî êîãäà ϕ = 0, òî d(r, ϕ) = 0.

Ïîýòîìó fn ((r, 0)) = (r + n, 0) äëÿ ëþáîé òî÷êè âèäà (r, 0) è
n ≥ 0. Â ÷àñòíîñòè, òî÷êè èç I0 òàêæå èìåþò âèä (r, 0).
Ðàññìîòðèì âûøåïðèâåäåííîå âûðàæåíèå (5.2) äëÿ âû÷èñ-

ëåíèÿ ïðîîáðàçîâ òî÷êè ïîä äåéñòâèåì f−1. Ïðèìåíÿÿ åãî ê
âû÷èñëåíèþ f−n èç òî÷åê (r+ n, 0) ëåãêî âèäåòü, ÷òî äëÿ äðó-
ãèõ òî÷åê íåéòðàëüíîãî ñå÷åíèÿ òî÷êè (r, 0) ϕ 6= 0, ïîýòîìó,
êàê óæå áûëî îòìå÷åíî âûøå, èç âûðàæåíèÿ (5.2) ñëåäóåò, ÷òî
äðîáíàÿ ÷àñòü åå r-êîîðäèíàòû áóäåò ñòðîãî ìåíüøå, ÷åì ó èñ-
õîäíîé òî÷êè.
Òàêèì îáðàçîì, òî÷êè èç âíóòðåííîñòè îòðåçêà I0 íå ÿâëÿ-

þòñÿ ⊥-ðåêóððåíòíûìè, è äëÿ ëþáîé òî÷êè èç âíóòðåííîñòè
îòðåçêà I0 åå íåéòðàëüíûå èòåðàöèè âñå äàëüøå ñäâèãàþòñÿ
ïî íàïðàâëåíèþ ê îêðóæíîñòè r = 0. Âîçíèêàåò âîïðîñ: êàê
óñòðîåíî íåéòðàëüíî ïðåäåëüíîå ìíîæåñòâî ýòèõ òî÷åê? Ñî-
ñòîèò ëè îíî èç îêðóæíîñòè r = 0, èëè òóäà âõîäÿò è äðóãèå
òî÷êè?
Èñïîëüçóÿ îïðåäåëåíèå f è âûðàæåíèå (5.2), íåéòðàëüíûå

èòåðàöèè òî÷åê ìîæíî ÿâíî è òî÷íî âû÷èñëèòü. Ê ïðèìåðó,
ðàññìîòðèì íåéòðàëüíîå ñå÷åíèå òî÷êè A = (1

2 , 0).
Íåéòðàëüíîå ñå÷åíèå ñîñòîèò èç òî÷åê f−n(fn(A)). Åãî ìîæ-

íî ïðåäñòàâèòü êàê îáúåäèíåíèå íåïåðåñåêàþùèõñÿ �íåéòðàëü-
íûõ èòåðàöèé�, ìíîæåñòâ ∆k = f−k(fk(A)) \ f−(k−1)(fk−1(A)).
Ëåãêî âèäåòü, ÷òî

∆0 = {A} =
{

(1
2 , 0)

}
,

∆1 = f−1(f1(A)) \ {A} =
{

(4
9 ,

1
2)
}
,

∆2 =
{

( 64
153 ,

1
4), ( 64

153 ,
3
4)
}
,

∆3 =
{

(2048
5049 ,

1
8), (2048

5355 ,
3
8), (2048

5355 ,
5
8), (2048

5049 ,
7
8)
}
.
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Çàìåòèì, ÷òî îòîáðàæåíèå f ñèììåòðè÷íî ïî ϕ îòíîñèòåëü-
íî èíâîëþöèè ϕ 7→ 1− ϕ, ïîýòîìó íåéòðàëüíîå ñå÷åíèå è ìíî-
æåñòâà ∆k òàêæå ñèììåòðè÷íû. Ñîîòâåòñòâåííî, äîñòàòî÷íî
óêàçàòü òîëüêî ïîëîâèíó ýòèõ ìíîæåñòâ. Â ÷àñòíîñòè,

∆4 =
{

(131072
328185 ,

1
16), (131072

358785 ,
3
16), (131072

369495 ,
5
16), (131072

358479 ,
7
16), . . .

}
,

∆5 =
{

(16777216
42335865 ,

1
32), (16777216

47000835 ,
3
32), (16777216

49142835 ,
5
32), (16777216

48394665 ,
7
32),

(16777216
49111623 ,

9
32), (16777216

51359805 ,
11
32), (16777216

50588685 ,
13
32), (16777216

46930455 ,
15
32), . . .

}
.

Êàê ìû âèäèì, ñ êàæäîé íîâîé �íåéòðàëüíîé èòåðàöèåé�
ìíîæåñòâîì ∆k, ìàêñèìàëüíîå çíà÷åíèå r-êîîðäèíàòû òî÷åê
ìíîæåñòâà ∆k óìåíüøàåòñÿ, ÷òî ïîäòâåðæäàåò ðàññóæäåíèÿ
âûøå. Îäíàêî ýòîò ìàêñèìóì íå ñõîäèòñÿ ê íóëþ. Ê ïðèìå-
ðó, ñðåäè òî÷åê íåéòðàëüíîãî ñå÷åíèÿ òî÷êè A = (1

2 , 0) åñòü
ïîäïîñëåäîâàòåëüíîñòè, êîòîðûå ñõîäÿòñÿ ê íåêîòîðîé òî÷êå
B = (0.393208 . . . , 0) ∈ I0.
Îñòàíîâèìñÿ íà ýòîì ôàêòå ïîäðîáíåå. Ïîñêîëüêó òî÷íûå

çíà÷åíèÿ â âèäå äðîáåé òî÷åê èç íåéòðàëüíîãî ñå÷åíèÿ òî÷êè
A äîñòàòî÷íî ãðîìîçäêè, âîñïîëüçóåìñÿ òåì, ÷òî f èìååò òðå-
óãîëüíûé âèä, è ââåäåì êîðîòêèå îáîçíà÷åíèÿ äëÿ òî÷åê íåé-
òðàëüíûõ ñå÷åíèé. Ïîñêîëüêó äëÿ ëþáîé òî÷êè öèëèíäðà íà
êàæäîé ïðÿìîé ϕ = const ñîäåðæèòñÿ íå áîëåå îäíîé òî÷êè åå
íåéòðàëüíîãî ñå÷åíèÿ, ââåäåì äëÿ òî÷åê íåéòðàëüíîãî ñå÷åíèÿ
îáîçíà÷åíèÿ âèäà Aϕ, ãäå A� òî÷êà, äëÿ êîòîðîé ðàññìàòðè-
âàåòñÿ íåéòðàëüíîå ñå÷åíèå, ϕ � óãëîâàÿ êîîðäèíàòà îáîçíà÷à-
åìîé òî÷êè íåéòðàëüíîãî ñå÷åíèÿ òî÷êè A. Ê ïðèìåðó, òî÷êó
(4

9 ,
1
2) îáîçíà÷èì ÷åðåç A 1

2
, à èñõîäíàÿ òî÷êà A = (1

2 , 0) ïîëó÷èò

äîïîëíèòåëüíîå îáîçíà÷åíèå A0.
Â ýòèõ îáîçíà÷åíèÿõ ñõîäÿùèåñÿ ê B ïîäïîñëåäîâàòåëüíîñòè

ìîæíî çàïèñàòü êàê (A 1
2n

) è (A1− 1
2n

). Ýòè äâå ïîäïîñëåäîâà-
òåëüíîñòè ñèììåòðè÷íû è ïåðåõîäÿò äðóã â äðóãà ñ ïîìîùüþ
èíâîëþöèè ϕ 7→ 1− ϕ.
Ïîêàæåì, ÷òî ýòè ïîäïîñëåäîâàòåëüíîñòè äåéñòâèòåëüíî

ñõîäÿòñÿ ê òî÷êå B. Èç-çà ñèììåòðèè äîñòàòî÷íî ïîêàçàòü ýòî
òîëüêî äëÿ ïîäïîñëåäîâàòåëüíîñòè (A 1

2n
).
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Îòìåòèì, ÷òî ïîñêîëüêó f ñàìîñîïðÿæåíî ñ ïîìîùüþ ñäâèãà
r 7→ r+ 1, òî äëÿ f ñóùåñòâóåò ýôôåêòèâíûé àëãîðèòì âû÷èñ-
ëåíèÿ èòåðàöèé íåéòðàëüíîãî ñå÷åíèÿ, îòëè÷íûé îò ïîñëåäî-
âàòåëüíîãî âû÷èñëåíèÿ ìíîæåñòâ f−n(fn(x)). Èìåííî, ïóñòü ó
íàñ âû÷èñëåíî ìíîæåñòâî f−n(fn(x)). Ñäâèíåì åãî òî÷êè îòîá-
ðàæåíèåì r 7→ r + 1. Â ñèëó ñàìîñîïðÿæåííîñòè, ïîëó÷åííûå
òî÷êè ïðèíàäëåæàò ìíîæåñòâó f−n(fn+1(x)), è ìû çà îäèí øàã

ìîæåì ïîëó÷èòü ìíîæåñòâî f−(n+1)(fn+1(x)), ïðîñòî ïðèìåíèâ
âûðàæåíèå (5.2). Ïðè ýòîì ñäâèã r 7→ r+ 1 è øàã br′ic = brc− 1
èç âûðàæåíèÿ (5.2) âçàèìíî êîìïåíñèðóþò äðóã äðóãà, ïîýòî-
ìó òàì äîñòàòî÷íî èñïîëüçîâàòü òîëüêî âûðàæåíèå äëÿ âû÷èñ-
ëåíèÿ {r′i}, äîáàâëÿÿ öåëóþ ÷àñòü, âçÿòóþ èç èñõîäíûõ òî÷åê.
Â ÷àñòíîñòè, äëÿ òî÷åê çàìêíóòîãî öèëèíäðà U0 öåëàÿ ÷àñòü
ðàâíà íóëþ, ïîýòîìó äëÿ íèõ âûðàæåíèå äëÿ âû÷èñëåíèÿ {r′i}
ìîæíî èñïîëüçîâàòü íàïðÿìóþ. Ê ïðèìåðó, òî÷êè A 1

8
è A 5

8

ìîæíî íàïðÿìóþ ïîëó÷èòü èç òî÷êè A 1
4
, èñïîëüçóÿ (5.2). Ýòîò

ñïîñîá âû÷èñëåíèé ñóùåñòâåííî óïðîùàåò äàëüíåéøèå ðàññóæ-
äåíèÿ.
Âåðíåìñÿ ê âûøåïðèâåäåííûì òî÷íûì çíà÷åíèÿì òî÷åê Aϕ

ïåðâûõ 5 èòåðàöèé íåéòðàëüíîãî ñå÷åíèÿ òî÷êè A. Óæå íà-
÷èíàÿ ñ 4-é èòåðàöèè, ó ýòèõ òî÷åê, êðîìå òî÷åê A 1

16
è A 15

16
,

êîòîðûå ïðèíàäëåæàò ïîñëåäîâàòåëüíîñòÿì (A 1
2n

) è (A1− 1
2n

),

çíà÷åíèå r-êîîðäèíàòû ìåíüøå 0.38, ÷òî ìåíüøå, ÷åì ó òî÷-
êè B. Ñëåäîâàòåëüíî, âû÷èñëåííûå èç íèõ ñ ïîìîùüþ (5.2)
ïîñëåäóþùèå èòåðàöèè òî÷åê íåéòðàëüíîãî ñå÷åíèÿ òî÷êè A
áóäóò èìåòü åùå ìåíüøåå çíà÷åíèå r-êîîðäèíàòû. Âûøå çíà-
÷åíèÿ 0.38 ìîãóò áûòü òîëüêî òî÷êè, âû÷èñëåííûå èç A 1

16
è

A 15
16
.

A 15
16
è äðóãèå òî÷êè ïîñëåäîâàòåëüíîñòè (A1− 1

2n
) ìû ðàññìàò-

ðèâàòü íå áóäåì, òàê êàê îíè ñèììåòðè÷íû ïîñëåäîâàòåëüíîñòè
(A 1

2n
) è äëÿ íèõ ñïðàâåäëèâî âñå òî æå, ÷òî è äëÿ òî÷åê ïîñëå-

äîâàòåëüíîñòè (A 1
2n

).
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Ðàññìîòðèì, ÷òî ìîæíî âû÷èñëèòü èç A 1
16
. Ýòî òî÷êè A 1

32

è A 17
32
. A 1

32
ïðèíàäëåæàò ïîñëåäîâàòåëüíîñòè (A 1

2n
). Ðàññìîò-

ðèì A 17
32
. A 17

32
âû÷èñëåíà èç A 1

16
. Ñðàâíèì åå ñ A 9

16
, êîòîðàÿ

âû÷èñëåíà èç A 1
8
. Äëÿ ýòèõ òî÷åê âûðàæåíèå (5.2) èìååò âèä

{r′i} = {r}
1+Ci

. Ïî ñðàâíåíèþ ñ A 9
16
, ó A 17

32
çíà÷åíèå èñõîäíîé r-

êîîðäèíàòû ìåíüøå, òàê êàê âçÿòî ó A 1
16
, à íå A 1

8
, à âûðàæåíèå

1 + Ci áîëüøå, òàê êàê
17
32 áëèæå ê

1
2 , ÷åì

9
16 . Ïîýòîìó r-êîîðäè-

íàòà òî÷êè A 17
32
ìåíüøå, ÷åì ó òî÷êè A 9

16
, ñëåäîâàòåëüíî, òàê-

æå ìåíüøå 0.38. Ðàññóæäàÿ ïî èíäóêöèè, ýòî æå ñïðàâåäëèâî
è äëÿ âñåõ òî÷åê ïîñëåäîâàòåëüíîñòè (A 2n−1+1

2n
), âû÷èñëÿåìûõ

èõ òî÷åê ïîñëåäîâàòåëüíîñòè (A 1
2n−1

).

Îñòàëîñü ïðîâåðèòü, äåéñòâèòåëüíî ëè ó òî÷åê ïîñëåäîâà-
òåëüíîñòè (A 1

2n
) r-êîîðäèíàòà íå ñòðåìèòñÿ ê íóëþ. Âû÷èñëèì

ÿâíî ýòó ïîñëåäîâàòåëüíîñòü. ϕ-êîîðäèíàòà òî÷êè A 1
2n

� ýòî 1
2n .

Â ñîîòíîøåíèè {r′0} = {r}
1+C0

, C0 = 1
4 min ({ϕ′0}, 1− {ϕ′i}) = 1

4ϕ
′
0,

òàê êàê ϕ′0 ≤ 1
2 . Ïîýòîìó C0 = 1

2n+2 è 1
1+C0

= 2n+2

2n+2+1
. r-êîîð-

äèíàòà òî÷êè A 1
2
ðàâíà 4

9 , êàê ñëåäñòâèå, èç ñîîòíîøåíèÿ (5.2)

r-êîîðäèíàòà òî÷êè A 1
2n

èìååò âèä 4
9

∏n
k=2

2k+2

2k+2+1
. Ýòî âûðà-

æåíèå íå ñõîäèòñÿ ê íóëþ, ïîýòîìó ïîñëåäîâàòåëüíîñòü òî÷åê
(A 1

2n
) íåéòðàëüíîãî ñå÷åíèÿ òî÷êè A äåéñòâèòåëüíî ñõîäèòñÿ

ê íåêîòîðîé òî÷êå, ëåæàùåé âûøå îêðóæíîñòè r = 0, êîòîðóþ
ìû îáîçíà÷èì êàê

B =

(
lim
n→∞

4

9

n∏
k=2

2k+2

2k+2 + 1
, 0

)
= (0.393208 . . . , 0).

Ïîñêîëüêó ó îñòàâøèõñÿ òî÷åê íåéòðàëüíîãî ñå÷åíèÿ òî÷êè A
çíà÷åíèå r-êîîðäèíàòû ìåíüøå 0.38, òî è ó èõ ïðåäåëüíûõ òî-
÷åê çíà÷åíèå r-êîîðäèíàòû òàêæå ìåíüøå 0.38.
Ñëåäîâàòåëüíî, B �èçîëèðîâàííàÿ òî÷êà íåéòðàëüíîãî ïðå-

äåëüíîãî ìíîæåñòâà ⊥(A).
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Âûøå ìû ðàññìîòðåëè íåéòðàëüíîå ñå÷åíèå åäèíñòâåííîé
òî÷êè A = (1

2 , 0) èç âíóòðåííîñòè îòðåçêà I0. Îäíàêî åñëè r-

êîîðäèíàòà òî÷êè îòðåçêà I0 ìåíüøå ëèáî ðàâíà
1
2 , òî âûðàæå-

íèå (5.2) äëÿ âû÷èñëåíèÿ r-êîîðäèíàò èõ íåéòðàëüíûõ èòåðà-

öèé èìååò âèä {r′i} = {r}
1+Ci

, à, ñëåäîâàòåëüíî, ëèíåéíî çàâèñèò
îò íà÷àëüíîé òî÷êè, íàõîäÿùåéñÿ íà îòðåçêå I0. Ñîîòâåòñòâåí-
íî, ó òî÷åê îòðåçêà I0 ñ r-êîîðäèíàòîé â èíòåðâàëå (0, 1

2 ] èõ
íåéòðàëüíîå ïðåäåëüíîå ìíîæåñòâî â òî÷íîñòè ïîäîáíî âûøå-
îïèñàííîìó íåéòðàëüíîìó ïðåäåëüíîìó ìíîæåñòâó ⊥(A), òîëü-
êî ñæàòîìó ïî r-êîîðäèíàòå ïðîïîðöèîíàëüíî ðàñïîëîæåíèþ
ýòèõ òî÷åê ìåæäó òî÷êîé A = (1

2 , 0) è îêðóæíîñòüþ r = 0.
Îòñþäà ñëåäóåò, ÷òî òî÷êè îòðåçêà I0 ìåæäó òî÷êîé B è

îêðóæíîñòüþ r = 0 ïðèíàäëåæàò ìíîæåñòâó íåéòðàëüíî ïðå-
äåëüíûõ òî÷åê Lim⊥(f).
Íà ñàìîì äåëå ìîæíî ïîêàçàòü, ÷òî âñå òî÷êè îòðåçêà I0 ïðè-

íàäëåæàò ìíîæåñòâó íåéòðàëüíî ïðåäåëüíûõ òî÷åê Lim⊥(f).
Äëÿ òî÷åê, ðàñïîëîæåííûõ âûøå òî÷êè (1

2 , 0), ðàññóæäåíèÿ
íåñêîëüêî óñëîæíÿþòñÿ, òàê êàê ïîëíîå âûðàæåíèå (5.2) äëÿ
âû÷èñëåíèÿ r-êîîðäèíàò èìååò äâà âàðèàíòà, â çàâèñèìîñòè îò
òîãî, âûøå èëè íèæå r-êîîðäèíàòà çíà÷åíèÿ 1

2 + 1
2Ci. Îäíà-

êî, åñëè âçÿòü äîñòàòî÷íî âûñîêî ðàñïîëîæåííóþ òî÷êó, íà-
ïðèìåð, òî÷êó (3

4 , 0), òî òî÷êè åå íåéòðàëüíîãî ñå÷åíèÿ ñ ϕ-

êîîðäèíàòàìè, ïðèíàäëåæàùèìè ïîñëåäîâàòåëüíîñòè ( 1
2n ), áó-

äóò èìåòü r-êîîðäèíàòó, áîëüøóþ, ÷åì 1
2 . Ýòî ìîæíî äîêàçàòü,

ïîëíîñòüþ ïîâòîðèâ äëÿ òî÷êè (3
4 , 0) ðàññóæäåíèÿ, êîòîðûå èñ-

ïîëüçîâàëèñü äëÿ (1
2 , 0), òîëüêî çàìåíèâ òàì âûðàæåíèå äëÿ

âû÷èñëåíèÿ r-êîîðäèíàò íåéòðàëüíûõ èòåðàöèé ñ {r′i} = {r}
1+Ci

íà {r′i} = {r}−Ci

1−Ci
. Êàê ñëåäñòâèå, ïîëó÷èì, ÷òî òî÷êè íåéòðàëü-

íîãî ñå÷åíèÿ òî÷êè (3
4 , 0) ñ ϕ-êîîðäèíàòàìè, ïðèíàäëåæàùèìè

ïîñëåäîâàòåëüíîñòè ( 1
2n ), ñõîäÿòñÿ ê íåêîòîðîé òî÷êå, òàêæå

ïðèíàäëåæàùåé âíóòðåííîñòè îòðåçêà I0. Èç ëèíåéíîñòè îòîá-

ðàæåíèÿ {r′i} = {r}−Ci

1−Ci
ýòîò æå ôàêò èìååò ìåñòî è äëÿ âñåõ

òî÷åê âíóòðåííîñòè îòðåçêà I0, ðàñïîëîæåííûõ âûøå òî÷êè
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(3
4 , 0), à òàêæå äëÿ òî÷åê, ðàñïîëîæåííûõ íèæå òî÷êè (3

4 , 0),
íî âûøå íåêîòîðîãî ïðåäåëà.
Ðàññìîòðèì òî÷êè âíóòðåííîñòè îòðåçêà I0, ðàñïîëîæåííûå

ìåæäó òî÷êàìè (1
2 , 0) è (3

4 , 0). Ñïóñêàÿñü îò òî÷êè (3
4 , 0) ê òî÷-

êå (1
2 , 0), ñíà÷àëà âñå òî÷êè íåéòðàëüíîãî ñå÷åíèÿ òî÷êè (x, 0)

ñ ϕ-êîîðäèíàòàìè, ïðèíàäëåæàùèìè ïîñëåäîâàòåëüíîñòè ( 1
2n ),

áóäóò èìåòü r-êîîðäèíàòó, áîëüøóþ, ÷åì 1
2 è äîêàçàòåëüñòâî

ñâîäèòñÿ ê ñëó÷àþ òî÷êè (3
4 , 0). Çàòåì, íà÷èíàÿ ñ íåêîòîðî-

ãî çíà÷åíèÿ r-êîîðäèíàòû, òîëüêî êîíå÷íîå ÷èñëî òî÷åê áóäåò

âû÷èñëÿòüñÿ ñ ïîìîùüþ âûðàæåíèÿ {r′i} = {r}−Ci

1−Ci
, à áåñêîíå÷-

íîå ÷èñëî òî÷åê � ñ ïîìîùüþ âûðàæåíèÿ {r′i} = {r}
1+Ci

. Â ýòîì

ñëó÷àå ñõîäèìîñòü òî÷åê íåéòðàëüíîãî ñå÷åíèÿ òî÷êè (x, 0) ñ
ϕ-êîîðäèíàòàìè, ïðèíàäëåæàùèìè ïîñëåäîâàòåëüíîñòè ( 1

2n ) ê
íåêîòîðîé òî÷êå, ïðèíàäëåæàùåé âíóòðåííîñòè îòðåçêà I0, äî-
êàçûâàåòñÿ àíàëîãè÷íî ñëó÷àþ òî÷êè (1

2 , 0).
Ïîëó÷èì, ÷òî ïðîèçâîëüíîé òî÷êå ñ êîîðäèíàòàìè (x, 0) èç

âíóòðåííîñòè îòðåçêà I0 ìîæíî åäèíñòâåííûì îáðàçîì ñîïî-
ñòàâèòü íàèâûñøóþ ïî r-êîîðäèíàòå òî÷êó åå íåéòðàëüíî ïðå-
äåëüíîãî ìíîæåñòâà, ïðè÷åì ýòà íàèâûñøàÿ òî÷êà íåéòðàëüíî
ïðåäåëüíîãî ìíîæåñòâà òàêæå íàõîäèòñÿ âî âíóòðåííîñòè îò-
ðåçêà I0 è ïðè÷åì ñòðîãî íèæå èñõîäíîé òî÷êè. Îáîçíà÷èì r-
êîîðäèíàòó íàèâûñøåé òî÷êè ÷åðåç max⊥(x). max⊥(x) ìîæíî
ðàññìàòðèâàòü êàê ìîíîòîííîå îòîáðàæåíèå îòðåçêà [0, 1] â ñå-
áÿ.
Ïîêàæåì, ÷òî max⊥(x) íåïðåðûâíî çàâèñèò îò x. Çàôèêñè-

ðóåì òî÷êó (x, 0) âî âíóòðåííîñòè îòðåçêà I0. Äëÿ ëþáîãî äî-
ñòàòî÷íî ìàëîãî ε > 0 îáå òî÷êè (x ± ε, 0) òàêæå ïðèíàäëå-
æàò âíóòðåííîñòè îòðåçêà I0. Îáðàçû îòðåçêà I0 ïîä äåéñòâè-
åì îòîáðàæåíèé f−n◦fn ïðåäñòàâëÿþò ñîáîé êîíå÷íûå íàáîðû
îòðåçêîâ Iϕ, ãäå ϕ � íåêîòîðûé ïðîîáðàç 0 îòíîñèòåëüíî îòîá-
ðàæåíèÿ 2nϕ. Êàæäûé èç îòðåçêîâ Iϕ ÿâëÿåòñÿ ãîìåîìîðô-
íûì îáðàçîì îòðåçêà I0 ïîä äåéñòâèåì íåêîòîðîé âåòâè îòîá-
ðàæåíèÿ f−n ◦ fn. Ïîýòîìó íà êàæäîì èç îòðåçêîâ Iϕ áóäåò â
òî÷íîñòè ïî îäíîé òî÷êå íåéòðàëüíîãî ñå÷åíèÿ òî÷åê (x, 0) è
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(x±ε, 0), ïðè÷åì â òîì æå ïîðÿäêå, ÷òî è íà Iϕ. Êàê ñëåäñòâèå,
íåéòðàëüíîå ñå÷åíèå òî÷êè (x, 0) è ëþáûå åãî ïîäìíîæåñòâà
ìàæîðèðóþòñÿ ñîîòâåòñòâóþùèìè ïîäìíîæåñòâàìè íåéòðàëü-
íûõ ñå÷åíèé âûøå è íèæå ðàñïîëîæåííûõ òî÷åê (x± ε, 0).
Â ÷àñòíîñòè, ïîñêîëüêó ïîäïîñëåäîâàòåëüíîñòè òî÷åê íåé-

òðàëüíîãî ñå÷åíèÿ òî÷êè (x, 0) è òî÷åê (x ± ε, 0) ñ ϕ-êîîð-
äèíàòàìè, ïðèíàäëåæàùèìè ïîñëåäîâàòåëüíîñòè ( 1

2n ), ñõîäÿò-
ñÿ, èç ýòîãî ñëåäóåò íåïðåðûâíîñòü çàâèñèìîñòè r-êîîðäèíàòû
max⊥(x) íàèâûñøåé òî÷êè íåéòðàëüíîãî ïðåäåëüíîãî ìíîæå-
ñòâà òî÷êè (x, 0) îò âûáîðà èñõîäíîé òî÷êè (x, 0).
Îòîáðàæåíèå max⊥(x) îòðåçêà [0, 1] â ñåáÿ ìîíîòîííî è

íåïðåðûâíî, ñëåäîâàòåëüíî, ýòî ãîìåîìîðôèçì. Îòñþäà ñëåäó-
åò, ÷òî âñå òî÷êè âíóòðåííîñòè îòðåçêà I0 ïðèíàäëåæàò ìíî-
æåñòâó íåéòðàëüíî ïðåäåëüíûõ òî÷åê Lim⊥(f). À òàê êàê òî÷-
êè îêðóæíîñòè r = 0 ⊥-ðåêóððåíòíûå, òî îíè ïî îïðåäåëå-
íèþ òîæå ïðèíàäëåæàò Lim⊥(f). Èç ñîïðÿæåííîñòè ñäâèãîì
r 7→ r+1 ñëåäóåò, ÷òî âñÿ ïðÿìàÿ ϕ = 0 ïðèíàäëåæèò Lim⊥(f).
Ïîñêîëüêó ìíîæåñòâî Lim⊥(f) çàìêíóòî, à íåéòðàëüíûå îáðà-
çû ïðÿìîé ϕ = 0 âñþäó ïëîòíû â öèëèíäðå, îòñþäà ñëåäóåò,
÷òî ìíîæåñòâî íåéòðàëüíî ïðåäåëüíûõ òî÷åê Lim⊥(f) ñîâïà-
äàåò ñî âñåì öèëèíäðîì.
Çàìåòèì, ÷òî íåéòðàëüíûå èòåðàöèè f−n ◦fn, n ≥ 1, ïåðåâî-

äÿò íåéòðàëüíûå ñå÷åíèÿ â íåéòðàëüíûå ñå÷åíèÿ, à ñõîäÿùèåñÿ
ïîäïîñëåäîâàòåëüíîñòè òî÷åê íåéòðàëüíîãî ñå÷åíèÿ â ñõîäÿ-
ùèåñÿ ïîäïîñëåäîâàòåëüíîñòè. Ïîýòîìó íåéòðàëüíûå ïðåäåëü-
íûå ìíîæåñòâà åñòåñòâåííûì îáðàçîì ñàìîïîäîáíû è îáëàäàþò
ôðàêòàëüíîé ñòðóêòóðîé. Ê ïðèìåðó, ó íåéòðàëüíîãî ñå÷åíèÿ
òî÷êè A = (1

2 , 0) ïîäïîñëåäîâàòåëüíîñòü (A 1
2n

) ñõîäÿòñÿ ê òî÷êå

B = (0.393208 . . . , 0). Ñëåäîâàòåëüíî, äëÿ êàæäîé òî÷êè íåé-
òðàëüíîãî ñå÷åíèÿ òî÷êè B íàéäåòñÿ ïîäïîñëåäîâàòåëüíîñòü
òî÷åê íåéòðàëüíîãî ñå÷åíèÿ òî÷êè A, êîòîðàÿ ê íåé ñõîäèòñÿ.
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Äàëåå, äëÿ òî÷êè B íàèâûñøåé òî÷êîé åå íåéòðàëüíî ïðåäåëü-
íîãî ìíîæåñòâà ÿâëÿåòñÿ òî÷êà B′ = (0.309225 . . . , 0), ê êîòî-
ðîé ñõîäèòñÿ ïîäïîñëåäîâàòåëüíîñòü (B′1

2n
) òî÷åê åå íåéòðàëü-

íîãî ñå÷åíèÿ. Ñëåäîâàòåëüíî, B′ è âñå òî÷êè åå íåéòðàëüíîãî
ñå÷åíèÿ òàêæå âõîäÿò â ìíîæåñòâî ⊥(A) è ò.ä. Ðèñóíîê 5.1 äàåò
íåêîòîðîå ïðåäñòàâëåíèå, êàê óñòðîåíî ìíîæåñòâî ⊥

((
3
4 , 0
))
.

Ðèñ. 5.1. Ïåðâûå 20 èòåðàöèé íåéòðàëüíîãî ñå-
÷åíèÿ òî÷êè (3

4 , 0). Ëåâûé íèæíèé óãîë U0.
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Ïîêàæåì òåïåðü, ÷òî òî÷êè âíóòðåííîñòè îòðåçêà I0 íåé-
òðàëüíî íåáëóæäàþùèå. Äëÿ ýòîãî ðàññìîòðèì ìàëóþ îêðåñò-
íîñòü Dε ïðîèçâîëüíîé òî÷êè (x, 0), ÿâëÿþùóþñÿ âíóòðåííî-
ñòüþ êâàäðàòà, îáðàçîâàííîãî òî÷êàìè (x− ε,−ε), (x+ ε,−ε),
(x+ ε,+ε), (x− ε,+ε).
Êàê ïîêàçàíî âûøå, äëÿ ïðîèçâîëüíîé òî÷êè C2 = (x2, 0) èç

âíóòðåííîñòè îòðåçêà I0 íàéäóòñÿ C1 = (x1, 0) è C0 = (x0, 0),
x0 > x1 > x2, òàêèå, ÷òî ïîäïîñëåäîâàòåëüíîñòü (C1

1
2n

) íåé-

òðàëüíûõ ñå÷åíèé òî÷êè C1 ñòðåìèòñÿ ê C2 = (x2, 0), à ïîäïî-
ñëåäîâàòåëüíîñòü (C0

1
2n

) íåéòðàëüíûõ ñå÷åíèé òî÷êè C0 ñòðå-

ìèòñÿ ê C1 = (x1, 0).
Òîãäà â ïðîèçâîëüíî ìàëîé îêðåñòíîñòè U òî÷êè C2 ñîäåð-

æèòñÿ íåêîòîðàÿ ïîäïîñëåäîâàòåëüíîñòü ïîñëåäîâàòåëüíîñòè
òî÷åê (C1

1
2n

) íåéòðàëüíîãî ñå÷åíèÿ òî÷êè C1, ñõîäÿùàÿñÿ ê C2,

è íåêîòîðûé íàáîð ïîäïîñëåäîâàòåëüíîñòåé íåéòðàëüíîãî ñå-
÷åíèÿ òî÷êè C0, ñõîäÿùèåñÿ ê òî÷êàì ïîñëåäîâàòåëüíîñòè òî-
÷åê (C1

1
2n

), ñîäåðæàùèìñÿ â îêðåñòíîñòè U . Îáîçíà÷èì ìíî-

æåñòâî óãëîâûõ êîîðäèíàò òî÷åê ýòèõ ïîäïîñëåäîâàòåëüíîñòåé
íåéòðàëüíîãî ñå÷åíèÿ òî÷êè C0 ÷åðåç E(U).
Êàê ñëåäñòâèå, äëÿ ëþáîé ïðîèçâîëüíî ìàëîé îêðåñòíîñòè

U òî÷êè C2 ìîæíî âûáðàòü äâà äâîè÷íî-ðàöèîíàëüíûõ ÷èñ-
ëà (îáîçíà÷èì èõ d1

2m1 è d2
2m2 ), êîòîðûå ïðèíàäëåæàò E(U) è,

ñëåäîâàòåëüíî, òàêèå, ÷òî òî÷êè C0
di

2mi

∈ U .
Ðàññìîòðèì âåòâü íåéòðàëüíîé èòåðàöèè, êîòîðàÿ ïåðåâîäèò

òî÷êó C2 â òî÷êó åå íåéòðàëüíîãî ñå÷åíèÿ C2
d2

2m2 −
d1

2m1

. Îáîçíà-

÷èì åå ÷åðåç h d2
2m2 −

d1
2m1

. Ýòî ãîìåîìîðôèçì, ýëåìåíò ãðóïïû àâ-

òîìîðôèçìîâ íàêðûòèÿ äëÿ íåêîòîðîé ñòåïåíè f . Ýòà æå âåòâü
íåéòðàëüíîé èòåðàöèè h d2

2m2 −
d1

2m1

ïåðåâîäèò òî÷êó C0
d1

2m1

â C0
d2

2m2

.

Íî C0
di

2mi

∈ U . Ñëåäîâàòåëüíî, äëÿ ïðîèçâîëüíîé îêðåñòíîñòè

U èìååì, ÷òî

h d2
2m2 −

d1
2m1

(U) ∩ U 6= ∅.
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Îòñþäà ñëåäóåò, ÷òî òî÷êà C2 �íåéòðàëüíî íåáëóæäàþùàÿ.
Èñêîìîå óòâåðæäåíèå ñëåäóåò èç ïðîèçâîëüíîñòè âûáîðà òî÷êè
C2.
Ïîëó÷åííîå îòîáðàæåíèå f ÿâëÿåòñÿ èñêîìûì ïðèìåðîì

âíóòðåííåãî îòîáðàæåíèÿ, ó êîòîðîãî åñòü ⊥-íåáëóæäàþùàÿ
òî÷êà, ÿâëÿþùàÿñÿ ⊥-ïðåäåëüíîé, íî íå ÿâëÿþùàÿñÿ ⊥-ðåêóð-
ðåíòíîé. 2

Â ïðåäûäóùåì ïðèìåðå ⊥-íåáëóæäàþùèå òî÷êè, íå ÿâëÿþ-
ùèåñÿ ⊥-ðåêóððåíòíûìè, áûëè ⊥-ïðåäåëüíûìè.

Ïðèìåð 5.2. Ïðèìåð îòîáðàæåíèÿ, èìåþùåãî ⊥-íåáëóæäà-
þùèå, íî íå ⊥-ïðåäåëüíûå (è, ñëåäîâàòåëüíî, íå ⊥-ðåêóððåíò-
íûå) òî÷êè.

Ïîñòðîåíèå. Çàìåíèì â ïðåäûäóùåì ïðèìåðå 5.1 ôóíêöèþ
d(r, ϕ) íà

d(r, ϕ) =
1

4
2
√

min ({r}, 1− {r}) 4
√

min ({ϕ}, 1− {ϕ}).

Êàê è â ïðèìåðå âûøå, áëàãîäàðÿ ñïåöèàëüíîìó âèäó ôóíê-
öèè d(r, ϕ), îòîáðàæåíèå f−1, îáðàòíîå ê îòîáðàæåíèþ f , ìîæ-
íî âûïèñàòü ÿâíî. Ïóñòü f ((r′, ϕ′)) = (r, ϕ). Îòîáðàæåíèå f
òàêæå èìååò òðåóãîëüíûé âèä, è ϕ′ ìîæíî ðàçðåøèòü ÷åðåç ϕ
íåçàâèñèìî îò r è r′. Êàê è â ïðèìåðå 5.1, äëÿ ϕ′ èìååòñÿ 2
çíà÷åíèÿ: ϕ′0 = ϕ

2 è ϕ′1 = (ϕ2 + 1
2) mod 1. Àíàëîãè÷íî îáîçíà÷èì

C0 = 1
4

4
√

min ({ϕ′0}, 1− {ϕ′0}) è C1 = 1
4

4
√

min ({ϕ′1}, 1− {ϕ′1}).
Òîãäà äëÿ r′0 è r

′
1 âûïîëíåíû ñîîòíîøåíèÿ

r′i + 1 + Ci
2

√
min ({r′i}, 1− {r′i}) = r

Çàïèøåì r′i, i ∈ {0, 1}, êàê ñóììó öåëîé br′ic è äðîáíîé {r′i}
÷àñòåé:

br′ic+ {r′i}+ 1 + Ci
2

√
min ({r′i}, 1− {r′i}) = brc+ {r}.

Êàê è â ïðèìåðå âûøå, ïîëó÷èì, ÷òî

{r′i}+ Ci
2

√
min ({r′i}, 1− {r′i}) = {r}.
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Òîãäà {r′i} ðàçðåøàåòñÿ ÷åðåç {r} ñëåäóþùèì îáðàçîì:

{r′i} =


{r} − Ci

(
2

√
C2

i
4 + {r} − Ci

2

)
{r′i} ≤ 1− {r′i}

{r} − Ci
(
Ci
2 +

2

√
C2

i
4 + 1− {r}

)
{r′i} ≥ 1− {r′i}.

Ïîñêîëüêó óñëîâèÿ {r′i} ≤ 1− {r′i} è {r′i} ≥ 1− {r′i} âûðàæåíû
â òåðìèíàõ èñêîìîé âåëè÷èíû {r′i}, èõ óäîáíåå ïåðåïèñàòü â
òåðìèíàõ ñðàâíåíèÿ {r} ñ íåêîòîðûì ïîðîãîâûì çíà÷åíèåì.
Åñëè {r′i} ≤ 1−{r′i}, òî {r′i} ≤ 1

2 , ñëåäîâàòåëüíî, {r} ≤
1
2 + 1√

2
Ci.

È íàîáîðîò, åñëè {r′i} ≥ 1 − {r′i}, òî {r′i} ≥ 1
2 , ñëåäîâàòåëüíî,

{r} ≥ 1
2 + 1√

2
Ci. Òîãäà, çíàÿ ϕ

′
i, r
′
i ìîæíî îäíîçíà÷íî âû÷èñëèòü

÷åðåç r è ϕ′i:

br′ic = brc − 1 (5.3)

{r′i} =


{r} − Ci

(
2

√
C2

i
4 + {r} − Ci

2

)
{r} ≤ 1

2 + 1√
2
Ci

{r} − Ci
(
Ci
2 +

2

√
C2

i
4 + 1− {r}

)
{r} ≥ 1

2 + 1√
2
Ci.

Âîñïîëüçóåìñÿ òàêèìè æå îáîçíà÷åíèÿìè U0, I0, ÷òî è â ïðè-
ìåðå âûøå. Ìîæíî ïîêàçàòü ïðÿìûì âû÷èñëåíèåì, ÷òî äëÿ
ëþáîé òî÷êè A = (x, 0) âíóòðåííîñòè îòðåçêà I0 ïîäïîñëåäîâà-
òåëüíîñòü òî÷åê (A 1

2n
) íåéòðàëüíîãî ñå÷åíèÿ òî÷êè A = (x, 0)

ñõîäèòñÿ ê òî÷êå (0, 0).
Êàê ñëåäñòâèå, òî÷êè èç âíóòðåííîñòè ìíîæåñòâà U0 íå ÿâ-

ëÿþòñÿ ⊥-ïðåäåëüíûìè òî÷êàìè.
Ïîêàæåì, ÷òî âñå òî÷êè èç âíóòðåííîñòè ìíîæåñòâà U0 ⊥-

íåáëóæäàþùèå. Òàê êàê íåéòðàëüíûå èòåðàöèè îòðåçêà I0 âñþ-
äó ïëîòíû â U0, äîñòàòî÷íî ðàññìîòðåòü òî÷êè èç âíóòðåííîñòè
îòðåçêà I0. Ðàññìîòðèì ïðîèçâîëüíóþ òî÷êó A ∈ Int I0. Ðàñ-
ñìîòðèì ïðîèçâîëüíóþ ìàëóþ îòêðûòóþ îêðåñòíîñòü U òî÷êè
A. Ïóñòü òî÷êà A èìååò êîîðäèíàòû (x, 0). Ðàññìîòðèì îêðóæ-
íîñòü r = x, ïðîõîäÿùóþ ÷åðåç òî÷êó A. Òàê êàê U � îòêðûòàÿ
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îêðóæíîñòü, íàéäåòñÿ ε > 0 òàêîå, ÷òî ìåòðè÷åñêàÿ îêðåñò-
íîñòü Bε(A) ðàäèóñà ε âîêðóã òî÷êè A ïîëíîñòüþ ñîäåðæèòñÿ
â U .

A

A'

B'

B

U

Ðèñ. 5.2. Ê ïðèìåðó 5.2.

Ïóñòü B ∈ Bε(A) ∩ {r = x} ∩ ∪∞n=0f
−n(fn(I0))� òî÷êà íà

îêðóæíîñòè r = x, êîòîðàÿ ñîäåðæèòñÿ â Bε(A) è â íåêîòî-
ðîé íåéòðàëüíîé èòåðàöèè I0. Ïóñòü òî÷êà B èìååò êîîðäè-
íàòû (−ϕ′, x). Ïîñêîëüêó B ëåæèò íà íåéòðàëüíîé èòåðàöèè
îòðåçêà I0, íàéäåòñÿ hϕ′ � ãîìåîìîðôèçì ãðóïïû èòåðèðîâàí-
íîé ìîíîäðîìèè, êîòîðûé ñäâèãàåò îòðåçîê, íà êîòîðîì ëåæèò
òî÷êà B, â îòðåçîê I0. Íî òîãäà ïðè ýòîì îòðåçîê I0 ïåðåéäåò â
îòðåçîê I ′ϕ. Ïîñêîëüêó òî÷êè îòðåçêà I0 âûøå âñåõ ñâîèõ íåé-
òðàëüíûõ èòåðàöèé, òî òî÷êà A ïåðåéäåò â òî÷êó A′, êîòîðàÿ
áóäåò íèæå òî÷êè A, à òî÷êà B ïåðåéäåò â òî÷êó B′, êîòîðàÿ
áóäåò âûøå òî÷êè A. Íî òîãäà îòðåçîê BA îêðóæíîñòè r = x
ïåðåéäåò â îòðåçîê B′A′ çàìêíóòîé êðèâîé hϕ′({r = x}), êî-
òîðûé òàê æå, êàê è îòðåçîê BA, ïåðåñåêàåò êàæäóþ êîîðäè-
íàòíóþ ïðÿìóþ ϕ = const â åäèíñòâåííîé òî÷êå. Ýòà ñèòóà-
öèÿ èçîáðàæåíà íà ðèñóíêå 5.2. Òàê êàê îòðåçîê B′A′ òàê æå,
êàê è îòðåçîê BA, ïåðåñåêàåò êàæäóþ êîîðäèíàòíóþ ïðÿìóþ
ϕ = const â åäèíñòâåííîé òî÷êå, ïîñêîëüêó ÿâëÿåòñÿ åãî ñäâè-
ãîì ïîä äåéñòâèåì hϕ′ , òî÷êà A

′ íèæå òî÷êè A, à òî÷êà B′ âûøå
òî÷êè A, òî îòðåçîê B′A′ ïåðåñåêàåò îêðóæíîñòü r = x â øàðå
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Bε(A). Íî îòðåçîê B′A′ ïî ïîñòðîåíèþ ëåæèò â hϕ′(U). Ñëåäî-
âàòåëüíî, U ∩ hϕ′(U) 6= ∅ è U íåëüçÿ âûäåëèòü èç ìíîæåñòâà
∪hϕ∈Gf∞hϕ(U) êîìïîíåíòîé ñâÿçíîñòè.
Èç ïðîèçâîëüíîñòè âûáîðà îêðåñòíîñòè U ñëåäóåò, ÷òî òî÷-

êà A ⊥-íåáëóæäàþùàÿ. Èç ïðîèçâîëüíîñòè âûáîðà òî÷êè A
ñëåäóåò, ÷òî âñå òî÷êè èç âíóòðåííîñòè I0 ⊥-íåáëóæäàþùèå.
Ïîëó÷åííîå îòîáðàæåíèå f ÿâëÿåòñÿ èñêîìûì ïðèìåðîì

âíóòðåííåãî îòîáðàæåíèÿ, ó êîòîðîãî åñòü ⊥-íåáëóæäàþùàÿ
òî÷êà, íå ÿâëÿþùàÿñÿ ⊥-ïðåäåëüíîé è ⊥-ðåêóððåíòíîé. 2
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Transversality and Lipschitz-Fredholm
maps

We study transversality for Lipschitz-Fredholm maps in the context of
bounded Fr�echet manifolds. We show that the set of all Lipschitz-Fredholm
maps of a �xed index between Fr�echet spaces has the transverse stability
property. We give a straightforward extension of the Smale transversality
theorem by using the generalized Sard's theorem for this category of man-
ifolds. We also provide an answer to the well known problem concerning
the existence of a submanifold structure on the preimage of a transversal
submanifold.

Âèâ÷à¹òüñÿ ïîíÿòòÿ òðàíñâåðñàëüíîñòi âiäîáðàæåíü Ëiïøèöà-
Ôðåäãîëüìà ó êîíòåêñòi îáìåæåíèõ ìíîãîâèäiâ Ôðåøå. Äîâåäåíî, ùî
ìíîæèíà âñiõ âiäîáðàæåíü Ëiïøèöà-Ôðåäãîëüìà ôiêñîâàíîãî iíäåêñó
ìiæ ïðîñòîðàìè Ôðåøå ìà¹ âëàñòèâiñòü ñòiéêîñòi òðàíñâåðñàëüíèõ
ïåðåòèíiâ. Äàíî ïðÿìå óçàãàëüíåííÿ òåîðåìè Ñìåéëà ïðî òðàíñ-
âåðñàëüíiñòü, äëÿ äîâåäåííÿ ÿêîãî âèêîðèñòîâó¹òüñÿ óçàãàëüíåííÿ
òåîðåìè Ñàðäà íà öþ êàòåãîðiþ ìíîãîâèäiâ. Òàêîæ îòðèìàíî âiä-
ïîâiäü íà âiäîìå ïèòàííÿ ïðî iñíóâàííÿ ñòðóêòóðè ïiäìíîãîâèäó íà
ïðîîáðàçi òðàíñâåðñàëüíîãî ïiäìíîãîâèäó.

1. Introduction

In [1] we proved a version of the classical Sard-Smale theorem
for a category of generalized Fr�echet manifolds, bounded (orMCk)
Fr�echet manifolds, introduced in [2]. Our approach to the theo-
rem's generalization is based on the assumption that Fredholm
operators need to be globally Lipschitz. A reason for this interest
is that there exists an appropriate topology on L(E,F ), the space
of all linear globally Lipschitz maps between Fr�echet spaces E and

© K. Eftekharinasab, 2015
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F , that leads to the openness of the set of linear isomorphisms in
L(E,F ), [1, Proposition 2.2]. This result in turn yields the open-
ness of the collection of Fredholm operators in L(E,F ), [1, Theo-
rem 3.2]. The other reason is that Lipschitzness is consistent with
the notion of di�erentiability, bounded (or MCk-) di�erentiabil-
ity, that we apply. If E,F are Fr�echet spaces and if U is an open
subset of E, a map f : U → F is called bounded (or MC1-) dif-
ferentiable if it is Keller-di�erentiable, the directional derivative
d f(p) belongs to L(E,F ) for all p ∈ U , and the induced map
d f : U → L(E,F ) is continuous. Thus, we can naturally de�ne
the index of a Fredholm map between manifolds.
We should point out that the mentioned results stems from the

essential fact that under a certain condition we can endow the
space L(E,F ) with a topological group structure. Also, the group
of automorphisms of a Fr�echet space E, Aut(E), is open in L(E,E)
[3, Proposition 2.1]. But, in general, the group of automorphisms
of a Fr�echet space does not admit a non-trivial topological group
structure. Thus, without some restrictions it would be impossible
to establish openness of sets of linear isomorphisms and Fredholm
operators. This is a major obstruction in developing the Fredholm
theory for Fr�echet spaces.
A crucial step in the proof of an in�nite dimensional version

of Sard's theorem is that, roughly speaking, for a Fredholm map
f : M → N of manifolds, at each point p ∈ M , we may �nd local
charts (p ∈ U ⊆ M,φ) and (f(p) ∈ V ⊆ N,ψ) such that in the
charts f has a representation of the form f(u, v) = (u, η(u, v)),
where η : φ(U) → Rn is a smooth map. This is a consequence
of an inverse function theorem. One of the main signi�cance of
the category of bounded Fr�echet manifolds is the availability of
an inverse function theorem in the sense of Nash and Moser [2,
Theorem 4.7]. However, the bounded di�erentiability is strong
and in some cases the class of bounded maps can be quite small,
e.g. when the identity component of L(E,F ) contains only the
zero map [3, Remark 2.16].
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We have argued that why we have utilized this particular cat-
egory of Fr�echet manifolds. A salient example of these manifolds
is the space of all smooth sections of a �ber bundle over closed or
non-compact manifolds ( [2, Theorem 3.34]). On the other hand,
it turns out that these generalized manifolds can surpass the ge-
ometry of Fr�echet manifolds. On these manifold we are able to
give a precise analytic meaning to some essential geometric objects
(such as connection maps, vector �elds and integral curves), [4].
Therefore, we would expect their applications to problems in global
analysis.
The present work studies the di�erential topology of Lipschitz-

Fredholm maps in the bounded Fr�echet setting. We show that
the set of Lipschitz-Fredholm operators of index l between Fr�echet
spaces E and F is open in the space of linear globally Lipschitz
maps endowed with the �ne topology (Proposition 3.5). We say
that a set of maps has the transverse stability property for the �ne
topology if maps in a �ne neighborhood of a given map have the
same transversality property i.e. if f : E → F is a map transversal
to a closed subspace F of F , then any map in a �ne neighbor-
hood of f is transversal to F. We then prove that the set of all
Lipschitz-Fredholm maps of a �xed index between Fr�echet spaces
has the transverse stability property (Theorem 3.6). We also study
transversality for Lipschitz-Fredholm maps between manifolds. We
give a straightforward generalization of the Smale transversality
theorem ( [5, Theorem 3.1]) by using our generalized Sard's the-
orem (Theorem 3.9). Finally, we prove that if f : M → N is an
MCk Lipschitz-Fredholm map of manifolds which is transversal to
a �nite dimensional submanifold A of N , then f−1(A) is a sub-
manifold (Theorem 4.2).
We stress that these results can not be proved without strong

restrictions. However, the basic concepts of in�nite dimensional
di�erential topology such as submanifold and transversality can
be simply come over from the Banach setting.
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Our motivation for the present work, in the light of [4], lay in
the desire to develop transversality tools for the degree theory, in-
cluding the Leray-Schauder degree, for Lipschitz-Fredholm maps,
to derive applications to the study of solutions to systems of non-
linear partial di�erential or integral equations on spaces of smooth
sections which are not linear.

2. Preliminaries

We shall recall the required de�nitions from the category of
MCk manifolds brie�y but in a self-contained way for the conve-
nience of the reader, which also give us the opportunity to establish
our notations for the rest of the paper. For more studies we refer
to [1, 2, 4].
Let (F, d) be a Fr�echet space whose topology is de�ned by a

complete translational-invariant metric d. A metric with abso-
lutely convex balls will be called a standard metric. Every Fr�echet
space admits a standard metric which de�nes its topology. We
shall always de�ne the topology of Fr�echet spaces with this type
of metrics.
Let (E, g) and (F, d) be Fr�echet spaces and let Lg,d(E,F ) be

the set of all linear maps L : E → F such that

Lip(L)g,d := sup
x∈E\{0}

d(L(x), 0)

g(x, 0)
<∞.

The transversal-invariant metric

Dg,d(L,H) = Lip(L−H)g,d (2.1)

on Lg,d(E,F ) turns it into an Abelian topological group ( [1, Re-
mark 2.1]). A map ϕ ∈ Lg,d(E,F ) is called Lipschitz-Fredholm
operator if its kernel has �nite dimension and its image is closed
and has �nite co-dimension. The index of ϕ, Indϕ, is de�ned by
Indϕ = dim kerϕ− codim Imgϕ. We denote by LF(E,F ) the set
of all Lipschitz-Fredholm operators, and by LFl(E,F ) the subset
of LF(E,F ) consisting of those operators of index l.
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Proposition 2.1. [1, Proposition 2.2] The set of linear iso-
morphisms from E into F , Iso (E,F ), is open in Lg,d(E,F ) with
respect to the topology induced by the Metric (2.1).

Theorem 2.2. [1, Theorem 3.2] LF(E,F ) is open in Lg,d(E,F )
with respect to the topology de�ned by the metric (2.1). Further-
more, the function T → IndT is continuous on LF(E,F ), hence
constant on connected components of LF(E,F ).

A subset G of a Fr�echet space F is called topologically comple-
mented (or it splits in F ), if F is homeomorphic to the topological
direct sum G ⊕ H, where H is a subspace of F . We call H a
topological complement of G in F .

Theorem 2.3. [2, Theorem 3.14] Let E be a Fr�echet space. Then

(1) Every �nite-dimensional subspace of E is closed.
(2) Every closed subspace G ⊂ E with

codim(G) = dim(E/G) <∞

is topologically complemented in E.
(3) Every �nite-dimensional subspace of E is topologically comple-

mented.
(4) A linear subspace G of E has a topological complement H if

and only if there exists a continuous projection Pr of E onto
H, see [6].

Let E,F be Fr�echet spaces, U an open subset of E, and

P : U → F

a continuous map. Let CL(E,F ) be the space of all continuous
linear maps from E to F topologized by the compact-open topol-
ogy. We say P is di�erentiable at the point p ∈ U if the directional
derivative dP (p) exists in all directions h ∈ E. If P is di�eren-
tiable at all points p ∈ U , if dP (p) : U → CL(E,F ) is continuous
for all p ∈ U and if the induced map

P ′ : U × E → F, (u, h) 7→ dP (u)h
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is continuous in the product topology, then we say that P is Keller-
di�erentiable. We de�ne P (k+1) : U × Ek+1 → F in the obvious
inductive fashion.
If P is Keller-di�erentiable, dP (p) ∈ Lg,d(E,F ) for all p ∈ U ,

and the induced map dP (p) : U → Lg,d(E,F ) is continuous, then
P is called bounded di�erentiable. We say P is MC0 and write
P 0 = P if it is continuous. We say P is an MC1 and write P (1) =
P ′ if it is bounded di�erentiable. Let Lg,d(E,F )0 be the connected
component of Lg,d(E,F ) containing the zero map. If P is bounded
di�erentiable and if V ⊆ U is a connected open neighborhood
of x0 ∈ U , then P ′(V ) is connected and hence contained in the
connected component P ′(x0)+Lg,d(E,F )0 of P

′(x0) in Lg,d(E,F ).
Thus, the map Qx0 : V → Lg,d(E,F )0 de�ned by

Qx0(y) = P ′(y)− P ′(x0)

is again a map between subsets of Fr�echet spaces. This enables a
recursive de�nition: if P is MC1 and V can be chosen for each
x0 ∈ U such that Qx0 : V → Lg,d(E,F )0 is MCk−1, then P is

called an MCk-map. We make a piecewise de�nition of P (k) by

P (k) |V := (Qx0)(k−1) for x0 and V as before. The map P is MC∞

(or smooth) if it is MCk for all k ∈ N0. We shall denote the
derivative of P at p by DP (p). Note that MCk-di�erentiability
implies the usual Ck-di�erentiability for maps of �nite dimensional
manifolds.
Within this framework we can de�ne MCk Fr�echet manifolds,

MCk-maps of manifolds and tangent bundle over MCk manifolds
in obvious fashion way. We assume that manifolds are connected
and second countable.
Let f : M → N (k = 1) be an MCk-map of manifolds. We

denote by Txf : TxM → Tf(x)N the tangent map of f at x ∈ M
from the tangent space TxM to the tangent space Tf(x)N . We
say that f is an immersion (resp. submersion) provided Txf is
injective (resp. surjective) and the range Img(Txf) (resp. the
kernel ker(Txf)) splits in Tf(x)N (resp. TxM) for any x ∈ M .
An injective immersion f : M → N which gives an isomorphism
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onto a submanifold of N is called an embedding. A point x ∈ M
is called a regular point if D f(x) : TxM −→ Tf(x)N is surjective.
The corresponding value f(x) is a regular value. Points and values
other than regular are called critical points and values, respectively.
Let M and N be MCk manifolds, k = 1. A Lipschitz-Fredholm

map is an MC1-map f : M → N such that for each x ∈ M the
derivative D f(x) : TxM −→ Tf(x)N is a Lipschitz-Fredholm oper-
ator. The index of f , denoted by Ind f , is de�ned to be the index
of D f(x) for some x. Since f is MCk and M is connected in the
light of Theorem 2.2 the de�nition does not depend on the choice
of x.

3. Transversality and openness

Let F1 be a linear closed subspace of a Fr�echet space F that
splits in F . Given MCk manifold M modelled on F , a subset
M1 of M is a submanifold of M modelled on F1 provided there
is MCk-atlas {(Ui, φi)}i∈I on M that induces an atlas on M1, i.e.
for any i ∈ I there are open subsets Vi,Wi of F, F1 such that
φi(Ui) = Vi⊕Wi and φi(Ui∩M1) = Vi⊕{0} is open in F1. We say
that M1 is a submanifold of Banach type if F1 is a Banach space,
and a submanifold of �nite type if F1 = Rn for some n ∈ N.
Let C(E,R+) be the set of all continuous functions from E into

R+, h ∈ Lg,d(E,F ) and ε ∈ C(E,R+). A map f ∈ Lg,d(E,F ) is
called a ε-approximation to h if d(f(x), h(x)) < ε(x) for all x ∈ E,
we write d(f, h) < ε for short. If we take the ε-approximation to h
to be a neighborhood of h in the set Lg,d(E,F ), then we obtain a
topology. This topology is called the �ne topology and we denote
the resulting space by L0

fine(E,F ).

Let M and N be MCk manifolds modelled on Fr�echet spaces
E and F , respectively. Let MCk(M,N), 1 5 k 5 ∞, be the set
of MCk-maps from M into N . Two maps f, h ∈MCk(M,N) are
said to be k-equivalent at x ∈ M if T kx f = T kxh, where T

k is the
k-th tangent map. We de�ne the k-jet of f at x, jkxf , to be the
equivalence class of f . Let dk be a �ber metric on the tangent
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space T kxM that induces a Fr�echet topology which is isomorphic
to E. We describe the �ne topology of order k on MCk(M,N) as
follows. Let ϕ ∈ MCk(M,N) and Ω := {Vi}i∈I be a locally �nite
cover of M . Let εi : Vi → R+ be continuous for all i ∈ I. Then,
the sets

Θ(ϕ, Vi, εi) := {φ ∈MCk(M,N) | dk(jkxφ, jkxϕ) < εi(x), x ∈ Vi}

constitute a basis for �ne open neighborhoods of ϕ. In this case
we say that φ in a �ne neighborhood of ϕ is an MCk �ne approx-
imation to ϕ.

Lemma 3.1. The �ne topology is �ner than the topology induced
by the Metric (2.1).

Proof. We must show that if N(f, δ) is a δ-neighborhood of f , then
we can �nd ε > 0 such that if Dg,d(f, h) < ε, then h ∈ N(f, δ).
Given a map h ∈ Lg,d(E,F ), let

ε := min

{
1, inf
x∈E\{0}

δ(x)

g(h(x), 0)

}
.

Now suppose Dg,d(f, h) < ε, then we can easily see that d(f, h) < δ
and hence h ∈ N(f, δ). �

Remark 3.2. We know that (Proposition 2.1) Iso(E,F ) is open in
Lg,d(E,F ) endowed with the topology induced by the metric (2.1).
By the preceding lemma the �ne topology is �ner than the metric
topology, thereby, Iso(E,F ) is open in L0

fine(E,F ).

De�nition 3.3. Let f : E → F be a Lipschitz-Fredholm operator
of Fr�echet spaces. We say that f is transversal to a closed subspace
F0 ⊆ F and write f t F0 if

(1) Img(f) + F0 = F , and
(2) either F0 splits in F or f−1(F0) splits in E.

The following result characterizes the transversality of Lipschitz-
Fredholm operators.
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Proposition 3.4. Let ϕ ∈ LFl(E,F ). Suppose F0 ⊆ F is a closed
subspace such that Img(ϕ) + F0 = F . Then ϕ t F0 if and only if
there are closed subspace F1 ⊆ F and E0 ⊆ E with F = F0 ⊕ F1

and E = E0⊕ (E1 := ϕ−1(F1)) such that ϕ1 := ϕ|E1 ∈ Iso(E1, F1).

Proof. Assume that such a closed subspace F0 is given and ϕ t F0.
(Img(ϕ) ∩ F0) splits in F0 because

m = dim(F0/ Img(ϕ)) 5 dim(F/ Img(ϕ)) <∞

and hence by Theorem 2.3(2) there exists a subspace F ⊆ F0 of
dimension m such that F0 = (Img(ϕ) ∩ F0)⊕ F. Since

Img(ϕ) ∩ F ⊆ Img(ϕ) ∩ F0,

it follows that Img(ϕ) ∩ F = {0}. Also,

Img(ϕ) + F = (Img(ϕ) + (Img(ϕ) ∩ F0)) + F
= Img(ϕ) + F0 = F.

Thus, Img(ϕ)⊕ F = F , therefore,

codim Img(ϕ) = m, dim ker(ϕ) = l +m.

Moreover, there exists a closed subspace E ⊆ E such that

E = ker(ϕ)⊕ E.

The operator Φ := ϕ|E ∈ L(E, Img(ϕ)) is injective onto Img(ϕ),
hence, by virtue of open mapping theorem is a homeomorphism
and therefore Φ ∈ Iso(E, Img(ϕ)). Let

E0 := Φ−1(Img(ϕ) ∩ F0) ⊆ E,

then E0 = ϕ−1(Img(ϕ) ∩ F0) = ker(ϕ)⊕ E0.
As E0 is complemented in E0, there is a continuous projection

Pr1 of E0 onto E0 (see Theorem 2.3(4)). If E0 is complemented
in E, then there exists a continuous projection Pr2 of E onto E0.
Thus, Pr1 ◦ Pr2 is a continuous projection from E to E0 and its
restriction to E is a again continuous projection onto E0, thereby,
E0 is complemented in E. This means there is a closed subspace
E1 ⊆ E (which is also closed in E) such that E = E1 ⊕ E0.
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By the same argument we have, if F0 is complemented in F , then
(Img(ϕ) ∩ F0) is complemented in Img(ϕ) because (Img(ϕ) ∩ F0)
is complemented in F0. This means there is a closed subspace
F1 ⊆ Img(ϕ) (which is also closed in F ) such that

Img(ϕ) = F1 ⊕ (Img(ϕ) ∩ F0).

Therefore, we have

E = ker (ϕ)⊕ E0 ⊕ E1 = E0 ⊕ E1,

F = (Img(ϕ) ∩ F0)⊕ F⊕ F1 = F0 ⊕ F1

and ϕ1 = Φ|E1 ∈ Iso(E1, F1). Moreover, E1 = ϕ−1
1 (F1). The

converse is obvious. �

Proposition 3.5. LFl(E,F ) is open in L0
fine(E,F ).

Proof. Let ϕ ∈ LFl(E,F ). We show that there exists ε > 0
such that any φ ∈ Lg,d(E,F ) which is ε-approximation to ϕ is
a Lipschitz-Fredholm operator of index l.
First we prove for the case l = 0, then we show that the general

case can be reduced to the case l = 0. Let L : E → F (called a
corrector) be a linear globally Lipschitz map having �nite dimen-
sional range such that K := L+ϕ is an isomorphism. Such a linear
map always exists. Indeed, L can be any linear globally Lipschitz
map from E into F such that

ker(L)⊕ ker(ϕ) = E, Img(L)⊕ Img(ϕ) = F.

Choose ε ∈ (0, 1/2Lip(K−1)) small enough and suppose that φ,L ∈
L(E,F ) are ε-approximation to ϕε-approximation to ϕ, and the
dimension of the image of L is �nite. Then K = L + φ satis�es

d(K(x),K(x)) < 1/Lip(K−1),

for all x ∈ E, thus K is an isomorphism (see Remark 3.2) and
hence φ ∈ LF(E,F ) and Ind(φ) = 0.
Now suppose l > 0, de�ne the linear globally Lipschitz operators

ϕl, φl : E → F × Rl by ϕl(x) := (ϕ(x), 0) and φl(x) := (φ(x), 0).
Then ϕl is a Lipschitz-Fredholm operator of index 0. By the above
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argument φl is a Lipschitz-Fredholm operator of index 0 and hence
φ is a Lipschitz-Fredholm operator of index l. Likewise, the case
l < 0 can be proved. �

Theorem 3.6. Let ϕ ∈ LFl(E,F ), and suppose that F0 ⊆ F
is closed and ϕ t F0. Then any φ ∈ Lg,d(E,F ) in some �ne
neighborhood of ϕ is transversal to F0.

Proof. By Proposition 3.4 there exist closed subsets

E0 ⊆ E, F1 ⊆ F, E1 := ϕ−1(F1)

such that

F = F0 ⊕ F1, E = E0 ⊕ E1, ϕ1 := ϕ|E1 ∈ Iso(E1, F1).

There is a continuous function δ(x) such that every linear globally
Lipschitz map ψ : E1 → F1 which is δ-approximation to ϕ1 is an
isomorphism (see Remark 3.2). Let π : F → F1 be the projection
given by π(f0 + f1) = f1, and let κ = IdF − π. It is immediate
that π is linear and globally Lipschitz and Img(κ) = F0. Choose
ε ∈ (0, δ/Lip(π)) small enough, in view of Proposition 3.5, we
can assume that each φ ∈ L(E,F ) which is ε-approximation to ϕ
belongs to LFl(E,F ).
Now we show that each such φ is transversal to F0. Let

Φ := (π ◦ ϕ)|E1 ∈ L(E1, F1).

Then d(Φ, ϕ1) 5 Lip(π)ε < δ and so Φ ∈ Iso(E1, F1) (see Re-
mark 3.2). Thus, we only need to prove F = Img(φ) + F0. Let
f ∈ F = F0 ⊕ F1 so f = f0 + f1, where fi ∈ Fi(i = 0, 1).
We have Φ−1(f1) = e1 ∈ E1 ⊆ E, x = φ(e1) ∈ Img(φ), and
y = f0 − κ(x) ∈ F0. Whence,

x+ y = π(x) + κ(x) + f0 − κ(x) = f0 + Φ(e1) = f0 + f1 = f,

therefore F = Img(φ) + F0. �

Now we prove the transversality theorem for MCk-Lipschitz-
Fredholm maps. It is indeed a consequence of the Sard's theorem
for these maps, [1, Theorem 4.3]. A careful reading of the proof of
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the theorem shows that the minor assumption of endowing man-
ifolds with compatible metrics is super�uous and the theorem re-
mains valid for manifolds without compatible metrics. Thus, the
statement of the theorem is as follows:

Theorem 3.7 (Sard's Theorem). Let M and N be MCk man-
ifolds, k = 1. If f : M → N is an MCk-Lipschitz-Fredholm map
with k > max{Ind f, 0}. Then, the set of regular values of f is
residual in N .

De�nition 3.8. Let f : M → N be a Lipschitz-Fredholm map
and let ı : A ↪→ N be an MC1 embedding of a �nite dimensional
manifold A. We say that f is transversal to ı and write f t ı if
D f(x)(TxM) + D ı(y)(TyA) = Tf(x)N , whenever f(x) = ı(y). It
is also said that the submanifold A := ı(A) is transversal to f .

The following theorem is the analogous of the Smale transver-
sality, [5, Theorem 3.1]. Its proof is just a slight modi�cation of
the argument of Smale.

Theorem 3.9. Let M and N be MCk manifolds modelled on
spaces (F, d) and (E, g), respectively. Let f : M → N be an MCk-
Lipschitz-Fredholm map and let ı : A ↪→ N be an MC1-embedding
of a �nite dimension manifold A with k > max{Ind f + dimA, 0}.
Then there exists an MC1 �ne approximation g of ı such that g is
embedding and f t g. Furthermore, Suppose S is a closed subset
of A and f t ı(S), then g can be chosen so that ı = g on S.

Proof. Since manifolds are second countable we only need to work
in local coordinates. Assume that y ∈ A and n = dim ı(A). Since
ı(A) is an embedded submanifold of �nite type of N , we may �nd
an open neighborhood U ⊂ Rn about y, a chart about ı(y) and a
splitting E = Rn⊕E1 such that ı(y) = ı(y, 0) in the neighborhoods.
Let π2 : E → E1 be the projection onto E1. Let V ⊂ U be a
neighborhood of y, and h a smooth real valued function which is 1
on V and 0 outside of U . Since π1 ◦f is locally Fredholm-Lipschitz
it follows by Sard's Theorem (Theorem 3.7) that there is a regular
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value z for π1 ◦ f which is close to 0. Now de�ne

g(y) = h(y)(z, y) + [1− h(y)]ı(y).

It is immediate that f t g on V , and for z su�ciently close to 0,
g is MC1 �ne approximation to ı. The second statement follows
by our de�nition of g. �

4. Transversal submanifolds

We will need the following inverse function theorem.

Theorem 4.1. [2, Theorem 4.7], Inverse Function Theorem for
MCk-maps. Let (E, g) be a Fr�echet space with standard metric g.
Let U ⊂ E be open, x0 ∈ U and f : U ⊂ E → E an MCk-map,
k ≥ 1. If f ′(x0) ∈ Aut (E), then there exists an open neighborhood
V ⊆ U of x0 such that f(V ) is open in E and f |V : V → f(V ) is
an MCk- di�eomorphism.

To avoid some technical complications we consider only mani-
folds without boundary in the sequel.

Theorem 4.2. Let M and N be MCk manifolds modelled on
spaces (F, d) and (E, g), respectively. Suppose that f : M → N
is an MCk-Lipschitz-Fredholm map of index l. Let A be a sub-
manifold of N with dimension m and let ı : A ↪→ N be the in-
clusion. If f is transversal to A, then f−1(A) is a submani-
fold of M of dimension l + m. For all x ∈ f−1(A) we have
Tx(f−1(A)) = (Txf)−1(Tf(x)A).

Proof. If f−1(A) = ∅ the theorem is clearly valid so let us assume
that f−1(A) 6= ∅. Let (ψ,U) be a chart at f(x0) ∈ A in N with
the submanifold property for A. Let U1, U2 be open subsets of
E,Rm such that ψ(U) = U1 ⊕ U2, ψ(U ∩ A) = U1 ⊕ {0}, and
ψ(f(x0)) = (0, 0). Let (V, ϕ) be a chart at x0 in M such that
ϕ(x0) = 0, ϕ : V → ϕ(V ) ⊂ F and f(V ) ⊂ U . Let

f := ψ ◦ f ◦ ϕ−1 : ϕ(V )→ ψ(U)
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be the local representative of f . Then f(0) = (0, 0) and by hy-
pothesis f is a Lipschitz-Fredholm map, in particular, D f(0) ∈
LFl(F,E). The tangent map Tf(x0)ı : Tf(x0)A → Tf(x0)N is in-
jective with closed split image. Hence Tf(x0)A can be identi�ed
with a closed split subspace of Tf(x0)N . Thus D f(x0) is transver-
sal to Tf(x0)A. Therefore, keeping in the mind the de�nition of
the di�erential in terms of tangent maps, D f(0) is transversal
to Tψ(Tf(x0)A) = U1 ⊕ {0} =: E1. Then, by virtue of Proposi-
tion 3.4 there are closed subsets F1 ⊂ F , E0 ⊂ E such that F =
F1⊕(F0 := D f(0)(E0)), E = E1⊕E0, ∆ := D f(0) |F0∈ Iso(F0, E0)
and ∆1 := D f(0) |F1∈ Iso(F1, E1). Moreover, dimF0 = m+ l.
Consider the projection π : F → F1 given by

π(f0 + f1) = f1.

Since F1 and F0 are closed and complementary it follows that
obviously the map κ = IdF − π is the unique projection with
Img (κ) = F0 and ker(κ) = F1. Let π1 : E → E0 be the projection
given by π1(e0 + e1) = e0. Then, Π := ∆−1 ◦ π1 ◦ D f(0) is a pro-
jection with Img (Π) = F0 and F1 ⊆ ker (Π). Since F = F0 ⊕ F1,
it follows that F1 = ker (Π) and therefore Π = κ.
Now de�ne the map H : ϕ(V )→ F of class MCk by

H(x) = π(x) + ∆−1 ◦ π1 ◦ f(x).

We obtain that H(0) = 0 and

DH(0) = π + ∆−1 ◦ π1 ◦D f(0) = π + κ = IdF .

If we choose V small enough, then by Theorem 4.1 H is an MCk-
di�eomorphism onto an open neighborhood U ⊆ ψ(U) of ψ(f(x0) =
(0, 0). Let Φ = H ◦ ϕ−1, then (Φ,F0) is a chart for x0 on V with
the submanifold property. Because we have

x ∈ f−1(A) ⇔ ψ(f(x)) ∈ U1 ⊕ {0} ⇔ f(ϕ(x)) ∈ U1 ⊕ {0}
⇔ H(ϕ(x)) ∈ F0.
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Let p ∈ A, γ : R → M a smooth curve sending zero to p, and j1
pγ

the 1-jet of γ at p.

j1
pγ ∈ TpA⇔ j1

ϕ(p)(ϕ ◦ γ) = Tϕ(j1
pγ) ∈ ϕ(V )× F, ϕ ◦ γ ⊂ ϕ(V )

⇔ T f(j1
ϕ(p)(ϕ ◦ γ)) ∈ ψ(U)× E

⇔ f(ϕ ◦ γ) = ψ(f ◦ γ) ⊂ ψ(U)

⇔ d

dt
ψ(f ◦ γ) |t=0= v =

d

dt
ψ([ψ−1(ψ(f(x)) + tv)]),

ψ(f ◦ γ) ⊂ ψ(U)

⇔ j1
f(p)(f ◦ γ) = j1

p [ψ−1(ψ(f(p)) + tv)] ∈ Tf(p)A

⇔ j1
pγ ∈ (Tpf)−1(Tf(p)A)

This proves the second assertion. �

If manifolds have nonempty boundary we just need to modify
the proof by extending the considered maps.

Corollary 4.3. Let f : M → N be an MCk-Lipschitz-Fredholm
map of index l. If y is a regular value of f , then the level set
f−1(y) is a submanifold of dimension l and its tangent space at x
is kerTxf .

Proof. The set {y} is transversal to f so the result follows from
the theorem. �

Corollary 4.4. Let f : M × N → O be a smooth Lipschitz-
Fredholm map of manifolds, we write fx := f(·, x), and let A be a
closed �nite dimension submanifold of O. Assume that f t A and
for all (m,n) ∈ f−1

n (A) the composition

(TmM
D fn(m)−−−−−→ Tfn(m)O

Q−→ Tfn(m)O/TnS)

is Lipschitz-Fredholm. Then there is a residual set of n in O for
which the map fn : M → O is transversal to A.

Proof. By hypothesis the kernel of Q ◦ D f(x) is complemented
for all x ∈ f−1(A). By the preceding theorem B := f−1(A) is a
Fr�echet submanifold. The map f |B is smooth Lipschitz-Fredholm,



104 K. Eftekharinasab

therefore by Sard's theorem there is a residual set of regular values
of it in O. If n ∈ N is a regular value of f |B, then fn is transversal
to A. �
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Ïåðåðàõóâàííÿ
òîïîëîãi÷íî íååêâiâàëåíòíèõ
ãëàäêèõ ìiíiìàëüíèõ ôóíêöié
íà çàìêíåíèõ ïîâåðõíÿõ

We consider two classes of smooth functions with three critical values on
smooth closed surface of genus g ≥ 1, that possess only one (degenerate)
saddle critical point in addition to k local maxima and l local minima.
Namely: Ck,l(Mg) is the class of such functions on oriented surface Mg

and Ck,l(Ng) — on non-oriented surface Ng. In this paper we calculate
the number of topologically non-equivalent (minimal) functions from the
class C1,1(Mg) for all g ≥ 1 and from the class C1,1(Ng) for g = 5, 6.
Asymptotic estimate for number of topologically non-equivalent functions
from the class C1,1(Ng) (as g →∞) are also established.

Ìû ðàññìàòðèâàåì äâà êëàññà ãëàäêèõ ôóíêöèé ñ òðåìÿ êðèòè÷åñêè-
ìè çíà÷åíèÿìè íà ãëàäêîé çàìêíóòîé ïîâåðõíîñòè ðîäà g ≥ 1, êîòîðûå
â äîïîëíåíèå ê k ëîêàëüíûì ìàêñèìèóìàì è l ëîêàëüíûì ìèíèìó-
ìàì èìåþò òîëüêî îäíó (âûðîæäåííóþ) ñåäëîâóþ êðèòè÷åñêóþ òî÷êó.
Ïóñòü Ck,l(Mg)�êëàññ òàêèõ ôóíêöèé íà îðèåíòèðîâàííîé ïîâåðõíî-
ñòè Mg, ñîîòâåòñòâåííî Ck,l(Ng)�íà íåîðèåíòèðîâàííîé ïîâåðõíîñòè
Ng. Â äàííîé ðàáîòå ïîäñ÷èòàíî ÷èñëî òîïîëîãè÷åñêè íåýêâèâàëåíò-
íûõ (ìèíèìàëüíûõ) ôóíêöèé èç êëàññà C1,1(Mg) äëÿ âñåõ g ≥ 1, à
èç êëàññà C1,1(Ng)�äëÿ g = 5, 6. Òàêæå ïðèâåäåíû àñèìïòîòè÷åñêèå
îöåíêè äëÿ ÷èñëà òîïîëîãè÷åñêè íåýêâèâàëåíòíûõ ôóíêöèé èç êëàññà
C1,1(Ng) ïðè g →∞.
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Âñòóï

Íåõàé (F, ∂F )� ãëàäêà ïîâåðõíÿ ç ìåæåþ ∂F (∂F ìîæå áó-
òè ïîðîæíüîþ). ×åðåç C∞(F ) ïîçíà÷èìî ïðîñòið íåñêií÷åííî
äèôåðåíöiéîâíèõ ôóíêöié íà F ç ìåæåþ ∂F = ∂−F ∪ ∂+F , âñi
êðèòè÷íi òî÷êè ÿêèõ içîëüîâàíi òà ëåæàòü ó âíóòðiøíîñòi F , à
íà êîìïîíåíòi çâ'ÿçíîñòi ìåæi ∂−F (∂+F ) ôóíêöi¨ íàáóâàþòü
îäíàêîâîãî çíà÷åííÿ a (âiäïîâiäíî b).
Ôóíêöi¨ f1 òà f2 ç ïðîñòîðó C∞(F ) íàçèâàþòü òîïîëîãi÷íî

åêâiâàëåíòíèìè, ÿêùî iñíóþòü ãîìåîìîðôiçìè h : F 7→ F i
h′ : R1 → R1 òàêi, ùî f · h = h′ · g. Âñþäè â ïîäàëüøîìó áó-
äåìî ââàæàòè, ùî ãîìåîìîðôiçì h′ çáåðiãà¹ îði¹íòàöiþ. Êîëè
h çáåðiãà¹ îði¹íòàöiþ, ôóíêöi¨ f1 òà f2 áóäåìî íàçèâàòè O-òî-
ïîëîãi÷íî åêâiâàëåíòíèìè.
Íåõàé äàëi xi ∈ F � içîëüîâàíà êðèòè÷íà òî÷êà (ùî íå ¹

ëîêàëüíèì åêñòðåìóìîì) ôóíêöi¨ f ∈ C∞(F ). Â [1] Î. Î. Ïðè-
øëÿêîì äîâåäåíî, ùî ÿêùî òîïîëîãi÷íèé òèï ëiíié ðiâíÿ ôóí-
êöi¨ f ∈ C∞(F ) ïðè ïåðåõîäi ÷åðåç xi çìiíþ¹òüñÿ (íå çìiíþ-
¹òüñÿ), òî â äåÿêîìó îêîëi Ui òî÷êè xi íåïåðåðâíîþ çàìiíîþ
êîîðäèíàò ôóíêöiÿ f çâîäèòüñÿ äî âèäó f = Rezni + c, ni ≥ 2,
(àáî æ äî âèäó f = Rez âiäïîâiäíî). À òàêó òî÷êó xi íàçèâàþòü
ñóòò¹âî (àáî æ, âiäïîâiäíî, íåñóòò¹âî) êðèòè÷íîþ òî÷êîþ.
×èñëî n ñóòò¹âî êðèòè÷íèõ òî÷îê xi ôóíêöi¨ f ðàçîì iç çà-

çíà÷åíèìè âèùå çíà÷åííÿìè ni íàçèâàþòü òîïîëîãi÷íèì ñèí-
ãóëÿðíèì òèïîì ôóíêöi¨ f ∈ C∞(F ).
Â ðîáîòi Â. Â. Øàðêà [2] âèâ÷åíî ïèòàííÿ ãëàäêî¨ i òîïîëî-

ãi÷íî¨ åêâiâàëåíòíîñòi ôóíêöié ç êëàñó C∞(F ). Çîêðåìà íèì
âñòàíîâëåíî, ùî iç ôiêñîâàíèì ñèíãóëÿðíèì òèïîì iñíó¹ ëèøå
ñêií÷åíå ÷èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç C∞(F ).
Îäíàê ïèòàííÿ ïðî ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íååêâiâàëåí-
òíèõ òàêèõ ôóíêöié âèÿâèëîñÿ äóæå ñêëàäíîþ i â çàãàëüíîìó
âèïàäêó íåðîçâ'ÿçàíîþ äî ñüîãîäíi ïðîáëåìîþ.
ßêùî ðîçãëÿäàòè ëèøå ôóíêöi¨ êëàñó C∞1 (F ) ⊂ C∞(F ), ó

ÿêèõ ëèøå îäíà ñóòò¹âî êðèòè÷íà òî÷êà (â ïîäàëüøîìó�
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âèðîäæåíà êðèòè÷íà òî÷êà òèïó ñiäëà), òî òîïîëîãi÷íèé ií-
âàðiàíò (¾2-êîëüîðîâèé ñïií-ãðàô¿, çàïðîïîíîâàíèé Â. Â.Øàð-
êîì) òà ïèòàííÿ ïåðåâiðêè òîïîëîãi÷íî¨ åêâiâàëåíòíîñòi çíà÷íî
ñïðîùóþòüñÿ, à çàäà÷à ïðî ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íåå-
êâiâàëåíòíèõ òàêèõ ôóíêöié ñòà¹ áiëüø äîñÿæíîþ.
Îòæå, îáìåæèìîñÿ äàëi ðîçãëÿäîì êëàñó C∞k,l(F ) ⊂ C∞1 (F )

ôóíêöié, ÿêi (êðiì ¹äèíî¨ âèðîäæåíî¨ êðèòè÷íî¨ òî÷êè òèïó
ñiäëà) ìàþòü òî÷íî k ëîêàëüíèõ ìàêñèìóìiâ òà l ëîêàëüíèõ
ìiíiìóìiâ. ßê ñëiäó¹ ç [3] i [4], äëÿ ôóíêöié iç çàçíà÷åíîãî êëà-
ñó ïîâíèì òîïîëîãi÷íèì iíâàðiàíòîì ¹ 2-êîëüîðîâà õîðäîâà n-
äiàãðàìà ïåâíîãî âèäó, ÿêà ìà¹ k ÷îðíèõ (àáî æ ñiðèõ) òà l
ñiðèõ (âiäïîâiäíî ÷îðíèõ) öèêëiâ. À ñàìå: äëÿ ôóíêöié ç êëà-
ñó Ck,l(Mg) íà îði¹íòîâàíié ïîâåðõíi ðîäó g� 2-êîëüîðîâà O-
äiàãðàìà ç n = 2g − 1 + k + l õîðäàìè [3], à äëÿ ôóíêöié ç
êëàñó Ck,l(Ng) íà íåîði¹íòîâíié ïîâåðõíi ðîäó g�N -äiàãðàìà
ç n = g − 1 + k + l õîðäàìè [4].
Çàäà÷i ïðî ïiäðàõóíîê ÷èñëà O-òîïîëîãi÷íî òà òîïîëîãi÷íî

íååêâiâàëåíòíèõ ôóíêöié ç êëàñó Ck,l(M0) (íà äâîâèìiðíié ñôå-
ði) äëÿ ïåâíèõ k i l áóëî ðîçãëÿíóòî â [5], àëå ðîçâ'ÿçàíi ïîâíi-
ñòþ (äëÿ äîâiëüíèõ k, l ∈ N) ëèøå ó 2014 ð. â [6].
Â çàãàëüíîìó æ âèïàäêó (äëÿ äîâiëüíèõ íàòóðàëüíèõ k, l i g)

çàçíà÷åíi çàäà÷i äëÿ êëàñiâ Ck,l(Mg) i Ck,l(Ng) òàêîæ âèÿâèëèñÿ
äîñèòü âàæêèìè òà íåðîçâ'ÿçàíèìè äî ñüîãîäíi ïðîáëåìàìè.
Ïðîòå, ÿê ç'ÿñóâàëîñÿ i âæå ìîæíà êîíñòàòóâàòè, ðîçâ'ÿçàí-

íÿ çàçíà÷åíèõ çàäà÷ äëÿ âèïàäêó ìiíiìàëüíèõ ôóíêöié (òîá-
òî ïðè k = l = 1) ¹ öiëêîì äîñÿæíèìè. Òàê, íàïðèêëàä: äëÿ
îði¹íòîâíèõ ïîâåðõîíü ðîäó g = 0, 1, 2, 3 âiäïîâiäíi ÷èñëà O-
òîïîëîãi÷íî òà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó
C1,1(Mg) âïåðøå (çà äîïîìîãîþ ¾ñëiâ¿ ñïåöiàëüíîãî âèäó) áóëî
ïiäðàõîâàíî â 1999 ð. ó ðîáîòi [1]. Ó 2006 ð. â [7] (çà äîïîìîãîþ
2-êîëüîðîâèõ äiàãðàì) áóëî âñòàíîâëåíî ôîðìóëè äëÿ ïiäðà-
õóíêó òî÷íîãî ÷èñëà O-òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié
ç êëàñó C1,1(Mg) íà âèïàäîê äîâiëüíîãî g ≥ 0. Çàäà÷à æ ïðî
ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié iç çà-
çíà÷åíîãî êëàñó äî ñüîãîäíi çàëèøàëàñü íåðîçâ'ÿçàíîþ.
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Äëÿ íåîði¹íòîâíèõ ïîâåðõîíü ÷èñëà òîïîëîãi÷íî íååêâiâà-
ëåíòíèõ ôóíêöié ç êëàñó C1,1(Ng) áóëè âiäîìèìè ëèøå äëÿ ïî-
÷àòêîâèõ g = 1, 2, 3 i 4 òà âñòàíîâëåíi â ðîáîòàõ [1] i [4] âiä-
ïîâiäíî. Â çàãàëüíîìó æ âèïàäêó (äëÿ íàòóðàëüíèõ g ≥ 1) öÿ
çàäà÷à òàêîæ çàëèøà¹òüñÿ âiäêðèòèì ïèòàííÿì.

Ðîçâ'ÿçàííþ çàäà÷ ïðî ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íååêâi-
âàëåíòíèõ ôóíêöié ç êëàñiâ C1,1(Mg) òà C1,1(Ng) é ïðèñâÿ÷åíî
äàíó ñòàòòþ, ÿêó ìîæíà ââàæàòè ëîãi÷íèì çàâåðøåííÿì öè-
êëó àâòîðñüêèõ ðîáiò [3], [7], [8] i [9] òà ñóòò¹âèì ïðîäîâæåí-
íÿì [4], [10].

1. Îñíîâíi ïîíÿòòÿ òà ïîïåðåäíi âiäîìîñòi

Ïiä ïåðåñòàíîâêîþ π áóäåìî ðîçóìiòè ái¹êòèâíå âiäîáðàæå-
ííÿ ìíîæèíè [m] = {1, 2, ...,m} íà ñåáå.

Äëÿ ïåðåñòàíîâêè π =

(
1 2 ... m
π(1) π(2) ... π(m)

)
áóäåìî âè-

êîðèñòîâóâàòè ñêîðî÷åíå ïîçíà÷åííÿ π = 〈π1, π2, ..., πm〉 = 〈πi〉,
äå πi = π(i). Çîêðåìà ι = 〈1, 2, ...,m〉� òîòîæíà ïåðåñòàíîâêà.

Îçíà÷åííÿ 1.1. ×åðåç S+
m ïîçíà÷èìî ìíîæèíó âñiõ ïåðåñòà-

íîâîê ìíîæèíè [m], à ÷åðåç CSm�ìíîæèíó öèêëi÷íèõ ïåðå-
ñòàíîâîê ç S+

m, òîáòî òèõ ïåðåñòàíîâîê ç S+
m, ùî ¹ öèêëà-

ìè äîâæèíèm (ðîçêëàäàþòüñÿ ó öèêë ìàêñèìàëüíî¨ äîâæèíè
m). Îñòàííi áóäåìî ïîçíà÷àòè c = (c1, c2, ..., cn), äå i, ci ∈ [m],
ci = cj ⇔ i = j. Çîêðåìà (1, 2, ...,m− 1,m) = τ .

Äîáðå âiäîìî, ùî S+
m (Sm) ðàçîì ç ôóíêöiîíàëüíîþ îïåðà-

öi¹þ ◦ (¾êîìïîçèöiÿ¿, ùî äi¹ çà ïðàâèëîì ¾right to left¿) ¹ ñè-
ìåòðè÷íîþ ãðóïîþ ïåðåñòàíîâîê ìíîæèíè [m].

Îçíà÷åííÿ 1.2. Îñíàùåíîþ ïåðåñòàíîâêîþ (“signed per-
mutation” ) íàçèâàþòü ïåðåñòàíîâêó σ = 〈σi〉 ìíîæèíè [m],
â ÿêié êîæåí åëåìåíò σi îñíàùåíî çíàêîì ¾+¿ àáî æ ¾−¿.
×åðåç S±m ïîçíà÷èìî ìíîæèíó âñiõ îñíàùåíèõ ïåðåñòàíîâîê
σ = 〈σi〉.
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Çàóâàæåííÿ 1.3. Îñíàùåíó ïåðåñòàíîâêó σ ∈ S±m ìîæíà ðîç-
ãëÿäàòè ÿê ái¹êöiþ ìíîæèíè [±m] = {1, 2, ...,m,−1, ...,−m}, äå
σ(i) = σi òà σ(−i) = −σi äëÿ i ∈ [m].
Êðiì òîãî, î÷åâèäíî, ùî S+

m ⊂ S±m.
Â ïîäàëüøîìó íàì çíàäîáëÿòüñÿ é ïåðåñòàíîâêè ç ìíîæèíè

S−m = S±m\S+
m. Äëÿ ââåäåíèõ ìíîæèí î÷åâèäíèìè ¹ ðiâíîñòi:∣∣S+

m

∣∣ = m!,
∣∣S±m∣∣ = 2m ·m!,

∣∣S−m∣∣ = m!(2m − 1). (1.1)

Çàóâàæåííÿ 1.4. Âñþäè íèæ÷å òàêi ïîíÿòòÿ ÿê ãðàô, k-ðåãó-
ëÿðíèé ãðàô, ãàìiëüòîíiàí, k-öèêë ãðàôó , äîñêîíàëå ïàðîñïî-
ëó÷åííÿ (¾perfect matching¿) áóäóòü âæèâàòèñÿ â ñåíñi êëàñè-
÷íèõ âiäïîâiäíèõ âèçíà÷åíü ç ðîáîòè [11].

Â ïîäàëüøîìó ïiä õîðäîâîþ n-äiàãðàìîþ áóäåìî ðîçóìiòè
õîðäîâó äiàãðàìó ç n õîðäàìè (äèâ., íàïð., [12], [13], [14]).

Îçíà÷åííÿ 1.5. Êîëî ç 2n òî÷êàìè íà íüîìó (ùî ¹ âåðøèíà-
ìè ïðàâèëüíîãî 2n-êóòíèêà), äóãè ÿêîãî ïî÷åðãîâî ðîçôàðáî-
âàíi ó äâà êîëüîðè (÷îðíèé i ñiðèé) òà ôiêñîâàíîþ íóìåðàöi¹þ
âåðøèí (÷èñëàìè âiä 0 äî 2n − 1) çà ãîäèííèêîâîþ ñòðiëêîþ,
áóäåìî íàçèâàòè 2-êîëüîðîâèì 2n-øàáëîíîì, ðèñ. 1.1 a).

2-êîëüîðîâîþ õîðäîâîþ n-äiàãðàìîþ áóäåìî íàçèâàòè n-äi-
àãðàìó, ïîáóäîâàíó íà îñíîâi 2-êîëüîðîâîãî 2n-øàáëîíó.

Îçíà÷åííÿ 1.6. 2-êîëüîðîâó n-äiàãðàìó, ÿêà íå ìiñòèòü (ìi-
ñòèòü) õîðäè, ùî ñïîëó÷à¹ âåðøèíè ç íîìåðàìè îäíàêîâî¨ ïàð-
íîñòi, íàçèâàþòü O-äiàãðàìîþ (N -äiàãðàìîþ) � ðèñ. 1.1 b), c).

Îçíà÷åííÿ 1.7. 2-êîëüîðîâi n-äiàãðàìè áóäåìî íàçèâàòè içî-
ìîðôíèìè, ÿêùî ¨õ ìîæíà ñóìiñòèòè â ðåçóëüòàòi ïîâî-
ðîòó íà ïåâíèé êóò, òà åêâiâàëåíòíèìè, ÿêùî ¨õ ìîæíà
ñóìiñòèòè â ðåçóëüòàòi ïîâîðîòó, àáî äçåðêàëüíîãî âiäáèò-
òÿ, àáî æ ¨õ êîìïîçèöi¨.

Îçíà÷åííÿ 1.8. ×îðíèì (ñiðèì) öèêëîì 2-êîëüîðîâî¨ äiàãðà-
ìè íàçèâàòèìåìî ïîñëiäîâíiñòü õîðä òà ÷îðíèõ (ñiðèõ) äóã,
ÿêi, ÷åðåäóþ÷èñü, óòâîðþþòü ãîìåîìîðôíèé îáðàç îði¹íòîâà-
íîãî êîëà � ðèñ. 1.1 b), c).
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Ðèñ. 1.1

a) 2-êîëüîðîâèé 20-øàáëîí; b) O-äiàãðàìà ç 1 ñiðèì òà 2
÷îðíèìè öèêëàìè; c) N -äiàãðàìà ç 1 ñiðèì òà 1 ÷îðíèì
öèêëàìè.

Ïðèêëàä 1.9. ßêùî ÷åðåç (i, i+ 1) ïîçíà÷èòè îði¹íòîâàíó äó-
ãó 2n-øàáëîíà, à ÷åðåç [i, j]� õîðäó, ÿêà ñïîëó÷à¹ âåðøèíè ç
íîìåðàìè i, j, òî ÷îðíi bck òà ñiði gcl öèêëè 2-êîëüîðîâî¨ äià-
ãðàìè, çîáðàæåíî¨ íà ðèñ. 1.1b), ìîæíà ïîäàòè ó âèãëÿäi:

bc1 = (18, 19)[19, 6](6, 7)[7, 18],

bc2 = (0, 1)[1, 10](10, 11)[11, 14](14, 15)[15, 4](4, 5)[5, 16](16, 17)

[17, 2](2, 3)[3, 12](12, 13)[13, 8](8, 9)[9, 0],

gc1 = (19, 0)[0, 9](9, 10)[10, 1](1, 2)[2, 17](17, 18)[18, 7](7, 8)[8, 13]

(13, 14)[14, 11](11, 12)[12, 3](3, 4)[4, 15](15, 16)[16, 5](5, 6)[6, 19].

À ¹äèíèé ÷îðíèé òà ¹äèíèé ñiðèé öèêëè äiàãðàìè, çîáðàæåíî¨
íà ðèñ. 1.1c), � ó âèãëÿäi:

bc1 = (0, 1)[1, 10](10, 11)[11, 14](14, 15)[15, 4](4, 5)[5, 16](16, 17)

[17, 2](2, 3)[3, 12](12, 13)[13, 7](7, 6)[6, 19](19, 18)[18, 8](8, 9)[9, 0],

gc1 = (19, 0)[0, 9](9, 10)[10, 1](1, 2)[2, 17](17, 18)[18, 8](8, 7)[7, 13]

(13, 14)[14, 11](11, 12)[12, 3](3, 4)[4, 15](15, 16)[16, 5](5, 6)[6, 19].
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Ïiäñóìîâóþ÷è, çàçíà÷èìî, ùî ¾îáõiä¿ (âè÷ëåíóâàííÿ) ïåâ-
íîãî (çàðàäè âèçíà÷åíîñòi) ÷îðíîãî öèêëó äiàãðàìè ìîæíà çäié-
ñíþâàòè, ïî÷èíàþ÷è ç ¾ïàðíîãî¿ êiíöÿ äîâiëüíî¨ ÷îðíî¨ äóãè
(¾íåïàðíîãî¿ äëÿ ñiðî¨). Íàçâåìî ¨¨ ¾ñòàðòîâîþ¿. Ðóõàþ÷èñü
ó (äîäàòíîìó) íàïðÿìêó çà ãîäèííèêîâîþ ñòðiëêîþ, ìè äîñÿ-
ãíåìî ¨¨ êiíöÿ. Äàëi ñëiä ðóõàòèñÿ âçäîâæ õîðäè, ÿêà ñïîëó÷à¹
öåé êiíåöü ç iíøèì ¨¨ êiíöåì íà êîëi øàáëîíó. Ç öüîãî ìîìåíòó
(i â ïîäàëüøîìó) ðóõ ïî êîëó çäiéñíþ¹òüñÿ âèêëþ÷íî âçäîâæ
÷îðíèõ äóã, iíøi êiíöi ÿêèõ îäíîçíà÷íî âèçíà÷àþòü íàñòóïíi
õîðäè öèêëó. I òàê äî òîãî ìîìåíòó, ïîêè íå áóäå äîñÿãíóòî
¾ñòàðòîâó¿ äóãó ÷îðíîãî öèêëó.
ßêùî ïðîiãíîðóâàòè êîëið, òî êîæåí ÷îðíèé (ñiðèé) öèêë 2-

êîëüîðîâî¨ O-äiàãðàìè çáiãà¹òüñÿ ç âiäïîâiäíèì öèêëîì íåïî-
ôàðáîâàíî¨ äiàãðàìè. Òîäi, íàñëiäóþ÷è [12],

Îçíà÷åííÿ 1.10. Ðîäîì 2-êîëüîðîâî¨ O-äiàãðàìè áóäåìî íà-
çèâàòè öiëå ÷èñëî g, ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

g =
n+ 1− λ

2
, (1.2)

äå λ� ñóìàðíå ÷èñëî ÷îðíèõ i ñiðèõ öèêëiâ äiàãðàìè.

Îçíà÷åííÿ 1.11. Ðîäîì 2-êîëüîðîâî¨ N -äiàãðàìè áóäåìî íà-
çèâàòè öiëå ÷èñëî g, ÿêå âèçíà÷à¹òüñÿ ðiâíiñòþ

g = n+ 1− λ. (1.3)

Îçíà÷åííÿ 1.12. Ìíîæèíó O-äiàãðàì (N -äiàãðàì) ç n õîðäà-
ìè áóäåìî ïîçíà÷àòè =On (òà =Nn âiäïîâiäíî).
Ìíîæèíó O-äiàãðàì (N -äiàãðàì) ç n õîðäàìè, ÿêi ìàþòü

òî÷íî l ñiðèõ òà k ÷îðíèõ öèêëiâ áóäåìî ïîçíà÷àòè =Ol,k;n (òà

=Nl,k;n âiäïîâiäíî), à ìíîæèíó =O1,k;n ∪ =N1,k;n�ÿê =1,k;n.

Ìíîæèíó O-äiàãðàì (N -äiàãðàì) ç n õîðäàìè, ÿêi ìàþòü
ëèøå 1 ñiðèé (àáî æ ëèøå 1 ÷îðíèé) öèêë áóäåìî ïîçíà÷àòè
=O1;n (=N1;n), à ìíîæèíó =O1;n ∪ =N1;n ïîçíà÷èìî ÿê =1;n.

Ñëiä âiäçíà÷èòè, ùî ïèòàííÿìè ïåðåëiêó õîðäîâèõ n-äiàãðàì
âiäíîñíî äi¨ öèêëi÷íî¨ (ïîðÿäêó 2n) òà äiåäðàëüíî¨ (ïîðÿäêó
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4n) ãðóï çàéìàëàñü öiëà íèçêà âiäîìèõ ìàòåìàòèêiâ, çîêðåìà
àâòîðè ðîáiò [12], [13], [15], [14], [16].
Ïiäðàõóíêó ÷èñëà íåiçîìîðôíèõ (íååêâiâàëåíòíèõ âiäíîñíî

äi¨ öèêëi÷íî¨ ãðóïè ïîðÿäêó n) òà íååêâiâàëåíòíèõ (âiäíîñíî äi¨
äiåäðàëüíî¨ ãðóïè ïîðÿäêó 2n) 2-êîëüîðîâèõ n-äiàãðàì ïðèñâÿ-
÷åíî ðîáîòè [16], [7], [17]� [6]. Çîêðåìà, ôîðìóëè äëÿ ïiäðàõóí-
êó ÷èñëà íåiçîìîðôíèõ òà íååêâiâàëåíòíèõ äiàãðàì äëÿ êëàñiâ
=On , =Nn ; =O1;n; =N1;n; =Ol,k;l+k−1 âñòàíîâëåíî â ðîáîòàõ [17]; [18];

[10] òà [6] âiäïîâiäíî. Äëÿ ÷èñëà íåiçîìîðôíèõ äiàãðàì ç êëà-
ñó =O1,1;n � â [7], à äëÿ ÷èñëà íååêâiâàëåíòíèõ òàêèõ äiàãðàì�
àíîíñîâàíî â [9].
ßê ñëiäó¹ iç ðîáiò [7] i [10], ìà¹ ìiñöå

Òâåðäæåííÿ 1.13 (õàðàêòåðèñòè÷íà âëàñòèâiñòü äiàãðàì
ç êëàñiâ =O1;n òà =N1;n). Êîæíó äiàãðàìó D ç êëàñó =1;n ìî-

æíà îòîòîæíèòè iç îñíàùåíèì öèêëîì w(D) äîâæèíè n.
À ïî ñóòi � ç îñíàùåíîþ ïåðåñòàíîâêîþ π(D) ∈ S±n−1, ïðè÷î-

ìó: êîæíó D ∈ =O1;n� ç π(D) ∈ S+
n−1, à äiàãðàìó D ∈ =N1;n� ç

π(D) ∈ S−n−1.

Íàãàäà¹ìî îñíîâíó iäåþ çàçíà÷åíèõ ái¹êöié. Êîæíó ÷îðíó
äóãó (2i, 2i+1) 2-êîëüîðîâîãî 2n-øàáëîíó ïîìiòèìî íîìåðîì i,

0 ≤ i ≤ (n − 1); ñiðó äóãó (2n − 1, 0) � ìiòêîþ 0̂, à êîæíó ñiðó

äóãó (2j − 1, 2j) � íîìåðîì ĵ, 0 ≤ j ≤ (n− 1).
Íåõàé äàëi D ∈ =1;n òà ìà¹ ¹äèíèé ñiðèé (÷îðíèé) öèêë.

Îáõiä öüîãî öèêëó îáîâ'ÿçêîâî ïî÷èíà¹ìî ç îáõîäó äóãè 0̂ (âiä-
ïîâiäíî 0) ó (äîäàòíîìó) íàïðÿìêó çà ãîäèííèêîâîþ ñòðiëêîþ
òà ïîñëiäîâíî âèïèñó¹ìî íîìåðè-ïîçíà÷êè ñiðèõ (÷îðíèõ) äóã,
ÿêi çóñòði÷àþòüñÿ ïðè îáõîäi ¹äèíîãî ñiðîãî (÷îðíîãî) öèêëó.
Ïðè÷îìó îñíàùåííÿ çíàêîì ¾ìiíóñ¿ âiäáóâà¹òüñÿ ëèøå äëÿ òèõ
íîìåðiâ-ïîçíà÷îê ĵ, íàïðÿìîê îáõîäó äóã ÿêèõ çáiãàâñÿ ç ðóõîì
ïðîòè ãîäèííèêîâî¨ ñòðiëêè.
ßêùî D ∈ =O1;n, òî îáõiä êîæíî¨ iç ñiðèõ äóã (ïðè îáõîäi ó çà-

çíà÷åíèé ñïîñiá ¹äèíîãî ñiðîãî öèêëó) âiäáóâà¹òüñÿ âèêëþ÷íî
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çà ãîäèííèêîâîþ ñòðiëêîþ, i òîìó ñåðåä åëåìåíòiâ âiäïîâiäíî-
ãî öèêëó w(D) = (0̂, ŵ1, ...., ŵn−1) íåìà¹ âiä'¹ìíèõ. Çâiäêè é
âèïëèâà¹, ùî π(D) = π (w(D)) = 〈w1, ...., wn〉 ∈ S+

n−1.

ßêùî æ D ∈ =N1;n, òî äiàãðàìà ìiñòèòü ùîíàéìåíøå äâi õîð-
äè, ÿêi ñïîëó÷àþòü âåðøèíè ç íîìåðàìè îäíàêîâî¨ ïàðíîñòi.
Íåõàé [2i, 2j], (i < j) � îäíà ç íèõ. ßêùî ïðè îáõîäi ñiðîãî
öèêëó ïðîõiä âçäîâæ õîðäè [2i, 2j] âiäáóâàâñÿ âiä 2i äî 2j, òî

íàïðÿìîê îáõîäó äóãè î äîäàòíié, à äóãè ĵ � âiä'¹ìíèé; ÿêùî
æ âiä 2j äî 2i, òî íàïðÿìîê îáõîäó äóãè ĵ äîäàòíié, à äóãè î�
âiä'¹ìíèé. Òàêèì ÷èíîì, ñåðåä åëåìåíòiâ âiäïîâiäíîãî öèêëó
w(D) ¹ âiä'¹ìíi i òîìó π(D) ∈ S−n−1.

Ïðèêëàä 1.14. Äiàãðàìó D1, çîáðàæåíó íà ðèñ. 1.1b), ìîæíà
îòîòîæíèòè iç öèêëîì w(D1) = (0, 5, 1, 9, 4, 7, 6, 2, 8, 3) òà ïåðå-
ñòàíîâêîþ π1 = 〈5, 1, 9, 4, 7, 6, 2, 8, 3〉, à äiàãðàìó D2, çîáðàæåíó
íà ðèñ. 1.1c), � iç öèêëîì w(D2) = (0, 5, 1, 9,−4, 7, 6, 2, 8, 3) òà
ïåðåñòàíîâêîþ π2 = 〈5, 1, 9,−4, 7, 6, 2, 8, 3〉.
Çàóâàæåííÿ 1.15. Ç óðàõóâàííÿì ââåäåíèõ ïîçíà÷åíü òà, ÿê
ñëiäó¹ ç ðîáîòè [7], ÷èñëî ÷îðíèõ öèêëiâ äiàãðàìè D ∈ =O1;n

çáiãà¹òüñÿ ç ÷èñëîì öèêëiâ êîìïîçèöi¨ w−1 ◦ τ0, äå w = w(D) i
τ0 = (0, 1, 2, ..., n−1). Âiäìiòèìî òàêîæ, ùî öèêëè äåêîìïîçèöi¨
b = w−1 ◦ τ0 � ñóòü ÷îðíi öèêëè äiàãðàìè.

Îçíà÷åííÿ 1.16. [19], [11] Íåõàé π = 〈πi〉�ïåðåñòàíîâêà
ç S±m. Ïåðåòâîðèìî ¨¨ ó (íåîñíàùåíó) ïåðåñòàíîâêó π′ = 〈π′i〉
ç S+

2m çà äîïîìîãîþ âiäîáðàæåííÿ α, ïðè ÿêîìó äëÿ êîæíîãî
1 ≤ i ≤ m åëåìåíò πi âiäîáðàæà¹òüñÿ ó âïîðÿäêîâàíó ïàðó

α(πi) = {π′2i−1, π
′
2i} =

{
{2πi − 1, 2πi}, πi > 0 ,
{2|πi|, 2|πi| − 1}, πi < 0 .

¾Breakpoint¿-ãðàôîì ïåðåñòàíîâêè π (íàäàëi �BG-ãðàô π,
àáî æ êîðîòêî BG(π)) íàçèâàòèìåìî (íåîði¹íòîâàíèé) äâî-
êîëüîðîâèé ãðàô BG(π) iç âïîðÿäêîâàíîþ ìíîæèíîþ âåðøèí
π′0 = 0, π′1, π

′
2, ..., π

′
2m, π

′
2m+1 = 2m + 1, ìíîæèíà ðåáåð ÿêîãî ¹

îá'¹äíàííÿì äâîõ ¾äîñêîíàëèõ ïàðîñïîëó÷åíü¿ (perfect match-
ings ) íà âåðøèíàõ {0, 1, ..., 2m+ 1}, à ñàìå:
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• ÷îðíi ðåáðà (íàäàëi � äóãè)

δB(π) = {{π′2i, π′2i+1}|0 ≤ i ≤ m};

• ñiði ðåáðà (íàäàëi � õîðäè)

δG = {{2i, 2i+ 1}|0 ≤ i ≤ m}.

Iíøèìè ñëîâàìè, BG(π) = δB(π) ∪ δG� ðèñ. 1.2 b) i c).

Íà ðèñ. 1.2b) çîáðàæåíî BG-ãðàô äëÿ ïåðåñòàíîâêè

π = 〈7, 4, 6, 1, 8, 3, 5, 2〉,

ÿêèé ðîçêëàäà¹òüñÿ ó 3 öèêëè: äâà 2-öèêëè òà îäèí 5-öèêë;
íà ðèñ. 1.2 c)�BG(π) äëÿ π = 〈6, 5,−7,−1,−8,−2, 4, 3〉, ÿêèé
ðîçêëàäà¹òüñÿ ó ¹äèíèé 9-öèêë.

)a  )b  )c  
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1
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2
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5
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'

2 1m
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'

2 2m
π −  

'
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π  
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2 1l
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...  

0ɵ  

1ɵ  

ɵ2  

3ɵ  

lɵ  
�1l +  

�m  

�1m −  

0  

1 

2  

l  

m  

1m −  

Ðèñ. 1.2
a) BGm-øàáëîí; b) BG(π), π = 〈7, 4, 6, 1, 8, 3, 5, 2〉 ∈ S+

8 ;
c) BG(π), π = 〈6, 5,−7,−1,−8,−2, 4, 3〉 ∈ S−8

Çàóâàæåííÿ 1.17. Ç óðàõóâàííÿì îçíà÷åííÿ 1.16 (çàðàäè çðó-
÷íîñòi òà áåç âòðàòè çàãàëüíîñòi) â ïîäàëüøîìó áóäåìî ââàæà-
òè, ùî äëÿ êîæíî¨ π ∈ S±m ¨ ¨ BG-ãðàô áóäó¹òüñÿ íà îñíîâi
BGm-øàáëîíó� ðèñ. 1.2a). Ïiä BGm-øàáëîíîì áóäåìî ðîçó-
ìiòè 1-ðåãóëÿðíèé ãðàô, ÿêèé ñêëàäà¹òüñÿ ç:
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• 2m+2 òî÷îê, ùî ¹ âåðøèíàìè ïðàâèëüíîãî (2m+2)-êóòíèêà i
çàíóìåðîâàíi çà ãîäèííèêîâîþ ñòðiëêîþ çà äîïîìîãîþ ìiòîê
π′0 = 0, π′1, π

′
2, ..., π

′
2m, π

′
2m+1 = 2m+ 1, òà

• m + 1 ðåáðà � ÷îðíèõ äóã δB(π) = {{π′2i, π′2i+1}|0 ≤ i ≤ m},
îïèñàíîãî íàâêîëî çàçíà÷åíîãî (2m+ 2)-êóòíèêà êîëà.

Êðiì òîãî, êîæíó ÷îðíó äóãó {π′2i, π′2i+1} ïîìiòèìî íîìåðîì i,

äóãó {2m+ 1, 0} � 0̂, à êîæíó äóãó {π′2i−1, π
′
2i} � íîìåðîì î.

Íàãàäà¹ìî, ùî ïàðîñïîëó÷åííÿì ó ãðàôi íàçèâàþòü ìíîæè-
íó ïîïàðíî íåñóìiæíèõ ðåáåð. Äîñêîíàëèì ïàðîñïîëó÷åííÿì
(àáî æ 1-ôàêòîðîì) íàçèâàþòü ïàðîñïîëó÷åííÿ, â ÿêîìó çó-
ñòði÷àþòüñÿ óñi âåðøèíè ãðàôà. ×åðåç Fn ïîçíà÷àþòü ìíîæè-
íó 1-ôàêòîðiâ íà âåðøèíàõ {0, 1, 2, ..., 2n − 1}, çîêðåìà ÷åðåç
ε = {{i, n+ i}|0 ≤ i ≤ n− 1}�¾òîòîæíèé¿ 1-ôàêòîð.

Îçíà÷åííÿ 1.18 ( [11]). Êîíôiãóðàöi¹þ íàçèâàþòü îá'¹äíà-
ííÿ äâîõ äîñêîíàëèõ ïàðîñïîëó÷åíü δB i δG â {0, 1, ..., 2m+ 1},
äå δG = {{2i, 2i+ 1}|0 ≤ i ≤ m}.
Äîïîâíåííÿì êîíôiãóðàöi¨ C = δB ∪ δG íàçèâàþòü êîíôi-

ãóðàöiþ C = δB∪δ̂G, äå δ̂G = {{2i−1, 2i}|1 ≤ i ≤ m}∪{2m+1, 0}.
Ìà¹ ìiñöå õàðàêòåðèñòè÷íà âëàñòèâiñòü ¾breakpoint¿-ãðàôiâ.

Òâåðäæåííÿ 1.19. [11, Lemma 5.1.] Êîíôiãóðàöiÿ C = δB∪δG
¹ ¾breakpoint¿-ãðàôîì ïåâíî¨ îñíàùåíî¨ ïåðåñòàíîâêè π òîäi i

ëèøå òîäi, êîëè ¨¨ äîïîâíåííÿ C = δB ∪ δ̂G ¹ ãàìiëüòîíiàíîì.

Îçíà÷åííÿ 1.20. Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:

• S+
m,k �ìíîæèíà òèõ ïåðåñòàíîâîê ç S+

m, ÷è¨ BG-ãðàôè ðîç-

êëàäàþòüñÿ ó k öèêëiâ, BG+
m,k � ìíîæèíà âiäïîâiäíèõ BG-

ãðàôiâ, S+
H(m, k) = |S+

m,k| = |BG
+
m,k|�¾Hultman number¿;

• S±m,k �ìíîæèíà òèõ ïåðåñòàíîâîê ç S±m, ÷è¨ BG-ãðàôè ðîç-

êëàäàþòüñÿ ó k öèêëiâ, BG±m,k � ìíîæèíà âiäïîâiäíèõ BG-

ãðàôiâ, S±H(m, k) = |S±m,k| = |BG
±
m,k|;

• S−m,k = S±m,k\S
+
m,k, BG

−
m,k � ìíîæèíà âiäïîâiäíèõ BG-ãðàôiâ,

S−H(m, k) = |S−m,k| = |S
±
m,k| − |S

+
m,k|.
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Ñëiä çàçíà÷èòè, ùî ïðîáëåìàì ïiäðàõóíêó âåëè÷èí S+
H(m, k)

i S±H(m, k) òà ñóìiæíèì ïèòàííÿì ïðèñâÿ÷åíà öiëà íèçêà ðîáiò
(íàïð., [20], [21], [22], [23], [11]). Îäíàê íèæ÷å ìè íàâåäåìî âi-
äîìi ðåçóëüòàòè âèêëþ÷íî äëÿ âèïàäêó k = 1.
Òàê, íàïðèêëàä, ó 1980 ð. â ðîáîòi [20] òà ïiçíiøå â [23] áóëî

âñòàíîâëåíî ñïðàâåäëèâiñòü ôîðìóëè

S+
H(m, 1) =

{
2·m!
m+2 , m = 2l

0, m 6= 2l,
(1.4)

à â 1992 ð. ó ðîáîòi [21] òà ïiçíiøå â [11] � ñïðàâåäëèâiñòü ôîð-
ìóë

S±H(g; 1) =
23g+1 · (g + 1)! · (g!)2

(2g + 2)!
+

+

g∑
i=1

min(i,g+1−i)∑
j=1

c(i; j) ·

[
2i−j−1(2j)!(i− 1)!(g + 2− i− j)!

(2j − 1)j!

]2
, (1.5)

äå

c(i; j) =
(−1)g+2+i−j · 2i−j+1 · (g + 1) · (2i− 2j + 1) · (i− 1)!

(g + 2 + i− j)(g + 1 + i− j)(g + 1− i+ j)(g − i+ j)
×

×
1

(g + 1− i− j)!(2i− 1)!(j − 1)!
. (1.6)

Çàóâàæèìî, ùî çàäà÷à ïðî ïiäðàõóíîê

• âåëè÷èíè S+
H(m, k) ¹ ðiâíîñèëüíîþ äî çàäà÷i ïðî ïiäðàõóíîê

÷èñëà ïðåäñòàâëåíü ôiêñîâàíîãî (m+1)-öèêëó ó âèãëÿäi êîì-
ïîçèöi¨ ρ ◦ ω, äå ρ � (m + 1)-öèêë, ω ∈ S+

m+1 ç c(ω) = k (ÿêà
ðîçêëàäà¹òüñÿ ó k öèêëiâ) [20], [23], [11], à
• âåëè÷èíè S±H(m, k)� çàäà÷i ïðî ïiäðàõóíîê òèõ τ ç Fm+1, ïðè

ÿêèõ c(δG∪τ) = k i c(τ∪δ̂G) = 1 (c(·)�÷èñëî öèêëiâ) [21], [11].
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2. ¾Breakpoint¿-ãðàôè òà 2-êîëüîðîâi äiàãðàìè ç
îäíèì (ñiðèì) öèêëîì ïåâíîãî êîëüîðó

Îçíà÷åííÿ 2.1. Íåõàé π ∈ S±m. B̂G(π)-ãðàôîì áóäåìî íà-
çèâàòè BG(π)-ãðàô, ÿêèé äîïîâíåíî (äî 3-ðåãóëÿðíîãî ãðàôó)
ñiðèìè äóãàìè {2m + 1, 0} i {2i − 1, 2i} (1 ≤ i ≤ m) BG2m-
øàáëîíó. Iíøèìè ñëîâàìè (ç óðàõóâàííÿì îçíà÷åíü 1.16, 1.18),

B̂G(π) = δB(π) ∪ δG ∪ δ̂G.

Ïîçíà÷èìî äàëi ÷åðåç B̂G
±
m, B̂G

±
m,k, B̂G

+

m,k i B̂G
−
m,k ìíîæèíè

B̂G-ãðàôiâ äëÿ ïåðåñòàíîâîê ç S±m, S
±
m,k, S

+
m,k òà S

−
m,k âiäïîâiä-

íî. Òîäi î÷åâèäíî, ùî åëåìåíòè ìíîæèí B̂G
±
m, B̂G

±
m,k, B̂G

+

m,k

i B̂G
−
m,k (ïåðåáóâàþ÷è ó âçà¹ìíî îäíîçíà÷íié âiäïîâiäíîñòi ç

åëåìåíòàìè ìíîæèí BG±m, BG
±
m,k, BG

+
m,k i BG

−
m,k âiäïîâiäíî)

ïåðåáóâàþòü ó âçà¹ìíî îäíîçíà÷íié âiäïîâiäíîñòi ç åëåìåíòàìè
ìíîæèí S±m, S

±
m,k, S

+
m,k òà S

−
m,k âiäïîâiäíî.

Çàóâàæåííÿ 2.2. Áåç âòðàòè çàãàëüíîñòi, ìîæíà ââàæàòè, ùî

êîæíó 2-êîëüîðîâó äiàãðàìó D ∈ =1,k;n ïîáóäîâàíî íà B̂Gm-
øàáëîíi (m = n− 1) � ðèñ. 2.3 a), b).

Òîäi êîæíié äiàãðàìi D ∈ =1,n îäíîçíà÷íî ìîæíà ïîñòàâèòè

ó âiäïîâiäíiñòü ïåðåñòàíîâêó π = π(D) ∈ S±n−1, B̂G-ãðàô ÿêî¨
çáiãà¹òüñÿ ç D. Ïîÿñíèìî, ÿê çàäà¹òüñÿ öÿ âiäïîâiäíiñòü.
1) Îñêiëüêè D ìà¹ îäèí ñiðèé öèêë, òî ïðè éîãî îáõîäi, ïî÷è-

íàþ÷è ç 0̂-î¨ ñiðî¨ äóãè {2n−1, 0} çà ãîäèííèêîâîþ ñòðiëêîþ, ìè
ðóõà¹ìîñÿ âçäîâæ õîðäè, îäíèì iç êiíöiâ ÿêî¨ ¹ âåðøèíà 0, äî

äðóãîãî ¨¨ êiíöÿ íà B̂Gn−1-øàáëîíi � âåðøèíè 1. Ïîäàëüøèé
íàïðÿìîê ðóõó ïî êîëó âèçíà÷à¹òüñÿ ñiðîþ äóãîþ, ùî iíöèäåí-
òíà âåðøèíi 1, äðóãèé ¨¨ êiíåöü ïîçíà÷èìî 2. Äàëi çà àëãîðè-
òìîì: âiä âåðøèíè 2i ðóõà¹ìîñÿ âçäîâæ âiäïîâiäíî¨ õîðäè òà
ïîçíà÷à¹ìî äðóãèé ¨¨ êiíåöü íîìåðîì (2i+1), äðóãèé êiíåöü ií-
öèäåíòíî¨ ñiðî¨ õîðäè� íîìåðîì (2i+ 2), i òàê äî òèõ ïið, ïîêè

íå ïîâåðíåìîñÿ äî (2n−1)-âåðøèíè 0̂-î¨ ñiðî¨ äóãè � ðèñ. 2.3c).
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2) Â ðåçóëüòàòi êiíöi êîæíî¨ ñiðî¨ äóãè (êðiì ïîìi÷åíî¨ 0̂-î¨)
áóäå çàíóìåðîâàíî ïàðîþ {π′2i−1, π

′
2i} ïîñëiäîâíèõ íàòóðàëüíèõ

÷èñåë ç {1, 2, ..., 2n− 2}.
3) Ïðîïóñêàþ÷è âåðøèíó 0 i ðóõàþ÷èñü çà ãîäèííèêîâîþ

ñòðiëêîþ, âèïèøåìî ïðèâëàñíåíi íîìåðè âåðøèíàì B̂Gn−1-øà-
áëîíó. Â ðåçóëüòàòi îäåðæèìî ïåðåñòàíîâêó

π′ = π′(D) = 〈π′1, π′2, ..., π′2i−1, π
′
2i, ..., π

′
2n−3, π

′
2n−2〉 ∈ S+

2n−2.

4) Ç óðàõóâàííÿì 2) òà çà äîïîìîãîþ âiäîáðàæåííÿ α−1 (α�
ç îçíà÷åííÿ 1.16) ïåðåñòàíîâöi π′ = π′(D) îäíîçíà÷íî ñòàâèòüñÿ
ó âiäïîâiäíiñòü ïåðåñòàíîâêà π = π(π′(D)) = 〈πi〉 ∈ S±n−1, à
ñàìå: äëÿ êîæíîãî 1 ≤ i ≤ (n− 1)

α−1
(
{π′2i−1, π

′
2i}
)

= πi =


+
π′2i
2
, π′2i−1 − íåïàðíå,

−
π′2i−1

2
, π′2i−1 − ïàðíå.

   

)a  )b  )c  
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Ðèñ. 2.3
a) B̂Gm-øàáëîí; b) D ∈ =N

1,2;8;
c) π′ = π′(D) = 〈13, 14, 7, 8, 11, 12, 1, 2, 15, 16, 5, 6, 9, 10, 4, 3〉 π =

π (π′(D)) = π(D) = 〈7, 4, 6, 1, 8, 3, 5,−2〉 ∈ S−8,2, B̂G(π) ≡ D

Òàêèì ÷èíîì, êîæíié äiàãðàìi D ∈ =1,n îäíîçíà÷íî ïîñòàâ-

ëåíî ó âiäïîâiäíiñòü ïåðåñòàíîâêó π = π(D) ∈ S±n−1, B̂G-ãðàô
ÿêî¨ çáiãà¹òüñÿ ç D.
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Çîêðåìà, êîæíié äiàãðàìi D ç êëàñó =O1,n îäíîçíà÷íî ñòàâè-

òüñÿ ó âiäïîâiäíiñòü ïåðåñòàíîâêà π = π(D) ∈ S+
n−1, à êîæíié

äiàãðàìi D ç êëàñó =N1,n �ïåðåñòàíîâêà π = π(D) ∈ S−n−1 (B̂G-
ãðàô ÿêî¨ çáiãà¹òüñÿ ç D).
I íàâïàêè: êîæíié ïåðåñòàíîâöi π ç S+

n−1 (ç S
−
n−1) îäíîçíà÷íî

ñòàâèòüñÿ ó âiäïîâiäíiñòü BG(π), à òîìó é B̂G(π)�äiàãðàìà
D = D(π) ñàìå ç êëàñó =O1,n (ç êëàñó =N1,n âiäïîâiäíî).
Ç óðàõóâàííÿì çàçíà÷åíîãî, îçíà÷åííÿ 2.1 òà çàóâàæåííÿ 2.2

äiàãðàìè D ∈ =1,n òà B̂G (π(D)) ∈ B̂G
±
n−1 ìîæíà îòîòîæíþâà-

òè. Òàê ñàìî ìîæíà îòîòîæíþâàòè B̂G(π) ∈ B̂G
±
n−1 òà äiàãðà-

ìè D(π) ∈ =1,n. Îòæå åëåìåíòè ìíîæèí =O1,n i S+
n−1 òà =N1,n i

S−n−1 ïåðåáóâàþòü ó âçà¹ìíî îäíîçíà÷íié âiäïîâiäíîñòi.
Áiëüøå òîãî, îñêiëüêè ÷èñëî k ÷îðíèõ öèêëiâ 2-êîëüîðîâî¨

äiàãðàìè D(π) ≡ B̂G(π) ∈ =1,k,n çáiãà¹òüñÿ iç ÷èñëîì öèêëiâ

BG(π), òî π ∈ S±n−1,k. I íàâïàêè, ÿêùî π ∈ S
±
n−1,k, òî BG(π) ∈

BG±n−1,k, à òîìó B̂G(π) ∈ BG±n−1,k ≡ =1,k,n.
Òàêèì ÷èíîì, âñòàíîâëåíî ái¹êöiþ ìiæ åëåìåíòàìè ìíîæèí

=1,k;n òà S
±
n−1,k. Áiëüø òîãî, ìàþòü ìiñöå òàêi òâåðäæåííÿ.

Òâåðäæåííÿ 2.3. Åëåìåíòè ìíîæèí =O1,k;n i S+
n−1,k ïåðåáó-

âàþòü ó âçà¹ìíî îäíîçíà÷íié âiäïîâiäíîñòi.

Òâåðäæåííÿ 2.4. Åëåìåíòè ìíîæèí =N1,k;n i S−n−1,k ïåðåáó-
âàþòü ó âçà¹ìíî îäíîçíà÷íié âiäïîâiäíîñòi.

Íàñëiäîê 2.5.

|=1,k;n| =
∣∣∣S±n−1,k

∣∣∣ = S±H(n− 1, k). (2.7)

∣∣=O1,k;n

∣∣ =
∣∣∣S+
n−1,k

∣∣∣ = S+
H(n− 1, k). (2.8)

Îçíà÷åííÿ 2.6. Íåõàé σ = 〈σi〉 ∈ S+
2m. ßêùî äëÿ êîæíîãî

1 ≤ i ≤ m âèêîíó¹òüñÿ ðiâíiñòü σi+σ2m+1−i = 2m+1, òî òà-
êó ïåðåñòàíîâêó σ áóäåìî íàçèâàòè ñèìåòðè÷íîþ, ìíîæèíó
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âñiõ òàêèõ ïåðåñòàíîâîê ïîçíà÷àòè S̃+
2m, à ìíîæèíó âiäïî-

âiäíèõ äiàãðàì D(σ) ≡ B̂G(σ) ∈ =O1,2m+1 �ÿê =̃O1,2m+1.

Òâåðäæåííÿ 2.7. Äiàãðàìà D ≡ B̂G(σ) ¹ ñèìåòðè÷íîþ âiäíî-

ñíî îñi ñèìåòði¨ B̂G2m-øàáëîíó, ÿêà ïðîõîäèòü ÷åðåç ñåðåäèíè

0̂-î¨ ñiðî¨ òà m-î¨ ÷îðíî¨ äóã, òîäi i ëèøå òîäi, êîëè σ ∈ S̃+
2m.

3. Ïåðåðàõóâàííÿ òîïîëîãi÷íî íååêâiâàëåíòíèõ
ãëàäêèõ ìiíiìàëüíèõ ôóíêöié íà çàìêíåíèõ

îði¹íòîâàíèõ ïîâåðõíÿõ ðîäó g ≥ 0

3.1. Êëàñèôiêàöiéíà òåîðåìà òà iëþñòðàòèâíi ïðèêëàäè
äî ïî÷àòêîâèõ çíà÷åíü. Â [3] âñòàíîâëåíî, ùî äëÿ äîâiëüíî¨
ôóíêöi¨ f ç êëàñó Ck,l(Mg) (ïîâíèì) òîïîëîãi÷íèì iíâàðiàíòîì
¹ 2-êîëüîðîâà õîðäîâà O-äiàãðàìà D(f) ç n = 2g − 1 + k + l
õîðäàìè, ÿêà ìà¹ òî÷íî k ÷îðíèõ (ñiðèõ) òà l ñiðèõ (÷îðíèõ)
öèêëiâ. Òîáòî äiàãðàìà ç êëàñó =Ok,l;n (n = 2g−1+k+l). Çîêðåìà
ìà¹ ìiñöå òàêå òâåðäæåííÿ:

Òåîðåìà 3.2. [3] Äâi ôóíêöi¨ f1 i f2 ç êëàñó C1,1(Mg) áó-
äóòü O-òîïîëîãi÷íî åêâiâàëåíòíèìè (òîïîëîãi÷íî åêâiâàëåí-
òíèìè) òîäi i ëèøå òîäi, êîëè âiäïîâiäíi ¨ì äiàãðàìè D(f1)
i D(f2) ç êëàñó =O1,1;n (n = 2g + 1) ¹ åêâiâàëåíòíèìè âiäíîñíî
äi¨ öèêëi÷íî¨ (âiäïîâiäíî äiåäðàëüíî¨) ãðóïè. ×èñëî òîïîëîãi÷íî
íååêâiâàëåíòíèõ ôóíêöié ç êëàñó C1,1(Mg) äîðiâíþ¹ ÷èñëó íå-
åêâiâàëåíòíèõ (âiäíîñíî äi¨ äiåäðàëüíî¨ ãðóïè) äiàãðàì ç êëàñó
=O1,1;n (n = 2g + 1).

Ïðèêëàä 3.3. Ïðè g = 0 iñíó¹ ¹äèíà äiàãðàìà ç êëàñó =O1,1;1,

ðèñ. 3.4a), ïðè g = 1� òàêîæ ¹äèíà äiàãðàìà ç êëàñó =O1,1;3,
ðèñ. 3.4b), äëÿ g = 2 ìà¹ìî ðiâíî 4 íååêâiâàëåíòíi äiàãðàìè ç
êëàñó =O1,1;5, ðèñ. 3.4c), à äëÿ g = 3 iñíó¹ 25 íååêâiâàëåíòíèõ

äiàãðàì ç êëàñó =O1,1;7, ðèñ. 3.5. Òàêèì ÷èíîì, äëÿ ïî÷àòêîâèõ
g = 0, 1, 2, 3 ÷èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëà-
ñó C1,1(Mg) ñòàíîâèòü 1, 1, 4 i 25 âiäïîâiäíî.
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  )c  

 

Ðèñ. 3.4. (Òîïîëîãi÷íi) iíâàðiàíòè äëÿ òî-
ïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñiâ
C1,1(M0), C1,1(M1) i C1,1(M2) âiäïîâiäíî.

     
1 2 3 4 5 

     
6 7 8 9 10 

     
11 12 13 14 15 

     
16 17 18 19 20 

     
21 22 23 24 25 

Ðèñ. 3.5. (Òîïîëîãi÷íi) iíâàðiàíòè äëÿ òîïîëî-
ãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó C1,1(M3).
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Ôîðìàëiçó¹ìî çàçíà÷åíó çàäà÷ó äëÿ äîâiëüíîãî g ≥ 0.
Çà ëåìîþ Áåðíñàéäà òà ç óðàõóâàííÿì ðåçóëüòàòiâ ðîáiò [3]

i [7] ÷èñëî íååêâiâàëåíòíèõ (âiäíîñíî äi¨ äiåäðàëüíî¨ ãðóïè ïî-
ðÿäêó 2n) äiàãðàì ç êëàñó =O1,1;n (n = 2g+ 1) ìîæå áóòè âèçíà-
÷åíî çà äîïîìîãîþ ñïiââiäíîøåííÿ

d∗∗O (n) =
1

2
·
(
d∗O(n) + SO(n)

)
, (3.9)

äå d∗O(n)�÷èñëî íåiçîìîðôíèõ (íååêâiâàëåíòíèõ âiäíîñíî äi¨
öèêëi÷íî¨ ãðóïè ïîðÿäêó n) äiàãðàì ç êëàñó =O1,1;n;

SO(n)�÷èñëî òèõ äiàãðàì ç êëàñó =O1,1;n, ùî ¹ ñèìåòðè÷íèìè
âiäíîñíî ôiêñîâàíî¨ îñi ñèìåòði¨ 2-êîëüîðîâîãî 2n-øàáëîíó
(íàäàëi, êîðîòêî, � ñèìåòðè÷íèõ äiàãðàì ç êëàñó =O1,1;n).
Òàêèì ÷èíîì, âèðiøåííÿ çàçíà÷åíî¨ ïðîáëåìè çâîäèòüñÿ äî

çàäà÷i ïðî ïiäðàõóíîê ÷èñëà òèõ äiàãðàì ç êëàñó =O1,1;2g+1, ÿêi
¹ ñèìåòðè÷íèìè âiäíîñíî ôiêñîâàíî¨ îñi ñèìåòði¨ 2-êîëüîðîâîãî
(4g + 2)-øàáëîíó.
Ðîçâ'ÿçàííþ öi¹¨ çàäà÷i é ïðèñâÿ÷åíî íàñòóïíèé ïiäïóíêò.

3.4. Ïåðåðàõóâàííÿ ñèìåòðè÷íèõ äiàãðàì êëàñó =O1,1;2g+1.
Î÷åâèäíî, ùî áåçïîñåðåäíiì íàñëiäêîì îçíà÷åííÿ 2.6, òâåðäæå-
ííÿ 2.7 òà âiäïîâiäíî¨ ôîðìóëè ç (1.1) ¹ ñïðàâåäëèâiñòü íàñòó-
ïíèõ ðiâíîñòåé ∣∣∣=̂O1,2g+1

∣∣∣ =
∣∣∣S̃+

2g

∣∣∣ =
∣∣S±g ∣∣ = g! · 2g. (3.10)

Ïîçíà÷èìî äàëi ÷åðåç =̃O1,1;2g+1 ìíîæèíó òèõ (ñèìåòðè÷íèõ)

äiàãðàì ç =̃O1,2g+1, ÿêi ìàþòü 1 ñiðèé òà 1 ÷îðíèé öèêë (òîáòî,

ìíîæèíó òèõ äiàãðàì ç =O1,1;2g+1, ùî ¹ ñèìåòðè÷íèìè âiäíîñíî

îñi ñèìåòði¨ B̂G2g-øàáëîíó, ÿêà ïðîõîäèòü ÷åðåç ñåðåäèíè 0̂-î¨
ñiðî¨ òà g-î¨ ÷îðíî¨ äóã).
Ç óðàõóâàííÿì ïðèêëàäó 3, äëÿ ïî÷àòêîâèõ g = 0, 1, 2, 3 çíà-

÷åííÿ âåëè÷èíè SO(2g + 1) ñòàíîâëÿòü 1, 1, 4 i 20 (íà ðèñ. 3.5
öå äiàãðàìè 1�20) âiäïîâiäíî. Ó ðîáîòi [8] â ÿâíîìó âèãëÿäi íà-
âåäåíî âñi 148 ñèìåòðè÷íèõ äiàãðàì ç êëàñó =O1,1;9 (g = 4).
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Áiëüø òîãî, ç óðàõóâàííÿì ðåçóëüòàòiâ [8], ïðè 1 ≤ g ≤ 9
âiäïîâiäíi çíà÷åííÿ âåëè÷èí SO(2g + 1) i S±H(g; 1) çáiãàþòüñÿ.
Òîìó ¹ âñi ïiäñòàâè äëÿ âèñóíåííÿ ãiïîòåçè ùîäî çáiã âåëè÷èí
ïðè äîâiëüíîìó g ≥ 1.
Íåõàé π ∈ S±m. Òðàíñôîðìó¹ìî ïåðåñòàíîâêó π = 〈πi〉 ó íå-

îñíàùåíó ïåðåñòàíîâêó σ = 〈σ1, ..., σm, σm+1, ..., σ2m〉 ∈ S̃+
2m çà

äîïîìîãîþ âiäîáðàæåííÿ κ : S±m 7→ S̃+
2m, ïðè ÿêîìó ∀i ∈ [m]

κ : πi 7→ {σi, σ2m+1−i} =

{
{πi, 2m+ 1− πi}, πi > 0
{2m+ 1− |πi|, |πi|}, πi < 0.

Î÷åâèäíî, ùî κ ¹ ái¹êòèâíèì òà äëÿ âñiõ i ∈ [m]

κ−1 : {σi, σ2m+1−i} 7−→ πi =

{
+σi, σi ≤ m
−σ2m+1−i, σi > m.

Íåõàé äàëi S̃+
2m,1 �ìíîæèíà òèõ σ ∈ S̃+

2m, ÷è¨ BG-ãðàôè ðîç-

êëàäàþòüñÿ â 1 öèêë. Iíøèìè ñëîâàìè, ìíîæèíà òèõ σ ∈ S̃+
2m,

ïðè ÿêèõ BG(σ) ∈ BG+
2m,1 (àáî æ B̂G(σ) ∈ B̂G

+

2m,1).

Çàóâàæåííÿ 3.5. Ç óðàõóâàííÿì òâåðäæåííÿ 2.7, êîæíó äià-

ãðàìó D ∈ =̂O1,2g+1 ìîæíà îòîòîæíèòè iç ïåðåñòàíîâêîþ σ ∈ S̃+
2g

(B̂G(σ) ≡ D). À çà äîïîìîãîþ âiäîáðàæåííÿ κ� iç ïåðåñòàíîâ-
êîþ π = κ−1(σ) ∈ S±g . Áiëüøå òîãî, â iëþñòðàòèâíèõ ïðèêëà-

äàõ 3.6 i 3.7 ïîêàçàíî, ùî êîæíó äiàãðàìó D ç êëàñó =̃O1,1;2g+1

ìîæíà îòîòîæíèòè ç (îñíàùåíîþ) ïåðåñòàíîâêîþ π = π(D) ñà-
ìå iç êëàñó S±g,1. I íàâïàêè.

Ïðèêëàä 3.6. Ïðè g = 2 iñíó¹ ëèøå ÷îòèðè äiàãðàìè ç êëàñó

=̃O1,1;5, ðèñ. 3.4c). Êîæíó ç íèõ (ðèñ. 3.6) ìîæíà îòîòîæíèòè iç

âiäïîâiäíèìè ïåðåñòàíîâêàìè πi ∈ S±2,1:

1) σ′1 = σ′1(D1) = 〈7, 8; 5, 6; 3, 4; 1, 2〉 α
−1

7−→

7−→ σ1 = 〈4, 3 | 2, 1〉 κ
−1

7−→ π1 = 〈−1,−2〉,
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2) σ′2 = σ′2(D2) = 〈3, 4; 7, 8; 1, 2; 5, 6〉 α
−1

7−→

7−→ σ2 = 〈2, 4 | 1, 3〉 κ
−1

7−→ π2 = 〈+2,−1〉,

3) σ′3 = σ′3(D3) = 〈5, 6; 1, 2; 7, 8; 3, 4〉 α
−1

7−→

7−→ σ3 = 〈3, 1 | 4, 2〉 κ
−1

7−→ π3 = 〈−2,+1〉,

3) σ′4 = σ′4(D4) = 〈3, 4; 1, 2; 7, 8; 5, 6〉 α
−1

7−→

7−→ σ4 = 〈2, 1 | 4, 3〉 κ
−1

7−→ π4 = 〈+2,+1〉.

 

  

 

  
� ( )1 1D BG σ=  � ( )1BG π   � ( )2 2D BG σ=  � ( )2BG π  

1 14,3 | 2,1 1, 2σ π= ↔ − − =    
2 22,4 |1,3 2, 1σ π= ↔ + − =   

  

 

  
� ( )3 3D BG σ=  � ( )3BG π   � ( )4 4D BG σ=  � ( )4BG π  

3 33,1| 4,2 2, 1σ π= ↔ − + =    
4 42,1| 4,3 2, 1σ π= ↔ + + =   

 

Ðèñ. 3.6

Òàêèì ÷èíîì,
∣∣∣=̃O1,1;5

∣∣∣ = S±H(2, 1).

Ïðèêëàä 3.7. Íà ðèñ. 3.7 íàâåäåíî âñi 20 ïåðåñòàíîâîê π ∈
S±3,1, âiäïîâiäíi B̂G(π)-ãðàôè ç B̂G

±
3,1 òà âiäïîâiäíî âñi ñèìå-

òðè÷íi B̂G(σ) = B̂G (κ(π))-äiàãðàìè ç =̃O1,1;7. Îòæå,∣∣∣=̃O1,1;7

∣∣∣ = S±H(3, 1).
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ßê ç'ÿñóâàëîñÿ, ìàþòü ìiñöå íàñòóïíi òâåðäæåííÿ:

Ëåìà 3.8. ßêùî σ ∈ S̃+
2m,1, òî π = κ−1(σ) ∈ S±m,1. I íàâïàêè:

ÿêùî π ∈ S±m,1, òî σ = κ(π) ∈ S̃+
2m,1.

Òàêèì ÷èíîì, ñïðàâåäëèâèì ¹ òâåðäæåííÿ

Ëåìà 3.9. [9] Äëÿ äîâiëüíîãî íàòóðàëüíîãî g ñïðàâäæó¹òüñÿ
ðiâíiñòü

SO(n) =
∣∣∣=̃O1,1;2g+1

∣∣∣ =
∣∣∣S̃+

2g,1

∣∣∣ =
∣∣∣S±g,1∣∣∣ = S±H(g, 1). (3.11)

Ïî÷àòêîâi çíà÷åííÿ ÷èñëà dO(n) âñiõ äiàãðàì ç êëàñó =O1,1;n

òà ÷èñëà SO(n) ñèìåòðè÷íèõ äiàãðàì ç öüîãî êëàñó ïîäàíî ó
òàáëèöi 3.1. Ç óðàõóâàííÿì ëåìè 3.9, ìà¹ ìiñöå îñíîâíèé ðå-
çóëüòàò

Òåîðåìà 3.10. ×èñëî íååêâiâàëåíòíèõ (âiäíîñíî äi¨ äiåäðàëü-
íî¨ ãðóïè) äiàãðàì ç êëàñó =O1,1;n (n = 2g+1) ìîæíà îá÷èñëèòè
çà äîïîìîãîþ ñïiââiäíîøåííÿ

d∗∗O (n) =
1

2
·
(
d∗O(n) + S±H

(
n−1

2 ; 1
))

, (3.12)

äå âåëè÷èíà d∗O(n) (ç óðàõóâàííÿì ðåçóëüòàòiâ ðîáîòè [7]) ìî-
æå áóòè âèçíà÷åíà çà òàêèìè ôîðìóëàìè:

d∗O(n) =
1

n

dO(n) +
∑

i|n, i 6=n

φ
(n
i

)
· ρ(n, i)

 , (3.13)

ρ(n, i) = d(i) · φ∗
(n
i

)
·
(n
i

)i−1
. (3.14)

Â öèõ ôîðìóëàõ ρ(n, i)�÷èñëî òèõ äiàãðàì ç êëàñó =O1,1;n, ÿêi

¾ñàìîñóìiùóþòüñÿ¿ ïðè ïîâîðîòi íà êóò ωi = 2π
2n · 2i íàâêî-

ëî öåíòðó 2-êîëüîðîâîãî 2n-øàáëîíó (çà ãîäèííèêîâîþ ñòðië-
êîþ),

dO(n) =
∣∣=O1,1;n

∣∣ =
2(n− 1)!

n+ 1
=

(2g)!

g + 1
= SH(2g; 1),
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1
1, 2, 3π = − − −  

5
3, 1, 2π = − + −  

9
3, 1, 2π = − − +  

      

2
3, 2, 1π = − + +  

6
2, 3, 1π = − + −  

10
2, 1, 3π = + − −  

      

3
3, 2, 1π = + − +  

7
1, 3, 2π = − + −  

11
1, 3, 2π = − − +  

      

4
3, 2, 1π = + + −  

8
2, 1, 3π = − + −  

12
2, 3, 1π = + − −  

      

13
3, 1, 2π = − − −  

14
2, 3, 1π = − + +  

15
3, 1, 2π = + − +  

      

16
2, 1, 3π = + + −  

 17
3, 1, 2π = + + −  

      

18
2, 3, 1π = − − −  

19
1, 3, 2π = − + +  

20
2, 3, 1π = + − +  

 

Ðèñ. 3.7. B̂G(σi), B̂G(πi), πi ∈ S±3,1, 1 ≤ i ≤ 20
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d(i) = 2(i−1)!
i+1 , φ(q) = |{1 ≤ h < q | gcd(h, q) = 1}|�ôóíêöiÿ Åé-

ëåðà,

φ∗(q) = |{1 ≤ h < q | gcd(h, q) = 1 = gcd(h+ 1, q)}| ,
gcd(a, b)�íàéáiëüøèé ñïiëüíèé äiëüíèê íàòóðàëüíèõ a i b, à
âåëè÷èíà S±H

(
n−1

2 ; 1
)

= S±H(g; 1) âèçíà÷à¹òüñÿ çà ôîðìóëàìè
(1.5)�(1.6).

Íàñëiäîê 3.11. ×èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié
ç êëàñó C1,1(Mg) ìîæíà çíàéòè çà ôîðìóëàìè (3.12)�(3.14),
(1.5)�(1.6).

Ïî÷àòêîâi çíà÷åííÿ ÷èñëà íåiçîìîðôíèõ d∗O(n) òà ÷èñëà íå-
åêâiâàëåíòíèõ d∗∗O (n) äiàãðàì ç êëàñó =O1,1;n (n = 2g+ 1) ïîäàíî
ó òàáëèöi 3.2.

4. Ïåðåðàõóâàííÿ òîïîëîãi÷íî íååêâiâàëåíòíèõ
ãëàäêèõ ìiíiìàëüíèõ ôóíêöié íà çàìêíåíèõ

íåîði¹íòîâíèõ ïîâåðõíÿõ ðîäó g ≥ 1

4.1. Êëàñèôiêàöiéíà òåîðåìà òà ïî÷àòêîâi ðåçóëüòàòè.
Â ðîáîòàõ [3], [4] âñòàíîâëåíî, ùî äëÿ äîâiëüíî¨ ôóíêöi¨ f ç
êëàñó Ck,l(Ng) (ïîâíèì) òîïîëîãi÷íèì iíâàðiàíòîì ¹ 2-êîëüî-
ðîâà õîðäîâà N -äiàãðàìà D(f) ç n = g− 1 + k+ l õîðäàìè, ÿêà
ìà¹ òî÷íî k ÷îðíèõ (àáî æ ñiðèõ) òà l ñiðèõ (âiäïîâiäíî ÷îð-
íèõ) öèêëiâ. Òîáòî äiàãðàìà ç êëàñó =Nk,l;n (n = g − 1 + k + l).
Çîêðåìà ìà¹ ìiñöå òâåðäæåííÿ

Òåîðåìà 4.2 ( [4]). Äâi ôóíêöi¨ f1 i f2 ç êëàñó C1,1(Ng) ¹ òî-
ïîëîãi÷íî åêâiâàëåíòíèìè òîäi i ëèøå òîäi, êîëè âiäïîâiäíi
¨ì äiàãðàìè D(f1) i D(f2) ç êëàñó =N1,1;n (n = g + 1) ¹ åêâiâà-
ëåíòíèìè âiäíîñíî äi¨ äiåäðàëüíî¨ ãðóïè. ×èñëî òîïîëîãi÷íî
íååêâiâàëåíòíèõ ôóíêöié ç êëàñó C1,1(Ng) äîðiâíþ¹ ÷èñëó íå-
åêâiâàëåíòíèõ (âiäíîñíî äi¨ äiåäðàëüíî¨ ãðóïè ïîðÿäêó 2n) äià-
ãðàì ç êëàñó =N1,1;n (n = g + 1).

Ïðèêëàä 4.3. Ïðè g = 1 iñíó¹ ¹äèíà äiàãðàìà ç êëàñó =N1,1;2,

ðèñ. 4.8a), ïðè g = 2 iñíó¹ òàêîæ ¹äèíà äiàãðàìà ç êëàñó =N1,1;3,
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g n dO(n) = (2g)!
g+1 = SH(2g, 1), SO(n) = S±H(g, 1),

ïîñëiäâíiñòü A060593 â [24] ïîñëiä. A001171 â [24]
0 1 1 1

1 3 1 1
2 5 8 4
3 7 180 20
4 9 8 064 148
5 11 604 800 1 348
6 13 68 428 800 15 104
7 15 10 897 286 400 198 144
8 17 2 324 754 432 000 2 998 656
9 19 640 237 370 572 800 51 290 496
10 21 221 172 909 834 240 000 979 732 224
11 23 93 666 727 314 800 640 000 20 661 458 688

Òàáë. 3.1. Ïî÷àòêîâi çíà÷åííÿ âåëè÷èí dO(n)
òà SO(n), n = 2g + 1

g n d∗O(n) d∗∗O (n) =
d∗
O(n)+SO(n)

2

0 1 1 1

1 3 1 1
2 5 4 4
3 7 30 25
4 9 900 524
5 11 54 990 28 169
6 13 5 263 764 2 639 434
7 15 726 485 868 363 342 006
8 17 136 750 260 720 68 376 629 688
9 19 33 696 703 714 374 16 848 377 502 435
10 21 10 532 043 325 452 570 5 266 022 152 592 360
11 23 4 072 466 404 991 332 194 2 036 233 212 826 395 441

Òàáë. 3.2. Ïî÷àòêîâi çíà÷åííÿ âåëè÷èí d∗O(n)
òà d∗∗O (n), n = 2g + 1
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ðèñ. 4.8b), äëÿ g = 3 ìà¹ìî ðiâíî 4 íååêâiâàëåíòíi äiàãðàìè ç
êëàñó =N1,1;4, ðèñ. 4.8c), à ïðè g = 4 iñíó¹ 20 íååêâiâàëåíòíèõ

äiàãðàì ç êëàñó =N1,1;5, ðèñ. 4.9. Òàêèì ÷èíîì, äëÿ ïî÷àòêîâèõ
g = 1, 2, 3, 4 ÷èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëà-
ñó C1,1(Ng) ñòàíîâèòü 1, 1, 4 i 20 âiäïîâiäíî.
Â çàãàëüíîìó æ âèïàäêó (äëÿ íàòóðàëüíèõ g ≥ 1) öÿ çàäà÷à

i äî ñüîãîäíi çàëèøà¹òüñÿ íåðîçâ'ÿçàíîþ.

 

      

)a  )b  
1 2 3 4 

  )c  

 

Ðèñ. 4.8. (Òîïîëîãi÷íi) iíâàðiàíòè äëÿ òîïîëî-
ãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñiâ C1,1(N1),
C1,1(N2) i C1,1(N3) âiäïîâiäíî.

Ïðîòå, ÿê ç'ÿñóâàëîñÿ, iñíó¹ áåçïîñåðåäíié çâ'ÿçîê ìiæ øó-
êàíîþ òà íàâåäåíèìè âèùå âåëè÷èíàìè S±H(g, 1) òà SH(g, 1). À
âèðiøåííÿ çàçíà÷åíî¨ ïðîáëåìè çâîäèòüñÿ äî ðîçâ'ÿçàííÿ çà-
äà÷ ïðî ïiäðàõóíîê òèõ äiàãðàì ç êëàñó =N1,1;n (n = g + 1), ÿêi
ìàþòü ñèìåòði¨ (âiäíîñíî ïîâîðîòó òà/àáî âiäáèòòÿ).

Òâåðäæåííÿ 4.4. Äëÿ íàòóðàëüíèõ n = g+1 > 1 ÷èñëî dN (n)
äiàãðàì ç êëàñó =N1,1;n ìîæíà îá÷èñëèòè çà ôîðìóëàìè

dN (n) = S±H(n− 1, 1)− SH(n− 1, 1) =

= S±H(g, 1)− SH(g, 1) =

{
S±H(g, 1)− 2·g!

g+2 , g = 2m

S±H(g, 1), g 6= 2m.
(4.15)

Äîâåäåííÿ. Ç óðàõóâàííÿì ïóíêòó 2, ïðè n = g+ 1 i 1 ≤ k ≤ n
÷èñëî äiàãðàì ç êëàñó =1,k;n çáiãà¹òüñÿ iç ÷èñëîì S

±
H(g, k) ïåðå-

ñòàíîâîê ç S±g,k. Ïðîòå ñåðåä íèõ òî÷íî S+
H(g, k) ïåðåñòàíîâîê,
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1 2 3 4 5 6 

      
7 8 9 10 11 12 

      
13 14 15 16 17 18 

      

19 20     

 

Ðèñ. 4.9. (Òîïîëîãi÷íi) iíâàðiàíòè äëÿ òîïîëî-
ãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó C1,1(N4).

ÿêi âèçíà÷àþòü ïiäêëàñ =O1,k;n ñàìå O-äiàãðàì ç êëàñó =1,k;n.

Òîìó ÷èñëî dN (n, k) äiàãðàì ç êëàñó =N1,k;n ìîæíà îá÷èñëèòè
çà äîïîìîãîþ ñïiââiäíîøåííÿ

dN (g + 1, k) = S±H(g, k)− S+
H(g, k).

Ç óðàõóâàííÿì ñïiââiäíîøåííÿ (1.4), ïðè k = 1 äëÿ íàòóðàëü-
íèõ g = n− 1 ìà¹ìî ñïðàâåäëèâiñòü ôîðìóëè (4.15). �

Ëåìà 4.5. Äëÿ äîâiëüíîãî ïðîñòîãî n = g+ 1 > 2 ÷èñëî d∗N (n)
íåiçîìîðôíèõ äiàãðàì ç êëàñó =N1,1;n ìîæíà îá÷èñëèòè çà òà-
êîþ ôîðìóëîþ:

d∗N (n) =
dN (n)

n
=

1

g + 1

(
S±H(g, 1)− SH(g, 1)

)
. (4.16)
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g n = S±H(g, 1), SH(g, 1), dN (n) =
g + 1 A001171 â [24] A060593 â [24] S±H(g, 1)− SH(g, 1)

1 2 1 0 1
2 3 4 1 3
3 4 20 0 20
4 5 148 8 140
5 6 1 348 0 1 348
6 7 15 104 180 14 924
7 8 198 144 0 198 144
8 9 2 998 656 8 064 2 990 592
9 10 51 290 496 0 51 290 496
10 11 979 732 224 604 800 979 127 424
11 12 20 661 458 688 0 20 661 458 688
12 13 476 936 766 720 68 428 800 476 868 337 920

Òàáë. 4.3. Ïî÷àòêîâi çíà÷åííÿ âåëè÷èí dN (n)

Äîâåäåííÿ. Çà ëåìîþ Áåðíñàéäà (òà ç óðàõóâàííÿì, íàïðèêëàä,
ðåçóëüòàòiâ ðîáiò [7] òà [10]) ÷èñëî d∗N (n) íåiçîìîðôíèõ (âiäíî-
ñíî äi¨ öèêëi÷íî ãðóïè) äiàãðàì ç êëàñó =N1,1;n ìîæíà îá÷èñëèòè
çà äîïîìîãîþ ñïiââiäíîøåííÿ

d∗N (n) =
1

n

dN (n) +
∑

i|n, i6=n

φ
(n
i

)
· ν(n, i)

 , (4.17)

äå ν(n, i)�÷èñëî òèõ äiàãðàì ç êëàñó =N1,1;n, ÿêi ¾ñàìîñóìiùó-

þòüñÿ¿ ïðè ïîâîðîòi íà êóò ωn,i = 2π·i
n íàâêîëî öåíòðó 2-êî-

ëüîðîâîãî 2n-øàáëîíó (çà ãîäèííèêîâîþ ñòðiëêîþ), à φ(q)�
ôóíêöiÿ Åéëåðà.
Îñêiëüêè n ¹ ïðîñòèì, òî çíàõîäæåííÿ (4.17) çâîäèòüñÿ äî

îá÷èñëåííÿ âåëè÷èíè ν(n, 1). Â [10, ëåìà 2.2] áóëî âñòàíîâëåíî,
ùî äëÿ íåïàðíèõ n ÷èñëî ρ(n, i) òèõ äiàãðàì ç êëàñó =Nn;1, ÿêi

ñàìîñóìiùóþòüñÿ ïðè ïîâîðîòi íà êóò ωn,i (i|n) íàâêîëî öåíòðó
2-êîëüîðîâîãî 2n-øàáëîíó (çà ãîäèííèêîâîþ ñòðiëêîþ), ìîæíà
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îá÷èñëèòè çà ôîðìóëîþ

ρ(n, i) = φ
(n
i

)
· (i− 1)! ·

(n
i

)i−1
·
(
2i−1 − 1

)
. (4.18)

Çâiäêè (äëÿ íåïàðíèõ n òà êëàñó =Nn;1) ρ(n, 1) ≡ 0. À ç òîãî, ùî

=N1,1;n ⊂ =Nn;1 âèïëèâà¹, ùî ν(n, 1) = 0. �

Çàóâàæåííÿ 4.6. Ç óðàõóâàííÿì ëåìè 4.5 äëÿ ÷èñëà íåiçî-
ìîðôíèõ äiàãðàì ç êëàñó =N1,1;n â ÿêîñòi àñèìïòîòè÷íî¨ îöiíêè
(ïðè n→∞) ìîæíà ïðèéíÿòè âåëè÷èíó

δ∗(n) =

[
1

n
· dN (n)

]
.

4.7. Ïiäðàõóíîê ÷èñëà íååêâiâàëåíòíèõ äiàãðàì ç êëà-
ñiâ =N1,1;6 òà =N1,1;7 (÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ

ôóíêöié ç êëàñiâ C1,1(N5) òà C1,1(N6)).

Ëåìà 4.8. ×èñëî íååêâiâàëåíòíèõ (âiäíîñíî äi¨ ãðóïè äiåäðà)
äiàãðàì ç êëàñó =N1,1;6 ñòàíîâèòü 125, òîáòî

d∗∗N (6) = 125. (4.19)

Äîâåäåííÿ. Çà ëåìîþ Áåðíñàéäà òà ç óðàõóâàííÿì, íàïðèêëàä,
ðåçóëüòàòiâ ðîáiò [7] òà [10], ìà¹ ìiñöå ðiâíiñòü

d∗∗N (6) =
1

2

(
d∗N (6) +

1

2

(
s1(6) + s2(6)

))
, (4.20)

d∗N (6) =
1

6

(
dN (6) + φ(1)ν(6, 1) + φ(3)ν(6, 2) + ν(6, 3)

)
, (4.21)

äå s1(6) (s2(6)) � ÷èñëî òèõ äiàãðàì ç êëàñó =N1,1;6, ùî ¹ ñèìå-
òðè÷íèìè âiäíîñíî ôiêñîâàíî¨ îñi ñèìåòði¨ I-ãî (II-ãî) òèïó, ÿêà
ïðîõîäèòü ÷åðåç ñåðåäèíè äiàìåòðàëüíî ïðîòèëåæíèõ ÷îðíèõ
(âiäïîâiäíî ñiðèõ) äóã 2-êîëüîðîâîãî 12-øàáëîíó, φ(q)�ôóí-
êöiÿ Åéëåðà (êiëüêiñòü íàòóðàëüíèõ ìåíøèõ çà q ÷èñåë, âçà¹ì-
íî ïðîñòèõ iç íèì), à ν(6, i)�÷èñëî òèõ äiàãðàì ç êëàñó =N1,1;6,
ÿêi ñàìîñóìiùóþòüñÿ ïðè ïîâîðîòi (íàâêîëî öåíòðà 2-êîëüîðî-
âîãî 12-øàáëîíó) íà êóò ω6,i = 2π

6 · i = π
3 · i (ó íàïðÿìêó çà

ãîäèííèêîâîþ ñòðiëêîþ).
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ßê âèïëèâà¹ ç [10], ν(n, 1) ≡ 0 äëÿ ïàðíèõ n > 2.
Âñi äiàãðàìè ç êëàñó =N1,1;6, ÿêi ñàìîñóìiùóþòüñÿ ïðè ïîâî-

ðîòi íà êóò ω6,2 = 2π
3 , íàâåäåíî íà ðèñ. 4.10. Òîìó ν(6, 2) = 4.

    
1 2 3 4 

Ðèñ. 4.10

Âñi äiàãðàìè ç êëàñó =N1,1;6, ÿêi ñàìîñóìiùóþòüñÿ ïðè ïîâî-
ðîòi íà êóò ω6,3 = π, íàâåäåíî íà ðèñ. 4.11.
Çàóâàæèìî, ùî êîæíà ç íèõ õàðàêòåðèçó¹òüñÿ íàÿâíiñòþ

ðiâíî äâîõ ¾äiàìåòðàëüíèõ¿ õîðä (ùî ñïîëó÷àþòü äiàìåòðàëü-
íî ïðîòèëåæíi âåðøèíè øàáëîíó), iíâàðiàíòíèõ âiäíîñíî ïî-
âîðîòó íà çàçíà÷åíèé êóò.
Îòæå, ν(6, 3) = 48. À ç óðàõóâàííÿì ñïiââiäíîøåííÿ (4.21),

ìà¹ìî

d∗N (6) =
1

6

(
1348 + 2 · 4 + 48

)
=

1404

6
= 234. (4.22)

Íåâàæêî ïåðåâiðèòè, ùî iñíó¹ òî÷íî:

• 16 äiàãðàì ç êëàñó =N1,1;6, ÿêi ¹ ñèìåòðè÷íèìè âiäíîñíî
ôiêñîâàíî¨ îñi ñèìåòði¨ I-ãî òèïó, ðèñ. 4.12;
• 16 äiàãðàì ç êëàñó =N1,1;6, ÿêi ¹ ñèìåòðè÷íèìè âiäíîñíî
ôiêñîâàíî¨ îñi ñèìåòði¨ II-ãî òèïó, ðèñ. 4.13.

Òàêèì ÷èíîì, s1(6) = s2(6) = 16.
Ç óðàõóâàííÿì ñïiââiäíîøåííÿ (4.20), îñòàòî÷íî ìà¹ìî

d∗∗N (6) = 1
2

(
234 + 1

2 (16 + 16)
)

= 125.

Ëåìó äîâåäåíî. �

Çàóâàæåííÿ 4.9. Ðiâíiñòü s1(6) = s2(6), îäåðæàíà ïiä ÷àñ äî-
âåäåííÿ, íå ¹ âèïàäêîâîþ, òîìó ùî äëÿ ïàðíèõ n çàçíà÷åíîþ
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1 9 17 25 33 41 

      
2 10 18 26 34 42 

      
3 11 19 27 35 43 

      
4 12 20 28 36 44 

      
5 13 21 29 37 45 

      
6 14 22 30 38 46 

      
7 15 23 31 39 47 

      
8 16 24 32 40 48 

Ðèñ. 4.11
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1 2 3 4 5 6 

7 8 9 10 11 12 

  

13 14 15 16   

 

Ðèñ. 4.12

1 2 3 4 5 6 

7 8 9 10 11 12 

  

13 14 15 16   

 

Ðèñ. 4.13

âëàñòèâiñòþ âîëîäi¹ êîæåí êëàñ äâîêîëüîðîâèõ n-äiàãðàì, ÿêi
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ìàþòü îäíàêîâó êiëüêiñòü ÷îðíèõ òà ñiðèõ öèêëiâ. À òîìó ñïiâ-
âiäíîøåííÿ äëÿ ïiäðàõóíêó ÷èñëà íååêâiâàëåíòíèõ äiàãðàì ç
êëàñó =N1,1;2m íàáóâà¹ î÷åâèäíîãî ñïðîùåííÿ

d∗∗N (2m) =
1

2

(
d∗N (2m) + s(2m)

)
, (4.23)

äå s(2m)�÷èñëî äiàãðàì ç êëàñó =N1,1;2m, ùî ¹ ñèìåòðè÷íè-
ìè âiäíîñíî ôiêñîâàíî¨ îñi ñèìåòði¨ I-ãî (àáî II-ãî) òèïó, ÿêà
ïðîõîäèòü ÷åðåç ñåðåäèíè äiàìåòðàëüíî ïðîòèëåæíèõ ÷îðíèõ
(âiäïîâiäíî ñiðèõ) äóã 2-êîëüîðîâîãî 2m-øàáëîíó.

Íàñëiäîê 4.10. ×èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié
ç êëàñó C1,1(N5) ñòàíîâèòü 125.

Ëåìà 4.11. ×èñëî íååêâiâàëåíòíèõ (âiäíîñíî äi¨ ãðóïè äiåäðà)
äiàãðàì ç êëàñó =N1,1;7 ñòàíîâèòü 1136, òîáòî

d∗∗N (7) = 1136. (4.24)

Äîâåäåííÿ. Çà ëåìîþ Áåðíñàéäà òà ç óðàõóâàííÿì ëåìè 4.5 ìà¹
ìiñöå ðiâíiñòü

d∗∗N (7) =
1

2
(d∗N (7) + s0(7)) =

1

2

(
dN (7)

7
+ s0(7)

)
, (4.25)

äå s0(7)�÷èñëî òèõ äiàãðàì ç êëàñó =N1,1;7, ùî ¹ ñèìåòðè÷íèìè
âiäíîñíî ôiêñîâàíî¨ îñi ñèìåòði¨ (ÿêà ïðîõîäèòü ÷åðåç ñåðåäèíè
äiàìåòðàëüíî ïðîòèëåæíèõ ñiðî¨ òà ÷îðíî¨ äóã) 2-êîëüîðîâîãî
14-øàáëîíó.
Î÷åâèäíî, ùî iñíó¹ ëèøå 12 òèïiâ ñèìåòðè÷íèõ (âiäíîñíî ôi-

êñîâàíî¨ îñi ñèìåòði¨ 2-êîëüîðîâîãî 14-øàáëîíó) 2-êîëüîðîâèõ
N -äiàãðàì ç 7 õîðäàìè, ðèñ. 4.14.
Âñi ñèìåòðè÷íi äiàãðàìè ç êëàñó =N1,1;7 íàâåäåíî çà òèïàìè

íà ðèñóíêàõ 4.15�4.18 íèæ÷å.
Òàêèì ÷èíîì s0(7) = 140. À ç óðàõóâàííÿì ñïiââiäíîøåííÿ

(4.25), îñòàòî÷íî ìà¹ìî d∗∗N (7) = 1
2 (2132 + 140) = 1136. �

Íàñëiäîê 4.12. ×èñëî òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié
ç êëàñó C1,1(N6) ñòàíîâèòü 1136.
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1 тип 2 тип 3 тип 4 тип 5 тип 6 тип 

      
7 тип 8 тип 9 тип 10 тип 11 тип 12 тип 

Ðèñ. 4.14

g 1 2 3 4 5 6 10 12
n 2 3 4 5 6 7 11 13
d∗N (n) 1 1 6 28 234 2 132 89 011 584 36 682 179 840
d∗∗N (n) 1 1 4 20 125 1 136 ? ?

Òàáë. 4.4. Ïî÷àòêîâi çíà÷åííÿ âåëè÷èí d∗N (n)
òà d∗∗N (n)

4.13. Àñèìïòîòè÷íà îöiíêà äëÿ d∗∗N (n). Âèêîðèñòîâóþ÷è ðå-
çóëüòàòè ðîáiò [15], [14] òà [10], íå âàæêî âñòàíîâèòè, ùî äëÿ
ïåâíîãî êëàñó Ln 2-êîëüîðîâèõ n-äiàãðàì â ÿêîñòi àñèìïòîòè-
÷íî¨ îöiíêè (ïðè n→∞) äëÿ ÷èñëà íååêâiâàëåíòíèõ (âiäíîñíî
äi¨ ãðóïè äiåäðà ïîðÿäêó 2n) äiàãðàì iç çàçíà÷åíîãî êëàñó ìî-

æíà ïðèéíÿòè âåëè÷èíó δn =
[
|Ln|
2n

]
.

Òîìó (ç óðàõóâàííÿì çàóâàæåííÿ 4.6) äëÿ ÷èñëà íååêâiâà-
ëåíòíèõ äiàãðàì ç êëàñó =N1,1;n â ÿêîñòi àñèìïòîòè÷íî¨ îöiíêè
ïðè n→∞ (â ¾ïåðøîìó íàáëèæåííi¿) ìîæíà ïðèéíÿòè âåëè-

÷èíó δ∗∗(n) =
[
dN (n)

2n

]
.

Äëÿ ïåðøîãî i äðóãîãî äîäàíêiâ ñóìè (1.5) óâåäåìî íàñòóïíi
ïîçíà÷åííÿ

SHN1(g) =
23g+1 · (g + 1)! · (g!)2

(2g + 2)!
,
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1 2 3 4 5 6 

      
7 8 9 10 11 12 

 

      

13 14 15 16 17 18 

      
19 20 21 22 23 24 

    

  

25 26 27 28   
 

      

29 30 31 32 33 34 

      
35 36 37 38 39 40 

Ðèñ. 4.15. Âñi ñèìåòðè÷íi äiàãðàìè ç êëàñó
=N1,1;7 2, 3 i 4 òèïiâ.
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41 42 43 44 45 46 

      
47 48 49 50 51 52 

    

  

53 54 55 56   
 

      
57 58 59 60 61 62 

      
63 64 65 66 67 68 

 

      
69 70 71 72 73 74 

      

75 76 77 78 79 80 

    

  

81 82 83 84   

 

Ðèñ. 4.16. Âñi ñèìåòðè÷íi äiàãðàìè ç êëàñó
=N1,1;7 5, 6 i 7 òèïiâ.
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85 86 87 88 89 90 

      
91 92 93 94 95 96 

 

      
97 98 99 100 101 102 

      

103 104 105 106 107 108 

    

  

109 110 111 112   
 

      
113 114 115 116 117 118 

      

119 120 121 122 123 124 

 

Ðèñ. 4.17. Âñi ñèìåòðè÷íi äiàãðàìè ç êëàñó
=N1,1;7 8, 9 i 10 òèïiâ.

SHN2(g) =

g∑
i=1

min(i;g+1−i)∑
j=1

c(i; j) ·
[

2i−j−1(2j)!(i−1)!(g+2−i−j)!
(2j−1)j!

]2
,
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125 126 127 128 129 130 

      

131 132 133 134 135 136 

    

  

137 138 139 140   

Ðèñ. 4.18. Âñi ñèìåòðè÷íi äiàãðàìè ç êëàñó
=N1,1;7 11 òèïó.

äå c(i; j) âèçíà÷à¹òüñÿ çà ôîðìóëîþ (1.6).

Òîäi ìàþòü ìiñöå íàñòóïíi âëàñòèâîñòi:
10) äëÿ äîâiëüíîãî íàòóðàëüíîãî g âåëè÷èíà SGN2(g) < 0;

20) lim
g→∞

SGN1(g)

4g · |SGN2(g)|
= 1.

Ç iíøîãî áîêó, ç óðàõóâàííÿì ôîðìóëè (4.15), ïðè g →∞ â
ÿêîñòi âåëè÷èíè dN (n) = dN (g + 1) ïðèðîäíî îáðàòè âåëè÷èíó
S±H(g; 1) = SHN1(g) + SHN2(g).
Òîäi, çàñòîñîâóþ÷è âëàñòèâiñòü 20), íå âàæêî ïîêàçàòè, ùî

ïðè g →∞ âiäíîøåííÿ

S±H(g; 1)

2(g + 1)
òà

23g · (g!)3

(2g + 2)!

¹ åêâiâàëåíòíèìè íåñêií÷åííî âåëèêèìè âåëè÷èíàìè.
Òàêèì ÷èíîì, îäåðæàíî àñèìïòîòè÷íó îöiíêó äëÿ d∗∗N (n). À

ñàìå:
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Òâåðäæåííÿ 4.14. Ïðè n→∞

d∗∗N (n) ∼ δ(n) =
23(n−1) · ((n− 1)!)3

(2n)!
. (4.26)

Âèñíîâêè òà ïðèêiíöåâi çàóâàæåííÿ

Òàêèì ÷èíîì, â ïðåäñòàâëåíié ðîáîòi:
1) ïîâíiñòþ ðîçâ'ÿçàíî çàäà÷ó ïðî ïiäðàõóíîê ÷èñëà òîïîëî-

ãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó C1,1(Mg) (íà çàìêíåíèõ
îði¹íòîâíèõ ïîâåðõíÿõ ðîäó g ≥ 0);
2) âïåðøå âñòàíîâëåíî òî÷íå çíà÷åííÿ ÷èñëà òîïîëîãi÷íî íå-

åêâiâàëåíòíèõ ôóíêöié ç êëàñiâ C1,1(N5) òà C1,1(N6) (íà çà-
ìêíåíèõ íåîði¹íòîâíèõ ïîâåðõíÿõ ðîäó 5 i 6);
3) äîñëiäæåíî àñèìïòîòè÷íó ïîâåäiíêó ÷èñëà òîïîëîãi÷íî

íååêâiâàëåíòíèõ ôóíêöié ç êëàñó C1,1(Ng), êîëè g →∞.
Êðiì òîãî, ÿê ç'ÿñóâàëîñü, iñíó¹ òiñíèé çâ'ÿçîê ìiæ çàäà÷åþ

ïðî ïiäðàõóíîê ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç
êëàñó C1,1(Mg), âiäîìîþ ¾Çàäà÷åþ êîìiâîÿæåðà¿ (¾Travelling
salesman problem¿) [22] òà çàäà÷àìè ïðî ïåðåñòàíîâêè ãåíîìó
[19].
Ïîäàëüøà ðîáîòà ìîæå áóòè ïîâ'ÿçàíà iç:

1) óçàãàëüíåííÿì îäåðæàíèõ ðåçóëüòàòiâ íà âèïàäîê çíÿò-
òÿ îáìåæåííÿ ïðî çáåðåæåííÿ îði¹íòàöi¨ ãîìåîìîðôiçìó
h′ : R1 → R1 ó îçíà÷åííi òîïîëîãi÷íî åêâiâàëåíòíèõ ôóí-
êöié;

2) âñòàíîâëåííÿì ôîðìóë äëÿ ïiäðàõóíêó òî÷íîãî çíà÷åí-
íÿ ÷èñëà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó
C1,1(Ng).

Àíàëiçóþ÷è ðåçóëüòàòè ðîáiò [23] i [11], öiëêîì äîñÿæíèì
çäà¹òüñÿ ðîçâ'ÿçàííÿ çàäà÷ ïðî ïiäðàõóíîê ÷èñëà O-òîïîëîãi-
÷íî òà òîïîëîãi÷íî íååêâiâàëåíòíèõ ôóíêöié ç êëàñó C1,n−2(M1)
(íà äâîâèìiðíîìó òîði T 2).
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Òîïîëîãi÷íà ñòiéêiñòü ôóíêöié âiäíî-
ñíî óñåðåäíåíü çà ìiðàìè ç êóñêîâî
ïîñòiéíèìè ùiëüíîñòÿìè

We present sufficient conditions for a topological stability of averagigns
of piece-wise differentiable functions f : R → R with finitely many local
extremes with respect to probability measures with piecewise constant
densities.

Â ðîáîòi îòðèìàíi äîñòàòíi óìîâè äëÿ òîïîëîãi÷íî¨ ñòiéêîñòi óñåðå-
äíåíü êóñêîâî äèôåðåíöiéîâíèõ ôóíêöié f : R → R çi ñêií÷åííèì ÷è-
ñëîì åêñòðåìóìiâ âiäíîñíî ìið ç êóñêîâî ïîñòiéíèìè ùiëüíîñòÿìè.

1. Âñòóï

Íåõàé µ�éìîâiðíiñíà ìiðà íà âiäðiçêó [−1, 1], òîáòî íåâiä'-
¹ìíà σ-àäèòèâíà ìiðà, âèçíà÷åíà íà áîðåëiâñüêié àëãåáði ìíî-
æèí âiäðiçêà [−1, 1], i òàêà, ùî µ[−1, 1] = 1. Òîäi äëÿ êîæíî¨
íåïåðåðâíî¨ ôóíêöi¨ f : (a, b) → R òà ÷èñëà α > 0 òàêîãî, ùî
2α < b− a ìîæíà âèçíà÷èòè íîâó âèìiðíó ôóíêöiþ

fα : (a+ α, b− α)→ R

çà ôîðìóëîþ:

fα(x) =

∫ 1

−1
f(x+ tα)dµ. (1.1)

Íàçèâàòèìåìî ¨¨ α-óñåðåäíåííÿì ôóíêöi¨ f âiäíîñíî ìiðè µ.
Ôàêòè÷íî óñåðåäíåííÿ ¹ çãîðòêîþ f iç ùiëüíiñòþ ìiðè µ, ÿêùî
âîíà iñíó¹, äèâ. çàóâàæåííÿ 1.5 íèæ÷å.
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Òàêi óñåðåäíåííÿ ôóíêöié âiäiãðàþòü âàæëèâó ðîëü ÿê â òå-
îðåòè÷íèõ äîñëiäæåííÿõ, òàê i ïðàêòè÷íèõ çàäà÷àõ îáðîáêè
ñèãíàëiâ, i íàçèâàþòüñÿ ëiíiéíèìè ôiëüòðàìè, [1], [2], [3], [4].
Äàíà ðîáîòà ïðîäîâæó¹ äîñëiäæåííÿ ïðîáëåìè òîïîëîãi÷íî¨

ñòiéêîñòi óñåðåäíåíü íåïåðåðâíèõ ôóíêöié ðîçïî÷àòå àâòîðàìè
â [5], äèâ. îçíà÷åííÿ 1.1, 1.2 òà 1.3 íèæ÷å.

Îçíà÷åííÿ 1.1. äèâ. íàïð. [6], [7] Íàãàäà¹ìî, ùî äâi íåïåðåðâ-
íi ôóíêöi¨ f : (a, b) → R òà g : (c, d) → R íàçèâàþòüñÿ òîïî-
ëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü çáåðiãàþ÷i îði¹í-
òàöiþ ãîìåîìîðôiçìè h : (a, b)→ (c, d) òà φ : R→ R òàêi, ùî
φ ◦ f = g ◦h, òîáòî çîáðàæåíà íèæ÷å äiàãðàìà ¹ êîìóòàòèâ-
íîþ.

(a, b)
f−−−−→ R

h

y yφ
(c, d)

g−−−−→ R

Ãðóáî êàæó÷è, öå îçíà÷à¹, ùî ãðàôiêè fα òà f ¾ìàþòü îäíà-
êîâó ôîðìó¿.

Îçíà÷åííÿ 1.2. Íåõàé f : R→ R�íåïåðåðâíà ôóíêöiÿ i µ�
éìîâiðíiñíà ìiðà íà [−1, 1]. Ñêàæåìî, ùî f ¹ òîïîëîãi÷íî
ñòiéêîþ âiäíîñíî óñåðåäíåíü ïî ìiði µ, ÿêùî iñíó¹ ε > 0,
òàêå, ùî äëÿ âñiõ α ∈ (0, ε) ôóíêöi¨ f òà fα ¹ òîïîëîãi÷íî
åêâiâàëåíòíèìè.

Ïðîáëåìà òîïîëîãi÷íî¨ ñòiéêîñòi âiäíîñíî óñåðåäíåíü ìà¹ çà-
ñòîñóâàííÿ äî îá÷èñëåííÿ åíòðîïi¨ öèôðîâèõ ñèãíàëiâ, [8], [9],
[10].
Íåõàé H+(R)� ãðóïà âñiõ ãîìåîìîðôiçìiâ ïðÿìî¨ R, ÿêi çáå-

ðiãàþòü îði¹íòàöiþ. Öÿ ãðóïà ñêëàäà¹òüñÿ çi ñòðîãî çðîñòàþ-
÷èõ íåïåðåðâíèõ ôóíêöié h : R → R, ùî çàäîâîëüíÿþòü óìî-
âó lim

x→∞
h(x) = ∞. Òîäi ãðóïà H+(R) ×H+(R) äi¹ íà ïðîñòîði

C0(R) âñiõ íåïåðåðâíèõ ôóíêöié R → R çà òàêèì ïðàâèëîì:
ÿêùî (h, φ) ∈ H+(R) × H+(R) i f ∈ C0(R), òî ðåçóëüòàò äi¨
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ïàðè (h, φ) íà f ¹ ôóíêöiÿ

φ ◦ f ◦ h−1 : R→ R.

Òàêà äiÿ ÷àñòî íàçèâà¹òüñÿ ïðàâî-ëiâîþ, [11], [12].
Î÷åâèäíî, ùî f, g ∈ C0(R) ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè òî-

äi i ëèøå òîäi, êîëè âîíè íàëåæàòü îäíié îðáiòi âiäíîñíî äi¨
ãðóïè H+(R)×H+(R).
Ðîçãëÿíåìî øëÿõ

γf : [0,∞)→ C0(R), γf (α) = fα,

ùî ïî÷èíà¹òüñÿ â òî÷öi f .
Î÷åâèäíî, ùî f ∈ C0(R) ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî óñå-

ðåäíåíü çà ìiðîþ µ òîäi i ëèøå òîäi, êîëè äåÿêèé �ïî÷àòîê�
γf [0, ε] øëÿõó γf ìiñòèòüñÿ â îðáiòi ôóíêöi¨ f äëÿ äåÿêîãî ε > 0.
Òàêèì ÷èíîì óñåðåäíåííÿ ¹ ëiíiéíîþ îïåðàöi¹þ íà ïðîñòîði

C0(R) âñiõ íåïåðåðâíèõ ôóíêöié R → R, â òîé ÷àñ, ÿê òîïî-
ëîãi÷íà åêâiâàëåíòíiñòü çâîäèòüñÿ äî íåëiíiéíî¨ äi¨ ãðóï ãîìåî-
ìîðôiçìiâ H(R)×H(R).

Â [5] îòðèìàíî äîñòàòíi óìîâè òîïîëîãi÷íî¨ ñòiéêîñòi íåïå-
ðåðâíèõ ôóíêöié çi ñêií÷åííèì ÷èñëîì ëîêàëüíèõ åêñòðåìó-
ìiâ âiäíîñíî óñåðåäíåíü. Ïîêàçàíî, ùî öÿ ïðîáëåìà ìîæå áóòè
çâåäåíà äî ïåðåâiðêè ëîêàëüíî¨ òîïîëîãi÷íî¨ ñòiéêîñòi ëèøå ïà-
ðîñòêiâ f â îêîëàõ öèõ ëîêàëüíèõ åêñòðåìóìiâ. Â äàíié ðîáîòi
ìè ïîêàæåìî, ùî òi äîñòàòíi óìîâè ¹ òàêîæ íåîáõiäíèìè (äèâ.
îçíà÷åííÿ 1.3 òà òåîðåìó 1.4 íèæ÷å), à îòæå çàäà÷à ãëîáàëü-
íî¨ òîïîëîãi÷íî¨ ñòiéêîñòi ïîâíiñòþ çâîäèòüñÿ äî äîñëiäæåííÿ
ëîêàëüíî¨ ñòiéêîñòi ïàðîñòêiâ ëîêàëüíèõ åêñòðåìóìiâ.

Íåõàé f : (R, a)→ R�ïàðîñòîê íåïåðåðâíî¨ ôóíêöi¨ â òî÷öi
a ∈ R, òîáòî f ¹ íåïåðåðâíîþ ôóíêöi¹þ, âèçíà÷åíîþ íà ìàëîìó
iíòåðâàëi (a − ε, a + ε) äëÿ äåÿêîãî ε. Òîäi, ÿêùî α < ε, òî fα
âèçíà÷åíà íà iíòåðâàëi (a − ε + α, a + ε − α), à ¨¨ ïàðîñòîê â
òî÷öi a, î÷åâèäíî, çàëåæèòü ëèøå âiä ïàðîñòêà f â öié òî÷öi.
Çàóâàæèìî, ùî ïàðîñòêè f òà fα â òî÷öi a, âçàãàëi êàæó÷è,

íå ¹ òîïîëîãi÷íî åêâiâàëåíòíèìè: ïðè óñåðåäíåííÿõ ëîêàëüíi
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åêñòðåìóìè ìîæóòü çìiùóâàòèñü. Òîìó ïðèðîäíèì ¹ òàêå îçíà-
÷åííÿ.

Îçíà÷åííÿ 1.3. Íàçâåìî ïàðîñòîê f : (R, a) → R ¹ òîïî-
ëîãi÷íî ñòiéêèì âiäíîñíî óñåðåäíåíü ïî ìiði µ, ÿêùî iñíó¹
òàêå ε > 0, ùî äëÿ êîæíîãî α ∈ (0, ε) çíàéäóòüñÿ ÷èñëà
c1, c2, d1, d2 ∈ (a − ε, a + ε) òàêi, ùî c1 < a < c2, d1 < d2, à
îáìåæåííÿ

f |(c1,c2) : (c1, c2) → R, fα|(d1,d2) : (d1, d2) → R
¹ òîïîëîãi÷íî åêâiâàëåíòíèìè.

Òåîðåìà 1.4. (äèâ. [5]) Íåõàé µ�éìîâiðíiñíà ìiðà íà [−1, 1]
i f : R → R íåïåðåðâíà ôóíêöiÿ, ùî ìà¹ ëèøå ñêií÷åííó êiëü-
êiñòü ëîêàëüíèõ åêñòðåìóìiâ x1, . . . , xn. Ïðèïóñòèìî, ùî çíà-
÷åííÿ f(xi), (i = 1, . . . , n), ïîïàðíî ðiçíi i âiäðiçíÿþòüñÿ âiä

lim
x→−∞

f(x) òà lim
x→+∞

f(x). Òîäi íàñòóïíi óìîâè åêâiâàëåíòíi:

(a) ôóíêöiÿ f ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî óñåðåäíåíü
ïî ìiði µ;

(b) äëÿ êîæíîãî i = 1, . . . , n ïàðîñòîê f : (R, xi) → R â
òî÷öi xi ¹ òîïîëîãi÷íî ñòiéêèì âiäíîñíî óñåðåäíåíü ïî
ìiði µ.

Â [5] äîâåäåíà iìïëiêàöiÿ (b)⇒(a). Ìè ïîêàæåìî, ùî (a)⇒(b).
Òàêèì ÷èíîì, äëÿ ôóíêöié çàãàëüíîãî ïîëîæåííÿ çàäà÷à ïîâ-
íiñòþ çâîäèòüñÿ äî äîñëiäæåííÿ ëîêàëüíî¨ ñòiéêîñòi ïàðîñòêiâ
ëîêàëüíèõ åêñòðåìóìiâ.
Â ñòàòòi [5] òàêîæ îòðèìàíî äîñòàòíi óìîâè äëÿ òîïîëîãi-

÷íî¨ ñòiéêîñòi ïàðîñòêiâ ôóíêöié âiäíîñíî äèñêðåòíèõ ìið çi
ñêií÷åíèìè íîñiÿìè. Â äàíié ðîáîòi ìè íàâîäèìî äîñòàòíi óìî-
âè äëÿ òîïîëîãi÷íî¨ ñòiéêîñòi ïàðîñòêiâ ôóíêöié âiäíîñíî ìið
ç êóñêîâî íåïåðåðâíèìè (i, çîêðåìà, ç ëîêàëüíî ïîñòiéíèìè)
ùiëüíîñòÿìè, äèâ òåîðåìè 3.5 òà 4.1.

Çàóâàæåííÿ 1.5. Íåõàé µ ìà¹ ùiëüíiñòü p : [−1, 1]→ R, òîáòî
òàêó âèìiðíó ôóíêöiþ, ùî µ(A) =

∫
A p(t)dt äëÿ êîæíî¨ áîðåëiâ-

ñüêî¨ ïiäìíîæèíè A ⊂ [−1, 1]. Äëÿ êîæíîãî α > 0 âèçíà÷èìî
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ôóíêöiþ pα : [−α, α]→ R i ìiðó µα íà [−α, α] çà ôîðìóëàìè:

pα(s) =
p(s/α)

α
, µ(A) =

∫
A
pα(s)ds.

Òîäi

µα[−1, 1] =

∫ α

−α
pα(s)ds =

∫ α

−α

p(s/α)

α
ds

=

∫ α

−α
p(s/α)d(s/α) =

∫ 1

−1
p(t)dt = 1,

à îòæå µα ¹ òàêîæ éìîâiðíiñíîþ ìiðîþ. Áiëüø òîãî,

fα(x) =

1∫
−1

f(x+ tα)p(t)dt =

α∫
−α

f(x+ s)p(s/α)d(s/α)

=

α∫
−α

f(x+ s)pα(s)ds.

Îñòàííié iíòåãðàë íàçèâà¹òüñÿ çãîðòêîþ f òà pα i ïîçíà÷à¹òüñÿ
÷åðåç f ∗ pα.
Çàçâè÷àé, â ôîðìóëi äëÿ çãîðòêè âèðàç ñòî¨òü f(x− s), à íå

f(x + s). Àëå öå íå ïðèíöèïîâî i ãðà¹ ðîëü ëèøå äëÿ âñòàíîâ-
ëåííÿ äåÿêèõ ¨¨ çðó÷íèõ àëãåáðà¨÷íèõ âëàñòèâîñòåé. Íàì áóäå
çðó÷íiøå âèêîðèñòîâóâàòè çíàê ¾+¿.

2. Äîâåäåííÿ òåîðåìè 1.4

Â [5] äîâåäåíà iìïëiêàöiÿ (b)⇒(a). Ìè ïîêàæåìî, ùî (a)⇒(b).
Ïðèïóñòèìî, ùî ôóíêöiÿ f ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî

óñåðåäíåíü ïî ìiði µ. Öå îçíà÷à¹, ùî iñíó¹ ε > 0 òàêå, ùî äëÿ
êîæíîãî α ∈ (0, ε) iñíóþòü äâà ãîìåîìîðôiçìè hα, φα ∈ H+(R)
òàêi, ùî φα◦fα = f ◦hα. Çîêðåìà, fα òàêîæ ìà¹ ðiâíî n ëîêàëü-
íèõ åêñòðåìóìiâ hα(xi), i = 1, . . . , n i ïðèéìà¹ â íèõ çíà÷åííÿ
φα(f(xi)). Ïîòðiáíî äîâåñòè, ùî ïàðîñòîê f â òî÷öi xi ¹ òîïî-
ëîãi÷íî ñòiéêèì âiäíîñíî óñåðåäíåíü çà ìiðîþ µ.
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Çìåíøèâøè ε, ìîæíà ââàæàòè, ùî

xi+1 − xi > 4ε (2.2)

äëÿ âñiõ i = 1, . . . , n − 1. Íåõàé α ∈ (0, ε). Òàê ÿê f ¹ ñòðîãî
ìîíîòîííîþ íà iíòåðâàëàõ

(−∞, x1), (x1, x2), · · · , (xn,+∞),

òî fα ¹ ñòðîãî ìîíîòîííîþ íà

(−∞, x1 − α), (x1 + α, x2 − α), · · · , (xn + α,+∞).

Çâiäñè âèïëèâà¹, ùî hα(xi) ∈ [xi−α, xi+α]. Áiëüø òîãî, ç óìî-
âè (2.2) òàêîæ ñëiäó¹, ùî hα(xi) ¹ ¹äèíîþ òî÷êîþ ëîêàëüíîãî
åêñòðåìóìó fα íà iíòåðâàëi (xi − 2α, xi + 2α). Íåõàé

(c1, c2) = (xi − α, xi + α) ∩ h−1
α (xi − 2α, xi + 2α).

(d1, d2) = hα(c1, c2).

Òîäi îáìåæåííÿ f |(c1,c2) òà fα|(d1,d2) ¹ òîïîëîãi÷íî åêâiâàëåíòíè-
ìè, à ñàìå: ìà¹ ìiñöå òîòîæíiñòü φα ◦ fα = f ◦ hα.

3. Êóñêîâî äèôåðåíöiéîâíi ôóíêöi¨

Ó öüîìó ðîçäiëi ìè íàâîäèìî äîñòàòíi óìîâè äëÿ òîïîëîãi-
÷íî¨ ñòiéêîñòi ëîêàëüíèõ åêñòðåìóìiâ âiäíîñíî óñåðåäíåíü çà
ìiðàìè ç êóñêîâî íåïåðåðâíèìè ùiëüíîñòÿìè (òåîðåìà 3.5).

Îçíà÷åííÿ 3.1. Ôóíêöiÿ f : [a, b] → R íàçèâà¹òüñÿ êóñêî-

âî íåïåðåðâíîþ, àáî êóñêîâî 0-äèôåðåíöiéîâíîþ, ÿêùî
f íåïåðåðâíà ñêðiçü, çà âèêëþ÷åííÿì ñêií÷åíîãî ÷èñëà òî÷îê
t1, . . . , tn ∈ (a, b), ïðè÷îìó â êîæíié òàêié òî÷öi ti iñíóþòü
ñêií÷åíi ëiâà òà ïðàâà ãðàíèöi lim

t→ti−0
f(t) òà lim

t→ti+0
f(t). Â öüî-

ìó âèïàäêó ïèñàòèìåìî, ùî f ∈ C0([a, b], t1, . . . , tn).
Ñêàæåìî, ùî íåïåðåðâíà ôóíêöiÿ f : [a, b] → R ¹ êóñêîâî

k-äèôåðåíöiéîâíîþ, k ≥ 1, ÿêùî çíàéäåòüñÿ ñêií÷åíà ìíî-
æèíà òî÷îê t1, · · · , tn ∈ (a, b) òàêèõ, ùî f ìà¹ íåïåðåðâíi ïî-
õiäíi äî ïîðÿäêó k âêëþ÷íî íà [a, b] \ {t1, . . . , tn} i äëÿ êîæíîãî
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i = 1, . . . , n òà s = 1, . . . , k iñíóþòü ñêií÷åíi ëiâà òà ïðàâà
ãðàíèöi

fl(t) = lim
t→ti−0

f (s)(t), fr(t) = lim
t→ti+0

f (s)(t).

Â öüîìó âèïàäêó òàêîæ ïèñàòèìåìî, ùî

f ∈ Ck([a, b], t1, . . . , tn).

Î÷åâèäíî, ùî ñóìà òà äîáóòîê êóñêîâî íåïåðåðâíèõ (k-äè-
ôåðåíöiéîâíèõ) ôóíêöié ¹ òàêîæ êóñêîâî íåïåðåðâíîþ (k-äè-
ôåðåíöiéîâíîþ) ôóíêöi¹þ, à äëÿ k ≥ 1 ïîõiäíà êóñêîâî (k+1)-
äèôåðåíöiéîâíî¨ ôóíêöi¨ ìîæå áóòè (äîâiëüíèì ÷èíîì) äîâè-
çíà÷åíà â òî÷êàõ ðîçðèâó äî êóñêîâî k-äèôåðåíöiéîâíî¨ ôóí-
êöi¨.
Íàñòóïíà ëåìà äîáðå âiäîìà äëÿ âèïàäêó íåïåðåðâíî äèôå-

ðåíöiéîâíèõ ôóíêöié.

Ëåìà 3.2. Íåõàé f : [a, b] → R�íåïåðåðâíà ôóíêöiÿ. Ïðèïó-
ñòèìî, ùî âèêîíó¹òüñÿ îäíà ç òàêèõ óìîâ:

(1) f ∈ C1([a, b], t1, . . . , tn) i f ′(x) < f ′(y) äëÿ âñiõ ïàð òî÷îê
x < y ∈ [a, b] \ {t1, . . . , tn};

(2) f ∈ C2([a, b], t1, . . . , tn), ïðè÷îìó f ′′(x) > 0 äëÿ âñiõ òî÷îê
x ∈ [a, b] \ {t1, . . . , tn} òà lim

t→ti−0
f ′(t) ≤ lim

t→ti+0
f ′(t) äëÿ âñiõ

i = 1, . . . , n.

Òîäi f ¹ ñòðîãî âèïóêëîþ.

Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ äëÿ ëiâî¨ òà ïðàâî¨ ãðàíèöü
ïîõiäíî¨ f ′:

f ′l (x) = lim
t→x−0

f ′(t), f ′r(x) = lim
t→x+0

f ′(t).

(2)⇒(1). Ïðèïóùåííÿ f ′′(x) > 0 äëÿ âñiõ x ∈ [a, b]\{t1, . . . , tn},
îçíà÷à¹, ùî f ′ ñòðîãî çðîñòà¹ íà êîæíîìó ç âiäðiçêiâ

[a, t1], [t1, t2], . . . , [tn−1, tn], [tn, b].



Òîïîëîãi÷íà ñòiéêiñòü ôóíêöié 153

Êðiì òîãî, f ′l (ti) ≤ f ′r(ti) äëÿ âñiõ i = 1, . . . , n. Çâiäñè ñëiäó¹,
ùî f ′(x) < f ′(y) äëÿ âñiõ x < y ∈ [a, b] \ {t1, . . . , tn}, òîáòî
âèêîíàíà óìîâà (1).

(1) Ç òîãî, ùî f ′ ¹ êóñêîâî íåïåðåðâíîþ i ñòðîãî çðîñòà¹ íà
[a, b] \ {t1, . . . , tn} âèïëèâà¹, ùî f ′l (t) ≤ f ′r(t) äëÿ âñiõ t ∈ (a, b) i
ùî îáèäâi ôóíêöi¨ f ′l òà f

′
r ¹ ñòðîãî çðîñòàþ÷èìè.

Íåõàé x < y ∈ [a, b] i t ∈ (0, 1). Òîäi

f(x) + (y − x)f ′r(x) < f(y) = f(x) +

∫ y

x
f ′(t)dt <

< f(x) + (y − x)f ′l (y).

Çîêðåìà, ÿêùî s ∈ (0, 1) i z = (1− s)x+ sy ∈ (x, y), òî

f(z) < f(x) + (z − x)f ′l (z) = f(x) + s(y − x)f ′l (z),

f(z) < f(y)− (y − z)f ′r(z) = f(y)− (1− s)(y − x)f ′r(z).

Ïîìíîæèâøè ïåðøó íåðiâíiñòü íà 1−s, à äðóãó � íà s, äîäàâøè
¨õ i âðàõóâàâøè, ùî f ′l (z)−f ′r(z) ≤ 0, îòðèìà¹ìî òàêi íåðiâíîñòi:

f(z) < (1− s)f(x) + sf(y) + s(1− s)(y − x)
(
f ′l (z)− f ′r(z)

)
≤ (1− s)f(x) + sf(y).

Öå äîâîäèòü ñòðîãó âèïóêëiñòü f . �

Íàäàëi ââàæàòèìåìî, ùî p : [−1, 1] → [0,+∞)�êóñêîâî íå-

ïåðåðâíà ôóíêöiÿ òàêà, ùî
∫ 1
−1 p(t)dt = 1 i µ� âiäïîâiäíà éìî-

âiðíiñíà ìiðà íà áîðåëiâñüêié àëãåáði B[−1, 1], âèçíà÷åíà çà
ôîðìóëîþ

µ(A) =

∫
A
p(t)dt, A ∈ B[−1, 1]. (3.3)

Ëåìà 3.3. Íåõàé f : [a, b]→ R�íåïåðåðâíà ôóíêöiÿ i

fα : [a+ α, b− α]→ R

� ¨¨ óñåðåäíåííÿ çà ìiðîþ µ. Òîäi fα íàëåæèòü êëàñó C1.
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ßêùî f ¹ òàêîæ êóñêîâî k-äèôåðåíöiéîâíîþ (íàëåæèòü
êëàñó Ck) äëÿ k ≥ 1, òî fα êóñêîâî (k + 1)-äèôåðåíöiéîâíîþ
(íàëåæèòü êëàñó Ck+1).

Äîâåäåííÿ. Âiäìiòèìî, ùî

fα(x) =

∫ 1

−1
f(x+ tα)p(t)dt =

n∑
i=0

∫ ti+1

ti

f(x+ tα)p(t)dt.

Òàê ÿê f �íåïåðåðâíà, òî f ′ âèçíà÷à¹òüñÿ çà òàêîþ ôîðìóëîþ:

f ′α(x) =

n∑
i=0

(
fl(x+ ti+1α)pl(ti+1)− fr(x+ tiα)pr(ti)

)
, (3.4)

à îòæå ¹ íåïåðåðâíîþ ôóíêöi¹þ. Çâiäñè âèïëèâà¹, ùî f ′α ¹ òà-
êîæ êóñêîâî k-äèôåðåíöiéîâíîþ òàê ñàìî, ÿê i f , à îòæå fα �
êóñêîâî (k + 1)-äèôåðåíöiéîâíà. Áiëüø òîãî,

f (s)
α (x) =

n∑
i=0

(
f

(s−1)
l (x+ ti+1α)pl(ti+1)− f (s−1)

r (x+ tiα)pr(ti)
)

(3.5)
äëÿ âñiõ x, â ÿêèõ ïðàâà ÷àñòèíà íåïåðåðâíà.
ßêùî æ f íàëåæèòü êëàñó Ck, òî, çîêðåìà, f = fl = fr, à

òîìó ç ôîðìóëè (3.4) âèïëèâà¹, ùî fα íàëåæèòü êëàñó Ck+1.
�

Ëåìà 3.4. Íåõàé f : [−ε, ε] → R�íåïåðåðâíà ôóíêöiÿ, äëÿ
ÿêî¨ âèêîíàíi òàêi óìîâè:

(a) f ñòðîãî ñïàäà¹ íà [−ε, 0] i ñòðîãî çðîñòà¹ íà [0,+ε];
(b) f ′α ñòðîãî çðîñòà¹.

Òîäi ïàðîñòîê f â òî÷öi 0 ¹ òîïîëîãi÷íî ñòiéêèì âiäíîñíî
óñåðåäíåíü çà ìiðîþ µ.

Äîâåäåííÿ. Òàê ÿê f ¹ íåïåðåðâíîþ, òî çãiäíî ç ëåìîþ 3.3 óñå-
ðåäíåííÿ fα ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ ôóíêöi¹þ. Çà ïðè-
ïóùåííÿì (b) f ′α ñòðîãî çðîñòà¹, à òîìó ç òâåðäæåííÿ (1) ëå-
ìè 3.2 ñëiäó¹, ùî fα ¹ ñòðîãî âèïóêëîþ ôóíêöi¹þ. Òàê ÿê fα
ñïàäà¹ â îêîëi òî÷êè −ε+α i çðîñòà¹ â îêîëi òî÷êè ε−α, òî fα
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ìà¹ ¹äèíó òî÷êó ìiíiìóìó xα íà âiäðiçêó [−ε+α, ε−α], à çíà-
÷èòü, ïàðîñòîê f â òî÷öi 0 òîïîëîãi÷íî åêâiâàëåíòíèé ïàðîñòêó
fα â òî÷öi xα. �

Òåîðåìà 3.5. Íåõàé f, g : [−ε, ε]→ R� äâi êóñêîâî 1-äèôåðåí-
öiéîâíi ôóíêöi¨ i h = f − g. Ïðèïóñòèìî, ùî âèêîíàíi òàêi
óìîâè:

(a) f òà g ñòðîãî ñïàäàþòü íà [−ε, 0] i ñòðîãî çðîñòàþòü
íà [0,+ε];

(b) iñíó¹ òàêå C > 0, ùî äëÿ âñiõ x ∈ [−α, α] âèêîíàíà
íåðiâíiñòü

f ′′α(x) ≥ Cα ;

(c) ïîõiäíà h′ = g′ − f ′�íåïåðåðâíà â òî÷öi 0 i h′(0) = 0.

Òîäi ïàðîñòîê g â òî÷öi 0 ¹ òîïîëîãi÷íî ñòiéêèì âiäíîñíî óñå-
ðåäíåíü çà ìiðîþ µ.

Äîâåäåííÿ. Âiäìiòèìî, ùî óìîâà (b) ãàðàíòó¹, ùî f ′α ñòðîãî
çðîñòà¹, à òîìó ç (a) òà ëåìè 3.4 âèïëèâà¹, ùî f ¹ òîïîëîãi÷íî
ñòiéêîþ âiäíîñíî óñåðåäíåíü çà ìiðîþ µ. Íàì ïîòðiáíî äîâåñòè,
ùî çà âèêîíàííÿ óìîâè (c) ôóíêöiÿ g = f + h (¾çáóðåííÿ¿
f çà äîïîìîãîþ h) òàêîæ áóäå òîïîëîãi÷íî ñòiéêîþ âiäíîñíî
óñåðåäíåíü çà ìiðîþ µ.
Òàê ÿê g ¹ íåïåðåðâíîþ i êóñêîâî 1-äèôåðåíöiéîâíîþ, òî,

çãiäíî ç ëåìîþ 3.3, g′α �íåïåðåðâíà, à g′′α �êóñêîâî íåïåðåðâíà.
Áiëüø òîãî, ç óìîâè (a) ñëiäó¹, ùî äëÿ α < ε ôóíêöiÿ gα ñòðîãî
ñïàäà¹ íà [−ε+ α,−α] i ñòðîãî çðîñòà¹ íà [α, ε− α]. Çîêðåìà,

g′α(−α) < 0, g′α(α) > 0.

Òîìó äîñòàòíüî ïîêàçàòè, ùî lim
y→x

g′′α(x) > 0 äëÿ x ∈ [−α, α]

ïðè âñiõ äîñòàòíüî ìàëèõ α. Çâiäñè âèïëèâàòèìå, ùî g′α ñòðîãî
çðîñòà¹ íà [−α, α], à òîìó gα ìàòèìå òàì ¹äèíó òî÷êó ìiíiìóìó.
Òàê ÿê h′ �íåïåðåðâíà â òî÷öi 0, i h(0) = 0, òî h(x) = xk(x),

äå

k(x) =

∫ 1

0
h′(tx)dt.
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Çîêðåìà, k�íåïåðåðâíà i k(0) = h′(0) = 0. Íåõàé

P = sup
t∈[−1,1]

p(t)

i n�÷èñëî òî÷îê ðîçðèâó ùiëüíîñòi p ìiðè µ, äèâ. ôîðìó-
ëó (3.3). Òîäi çíàéäåòüñÿ òàêå δ > 0, ùî |k(x)| < C

8Pn äëÿ âñiõ
x ∈ [−δ, δ].
Íåõàé α < δ/2. Òîäi äëÿ âñiõ x ∈ [−α, α] òà i = 0, . . . , n + 1

âèêîíàíà íåðiâíiñòü:

|x− tiα| < |x|+ |ti|α ≤ α+ α = 2α < δ,

à òîìó

|h′(x− tiα)| = |x− tiα| · |k(x− tiα)| ≤ 2α · C

8Pn
=

Cα

4Pn
.

Òåïåð ç ëåìè 3.3 îòðèìó¹ìî, ùî â êîæíié òî÷öi x ∈ [−α, α], â
ÿêié h′′α ¹ íåïåðåðâíîþ, ìà¹ ìiñöå ðiâíiñòü:

|h′′α(x)| ≤
n∑
i=0

∣∣∣h′r(x− ti+1α)pr(ti+1)− h′l(x− tiα)pl(ti)
∣∣∣ ≤

≤ Cα

4Pn
· 2Pn =

Cα

2
.

Òîìó

lim
y→x
|h′′α(y)| ≤ Cα

2
,

à çíà÷èòü,

lim
y→x

g′′α(y) = lim
y→x

(
f ′′α(x) + h′′α(x)

)
≥

≥ lim
y→x

f ′′α(x)− lim
y→x
|h′′α(y)| ≥ Cα− Cα

2
=
Cα

2
> 0.

Òàêèì ÷èíîì, g′α ñòðîãî çðîñòà¹, ùî i òðåáà áóëî äîâåñòè. �
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4. Êóñêîâî ïîñòiéíi ùiëüíîñòi

Íåõàé
−1 = t0 < t1 < · · · < tn < tn+1 = 1

� çðîñòàþ÷à ïîñëiäîâíiñòü ÷èñåë, p0, . . . , pn ∈ [0,+∞)�äåÿêi
íåâiä'¹ìíi ÷èñëà òàêi, ùî pi 6= pi+1 äëÿ i = 0, . . . , n− 1. Âèçíà-
÷èìî êóñêîâî ïîñòiéíó ôóíêöiþ p : [−1, 1]→ [0,+∞) çà ôîðìó-
ëîþ:

p[ti, ti+1) = pi, i = 0, . . . , n− 1

p[tn, tn+1] = pn,

äèâ ðèñ. 4.1.

Ðèñ. 4.1

Òàêîæ ââàæàòèìåìî, ùî∫ 1

−1
p(t)dt =

n∑
i=0

(ti+1 − ti)pi = 1. (4.6)

Òîäi p âèçíà÷à¹ éìîâiðíiñíó ìiðó µ íà áîðåëiâñüêié àëãåáði ìíî-
æèí âiäðiçêà [−1, 1] çà ôîðìóëîþ:

µ(A) =

∫
A
p(t)dt, A ∈ B[−1, 1].

Âiäïîâiäíî, äëÿ êîæíî¨ íåïåðåðâíî¨ ôóíêöi¨ f : R → R ¨ ¨ α-
óñåðåäíåííÿ fα : R→ R çà ìiðîþ µ çàäà¹òüñÿ ôîðìóëîþ:

fα(x) =

∫ 1

−1
f(x+ αt)dµ =

∫ 1

−1
f(x+ αt)p(t)dt =

=

n∑
i=0

pi

∫ ti+1

ti

f(x+ αt)dt. (4.7)
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Âiäìiòèìî, ùî òîäi

f ′α(x) =
n∑
i=0

pi

∫ ti+1

ti

f ′(x+ αt)dt =

=
n∑
i=0

(
f(x+ αti+1)− f(x+ αti)

)
pi, (4.8)

ùî ¹ ÷àñòèííèì âèïàäêîì ôîðìóëè (3.4).

Òåîðåìà 4.1. Íåõàé g : [−ε, ε] → R� êóñêîâî 1-äèôåðåíöiéîâ-
íà ôóíêöiÿ, ùî çàäîâîëüíÿ¹ òàêi óìîâè:

(a) g ñòðîãî ñïàäà¹ íà [−ε, 0] i ñòðîãî çðîñòà¹ íà [0,+ε];
(b) iñíóþòü ñêií÷åíi ãðàíèöi

L = lim
x→0−0

g′x, R = lim
x→0+0

g′x.

Äëÿ i = 0, . . . , n+ 1 âèçíà÷èìî ÷èñëà

Xi := Lµ[t0, ti] +Rµ[ti, tn+1]

= L

i−1∑
j=0

(tj+1 − tj)pj +R

n∑
j=i−1

(tj+1 − tj)pj ,

ÿêi, î÷åâèäíî, çàäîâîëüíÿþòü íåðiâíîñòÿì:

L = Xn+1 ≤ Xn ≤ · · · ≤ X1 ≤ X0 = R.

Ïðèïóñòèìî, ùî äëÿ êîæíîãî i ∈ {0, . . . , n} õî÷à á îäíå ç ÷èñåë
Xi àáî Xi+1 âiäìiííå âiä íóëÿ. Òîäi ïàðîñòîê g â òî÷öi 0 ¹
òîïîëîãi÷íî ñòiéêèì âiäíîñíî óñåðåäíåíü çà ìiðîþ µ.

Äîâåäåííÿ òåîðåìè 4.1 áàçó¹òüñÿ íà òàêié ëåìi:

Ëåìà 4.2. Íåõàé f : R → R�íåïåðåðâíà ôóíêöiÿ, âèçíà÷åíà
çà ôîðìóëîþ

f(x) =

{
Lx, x ≤ 0

Rx, x > 0.
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Òîäi

1
α · f

′
α(x) =



Xn+1 = L, x < −αtn+1 = −α,

Xi+1 +
x+ αti+1

ti+1 − ti
(Xi −Xi+1), −αti+1<x<−αti,

1 ≤ i ≤ n,

X0 = R, −t0α = α < x,

(4.9)

f ′′α(x) =


0, x < −αtn+1 = −α,
Xi −Xi+1

ti+1 − ti
α, −αti+1 < x < −αti

0, −t0α = α < x.

(4.10)

Äîâåäåííÿ òåîðåìè 4.1. Äîñèòü ïåðåâiðèòè, ùî äëÿ f ç ëåìè 4.2
òà g âèêîíàíi óìîâè (a)-(c) òåîðåìè 3.5. Óìîâà (a) î÷åâèäíî âè-
êîíó¹òüñÿ.
Íåõàé

C = min
i=0,...,n

Xi −Xi+1

ti+1 − ti
.

Òîäi ç ôîðìóëè (4.10) i ïðèïóùåííÿ, ùî æîäíi äâà ñóñiäíi ÷èñëà
Xi+1 òà Xi îäíî÷àñíî íå äîðiâíþþòü íóëþ, âèïëèâà¹, ùî C > 0
i f ′′α(x) > Cα äëÿ âñiõ x ∈ [−α, α], òîáòî âèêîíó¹òüñÿ óìîâà (b).
Íàðåøòi ïîêëàäåìî h = f − g. Òîäi

lim
x→0−0

h′(x) = lim
x→0−0

f ′(x)− lim
x→0−0

g′(x) = L− L = 0

lim
x→0+0

h′(x) = lim
x→0+0

f ′(x)− lim
x→0+0

g′(x) = R−R = 0,

à òîìó h′ íåïåðåðâíà â òî÷öi 0 i h′(0) = 0. Îòæå óìîâà (c) òåæ
âèêîíàíà, à çíà÷èòü, çà òåîðåìîþ 3.5 ïàðîñòîê g â òî÷öi 0 ¹
òîïîëîãi÷íî ñòiéêèì âiäíîñíî óñåðåäíåíü çà ìiðîþ µ. �

Äîâåäåííÿ ëåìè 4.2. Äëÿ n− 1 ≥ i ≥ 0 ïîêëàäåìî

∆i(x) =
(
f(x+ αti+1)− f(x+ αti)

)
pi.



160 Ñ. I. Ìàêñèìåíêî, Î. Â. Ìàðóíêåâè÷

Òîäi, çãiäíî ç ôîðìóëîþ (4.8), f ′α(x) =
n∑
i=0

∆i(x). Ðîçãëÿíåìî

òðè âèïàäêè.
a) ßêùî x+ αti < x+ αti+1 < 0 äëÿ äåÿêîãî i = 0, . . . , n, òî

∆i(x) =
(
L(x+ αti+1)− L(x+ αti)

)
pi

= αL(ti+1 − ti) pi = αLµ[ti, ti+1].

b) Ïðèïóñòèìî, ùî x + αti ≤ 0 ≤ x + αti+1 äëÿ äåÿêîãî i =
0, . . . , n− 1. Öÿ óìîâà ðiâíîñèëüíà òîìó, ùî x ∈ [−αti+1,−αti].
Ïîêëàäåìî, di = ti+1 − ti, s =

x+ αti+1

αdi
, äèâ. ðèñ. 4.2. Òîäi

Ðèñ. 4.2

1− s = −x+ αti
αdi

, x = −αti+1(1− s)− αtis,

à òîìó

∆i(x) =
(
R(x+ αti+1)− L(x+ αti)

)
pi =

(
(1− s)L+ sR

)
αpidi.

c) ßêùî æ 0 < x+αti < x+αti+1 äëÿ äåÿêîãî i = n−1, . . . , 0,
òî àíàëîãi÷íî äî âèïàäêó a) îòðèìó¹ìî, ùî

∆i(x) =
(
R(x+ αti+1)−R(x+ αti)

)
pi

= αR(ti − ti+1)pi = αRµ[ti+1, ti].

Òåïåð ìîæåìî äîâåñòè ôîðìóëó (4.9) äëÿ f ′α. Ïðèïóñòèìî,
ùî x ≤ α = αt0. Òîäi x+ αti < x+ αtn+1 ≤ 0 äëÿ âñiõ i, à òîìó

f ′α(x) =

n∑
j=0

∆j(x) =

n∑
j=0

αLµ[tj , tj+1]
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= αL
n∑
j=0

µ[tj , tj+1] = αLµ[−1, 1] = αL.

ßêùî, ÿê ó âèïàäêó b),

x = −αti+1(1− s)− αtis ∈ [−αti+1,−αti]

äëÿ äåÿêîãî i = 0, . . . , n, òî

1
α f
′
α(x) =

i−1∑
j=0

Lµ[tj , tj+1] +
(
(1− s)L+ sR

)
αµ[ti, ti+1]+

+

n∑
j=i+1

Rµ[tj , tj+1]

= Lµ[t0, ti] +
(
(1− s)L+ sR

)
αµ[ti, ti+1] +Rµ[ti+1, tn+1]

= (1− s)
(
Lµ[t0, ti+1] +Rµ[ti+1, tn+1]

)
+

+ s
(
Lµ[t0, ti] +Rµ[ti, tn+1]

)
= (1− s)Xi+1 + sXi = Xi+1 + s(Xi −Xi+1)

= Xi+1 +
x+ αti+1

ti+1 − ti
(Xi −Xi+1).

Íàðåøòi, êîëè α = tn+1α ≤ x, òî 0 ≤ x + αt0 < x + αti äëÿ
âñiõ i, òî

f ′α(x) =

n∑
j=0

∆j(x) =

n∑
j=0

αRµ[tj , tj+1]

= αR
n∑
j=0

µ[tj , tj+1] = αRµ[−1, 1] = αR.

Ëåìó äîâåäåíî. �

Ïðèêëàä 4.3. Ïîêàæåìî, ùî ÿêùî â òåîðåìi 1.4Xi+1 = Xi = 0
äëÿ äåÿêîãî i, òî ôóíêöiÿ g ìîæå íå áóòè òîïîëîãi÷íî ñòiéêîþ
âiäíîñíî ìiðè µ. Âèçíà÷èìî ôóíêöiþ f : R → R i ùiëüíiñòü
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p : [−1, 1]→ R çà ôîðìóëàìè:

f(x) =

{
−x, x ≤ 0,

2x, x ≥ 0
p(x) =


1, x ∈ [−1,−0.5],

0, x ∈ (−0.5, 0],

0.25, x ∈ (0, 1),

äèâ. ðèñ. 4.3.

-1 1

1

2

-1 -0.5 1

1

0.25

-1 1

1

a) f(x) (b) p(x) (ñ) fα(x)

Ðèñ. 4.3

Òàêèì ÷èíîì, L = −1, R = 2, n = 2, t0 = −1, t1 = −0.5,
t2 = 0, t3 = 1, p0 = 1, p1 = 0, p2 = 0.25. Òîäi

X2 = Lµ[−1, t2] +Rµ[t2, 1] = −1 · 0.5 + 2 · 0.25 = 0,

X1 = Lµ[−1, t1] +Rµ[t1, 1] = −1 · 0.5 + 2 · 0.25 = 0.

Îòæå X2 = X1 = 0 i óìîâè òåîðåìè 4.1 íå âèêîíóþòüñÿ. Ç
iíøîãî áîêó, çãiäíî ç ôîðìóëîþ (4.9), äëÿ

x ∈ [−αt2,−αt1] = [0, 0.5α]

ìà¹ìî, ùî 1
α f
′
α(x) = X2 +

x+ αt2
t3 − t2

(X1 − X2) = 0. Öå îçíà÷à¹,

ùî fα ¹ ïîñòiéíîþ íà iíòåðâàëi [0, 0.5α], à òîìó âîíà íå ìîæå
áóòè òîïîëîãi÷íî åêâiâàëåíòíîþ äî f , äèâ. ðèñ. 4.3(c). Òàêèì
÷èíîì, óìîâè òåîðåìè 4.1 ¹ ñóòò¹âèìè.

Ëiòåðàòóðà

[1] Àõìàíîâ Ñ. À., Äüÿêîâ Þ. Å., ×èðêèí À. Ñ. Ââåäå-
íèå â ñòàòèñòè÷åñêóþ ðàäèîôèçèêó è îïòèêó. �Ì.: Íàóêà,
1977. � Ñ. 290.



Òîïîëîãi÷íà ñòiéêiñòü ôóíêöié 163

[2] Huang T. S. Two-Dimensional Digital Signal Processing I. Li-
near Filters. � N.Y.: Springer-Verlag, 1981. � 42. � P. xi+210.

[3] Crounse Kenneth R. Methods for Image Processing and
Pattern Formation in Cellular Neural Networks: A Tutorial //
IEEE Transactions on Circuits and Systems-1: Fundamental
Theory and Application. � 1995. � 42, 10. � P. 583�601.

[4] Milanfar Peyman. A tour of modern image �ltering: new insi-
ghts and methods, both practical and theoretical // IEEE Si-
gnal Processing Magazine. � 2013. � 30, 1. � P. 106�128.

[5] Ìàêñèìåíêî Ñ. I., Màðóíêåâè÷ Î. Â. Òîïîëîãi÷íà ñòàáiëü-
íiñòü ôóíêöié âiäíîñíî óñåðåäíåíü // Óêð. ìàò. æóðí.�
2016. � ïðèéíÿòî äî äðóêó.

[6] Àðíîëüä Â. I. Èñ÷èñëåíèå çìåé è êîìáèíàòîðèêà ÷èñåë Áåð-
íóëëè, Ýéëåðà è Ñïðèíãåðà ãðóïï Êîêñòåðà // ÓÌÍ. �
1992. � 47, 1(283). � Ñ. 3�45.

[7] Thom Ren�e. L'�equivalence d'une fonction di��erentiable et d'un
polynome // Topology. � 1965. � 3, suppl. 2. � P. 297�307.

[8] Bandt C., Pompe B. Permutation entropy: A natural complexi-
ty measure for time series // Physical Review Letters. �
2002. � 88. � P. 174102.

[9] Antoniouk Alexandra, Keller Karsten, Maksymenko Sergiy.
Kolmogorov-Sinai entropy via separation properties of order-
generated σ-algebras // Discrete Contin. Dyn. Syst.� 2014. �
34, 5. � P. 1793�1809.

[10] Keller Karsten, Maksymenko Sergiy, Stolz Inga. Entropy
determination based on the ordinal structure of a dynami-
cal system // Discrete Contin. Dyn. Syst. Ser. B. � 2015. �
20, 10. � P. 3507�3524.

[11] Ãîëóáèöêèé M., Ãèéåìèí Â. Óñòîé÷èâûå îòîáðàæåíèÿ è èõ
îñîáåííîñòè. �Ì.: Íàóêà, 1981. � Ñ. 640.

[12] Àðíîëüä Â. I., Âàð÷åíêî A. Í., Ãóñåéí-Çaäå Ñ. M. Îñî-
áåííîñòè äèôôåðåíöèðóåìûõ îòîáðàæåíèé, I. �Ì.: Íàóêà,
1982. � Ñ. 304.



Çáiðíèê ïðàöü
Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè

2015, ò.12, �6, 164-182

Î. Î. Ïðèøëÿê, Ä. Ì. Ñêî÷êî

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà
prishlyak@yahoo.com, geroyasf@gmail.com

Òîïîëîãiÿ ïîòîêiâ Ìîðñà
ç íåðóõîìèìè òî÷êàìè
íà ìåæi ïîâíîãî êðåíäåëÿ

We studied topological properties of polar Morse flows on 3-dimensional
handlebody, all fixed points of which lie on the boundary and have no
separatrices connecting the saddle. We built an analog of Heegaard de-
composition and m-diagram, which is complete topological invariant of
flow. Equivalence of m-diagrams and flow we check using the distinguish-
ing graphs. We found all possible distinguishing graphs with no more than
5 vertex.

1. Âñòóï

Òåîðiÿ Ìîðñà ¹ ïîòóæíèì iíñòðóìåíòîì äëÿ äîñëiäæåííÿ
âëàñòèâîñòåé ìíîãîâèäiâ ç ìåæåþ, à òîìó âîíà øèðîêî âèêî-
ðèñòîâóâàëàñü i ðîçâèâàëàñü â áàãàòüîõ ðîáîòàõ, òàêèõ, ÿê [1],
[2], [3], [4], [5] òà iíøèõ.
Ïðè äîñëiäæåííÿõ òîïîëîãi÷íèõ âëàñòèâîñòåé ôóíêöié Ìîð-

ñà íà ìíîãîâèäàõ ÷àñòî âèêîðèñòîâóþòüñÿ ¨õ ïîëÿ ãðàäi¹íòiâ,
ùî â çàãàëüíîìó âèïàäêó ïîðîäæóþòü ïîòîêè Ìîðñà-Ñìåéëà.
ßêùî íà òàêîìó ïîëi çàôiêñóâàòè çíà÷åííÿ ôóíêöi¨ â îñî-

áëèâèõ òî÷êàõ, òî ïî íèõ (ïîëþ i öèõ çíà÷åííÿõ) ôóíêöiÿ âiä-
íîâëþ¹òüñÿ îäíîçíà÷íî ç òî÷íiñòþ äî òîïîëîãi÷íî¨ åêâiâàëåí-
òíîñòi.

© Î. Î. Ïðèøëÿê, Ä. Ì. Ñêî÷êî, 2015
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Íà êîæíîìó êîìïàêòíîìó ìíîãîâèäi ôóíêöiÿ Ìîðñà ç ìiíi-
ìàëüíèì ÷èñëîì êðèòè÷íèõ òî÷îê ìà¹ ¹äèíèé ëîêàëüíèé ìiíi-
ìóì òà ¹äèíèé ëîêàëüíèé ìàêñèìóì [6]. Âiäïîâiäíå ïîëå ãðà-
äi¹íòà ìà¹ ¹äèíèé âèòiê i ¹äèíèé ñòiê. Òàêi ïîëÿ íàçèâàþòüñÿ
ïîëÿðíèìè. ßêùî ïîëå ãðàäi¹íòà íà äâîâèìiðíié ïîâåðõíi ¹ ïî-
ëåì Ìîðñà-Ñìåéëà, òîäi ó íüîãî íåìà¹ ñïiëüíèõ ñåïàðàòðèñ ñi-
äëîâèõ òî÷îê.
×àñòî çàìiñòü ïîëiâ ãðàäi¹íòà ðîçãëÿäàþòü ãðàäi¹íòíîïîäi-

áíi ïîëÿ. Öå ïîëÿ, ÿêi â ðåãóëÿðíèõ òî÷êàõ òðàíñâåðñàëüíi ïî-
âåðõíÿì ðiâíÿ, à îñîáëèâi òî÷êè ÿêèõ ¹ êðèòè÷íèìè òî÷êàìè
ôóíêöi¨. Ç ðîáîòè Ñ. Ñìåéëà [7] âèïëèâà¹, ùî òàêi ïîëÿ äëÿ
ôóíêöié Ìîðñà òîïîëîãi÷íî åêâiâàëåíòíi ïîëÿì ãðàäi¹íòà â äå-
ÿêié ðiìàíîâié ìåòðèöi. Äëÿ ôóíêöié Ìîðñà, ùî ìàþòü êðè-
òè÷íi òî÷êè íà ìåæi ìíîãîâèäó, ìîæíà ðîçãëÿäàòè àíàëîãi÷íi
êîíñòðóêöi¨, i ìàþòü ìiñöå àíàëîãi÷íi ðåçóëüòàòè.
Íà çàìêíåíîìó ìíîãîâèäi âåêòîðíå ïîëå çàâæäè ïîðîäæó¹

ïîòiê [8]. Ó âèïàäêó êîìïàêòíîãî ìíîãîâèäó ç ìåæåþ âåêòîðíå
ïîëå áóäå ïîðîäæóâàòè ïîòiê òîäi i òiëüêè òîäi, êîëè âîíî äî-
òèêà¹òüñÿ äî ìåæi â êîæíié ¨¨ òî÷öi [9]. Ñàìå òàêi ïîëÿ ãðàäi¹í-
òà i ïîðîäæåíi íèìè ïîòîêè ìè áóäåìî ðîçãëÿäàòè. Ïðè öüîìó
ââàæàòèìåìî, ùî âñi îñîáëèâi òî÷êè ëåæàòü íà ìåæi òðèâèìið-
íîãî ìíîãîâèäó. Êðiì òîãî, ìè áóäåìî ðîçãëÿäàòè ïîëÿ, ùî íå
ìàþòü òðà¹êòîðié, ÿêi ïî÷èíàþòüñÿ i çàêií÷óþòüñÿ â ñiäëîâèõ
òî÷êàõ. ßêùî íà ïîâåðõíi (ìåæi òðèâèìiðíîãî ìíîãîâèäó) öÿ
óìîâà âèêîíó¹òüñÿ â çàãàëüíîìó ïîëîæåííi, òî íà òðèâèìiðíî-
ìó ìíîãîâèäi âîíà íàêëàäà¹ ïåâíi îáìåæåííÿ íà ìíîãîâèä, òàê
ñàìî, ÿê i óìîâà ïðî ¹äèíiñòü âèòîêó òà ñòîêó (âèòiê íà ïîâåðõ-
íi ìîæå íå áóòè âèòîêîì íà òðèâèìiðíîìó ìíîãîâèäi � â íüîãî
ìîæå âõîäèòè òðà¹êòîðiÿ). Çîêðåìà ç öèõ óìîâ âèïëèâà¹, ùî
òðèâèìiðíèé ìíîãîâèä ç ìåæåþ áóäå ïîâíèì êðåíäåëåì.
Çàóâàæèìî, ùî ïîëÿ, ÿêi ìè ðîçãëÿäà¹ìî, ¹ ñòðóêòóðíî ñòié-

êèìè.
Íåõàé W êîìïàêòíèé ìíîãîâèä ç ìåæåþ ∂W . Ïîçíà÷èìî

÷åðåç X(W,∂W ) ïðîñòið âåêòîðíèõ Cr ïîëiâ íà W äîòè÷íèõ
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äî ∂W îñíàùåíèé çâè÷àéíîþ Cr òîïîëîãi¹þ. Â öüîìó ïðîñòî-
ði ìîæíà âèçíà÷èòè ñòðóêòóðíó ñòiéêiñòü íàñòóïíèì ÷èíîì:
ñêàæåìî, ùî âåêòîðíå ïîëå X ∈ X(W,∂W ) ¹ Cr ñòðóêòóðíî
ñòiéêèì, ÿêùî âîíî ìà¹ Cr îêië U, òàêèé, ùî êîæåí Y ∈ U ¹
òîïîëîãi÷íî åêâiâàëåíòíèì äî X, òîáòî iñíó¹ ãîìåîìîðôiçì h,
ùî ïåðåâîäèòü îðáiòè X â îðáiòè Y òà çáåðiãà¹ ¨õ îði¹íòàöiþ.
Äëÿ âåêòîðíîãî ïîëÿX ∈ X∞(W,∂W ) ïîçíà÷èìî ÷åðåç Ω(X)

ìíîæèíó íåáëóêàþ÷èõ òî÷îê ïîëÿ X.

Îçíà÷åííÿ 1.1. Íåõàé W̃ ∈ C∞ çàìêíåíèé ìíîãîâèä i Cr

ìíîæèíà âåêòîðíèõ ïîëiâ ç Cr òîïîëîãi¹þ, r ≥ 1, òîäi âå-
êòîðíå ïîëå X ∈ Xr(W ) íàçèâà¹òüñÿ ïîëåì Ìîðñà-Ñìåé-

ëà, ÿêùî âèêîíóþòüñÿ òàêi óìîâè:

(1) ω(X) ¹ ïðîñòîþ, òîáòî âîíà ìà¹ ñêií÷åííó êiëüêiñòü
îðáiò, óñi ç ÿêèõ ãiïåðáîëi÷íi;

(2) ÿêùî σi, σj ∈ ω(X), òî íåñòiéêèé ìíîãîâèä WU (σi)
òðàíñâåðñàëüíèé äî ñòiéêîãî ìíîãîâèäó WS(σj).

Äîñëiäæåííþ ïîëiâ Ìîðñà-Ñìåéëà ïðèñâÿ÷åíî áàãàòî ðîáiò,
çîêðåìà [10], [11], [12].
Ìíîæèíà âåêòîðíèõ ïîëiâ Ìîðñà-Ñìåéëà ¹ âiäêðèòîþ íåïî-

ðîæíüîþ ìíîæèíîþ â Xr(W̃ ), r ≥ 1 i êîæåí ¨¨ åëåìåíò ñòðó-
êòóðíî ñòiéêèé [13], [7].

Îçíà÷åííÿ 1.2. Ïîëåì Ìîðñà íà ìíîãîâèäi ç ìåæåþ íà-
çèâà¹òüñÿ âåêòîðíå ïîëå X ∈ Xr(W ), ùî çàäîâîëüíÿ¹ òàêi
óìîâè:

(1) ω(X) ¹ ñêií÷åíîþ, òîáòî ìà¹ ñêií÷åííå ÷èñëî òî÷îê,
óñi ç ÿêèõ ¹ ãiïåðáîëi÷íèìè îñîáëèâèìè òî÷êàìè;

(2) ÿêùî σi, σj ∈ ω(X) i â òî÷öi x ∈WU (σi)∩WS(σj) ñòié-
êèé òà íåñòiéêèé ìíîãîâèäè ïåðåòèíàþòüñÿ íåòðàíñ-
âåðñàëüíî, òî x ∈ ∂W ;

(3) ïîëå äîòè÷íå äî ìåæi i éîãî îáìåæåííÿ íà ìåæó ¹
ïîëåì Ìîðñà-Ñìåéëà.

Ïîòiê, ïîðîäæåíèé ïîëåì Ìîðñà, íàçèâà¹òüñÿ ïîòîêîì Ìîð-
ñà.
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Îçíà÷åííÿ 1.3. Ïîëÿðíèì ïîòîêîì íàçèâà¹òüñÿ ïîòiê,
ÿêèé ìà¹ ¹äèíèé ñòiê òà âèòiê, òà îáìåæåííÿ ÿêîãî íà ìåæó
ìà¹ òàêîæ ¹äèíèé ñòiê òà âèòiê.

Îçíà÷åííÿ 1.4. Ïîòiê Ìîðñà íàçèâà¹òüñÿ ïðîñòèì, ÿêùî
ó íüîãî íå iñíó¹ òðà¹êòîðié, ùî ïî÷èíàþòüñÿ i çàêií÷óþòüñÿ
â ñiäëîâèõ òî÷êàõ (ñåïàðàòðèñ, ùî ç'¹äíóþòü ñiäëà).

Äëÿ ïîëÿðíîãî ïîòîêó Ìîðñà, ç òî÷íiñòþ äî òîïîëîãi÷íî¨
åêâiâàëåíòíîñòi, ìîæëèâi ÷îòèðè òèïè íåâèðîäæåíèõ îñîáëè-
âèõ òî÷îê íà ìåæi:

(1) âèòiê, êîîðäèíàòè ÿêîãî (x1, x2, x3) â ëîêàëüíèõ êîîîð-
äèíàòàõ x1,x2, x3 íà ìíîãîâèäi;

(2) ñòiê (−x1,−x2,−x3);
(3) A-ñiäëî (x1,−x2,−x3);
(4) B-ñiäëî (−x1, x2, x3).

Òóò ìåæà ìíîãîâèäó çàäà¹òüñÿ ðiâíÿííÿì x3 = 0, ïðè öüîìó
âèïàäêè òî÷îê (−x1,−x2, x3) òà (x1, x2,−x3) íàìè íå ðîçãëÿ-
äàþòüñÿ, îñêiëüêè öi òî÷êè ¹ òî÷êàìè ñòîêó íà ìåæi, ùî íå ¹
ñòîêîì íà ìíîãîâèäi, àáî âèòîêó íà ìåæi, ùî íå ¹ âèòîêîì íà
ìíîãîâèäi, ùî íåìîæëèâî äëÿ ïîëÿðíîãî ïîòîêó Ìîðñà.
Íàäàëi ìè áóäåìî ðîçãëÿäàòè ïîòîêè, ó ÿêèõ âñi îñîáëèâi

òî÷êè ëåæàòü íà ìåæi i îáìåæåííÿ ïîòîêó íà ìåæó ìà¹ ¹äèíèé
ñòiê òà âèòiê (ïîëÿðíi ïîòîêè).
Ìåòà äàíî¨ ðîáîòè: äîñëiäèòè òîïîëîãi÷íi âëàñòèâîñòi ïðî-

ñòèõ ïîëÿðíèõ ïîòîêiâ Ìîðñà íà ïîâíîìó êðåíäåëi, âñi íåðó-
õîìi òî÷êè ÿêèõ ëåæàòü íà ìåæi; ïîáóäóâàòè äëÿ íèõ ïîâíèé
òîïîëîãi÷íèé iíâàðiàíò (äiàãðàìó, à òàêîæ ðîçðiçíþþ÷èé ãðàô,
ÿêèé çðó÷íî âèêîðèñòîâóâàòè äëÿ ïiäðàõóíêó òîïîëîãi÷íî íå-
åêâiâàëåíòíèõ ïîòîêiâ).

2. m-Äiàãðàìà ïîòîêó Ìîðñà

Íàäàëi áóäåìî ðîçãëÿäàòè ðiìàíîâó ìåòðèêó, ÿêà ìà¹ äëÿ
êîæíîãî A-ñiäëà òàêó âëàñòèâiñòü: äëÿ äâîõ ðiçíèõ òðà¹êòîðié,
ùî âèõîäÿòü iç A-ñiäëà, ¨õ äîâæèíè ðiâíi òà ìåíøi çà äîâæèíè
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òðà¹êòîðié, ùî âõîäÿòü â öi ñiäëà, i àíàëîãi÷íî äëÿ êîæíîãî B-
ñiäëà: äâi òðà¹êòîði¨, ùî âõîäÿòü â íüîãî, ìàþòü ðiâíi äîâæèíè,
ìåíøi çà äîâæèíè âñiõ iíøèõ òðà¹êòîðié, ùî âèõîäÿòü ç íüîãî.
Òàêó ðiìàíîâó ìåòðèêó ëåãêî ïîáóäóâàòè ç äîâiëüíî¨ ðiìàíîâî¨
ìåòðèêè, ñòèñêàþ÷è äî íåîáõiäíîãî îêîëè äóã íà çàçíà÷åíèõ
âèùå òðà¹êòîðiÿõ.
Äëÿ êîæíî¨ òðà¹êòîði¨ ïîòîêó Ìîðñà íà ïîâíîìó êðåíäåëi,

êðiì îñîáëèâèõ òî÷îê, òà òèõ, ùî ëåæàòü íà íå ñòiéêèõ ìíîãî-
âèäàõ A-ñiäåë òà ñòiéêèõ ìíîãîâèäàõ B-ñiäåë, çíàéäåìî ¨¨ ñå-
ðåäèíó, i ðîçãëÿíåìî ìíîæèíó F ⊂ W âñiõ òàêèõ ñåðåäèí òðà-
¹êòîðié. Ïðè öüîìó äîâæèíà êîæíî¨ òðà¹êòîði¨ îá÷èñëþ¹òüñÿ
âiä âèòîêó äî ñòîêó, òîáòî äëÿ òðà¹êòîðié, ùî ëåæàòü íà ñòié-
êèõ ìíîãîâèäàõ A-ñiäåë çíàõîäèòüñÿ ñåðåäèíà ¨õ îá'¹äíàííÿ ç
îäíîþ ç äâîõ òðà¹êòîðié, ÿêi âèõîäÿòü ç öüîãî ñiäëà (âîíè çà
ïîáóäîâîþ ìàþòü ðiâíi äîâæèíè, ùî ìåíøi äîâæèí òðà¹êòîðié
ñòiéêîãî ìíîãîâèäó), i àíàëîãi÷íî äëÿ íåñòiéêèõ ìíîãîâèäiâ B-
ñiäåë.

Çàóâàæåííÿ 2.1. Çà ïîáóäîâîþ, ìíîæèíà F ¹ äâîâèìiðíèì
ìíîãîâèäîì ç ìåæåþ ∂F ∈ ∂W .

Ëîêàëüíà åâêëiäîâiñòü F äîâîäèòüñÿ çà äîïîìîãîþ ãîìåî-
ìîðôiçìiâ îêîëiâ òî÷îê íà ìåæó ε-îêîëó âèòîêó àáî ñòîêó äëÿ
äîñòàòíüî ìàëîãî ε â êàíîíi÷íié ñèñòåìi êîîðäèíàò, äå êîæíié
òî÷öi ç F ñòàâèòüñÿ ó âiäïîâiäíiñòü òî÷êà íà öié æå ñàìié òðà-
¹êòîði¨ íà ìåæi îêîëó. Àíàëîãi÷íî äîâîäèòüñÿ, ùî êîëè F1 òà
F2 �äâi ïîâåðõíi, ïîáóäîâàíi çà ðiìàíîâèìè ìåòðèêàìè ρ1 òà
ρ2, âiäïîâiäíî, òî iñíó¹ ãîìåîìîðôiçì h : W →W òàêèé, ùî

(a) h(ω) = ω äëÿ êîæíî¨ òðà¹êòîði¨ ω ïîòîêó, ïðè÷îìó h
çáåðiãà¹ îði¹íòàöiþ ω ÿêùî dimω = 1;

(b) h(F1) = F2.

Òàêèì ÷èíîì, ïîáóäîâà ïîâåðõíi F ç òî÷íiñòþ äî ãîìåîìîðôi-
çìó, ùî çàäîâîëüíÿ¹ óìîâó (a), íå çàëåæèòü âiä âèáîðó ðiìà-
íîâî¨ ìåòðèêè.
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Çàóâàæåííÿ 2.2. Íåõàé Σ�ìíîæèíà âñiõ îñîáëèâèõ òî÷îê
ïîòîêó, à S �ìíîæèíà âñiõ ïàð ¾êîðîòêèõ¿ ñåïàðàòðèñ, òîáòî
ñåïàðàòðèñ, ùî âèõîäÿòü ç A-ñiäåë òà ñåïàðàòðèñ, ùî âõîäÿòü
â B-ñiäëà. Òîäi ïîâåðõíÿ F ïåðåòèíà¹ êîæíó îðáiòó ç ìíîæèíè
W \ (Σ ∪ S) â ¹äèíié òî÷öi, à òîìó F ìîæíà îòîòîæíèòè ç
ïðîñòîðîì òðà¹êòîðié W \ (Σ ∪ S).

Âiäìiòèìî, ùî ìíîæèíà F ðîçáèâà¹ ìíîãîâèä W íà äâi êîì-
ïîíåíòè çâ'ÿçíîñòi, à òîìó ìîæíà ðîçãëÿäàòè ìíîãîâèä W ÿê
ñêëåéêó ç äåÿêèõ äâîõ ìíîãîâèäiâ M òà N çà äåÿêèì ãîìåî-
ìîðôiçìîì ÷àñòèí ¨õ ìåæ. Ìíîãîâèäè M òà N âèáèðàþòüñÿ
òàê, ùî êîæíà òðà¹êòîðiÿ â òî÷êàõ ïîâåðõíi F íàïðàâëåíà ç
ìíîãîâèäó N â ìíîãîâèä M . Òîäi, çà ïîáóäîâîþ, âñi A-ñiäëà
ëåæàòü â ìíîãîâèäi M , à B-ñiäëà ëåæàòü â ìíîãîâèäi N .
Òàêå ðîçáèòòÿ ìíîãîâèäóW ¹ àíàëîãîì ðîçáèòòÿ Õåãîðà äëÿ

çàìêíåíèõ ìíîãîâèäiâ, à ïîâåðõíÿ F ¹ àíàëîãîì ïîâåðõíi Õå-
ãîðà.

Îçíà÷åííÿ 2.3. m-äiàãðàìà ïðîñòîãî ïîëÿðíîãî ïîòîêó Ìîð-
ñà � öå òðiéêà, ùî ñêëàäà¹òüñÿ ç:

(1) ïîâåðõíi F ç ìåæåþ;
(2) íàáîðó ïðîñòèõ äóã I òèïó� ïåðåòèí ñòiéêèõ ìíîãî-

âèäiâ A-ñiäåë ç ïîâåðõíåþ F ;
(3) íàáîðó ïðîñòèõ äóã II òèïó� ïåðåòèí íåñòiéêèõ ìíî-

ãîâèäiâ B-ñiäåë ç ïîâåðõíåþ F .

Ëåìà 2.4. Ó âèïàäêó ðîçðiçàííÿ F âçäîâæ äóã ïåðøîãî (äðó-
ãîãî) òèïó, áóäå îòðèìàíà îäíîçâ'ÿçíà îáëàñòü.

Äîâåäåííÿ. Ðîçãëÿíåìî íà ìíîãîâèäi F äèñêè, ùî ëåæàòü íà
íåñòiéêèõ äâîâèìiðíèõ ìíîãîâèäàõ òà îáìåæåíi öèìè êðèâèìè
òà äâîìà òðà¹êòîðiÿìè íà ìåæi. Ðîçðiæåìî F çà öèìè äèñêà-
ìè. Â óòâîðåíîìó ìíîãîâèäi F ′ ïîñëiäîâíî ñòÿãíåìî êîæíèé
ç îòðèìàíèõ ïðè ðîçðiçàííi äèñêiâ â òî÷êó. Ïiñëÿ ñòÿãíåííÿ
îòðèìà¹ìî ìíîãîâèä, ãîìåîìîðôíèé F ′, òà âåêòîðíå ïîëå íà
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íüîìó ç îäíi¹þ îñîáëèâîþ òî÷êîþ - âèòîêîì. Îòæå, öåé ìíîãî-
âèä ãîìåîìîðôíèé ïiâäèñêó D3

+, à ïîâåðõíÿ F , ïiñëÿ ðîçðiçà-
ííÿ çà êðèâèìè ïåðøîãî òèïó, ãîìåîìîðôíà äèñêó D2. �

Äàëi ïiä m-äiàãðàìîþ áóäåìî ðîçóìiòè äîâiëüíó ïîâåðõíþ ç
ìåæåþ, íà ÿêié âèäiëåíî äâà òèïè ïðîñòèõ êðèâèõ, êiíöi ÿêèõ
ç'¹äíóþòü ðiçíi êîìïîíåíòè ìåæi i òàêi, ùî, ðîçðiçàâøè ïîâåðõ-
íþ çà äóãàìè îäíîãî òèïó, âèõîäèòü îäíîçâ'ÿçíà ïîâåðõíÿ.
Îòæå, çà êîæíèì ïðîñòèì ïîëÿðíèì ïîòîêîì Ìîðñà íà ïîâ-

íîìó êðåíäåëi ïîáóäîâàíî m-äiàãðàìó (ïîâåðõíÿ F òà äóãè I
òà II òèïó� öå ïåðåòèí ñòiéêèõ òà íåñòiéêèõ äâîâèìiðíèõ ìíî-
ãîâèäiâ ç ïîâåðõíåþ F ).

3. Çàäàííÿ ïîòîêó Ìîðñà ç äîïîìîãîþ m-äiàãðàìè

Ïîêàæåìî, ÿê çà m-äiàãðàìîþ ìîæíà âiäíîâèòè òðèâèìið-
íèé ìíîãîâèä i ïîòiê íà íüîìó. Ïîâíèé êðåíäåëü ìîæíà ñêëå-
¨òè ç äâîõ ìíîãîâèäiâ çà äîïîìîãîþ òàêî¨ ïîñëiäîâíîñòi äié:
äî ìåæi ∂(D2) = S1 ïðèêëåþþòüñÿ k ñìóã, ùî ¹ 1-ðó÷êàìè
hki = D1 ×D1 çà âiäîáðàæåííÿì ∂(D1 ×D1)→ S1. Ïîçíà÷èìî

Lk = D2 ∪ h1
1 . . . ∪ h1

k.

Ñëiä çàóâàæèòè, ùî ïðèêëå¹íi ðó÷êè íå ïåðåõðåùóþòüñÿ. Äàëi
âêëå¹íi ñìóãè ðàçîì ç äèñêîì ïîòîâùóþòüñÿ. Îòðèìàíèé 3-
ìíîãîâèä ïîçíà÷àòèìåìî ÷åðåç LIk = L× I.
Íàäàëi áóäåìî êàçàòè, ùî 3-ìíîãîâèä ìà¹ LIk òèï ç îñíîâîþ

Lk, ÿêùî éîãî ìîæíà ïîáóäóâàòè âèùåçàçíà÷åíèì ñïîñîáîì.
ÍåõàéM òà N ìàþòü LIk òèï. Âèçíà÷èìî äåÿêèé ãîìåîìîðôiçì
h : M → N , ùî ñêëåþ¹ ¨õíi îñíîâè MLk

òà NLk
, ðîçãëÿíóòi ÿê

áîðäèçìè, à âñi iíøi òî÷êè ëèøà¹ íà ìiñöi, äèâ. ðèñ. 3.1. Âàðòî
çàçíà÷èòè, ùî ïiä äi¹þ öüîãî ãîìåîìîðôiçìó êîìïîíåíòè ìåæi
MLk

äîâiëüíèì ÷èíîì âêëåþþòüñÿ â êîìïîíåíòè ìåæi NLk

Òàêèì ÷èíîì ïiñëÿ ñêëåþâàííÿ M òà N áóäå îòðèìàíî ìíî-
ãîâèä W , W ⊃ F = h(MLk

) = NLk
. Òîáòî W ðîçáèâà¹òüñÿ íà

ìíîãîâèäè M òà N .
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Ðèñ. 3.1. Ñêëåéêà ìíîãîâèäiâ M òà N , ùî ìà-
þòü LI1 òèï.

Ðîçãëÿíåìî ïîâåðõíþ F , ùî ¹ ðåçóëüòàòîì ñêëåþâàííÿ îñíî-
âè ìíîãîâèäó M ç îñíîâîþ N çà âiäîáðàæåííÿì h òà äóãè ïåð-
øîãî òèïó íà íié. Êîæíà òàêà äóãà ¹ ïðîñòèì øëÿõîì, ùî ìà¹
êiíöi íà ðiçíèõ êîìïîíåíòàõ ìåæi ïîâåðõíi F .
Äëÿ çðó÷íîñòi áóäåìî ââàæàòè, ùî äóãè ïåðøîãî òèïó íà-

ëåæàòü îñíîâi ìíîãîâèäó M , ÿêó áóäåìî ïîçíà÷àòè MLk
, à äó-

ãè äðóãîãî òèïó� îñíîâi ìíîãîâèäó N , ÿêó ïîçíà÷àòèìåìî ÿê
NLk

. Ïðèêëàä m-äiàãðàìè ïîòîêó äèâ. íà ðèñ. 3.2.

Ðèñ. 3.2. Ïðèêëàä m-äiàãðàìè ïîòîêó.

Îçíà÷åííÿ 3.1. Äâim-äiàãðàìè íàçèâàþòüñÿ ãîìåîìîðôíè-
ìè, ÿêùî iñíó¹ ãîìåîìîðôiçì ¨õ ïîâåðõîíü, ùî âiäîáðàæà¹
êðèâi ïåðøîãî òèïó íà êðèâi ïåðøîãî òèïó, à äðóãîãî � íà äðó-
ãîãî.



172 Î. Î. Ïðèøëÿê, Ä. Ì. Ñêî÷êî

Îçíà÷åííÿ 3.2. Âåêòîðíi ïîëÿ (ïîòîêè) íàçèâàþòüñÿ òî-
ïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíó¹ ãîìåîìîðôiçì ìíî-
ãîâèäó, ÿêèé âiäîáðàæà¹ òðà¹êòîði¨ îäíîãî âåêòîðíîãî ïîëÿ
(ïîòîêó) íà òðà¹êòîði¨ iíøîãî, çáåðiãàþ÷è íàïðÿìîê ðóõó çà
òðà¹êòîðiÿìè, [9].

Òåîðåìà 3.3. Ïðîñòi ïîëÿðíi ïîòîêè Ìîðñà òîïîëîãi÷íî åêâi-
âàëåíòíi òîäi i òiëüêè òîäi, êîëè ¨õ m-äiàãðàìè ãîìåîìîðôíi.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ òîïîëîãi÷íà åêâiâàëåíòíiñòü
h : W1 →W2 ïîëÿðíèõ ïîòîêiâ Ìîðñà X1 òà X2 íà ìíîãîâèäàõ
W1 òà W2 âiäïîâiäíî. Íåõàé Σi �ìíîæèíà íåðóõîìèõ òî÷îê
Xi, à Si �ìíîæèíà éîãî ñåïàðàòðèñ, ùî âèõîäÿòü ç A-ñiäåë, òà
ñåïàðàòðèñ, ùî âõîäÿòü â B-ñiäëà. Òîäi h(Σ1) = Σ2 i h(S1) = S2,
à òîìó

h
(
W1 \ (Σ1 ∪ S1)

)
= W2 \ (Σ2 ∪ S2).

Çîêðåìà, h iíäóêó¹ ãîìåîìîðôiçì ìiæ âiäïîâiäíèìè ïðîñòîðà-
ìè øàðiâ, òîáòî m-äiàãðàìàìè.
Íàâïàêè, ïðèïóñòèìî, ùîm-äiàãðàìè ãîìåîìîðôíi. Òîäi öåé

ãîìåîìîðôiçì çàäà¹ ái¹êöiþ ìiæ òðà¹êòîðiÿìè âåêòîðíèõ ïî-
ëiâ, i äëÿ êîæíî¨ òî÷êè ç ïîâåðõíi F ìîæåìî ïðîäîâæèòè ¨¨
âiäîáðàæåííÿ íà âñþ òðà¹êòîðiþ, ùî ïðîõîäèòü ÷åðåç öþ òî-
÷êó çà ãîìåîìîðôiçìîì, ÿêèé çáåðiãà¹ ïðîïîðöiþ äîâæèí äóã
â çàäàíié ìåòðèöi. Òàêèì ÷èíîì îòðèìà¹ìî ãîìåîìîðôiçì ïîâ-
íèõ êðåíäåëiâ, ùî ¹ òîïîëîãi÷íîþ åêâiâàëåíòíiñòþ âåêòîðíèõ
ïîëiâ. �

Îçíà÷åííÿ 3.4. Ðîäîì g ïîòîêó Ìîðñà íàçèâà¹òüñÿ ðiä ïî-
âåðõíi F éîãî äiàãðàìè. Ñêëàäíiñòþ c ïîëÿðíîãî ïîòîêó Ìîð-
ñà íàçèâà¹òüñÿ ÷èñëî A-ñiäåë.

ßêùî ïîâåðõíþ F ðîçãëÿäàòè ÿê äèñê ç ïðèêëå¹íèìè ñòði-
÷êàìè (1-ðó÷êàìè Ñìåéëà), òî ñêëàäíiñòü äîðiâíþ¹ ÷èñëó ñòði-
÷îê. Çâiäñè âèäíî, ùî ÷èñëî B-ñiäåë äîðiâíþ¹ ÷èñëó A-ñiäåë
äëÿ ïîëÿðíîãî ïîòîêó Ìîðñà.

Çàóâàæåííÿ 3.5. Äëÿ îði¹íòîâàíî¨ ïîâåðõíi ÷èñëî êîìïîíåíò
ìåæi k = 1 + c− 2g, çâiäêè ñêëàäíiñòü c = k + 2g − 1.
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4. Ðîçðiçíÿþ÷èé ãðàô ïîòîêó Ìîðñà

Äîñëiäèìî, ñêiëüêîìà ðiçíèìè ñïîñîáàìè ìîæíà ñêëå¨òè ìíî-
ãîâèäèM òà N , ùî ìàþòü òèï LIk. Äëÿ öüîãî îòîòîæíèìî êîì-
ïîíåíòè ìåæi MLk

ç âåðøèíàìè äåÿêîãî ãðàôà GM , à êðèâi,
ùî ¨õ ç'¹äíóþòü, ç éîãî ðåáðàìè. Àíàëîãi÷íî NLk

ç GN .

Òâåðäæåííÿ 4.1. Äëÿ ïîëÿðíîãî ïîòîêó Ìîðñà ðîäó íóëü ãðà-
ôè GM òà GN ¹ äåðåâàìè.

Äîâåäåííÿ. Ïðè ïîáóäîâi ãðàôiâ GM òà GN , êîëè êîìïîíåíòè
ãðàíèöi ñòÿãóþòüñÿ â òî÷êè, ïîâåðõíÿ ðîäó íóëü ïåðåõîäèòü ó
ñôåðó. Îòæå, öi ãðàôè, ¹ ãðàôàìè âêëàäåíèìè ó ñôåðó. ßêùî
îäèí ç öèõ ãðàôiâ, íåõàé äëÿ âèçíà÷åíîñòi ãðàô GM , íå ¹ äåðå-
âîì, òî âií ìiñòèòü öèêë, ÿêèé ðîçáèâà¹ ñôåðó íà äâi îáëàñòi.
Çà ïîáóäîâîþ, êîæíié îáëàñòi, íà ÿêi ãðàô GM ðîçáèâà¹ ñôå-
ðó, âiäïîâiäà¹ îáëàñòü, íà ÿêó êðèâi ïåðøîãî òèïó ðîçáèâàþòü
ïîâåðõíþ F , à òàêié îáëàñòi âiäïîâiäà¹ âèòiê. Òîäi ïîòiê íå ¹
ïîëÿðíèì. Îòðèìàíå ïðîòèði÷÷ÿ äîâîäèòü òâåðäæåííÿ. �

Íàäàëi áóäåìî ðîçãëÿäàòè ëèøå ïîëÿðíi ïîòîêè ðîäó íóëü.
Ñêëå¨ìî ãðàô GM ç ãðàôîì GN òàê, ùîá âåðøèíè GM áóëè

ïîïàðíî îòîòîæíåíi ç âåðøèíàìèGN i ðåáðàGM íå ïåðåòèíàëè
ðåáåð GN . Îòðèìàíèé îá'¹êò áóäåìî íàçèâàòè ðîçðiçíþþ÷èì
ãðàôîì ïîòîêó Ìîðñà i ïîçíà÷àòè G.

Ëåìà 4.2. Äâà ðîçðiçíþþ÷i ãðàôè içîìîðôíi, ÿêùî iñíó¹ içî-
ìîðôiçì ðåáåð òà âåðøèí îäíîãî â ðåáðà òà âåðøèíè iíøîãî
çi çáåðåæåííÿì òèïó ðåáðà òà êiëüêîñòi i äîâæèí öèêëiâ.

Ç ïîáóäîâè ðîçðiçíþþ÷îãî ãðàôà âèïëèâà¹ òàêà òåîðåìà.

Òåîðåìà 4.3. Äâi äiàãðàìè ãîìåîìîðôíi òîäi i òiëüêè òîäi,
êîëè âiäïîâiäíi ¨ì ãðàôè içîìîðôíi.

Çàóâàæåííÿ 4.4. Äëÿ ïîòîêiâ ðîäó 0 êîæíà äóãà ç'¹äíó¹ ði-
çíi êîìïîíåíòè. ßêáè âîíà ïî÷èíàëàñü i çàêií÷óâàëàñü â îäíié
êîìïîíåíòi ìåæi, òî ðîçðiçàííÿ âçäîâæ öi¹¨ äóãè çðîáèëî á ïî-
âåðõíþ íåçâ'ÿçíîþ, àáî çìåíøèëî á ¨¨ ðiä, ùî íå ìîæëèâî.
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Äàëi çíàéäåìî âñi ðîçðiçíþþ÷i ãðàôè äëÿ ïîòîêiâ ðîäó 0
ñêëàäíîñòi ìåíøå 4. Äëÿ âèïàäêó ñêëåþâàííÿ äâîõ ìíîãîâèäiâ
M òà N , ùî ìàþòü LI1 òèï îòðèìà¹ìî ãðàôè GM òà GN , ÿêi
áóäóòü äåðåâàìè íà äâîõ âåðøèíàõ, à òîìó iñíó¹ ëèøå îäèí
âàðiàíò äëÿ òîãî, ùîá ¨õ ñêëå¨òè (ðèñ. 4.3).
Íà ðèñ. 4.3 i âñiõ ïîäàëüøèõ ðèñóíêàõ ðåáðà ãðàôà GN áó-

äóòü çîáðàæàòèñü ïðÿìèìè âiäðiçêàìè, à ãðàôà GN �äóãàìè.

Ðèñ. 4.3. Ñêëåéêè äåðåâ íà äâîõ âåðøèíàõ.

Äëÿ âèïàäêó ñêëåþâàííÿ äâîõ ìíîãîâèäiâM òàN , ùî ìàþòü
LI2 òèï, îòðèìà¹ìî ãðàôè GM òà GN , ÿêi áóäóòü äåðåâàìè íà
òðüîõ âåðøèíàõ, âñüîãî iñíó¹ äâà âàðiàíòè ¨õ ñêëåéêè (ðèñ. 4.4).

Ðèñ. 4.4. Ñêëåéêè äåðåâ íà òðüîõ âåðøèíàõ.

ßêùî ñêëåþþòüñÿ äâà ìíîãîâèäèM òà N , ùî ìàþòü LI3 òèï,
òî ãðàôè GM òà GN áóäóòü äåðåâàìè íà ÷îòèðüîõ âåðøèíàõ, à
òîìó âñüîãî iñíó¹ 12 âàðiàíòiâ ñêëåéîê i âiäïîâiäíèõ ¨ì ðîçði-
çíþþ÷èõ ãðàôiâ (Ðèñ. 4.5).
Êîæíîìó iç îòðèìàíèõ ðîçðiçíþþ÷èõ ãðàôiâ âiäïîâiäà¹ ñâié

ïîëÿðíèé ïîòiê Ìîðñà-Ñìåéëà.
Íåõàé Sn �êiëüêiñòü ïîëÿðíèõ ïîòîêiâ Ìîðñà-Ñìåéëà äëÿ

ñêëåéîê ìíîãîâèäiâ LIn òèïó. Òîäi S1 = 1, S2 = 2, S3 = 12. Äëÿ
ðîçãëÿäó âèïàäêiâ n >= 4 ïîòðiáíî ðîçðîáèòè ïåâíèé àëãîðèòì
òà ñêîðèñòàòèñü îá÷èñëþâàëüíîþ òåõíiêîþ.
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Ðèñ. 4.5. Ñêëåéêè äåðåâ íà ÷îòèðüîõ âåðøèíàõ.

5. Ðîçðiçíþþ÷i ãðàôè äëÿ ïîòîêiâ Ìîðñà ðîäó 0
ñêëàäíîñòi 4

Íåõàé ìíîãîâèäè M òà N ìàþòü òèï LI4, i, ÿê ðåçóëüòàò,
ãðàôè GM òà GN ìàòèìóòü ïî 5 âåðøèí. Íà 5 âåðøèíàõ ìîæíà
ïîáóäóâàòè òðè íåiçîìîðôíi äåðåâà (ðèñ. 5.6).

Ðèñ. 5.6. Äåðåâà íà ï'ÿòè âåðøèíàõ.

Òàêèì ÷èíîì êîæíîìó ç ìíîãîâèäiâ M òà N ìîæå âiäïîâi-
äàòè îäèí ç òðüîõ ãðàôiâ, à òîìó iñíó¹ 6 ðiçíèõ òèïiâ ñêëåéîê
äâîõ äåðåâ íà ï'ÿòè âåðøèíàõ (ðèñ. 5.7).
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Ðîçãëÿíåìî ãðàô ç òî÷êè çîðó âëàñòèâîñòåé êîæíî¨ âåðøè-
íè, òàêèõ, ÿê ¨¨ ñòåïiíü i âiääàëåíiñòü âiä êiíöiâ (âèñÿ÷èõ âåð-
øèí), âðàõîâóþ÷è âñi ìîæëèâi ñèìåòði¨. Äëÿ äåðåâà ðèñ. 5.6(à)
ìà¹ìî òðè òèïè âåðøèí: êðàéíÿ, ñåðåäíÿ òà âåðøèíà ìiæ êðàé-
íüîþ i ñåðåäíüîþ, àíàëîãi÷íî äëÿ äåðåâà ðèñ. 5.6(á) ìàòèìåìî
4 òèïè âåðøèí, äëÿ ðèñ. 5.6(â) � 2.

Ðèñ. 5.7. Âñi ìîæëèâi ñêëåéêè äâîõ äåðåâ íà
ï'ÿòè âåðøèíàõ.

Îïèøåìî ïðîöåñ âêëåþâàííÿ ãðàôà GM â GN íà ïðèêëàäi âà-
ðiàíòó ç ðèñ. 5.7(â). Äëÿ öüîãî ôiêñó¹òüñÿ îäíà ç òî÷îê ãðàôà
GM i ðîçãëÿäàþòüñÿ âñi ìîæëèâi âàðiàíòè ïðèêëåþâàííÿ äî íå¨
ðiçíèõ òèïiâ òî÷îê ãðàôà GN . Íåõàé ëiâèé ãðàô ç ðèñ. 5.7(â)
áóäå ãðàôîì GM , à ïðàâèé GN . Çàôiêñó¹ìî êðàéíþ ëiâó òî÷êó
â GM i âèçíà÷èìî, ñêiëüêè ðiçíèõ òèïiâ òî÷îê â GN . Îòðè-
ìà¹ìî ÷îòèðè âàðiàíòè. Äàëi äëÿ êîæíîãî iç öèõ 4 âàðiàíòiâ
çàôiêñó¹ìî íàñòóïíó òî÷êó ç GM i âèçíà÷èìî êiëüêiñòü âàði-
àíòiâ òî÷îê ç GN , iç òèõ, ùî ëèøèëèñü � ¨õ ïî òðè âàðiàíòè.
Òàêèì ïåðåáîðîì çíàõîäèìî âñi âàðiàíòè m-äiàãðàì.
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Çàóâàæåííÿ 5.1. Â îòðèìàíié ìíîæèíi ãðàôè áóäóòü ïîâòî-
ðþâàòèñü. Äàíèé ôàêò ¹ íàñëiäêîì âèïàäêiâ ñêëåéîê îäíàêîâèõ
òèïiâ ãðàôiâ, îñêiëüêè ïðè ïåðåáîði íå âðàõîâóþòüñÿ ïîðÿäîê
ïåðåáîðó ïåðøîãî ãðàôà ç ïîðÿäêîì ïåðåáîðó iíøîãî.

Öþ ñèòóàöiþ ëåãêî âèïðàâèòè, ÿêùî äóáëþâàòè îòðèìàíó
ìíîæèíó ãðàôiâ i ïîìiíÿòè ìiñöÿìè â íîâîìó íàáîði êîæåí
ïåðøèé ç êîæíèì äðóãèì ãðàôîì, à ïîòiì ïîðiâíÿòè öi ìíî-
æèíè.
Òàêèì ÷èíîì ìîæíà ñôîðìóëþâàòè àëãîðèòì äëÿ ïîøóêó

ñêëåéîê ãðàôiâ:

(1) Âèáåðåìî ç ìíîæèíè íåiçîìîðôíèõ äåðåâ ïàðó ãðàôiâ
GM òà GN , ùî âiäïîâiäàòèìå ïàði ìíîãîâèäiâ;

(2) Ôiêñó¹ìî äîâiëüíó âåðøèíó GM i çíàõîäèìî êiëüêiñòü
âåðøèí ãðàôà GN , ÿêi äî íå¨ ìîæíà ïðèêëå¨òè;

(3) Ôiêñó¹ìî íàñòóïíó òî÷êó GM i ïîâòîðþ¹ìî ïîïåðåäíié
ïåðåáið ñåðåä òî÷îê GN , ùî ùå íå áóëè âèáðàíi;

(4) Ïîâòîðþ¹ìî êðîêè 1-3, ïîêè íå áóäóòü ïåðåáðàíi âñi òî-
÷êè ãðàôà GM ;

(5) Äóáëþ¹ìî ìíîæèíó ãðàôiâ òà ìiíÿ¹ìî â êîïi¨ ìiñöÿìè
óñi GM ç óñiìà GN ;

(6) Ïîðiâíþ¹ìî âõiäíó ìíîæèíó ïàð ãðàôiâ ç ìîäèôiêîâà-
íîþ, âiäêèäà¹ìî òi, ùî ïîâòîðþþòüñÿ.

Íà îñíîâi äàíîãî àëãîðèòìó ñòâîðåíî âiäïîâiäíó ïðîãðàìó,
çà ðåçóëüòàòàìè, ÿêî¨ áóëî âèçíà÷åíî êiëüêiñòü ðîçðiçíþþ÷èõ
ãðàôiâ, ðåáðà ÿêèõ íå ïåðåòèíàþòüñÿ:
Ðîçãëÿíóâøè âèïàäîê ðèñ. 5.7(à) ñêëåéêè äâîõ äåðåâ ç äâîìà

ëèñòêàìè, áóëî îòðèìàíî 23 ðîçðiçíþþ÷i ãðàôè ðèñ. 5.8.
Âèïàäîê ðèñ. 5.7(á) iëþñòðó¹ âêëåþâàííÿ äåðåâà ç òðüîìà

ëèñòêàìè â äåðåâî ç ÷îòèðìà. Ñêëåéîê öüîãî òèïó iñíó¹ 8, ¨ì
âiäïîâiäà¹ 8 ïîëÿðíèõ ïîòîêiâ Ìîðñà-Ñìåéëà ðèñ. 5.9.
Äëÿ âèïàäêó ðèñ. 5.7(â) âêëåþâàííÿ äåðåâà ç äâîìà ëèñòêà-

ìè ó äåðåâî ç òðüîìà ëèñòêàìè îòðèìàíî íàéáiëüøó êiëüêiñòü
ñêëåéîê� 30. Öå ñïðè÷èíåíî òèì, ùî îäèí ç ãðàôiâ ìà¹ 3 òèïè
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Ðèñ. 5.8. Ñêëåéêè içîìîðôíèõ äåðåâ ç äâîìà ëèñòêîì.

Ðèñ. 5.9. Ñêëåéêè äåðåâ ç òðüîìà òà ÷îòèðìà ëèñòêàìè.

âåðøèí, à iíøèé 4. Òàêèì ÷èíîì äëÿ öüîãî òèïó ñêëåéêè iñíó¹
30 ïîëÿðíèõ ïîòîêiâ Ìîðñà-Ñìåéëà ðèñ. 5.10.
Ó âèïàäêó ðèñ. 5.7(ã), êîëè ñêëåþþòüñÿ äâi çiðêè� ãðàôè ç

÷îòèðìà ëèñòêàìè, áóëî îòðèìàíî ëèøå 2 ãðàôè, ÿêi âiäïîâi-
äàþòü äâîì ïîëÿðíèì ïîòîêàì Ìîðñà-Ñìåéëà ðèñ. 5.11. Öå
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Ðèñ. 5.10. Ñêëåéêè äåðåâ ç äâîìà òà òðüîìà ëèñòêàìè.

íàéìåíøà êiëüêiñòü ñåðåä 6 òèïiâ ñêëåþâàíü, ùî çóìîâëåíî
òèì, ùî ãðàôè ìàþòü ëèøå äâà òèïè âåðøèí òà ñèìåòði¨.

Ðèñ. 5.11. Ñêëåéêè içîìîðôíèõ äåðåâ ç ÷îòèð-
ìà ëèñòêàìè.

Äëÿ âêëåþâàííÿ äåðåâà ç äâîìà ëèñòêàìè â äåðåâî ç ÷îòèð-
ìà ëèñòêàìè ðèñ. 5.7(ä) iñíó¹ 5 âàðiàíòiâ, à òîìó iñíó¹ 5 âà-
ðiàíòiâ ïîëÿðíèõ ïîòîêiâ Ìîðñà-Ñìåéëà ðèñ. 5.12. Ó âèïàäêó
äâîõ içîìîðôíèõ äåðåâ ç òðüîìà ëèñòêàìè ðèñ. 5.7(å) iñíó¹ 24
m-äiàãðàìè Õåãîðà, ðèñ. 5.13.
Ç âèùåñêàçàíîãî âèïëèâà¹ òàêà òåîðåìà:
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Ðèñ. 5.12. Ñêëåéêè äåðåâ ç äâîìà òà ÷îòèðìà ëèñòêàìè.

Ðèñ. 5.13. Ñêëåéêè içîìîðôíèõ äåðåâ ç òðüîìà ëèñòêàìè.

Òåîðåìà 5.2. Iñíó¹ 92 òîïîëîãi÷íî íå åêâiâàëåíòíi ïîòîêè
Ìîðñà ðîäó 0 ñêëàäíîñòi 4.
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6. Âèñíîâêè

Ó äàíié ðîáîòi áóëè äîñëiäæåíi òîïîëîãi÷íi âëàñòèâîñòi ïî-
ëÿðíèõ ïîòîêiâ Ìîðñà íà ïîâíîìó êðåíäåëi, âñi íåðóõîìi òî-
÷êè ÿêèõ ëåæàòü íà ìåæi i íå ìàþòü ñåïàðàòðèñ, ùî ç'¹äíóþòü
ñiäëà. Äëÿ íèõ ïîáóäîâàíî àíàëîã ðîçáèòòÿ Õåãîðà, à òàêîæ
m-äiàãðàìó, ùî ¹ ¨õ ïîâíèì òîïîëîãi÷íèì iíâàðiàíòîì ïîòîêó.
Åêâiâàëåíòíiñòü m-äiàãðàì, à òàêîæ ïîòîêiâ, ïåðåâiðÿ¹òüñÿ çà
äîïîìîãîþ ïîáóäîâàíèõ ó ðîáîòi ðîçðiçíþþ÷èõ ãðàôiâ. Çíà-
éäåíi âñi ìîæëèâi ðîçðiçíþþ÷i ãðàôè ç íå áiëüø íiæ 5 âåðøè-
íàìè. Êîæíîìó ç ãðàôiâ âiäïîâiäà¹ ñâié ïîëÿðíèé ïîòiê Ìîðñà
i â ðåçóëüòàòi âiäêèäàííÿ içîìîðôíèõ äiàãðàì áóëî îòðèìàíî 92
íåiçîìîðôíi ðîçðiçíþþ÷i ãðàôè, ÿêi áóëè ïîäiëåíi íà øiñòü òè-
ïiâ, òðè ç ÿêèõ óòâîðåíi ñêëåþâàííÿì içîìîðôíèõ äåðåâ i òðè �
íå içîìîðôíèõ. Âñi äiàãðàìè ïîäàþòüñÿ ó âèãëÿäi iëþñòðàöié i
íàâåäåíi ó ðîáîòi.
Öÿ òåìà ìà¹ ïåðñïåêòèâè äëÿ äîñëiäæåíü, îñêiëüêè ìíîãîâè-

äè ìîæóòü ìàòè ñêëàäíiøó ïîáóäîâó, íàïðèêëàä, âîíè ìîæóòü
áóòè ñêëå¹íi ç äâîõ ìíîãîâèäiâ, ùî ìàþòü òèï LIk, k ≥ 5, à òîìó,
â ïîäàëüøîìó, íàâåäåíi âèùå äîñëiäæåííÿ áóäóòü ñòîñóâàòèñü
ðîçãëÿäó òàêèõ âèïàäêiâ.
Êðiì öüîãî, öiêàâî äîñëiäèòè âèïàäîê, êîëè ðåáðà ãðàôiâGM

òà GN ïåðåòèíàþòüñÿ. Â òàêîìó âèïàäêó êiëüêiñòü ìíîãîâèäiâ,
ÿêi ìîæíà óòâîðèòè ñêëåþâàííÿì äâîõ ìíîãîâèäiâ M òà N ,
çíà÷íî çáiëüøèòüñÿ, à òîìó i êiëüêiñòü ïîòîêiâ Ìîðñà òàêîæ
çíà÷íî çáiëüøèòüñÿ.
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Î öåïíîé ýêâèâàëåíòíîñòè ïðîåêòèâ-
íûõ ñêðåùåííûõ öåïíûõ êîìïëåêñîâ

We obtain a necessary and sufficient condition for n-dimensional finitely
generated projective crossed chain complexes to be stabilized by free
groups and free modules to the chain equivalence.

Îòðèìàíî íåîáõiäíó òà äîñòàòíþ óìîâó òîãî, êîëè n-âèìiðíi ñêií÷åí-
íîïîðîäæåíi ïðîåêòèâíi ñõðåùåíi ëàíöþãîâi êîìïëåêñè ìîæíà ñòàái-
ëiçóâàòè âiëüíèìè ãðóïàìè òà âiëüíèìè ìîäóëÿìè äî ëàíöþãîâî¨ åêâi-
âàëåíòíîñòi.

Ïîëó÷åíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå òîãî, êîãäà n-ìåðíûå êî-
íå÷íîïîðîæäåííûå ïðîåêòèâíûå ñêðåùåííûå öåïíûå êîìïëåêñû ìîæ-
íî ñòàáèëèçèðîâàòü ñâîáîäíûìè ãðóïïàìè è ñâîáîäíûìè ìîäóëÿìè äî
öåïíîé ýêâèâàëåíòíîñòè.

Ñâåòëîé ïàìÿòè
Âëàäèìèðà Âàñèëüåâè÷à Øàðêî
ïîñâÿùàåòñÿ

1. Ââåäåíèå

Êîêðîôò è Ñâîí [1] äîêàçàëè, ÷òî ãîìîòîïè÷åñêè ýêâèâà-
ëåíòíûå ïðîåêòèâíûå (ñâîáîäíûå) êîìïëåêñû ìîæíî ñòàáèëè-
çèðîâàòü ïðîåêòèâíûìè (ñâîáîäíûìè) ìîäóëÿìè äî öåïíîé ýê-
âèâàëåíòíîñòè, è ïðèìåíèëè ýòîò ðåçóëüòàò ê èçó÷åíèþ ãîìî-
òîïè÷åñêèõ òèïîâ íåîäíîñâÿçíûõ äâóìåðíûõ CW-êîìïëåêñîâ.
Â ìîíîãðàôèè [2] Øàðêî äîêàçàë àíàëîã òåîðåìû Êîêðîôòà-
Ñâîíà äëÿ ñâîáîäíûõ ñêðåùåííûõ öåïíûõ êîìïëåêñîâ. Àâòîð â
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ðàáîòå [3] ïîëó÷èë íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, êîãäà
n-ìåðíûå öåïíûå êîìïëåêñû, ñîñòàâëåííûå èç êîíå÷íî ïîðîæ-
äåííûõ ïðîåêòèâíûõ ìîäóëåé, ìîæíî ñòàáèëèçèðîâàòü ñâîáîä-
íûìè ìîäóëÿìè äî öåïíîé ýêâèâàëåíòíîñòè, à â ðàáîòå [4] äî-
êàçàë àíàëîã òåîðåìû Êîêðîôòà-Ñâîíà äëÿ ïðîåêòèâíûõ ñêðå-
ùåííûõ öåïíûõ êîìïëåêñîâ. Â 2011 ãîäó âûøëà ìîíîãðàôèÿ
Áðàóíà, Õèããèíñà è Ñèâåðû [5], â êîòîðîé ñ ýíöèêëîïåäè÷åñêîé
ïîëíîòîé îïèñûâàþòñÿ ñîâðåìåííûå äîñòèæåíèÿ â íåàáåëåâîé
àëãåáðàè÷åñêîé òîïîëîãèè, â ÷àñòíîñòè ðàññìàòðèâàþòñÿ îñ-
íîâíûå ïîíÿòèÿ, èñïîëüçóåìûå â äàííîé ñòàòüå. Öåëü äàííîé
ðàáîòû ïîëó÷èòü íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå òîãî, êî-
ãäà n-ìåðíûå êîíå÷íî ïîðîæäåííûå ïðîåêòèâíûå ñêðåùåííûå
öåïíûå êîìïëåêñû ìîæíî ñòàáèëèçèðîâàòü ñâîáîäíûìè ãðóï-
ïàìè è ñâîáîäíûìè ìîäóëÿìè äî öåïíîé ýêâèâàëåíòíîñòè.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü C �ïðîèçâîëüíàÿ êàòåãîðèÿ, à f : A0 → B0 è f̃ : A1 →
B1 �ìîðôèçìû â íåé. Áóäåì ãîâîðèòü, ÷òî ìîðôèçì f̃ ñîõðà-
íÿåò ìîðôèçì f , åñëè ñóùåñòâóþò ìîíîìîðôèçì ι : A0 → A1

è ýïèìîðôèçì π : B1 → B0 òàêèå, ÷òî äèàãðàììà

A0
ι //

f
��

A1

f̃
��

B0 B1
πoo

êîììóòàòèâíà, òî åñòü f = πf̃ι. Ëåãêî âèäåòü, ÷òî îòíîøåíèå
¾ñîõðàíÿòü ìîðôèçì¿ ÿâëÿåòñÿ òðàíçèòèâíûì, òî åñòü åñëè
ìîðôèçì h ñîõðàíÿåò ìîðôèçì g, à ìîðôèçì g ñîõðàíÿåò ìîð-
ôèçì f , òî h ñîõðàíÿåò f .
Äàëåå, ïóñòü C �êàòåãîðèÿ ñ êîíå÷íûì êîïðîèçâåäåíèeì ⊕

è íóëåâûì îáúåêòîì 0. Óòîëùåíèåì ìîðôèçìà f : A → B ñ

ïîìîùüþ îáúåêòà C íàçûâàåòñÿ ìîðôèçì f̂C : A⊕C → B òàêîé,

÷òî f̂C = f⊕0. Ñòàáèëèçàöèåé ìîðôèçìà f : A→ B ñ ïîìîùüþ
îáúåêòà C íàçûâàåòñÿ ìîðôèçì f stC : A⊕C → B⊕C òàêîé, ÷òî



Î öåïíîé ýêâèâàëåíòíîñòè . . . 185

f stC = f ⊕ idC . Î÷åâèäíî, ÷òî óòîëùåíèå f̂C è ñòàáèëèçàöèÿ
f stC ñîõðàíÿþò ìîðôèçì f . Îòìåòèì, ÷òî â êàòåãîðèè ãðóïï
êîïðîèçâåäåíèå îáîçíà÷àåòñÿ ÷åðåç ∗.
Ïóñòü A�íåêîòîðàÿ ôèêñèðîâàííàÿ ãðóïïà. Îáîçíà÷èì ÷å-

ðåç FA êàòåãîðèþ, îáúåêòàìè êîòîðîé ÿâëÿþòñÿ ñâîáîäíûå
ïðîèçâåäåíèÿ A ∗F ãðóïïû A íà ñâîáîäíûå êîíå÷íîïîðîæäåí-
íûå ãðóïïû F , à ìîðôèçìàìè� âñå ãîìîìîðôèçìû

ϕ : A ∗ F1 → A ∗ F2,

äåéñòâóþùèå òîæäåñòâåííî íà A. Îáúåêòû êàòåãîðèè FA áó-
äåì íàçûâàòü êîíå÷íîñâîáîäíûìè A-ãðóïïàìè, à ìîðôèçìû�
ñòàáèëüíûìè A-ãîìîìîðôèçìàìè.
Ïóñòü R� àññîöèàòèâíîå êîëüöî ñ åäèíèöåé, à M �ëåâûé

R-ìîäóëü. Ñåìåéñòâî ýëåìåíòîâ {mi ∈ M |i ∈ I}, ïîðîæäàþ-
ùåå ìîäóëü M , íàçûâàåòñÿ ñèñòåìîé îáðàçóþùèõ ìîäóëÿ M .
Åñëè æå ïðÿìàÿ ñóììà âêëþ÷åíèé Rmi → M , i ∈ I, çàäàåò
èçîìîðôèçì

f : ⊕
i∈I

Rmi →M,

òî ñåìåéñòâî {mi ∈ M |i ∈ I} íàçûâàåòñÿ áàçèñîì ìîäóëÿ M , à
ìîùíîñòü ìíîæåñòâà I � áàçèñíûì ÷èñëîì ìîäóëÿ M . Áàçèñ-
íîå ÷èñëî, âîîáùå ãîâîðÿ, çàâèñèò îò âûáîðà áàçèñà, è ïîýòîìó
íå ìîæåò ñëóæèòü èíâàðèàíòîì ñâîáîäíîãî ìîäóëÿ F = Rn,
n ∈ N. Êîëüöî R òàêîå, ÷òî áàçèñíîå ÷èñëî ëþáîãî ñâîáîäíîãî
ìîäóëÿ îïðåäåëåíî îäíîçíà÷íî, íàçûâàåòñÿ IBN êîëüöîì èëè
êîëüöîì ñ èíâàðèàíòíûì áàçèñíûì ÷èñëîì. Èçâåñòíî [6, ñòð.
168], ÷òî IBN êîëüöàìè ÿâëÿþòñÿ âñå íåòåðîâûå êîëüöà, êîì-
ìóòàòèâíûå êîëüöà è êîëüöà, èìåþùèå íåòðèâèàëüíûé ãîìî-
ìîðôèçì â IBN -êîëüöî. Â ÷àñòíîñòè, âñå öåëî÷èñëåííûå ãðóï-
ïîâûå êîëüöà Z[H] áóäóò IBN êîëüöàìè, ïîñêîëüêó àóãìåíòà-
öèÿ ÿâëÿåòñÿ íåòðèâèàëüíûì ãîìîìîðôèçìîì â IBN êîëüöî
Z.
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3. Ñêðåùåííûå ìîäóëè

Ñêðåùåííûì ìîäóëåì (èëè G-ñêðåùåííûì ìîäóëåì C) íà-
çûâàåòñÿ òðîéêà (C,G, d), ãäå C � àääèòèâíàÿ (íå îáÿçàòåëüíî
àáåëåâàÿ), à G�ìóëüòèïëèêàòèâíàÿ ãðóïïû, d : C → G� ãî-
ìîìîðôèçì, G äåéñòâóåò íà C ñëåâà àâòîìîðôèçìàìè (òî åñòü
çàôèêñèðîâàí ãîìîìîðôèçì G → AutC), ïðè ýòîì ãîìîìîð-
ôèçì d óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) c′ + c− c′ = d(c′) c,
2) d(gc) = g d(c) g−1, ãäå c, c′ ∈ C, g ∈ G.
Âñå ñêðåùåííûå ìîäóëè îáðàçóþò êàòåãîðèþ×M (íàïð. [5]).

Ìîðôèçìîì ñêðåùåííûõ ìîäóëåé (C,G, d) è (C ′, G′, d′) â êàòå-
ãîðèè ×M ÿâëÿåòñÿ ïàðà (ϕ,ψ) ãîìîìîðôèçìîâ ϕ : C → C ′ è
ψ : G→ G′ òàêàÿ, ÷òî äèàãðàììà

C
d //

ϕ
��

G

ψ
��

C ′
d′ // G′

êîììóòàòèâíà è ϕ(gc) = ψ(g) ϕ(c). Ïðè ýòîì G-ìîðôèçìîì G-
ñêðåùåííûõ ìîäóëåé íàçûâàåòñÿ ãîìîìîðôèçì ϕ : C → C ′ òà-
êîé, ÷òî (ϕ, idG)�ìîðôèçì ñêðåùåííûõ ìîäóëåé. Âñå G-ñêðå-
ùåííûå ìîäóëè è G-ìîðôèçìû îáðàçóþò ïîäêàòåãîðèþ ×MG

êàòåãîðèè ×M .
Ïóñòü (C,G, d)� ñêðåùåííûé ìîäóëü, {ci | i ∈ I}�íåêîòî-

ðîå ìíîæåñòâî ôèêñèðîâàííûõ ýëåìåíòîâ èç C. Òîãäà (C,G, d)
íàçûâàåòñÿ ñâîáîäíûì ñêðåùåííûì ìîäóëåì ñ áàçèñîì {ci | i ∈
I}, åñëè äëÿ êàæäîãî ñêðåùåííîãî ìîäóëÿ (C ′, G′, d′) è ïðîèç-
âîëüíûõ ìíîæåñòâà ýëåìåíòîâ {c′i | i ∈ I} èç C ′ è ãîìîìîð-
ôèçìà ψ : G→ G′ òàêîãî, ÷òî ψd(ci) = d′(c′i), ñóùåñòâóåò åäèí-
ñòâåííûé ãîìîìîðôèçì ϕ : C → C ′, äëÿ êîòîðîãî ϕ(ci) = c′i
è (ϕ,ψ)� ãîìîìîðôèçì ñêðåùåííûõ ìîäóëåé. Óàéòõåä [7] äî-
êàçàë ñóùåñòâîâàíèå ñâîáîäíûõ ñêðåùåííûõ ìîäóëåé (C,G, d)
äëÿ ïðîèçâîëüíîé ãðóïïû G, â ÷àñòíîñòè, åñëè G êîíå÷íî ñâî-
áîäíàÿ A-ãðóïïà.
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Ïóñòü (C,G, d)� ñêðåùåííûé ìîäóëü èM �Z[H]-ìîäóëü, ãäå
H = G/dC. Íà ìîäóëü M ìîæíî ñìîòðåòü êàê íà Z[G]-ìîäóëü
ñ òðèâèàëüíûì äåéñòâèåì dC. Ãðóïïà C⊕M ÿâëÿåòñÿ, î÷åâèä-
íî, G-ñêðåùåííûì ìîäóëåì ñ äèàãîíàëüíûì äåéñòâèåì ãðóïïû
G è ãðàíè÷íûì ãîìîìîðôèçìîì d⊕ 0: C ⊕M → G, çàäàííûì
ñîîòíîøåíèåì d ⊕ 0(c,m) = dc è íàçûâàåòñÿ M -óòîëùåíèåì
ñêðåùåííîãî ìîäóëÿ (C,G, d).
Íàïîìíèì (ñì. íàïðèìåð [8]), ÷òî äâå ãðóïïû G è H ñ îä-

íîé è òîé æå îáëàñòüþ îïåðàòîðîâ Σ íàçûâàþòñÿ îïåðàòîðíî
èçîìîðôíûìè, åñëè ñóùåñòâóåò òàêîé èçîìîðôèçì f : G → H,
÷òî f(σg) = σf(g) äëÿ ïðîèçâîëüíûõ g ∈ G è σ ∈ Σ. Ïðè ýòîì
ãîâîðÿò, ÷òî (àääèòèâíàÿ) ãðóïïà G îïåðàòîðíî ðàñêëàäûâàåò-
ñÿ â ïðÿìóþ ñóììó ñâîèõ ïîäãðóïï A è B, åñëè G = A ⊕ B è
σA ⊂ A è σB ⊂ B äëÿ ïðîèçâîëüíîãî σ ∈ Σ.

Ëåììà 3.1. Ïóñòü (C,G, d)� ñêðåùåííûé ìîäóëü èM � Z[H]-
ìîäóëü, ãäå H = G/dC. Ñêðåùåííûé ìîäóëü (D,G, ∂) ÿâëÿåò-
ñÿ M -óòîëùåíèåì G-ñêðåùåííîãî ìîäóëÿ C òîãäà è òîëüêî
òîãäà, êîãäà

1) ãðóïïà D îïåðàòîðíî ðàñêëàäûâàåòñÿ â ïðÿìóþ ñóììó ñâî-
èõ ïîäãðóïï C ′ è M ′, îïåðàòîðíî èçîìîðôíûõ C è M ñî-
îòâåòñòâåííî;

2) åñëè f : C → C ′� îïåðàòîðíûé èçîìîðôèçì, òî ∂(fc) = dc
äëÿ ïðîèçâîëüíîãî c ∈ C;

3) M ′ ⊂ ker ∂.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü î÷åâèäíà.
Äîñòàòî÷íîñòü. Ïóñòü g : M → M ′ � îïåðàòîðíûé èçîìîð-

ôèçì. Òîãäà îòîáðàæåíèå ϕ : C ⊕M → D = C ′ ⊕M ′, çàäàâàå-
ìîå ôîðìóëîé ϕ(c,m) = (fc, gm), ÿâëÿåòñÿ G-èçîìîðôèçìîì
G-ñêðåùåííûõ ìîäóëåé D è C ⊕M . �

Çàìåòèì, ÷òî åñëè {ci | i ∈ I}� ñèñòåìà îáðàçóþùèõ G-ñêðå-
ùåííîãî ìîäóëÿ C, à {mj | j ∈ J}� ñèñòåìà îáðàçóþùèõ ìî-
äóëÿ M , òî {(ci, 0) | i ∈ I} ∪ {(0,mj) | j ∈ J}� ñèñòåìà îáðàçó-
þùèõ ñêðåùåííîãî ìîäóëÿ (C ⊕M,G, d ⊕ 0), â ÷àñòíîñòè, G-
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ñêðåùåííûé ìîäóëü C ⊕M êîíå÷íîïîðîæäåí òîãäà è òîëüêî
òîãäà, êîãäà êîíå÷íîïîðîæäåííûìè ÿâëÿþòñÿ ñêðåùåííûé ìî-
äóëü (C,G, d) è Z[H]-ìîäóëü M .

Ëåììà 3.2. Ïóñòü (C,G, d)� ñêðåùåííûé ìîäóëü, H = G/dC,
àM � Z[H]-ìîäóëü. Åñëè (C,G, d)� ñâîáîäíûé ñêðåùåííûé ìî-
äóëü, M � ñâîáîäíûé Z[H]-ìîäóëü, òî M -óòîëùåíèå

(C ⊕M,G, d⊕ 0)

ñêðåùåííîãî ìîäóëÿ (C,G, d) áóäåò ñâîáîäíûì ñêðåùåííûì ìî-
äóëåì.

Äîêàçàòåëüñòâî. Êàæäûé ñâîáîäíûé Z[H]-ìîäóëü ÿâëÿåòñÿ,
î÷åâèäíî, è ñâîáîäíûì G-ñêðåùåííûì ìîäóëåì. Ïîñêîëüêó

(c,m) = (c, 0) + (0,m)

äëÿ ïðîèçâîëüíîãî (c,m) ∈ C ⊕M , òî, êàê ëåãêî âèäåòü, G-
ñêðåùåííûé ìîäóëü C ⊕M ÿâëÿåòñÿ ñâîáîäíûì ïî îïðåäåëå-
íèþ. �

Â äàëüíåéøåì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå ïðî ñâî-
áîäíûå êîíå÷íîïîðîæäåííûå ñêðåùåííûå ìîäóëè [4, ëåììà 5].
Íàïîìíèì, ÷òî àáåëèàíèçàöèåé ãðóïïû M íàçûâàåòñÿ ãðóïïà
Mab = M/[M,M ], ãäå [M,M ]�êîììóòàíò ãðóïïû M .

Ïðåäëîæåíèå 3.3. Ïóñòü (D,G, ∂) è (D′, G, ∂′)� ñâîáîäíûå
êîíå÷íîïîðîæäåííûå ñêðåùåííûå ìîäóëè,

H = G/∂D = G/∂′D′,

è ïóñòü èìååò ìåñòî êîììóòàòèâíàÿ äèàãðàììà

1 Hoo Goo D
∂oo

f
��

C
doo

ϕ
��

ker doo

ϕ∗

��

0oo

1 Hoo Goo D′
∂′oo C ′

d′oo ker d′oo 0,oo
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â êîòîðîé C è C ′� ñâîáîäíûå êîíå÷íîïîðîæäåííûå Z[H]-ìî-
äóëè. Òîãäà èìååò ìåñòî êîììóòàòèâíàÿ äèàãðàììà

1 Hoo Goo D ⊕D′ ab∂⊕0
oo

f̃
��

C ⊕D′ abd⊕id
oo

ϕ̃
��

ker(d⊕ id)oo

ϕ̃∗

��

0oo

1 Hoo Goo D′ ⊕D ab∂′⊕0
oo C ′ ⊕D abd′⊕id

oo ker(d′ ⊕ id)oo 0,oo

â êîòîðîé f̃ �G-èçîìîðôèçì, ñîõðàíÿþùèé îòîáðàæåíèå f ,
ϕ̃ ñîõðàíÿåò ϕ, ker(d⊕ id) = ker d è ker(d′ ⊕ id) = ker d′.

Çàôèêñèðóåì ãðóïïó G. Ðàññìîòðèì åùå îäèí âàæíûé êëàññ
ñêðåùåííûõ ìîäóëåé�G-ïðîåêòèâíûå ñêðåùåííûå ìîäóëè, êî-
òîðûå áûëè ââåäåíû â îáèõîä Ðýòêëàéôîì [9]. Ñêðåùåííûé
ìîäóëü (C,G, d) íàçûâàåòñÿ G-ïðîåêòèâíûì, åñëè îí ïðîåê-
òèâíûé â êàòåãîðèè ×MG. Ðýòêëàéô [9] äîêàçàë ñëåäóþùåå
óòâåðæäåíèå.

Ïðåäëîæåíèå 3.4. Ñêðåùåííûé ìîäóëü (C,G, d) ÿâëÿåòñÿ
G-ïðîåêòèâíûì òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóþò ïðî-
åêòèâíûé Z[H]-ìîäóëü P , ãäå H = G/dC, è ñâîáîäíûé G-ñêðå-
ùåííûé ìîäóëü B òàêèå, ÷òî C ⊕ P è B ÿâëÿþòñÿ èçîìîðô-
íûìè â êàòåãîðèè ×MG.

Äàëåå áåç ÿâíûõ ññûëîê áóäåì èñïîëüçîâàòü ñëåäóþùåå óò-
âåðæäåíèå.

Ñëåäñòâèå 3.5. Ïðåäïîëîæèì, ÷òî (C,G, d) êîíå÷íîïîðîæ-
äåííûé G-ïðîåêòèâíûé ñêðåùåííûé ìîäóëü. Òîãäà ñóùåñòâó-
åò êîíå÷íîïîðîæäåííûé ïðîåêòèâíûé Z[H]-ìîäóëü P òàêîé,
÷òî G-ñêðåùåííûé ìîäóëü B, èçîìîðôíûé C ⊕ P , ñâîáîäåí è
êîíå÷íîïîðîæäåí.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, åñëè {ci | i ∈ I}� ñèñòåìà
îáðàçóþùèõ G-ñêðåùåííîãî ìîäóëÿ C, òî G-ñêðåùåííûé ìî-
äóëü B, îïèñàííûé â ïðåäëîæåíèè 3.4, ñòðîèòñÿ êàê ñâîáîäíûé
ñêðåùåííûé ìîäóëü (B,G, ∂) ñ áàçèñîì {bi | i ∈ I} òàêèì, ÷òî
∂bi = dci. Òàê êàê G-ñêðåùåííûé ìîäóëü B ñâîáîäåí, òî ñóùå-
ñòâóåò G-ìîðôèçì η : B → C òàêîé, ÷òî ηbi = ci äëÿ êàæäîãî
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i ∈ I. Ïîñêîëüêó {ci | i ∈ I}� ñèñòåìà îáðàçóþùèõ G-ñêðå-
ùåííîãî ìîäóëÿ C, òî η ÿâëÿåòñÿ ýïèìîðôèçìîì. ßäðî ýïè-
ìîðôèçìà η è ÿâëÿåòñÿ îïèñàííûì â ïðåäëîæåíèè 3.4 ïðîåê-
òèâíûì Z[H]-ìîäóëü P òàêèì, ÷òî B ' C⊕P . Íî òîãäà, åñëè G-
ñêðåùåííûé ìîäóëü C êîíå÷íîïîðîæäåí, òî ñâîáîäíûé Z[H]-
ìîäóëü B ab ' C ab⊕P òàêæå ÿâëÿåòñÿ êîíå÷íîïîðîæäåííûì,
à ñëåäîâàòåëüíî, êîíå÷íîïîðîæäåííûì áóäåò è ïðîåêòèâíûé
Z[H]-ìîäóëü P . �

Ëåììà 3.6. Ïóñòü (C,G, d)� ñêðåùåííûé ìîäóëü, H = G/dC,
à M � Z[H]-ìîäóëü. M -óòîëùåíèå (C ⊕M,G, d⊕ 0) ñêðåùåí-
íîãî ìîäóëÿ (C,G, d) áóäåò G-ïðîåêòèâíûì ñêðåùåííûì ìî-
äóëåì òîãäà è òîëüêî òîãäà, êîãäà (C,G, d) áóäåò G-ïðîåê-
òèâíûì ñêðåùåííûì ìîäóëåì, à M �ïðîåêòèâíûì Z[H]-ìî-
äóëåì.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü (C ⊕M,G, d ⊕ 0)�
G-ïðîåêòèâíûé ñêðåùåííûé ìîäóëü. Òîãäà ñóùåñòâóåò ïðîåê-
òèâíûé Z[H]-ìîäóëü P òàêîé, ÷òî C ⊕M ⊕ P � ñâîáîäíûé G-
ñêðåùåííûé ìîäóëü. Àáåëèàíèçàöèÿ

(C ⊕M ⊕ P ) ab = C ab⊕M ⊕ P

ÿâëÿåòñÿ ñâîáîäíûì Z[H]-ìîäóëåì, îòêóäà ñëåäóåò ïðîåêòèâ-
íîñòü Z[H]-ìîäóëÿ M . Èç ïðîåêòèâíîñòè Z[H]-ìîäóëÿ M ⊕ P
ñëåäóåò G-ïðîåêòèâíîñòü ñêðåùåííîãî ìîäóëÿ (C,G, d).
Äîñòàòî÷íîñòü.Ïðåäïîëîæèì òåïåðü, ÷òî (C,G, d)�G-ïðî-

åêòèâíûé ñêðåùåííûé ìîäóëü,M �ïðîåêòèâíûé Z[H]-ìîäóëü,
à P è Q�ïðîåêòèâíûå Z[H]-ìîäóëè, äîïîëíÿþùèå (C,G, d) è
M äî ñâîáîäíîãî G-ñêðåùåííîãî ìîäóëÿ è ñâîáîäíîãî Z[H]-ìî-
äóëÿ ñîîòâåòñòâåííî. Òîãäà ïî ëåììå 3.2 G-ñêðåùåííûé ìîäóëü

(C ⊕M)⊕ (P ⊕Q) ' (C ⊕ P )⊕ (M ⊕Q)

ÿâëÿåòñÿ ñâîáîäíûì, à ñëåäîâàòåëüíî, (C ⊕ M,G, d ⊕ 0)�G-
ïðîåêòèâíûé ñêðåùåííûé ìîäóëü. �
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Ïóñòü (C,G, d)� ñêðåùåííûé ìîäóëü è ρ : E → G� ãîìî-
ìîðôèçì ãðóïï. Ðàññìîòðèì äèàãðàììó êîàìàëüãàììû ãîìî-
ìîðôèçìîâ d è ρ

D
∂ //

ρ̃
��

E

ρ

��

C
d // G,

ãäå D = {(c, e) ∈ C × E | d(c) = ρ(e)}. Îïðåäåëèâ äåéñòâèå E
íà D ñîîòíîøåíèåì e1(c, e) = (ρ(e1) c, e1e e

−1
1 ), è ãðàíè÷íûé ãî-

ìîìîðôèçì ∂ : D → E ñîîòíîøåíèåì ∂(c, e) = e, ïîëó÷èì, ÷òî
(D,E, ∂)� ñêðåùåííûé ìîäóëü, à (ρ̃, ρ), ãäå ρ̃ : D → C çàäàåòñÿ
ñîîòíîøåíèåì ρ̃(c, e) = c, � ìîðôèçì ñêðåùåííûõ ìîäóëåé.
Ïóñòü F � ñâîáîäíàÿ ãðóïïà è ρ : G ∗ F → G� óòîëùåíèå

òîæäåñòâåííîãî ãîìîìîðôèçìà idG ñ ïîìîùüþ ãðóïïû F . Ñòà-
áèëèçàöèåé ñêðåùåííîãî ìîäóëÿ (C,G, d) ñ ïîìîùüþ ñâîáîäíîé
ãðóïïû F (èëè F -ñòàáèëèçàöèåé) íàçûâàåòñÿ ñêðåùåííûé ìî-

äóëü (D,G∗F, ∂), îáîçíà÷àþùèéñÿ òàêæå (C̃, G∗F, d̃), êîòîðûé
ÿâëÿåòñÿ êîàìàëüãàìîé ãîìîìîðôèçìîâ d è ρ. Áóäåì ñ÷èòàòü,
÷òî êîììóòàòèâíàÿ äèàãðàììà

C̃
d̃ //

ρ̃
��

G∗F
ρ

��

C
d // G

(3.1)

çàäàåò F -ñòàáèëèçàöèþ (C̃, G∗F, d̃) ñêðåùåííîãî ìîäóëÿ (C,G, d).
Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå [4, ëåììà 2].

Ïðåäëîæåíèå 3.7. Ïóñòü çàäàíà êîììóòàòèâíàÿ äèàãðàì-
ìà (3.1). Òîãäà

1) ñóùåñòâóåò ìîðôèçì (ι̃, ι) ñêðåùåííûõ ìîäóëåé (C,G, d)

è (C̃, G ∗ F, d̃) òàêîé, ÷òî (ρ̃, ρ)(ι̃, ι) = (idC , idG);

2) ρ(d̃C̃) = dC è îòîáðàæåíèå ρ èíäóöèðóåò èçîìîðôèçì

ρ∗ : G ∗ F/d̃C̃ ' G/dC;
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3) îòîáðàæåíèÿ ρ̃ è ι̃ èíäóöèðóþò âçàèìíî îáðàòíûå èçî-

ìîðôèçìû ρ̃ ∗ : ker d̃ ' ker d è ι̃ ∗ : ker d ' ker d̃.

Ñëåäóþùåå óòâåðæäåíèå äîêàçàíî â [10, ëåììà 1.2].

Ïðåäëîæåíèå 3.8. Ïóñòü (C̃, G∗F, d̃)� F -ñòàáèëèçàöèÿ ñâî-
áîäíîãî (G-ïðîåêòèâíîãî) ñêðåùåííîãî ìîäóëÿ (C,G, d). Òîãäà

(C̃, G ∗ F, d̃) ÿâëÿåòñÿ ñâîáîäíûì (G ∗ F -ïðîåêòèâíûì) ñêðå-
ùåííûì ìîäóëåì è C̃ ab ' C ab⊕Rn, ãäå R = Z[H], à n� ðàíã
ñâîáîäíîé ãðóïïû F . Áîëåå òîãî, åñëè {ci | i ∈ I}� áàçèñ ñâî-
áîäíîãî ñêðåùåííîãî ìîäóëÿ (C,G, d), à {xj | j ∈ J}� áàçèñ
ãðóïïû F , òî {(ci, ιd ci) | i ∈ I} ∪ {(0, xj) | j ∈ J}� áàçèñ F -
ñòàáèëèçàöèè ñêðåùåííîãî ìîäóëÿ (C,G, d), ãäå ι : G→ G∗F �
åñòåñòâåííîå âëîæåíèå.

Ëåììà 3.9. Ïóñòü (C,G, d)� ñêðåùåííûé ìîäóëü, H = G/dC,
M � Z[H]-ìîäóëü, à F � ñâîáîäíàÿ ãðóïïà. Òîãäà M -óòîëùå-

íèå (C̃ ⊕ M,G ∗ F, d̃ ⊕ 0) F -ñòàáèëèçàöèè ñêðåùåííîãî ìî-
äóëÿ (C,G, d) èçîìîðôíî åãî F -ñòàáèëèçàöèè M -óòîëùåíèÿ

(C̃ ⊕M,G ∗ F, d̃⊕ 0).

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç g ∗ f è g′ ∗ f ′ ïðîèçâîëü-
íûå ýëåìåíòû ãðóïïû G ∗ F , à ÷åðåç g è g′ �èõ îáðàçû ïðè
ãîìîìîðôèçìå ρ : G ∗ F → G, ÿâëÿþùåìñÿ óòîëùåíèåì òîæ-
äåñòâåííîãî ãîìîìîðôèçìà idG ñ ïîìîùüþ ãðóïïû F . Òîãäà

G ∗ F -ñêðåùåííûå ìîäóëè C̃ ⊕M è C̃ ⊕M ìîæíî çàäàòü êàê
ìíîæåñòâà

C̃ ⊕M = {(c, g ∗ f,m) | c ∈ C, g ∗ f ∈ G ∗ F, m ∈M, dc = ρ(g ∗ f) = g},

C̃ ⊕M = {(c,m, g ∗ f) | c ∈ C, m ∈M, g ∗ f ∈ G ∗ F, d⊕ 0(c,m) = dc = ρ(g ∗ f) = g}

ñ ãðàíè÷íûìè ãîìîìîðôèçìàìè

d̃⊕ 0(c, g ∗ f,m) = d̃(c, g ∗ f) = g ∗ f, d̃⊕ 0(c,m, g ∗ f) = g ∗ f

è äåéñòâèÿìè ãðóïïû G ∗ F

(g′ ∗ f ′)(c, g ∗ f,m) = (g′c, (g′ ∗ f ′)(g ∗ f)(g′ ∗ f ′)−1, (g′ ∗ f ′)m)
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(g′ ∗ f ′)(c,m, g ∗ f) = (g′c, g′m, (g′ ∗ f ′)(g ∗ f)(g′ ∗ f ′)−1)

= (g′c, (g′ ∗ f ′)m, (g′ ∗ f ′)(g ∗ f)(g′ ∗ f ′)−1)

ñîîòâåòñòâåííî. Ïîñëåäíåå ðàâåíñòâî â ïîñëåäíåé ôîðìóëå è

âîîáùå âîçìîæíîñòü ïîñòðîåíèÿ ìíîæåñòâ C̃⊕M è C̃ ⊕M ñëå-
äóåò èç ïóíêòà 2) ïðåäëîæåíèÿ 3.7.

Â ìíîæåñòâå C̃ ⊕M ðàññìîòðèì ïîäìíîæåñòâà

C ′ = {(c, 0, g ∗ f)}, M ′ = {(0,m, 1)}.

Î÷åâèäíî, ÷òî óñëîâèÿ 1)�3) ëåììû 3.1 âûïîëíåíû, ñëåäîâà-

òåëüíî, G ∗ F -ñêðåùåííûå ìîäóëè C̃ ⊕M è C̃ ⊕M èçîìîðô-
íû. �

Â äàëüíåéøåì ïîíàäîáèòñÿ òàêæå ñëåäóþùåå óòâåðæäåíèå
[4, ëåììà 3].

Ïðåäëîæåíèå 3.10. Ïóñòü G = A∗F è G′ = A∗F ′� êîíå÷íî
ñâîáîäíûå A-ãðóïïû, ϕ : G → G′�èõ ñòàáèëüíûé A-ãîìîìîð-
ôèçì, è ïóñòü çàäàíà êîììóòàòèâíàÿ äèàãðàììà ãðóïï

1 Hoo

ϕ∗
��

G
πoo

ϕ
��

C
doo

f
��

ker doo

f∗

��

0oo

1 H ′oo G′
π′oo C ′

d′oo ker d′oo 0,oo

ãäå (f, ϕ)�ìîðôèçì êîíå÷íîïîðîæäåííûõ ñâîáîäíûõ ñêðåùåí-
íûõ ìîäóëåé (C,G, d) è (C ′, G′, d′), à ϕ∗�èçîìîðôèçì. Òîãäà

åñëè (C̃, G∗F ′, d̃) è (C̃ ′, G′ ∗F, d̃′)� F ′- è F -ñòàáèëèçàöèè ñâî-
áîäíûõ ñêðåùåííûõ ìîäóëåé (C,G, d) è (C ′, G′, d′) ñîîòâåò-
ñòâåííî, òî èìååò ìåñòî êîììóòàòèâíàÿ äèàãðàììà

1 Hoo

ϕ∗

��

G ∗ F ′π∗0oo

ϕ̃

��

C̃
d̃oo

f̃
��

ker d̃oo

f̃ ∗
��

0oo

1 H ′oo G′ ∗ Fπ′∗0oo C̃ ′
d̃′oo ker d̃′oo 0,oo
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â êîòîðîé (f̃ , ϕ̃)�ìîðôèçì ñêðåùåííûõ ìîäóëåé (C̃, G ∗F ′, d̃)

è (C̃ ′, G′ ∗F, d̃′), îòîáðàæåíèÿ ϕ̃ è f̃ ñîõðàíÿþò îòîáðàæåíèÿ
ϕ è f ñîîòâåòñòâåííî, ïðè÷åì ϕ̃�èçîìîðôèçì.

4. Ñòàáèëüíî èçîìîðôíûå ñêðåùåííûå ìîäóëè

Ïóñòü G = A ∗ F è G′ = A ∗ F ′ �êîíå÷íî ñâîáîäíûå A-
ãðóïïû, (C,G, d) è (C ′, G′, d′)�êîíå÷íîïîðîæäåííûå G- è G′-
ïðîåêòèâíûå ñêðåùåííûå ìîäóëè ñîîòâåòñòâåííî, ïðè÷åì

H = G/dC = G′/d′C ′.

Áóäåì ãîâîðèòü, ÷òî ñêðåùåííûå ìîäóëè (C,G, d) è (C ′, G′, d′)
ñòàáèëüíî èçîìîðôíû, åñëè ñòàáèëüíî èçîìîðôíûìè áóäóò ïðî-
åêòèâíûå Z[H]-ìîäóëè C ab è C ′ ab. Íàïîìíèì, ÷òî äâàR-ìîäóëÿ
P è P ′ íàçûâàþòñÿ ñòàáèëüíî èçîìîðôíûìè, åñëè ñóùåñòâóþò
äâà íàòóðàëüíûõ ÷èñëà m è n òàêèå, ÷òî P ⊕ Rm ' P ′ ⊕ Rn.
Î÷åâèäíî, ÷òî îòíîøåíèå ¾áûòü ñòàáèëüíî èçîìîðôíûìè¿ ÿâ-
ëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè. Äëÿ óäîáñòâà ññûëîê íà
íåîáõîäèìûå ðåçóëüòàòû ñôîðìóëèðóåì ñëåäóþùåå óòâåðæäå-
íèå, ïåðâàÿ ÷àñòü êîòîðîãî î÷åâèäíà, à âòîðàÿ äîêàçàíà â [3,
ëåììà 1].

Ïðåäëîæåíèå 4.1. 1) Åñëè R-ìîäóëü A ñòàáèëüíî èçîìîðôåí
R-ìîäóëþ A′, à R-ìîäóëü B ñòàáèëüíî èçîìîðôåí R-ìîäóëþ
B′, òî R-ìîäóëü A⊕B ñòàáèëüíî èçîìîðôåí R-ìîäóëþ A′⊕B′.
2) Åñëè P1 è P2 � äâà ñòàáèëüíî èçîìîðôíûõ ïðîåêòèâíûõ

R-ìîäóëÿ, à Q1 è Q2 �èõ äîïîëíåíèÿ äî ñâîáîäíûõ ìîäóëåé,
òî Q1 è Q2 ñòàáèëüíî èçîìîðôíû.

Ëåììà 4.2. Ïóñòü G,G′ ∈ FA, (C,G, d) è (C ′, G′, d′)� êî-
íå÷íîïîðîæäåííûå G- è G′-ïðîåêòèâíûå ñêðåùåííûå ìîäóëè
ñîîòâåòñòâåííî, ïðè÷åì H = G/dC = G′/d′C ′, à P è P ′�
ïðîèçâîëüíûå ñòàáèëüíî èçîìîðôíûå ïðîåêòèâíûå Z[H]-ìîäó-
ëè. Ñêðåùåííûå ìîäóëè (C,G, d) è (C ′, G′, d′) áóäóò ñòàáèëüíî
èçîìîðôíûìè òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå
P - è P ′-óòîëùåíèÿ (C⊕P,G, d⊕0) è (C ′⊕P ′, G′, d′⊕0) áóäóò
ñòàáèëüíî èçîìîðôíûìè.
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Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü ñëåäóåò èç îïðåäåëåíèÿ ñòà-
áèëüíîé èçîìîðôíîñòè ïðîåêòèâíûõ ñêðåùåííûõ ìîäóëåé è
ïåðâîé ÷àñòè ïðåäëîæåíèÿ 4.1.
Äîñòàòî÷íîñòü. Ïóñòü ïðîåêòèâíûå R-ìîäóëè P è P ′, ãäå

R = Z[H], è P - è P ′-óòîëùåíèÿ (C ⊕ P,G, d ⊕ 0) è (C ′ ⊕
P ′, G′, d′ ⊕ 0) ñêðåùåííûõ ìîäóëåé (C,G, d) è (C ′, G′, d′)� ñòà-
áèëüíî èçîìîðôíû. Ïî âòîðîé ÷àñòè ïðåäëîæåíèÿ 4.1 ñòàáèëü-
íî èçîìîðôíûìè áóäóò è R-ìîäóëè Q è Q′, äîïîëíÿþùèå P è
P ′ äî ñâîáîäíûõ ìîäóëåé. Èç íåîáõîäèìîñòè ñëåäóåò, ÷òî ñêðå-
ùåííûå ìîäóëè (C⊕P⊕Q,G, d⊕0⊕0) è (C ′⊕P ′⊕Q′, G′, d′⊕0⊕0)
áóäóò ñòàáèëüíî èçîìîðôíûìè. Òàê êàê P ⊕Q è P ′⊕Q′ � ñâî-
áîäíûå ìîäóëè, òî ñêðåùåííûå ìîäóëè (C,G, d) è (C ′, G′, d′)
òàêæå áóäóò ñòàáèëüíî èçîìîðôíûìè, ÷òî è òðåáîâàëîñü äîêà-
çàòü. �

Ëåììà 4.3. Ïóñòü G,G′ ∈ FA, (C,G, d) è (C ′, G′, d′)� êîíå÷-
íîïîðîæäåííûå G- è G′-ïðîåêòèâíûå ñêðåùåííûå ìîäóëè ñî-
îòâåòñòâåííî, ïðè÷åì H = G/dC = G′/d′C ′, à F è F ′�ïðî-
èçâîëüíûå êîíå÷íîïîðîæäåííûå ñâîáîäíûå ãðóïïû. Ñêðåùåí-
íûå ìîäóëè (C,G, d) è (C ′, G′, d′) áóäóò ñòàáèëüíî èçîìîðô-
íûìè òîãäà è òîëüêî òîãäà, êîãäà ñîîòâåòñòâóþùèå F - è

F ′-ñòàáèëèçàöèè (C̃, G ∗F, d̃) è (C̃ ′, G′ ∗F ′, d̃′) áóäóò ñòàáèëü-
íî èçîìîðôíûìè.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû ñëåäóåò èç òðàíçèòèâ-
íîñòè îòíîøåíèÿ ¾áûòü ñòàáèëüíî èçîìîðôíûìè¿ è ïðåäëîæå-
íèÿ 3.8. �

5. Îñíîâíûå ðåçóëüòàòû

Òðàäèöèîííî (ñì. íàïðèìåð, [5], [7]), ñêðåùåííûì öåïíûì
êîìïëåêñîì (Ci, G, di) íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòü ãðóïï è
ãîìîìîðôèçìîâ

1 Hoo G
d1oo C2

d2oo C3
d3oo . . .

d4oo Cn
dnoo . . .

dn+1
oo

ñî ñëåäóþùèìè ñâîéñòâàìè:
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1) (C2, G, d2)� ñâîáîäíûé ñêðåùåííûé ìîäóëü èH = coker d2;
2) äëÿ i > 3 Ci � ñâîáîäíûé Z[H]-ìîäóëü, di � ãîìîìîðôèçì

Z[H]-ìîäóëåé, d3(C3)�Z[H]-ìîäóëü;
3) di ◦ di+1 = 0.
Ìîðôèçìîì f : (Ci, G, di) → (C ′i, G

′, d′i) ñêðåùåííûõ öåïíûõ
êîìïëåêñîâ (Ci, G, di) è (C ′i, G

′, d′i) íàçûâàåòñÿ òàêàÿ ñîâîêóï-
íîñòü ãîìîìîðôèçìîâ f1 : G → G′, fi : Ci → C ′i, i > 2, êîòî-
ðàÿ ñîõðàíÿåò ñòðóêòóðû íà G è Ci, i > 2, è âîçíèêàþùèå
äèàãðàììû ãîìîìîðôèçìîâ áóäóò êîììóòàòèâíûìè. Åñëè ïðè
ýòîì êàæäûé èç ãîìîìîðôèçìîâ fi ÿâëÿåòñÿ èçîìîðôèçìîì,
òî ãîìîòîïè÷åñêèå ñèñòåìû (Ci, G, di) è (C ′i, G

′, d′i) íàçûâàþòñÿ
èçîìîðôíûìè, à ìîðôèçì f = {fi}� èçîìîðôèçìîì.

Ñêðåùåííûé öåïíîé êîìïëåêñ (Ci, G, di) íàçîâåì ïðîåêòèâ-
íûì, åñëè
1) (C2, G, d2)�G-ïðîåêòèâíûé ñêðåùåííûé ìîäóëü;
2) äëÿ i > 3 Ci �ïðîåêòèâíûé Z[H]-ìîäóëü, ãäåH = coker d2.
Ñêðåùåííûé öåïíîé êîìïëåêñ (Ci, G, di) íàçîâåì êîíå÷íîïî-

ðîæäåííûì, åñëè (C2, G, d2)�êîíå÷íîïîðîæäåííûé ñêðåùåí-
íûé ìîäóëü è Z[H]-ìîäóëè Ci êîíå÷íî ïîðîæäåíû äëÿ âñåõ
i > 3.
Äîêàçàòåëüñòâî îñíîâíîãî ðåçóëüòàòà äàííîé ñòàòüè îïèðà-

åòñÿ íà ñëåäóþùóþ òåîðåìó àâòîðà [3].

Ïðåäëîæåíèå 5.1. Ïóñòü f : P → P′�öåïíîå îòîáðàæåíèå
n-ìåðíûõ öåïíûõ êîìïëåêñîâ êîíå÷íîïîðîæäåííûõ ïðîåêòèâ-
íûõ ìîäóëåé, èíäóöèðóþùåå èçîìîðôèçì ìîäóëåé ãîìîëîãèé.
Äëÿ òîãî, ÷òîáû ñóùåñòâîâàëè àöèêëè÷íûå ñâîáîäíûå öåïíûå
êîìïëåêñû F è F′ òàêèå, ÷òî öåïíûå êîìïëåêñû P⊕F è P′⊕F′
öåïíî èçîìîðôíûå, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ êàæ-
äîãî i = 0, n ìîäóëè Pi è P

′
i áûëè ñòàáèëüíî èçîìîðôíûìè.

Òåîðåìà 5.2. Ïóñòü G,G′ ∈ FA, f : (Ci, G, di)→ (C ′i, G
′, d′i)�

ìîðôèçì n-ìåðíûõ êîíå÷íîïîðîæäåííûõ ïðîåêòèâíûõ ñêðå-
ùåííûõ öåïíûõ êîìïëåêñîâ (Ci, G, di) è (C ′i, G

′, d′i), èíäóöèðó-
þùèé èçîìîðôèçì ãðóïï è ìîäóëåé ãîìîëîãèé, è òàêîé, ÷òî
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f1 : G → G′�ÿâëÿåòñÿ ñòàáèëüíûì A-ãîìîìîðôèçìîì. Òî-
ãäà äëÿ òîãî, ÷òîáû ñóùåñòâîâàëè ñòàáèëèçàöèè ãðàíè÷íûõ
ãîìîìîðôèçìîâ di è d′i ñ ïîìîùüþ ñâîáîäíûõ ãðóïï è ñâîáîä-
íûõ ìîäóëåé òàêèå, ÷òî ïîëó÷åííûå ñêðåùåííûå öåïíûå êîì-
ïëåêñû áóäóò èçîìîðôíûìè, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû
ñêðåùåííûå ìîäóëè (C2, G, d2) è (C ′2, G

′, d′2), à òàêæå Z[H]-ìî-
äóëè Ci è C

′
i äëÿ êàæäîãî i > 3 áûëè ñòàáèëüíî èçîìîðôíûìè.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü ñóùåñòâóþò ñòàáè-
ëèçàöèè ãðàíè÷íûõ ãîìîìîðôèçìîâ di è d

′
i ñ ïîìîùüþ ñâîáîä-

íûõ ãðóïï è ñâîáîäíûõ ìîäóëåé òàêèå, ÷òî ïîëó÷åííûå ñêðå-
ùåííûå öåïíûå êîìïëåêñû áóäóò èçîìîðôíûìè. Òîãäà ïî ëåì-
ìàì 4.2 è 4.3 ñêðåùåííûå ìîäóëè (C2, G, d2) è (C ′2, G

′, d′2) áó-
äóò ñòàáèëüíî èçîìîðôíûìè, à ïî îïðåäåëåíèþ ñòàáèëüíî èçî-
ìîðôíûìè áóäóò è ìîäóëè Ci è C

′
i äëÿ êàæäîãî i = 3, n.

Äîñòàòî÷íîñòü. Ïóñòü

1 Hoo G
d1oo

f1
��

C2
d2oo

f2
��

C3
d3oo

f3
��

. . .
d4oo Cn

dnoo

fn
��

1 Hoo G′
d′1oo C ′2

d′2oo C ′3
d′3oo . . .

d′4oo C ′n
d′noo

(5.2)

� äèàãðàììà ìîðôèçìà f : (Ci, G, di) → (C ′i, G
′, d′i) n-ìåðíûõ

êîíå÷íîïîðîæäåííûõ ïðîåêòèâíûõ ñêðåùåííûõ öåïíûõ êîì-
ïëåêñîâ (Ci, G, di) è (C ′i, G

′, d′i), èíäóöèðóþùåãî èçîìîðôèçì
ãðóïï è ìîäóëåé ãîìîëîãèé. Ïðåäïîëîæèì òàêæå, ÷òî ñêðåùåí-
íûå ìîäóëè (C2, G, d2) è (C ′2, G

′, d′2), à òàêæå Z[H]-ìîäóëè Ci è
C ′i äëÿ êàæäîãî i > 3 ÿâëÿþòñÿ ñòàáèëüíî èçîìîðôíûìè. Ïî
ïðåäëîæåíèþ 3.4 ñóùåñòâóþò êîíå÷íîïîðîæäåííûå Z[H]-ìîäó-
ëè P è P ′ òàêèå, ÷òî (C2⊕P,G, d2⊕0) è (C ′2⊕P ′, G′, d′2⊕0)� ñâî-
áîäíûå ñêðåùåííûå ìîäóëè. Òàê êàê (C2⊕P ) ab è (C ′2⊕P ′) ab �
ñâîáîäíûå Z[H]-ìîäóëè, à C2

ab è C ′2
ab � ñòàáèëüíî èçîìîðô-

íûå Z[H]-ìîäóëè, òî ïî âòîðîé ÷àñòè ïðåäëîæåíèÿ 4.1 ñòà-
áèëüíî èçîìîðôíûìè áóäóò è Z[H]-ìîäóëè P è P ′. Ïóñòü Q =
P ⊕ Rm ' P ′ ⊕ Rn, ãäå R = Z[H]. Ïî ëåììå 3.2 ñêðåùåííûå
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ìîäóëè (C2⊕Q,G, d2⊕0) è (C ′2⊕Q,G′, d′2⊕0) ÿâëÿþòñÿ ñâîáîä-
íûìè. Óòîëùàÿ ìîðôèçìû d2 è d

′
2 è ñòàáèëèçèðóÿ ìîðôèçìû

f2, f3, d3 è d′3 ñ ïîìîùüþ ìîäóëÿ Q ïîëó÷èì êîììóòàòèâíóþ
äèàãðàììó

1 Hoo G
d1oo

f1
��

C2 ⊕Q
d2⊕0
oo

f2⊕id
��

C3 ⊕Q
d3⊕id
oo

f3⊕id
��

. . .
d4oo Cn

dnoo

fn
��

1 Hoo G′
d′1oo C ′2 ⊕Q

d′2⊕0
oo C ′3 ⊕Q

d′3⊕id
oo . . .

d′4oo C ′n,
d′noo

íà÷àëüíûé îòðåçîê êîòîðîé

1 Hoo G
d1oo

f1
��

C2 ⊕Q
d2⊕0
oo

f2⊕id
��

ker(d2 ⊕ 0)oo

(f2⊕id)∗

��

0oo

1 Hoo G′
d′1oo C ′2 ⊕Q

d′2⊕0
oo ker(d′2 ⊕ 0)oo 0oo

óäîâëåòâîðÿåò óñëîâèÿì ïðåäëîæåíèÿ 3.10. Òàê êàê G,G′ ∈
FA, òî G = A ∗ F è G′ = A ∗ F ′, ãäå F è F ′ � ñâîáîäíûå

êîíå÷íîïîðîæäåííûå ãðóïïû. Ïóñòü (C̃2 ⊕Q,G ∗ F ′, d̃2 ⊕ 0) è

(C̃ ′2 ⊕Q,G′ ∗F, d̃′2 ⊕ 0)� F ′- è F -ñòàáèëèçàöèè ñâîáîäíûõ ñêðå-
ùåííûõ ìîäóëåé (C2 ⊕Q,G, d2 ⊕ 0) è (C ′2 ⊕Q,G′, d′2 ⊕ 0) ñîîò-
âåòñòâåííî. Òîãäà ïî ïðåäëîæåíèþ 3.10 èìååò ìåñòî êîììóòà-
òèâíàÿ äèàãðàììà

1 Hoo G ∗ F ′d1∗0oo

f̃1
��

C̃2 ⊕Q
d̃2⊕0
oo

f̃2⊕id
��

ker d̃2 ⊕ 0oo

f̃2⊕id
∗

��

0oo

1 Hoo G′ ∗ F
d′1∗0oo C̃ ′2 ⊕Q

d̃′2⊕0
oo ker d̃′2 ⊕ 0oo 0,oo

â êîòîðîé (f̃2 ⊕ id, f̃1)�ìîðôèçì ñêðåùåííûõ ìîäóëåé

(C̃2 ⊕Q,G ∗ F ′, d̃2 ⊕ 0) è (C̃ ′2 ⊕Q,G
′ ∗ F, d̃′2 ⊕ 0),
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ñîõðàíÿþùèé îòîáðàæåíèÿ f2 è f1, ïðè÷åì f̃1 �èçîìîðôèçì,

è ker d̃2 ⊕ 0 = ker(d2⊕ 0) è ker d̃′2 ⊕ 0 = ker(d′2⊕ 0). Òàêèì îáðà-
çîì, äèàãðàììó (5.2) ìîæíî ïðåäñòàâèòü â âèäå êîììóòàòèâíîé
äèàãðàììû

1 Hoo G ∗ F ′d1∗0oo

f̃1
��

C̃2 ⊕Q
d̃2⊕0
oo

f̃2⊕id
��

C3 ⊕Q
d3⊕id
oo

f3⊕id

��

C4
d4oo

f4

��

. . .
d5oo Cn

dnoo

fn

��

1 Hoo G′ ∗ F
d′1∗0oo C̃ ′2 ⊕Q

d̃′2⊕0
oo C ′3 ⊕Q

d′3⊕id
oo C ′4

d′4oo . . .
d′5oo C ′n.

d′noo

Â ñèëó èçîìîðôíîñòè f̃1 îòîæäåñòâèì ãðóïïû

G ∗ F ′ = G′ ∗ F = G.

Ïóñòü S è S′ �ïðîåêòèâíûå ìîäóëè, äîïîëíÿþùèå ïðîåêòèâ-
íûå ìîäóëè C3 ⊕ Q è C ′3 ⊕ Q äî ñâîáîäíûõ ìîäóëåé C è C ′

ñîîòâåòñòâåííî. Òîãäà, óòîëùàÿ ìîðôèçìû f3⊕ id è f4 ñ ïîìî-
ùüþ ìîäóëÿ S è ñòàáèëèçèðóÿ ìîðôèçìû d4 è d′4 ñ ïîìîùüþ
ìîäóëåé S è S′ ñîîòâåòñòâåííî, ïîëó÷àåì êîììóòàòèâíóþ äèà-
ãðàììó

1 Hoo Goo D
∂oo

f̂2
��

C
doo

f̂3
��

C4 ⊕ S
d̂4oo

f̂4
��

. . .
d5oo Cn

dnoo

fn
��

1 Hoo Goo D′
∂′oo C ′

d′oo C ′4 ⊕ S′
d̂′4oo . . .

d′5oo C ′n,
d′noo

ãäå

D = C̃2 ⊕Q, D′ = C̃ ′2 ⊕Q,
C = C3 ⊕Q⊕ S, C ′ = C ′3 ⊕Q⊕ S′,

∂ = d̃2 ⊕ 0, ∂′ = d̃′2 ⊕ 0,

d = d3 ⊕ id⊕0, d′ = d′3 ⊕ id⊕0,

d̂4 = d4 ⊕ id, d̂′4 = d′4 ⊕ id,

f̂2 = f̃2 ⊕ id, f̂3 = f3 ⊕ id⊕0, f̂4 = f4 ⊕ 0.
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Íà÷àëüíûé îòðåçîê ýòîé äèàãðàììû

1 Hoo Goo D
∂oo

f̂2
��

C
doo

f̂3
��

ker doo

f̂3
∗

��

0oo

1 Hoo Goo D′
∂′oo C ′

d′oo ker d′oo 0oo

óäîâëåòâîðÿåò óñëîâèÿì ïðåäëîæåíèÿ 3.3, à ïîýòîìó äèàãðàì-
ìó (5.2) ìîæíî ïðåäñòàâèòü â âèäå êîììóòàòèâíîé äèàãðàììû

1 Hoo Goo D ⊕D′ ab∂⊕0
oo

f̃2
��

C ⊕D′ abd⊕id
oo

f̃3
��

C4 ⊕ S
d̂4oo

f̂4
��

. . .
d5oo Cn

dnoo

fn
��

1 Hoo Goo D′ ⊕D ab∂′⊕0
oo C ′ ⊕D abd′⊕id

oo C ′4 ⊕ S′
d̂′4oo . . .

d′5oo C ′n,
d′noo

ãäå f̃2 è f̃3 ñîõðàíÿþò îòîáðàæåíèÿ f2 è f3 ñîîòâåòñòâåííî, ïðè-

÷åì f̃2 �èçîìîðôèçì. Óòîëùàÿ ìîðôèçìû ∂⊕ 0 è ∂′⊕ 0 è ñòà-

áèëèçèðóÿ ìîðôèçìû f̃2, f̃3, d⊕ id è d′⊕ id ñ ïîìîùüþ ìîäóëÿ
C2

ab, ïîëó÷èì êîììóòàòèâíóþ äèàãðàììó

1 Hoo Goo D
∂oo

f2
��

Ĉ
d̂oo

f̃3
′

��

C4 ⊕ S
d̂4oo

f̂4
��

. . .
d5oo Cn

dnoo

fn
��

1 Hoo Goo D′
∂′oo Ĉ ′

d̂′oo C ′4 ⊕ S′
d̂′4oo . . .

d′5oo C ′n,
d′noo

â êîòîðîé

D = D ⊕D′ ab⊕C2
ab, D′ = D′ ⊕D ab⊕C2

ab,

Ĉ = C ⊕D′ ab⊕C2
ab, Ĉ ′ = C ′ ⊕D ab⊕C2

ab,

∂ = ∂ ⊕ 0⊕ 0, ∂′ = ∂′ ⊕ 0⊕ 0,

d̂ = d⊕ id⊕ id, d̂′ = d′ ⊕ id⊕ id,

îòîáðàæåíèÿ f2 = f̃2 ⊕ id è f̃3
′

= f̃3 ⊕ id ñîõðàíÿþò îòîáðàæå-
íèÿ f2 è f3 ñîîòâåòñòâåííî, ïðè÷åì f2 �èçîìîðôèçì. Óòîëùàÿ

ìîðôèçìû d̂, f̃3
′
è f̂4 ñ ïîìîùüþ ìîäóëÿ Q⊕C3, à ìîðôèçì d̂′ �

ñ ïîìîùüþ ìîäóëÿ Q ⊕ C ′3, è ñòàáèëèçèðóÿ ìîðôèçìû d̂4 è d̂′4
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ñ ïîìîùüþ ìîäóëåé Q⊕C3 è Q⊕C ′3 ñîîòâåòñòâåííî, ïîëó÷àåì
êîììóòàòèâíóþ äèàãðàììó

1 Hoo Goo D
∂oo

f2
��

C
doo

f3
��

C4
d4oo

f4
��

. . .
d5oo Cn

dnoo

fn
��

1 Hoo Goo D′
∂′oo C ′

d′oo C ′4
d′4oo . . .

d′5oo C ′n,
d′noo

ãäå

C = Ĉ ⊕ (Q⊕ C3), C ′ = Ĉ ′ ⊕ (Q⊕ C ′3),

C4 = (C4 ⊕ S)⊕ (Q⊕ C3), C ′4 = (C ′4 ⊕ S′)⊕ (Q⊕ C ′3),

d = d̂⊕ 0, d′ = d̂′ ⊕ 0,

d4 = d̂4 ⊕ id, d′4 = d̂′4 ⊕ id,

îòîáðàæåíèÿ f3 = f̃3
′
⊕ 0 è f4 = f̂4⊕ 0 ñîõðàíÿþò îòîáðàæåíèÿ

f3 è f4 ñîîòâåòñòâåííî. Ó÷èòûâàÿ ëåììó 3.9, ìîæíî çàïèñàòü,
÷òî

D ' C̃2 ⊕K2, D′ ' C̃ ′2 ⊕K
′
2,

ãäå

K2 ' (C̃ ′2 ⊕Q) ab⊕(C2
ab⊕Q), K ′2 ' (C̃2 ⊕Q) ab⊕(C2

ab⊕Q)

� ñâîáîäíûå Z[H]-ìîäóëè. Êðîìå òîãî, î÷åâèäíî, ÷òî

C = C3 ⊕K3, C ′ = C ′3 ⊕K ′3,

C4 = C4 ⊕K4, C ′4 = C ′4 ⊕K ′4,

ãäå

K3 ' (C3 ⊕Q⊕ S)⊕D′ ab⊕(C2
ab⊕Q),

K ′3 ' (C ′3 ⊕Q⊕ S′)⊕D ab⊕(C2
ab⊕Q),

K4 ' C3 ⊕Q⊕ S, K ′4 ' C ′3 ⊕Q⊕ S′

� ñâîáîäíûå ìîäóëè.
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Òàêèì îáðàçîì, ñòàáèëèçèðîâàâ îòîáðàæåíèÿ d2, d
′
2, d3, d

′
3,

d4, d
′
4 ñ ïîìîùüþ ñâîáîäíûõ ãðóïï è ñâîáîäíûõ ìîäóëåé, äèà-

ãðàììó (5.2) ìîæíî ïðåäñòàâèòü â âèäå êîììóòàòèâíîé äèà-
ãðàììû

1 Hoo G ∗ F ′d1∗0oo

f̃1
��

C̃2 ⊕K2
∂oo

f2
��

C3 ⊕K3
doo

f3
��

C4 ⊕K4
d4oo

f4
��

. . .
d5oo Cn

dnoo

fn

��

1 Hoo G′ ∗ F
d′1∗0oo C̃ ′2 ⊕K ′2

∂′oo C ′3 ⊕K ′3
d′oo C ′4 ⊕K ′4

d′4oo . . .
d′5oo C ′n,

d′noo

â êîòîðîé f̃1 è f2 �èçîìîðôèçìû.
Òàê êàê ÿäðà ãðàíè÷íûõ ãîìîìîðôèçìîâ ñêðåùåííûõ ìîäó-

ëåé ÿâëÿþòñÿ ìîäóëÿìè (ñì., íàïðèìåð, [5]) è îòîáðàæåíèå f3

èíäóöèðóåò èçîìîðôèçì f3∗ : H3 → H ′3 ìîäóëåé ãîìîëîãèé, òî
ìîæíî ïîñòðîèòü äèàãðàììó

0 H3
oo

f3∗
��

C3 ⊕K3
doo

f3
��

C4 ⊕K4
d4oo

f4
��

C5
d5oo

f5
��

. . .
d6oo Cn

dnoo

fn
��

0 H ′3
oo C ′3 ⊕K ′3

d′oo C ′4 ⊕K ′4
d′4oo C ′5

d′5oo . . .
d′6oo C ′n

d′noo

(5.3)
ãîìîìîðôèçìà (n − 2)-ìåðíûõ öåïíûõ êîìïëåêñîâ êîíå÷íîïî-
ðîæäåííûõ ïðîåêòèâíûõ ìîäóëåé, êîòîðûé èíäóöèðóåò èçî-
ìîðôèçì ìîäóëåé ãîìîëîãèé. Ïîñêîëüêó ïðîåêòèâíûå ìîäóëè
Ci è C

′
i äëÿ i = 3, n ÿâëÿþòñÿ ñòàáèëüíî èçîìîðôíûìè, òî äëÿ

äèàãðàììû (5.3) ñïðàâåäëèâî ïðåäëîæåíèå 5.1, èç êîòîðîãî è
ñëåäóåò ñïðàâåäëèâîñòü äîñòàòî÷íîñòè äàííîé òåîðåìû. �
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Äåôîðìàöi¨ ãëàäêèõ ôóíêöié íà 2-
òîði, ó ÿêèõ ãðàô Êðîíðîäà-Ðiáà ¹
äåðåâîì

Íåõàé f : T 2 → R�ôóíêöiÿ Ìîðñà íà 2-òîði T 2, X � çàìêíåíà (ìî-
æëèâî ïîðîæíÿ) ïiäìíîæèíà â T 2 i S(f,X), O(f,X)� âiäïîâiäíî ñòà-
áiëiçàòîð i îðáiòà ôóíêöi¨ f âiäíîñíî ïðàâî¨ äi¨ ãðóïè äèôåîìîðôi-
çìiâ D(T 2, X) íåðóõîìèõ íà X. Íåõàé Did(T 2, X)� çâ'ÿçíà êîìïîíåí-
òà D(T 2, X), ùî ìiñòèòü id i Of (f,X)� çâ'ÿçíà êîìïîíåíòà O(f,X),
ùî ìiñòèòü f. Ïîêëàäåìî S′(f,X) = S(f)∩Did(T 2, X). Ïðèïóñòèìî ùî
ôóíêöiÿ f ¹ òàêîþ, ùî ¨¨ ãðàô Êðîíðîäà�Ðiáà ¹ äåðåâîì. Òîäi iñíó¹
ìíîæèíà 2-äèñêiâ {Di}ri=0 ⊂ T 2 òà ñòàëi n,m ∈ N òàêi, ùî ìà¹ ìiñöå
içîìîðôiçì π1Of (f) ∼=

∏r
i=0 π0S

′(f |Di , ∂Di) o
Zn×Znm

Z2, äå A o
Zn×Znm

Z2 �

âiíöåâèé äîáóòîê A i Z2 íàä Zn × Znm. Öåé ðåçóëüòàò ìà¹ ìiñöå äëÿ
áiëüøîãî êëàñó ãëàäêèé ôóíêöié f : T 2 → R ÿêi ìàþòü òàêó âëàñòè-
âiñòü: äëÿ êîæíî¨ êðèòè÷íî¨ òî÷êè z ôóíêöi¨ f ïàðîñòîê f â z ¹ ãëàäêî
åêâiâàëåíòíèì îäíîðiäíîìó ìíîãî÷ëåíó R2 → R áåç êðàòíèõ êîðåíiâ.

1. Âñòóï

Íåõàé M � ãëàäêà êîìïàêòíà ïîâåðõíÿ, X � çàìêíåíà (ìî-
æëèâî ïîðîæíÿ) ïiäìíîæèíà â M , D(M,X)� ãðóïà äèôåî-
ìîðôiçìiâM , íåðóõîìèõ íà X. Òîäi ãðóïà D(M,X) äi¹ íà ïðî-
ñòîði ãëàäêèõ ôóíêöié C∞(M,R) çà òàêèì ïðàâèëîì:

γ : C∞(M,R)×D(M,X)→ C∞(M,R), γ(f, h) = f ◦ h. (1.1)

Íåõàé f ∈ C∞(M,R)� ãëàäêà ôóíêöiÿ íà M . Ìíîæèíè

S(f,X) = {f ∈ D(M,X) | f ◦ h = f},

© Á. Ã. Ôåùåíêî, 2015
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O(f,X) = {f ◦ h | h ∈ D(M,X)}

íàçèâàþòüñÿ âiäïîâiäíî ñòàáiëiçàòîðîì i îðáiòîþ ôóíêöi¨ f
âiäíîñíî äi¨ (1.1).
ßêùî X ¹ ïîðîæíüîþ ìíîæèíîþ, òî ïîêëàäåìî

D(M) = D(M,∅), S(f) = S(f,∅), O(f) = O(f,∅),

i òàê äàëi. Íàäiëèìî ïðîñòîðè D(M,X), C∞(M,R), S(f,X), i
O(f,X) âiäïîâiäíèìè ñèëüíèìè C∞-òîïîëîãiÿìè Óiòíi.
Ïîçíà÷èìî ÷åðåç Sid(f,X) i Did(M,X) âiäïîâiäíî òîòîæíi

êîìïîíåíòè S(f,X) i D(M,X), à ÷åðåç Of (f,X)�êîìïîíåíòó
O(f,X), ùî ìiñòèòü f . Íåõàé òàêîæ

S′(f,X) = S(f) ∩Did(M,X).

Íåõàé äàëi F(M) ⊂ C∞(M,R)�ìíîæèíà ãëàäêèõ ôóíêöié,
ùî çàäîâîëüíÿþòü òàêi äâi óìîâè:

(B) ôóíêöiÿ f ïðèéìà¹ ïîñòiéíå çíà÷åííÿ íà êîæíié çâ'ÿçíié
êîìïîíåíòi ∂M , i âñi êðèòè÷íi òî÷êè f íàëåæàòü äî âíó-
òðiøíîñòi M ;

(P) äëÿ êîæíî¨ êðèòè÷íî¨ òî÷êè z ôóíêöi¨ f ïàðîñòîê f â z
¹ ãëàäêî åêâiâàëåíòíèì äî äåÿêîãî îäíîðiäíîãî ïîëiíîìó
fz : R2 → R áåç êðàòíèõ êîðåíiâ.

Íåõàé Morse(M)�ìíîæèíà ôóíêöié Ìîðñà íà M , òîáòî ôóí-
êöié, ùî ìàþòü ëèøå íåâèðîäæåíi êðèòè÷íi òî÷êè. Ìíîæè-
íà Morse(M) ¹ âiäêðèòîþ i âñþäè ùiëüíîþ ïiäìíîæèíîþ â
C∞(M,R). Íà ïiäñòàâi ëåìè Ìîðñà êîæíà íåâèðîäæåíà îñîáëè-
âiñòü ¹ ãëàäêî åêâiâàëåíòíîþ îäíîðiäíîìó ìíîãî÷ëåíó ±x2±y2

áåç êðàòíèõ êîðåíiâ. Îòæå, Morse(M) ⊂ F(M).

Òåîðåìà 1.1. [1�3] Íåõàé f ∈ F(M)�ôóíêöiÿ i X � ñêií-
÷åííå (ìîæëèâî ïîðîæí¹) îá'¹äíàííÿ ðåãóëÿðíèõ êîìïîíåíò
ìíîæèí ðiâíÿ ôóíêöi¨ f . Òîäi ñïðàâåäëèâi íàñòóïíi òâåðäæå-
ííÿ.
(1) Âiäîáðàæåííÿ

p : D(M,X)→ O(M,X), p(h) = f ◦ h
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¹ ðîçøàðóâàííÿì Ñåððà ç øàðîì S(f,X), òîáòî âîíà ìà¹ âëà-
ñòèâiñòü ïiäíÿòòÿ ãîìîòîïi¨ äëÿ CW-êîìïëåêñiâ.
(2) Îáìåæåííÿ ðîçøàðóâàííÿ p íà Did(M,X)

p|Did(M,X) : Did(M,X)→ Of (f,X)

òàêîæ ¹ ðîçøàðóâàííÿì Ñåððà.
(3) Ïðèïóñòèìî, ùî X = ∅ i, àáî f ìà¹ êðèòè÷íó òî÷êó,

ùî íå ¹ íåâèðîäæåíèì ëîêàëüíèì åêñòðåìóìîì, àáî M ¹ íå-
îði¹íòîâàíîþ ïîâåðõíåþ. Òîäi Sid(f) ¹ ñòÿãóâàíèì,

πnOf (f) = πnM, n ≥ 3, π2Of (f) = 0,

i äëÿ π1Of (f) ìè ìà¹ìî òàêó òî÷íó ïîñëiäîâíiñòü

1 −→ π1Did(M)
p−−→ π1Of (f)

∂−−→ π0S
′(f) −→ 1. (1.2)

(4) Ïðèïóñòèìî, ùî χ(M) < 0 àáî X 6= 0. Òîäi Did(M,X) i
Sid(f,X) ¹ ñòÿãóâàíèìè, πnOf (f,X) = 0 äëÿ n ≥ 2, à âiäîáðà-
æåííÿ

∂ : π1Of (f,X)→ π0S
′(f,X) (1.3)

¹ içîìîðôiçìîì.

Íåõàé òàêîæ ω : (Ik, ∂Ik, 0)→ (Did(M,X), Sid(M,X), idM )�
íåïåðåðâíå âiäîáðàæåííÿ òðiéîê, k ≥ 0. Òîäi ç (2) òåîðåìè 1.1
âèïëèâà¹, ùî äëÿ áóäü-ÿêîãî k ≥ 0 iñíó¹ içîìîðôiçì

λk : πk(Did(M,X), Sid(f,X))→ πkOf (f,X), λk[ω] = [f ◦ ω],

äèâ., íàïðèêëàä, [4, � 4.1, òåîðåìà 4.1]. Â ïîäàëüøîìó òåêñòi
ðîáîòè ìè áóäåìî îòîòîæíþâàòè π1Of (f) ç π1(Did(T 2), S′(f)).
Â ñåði¨ ðîáiò [1�3, 5�8] Ìàêñèìåíêî îïèñàâ ãîìîòîïi÷íi òèïè

ñòàáiëiçàòîðiâ äi¨ (1.1). Àâòîðè ó ðîáîòàõ [9,10] îïèñàëè ôóíäà-
ìåíòàëüíó ãðóïó îðáiò π1Of (f) ôóíêöié f ç F(T 2) ó âèïàäêó,
êîëè ÊÐ-ãðàô ôóíêöi¨ f ìiñòèòü öèêë. Ó âèïàäêó, êîëè ÊÐ-
ãðàô f ¹ äåðåâîì, àâòîðè [11] çíàéøëè óìîâè, çà ÿêèõ ïîñëi-
äîâíiñòü (1.2) ðîçùåïëþ¹òüñÿ. Ìåòîþ äàíî¨ ðîáîòè ¹ îïèñ ãðóïè
π1Of (f) ôóíêöié ç F(T 2), ãðàô Êðîíðîäà-Ðiáà ÿêèõ ¹ äåðåâîì,
äèâ. òåîðåìó 2.5.
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2. Ïîïåðåäíi âiäîìîñòi

2.1. Âiíöåâi äîáóòêè G oZn×Zm Z2. Íåõàé G� ãðóïà ç îäèíè-
öåþ 1 i n,m ≥ 1. ×åðåç Map(Zn × Zm, G) ìè ïîçíà÷èìî ãðóïó
âñiõ âiäîáðàæåíü ç Zn×Zm â G ç ïîòî÷êîâèì ìíîæåííÿì, òîáòî
ÿêùî α, β : Zn×Zm → G�äâà âiäîáðàæåííÿ ç Map(Zn×Zm, G),
òî (α · β)(i, j) = α(i, j) · β(i, j), äå (i, j) ∈ Zn × Zm.
Ãðóïà Z2 äi¹ ñïðàâà íà Map(Zn×Zm, G) çà òàêèì ïðàâèëîì:

ÿêùî α ∈ Map(Zn × Zm, G) i (k, l) ∈ Z2, òîäi ðåçóëüòàò öi¹¨ äi¨
αk,l çàäà¹òüñÿ ôîðìóëîþ:

αk,l(i, j) = α(i+ k mod n, j + l mod m), (i, j) ∈ Z2.

Íàïiâïðÿìèé äîáóòîê Map(Zn × Zm, G) o Z2, ùî âiäïîâiäà¹
öié äi¨, ïîçíà÷èìî ÷åðåç

G o
Zn×Zm

Z2 := Map(Zn × Zm, G) o Z2

i áóäåìî íàçèâàòè âiíöåâèì äîáóòêîì G i Z2 íàä Zn × Zm.
Òàêèì ÷èíîì, G o

Zn×Zm

Z2 �öå ïðÿìèé äîáóòîê ìíîæèí

Map(Zn × Zm, G)× Z2

ç òàêîþ îïåðàöi¹þ

(α, (k1, k2))(β, (l1, l2)) = (αβk1,k2 , (k1 + l1, k2 + l2))

äëÿ âñiõ (α, (k1, k2)), (β, (l1, l2)) ∈ Map(Zn × Zm, G) × Z2. Êðiì
òîãî, ìè ìà¹ìî òàêó êîðîòêó òî÷íó ïîñëiäîâíiñòü:

1 −→ Map(Zn × Zm, G)
σ−−→ G o

Zn×Zm

Z2 p−−→ Z2 −→ 1,

äå σ(α) = (α, (0, 0))� âêëàäåííÿ i p(α, (a1, a2)) = (a1, a2)�ïðî-
åêöiÿ.

2.2. Ãðàô Êðîíðîäà-Ðiáà ôóíêöi¨ f . Íåõàé f ∈ F(M)�
ãëàäêà ôóíêöiÿ i c ∈ R�äiéñíå ÷èñëî. Çâ'ÿçíà êîìïîíåíòà C
ìíîæèíè ðiâíÿ f−1(c) íàçèâà¹òüñÿ êðèòè÷íîþ, ÿêùî C ìiñòèòü
ùîíàéìåíøå îäíó êðèòè÷íó òî÷êó f . Â ïðîòèëåæíîìó âèïàäêó
C íàçèâà¹òüñÿ ðåãóëÿðíîþ.



208 Á. Ã. Ôåùåíêî

Íåõàé ∆�ðîçáèòòÿ M íà çâ'ÿçíi êîìïîíåíòè ìíîæèí ðiâíÿ
ôóíêöi¨ f . Äîáðå âiäîìî, ùî ôàêòîð-ïðîñòiðM/∆ ¹ 1-âèìiðíèì
CW êîìïëåêñîì iM/∆ íàçèâà¹òüñÿ ãðàôîì Êðîíðîäà-Ðiáà àáî,
ïðîñòiøå, KR-ãðàôîì ôóíêöi¨ f . Ìè áóäåìî ïîçíà÷àòè éîãî ÷å-
ðåç Γf . Âåðøèíàìè ãðàôó Γf ¹ êðèòè÷íi êîìïîíåíòè ìíîæèí
ðiâíÿ ôóíêöi¨ f . Íåõàé pf : M → Γf �ïðîåêöiÿ M íà ôàêòîð-
ïðîñòið Γf = M/∆.

2.3. Äiÿ S′(f) íà Γf . Íåõàé f ∈ F(M)� ãëàäêà ôóíêöiÿ. Çà-
çíà÷èìî, ùî ôóíêöiÿ f ìîæå áóòè ïðåäñòàâëåíà ÿê êîìïîçèöiÿ
òàêèõ âiäîáðàæåíü

f = φ ◦ pf : M
pf−−→ Γf

φ−−→ R.

Ïðèïóñòèìî, ùî h ∈ S′(f). Òîäi f ◦ h = f i ìè îòðèìó¹ìî, ùî
h(f−1(c)) = f−1(c) äëÿ âñiõ c ∈ R. Îòæå, h ïåðåñòàâëÿ¹ çâ'ÿçíi
êîìïîíåíòè ìíîæèí ðiâíÿ f , à òîìó h iíäóêó¹ ãîìîìîðôiçì
ρ(h) KR-ãðàôó Γf òàêèé, ùî äiàãðàìà

M
pf
//

h
��

Γ(f)
φ
//

ρ(h)

��

R

M
pf
// Γ(f)

φ
// R

(2.4)

¹ êîìóòàòèâíîþ. Iíøèìè ñëîâàìè, ìè îòðèìó¹ìî ãîìîìîðôiçì

ρ : S′(f)→ Aut(Γf )

â ãðóïó àâòîìîðôiçìiâ Γf . Íåõàé G = ρ(S′(f))� îáðàç S′(f) â
Aut(Γf ) âiäíîñíî âiäîáðàæåííÿ ρ.
Íåõàé v� âåðøèíà Γf i

Gv = {g ∈ G | g(v) = v}

� ñòàáiëiçàòîð v âiäíîñíî äi¨ G. Äîâiëüíèé çàìêíåíèé çâ'ÿçíèé
Gv-iíâàðiàíòíèé îêië v â Γf , ùî íå ìiñòèòü iíøèõ âåðøèí Γf
is áóäåìî íàçèâàòè çiðêîþ âåðøèíè v i ïîçíà÷àòèìåìî ¨¨ ÷åðåç
st(v).
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Ìíîæèíà

Glocv = {g|st(v) | g ∈ Gv}

¹ ïiäãðóïîþ â Aut(st(v)), ùî ñêëàäà¹òüñÿ ç îáìåæåíü åëåìåíòiâ
ç Gv íà st(v). Ìè áóäåìî íàçèâàòè Glocv ëîêàëüíèì ñòàáiëiçà-
òîðîì âåðøèíè v âiäíîñíî äi¨ ãðóïè G. Çàóâàæèìî, ùî ãðóïà
Glocv íå çàëåæèòü âiä âèáîðó çiðêè st(v). Çîêðåìà, ìà¹ ìiñöå
òàêà êîìóòàòèâíà äiàãðàìà

S′(f)
ρ

//

pr

��

G �
�

//

r

��

Aut(Γf )

π0S
′(f)

ρ̂0
//

ρ0

66

Glocv
� � // Aut(st(v)),

(2.5)

äå p�ïðîåêöiÿ, r� âiäîáðàæåííÿ îáìåæåííÿ íà st(v), ρ0 ¹ òà-
êèì, ùî ρ = ρ0 ◦ pr i ρ̂ = r ◦ ρ.
Äëÿ ôóíêöié f ∈ F(T 2) íà 2-òîði T 2 ìà¹ ìiñöå òàêà ëåìà.

Ëåìà 2.4 (Óòâåðæäåíèå 1, [11]). Íåõàé f ∈ F(T 2)� ãëàäêà
ôóíêöiÿ òàêà, ùî ¨¨ ÊÐ-ãðàô Γ(f) ¹ äåðåâîì. Òîäi iñíó¹ ¹äèíà
âåðøèíà v ãðàôó Γ(f) òàêà, ùî êîæíà êîìïîíåíòà äîïîâíåííÿ
T 2 \ p−1

f (v) ¹ âiäêðèòèì 2-äèñêîì.

Âåðøèíà v ç ëåìè 2.4 i êðèòè÷íà êîìïîíåíòà çâ'ÿçíîñòi V =
p−1
f (v) ðiâíÿ f−1(φ(v)), ùî âiäïîâiäà¹ v, áóäåìî íàçèâàòè ñïå-
öiàëüíèìè.
Ãîëîâíèì ðåçóëüòàòîì ðîáîòè ¹ òàêà òåîðåìà.

Òåîðåìà 2.5. Íåõàé f ∈ F(T 2)� ãëàäêà ôóíêöiÿ òàêà, ùî Γf
¹ äåðåâîì, i v� ñïåöiàëüíà âåðøèíà Γf . Òîäi

(1) Glocv
∼= Zn × Zmn äëÿ äåÿêèõ m,n ∈ N;

(2) iñíóþòü çàìêíåíi 2-äèñêè D1, D2, . . . , Dr ⊂ T 2 òàêi, ùî
f |Di ∈ F(Di), i = 1, . . . , r, i ìà¹ ìiñöå içîìîðôiçì

ξ : π1Of (f) ∼=
r∏
i=0

π0S
′(f |Di , ∂Di) o

Zn×Zmn

Z2.
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Çîêðåìà, ó âèïàäêó êîëè Glocv = 1, ìè ìà¹ìî içîìîðôiçì

ξ : π1Of (f) ∼= π0S
′(f)× Z2,

ùî äà¹ òåîðåìó 2 [11].

3. Äîâåäåííÿ òâåðäæåííÿ (1) òåîðåìè 2.5

Íåõàé f ∈ F(T 2)� ãëàäêà ôóíêöiÿ òàêà, ùî ¨¨ ÊÐ-ãðàô ¹ äå-
ðåâîì, v� ñïåöiàëüíà âåðøèíà ãðàôó Γf i V = p−1

f (v)� âiäïî-
âiäíà ñïåöiàëüíà êðèòè÷íà êîìïîíåíòà. Ïîòðiáíî äîâåñòè, ùî
Glocv

∼= Zn × Zmn äëÿ äåÿêèõ m,n ∈ N.
Âiäìiòèìî, ùî ç ëåìè 2.4 âèïëèâà¹, ùî V çàäà¹ êëiòêîâå ðîç-

áèòòÿ T 2: 0- òà 1-êëiòèíè öüîãî ðîçáèòòÿ � öå âiäïîâiäíî âåð-
øèíè (òîáòî êðèòè÷íi òî÷êè f) òà ðåáðà V , à 2-êëiòèíè� öå
êîìïîíåíòè äîïîâíåííÿ T 2 \ V .
Ç [1, òåîðåìà 7.1] âèïëèâà¹, ùî äëÿ êîæíîãî h ∈ ker(r ◦ ρ)

âèêîíàíi òàêi óìîâè:

(1) h(e) = e äëÿ áóäü-ÿêî¨ êëiòèíè e,
(2) âiäîáðàæåííÿ h : e 7→ h(e) çáåðiãà¹ îði¹íòàöiþ êëiòèí e

ðîçìiðíîñòi dim e ≥ 1.

Íåõàé h ∈ S′(f)�äèôåîìîðôiçì. Çãiäíî [2, òâåðäæåííÿ 5.4],
àáî âñi êëiòèíè ¹ h-iíâàðiàíòíèìè, àáî ÷èñëî iíâàðiàíòíèõ êëi-
òèí àâòîìîðôiçìó h äîðiâíþ¹ ÷èñëó Ëåôøåöÿ L(h). Îñêiëü-
êè h� içîòîïíèé òîòîæíîìó âiäîáðàæåííþ äèôåîìîðôiçì òî-
ðà T 2, òî L(h) = χ(T 2) = 0. Òàêèì ÷èíîì, ¾êîìáiíàòîðíà äiÿ¿
h íà ìíîæèíi êëiòèí âèçíà÷à¹òüñÿ éîãî äi¹þ íà ÿêié-íåáóäü
ôiêñîâàíié 2-êëiòèíi, òîáòî äi¹þ ρ(h) íà ðåáði st(v).
Òîìó ç ðåçóëüòàòiâ ðîáîòè [12] ñëiäó¹, ùî iñíó¹ ïåðåðiç

s : Glocv → S′(f) (3.6)

âiäîáðàæåííÿ r ◦ ρ òàêèé, ùî s(Glocv ) äi¹ íà T 2 âiëüíî. Çîêðåìà
ôàêòîð-âiäîáðàæåííÿ q : T 2 → T 2/Glocv ¹ íàêðèòòÿì, à îòæå
T 2/Glocv ¹ àáî òîðîì, àáî ïëÿøêîþ Êëåéíà. Àëå òàê ÿê Glocv -äiÿ
íà T 2 ¹ äi¹þ ãðóïè äèôåîìîðôiçìiâ, ùî çáåðiãàþòü îði¹íòàöiþ,
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òî ôàêòîð-ïðîñòið T 2/Glocv ¹ òîðîì. Çîêðåìà, ìè ìà¹ìî òàêó
êîðîòêó òî÷íó ïîñëiäîâíiñòü:

1 −→ π1T
2 q−−→ π1T

2/Glocv −→ Glocv −→ 1.

Òàê ÿê q�ìîíîìîðôiçì, òî òâåðäæåííÿ (1) òåîðåìè 2.5 âèïëè-
âà¹ ç òàêî¨ ëåìè:

Ëåìà 3.1. íàïð. [13, Ðîçäië E, ñ. 31] Íåõàé A òà B � âiëüíi
àáåëåâi ãðóïè ðàíãó 2, i q : A → B � âêëàäåííÿ. Òîäi iñíóþòü
L,M ∈ A òà X,Y ∈ B òàêi, ùî A = 〈L,M〉, B = 〈X,Y 〉 i

q(L) = nX, q(M) = mnY

äëÿ äåÿêèõ n,m ∈ N, çîêðåìà B/A ∼= Zn × Zmn.

4. Äîâåäåííÿ òâåðäæåííÿ (2) òåîðåìè 2.5

Êðîê 1. Âèáið ñïåöiàëüíèõ òâiðíèõ â π1T
2 òà π1T

2/Glocv .
Çàôiêñó¹ìî òî÷êó y ∈ T 2 i íåõàé z = q(y) ∈ T 2/Glocv . Òîäi ìè
ìà¹ìî òàêó êîìóòàòèâíó äiàãðàìó

0 // π1(T 2, y)
q
// π1(T 2/Glocv , z)

∂ // Glocv // 0

0 // Z2 q
// Z2 ∂ // Zn × Zmn // 1

äå q : Z2 → Z2 òà ∂ : Z2 → Zn × Zmn âèçíà÷àþòüñÿ çà ôîðìó-
ëàìè

q(λ, µ) = (nλ,mnµ), ∂(x, y) = (x mod n, y mod mn).

Íåõàé X̂, Ŷ : T 2/Glocv × [0, 1]→ T 2/Glocv � içîòîïi¨, òàêi, ùî

X̂0 = X̂1 = Ŷ0 = Ŷ1 = idT 2/Gloc
v
,

X̂s ◦ Ŷt = Ŷt ◦ X̂s,

äëÿ âñiõ s, t ∈ [0, 1], ïðè÷îìó ïåòëi X̂z, Ŷz : I → T 2/Glocv , âèçíà-

÷åíi çà ôîðìóëàìè X̂z(t) = X̂(z, t) òà Ŷz(t) = Y (z, t), ïðåäñòàâ-
ëÿþòü åëåìåíòè

[X̂z] = (1, 0), [Ŷz] = (0, 1) ∈ Z2 ≡ π1(T 2/Glocv , z).
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Ðîçøèðèìî X̂ òà Ŷ äî âiäîáðàæåíü

X,Y : T 2/Glocv × R→ T 2/Glocv

çà ôîðìóëàìè:

X(x, t) = X̂(x, t mod 1), Y (x, t) = Ŷ (x, t mod 1).

Íåõàé L,M : T 2 × R→ T 2 � ¹äèíi ïiäíÿòòÿ âiäïîâiäíî X òà
Y âiäíîñíî q òàêi, ùî L òà M êîìóòóþòü i L0 = M0 = idT 2 .
Òîáòî

Xt ◦ q = q ◦ Lt, Yt ◦ q = q ◦Mt.

Íåõàé s : Glocv = Zn × Zmn → S′(f)�ïåðåðiç r ◦ ρ, äèâ. (3.6).
Òîäi Lt ◦Mt′ = Mt′ ◦ Lt äëÿ âñiõ t, t′ ∈ R i

Lk = s(k mod n, 0), Mk = s(0, k mod mn),

äëÿ âñiõ k ∈ Z. Çîêðåìà,

Lkn = Mkmn = idT 2 , k ∈ Z,

à ïåòëi

Lz : [0, n]→ T 2, Mz : [0,mn]→ T 2

ïðåäñòàâëÿþòü åëåìåíòè

[Lz] = (1, 0), [Mz] = (0, 1) ∈ Z2 ≡ π1(T 2, y).

Ç òîãî, ùî Glocv äi¹ âiëüíî íà T 2 âèïëèâà¹, ùî êîìïîíåíòè

çâ'ÿçíîñòi T 2 \N ìîæíà çàíóìåðóâàòè òðüîìà iíäåêñàìè Dijk

òàêèìè, ùî i = 1, . . . r, j = 0, . . . , n − 1, k = 0, . . . , nm − 1.
Ïðè÷îìó, ÿêùî γ = (a, b) ∈ Zn × Zm = Glocv , òî

γ(Dijk) = Di j+a k+b,

äå äðóãèé iíäåêñ áåðåòüñÿ modn, à òðåòié �modnm.
Ïîêëàäåìî Sijk = π0S

′(f |Dijk
, ∂Dijk) i

S =

r∏
i=1

n−1∏
j=0

nm−1∏
k=0

Sijk.
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Âèçíà÷èìî ãîìîìîðôiçì

τ : S→ Map(Glocv ,

r∏
i=1

Si00)

çà òàêîþ ôîðìóëîþ: ÿêùî α = (hijk) ∈ S, òî

τ(α) : Zn × Zmn →
r∏
i=1

Si00

çàäà¹òüñÿ ôîðìóëîþ:

τ(α)(a, b) =
(
M−1
k ◦ L

−1
j ◦ hijk ◦ Lj ◦Mk, i = 1, . . . , r

)
, (4.7)

äëÿ (a, b) ∈ Zn × Zmn ≡ Glocv . Ëåãêî áà÷èòè, ùî τ ¹ içîìîðôi-
çìîì.

Êðîê 2. Åïiìîðôiçì ψ : π1(Did(T 2), S′(f))→ π1T
2/Glocv . Íå-

õàé

h : I → Did(T 2)

�ïåòëÿ â Did(T 2) òàêà, ùî h(0) = h(1) = idT 2 , òîáòî h ¹ içî-
òîïi¹þ h : T 2 × I → T 2 òîðà T 2. Íåõàé x ∈ T 2 � òî÷êà. Òîäi
hx : {x} × I → T 2 �ïåòëÿ â T 2 ç ïî÷àòêîì â x. Âèçíà÷èìî
âiäîáðàæåííÿ ` : π1Did(T 2)→ π1T

2 çà ôîðìóëîþ:

`([h]) = [hx] ∈ π1T
2.

Âiäîìî, ùî âiäîáðàæåííÿ ` ¹ içîìîðôiçìîì, äèâ. [14�16].

Ëåìà 4.1. Iñíó¹ åïiìîðôiçì ψ : π1(Did(T 2), S′(f))→ π1T
2/Glocv

òàêèé, ùî íàñòóïíà äiàãðàìà ¹ êîìóòàòèâíîþ

1 // π1Did(T 2) //

` ∼=
��

π1(Did(T 2), S′(f)) //

ψ
��

π0S
′(f) //

ρ̂0
��

1

1 // π1T
2 q

// π1T
2/Glocv // Glocv // 1

(4.8)
à ¨¨ ðÿäêè�òî÷íèìè.
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Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíó âåðøèíó z ∈ V i âèçíà÷èìî
âiäîáðàæåííÿ:

ψ0 : Did(T 2)→ T 2/Glocv , ψ0(h) = q(h(z)),

äëÿ h ∈ Did(T 2), äå q : T 2 → T 2/Glocv �íàêðèâàþ÷å âiäîáðàæå-
ííÿ iíäóêîâàíå âiëüíîþ äi¹þ Glocv íà T 2. Î÷åâèäíî, ùî ψ0 ¹ íå-
ïåðåðâíèì. Îñêiëüêè Glocv -äiÿ òà S′(f)-äiÿ çáiãàþòüñÿ íà âåðøè-
íàõ V , òî ψ0(h) íàëåæèòü äî Glocv -îðáiòè òî÷êè z äëÿ h ∈ S′(f).
Òîäi âiäîáðàæåííÿ ψ0 iíäóêó¹ âiäîáðàæåííÿ òðiéîê

ψ0 : (Did(T 2), S′(f), id)→ (T 2/Glocv , z′, z′), ψ(ĥ) = q(ĥ(z)).

Çîêðåìà, ψ0 iíäóêó¹ ãîìîìîðôiçì

ψ : π1(Did(T 2), S′(f), id)→ π1(T 2/Glocv , z′, z′).

Îñêiëüêè ðÿäêè äiàãðàìè (4.8) ¹ òî÷íèìè ïîñëiäîâíîñòÿìè, âiä-
îáðàæåííÿ ` ¹ içîìîðôiçìîì, âiäîáðàæåííÿ ρ̂0 ¹ åïiìîðôiçìîì,
òî, íà ïiäñòàâi 5-ëåìè, âiäîáðàæåííÿ ψ� åïiìîðôiçì. �

Êðîê 3. ßäðî ψ. Íåõàé f(V ) = c, ε > 0 i N � çâ'ÿçíà êîìïî-
íåíòà f−1([c− ε, c+ ε]), ÿêà ìiñòèòü V . Íàçâåìî N � f -ðåãóëÿð-
íèì îêîëîì V . Íàãàäà¹ìî, ùî

S′(f,N) := {h ∈ S′(f) | h = idN}.

Íàñòóïíà ëåìà îïèñó¹ ÿäðî âiäîáðàæåííÿ ψ.

Ëåìà 4.2. Iñíóþòü içîìîðôiçìè ìiæ òàêèìè ï'ÿòüìà ãðó-
ïàìè:

kerψ
ζ−−→ ker ρ̂0

ι←−− π0S
′(f,N)

σ−−→ S
τ−−→ Map(Glocv ,

r∏
i=1

Si00).
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Äîâåäåííÿ. 1) Ïîáóäó¹ìî içîìîðôiçì ζ : kerψ → ker ρ̂0. Ðîç-
ãëÿíåìî äiàãðàìó, ó ÿêî¨ ðÿäêè i ñòîâï÷èêè ¹ òî÷íèìè:

1

��

1

��

π1Did(T 2)
`
∼=

//

��

π1T
2

��

1 // kerψ //

ζ ∼=
��

π1(Did(T 2), S′(f))
ψ
//

∂◦λ−1
1

��

π1T
2/Glocv //

��

1

1 // ker ρ̂0
// π0S

′(f)
ρ̂0

//

��

Glocv

��

// 1

1 1
(4.9)

Îñêiëüêè âiäîáðàæåííÿ `� içîìîðôiçì, òî, íà ïiäñòàâi 3 × 3-
ëåìè, [17, Chapter II, Lemma 5.1], ãîìîìîðôiçì ζ = ∂ ◦λ−1

1 |kerψ

¹ içîìîðôiçìîì.
2) Âiäìiòèìî, ùî ìà¹ ìiñöå içîìîðôiçì

σ : S′(f,N) ∼=
∏
i,j,k

S′(f |Dijk
, ∂Dijk), σ(h) = (h|Dijk

)i,j,k,

ÿêèé iíäóêó¹ içîìîðôiçì

σ : π0S
′(f,N) ∼=

r∏
i=1

n−1∏
j=0

nm−1∏
k=0

Sijk = S.

3) Äîñèòü ïîêàçàòè, ùî âêëàäåííÿ ι : S′(f,N) → ker(r ◦ ρ) ¹
ãîìîòîïi÷íîþ åêâiâàëåíòíiñòþ. Òîäi âîíî iíäóêóâàòèìå içîìîð-
ôiçì

ι : π0S
′(f,N)→ π0 ker(r ◦ ρ) = ker ρ̂0.

Ïîêàæåìî, ùî iñíó¹ içîòîïiÿ H : ker r ◦ ρ× I → ker(r ◦ ρ) òàêà,
ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:
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(i) H0 = id,
(ii) Ht(S

′(f,N)) ⊂ S′(f,N) äëÿ âñiõ t ∈ I,
(iii) H1(ker(r ◦ ρ)) ⊂ S′(f,N).

Íåõàé F � ãàìiëüòîíîâå âåêòîðíå ïîëå ôóíêöi¨ f ∈ F(T 2),
F : T 2×R→ T 2 �ïîòiê ïîëÿ F , i N , N ′ � f -ðåãóëÿðíi îêîëè V
òàêi, ùî N ⊂ IntN ′. Äëÿ êîæíî¨ ôóíêöi¨ γ : T 2 → R âèçíà÷èìî
âiäîáðàæåííÿ Fγ : T 2 → T 2 çà òàêîþ ôîðìóëþþ:

Fγ(x) = F(x, γ(x)).

Ç [2, Claim 1], âèïëèâà¹, ùî äëÿ êîæíîãî h ∈ ker(r ◦ ρ) iñíó¹
¹äèíà ãëàäêà ôóíêöiÿ βh ∈ C∞(N ′,R) òàêà, ùî h = Fβh íà N ′,
òîáòî

h(x) = F(x, βh(x)), x ∈ N ′,

ïðè÷îìó âiäîáðàæåííÿ

ŝ : ker(r ◦ ρ)→ C∞(N ′,R), ŝ(h) = βh.

¹ íåïåðåðâíèì âiäíîñíî âiäïîâiäíèõ C∞-òîïîëîãié. Áiëüø òîãî,
ÿêùî h�íåðóõîìèé íà N , òî βh = 0 íà N .
Ïðîäîâæèìî ôóíêöiþ βh äî ãëàäêî¨ ôóíêöi¨ αh ∈ C∞(T 2,R)

òàêî¨, ùî αh|N = βh i αh = 0 íà T 2\N ′ íàñòóïíèì ÷èíîì. Íåõàé
ε : T 2 → [0, 1]� ãëàäêà ôóíêöiÿ íà T 2 òàêà, ùî

(1) ε ¹ ïîñòiéíîþ íà îðáiòàõ F;
(2) ε = 1 íà N ;
(3) ε = 0 íà T 2 \N ′.

Ïîêëàäåìî: αh = εβh íà N ′ i αh = 0 íà T 2 \ N ′. Î÷åâèäíî,
ùî òîäi âiäïîâiäíiñòü h 7→ αh ¹ íåïåðåðâíèì âiäîáðàæåííÿì
α : ker(r ◦ ρ) → C∞(T 2,R). Áiëüø òîãî, ç óìîâè (1) íà ε âè-
ïëèâà¹, ùî âiäîáðàæåííÿ Ftαh

: T 2 → T 2, âèçíà÷åíå çà ôîð-
ìóëîþ Ftαh

(x) = F(x, tαh), ¹ äèôåîìîðôiçìîì äëÿ âñiõ t ∈ I,
äèâ. [1, Claim 4.14.1]. À ç óìîâ (2) òà (3) ñëiäó¹, ùî

F(x, αh(x)) =

{
h(x), x ∈ N,
x, x ∈ T 2 \N ′.
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Âèçíà÷èìî içîòîïiþ H : ker(r ◦ρ)× I → ker(r ◦ρ) çà ôîðìóëîþ:

H(h, t) = h ◦ F−1
tαh

i ïîêàæåìî, ùî H çàäîâîëüíÿ¹ óìîâàì (i)-(iii).
(i) H0(h) = h ◦ F−1

0 = h, òîáòî H0 = id(ker(r ◦ ρ)).
(ii) Ïðèïóñòèìî, ùî h ∈ S′(f,N). Òîäi βh = tαh = 0 íà N , à

îòæå Ftαh
|N = idN äëÿ âñiõ t ∈ I. Çîêðåìà,

Ht(h)|N = h|N = idN .

(iii) H1(h)|N = h ◦ F−1
αh
|N = h ◦ h−1|N = idN .

Ëåìó 4.2 äîâåäåíî. �

Êðîê 4. Âèçíà÷èìî âiäîáðàæåííÿ

ξ : Map(Glocv ,
r∏
i=1

Si00) o π1(T 2/Glocv )→ π1

(
Did(T 2), S′(f), idT 2

)
.

çà òàêîþ ôîðìóëîþ. Íåõàé α : Zn×Zmn ≡ Glocv −→
∏r
i=1 Si00 �

äîâiëüíå âiäîáðàæåííÿ. Äëÿ êîæíî¨ òðiéêè (i, j, k) âèáåðåìî
hijk ∈ S′(f |Di00 , ∂Di00) òàêèé, ùîá

α(i, j) =
(
[h1jk], [h2jk], . . . , [hrjk]

)
i íåõàé htijk : Di00 → Di00, t ∈ [0, 1], � äîâiëüíà içîòîïiÿ ìiæ

h0
ijk = idDi00 òà h

1
ijk = hijk. Âèçíà÷èìî âiäîáðàæåííÿ

h : (I, 0, 1)→
(
Did(T 2), S′(f), idT 2

)
çà ôîðìóëîþ:

h(t)(x) =

{
Mk+at ◦ Lj+bt ◦ htijk ◦ L

−1
j ◦M

−1
k (x), x ∈ Dijk,

MatLbt(x), x ∈ N.

Ëåãêî áà÷èòè, ùî h âèçíà÷åíî êîðåêòíî. Ïîêëàäåìî

ξ(α, (a, b)) = [h] ∈ π1

(
Did(T 2), S′(f), idT 2

)
.

Òàêîæ íå âàæêî ïåðåâiðèòè, ùî ξ ¹ ãîìîìîðôiçìîì. Áiëüø òî-
ãî, ç ëåìè 4.2 òà ôîðìóëè (4.7) äëÿ τ âèïëèâà¹, ùî íàñòóïíà
äiàãðàìà ¹ êîìóòàòèâíîþ:
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1

��

1

��

Map(Glocv ,
r∏
i=1

Si00)

��

∼=

(τ◦σ◦ι−1◦ζ)−1

// kerψ

��

Map(Glocv ,
r∏
i=1

Si00) o π1(T 2/Glocv )

pr

��

ξ
// π1(Did(T 2), S′(f))

ψ

��

π1(T 2/Glocv )

��

π1(T 2/Glocv )

��

1 1

Òîìó çà 5-ëåìîþ ξ ¹ içîìîðôiçìîì. Òåîðåìó 2.5 äîâåäåíî.

Àâòîð ùèðî âäÿ÷íèé Ñ. I. Ìàêñèìåíêó çà óâàãó òà îáãîâî-
ðåííÿ ñêëàäíèõ ïèòàíü, ùî âèíèêàëè ïiä ÷àñ ðîáîòè.
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Ïðîãðàìà äëÿ çâåäåííÿ ìàòðèöi
äî íîðìàëüíî¨ ôîðìè Àðíîëüäà
âiäíîñíî ãëàäêèõ ïåðåòâîðåíü
ïîäiáíîñòi

V. I. Arnold (1971) constructed a miniversal deformation of each Jordan
matrix J ; that is, a simple normal form to which all matrices A close to J
can be reduced by similarity transformations that smoothly depend on the
entries of A. We describe a software for reducing a matrix in an neighbor-
hood of J to Arnold’s normal form by smooth similarity transformations
and calculating the transforming matrix.

Íåõàé J = Jλ1 ⊕ · · · ⊕ Jλt �æîðäàíîâà ìàòðèöÿ, â ÿêié

Jλi := Jmi1(λi)⊕ · · · ⊕ Jmiri
(λi), mi1 ≥ mi2 ≥ · · · ≥ miri , (1)

Jmij (λi)�êëiòêà Æîðäàíà ðîçìiðó mij×mij ç âëàñíèì ÷èñëîì
λi òà îäèíèöÿìè íàä äiàãîíàëëþ, λi 6= λj ÿêùî i 6= j.
Â. I. Àðíîëüä [1] äîâiâ, ùî âñi ìàòðèöi J + X, ùî ¹ äîñòà-

òíüî áëèçüêèìè äî J , ìîæóòü áóòè îäíî÷àñíî çâåäåíi äåÿêèìè
ïåðåòâîðåííÿìè

J +X 7→ S(X)−1(J +X)S(X),
S(X) àíàëiòè÷íà
â 0 òà S(0) = I,

(2)

© Î. Ì. Êëèìåíêî, I. Î. Áëàæêî,
Ä. Î. Êóáëèöüêèé, Ä. Î. Ñêèäàí, Ñ. Ì. ßùóê, 2015
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äî ôîðìè J + D :=

t⊕
i=1



Jmi1(λi) + 0↓ 0↓ . . . 0↓

0← Jmi2(λi) + 0↓ · · ·
...

... · · · · · · 0↓

0← . . . 0← Jmiri
(λi) + 0↓


, (3)

0← :=

∗ 0 . . . 0
...

...
...

∗ 0 . . . 0

 òà 0↓ :=


0 · · · 0
...

...
0 · · · 0
∗ · · · ∗

 ,
äå çiðî÷êè çàìiíþþòüñÿ êîìïëåêñíèìè ÷èñëàìè, ùî çàëåæàòü
àíàëiòè÷íî âiä åëåìåíòiâ X. Êiëüêiñòü çiðî÷îê�ìiíiìàëüíà,
ÿêà ìîæå áóòè îòðèìàíà ïåðåòâîðåííÿìè ôîðìè (2), âîíà äî-
ðiâíþ¹ êîðîçìiðíîñòi êëàñó ïîäiáíîñòi ìàòðèöi J .
Ìàòðèöÿ (3) ç íåçàëåæíèìè ïàðàìåòðàìè çàìiñòü çiðî÷îê

íàçèâà¹òüñÿ ìiíiâåðñàëüíîþ äåôîðìàöi¹þ ìàòðèöi J .
Î. Ì. Êëèìåíêî òà Â. Â. Ñåðãåé÷óê [2] ïîáóäóâàëè àëãîðèòì,

ÿêèé çâîäèòü ñiì'þ ìàòðèöü äî íîðìàëüíî¨ ôîðìè Àðíîëüäà
âiäíîñíî ïîäiáíîñòi i áóäó¹ ïåðåòâîðþþ÷ó ìàòðèöþ S(X). Íà-
ìè áóëî ðåàëiçîâàíî öåé àëãîðèòì çà äîïîìîãîþ ìîâè ïðîãðà-
ìóâàííÿ C++.
Íàøà êîìï'þòåðíà ïðîãðàìà ñêëàäà¹òüñÿ ç äâîõ ïiäïðîãðàì.

Â ïåðøié ïiäïðîãðàìi ìè çâîäèìî çàäà÷ó äî âèïàäêó ìàòðèöi
J ç ¹äèíèì âëàñíèì ÷èñëîì i â äðóãié ïiäïðîãðàìi ðîçãëÿäà¹ìî
öåé âèïàäîê. Ìè îïèøåìî òiëüêè ïåðøó ïiäïðîãðàìó, áî âîíà
ðåàëiçó¹ àëãîðèòì, ÿêèé âiäðiçíÿ¹òüñÿ âiä àëãîðèòìó ç [2].
1) Âõiäíèìè äàíèìè ïiäïðîãðàìè ¹:

• n�íàòóðàëüíå ÷èñëî;
• J = Jλ1⊕· · ·⊕Jλt (t ≥ 2, äèâ. (1)) i X �ìàòðèöi ðîçìiðó
n× n;
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• ε�ìàëå äiéñíå ÷èñëî äëÿ êîíòðîëþ çíà÷åíü ìàòðèöiX,
åëåìåíòè ÿêî¨ íå ìîæóòü ïåðåâèùóâàòè ε;
• µ � ìàëå äiéñíå ÷èñëî, ùî çàäà¹ òî÷íiñòü îá÷èñëåíü.

2) Ïåðåâiðÿ¹ìî, ÷è äiéñíî åëåìåíòè ìàòðèöi X íå ïåðåâèùó-
þòü ε.
3) Çîáðàæó¹ìî ìàòðèöþ J +X ó âèãëÿäi

J +X =

[
A1 C1

C2 A2

]
,

äå A1 := Jλ1 +X1 (äèâ. (1)).
4) Ðîçâ'ÿçó¹ìî ðiâíÿííÿ Ñèëüâåñòðà A1Z + ZA2 = C1 çà äî-

ïîìîãîþ MatLab. Íåõàé éîãî ðiøåííÿì áóäå Z1. Áóäó¹ìî ìà-
òðèöþ

S1 = In +

[
0 Z1

0 0

]
.

5) Çíàõîäèìî ìàòðèöþ

J +X1 := S−1
1 (J +X)S1 =

[
A′1 C ′1
C2 A′2

]
.

Ïåðåâiðÿ¹ìî, ÷è áóäóòü åëåìåíòè ìàòðèöi C ′1 ìåíøèìè çà çà-
äàíå µ. ßêùî íi, òî ïðîâîäèìî öi iòåðàöi¨ äî òèõ ïið, ïîêè íå
äîñÿãíåìî çàäàíî¨ òî÷íîñòi µ. Â ðåçóëüòàòi îòðèìà¹ìî

J +X ′ =

[
B1 0
C2 B2

]
.

6) Ðîçâ'ÿçó¹ìî ðiâíÿííÿ Ñèëüâåñòðà B2Z+ZB1 = C2. Íåõàé
éîãî ðiøåííÿì áóäå Z2. Áóäó¹ìî ìàòðèöþ

S2 = In +

[
0 0
Z2 0

]
.

7) Çíàõîäèìî ìàòðèöþ

J +X ′1 := S−1
2 (J +X ′)S2 =

[
B1 0
C ′2 B2

]
.
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Ïåðåâiðÿ¹ìî, ÷è áóäóòü åëåìåíòè ìàòðèöi C ′2 ìåíøèìè çà çà-
äàíå µ. ßêùî íi, òî ïðîâîäèìî öi iòåðàöi¨ äî òèõ ïið ïîêè íå
äîñÿãíåìî çàäàíî¨ òî÷íîñòi µ. Â ðåçóëüòàòi îòðèìà¹ìî

J +X ′′ =

[
B1 0
0 B2

]
.

8) ßêùî t ≥ 3, òî òàêèì æå ÷èíîì ïðèâîäèìî B2 i òàê äàëi,
ïîêè íå îòðèìà¹ìî áëî÷íî-äiàãîíàëüíó ìàòðèöþ

J + Y = (Jλ1 + Y1)⊕ · · · ⊕ (Jλt + Yt).
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