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Abstract. When contacting with acoustically-vibrated structures a fluid volume can take a
[time-averaged] geometric shape differing from capillary equilibrium. In accordance with the-
orems by Beyer et al. (2001) this shape (vibroequilibrium) furnishes a local minimum of a
[quasi-potential energy] functional. The variational problem contains five dimensionless param-
eters evaluating the fluid volume, the wave number of acoustic field in the fluid domain, the
contact angle and two newly-introduced numbers (η1, η2) giving relationships between (surface
tension, gravitation) and Kapitsa’s vibrational forces/energy. The paper focuses on negligible
small wave numbers (incompressible fluid) and two-dimensional flows. Although the variational
problem may in some isolated cases have analytical solutions, it requires in general numerical ap-
proaches. Numerical examples simulate experiments by Wolf (1969) and Ganiyev et al. (1977) on
vibroequilibria in horizontally vibrating tanks. These show that there appear at least two types
of stable vibroequilibria associated with symmetric (possible non-connected) and asymmetric
surface shapes. The paper represents also numerical results on flattening and vibrostabilisation
of a drop hanging beneath a vibrating plate (experiments by Faraday (1831)).
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1. Introduction

The problem on nonlinear interfacial sloshing of fluid-gas (two-fluid) systems in a
tank performing translatory/rotational vibrations belongs to actual physical prob-
lems of wave hydrodynamics. The surveys by Nevolin (1984) [43], Lukovsky &
Timokha (1999) [33], Perlin & Schultz (2000) [44], Faltinsen & Timokha (2001,
2002) [7, 8], Ibrahim et al. (2001) [16] and La Rocca et al. (2002) [25] include
detailed description of theoretical and experimental results from this scientific field
emphasising mainly nonlinear gravity/capillary-gravity waves due to resonant forc-
ing. When forcing frequency is close to the lowest natural frequency, the resonant
waves occur relative to potential equilibria caused by surface tension and grav-
itation. The potential equilibria coincide then with mean (time-averaged) fluid
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shapes and play the role of a zero-order approximation in an appropriate asymp-
totic analysis (Faltinsen & Timokha (2002) [9]).

Requirements in new technologies for chemical industry and space material
science motivate to develop acoustic (vibration) approaches for governing (posi-
tioning) either solid particles or fluid drops in a gaseous media. Experimental
and theoretical results on the acoustic contactless positioning and exotic shapes of
acoustically-levitated drops (acoustic equilibria) have been documented by Wang
(1996) [47], Apfel et al. (1998) [2] and Lee et al. (1998) [29] (the Second United
States Microgravity Lab), by Wanis et al. (1999) [48] (the NASA KS-135 space
program) and by Lierke (1991) [30] (the MICREX experimental program of the
European Space Agency).

A macroscopic fluid volume can also change its [time-averaged] shape due to
contacts with acoustically-oscillated structures (vibroequilibria). This type of
contact vibrational positioning goes back to Faraday (1831) [11]. Experimental
series 39-52 of his manuscript describe the flattening of fluid drops hanging be-
neath a vibrating plate. The key experimental examinations of vibroequilibria
have later been done by Wolf (1969, 1970) [49, 50], Lyubimov & Cherepanov
(1981, 1986) [36, 35], Bezdenezhnikh et al. (1991) [5], Khenner et al. (1999) [23],
Ivanova et al. (1997, 1998, 2001) [17, 18, 19, 20] and Lyubimov et al. (2002) [37].
Various kinds of vibrations and solid/elastic structures were tested. An empha-
sis was placed on interfacial vibroequilibria occurring in a horizontally vibrated
tank: Wolf (1969) [49], Bezdenezhnikh et al. (1984) [4] and Ganiyev et al. (1977)
[13] reported saw-tooth and inclined interfacial [time-averaged] reliefs for two-fluid
and fluid-gas systems respectively. Theoretical analysis of the vibroequilibria was
carried out by employing pendulum phenomenological models (Wolf (1969) [49]),
numerical schemes and asymptotic technique (Lyubimov & Cherepanov (1986) [35]
and Beyer et al. (2001) [3]). The asymptotic scheme uses vibroequilibria as zero-
order approximation as well as associates their stability with dynamic stability of
corresponding steady-state motions.

Both asymptotic analysis and computations for acoustic- and vibroequilibria
were mainly related to relevant problems, where convectional flows are of princi-
pal concern (e.g., the influence of modulated gravity field on melt crystallisation
studied by Anilkumar et al. (1993) [1] and Lee et al. (1996) [28]). There are
however some physical situations when the fluid behaviour can be described in
the framework of an inviscid fluid model with irrotational flows. These occur, for
example, when the fluid density exceeds significantly the density of surrounding
gas. Corresponding experimental results are given by Wolf (1969) [49], Ganiyev
et al. (1977) [13] and Bezdenezhnikh et al. (1984) [4]. Assuming a perfect fluid
with irrotational flows makes it possible to use the Lagrangian (Hamiltonian) vari-
ational technique adopted in resonant sloshing problems (Lukovsky & Timokha
(1995) [32]). By accounting for this, Beyer et al. (2001) [3] have undertaken a
mathematical activity aiming to derive a rigorous mathematical theory of vibroe-
quilibria. By following the general concept of Vibrational Mechanics (Blekhman
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Figure 1. Sketch of a vibroequilibrium in the three-dimensional case (a), and in the framework
of two-dimensional flows (b). The unit guiding vector a = (a1, a2, a3)T , the frequency ν and
the amplitude A are time independent constants. The fluid domain Qf (t) is confined to the
wetted area Sf (t) = ∂Q ∩ ∂Qf (t) and the free surface Σf (t), so that Q0 = 〈Qf 〉, Σ0 = 〈Σf 〉
and S = 〈Sf 〉.

(1999) [6]) and results on the Lagrangian variational formalism for a compress-
ible fluid (Lukovsky & Timokha (1995) [32]) they derived a quasi-potential energy
functional. Local minima of this functional coincide with stable vibroequilibria.
The functional collects terms associated with potential energy (surface tension and
gravitation) as well as ‘vibrational energy’ based on the concept by Kapitsa (1952)
[22]. The main advantage of the variational vibroequilibria is that it is symbolically
equivalent to the problem on capillary meniscus. Notwithstanding, the original pa-
per by Beyer et al. (2001) [3] gives neither qualitative nor numerical analysis of
known vibro-phenomena. The present paper fills up this gap for incompressible
and two-dimensional fluid flows in basins of rectangular shape.

2. Statement of the problem

Beyer et al. (2001) [3] have mathematically studied the free boundary problem
on forced motions of a perfect compressible fluid Qf (t) (irrotational flows) in a
rigid tank Q, which performs translatory harmonic high-frequency vibrations with
velocity v = −νA sin(νt)a, ||a|| = 1. Following original assumptions of Vibrational
Mechanics, Beyer et al. (2001) [3] considered small amplitude translatory vibra-
tions (amplitude/tank size ratio ε = A/l � 1) and the forcing frequency ν which
exceeds significantly the primary natural frequency of the linear sloshing ν0 (the
last is caused by gravitation and surface tension), i.e. ν0/ν = O(ε). They showed
that the mean (time-averaged) free boundary Σ0 = 〈Σf 〉 is in this case governed
by a free boundary problem which differs from the problem on capillary equilib-
ria. The mean (time-averaged) domain Q0 = 〈Qf 〉 bounded by Σ0 = 〈Σf 〉 and
S = 〈Sf 〉 became the name “vibroequilibrium” (see, Figure 1 (a)). Conclusions by
Beyer et al. (2001) [3] are qualitatively consistent with known experimental results
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and may methodologically be explained in terms of ‘vibrational forces/energy’ con-
cept proposed by Kapitsa (1952) [22] and developed by Blekhman (1999) [6] for
solid mechanical systems. Along with differential statement, the original paper by
Beyer et al. (2001) [3] contains also the variational criterion of stability: the vi-
broequilibrium Q0 is dynamically stable, if and only if, it delivers a local minimum
of the following functional

Π0(Q0) = η1(|Σ0| − cos α|S|) − η2

∫
Q0

(g1x + g2y + g3z)dQ+

+
∫

Q0

(|∇ψ|2 − k2(ψ − a1x − a2y − a3z)2)dQ→
Q0

min, (2.1)

subjected to

Q0 ⊂ Q;
∫

Q0

dQ = V = const (2.2)

and
∆ψ + k2ψ = k2(a1x + a2y + a3z) in Q0,

∂nψ = 0 on S; ψ = a1x + a2y + a3z on Σ0.
(2.3)

Here | · | is the area, ∂n is the outer normal derivative to ∂Q0, g = (g1, g2, g3),
|g| = 1 is the unit guiding vector of gravitation, α is the contact angle, k is the
wave number of acoustic field modulated in the fluid, V is the fluid volume.

Integral equation (2.2) defines the volume (mass) conservation rule. The Dirich-
let-Neumann boundary value problem (2.3) expresses dependence of the [wave]
function ψ(x, y, z) on Q0. The function ψ appears in the first-order approximation
of steady-state fluid motions, namely, velocity potential of the original evolutional
problem is posed in the form εψ(x, y, z) cos(νt) + o(ε) (mathematical details can
be found in the original paper [3]). Physically, these high-frequency steady-state
fluid motions are induced by vibrations of the tanks (rigid structure) and can
only be possible due to mobility of Σf (t) and compressible (acoustic) fluid flows
(incompressible flows imply k = 0).

Beyer et al. (2001) [3] introduced two dimensionless numbers η1 and η2 calcu-
lated by formulae η1 = 4µ, η2 = −4µBo, where µ = σ/(ν2A2lρ) > 0, Bo=gl2ρ/σ
(±Bo is the Bond number; the sign depends on direction of gravitation vector, see
Myshkis et al. (1987) [40]), g is the gravity acceleration, ρ is the fluid density and σ
is the coefficient of surface tension. Solutions of (2.1)-(2.2) (shapes Q0) depend on
five dimensionless parameters, i.e. V , α, k, η1 and η2. Further, the functional (2.1)
can be considered as the sum of three physically different terms. First and second
terms (at η1 and η2) express the contributions of surface tension and gravitation
respectively. The ratio |η2/η1| = |Bo| is the gravitation/surface tension energy
relationship (see, Myshkis et al. (1987, 1992) [40, 41] and Monti (2000) [39]). The
third [integral] term of Π0 implies so-called ‘vibrational energy’ (Blekhman (1999)
[6]). ‘Vibrational energy’ amounts itself both the averaged (per forcing period)
kinetic energy of steady-state fluid motions caused surface/interface waves and
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Figure 2. Three admissible vibroequilibria in a rectangular tank: (a) curvilinear trapezoid, (b)
curvilinear triangle and (c) drop upon a plate (bottom).

the averaged (acoustic) energy associated with compressible fluid flows. Details
on how these terms are derivable from the Lagrangian variational formulation of
the original evolutional problem are given by Beyer et al. (2001) [3].

After assuming k = 0 (the incompressibility has early been postulated by Lyu-
bimov et al. (1981) [36], Lyubimov & Cherepanov (1986) [35], Bezdenezhnikh et al.
(1991) [5], in some exercises by Timokha (1992) [45], by Khenner et al. (1999) [23]
and Ivanova et al. (2001) [19]) we will furthermore focus on vibroequilibria in a
parallelepipedal tank Q with the vectors g and a to be coplanar to the Oxz-plane.
When k = 0 the ‘vibrational energy’ (the last summand of Π0) coincides with the
averaged kinetic energy of steady-state wave fluid motions. Further, admissible
domains Q0 are single-connected with piece-smooth boundary shaped as shown
in Figure 2. Let 2l be the tank breadth (the distance between walls parallel to
the Oyz-plane) and 2L be the tank width (the distance between walls parallel to
the Oxz-plane). Assumption l/L � 1 makes it under certain circumstances pos-
sible to neglect the meniscus along the Oy-axis and reduces the original problem
(2.1)–(2.3) to the following formulation in the Oxz-plane

Π(Q0) = η1(|Σ0| − cos α|S|) − η2

∫
Q0

(g1x + g3z)dQ +
∫

Q0

|∇ψ|2dQ→
Q0

min, (2.4)

subjected to the following two-dimensional boundary value problem

∆ψ = 0 in Q0; ∂nψ = 0 on S; ψ = a1x + a3z = w(x, z) on Σ0 (2.5)

and the volume conservation condition (2.2). Here, in accordance with denoting
in Figure 1 (b), Q0, S and Σ0 deal with their traces on the Oxz-plane, such that
| · | is the length of corresponding curves.

3. Method

3.1. Analytical solution

Faraday (1831) [11], Wolf (1969, 1970) [49, 50] and Bezdenezhnikh et al. (1984)
[4] have experimentally shown that high-frequency vertical vibrations (a||g) of
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the tank can dynamically stabilise the Rayleigh–Taylor interfacial instability of
the planar potential equilibrium. The review by Nevolin (1984) [43] treats this
point as vibration-induced stability by parametric excitation of a multidimensional
nonlinear system. One way to obtain corresponding theoretical conclusions is to
involve the Mathieu analysis of small free surface perturbations. The use of the
variational formulation (2.4), (2.5), (2.2) is an alternative approach.

When capillary meniscus has planar shape perpendicular to g = (0, 0, g3)T ,
g3 = 1 (gravity acceleration is directed upward) and α = π/2, it becomes unstable
due to the Rayleigh-Taylor instability for (Myshkis et al. (1987, 1992) [40, 41])

−Bo =
η2

η1
> κ

2
1 , κ1 =

π

2
. (3.6)

Assuming a||g makes it possible to find the analytical solution of (2.4), (2.5), (2.2).
It is z = 0 (horizontal planar vibroequilibrium) and ψ =const. By employing the
positiveness of the Jacobi operator of (2.4) or, alternatively, the positiveness of
its spectrum (explicit form of the Jacobi operator was derived by Beyer et al.
(2001) [3]) we arrive at the criterion of stability for the planar vibroequilibrium as
follows

η2 < η1κ
2
1 + κ1 tanh(κ1h). (3.7)

Comparing (3.6) and (3.7) deduces that even if (3.6) holds true (unstable capillary
surface), (3.7) can be fulfilled (the vibroequilibrium is stable) for sufficiently small
η1 = O(1/ν2) and η2 = O(1/ν2) due to the passage ν → ∞.

Another analytical solution

ψ = C1 = const; a1x + a3z = C1, (3.8)

of (2.4), (2.5), (2.2) exists for η1 = η2 = 0 (ν = ∞). Here Π holds its absolute
minimum (Π = 0) and Σ0 is as shown in Figures 3 (a-c).

Experiments by Wolf (1969, 1970) [49, 50] and Bezdenezhnikh et al. (1984) [4]
described also vibrational phenomena, which cannot easily be related to vibration-
induced parametric stabilisation. This is for instance an ‘inclined’ stationary in-
terfacial relief occurring in horizontally-vibrated tank (a⊥g) along the Ox-axis.
Wolf (1969) [49] and Timokha (1997) [46] have intuitively explained this inclina-
tion by using a pendulum phenomenological model of sloshing (see details on pen-
dulum modelling in sloshing problems by Ibrahim et al. (2001) [16]). The analysis
of the pendulum dynamics due to high-frequency external forcing is for instance
given by Kapitsa (1952) [22], Landau & Lifschitz (1962) [26] and Blekhman (1999)
[6].

3.2. Numerical method

Vibroequilibria should in general case be found from a numerical minimisation
of (2.4) subjected to (2.5) and (2.2). The algorithm must consist in selecting an
admissible class of Q0 with its appropriate parametrisation/discretisation Q0 =
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Figure 3. Sketch of possible stable vibroequilibria for extremely large forcing frequency ν = ∞
(η1 = η2 = 0). The planar free boundary Σ0 is perpendicular to the guiding vector a.

Q0(d1, . . . , dM1), di ∈ R and in matching a robust numerical scheme for the
Dirichlet-Neumann boundary value problem (2.5). The solver of (2.5) must keep
uniform accuracy for any admissible Q0(d1, . . . , dM1).

Furthermore, we assume for domains in Figure 2 that Σ0 allows either z = f(x)
or x = f(z) normal form equation. The function f(·) will in numerical schemes
be associated with a cubic spline by Forsythe et al. (1977) [12]

f(·) ∼= Ai(fk) + Bi(fk)(· − ·i) + Ci(fk)(· − ·i)2 + Di(fk)(· − ·i)3, (3.9)

where Ai, Bi, Ci,Di are functions of fk = f(·k) defined in the mesh points ·k, k =
0, . . . , M, M ≥ 4. Since this spline technique does not need any additional
conditions at endpoints of the interval [·0, ·M ], Q0 becomes a function of {fk, k =
0, . . . , M}. The variables {fk} are subjected to volume conservation condition
(2.2). In order to avoid this restriction we will use a re-parametrisation fk =
fk(di), k = 0, . . . ,M aiming to satisfy (2.2) for the independent variables {dk ∈
R, k = 0, . . . , M1}. Proceeding this way, the functional Π becomes a function of
{dk, k = 1, . . . ,M1}.

The minimisation needs both solution ψ ∈ W 1
2 (Q0) of (2.5) and computation

of the last integral term in (2.4). Using Green’s formula for this integral term∫
Q0

(∇ψ)2dQ =
∫

Σ0

∂nψ w dΓ

implies that its calculation needs only the Neumann trace ∂nψ on Σ0. Hence, the
boundary element methods for (2.5) seem to be a most efficient approach to our
variational problem.

Let P (ξ, η) ∈ ∂Q0 and P ∗(x.z) ∈ Q0 be two arbitrary points on the boundary
and in open part of Q0 respectively. When using representation of a harmonic
function via single and double layer potentials we get (Mikhlin (1977) [42] p. 207)

ψ(x, z) =
1
2π

∮
∂Q0

[
ln

1
R

∂nP
ψ − ψ∂nP

ln
1
R

]
dΓP , (3.10)

where R = R(ξ, η;x, z) =
√

(ξ − x)2 + (η − z)2. Here ln 1
R is the two-dimensional

free space Green function and nP means a unit vector normal from ∂Q0 in the
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point P pointing out of the domain Q0. In accordance with the rules for single
and double layer potentials the integral representation (3.10) can be traced on the
boundary and re-written as follows

ω(x,z)ψ(x, z) =
∮

∂Q0

[
ln

1
R

∂nP
ψ − ψ∂nP

ln
1
R

]
dΓ(ξ,η), (3.11)

where P ∗(x, z) ∈ ∂Q0 and ω(x,z) is the solid angle at P ∗(x, z) (ω(x,z) = π for
smooth pieces of the boundary).

The Dirichlet trace ψ = w(x, z) is known on Σ0, while the Neumann trace
∂nψ = 0 is given on the remaining part S. Then for P ∗ ∈ ∂Q0 the integral
representation (3.11) yields the integral equation on ∂Q0 as follows

∫
Σ0

[
Φ ln

1
R

− w∂n(ξ,η) ln
1
R

]
dΓ(ξ,η) −

∫
S

Ψ∂n(ξ,η) ln
1
R

dΓ(ξ,η) =

= ω(x,z)

{
w(x, z), (x, z) ∈ Σ0;
Ψ(x, z), (x, z) ∈ S,

(3.12)

where ∂nP
= ∂n(ξ,η) . This integral equation couples two unknown functions

Φ = ∂nψ on Σ0; Ψ = ψ on S (3.13)

and falls, in fact, into a system of integral equations defined on smooth pieces
of ∂Q0. ∂Q0 in Figure 2 consists at most of four smooth portions. The most
complex case (curvilinear trapezoid) is presented in Figure 2 (a). The integral
equation (3.12) takes in this case the following form

∫ 1

−1

Φ(ξ)
√

1 + f ′2(ξ)
[
ln

1
R

]
η=f(ξ)

dξ−

−
∫ 1

−1

w(ξ)
[
∂η ln

1
R

− f ′(ξ)∂ξ ln
1
R

]
η=f(ξ)

dξ +
∫ f(−1)

0

Ψ−(η)
[
∂ξ ln

1
R

]
ξ=−1

dη−

−
∫ f(1)

0

Ψ+(η)
[
∂ξ ln

1
R

]
ξ=1

dη +
∫ 1

−1

Ψ0(ξ)
[
∂η ln

1
R

]
η=0

dξ =

= π




w(x, f(x)), z = f(x), −1 < x < 1;
Ψ0(x), z = 0, −1 < x < 1;
Ψ−(z), x = −1, 0 < z < f(−1);
Ψ+(z), x = 1, 0 < z < f(1),

(3.14)

where the Neumann trace Φ = Φ(x) ∈ W−1/2[−1, 1] was previously defined in
(3.13) and the Dirichlet trace Ψ is a continuous function on flat portions S−
(wetted left wall), S+ (wetted right wall) and S0 (bottom). When taking into
account the regularity results by Grisvard (1985) [15], Ψ falls into three functions
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(densities)

Ψ =




Ψ0(x), −1 < x < 1;
Ψ−(z), 0 < z < f(−1);
Ψ+(z), 0 < z < f(1);

Ψ0(−1) = Ψ−(0); Ψ0(1) = Ψ+(0). (3.15)

The system of integral equations (3.14) couples the unknowns Φ,Ψ0,Ψ− and
Ψ+. The integral kernels of (3.14) are explicitly calculated by Gavrilyuk & Tim-
okha (2003) [14] for admissible domains in Figures 2 (a,b). Several those kernels
are of regular character (or have removable singularities) in closed domains of def-
inition. Other kernels have either logarithmic singularity (associated with single
layer potential terms) or power singularity (associated with the double layer po-
tential) at the corner points (endpoints). Solution ψ and, therefore, the unknown
densities Φ,Ψ0,Ψ+ and Ψ− have almost always the singularities at the corner
points (Lukovsky et al. (1984) [31] and Grisvard (1985) [15]). Singular character
of double layer potential kernels and densities depends dramatically on both the
contact angle and the curvature of Σ0. This means that boundary element schemes
may have significant error and need a refining mesh procedure even with slightly
varying Q0. This may cause time-inefficient computations.

We analysed appropriate boundary element algorithms based on integral sys-
tems alike (3.14). Typical papers can be exemplified by Misuno & Kodama
(1990) [38] and Landrini et al. (1999) [27] implementing boundary element scheme
for time-stepping in the evolutional fluid sloshing problem. As matter of fact, Mis-
uno & Kodama (1990) [38] ignored the corner singularities, while Landrini et al.
(1999) [27] only discussed them. Since these papers consider nearly-rectangular
domains Q0 with nearly-right contact angle between Σ0 and S (in terms of our
definitions), the solution ψ is of singular character only for higher derivatives.
However, duly various geometrical variations of Q0 the solution ψ may have the
corner singularities in the first derivatives. Their capturing becomes therefore of
primary concern. An example of an appropriate boundary element scheme taking
into account the corner singularities is given by Kress (1990) [24]. He develops
it for the Dirichlet boundary value problem. Since this Kress-Nyström scheme
produces appropriate mesh grading automatically (depending on Q0), it does not
need a refining mesh procedure with changing Q0. Authors have modified this
scheme for the Dirichlet-Neumann problems (Gavrilyuk & Timokha (2003) [14]).
Details and convergence theorems will be presented in a forthcoming publication.

4. Numerical results and discussion

Numerical results below have been obtained with maximum dimensions M = 20
(the number of mesh points for spline approximation of Σ0) and N1 = ... = N4 =
50 (the number of mesh points on smooth portions of ∂Q0). Numerical procedure
required typically N1 ≈ ... ≈ N4 ≈ 30 and M = 10 to get 4-5 steady digits for an
uniform approximation of Σ0. The maximum dimensions were used to calculate
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Figure 4. The Oz-symmetric two-dimensional vibroequilibria for η1 = 0 (earth-based
conditions) and V = 4 (h = 2). The vibroequilibria are labelled by values of η2. ‘Initial profile 1’
is used to calculate single-connected solutions (η2 = 0.5 and 0.21). Disconnected domains are
calculated with ‘initial profile 2’ (η2 = 0.12 and 0.05). The critical value of η2, for which
vibrations separate the fluid into two equal subdomains, is predicted about 0.205.

‘critical’ vibroequilibria, at which Q0 undergoes separation into two sub-volumes.
The procedure of numerical minimisation adopted a quasi-Newton method by Ka-
haner et al. (1988) [21]. The iteration number depended on number of mesh points
and was typically between 5 and 50. Calculations have been done on a Pentium-
II-366 computer. Calculation time has been affected by η1, η2,M,N1, . . . , N4 and
initial approximation of Σ0. It was typically (for our non-optimised FORTRAN-
code) between 15-600[s].

4.1. Vibroequilibria in a horizontally vibrating tank

Wolf (1969) [49], Ganiyev et al. (1977) [13] and Bezdenezhnikh et al. (1984)
[4] established experimentally two typical vibroequilibria occurring in a horizon-
tally vibrating tank filled by a fluid-gas system (‘gas density’/‘fluid density’� 1).
The first one consists in an ‘inclination’ (re-orientation) of the fluid. Σ0 becomes
geometrically close to an inclined plane. These vibroequilibria belong to the Oz-
asymmetric admissible shapes in Figure 2 (b). The second type of vibroequilibria
deals with the Oz-symmetric solutions, such that Σ0 forms a ‘cavity’-like profile
(Ganiyev et al. (1977) [13] published corresponding photos). The fluid volume may
in the last case be separated by horizontal vibrations into two equal sub-volumes
localised at opposite walls.

Vibroequilibria under terrestrial conditions (η1 = 0). A macroscopic fluid
volume under terrestrial conditions is characterised by large Bond numbers (Mysh-
kis et al. (1987, 1992) [40, 41] and Monti (2000) [39]). This implies |1/Bo|=|η1/η2| �
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Figure 5. Asymmetric vibroequilibria under terrestrial conditions (η1 = 0) for V = 4 obtained
with triangular ‘initial profile’ as an initial approximation of Σ0. The vibroequilibria are labelled
by values of η2. Stable asymmetric vibroequilibria do not exist for η2 > 0.302.

1. Assuming |η2| = O(1) gives |η1| � 1. This means that surface tension is negligi-
ble relative to gravitation and ‘vibrational energy’. We will therefore adopt η1 = 0.
In turn, α disappears from the functional Π. Solutions of the variational problem
(2.4), (2.5), (2.2) become then depending on two parameters η2 and V (dimension-
less mean fluid depth h = V/2). We centre numerical simulations around the case
h = O(1). Shallow and intermediate fluid depth (Lukovsky & Timokha (2000) [34]
and Faltinsen & Timokha (2002) [8] estimated them for h � 0.24) as well as fairly
deep fluid depths are not analysed. Depending on initial approximation of Σ0, η2

and h the computations give either symmetric or asymmetric profiles Σ0. There
are also the pairs (η2, h), for which these solutions co-exist. This means that the
problem (2.4), (2.2), (2.5) may be not uniquely solvable (it has, at least, two local
minima).

A typical strategy to distinguish co-existing solutions (vibroequilibria) consists
in performing the numerical minimisation with different initial boundary shapes.
Each such an initial shape can physically be treated as an instantaneous wave
pattern occurring in transients when vibrational forcing starts. We used two tran-
sient scenarios characterised by different wave patterns. The first scenario suggests
easily that there are no transients (transient waves of negligible small amplitude).
The second one suggests asymmetric, triangular profile (see, Figure 5) associated
with instantaneous wave profiles (bores, run-up etc.) of large amplitude men-
tioned and illustrated by Faltinsen & Timokha (2002) [8]. Some numerical results,
presented in Figures 4 and 5, exemplify how these two scenarios lead to different
vibroequilibria.

The vibroequilibria with η2 = 0.5 and 0.21 in Figures 4 were obtained by as-
suming the first transient scenario. The computations used the horizontal ’initial
profile 1’. Whenever η2 > 0.205, this initial position of Σ0 in our iterative min-
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Figure 6. The critical pairs (h, η2) at which the symmetric single-connected vibroequilibria
become disconnected ones. Earth-based conditions (η1 = 0).
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Figure 7. The Oz-symmetric two-dimensional vibroequilibria for η2 = 0 (zero-gravitation
conditions), α = π/4 and V = 4. The vibroequilibria are labelled by values of η1. ’Initial profile
1’ (see Figure 4) was used to calculate single-connected solutions (η1 = 10.0, 0.5 and 0.1) ’Initial
profile 2’ in Figure 4 was adopted to calculate non-connected vibroequilibria labelled by 0.2t
and 0.1t (for η1 = 0.2 and 0.1 respectively).

imisation procedure leads to axial-symmetric Q0. For η2 ≤ 0.205 the numerical
scheme can diverge due to intersection between Σ0 and the bottom. The second
transient scenario assumed triangular initial approximations of Q0 (‘initial profile’
in Figure 5). Whenever η2 < 0.302, this initial approximation in the iterative pro-
cedure leads to asymmetric Σ0. Some examples are presented in Figure 5. These
asymmetric solutions are absent for η2 > 0.302 due to their instability.

Hence, for η1 = 0, V = 4 and η2 > 0.302 our two initial transient scenarios give
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Figure 8. The same as in Figure 7, but α = π/6.

exclusively symmetric stable vibroequilibria, but when 0.205 < η2 < 0.302 both
symmetric and asymmetric vibroequilibria are found. Asymmetric vibroequilibria
exist also for η2 < 0.205 (see examples in Figure 5). For η2 < 0.205 the fluid can
also fall into two equal Oz-symmetric portions. The developed algorithm makes it
possible to find these vibroequilibria with ‘initial profile 2’ shown in Figure 4 (see
examples with η2 = 0.12 and 0.05 in Figure 4).

It is of especial interest to find critical pairs (η2, h), at which the fluid separates
Oz-symmetrically into two sub-volumes. This point for each such a sub-volume
deals with condition x∗ = 0 depicted in Figure 2 (b). By using this condition for
each sub-volume we found the dependence η2 versus h and presented it in Figure 6.
The graph demonstrates, that critical η2 increases with decreasing h and, therefore,
smaller fluid volumes are separated by vibrational with lower excitation frequency
(because η2 = O(1/ν2)). The splitting (separation) would hardly occur for fairly
deep fluid, because critical η2 → 0 as h → ∞, and, therefore, critical ν → ∞.

Vibroequilibria under zero-gravity conditions (η2 = 0). For zero-gravity
(microgravity) conditions |Bo|=|η2/η1| � 1 (Myshkis et al. (1987, 1992) [40, 41]
and Monti (2000) [39]). Solutions of (2.4), (2.5), (2.2) depend then on three di-
mensionless numbers V, η1 (we assume η1 = O(1) and, in turn, η2 = 0) and α.
When following two transient scenarios introduced above (starting minimisation
from either planar or triangular initial profiles), the computations demonstrate
both symmetric and asymmetric solutions. These appear in the same way as it
was described in the previous paragraph. There are only minor local geometric
differences at the contact points influenced by the different contact angles. Corre-
sponding numerical examples are given in Figures 7 and 8. We should note that
our previous calculation strategy to estimate critical pairs (h, η1), at which the
fluid may split into two symmetric portions, fails. This is due to a hysteresis in
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Figure 9. Flattening capillary drop with decreasing η1 = O(1/ν2) (increasing forcing frequency
ν) on a vibrating plate. Zero-gravity conditions (η2 = 0), V = 2 and α = π/6. The curves are
labelled by η1.
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Figure 10. Stabilisation and flattening of a drop hanging beneath a vibrating plate. η1 = 0,
V = 4. The curves are labelled by the values of η2. Critical value of η2, when the drop becomes
unstable due to Rayleigh-Taylor instability is estimated near η2 = 0.73.

the dependence between η1 and h. Significant region of η1 is found, where both
single-connected and disconnected symmetric solutions co-exist. Corresponding
profiles in Figures 7 and 8 are exemplified by 0.1 and 0.1t. These profiles were ob-
tained with the same η2 = 0, V = 4, α = π/4 (π/6) and η1 = 0.1, but for different
initial approximations (transient scenarios). The hysteresis can be explained by
a jump of the surface energy (due to the surface tension) established in different
capillary problems (Myshkis et al. (1987) [40]).
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4.2. Vibroequilibria of a drop on a vibrating plate

The capillary equilibria of a drop on a rigid plate were in details investigated by
Myshkis et al. (1987, 1992) [40, 41]. When these drops are modified by vertical
vibrations (Faraday (1831) [11]) both the variational vibroequilibria concept and
the proposed numerical technique can be used. Flattening drop with decreasing
η1 (increasing ν) is exemplified in Figure 9. The calculations are consistent with
Faraday’s experimental observations.

Vibrations of the plate may significantly influence the drop extent occurring
with increasing Bond number (η2) and prevent its fall from the plate (the drop
becomes unstable for non-small Bond numbers due to the Rayleigh-Taylor insta-
bility). Our test computations emphasise the limit case η1 = 0 and η2 = O(1)
(this means infinite Bond number, i.e. |η2/η1| = |Bo|� ∞). When there are no
vibrations, conditions Bo� 1 and g3 = −1 (gravitation is directed downward) lead
immediately to fall of the drop from the plate (Myshkis et al. (1987) [40]). In
contrast, the numerical solutions in Figure 10 demonstrate stable vibroequilibria.
The critical η2, at which the drop becomes unstabile and falls from the vibrating
plate is found near 0.73.

5. Conclusions

Two-dimensional vibroequilibria of a limited incompressible fluid volume are ex-
amined. These may occur in a parallelepipedal tank forced harmonically with
high frequency. Further, the gravity acceleration and guiding vibration vectors
are coplanar and belong to the Oxz-plane. The analysis is based on variational
concept by Beyer et al. (2001) [3]. The variational formulation contains the terms
associated with surface tension, gravitation and Kapitsa’s vibrational energy.
1. When surface tension and gravitation are negligible small relative to Kapitsa’s
vibrational energy (η1 = η2 = 0) we found an analytical solution of the variational
problem delivering an absolute minimum of the corresponding functional. The
time-averaged free surface is then perpendicular to the direction of vibration.
2. For vertical vibrations the variational concept explains analytically the vibration-
induced stability by parametric excitation (stabilisation of the Rayleigh-Taylor in-
stability), which was for instance described experimentally by Wolf (1970) [50].
3. The governing functional is subjected to the Dirichlet-Neumann boundary prob-
lem. We approximate its solution by a modified boundary element method by
Kress (1990) [24], which handles the singularity at the corner points. The method
provides an automatic mesh grading. The actual vibroequilibria under terres-
trial (large Bond number) and microgravity conditions (small Bond number) in a
horizontally vibrating rectangular container are numerically studied. It is shown
that vibration may both separate the fluid domain into two equal sub-domains
(splitting) and ensure the fluid volume near one of vertical walls (inclination, re-
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orientation). The vibroequilibria depend on the dimensionless numbers η1 and η2,
the mean fluid volume and initial approximation of the free surface. The depen-
dence of the vibroequilibria on its initial approximation in iterative procedure can
be treated as the influence of different transient wave patterns (transient scenar-
ios) occurring when the vibroforcing starts and means non-uniqueness of solution.
The experimental observations by Wolf (1969) [49], Bezdenezhnikh et al. (1984)
[4] and Ganiyev et al. (1977) [13] are qualitatively described.
4. Vibrostabilisation and the flattening of a drop hanging beneath a vibrating
plate are described (Faraday (1831) [11]). It was shown that the Rayleigh-Taylor
instability can be stabilised by vibrations even if the surface tension is neglegibly
small (large Bond numbers).
5. Even if k = 0 (incompressible fluid) and the problem is considered in two-
dimensional statement there are two serious numerical difficulties to find the vi-
broequilibria. The first one gives rise from analytical description of admissible
vibroequilibria, on which the functional should be minimised, and their discreti-
sation. In particular, the domain can be separated into two and more subdomains
due to vibroloading (homogenization). The second difficulty consists in match-
ing the minimisation with solving the Dirichlet-Neumann boundary value problem
constraining the test vibroequilibrium and the wave function. Some additional ef-
forts are required to overcome these difficulties for the three-dimensional case and
k �= 0 (compressible flows). The additional problem for the three-dimensional case
is a significantly wider set of possible initial transients scenarios (see Faltinsen,
Rognebakke & Timokha (2003) [10] discussing some three-dimensional nonlinear
wave patterns occurring for transients).
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