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Abstract A spectral boundary problem on axisymmetric eigenoscillations of a cupola-shaped shell is considered
with emphasis on small shell thickness. The problem deals with a singularly perturbed system of ordinary differen-
tial equations. The paper examines analytical properties of the solution and, based on that, constructs an appropriate
functional basis for Ritz’ method. Employing this basis provides fast convergence in the C3-metrics.
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1 Introduction

There is a wide range of analytical and numerical methods which can be successfully applied to solve the problem of
forced and eigenoscillations of thin-walled shells. Examples partly related to our presentation are given by Anderson
[1], Goller [2], Mukherjee and Chakraborty [3], and Al-Jumaily and Najim [4]. Anderson [1] considers the forced
torsional oscillations of thin, spherical and hemispherical shells by using the Gegenbauer transform. Goller [2],
and Mukherjee and Chakraborty [3] construct analytical solutions. Goller [2] employs the Fliigge shell equations
and uses modal superposition to get results for dynamic deformations of a spherical shell zone due to short-time
local loads. The results are relevant to a nuclear boiling-water reactor. Results by Mukherjee and Chakraborty [3]
are for thin neo-Hookean spherical shells. Al-Jumaily and Najim [4] present numerical and experimental results
on axisymmetric free vibrations of a closed thin oblate spheroidal shell. The methods are useful, but it is difficult
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166 I. Gavrilyuk et al.

to extend them to the analytical and numerical studies of the axisymmetric eigenoscillations of a cupola-shaped
closed shell of revolution, i.e., to the tasks which are the focus of the present paper.

The eigenoscillations of the aforementioned axisymmetric shell are governed by a spectral boundary-value prob-
lem formulated for a system of ordinary differential equations (ODEs) which, to the authors best knowledge, do
not have exact solutions. Appropriate approximate methods are reviewed in the book by Leissa [5, Chaps. 2, 6] as
well as in books of Soviet applied mathematicians, e.g., Grigorenko et al. [6, Chap. 2], Karmishin et al. [7, Chap. 3]
and Goldenveiser et al. [8, Chap. 8]. Because expressions for moments involve the third-order derivative of the
eigenmodes, the approximate methods should, ideally, provide convergence in the C3-metrics, namely, it should
converge uniformly together with the third-order derivative. Whereas values of the shell thickness are not small, that
is, intermediate (moderate), the required approximation could, for instance, be achieved by reducing the original
boundary-value problem to a recurrence of Cauchy problems that are integrated by the fourth-order Runge—Kutta
method utilizing Godunov’s discrete orthogonalization [8, pp. 124—126]. However, this method fails for thin-walled
shells.

An alternative could be finite-element or Ritz’ methods. A general finite-element method to compute eigenfre-
quencies and modes for ultimate shells of revolution is developed by Tan [9]. Vibrational behavior of a circular
cylindrical shell, an elliptic hyperboloid shell (modeling a cooling tower), and a complete spherical shell are inves-
tigated by using this method. However, the applicability of this method is demonstrated for intermediate thickness,
and, it is believed, the method needs special modifications to be adopted for the studied problem. Another example
is in the paper by Sai Ram and Sreedhar Babu [10] who applied the finite-element method to a composite spher-
ical shell as well as Panda and Singh [11] using the finite-element method for the geometrically large-amplitude
free-vibration analysis of a composite spherical shell panel. Intermediate values of the shell thickness are studied
in the papers by Kang and Leissa [12—-16] who apply Ritz’ method to two-dimensional and three-dimensional shell
theory. Ritz’” method and penalty parameters are used by Monterrubio [17] for a wide set of shells. We should
mention the paper by Artioli et al. [18] who consider a free-vibration problem of shells of revolution and study the
asymptotic behavior of the lowest eigenfrequency as the thickness tends to zero. The method is generally applicable
to thin-walled shells. Numerical results are given by using a combination of finite-element and collocation methods
for a parabolic, elliptic or a hyperbolic cylinder and a non-closed shell of revolution in the form of a dome-shaped
shell with a hole at the top. It would be of great interest to illustrate how our method captures the asymptotics
established by Artioli et al. [18], but, unfortunately, this paper does not give results for closed cupola-shaped shells
that are studied here.

The reason for the limitation of numerical methods in handling thin-walled cupola-type shells of revolution
is that the governing ODEs have a small multiplicative parameter (proportional to the thickness) in front of the
highest-order derivative. As matter of the fact, the ODEs are singularly perturbed and their solution, that is, eigen-
modes, is characterized by a boundary-layer behavior [19, Chap. 10] at the end-points of the considered interval.
Analytical study of this behavior as well as an approximate numerical method providing a sufficient approximation
in the C3-metrics for both small and intermediate values of the shell thickness (the so-called uniformly converging
method with respect to the thickness, [20, pp. 50-54]), were a challenge for the authors before writing this paper.

There are two objectives of the present paper. First, we investigate the character of the fundamental solution, and
explicitly extract the boundary-layer-type component of this solution. Second, based on a variational formulation,
a global Ritz method is applied using Legendre polynomials together with the boundary-layer solution. The con-
structed analytical approximate solutions are quite accurate to give an insight into the physics; they may also serve
as a benchmark solution for traditional numerical tools.

In Sect. 2, the original boundary-value problem on axisymmetric eigenoscillations of the cupola-shaped shell
(cutoffs of spheres, ellipsoids and hyperboloids of revolution are particular cases) is formulated and, in Sect. 3, the
analytical structure of the eigenmodes is studied. The study makes it possible to construct a system of coordinate
functions for Ritz’ method (Ritz’ method was used by Kang and Leissa [ 12—16], and Trotsenko [21], for anon-closed
axisymmetric shell) which captures the boundary-layer behavior of the eigenmodes at the edge. In Sects. 4-6, the
corresponding variational scheme involves these coordinate functions for numerical experiments demonstrating a
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Fig. 1 Sketch of the +z
cupola-shaped shell and
adopted nomenclature. The
axisymmetric shell
eigenoscillations are
associated with normal u
and vertical tangential w
shell displacements; the
horizontal tangential
displacement is zero.

k<V

X

good accuracy in the C3 metrics. This accuracy is not affected by the shell thickness, i.e., the proposed method
provides uniform convergence with respect to the thickness.

2 Statement of the problem

We consider an axisymmetric thin-walled shell of thickness /#, whose mid-surface has a cupola-type shape in its
static undeformed state as depicted in Fig. 1; Ry is the shell characteristic dimension associated with the edge radius.
The shell shape is fully determined by the meridional plane curve appearing due to intersection of the meridional
plane and the mid-surface. This curve can be parameterized by the natural parameter s so that the starting point
(s = 0) corresponds to the cupola pole and the end point (s; > 0) is at the shell edge, 0 < s < s1; obviously, s7 is
the total length of the curve.

Our focus is on axisymmetric eigenoscillations of the cupola-shaped shell. These oscillations are associated
with small deviations of the introduced meridional plane curve so that the vertical tangential and normal (directed
into the cupola) components, U (s, t) and W (s, t), respectively, are functions of s and ¢. The horizontal tangential
component is zero. Because we consider eigenoscillations, U (s, t) = exp(iwt)u(s) and W (s, ) = exp(iwt)w(s),
where the non-trivial functions u(s) and w(s) correspond to the eigenmodes, and w is the circular eigenfrequency.

Following Aslanin and Lidski [22, Chap. 1], we consider nondimensional ordinary differential equations (ODEs)
that describe axisymmetric eigenoscillations of the cupola-shaped shell and adopt the following notations

1d/ d h? 1 —v2)pR2w?
A=—-——1(r—1», 2= 3 A:( )'00 ,
rds ds 12R5 E
where E, v, p are Young’ modulus, Poisson’s coefficient and density, respectively. The spectral parameter X is

proportional to the square of the unknown eigenfrequency w. The spectral ODEs with respect to the small deviations
u(s), w(s) and A take the form

d /1d (1—v) (1 —v)dw d 1 1
——\-=—@Cu)) - u—+ ———\l=+=)w)—Ar2u=0,
ds \rds RiR> R, ds ds R R>

1/1 1\ d A=vyd [ r 1 20 1
;(R—ﬁR—z)a(”‘)— ; a(z“)*(?ﬁmﬂe—g)w M
+cz|:AAw+(1_v)i( d d—w)]—xwzo.

r ds \Ri{R, ds
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The ODEs involve the principal curvatures, R and R, which are expressed as

Ry =TT R2=\/1_—W, (2)
where r(s) is the known distance between the meridional plane curve and the symmetry axis; r’ = dr/ds, r" =
d?r/ds2.

The spectral problem (2) with respect to u, w, and spectral parameter A requires corresponding boundary con-
ditions at s = s1. In the case of the clamped-edge shell, these conditions are

d
u(st) = wisy) = d—’f|s:sl = 0. 3)

The free-edge conditions suggest

du w r w 5 ((Pw r dw
nh=—+—_+v Tut =0, Mi=—-c"|\—5+v—-——])=0,

ds Ry r 5 ds? r ds
d 1 —vdw
2
2 ¢ (ds W RiR> ds) ay=a @)

where T7, M1, and Q1 are the meridional force and moment, and the transverse force on the mid-surface, respectively.
Different boundary conditions at the shell edge can involve a linear combination of (3) and (4).

At the cupola pole, s = 0, the functions u(s) and w(s) should be finite together with their derivatives. Moreover,
the axisymmetric shell cupola is characterized by equal principal curvatures at the pole, i.e.,

(R1)s=0 = (R2)s=0 = R = const )

so that (s) is an analytical function at s = 0.

3 Analytical structure of the eigenmodes
3.1 Preliminaries

Because the known function r(s) and principal curvatures R and R; defined by (2) are analytical functions, they
can formally be expressed in terms of Taylor series, i.e.,

) =s(1 LZ 4 . 6)
r(s)=s _6R2s +ass 4+ )5 (

. =%[1+(#— 15R2a4)s2+b4s4+-~-],
RLz :%[1—}—(ﬁ—SR2a4)s2+C4s4+~--],
where a;, b; and ¢; are the corresponding coefficients. Substituting (6) and (7) in (2), one can see that, even though
u(s) and w(s) must be finite at s = 0, there are degenerating coefficients in the front of the derivatives of u(s) and
w(s) at s = 0. This point is important for constructing regular asymptotic solutions in Sect. 3.2.

The second important point is that the highest-order derivative of w(s) (associated with the A Aw-term) in (2) is
multiplied by the nondimensional thickness ¢ which is assumed to be a small parameter. As matter of the fact, the
considered ODE:s (2) are singularly perturbed; their fundamental solution includes a high-gradient (boundary-layer
type) component which will be derived in Sect. 3.3.

In this section, we construct asymptotic solutions of (2) in terms of the small parameter u defined as follows

U=, ®)
According to the general theory of singularly perturbed differential equations [19, Chap. 10] and [23, Chap. 4],
there are three aforementioned types of asymptotic solutions which are associated here with the indexes J = 1, 2

and 3. The first type (J = 1) implies a regular (analytical) asymptotic solution, but 7 = 2, 3 correspond to the
boundary-layer-type solutions.

)
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3.2 Regular asymptotic solution, J = 1

The regular asymptotic solution of (2) can be presented as follows

o o0
us) = > wHhu(s). wis) = uHwn(s), ©)
k=0 k=0

where u; and wy should be found by inserting (9) into (2) and matching the same powers of u on both sides of
the differential equations. This procedure yields recurrence ODEs with respect to u(s) and wi(s), k > 0. Our
task consists of studying the asymptotic solution behavior at s = 0 which is fully determined by the zero-order
approximation.

The zero-order ODEs couple u¢(s) and wq(s), i. e.,

dug dw

a1 — +aoug + azwy =0, V1—0+V2w0+3/3uo =0, (10)
ds ds

where the s-dependent coefficients are

1 v r (v 1 1 2v 1
agp=—+—, 0o=—\|\—+—-),3=—+ +— —A,

%))
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|

(/\ 1_')2) (11)
)/1 = —u] - 2 .
R2

Due to relations (6) and (7), the coefficients ap and y3 have a first-order pole, but other coefficients in (11) are
analytical functions at s = 0. Physically, Eq. 10 describes eigenoscillations of a membrane shell.
Introducing the vector-function

y={nynh yi=u(s), y2=wo(s), (12)
the ODEs (10) can be re-written in the normal form
d
s = Fis. ny. 1
ds
where the elements f;;(s) of matrix F'(s, A) are defined by
saa(s) sa3(s) sy3(s) s12(s)
fu) = =222 pa) = =220 i) = =B ) = 222 (14)
ai(s) ai(s) y1(s) 71(s)

The functions f;;(s) are analytical on the interval [0, s1], and, therefore, we can present matrix F(s, 1) in the
Taylor series

o
F(s,2) =Y Fs", (15)
k=0
where the matrix coefficients Fy are given by
(2k—1) (2k)
-10 0o f 0
Fy = H , Py = 2k—1) 12 , For = ‘ 1 k) | (k =1,...).
00 21 0 0 /i
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The solution of the ODEs (13) can be expressed as

o
yi =57 gixsk, (=1.2), (16)
k=0
where o and g; x are unknowns. The right-hand side of (13) is composed of the expressions
ok
Frava =5 DD ga.ifrg V55 (p.g=1.2). amn
k=0 j=0

Substituting (16)—(17) in (13) and matching the terms of the lowest-order power of s leads to the spectral matrix
problem

(Fo — o E)go =0, (18)

where E is the identity matrix and g0 = (g1,0, 82.0)- The solvability condition det(Fp—o E) = 0 gives the following
two-solutions set

o] = 0 with 81,0 = C, 82,0 = 0, and o) = —1 with 81,0 = 0, 82,0 = C, (19)
where C is an arbitrary constant. Furthermore, collecting coefficients in front of sotk (k=1,2,...) leads to the
recurrent sequence of the inhomogeneous algebraic systems

2 k-1

[Fo— (0 +0lg =di, d¥ == g, 1577, 20)
g=1j=0

where gy is a vector with components (g1 k, 82.k)-
Whereas 0 = o1 = 0 (in (19)), solution (16) is analytic and takes the form

o oo

V) =u@) =D gru-1s* ye) =wls) =D gaus. (21)
k=1 k=0

In contrast, the second root 0 = 0o = —1 yields a physically irrelevant solution which tends to infinity as s — O.

The first-type solution (21) (J = 1) depends only on the single arbitrary constant C. This dependence does not
make it possible to satisfy three boundary conditions of (3) (or, alternatively, (4)). We need therefore two additional
linearly independent solutions of the original ODE:s.

3.3 Two boundary-layer asymptotic solutions, J = 2, 3

According to the general theory of singularly perturbed ODEs (see, [19, Chap. 10], [23, Chap. 4]), the boundary-layer
solution takes the form
S

o oo
- - 1
u(s) = py(s) D phin(s), wis) =y(s) D phig(s), y(s) =expq— / p(dr ¢, (22)
k=1 k=1 ® %
where 0 < sg < s1. The unknown functions ¢(s), iy (s) and wi(s) can be found by substituting expressions (22)
in (2) and by matching the same powers of . The lowest-order approximation gives the following equation with

respect to ¢(s)
1—?

(9)* —bo(s) =0, by(s) = A — ——. (23)
R2

Henceforth, we assume that by(s) # 0 and by(s) < O for s € [0, s;]. The second condition (negativeness of bg)
means that only a lower part of the spectrum is considered (A is relatively small). Under this condition, the first
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equation of (23) possesses the following two pairs of complex conjugate roots (ordered by increasing their real
parts):

—1+1i —1 -1
P1(s) = 7 bol'/4, @2(s) = leolw,
141 1—1
P3(s) = fwoﬂ/“, Qa(s) = fv)oﬂ/“. (24)

Each of ¢ (s), k = 1, ..., 4 yields the corresponding particular solution of the original ODEs. Substituting ¢y (s)
with negative real parts in (22) leads to solutions which rapidly increase with decreasing s. These solutions are
physically irrelevant for cupola-shaped shells, and thus we focus on ¢3 and ¢4.

When sg = s; in representation (22), substituting ¢ (s), k = 3, 4 in the original ODEs gives, after separation of
real and imaginary parts, the multiplier y (s) which equals

1 : 1/4
2 lbo(2)|"/"dt. (25)
This multiplier is a strongly oscillating function for small values of w, and it rapidly decays for s < s; away from the
point s1. This expresses the so-called boundary-layer behavior at the shell edge. Using multiplier y and expressions
by Tovstik [24] given for the ultimate ODEs, one can find functions iy (s) and wy (s) appearing in expressions (22).
The functions i (s) and wg (s) can also be presented in Taylor series as s & s1. This means that the two needed
linearly independent solutions (in addition to the first-type solution (21)) read as follows:

u () =y ) Yt [Zu};?(s - sl)f} :

k=0 i=0

P cos B(s) or e sinB(s), where B(s) =

w(s) =y D) D pk |Zw;j,7)<s - m"] (T =2,3), (26)
k=0 i=0

where u,((‘{), w,(;{) are unknown coefficients, and

Bs) _
Dreen PO cos (Bls)), T =2,
vl = [eﬁ@ sin (B(s)), J =3.

Even though B(s) is not expressed in elementary functions, solution (26) can, as shown by Vishik and Lusternik
[23, Chap. 4], be presented in the asymptotic form

17, D) | = explygine) 3PP @), T =2.3, @7
k=0

where T = (s — 51)/u, and Pg()(‘t) are polynomials in t of the order 2k with constant coefficients depending on
coefficients of (2) and their derivatives at s = s7.

3.4 General structure of the fundamental solution

In summary, accounting for three linearly independent solutions, (21) and (26), whose linear combination makes it
possible to satisfy the boundary conditions at the edge, the eigenmodes [u, w] admit the fundamental solution

o o
[, w] = Rlu, w] + e cos B(s) D [ui1, wills — s1)' + e’ sin B(s) D [uia, wial(s — 1)’ (28)
i=0 i=0
where R[u, w] is a regular analytic component (presented, e.g., by (21)), B(s) is given by (23) and (25), and u; 1,
u; 2 and w; 1, w; 2 are unknown constants (including the parameter p) which will be found after substitution of (28)
in the original ODEs and boundary conditions.
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4 Variational formulation

An appropriate variational formulation follows from the principle of virtual displacements which can be written in
the form

A =4I, 29)
where 811 is the variation of the potential energy (work done by the body forces), and §A is the external virtual

work associated with the inertia forces. In a nondimensional statement [25, pp. 47-48], the potential energy IT and

the virtual work § A (free oscillations of the shell) are expressed as
S1 N

M= %/ I:é‘% + e% +2veier + c2(/c12 + K22 + 21)/(1/(2)] rds, 6A = A/(uéu + wdw)rds,
0 0
where the mid-surface deformations are given by the formulas
du w r’ LW d’w r’ dw

g =—+——, =—u+—, KIl=—>5, kKn=———.

= s Ry 275 Ry ! ds? 2 r ds

The variational equation (29) for the considered problem then takes the form

S1 S1

/[\1111(14, Su) + Vi (w, du) + Vi (dw, u) + Y (w, Sw)lrds — A /(u8u + wéw)rds =0, 30)
0 0

where (p and q are general substitutes for real and test functions)
/ 1 N\ 2

Wii(p,q) = (% + VTrp) 3—3 + [v%% + (r;) p} qa,
Yia(p,q) = (L - 1) pdd (i + 1) pa.

R R> ds r \ Ry R
W2 (p,q) = (Lz + v + L)Pq

R}  RiRy R}

+cz[d2_pd2_q+ [v_r/cﬂ_m(r_’)z@} @+v_r’d_pd2_q]_
ds? ds? r ds? r) ds|ds r dsds?
One should note that the dynamic boundary conditions, here free-edge conditions (4), are natural, namely, fol-

lowing from variational equation (30), but the clamped-end conditions (3) are not natural, the trial functions should
a priory satisfy the clamped-end conditions, if stated.

5 Global Ritz’ method

We employ variational equation (30) and Ritz’ method (with coordinate functions to be consistent with fundamental
solution (28)) to solve spectral problem (2) with boundary conditions (3). The functions u(s) and w(s) are presented
in the form

N N

u(s) =D xUi(s). wls) = D xjenWjs), (31)
j=1 j=1

where x; (j =1, 2, ..., 2N) are unknown constants and {U; (s)} and {W (s)} are coordinate functions that satisfy

the clamped-end boundary conditions.
Substitution of (31) in the variational equation (30) yields the matrix spectral problem

(A—AB)x =0, x=(x1,x2,...,X2N) (32)
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with symmetric matrices A and B. To get this spectral matrix problem, we pose du = U;(s) and Sw = 0 in (30) for
the first N equations of (32), but §u = 0 and 6w = W;(s) leads to the remaining N equations. Elements {a;;} = A
and {b;;j} = B are

S1 K

aij,j =/\IJ11(Uj,Ui)rds, ai+N,j+N Z/\Dzz(Wj,Wi)rdS,

0 0
s1 s1

b,‘n,‘ = / Uj, U;rds, bi+N,j+N = / Wi, Wirds, (i =1,2,...,N; j>1),
0 0

S1

aj j+N =/‘1112(Wj, Uprds, bij+n=0, (i,j=1,2,...,N).

0
According to (28), the coordinate functions have the following structure
{U,'(S)}lN:] ={U1,....,Un; Upy1, ..., Um+m,,; Um+m],+1, cees Um+2m,,}, (33)
{Wi(s)}lj'vzl ={Wi, ..., Wa; Wiger, ..., Wm-i—mp; Wm+mp+lv cees Wm+2ml,},

where the first group (consisting of m regular functions) involve the Legendre polynomials, P;(-), modified to
satisfy the clamped-end conditions, but the second and third group (each of m, functions) are associated with the
ef cos B- and e” sin B-quantities from (28), respectively. Explicit expressions for the coordinate functions U i (s)
and W, (s) take the form

2
Uj =S(S2—S%) P2j—1 (—s—l),
S1
2 2\’ 2s .
wjz(s —sl) Py (S -1). G=12m),
1
S
Uny1 = g — Ea Upnio = (s — 51)8e, Um+mp+l = &s> Um+mp+2 = (s — 51)&s,

14 1
Wm“:gc_l__(sz_S%)’ Wm+2=(S—Sl)gc——(s2—s12),

251 281
p
Wm+mp+1 = &8s — E (52 - 512) , Wm+mp+2 = (s — 51)8s,
Uik = Wi = (s — s 'ge,
Um+mp+k = Wm+mp+k =(s— Sl)k_lgSa (k=3,4,..., mp)~ (34)

Here, the functions g.(s) and gs(s) are
gc = exp{pu(s —sp)}cos(pu(s —s1)), g =exp{pu(s —sD)}sin(pu(s —s1)),

12
R3(s1)

()

Computations of the Legendre polynomials and their first- and second-order derivatives can be performed by using
the recursive relations

1
Pisa(s) = =5 [@F + D3Py () = j P )],

Pir(s) =sPi () +(J+DPjy1(s), Plio(s) =sPl () + (G +2)Pj(s),
Pi(s)=1, Prs)=s, Pi(s)=3(3s*—1).

4

pu=ruA) = (35)
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174 I. Gavrilyuk et al.

Table 1 Convergence to

the five lowest " 1 @2 @3 4 @5

eigenfrequencies versus the § =100

number of regular

coordinate functions 2 0.424822 0.810329 0.935994 1.036195 1.595648
4 0.424767 0.801161 0.886484 0.925515 1.091895
6 0.424767 0.801159 0.885994 0.920509 0.951959
8 0.424767 0.801159 0.885994 0.920490 0.943053
10 0.424767 0.801159 0.885994 0.920490 0.942929
12 0.424767 0.801159 0.885994 0.920490 0.942929
8 = 1000
2 0.407475 0.810061 0.962506 1.067890 1.541983
4 0.407312 0.791919 0.880269 0.925323 0.959443
6 0.407312 0.791908 0.878332 0.910762 0.929201
8 0.407312 0.791908 0.878330 0.910476 0.925902
10 0.407312 0.791908 0.878330 0.910476 0.925853
12 0.407312 0.791908 0.878330 0.910476 0.925853
8 = 2000
2 0.405188 0.810334 0.966930 1.070927 1.562291

The number of the 4 0.404998 0.790777 0.879828 0.926367 0.960434

boundary-layer coordinate 6 0.404998 0.790765 0.877607 0.910297 0.929309

functions 152 fitflcted to2, 8 0.404998 0.790765 0.877605 0.909941 0.925456

ie,mp =2.

spherical-cap shell with 10 0.404998 0.790765 0.877605 0.909941 0.925388

¥ = 135° is considered 12 0.404998 0.790765 0.877605 0.909941 0.925388

An important fact is that parameter p, in (35) depends on A and, therefore, problem (32) is, generally speak-
ing, nonlinear with respect to A. An approximation of the eigenvalues can be computed by using only a regular
basis, that is, with m, = 0 in (33). One can employ this approximation as an initial approximation in an itera-
tive procedure which uses A% from the previous step in expression for P in (35) to get the next approximation
A*FD from the linear spectral problem (32). Numerical experiments establish a fast convergence of this itera-
tive procedure so that only two or three steps are needed to stabilize six to seven significant figures of the lower
eigenvalues.

6 Numerical results

Convergence of the constructed Ritz method and features of the eigenmodes are illustrated for a spherical-cap shell
with a clamped edge. The characteristic dimension Ry is the shell edge radius; 6 = Ro/h. The angle between
the symmetry axis and the normal vector to the mid-surface is ¢ (see, Fig. 1), which is equal to ¢ along the
clamped-edge curve. Numerical experiments are performed with the Poisson coefficient equal to 0.3.

Table 1 presents approximate nondimensional lower eigenfrequencies, w; = +/A;, i = 1, ..., 5, for three val-
ues of § versus the number of regular coordinate functions; ¢y = 135°; two coordinate functions possessing the
boundary-layer behavior are used, that is, m, = 2. The table demonstrates a fast convergence so that six significant
figures are provided by m = 10 for both small and intermediate shell thickness. Our numerical experiments establish
analogous convergence for other physical and geometric parameters of the tested spherical-shape shells.

An advantage of the method is that it provides uniform convergence (for both small and intermediate shell
thickness) to deflections, meridional force 77 and moment M, and transverse force Q1. This is even though
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Table 2 Convergence to
the values of w, T, M| and m w1 n M Qi
Q) for the first eigenmode § =100
[ur, wy] at 5 5
9% = 09, = 0.95 versus 2 —0.48655 0.32695 —0.3572 x10 0.1540 x10
the number of regular 4 —0.47964 0.32650 —0.3433 x1073 0.1330 x10~2
coordinate functions 6 —0.47954 0.32654 —0.3427 x1073 0.1332 x 102
8 —0.47953 0.32654 —0.3427 x1073 0.1333 x1072
10 —0.47952 0.32653 —0.3427 x1073 0.1333 x 1072
12 —0.47952 0.32653 —0.3427 x1073 0.1333 x1072
8 = 1000
2 —0.66267 0.30698 0.2381 x107° 0.1218 x10~*
4 —0.66974 0.31265 0.1276 x1073 —0.1936 x10~*
6 —0.66974 0.31285 0.1253 x107 —0.2058 x10~*
8 —0.66972 0.31286 0.1253 x107° —0.2078 x10~*
10 —0.66971 0.31286 0.1254 x107° —0.2085 x10~*
12 —0.66970 0.31286 0.1256 x107° —0.2085 x10~*
The number of the 14 —0.66970 0.31286 0.1256 x107° —0.2084 x10~*
boundary-layer-type § = 2000
coordinate functions in (33) _g 4
OO o 2 —0.65883 0.30248 0.7736 x10 0.1982 x 10
is mp = 2. A spherical-cap
shell with 9 = 135° is 4 —0.66188 0.31066 0.6321 x10~7 0.1384 x10~*
considered. The numerical 6 —0.66158 0.31068 0.6789 x10~7 0.1371 x10~*
. i
eigenmodes are normalized 8 —0.66154 0.31067 0.6874 x10~7 0.1372 x 10~
to get maximum shell
bending in the direction of 10 —0.66153 0.31067 0.6908 x10~7 0.1374 x10~*
the outer normal equal to 12 —0.66153 0.31067 0.6913 x10~7 0.1375 x10~*
one 14 —0.66153 0.31067 0.6901 x10~7 0.1376 x10~*
X 10"0
0.5
‘dw 0
-0.5
0 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8

s

O

Fig. 2 Error-estimates ¢ (9*) with § = Ry/h = 2000 and ¥y = 90°. Hemispherical shell

computations of 77, M1, and Q; need up to the third-order derivative of the corresponding eigenmode. Table 2
illustrates convergence for the same spherical-cap shell as in Table 1 at a point close to the shell edge. One can see
that this convergence to normal deflection of the first eigenmode, w; as well as to T, M1, and Q1 is fast.

An error estimate of the constructed uniformly converging method (for the first eigenmode) may be demonstrated
by the functions ¢ = ¢@ (¥*), ¥* = /9 r € [0,1] ¢ = 1,2) which imply errors in satisfying the governing
ODEs (2). The errors are computed by substitution of the Ritz solution in expressions (2). Figure 2 shows ) (%) for
a thin hemispherical shell with a clamped edge; ¢y = 90° and § = Ro/h = 2000. As we have already mentioned,
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Fig. 3 Normal deflection w (9*) (first eigenmode) and their derivatives, wf = wj, wlI = w and wl[ 1 — w{’, in a neighborhood

of the edge for different values of § = R(/h. Hemispherical shell

the largest error occurs in the vicinity of the clamped boundary. However, this error remains small for the whole
interval, namely, for 9* € [0, 1].

The normal deflection w (% *) and its derivatives in the vicinity of the clamped edge (the first eigenmode, [u1, w1])
are shown in Fig. 3 for a hemispherical shell and different values of 6 = R/ h. The figure exhibits a boundary-layer
behavior of these functions when the thickness becomes smaller (with increasing §). This means that a purely regular
functional basis does not provide fast convergence for small shell thickness and the coordinate functions governed
by (26) are strongly needed to get a satisfactory approximation in the C3-metrics.

Figure 4 demonstrates the boundary-layer behavior of 71 ("), M1(¢*) and Q1 (") for different values of ¥ ¢
and § = Rog/h = 150. This value of § implies an intermediate thickness; however, one can see that 77 (9*), M| (9*)
and Q1 (9*) (excluding Ty for ¥y = 90°) demonstrate a rapid change in a neighborhood of the clamped edge.
This means that, even though using the boundary-layer coordinate functions is not necessary for getting satisfac-
tory approximation of the eigenfrequencies and modes, these functions are required for the associated force and
moment.

7 Concluding remarks and discussion

Regular and boundary-layer behavior at clamped edges has been described analytically for axisymmetric eigen-
modes of a thin-walled cupola-shaped shell of revolution. Capturing the boundary-layer behavior is necessary for
coordinate functions of Ritz’ method to provide uniform convergence to the eigenmodes, to get accurate approxi-
mation of the associated force and moment. This has been illustrated for spherical-cap shells, but the authors have
established similar results for other axisymmetric shell shapes.

Another important point is that the governing ODEs have degenerating coefficients in front of the higher deriv-
atives at the shell pole, but the eigenmodes should remain regular. The presence of these degenerating coefficients
is a problem for many numerical schemes. To avoid this problem, Kang and Leissa [13], Medvedev and Sokov [26]
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Fig. 4 Force Ty and moment M, and transverse force Q for different values ¥y and 6 = Ro/h = 150. Hemispherical shell

and some other authors postulate the presence of a small circular hole at the cupola pole attributed by the free-edge
boundary conditions:

(T p=vy = M1)y=9, = (Q1)9=p, =0 (36)

at this artificial hole edge. Physically, assuming this artificial hole means that the cupola-shaped shell without the
hole behaves similar to the shell with a small hole at the pole. Mathematically, this means that our numerical solution
must be close to those constructed in the aforementioned papers.

Our numerical experiments showed that the eigenfrequencies from the paper by Medvedev and Sokov [26] are
indeed close to those obtained by our numerical method. The same holds true for the transverse force Q1. Figure 4
demonstrates that Q1 tends to zero when s — 0. However, the figure illustrates the fact that 77 and M are not zero
at the pole; they tend to finite non-zero values as %9 — 0. This means that the first and second conditions of (36)
are, generally, not fulfilled for the limit eigenmodes without small hole. In summary, assuming the artificial hole
with the free-edge conditions (36) may be adopted for computing the eigenfrequencies, but this is not applicable if
the task consists of getting meridional force and moment.
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