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The present paper extends the multimodal method, which is well known for liquid sloshing
problems, to the free-surface problem modeling the levitating drop dynamics. The generalized
Lukovsky-Miles modal equations are derived. Based on these equations an approximate modal
theory is constructed to describe weakly-nonlinear axisymmetric drop motions. Whereas the drop
performs almost-periodic oscillations with the frequency close to the lowest natural frequency, the
theory takes a finite-dimensional form. Periodic solutions of the corresponding finite-dimensional
modal system are compared with experimental and numerical results obtained by other authors.
A good agreement is shown.

1. Introduction

Drops levitating in an ullage gas appear in chemical industry [1-3] and space technology
[4-6]. The levitation is provided by weightless conditions or/and acoustic and/or electro-
magnetic fields created in the gas. When these external fields do not affect the static spherical
drop shape, namely, there is no flattening caused by the fields as described, for example, in
[7-9], one can assume that the drop dynamics is primary determined by the surface tension
as if the drop levitates in zero-gravity conditions.

The relative drop dynamics with respect to the static spherical shape driven by
the surface tension has been studied, experimentally [10-12] and theoretically [13]. Small-
amplitude (linear) drop motions were analytically described by Lord Rayleigh [14, 15] in 1879.
He found the corresponding natural (linear eigen) modes and frequencies in terms of the
spherical harmonics. Theoretical studies of the nonlinear drop dynamics were mainly done
numerically by employing different discretization schemes [16-18]. An alternative approach
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to numerical simulations could be theoretical methods developed, for example, in [19-21]
where a Fourier approximation by the Rayleigh natural modes was combined with vari-
ational and asymptotic methods. This approach looks similar to nonlinear multimodal
methods elaborated in the 70's for liquid sloshing dynamics.

The multimodal methods took their canonical form in the pioneering papers by
Lukovsky [22] and Miles [23] and, furthermore, were generalized by others. An extensive
review on the multimodal methods can be found in the book by Lukovsky [24] and Faltinsen
and Timokha [25]. The Lukovsky-Miles version of the multimodal methods makes it possible
to derive a well-structured infinite-dimensional (modal) system of nonlinear ordinary differ-
ential (modal) equations with respect to generalized coordinates and velocities which, under
certain circumstances, is fully equivalent to the original free-surface problem. Naturally,
the generalized coordinates in sloshing correspond to the natural sloshing modes. Being
“asymptotically-detuned” to a class of liquid sloshing phenomena the Lukovsky-Miles modal
equations reduce to a rather compact, finite-dimensional form. The detuning suggests pos-
tulating a series of asymptotic relations between the generalized coordinates. Representative
examples of such “asymptotic modal equations” can be found in the aforementioned books
[24, 25] as well as in [26-30] and references therein.

The present paper generalizes the Lukovsky-Miles multimodal method for the free-
surface problem describing the nonlinear dynamics of a levitating drop. This generalization
includes derivation of general modal equations of Lukovsky-Miles” type as well as examples
of asymptotic modal equations. The paper plan is as follows. In Section 2, we present both
differential and variational formulations of the problem. Following Lukovsky and Miles as
well as recalling [19], the variational formulation is based on the Bateman-Luke principle
(see, also, [25], Ch. 7). In Section 3, we rederive the Rayleigh-type eigensolution to show
that, from a mathematical point of view, the set of natural modes is not complete and extra
four spherical harmonics should be included into the modal solution. In Section 4, we derive
the general modal equations analogous to those in [24, 25, 31]. An approximate form of
these equations describing the weakly-nonlinear axisymmetric drop dynamics is constructed
in Section 5. These equations keep up to third-order polynomial terms as it has been in
[27, 32] for sloshing problems. Based on these approximate equations, we derive in Section 6
a finite-dimensional system of “asymptotic” modal equations modeling the weakly-nonlinear
almost-periodic drop motions with the frequency close to the lowest natural frequency.
Periodic solutions of these equations are compared with experimental [12] and numerical
[19, 33, 34] results. A good agreement is shown.

2. Statement of the Problem

We consider a levitating drop Q(t) of an ideal incompressible liquid that performs oscillatory
motions as illustrated in Figure 1. Due to the surface tension, the drop takes spherical shape
in its hydrostatic state. We choose the radius Ry of the sphere as the characteristic length and

introduce the characteristic time t, = 1/ pRg/ T, (T is the surface tension coefficient). The
nondimensional drop dynamics is considered in the spherical coordinate system x =
rsin@cosg, y = rsinfsing, z = rcosH, (r > 0,0 < 0 < a, 0 < ¢ < 2r) so that the free
surface 2(t) is described by the equation

r=¢(0,0,t) =1+¢(6,9,t). (2.1)
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Figure 1: Geometric notations.

According to (2.1), perturbations of X(t) relative to the static spherical shape are subject to
the volume conservation condition

4 27 AT 1
V= dQ=-r= f f (-g3 +&2 4 g) sin 8d0dy = 0 (2.2)
o) 3 o Jo\3

playing the role of a holonomic constraint.
The free-surface problem describing the nonlinear drop dynamics couples the function
¢ and the velocity potential @ (see, e.g., [19]):

2
V2D = %%(1’2%;?) + 1 o <sin662> + 1 0@ 0 inQ(t), (2.3a)

r r2sin 6 00 30 ) " r2sin?0 097
é@—%éa—%ggqg on X(t), (2.3b)
<a§ %(V(D)z>+ 2+<§e/<;)2+<«;(p/<g'smez>>2_ zs1in6 % Lpsind_ :
Vi 4+ G/ sin0)” € VG +82+(gy/ sin6)
19 &y

-— +p,(t) =0 on X(¢),
G009\ v gramey )|
(2.3¢)

subject to the volume conservation condition (2.2). Here, the Laplace equation (2.3a) and
the Neumann boundary condition (2.3b) constitute together the kinematic subproblem and
(2.3c) is the so-called dynamic boundary condition in which the square bracket term is the
sum of the principal curvatures [k; + k;]. The dynamic boundary condition expresses the
pressure balance on the free surface assuming that the ullage pressure is a constant value and
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using the Bernoulli equation written for an incompressible inviscid liquid with irrotational
flow. The time-dependent function p,(t) implies the difference of the mean pressure between
liquid and gas domains caused by the surface tension.

The free-surface problem (2.3a), (2.3b), and (2.3c) requires either the initial conditions
$(6,9,0) =0(6,9), @(r,0,¢9,0) =Dy(,6,¢p) (2.4)

defining initial drop shape and velocity field or the periodicity condition (6, ¢, t) = (6, ¢, t +
T), ©(r,0,¢,t) =D(r,0,¢p,t + T), where T = 2r /0 is a fixed period.

Following Lukovsky and Miles [24, 25], we employ the Bateman-Luke variational
formulation which states that the free-surface problem (2.3a), (2.3b), and (2.3c) follows from
the necessary extrema condition of the action

A(®,0) = f " BL(®, {)dt (2.5)

t
within arbitrary instants ¢; and ¢, (#; < f;) and independent variables ¢ and @ restricted to

6(I)|t1,tz =0, 6€|t1,t2 =0, (26)

where the Lagrangian reads as

BL@,0) =~ [ (574570 )do- =) -, <IQ<” dQ - w>. 7)

Q)

Here, |-| defines the area and p,, is the Lagrange multiplier (a time-dependent function) caused
by the holonomic constraint (2.2).

The Bateman-Luke variational principle is based on the sum of the pressure-integral
and potential energy associated with the surface tension. In addition, there is the Lagrange
multiplier p, which is the same as the mean pressure difference. Equivalence of the Bateman-
Luke variational formulation and free-surface problems in fluid dynamics is, for instance,
proven in [24, 25] and the book by Berdichevsky [35].

3. Linear Eigensolution and Natural Modes

Let us consider small-amplitude drop oscillations with respect to its static spherical shape by
linearizing the volume conservation as well as kinematic (2.3b) and dynamic (2.3c) boundary
conditions in terms of @ and ¢. The linearized volume conservation condition (2.2) takes the
form

20 pIr
J. f ¢sin0d0dy =0, (3.1)
0o Jo
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but the linearized boundary conditions

oD 9z 0O 1 0. 4081, 1 0%\]|_ _
= = EJF{ 2¢ <sin6@ smG@ +sin295_(P2 =0 (r=1) (3.2)

can be combined to exclude ¢ as follows:

) od o0 1 o oD 1 0*d
W‘{2§+§[mae< “%e) sngw]}—o r=0. 3

Postulating ®(r,0,¢,t) = ¢(r,0,¢)exp(ict) where o is the so-called natural (linear
eigen) frequency leads to the spectral boundary problem

20 @I
V2¢ =0 (r<l), f f % sin0d0dyp =0,
0o Jo Ol

209 0P 1 9% _
~0°g= { 6r[sm969< ae) 51n296_(pz]} (r=1)

with respect to spectral parameter o2 and eigenfunction ¢.
The spectral boundary problem (3.4) can be solved by separating the spatial variables
¢(1,0,0) = Y1 (r,0,¢) = r'Y1,,(0,¢), | > 0 which leads to the equation

(3.4)

2
1 6<in96Y1m>+ 1 0V

sin 6 50 30 ) " snte op - DY (3.5)

The analytical eigensolution follows from (3.5) and consists of the eigenfrequencies
o’=0of, =1(1-1)(1+2), 1=0,1,..., m=0,...,1 (3.6)
and the eigenfunctions

[ —m)!
(2;+1l)(l 11'1)., m=0,
cos my, ar (I +m)!

inm Nim =
SN, Q1+ 1)(I - m)!
20 (1 + m)!

Pt = Y1 (1,6,0) = N, lmrlPl(m) (cos 9){

m>1,

(3.7)

where Pl(m) are the associated Legendre polynomials.

Four eigenfunctions with I = 0 and 1 imply the zero eigenfrequencies and, from the
physical point of view, these eigenfunctions do not belong to the set of natural modes by Lord
Rayleigh [14, 15]. The case | = 1 with m = 0 gives ¢19 = z = r cos 0 that describes a translatory
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drop motion (as a solid body) along Oz, but ! = 1 and m = 1 yield y = rsinfsin¢ and
x = rsin 0 cos ¢ describing the same translatory motions but along Oy and Ox, respectively.
The case | = 0 corresponds to ¢op = 1/2+/ar. Excluding these four eigenfunctions, that is,
concentrating on the Rayleigh solution, makes the functional basis (3.7) incomplete from the
mathematical point of view [36, 37].

4. Nonlinear Modal Equations

The Lukovsky-Miles multimodal method suggests the modal solution of the free-surface
problem (2.3a), (2.3b), and (2.3c) as follows:

$O,9,t) =1+ > pr()f1(6,9),  D(r,6,9,t) = D Fn(t)pn(r,6,0), (4.1)
1 N

where {f1} and {¢n]} are the complete sets of functions to define admissible shapes Q(t)
satisfying the volume conservation condition and approximating the velocity field, respec-
tively. Dealing with the star-shaped domains Q(t), the solid harmonics (3.7) provide the
completeness [36, 37] so that we can write down

¢1 = Nipr'Py(cos8), 120,
Pime = Pim(r,0) cos mep = NlmrlPl(m) (cos@)cosmy, 1>1, m=1,...,], (4.2a)
Pim,s = Pun(r,0) sinmep = NlmrlPl(m) (cos@)sinme, 1>1, m=1,...,1,
fi=NiPi(cosb), 1=0,
fime = fim(0) cos mep = NlmPl(m) (cos@)cosmey, 1>1, m=1,...,], (4.2b)

fims = fim(0) sinmep = NlmPl(m) (cosO)sinmp, [>1, m=1,...,1I

This transforms the modal solution (4.1) to the form

M

Z (ﬂc,lm (t) COs my + ﬂs,lm (t) sin m(/’)flm(e)/ (435)

m=1

¢(6,p,t) =1+ iﬂl(t)ﬁ(e) +
1=0

1

Il
—_

oo o
@(r,0,¢,t) = IZ Fy(£)¢i(r,0) + D D" (Feim(t) cos mep + Fy py (t) sin mep) i (r,6).  (4.3b)
=0

1
1=1 m=1

Accounting for (4.3a) in (2.2) gives the holonomic constraint

oo w 1
2v/apo+ D B2+ D, D (B + Brim) + Ga(BisPeims Poim) = 0, (44)

i=0 1=1 m=1
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where G; implies the cubic, fourth, and so forth polynomial terms. Using the implicit function
theorem resolves ff as follows:

i=1 I=1m=1

w I
po=G(Bi, Peim Poam i21,121) = —ﬁf [Zﬁ? PN ﬁi,zm)]
(4.5)

1

-—0G ir Pclms sm,'Zl,lzl
NG 3(Bis Bejms Psjm, i )

(Gs also denotes the cubic and other higher-order polynomial terms in f3,) and transforms
(4.3a) to the form

© w I w©
200 1= g (385 3 (R ) + G5 ) + S0
i=1 1=1 m=1 =1

(4.6)
o
+ Z Z (ﬂc,lm(t) cos me + ﬂs,lm (t) sin m(l))flm (9)

1=1 m=1

defining the free surface as a function of fi, Pcim, Psim, i > 1,1 > 1. Representation (4.6)
automatically satisfies the volume conservation condition and, as a consequence, the Lagrange
multiplier in (2.7) should equal to zero, that is, p, = 0.

The generalized velocity Fj can also be excluded from consideration due to the identity

t
2V | 6Fodt = 2Val5Fo(t) - 5Fo(t)] =0, (47)
t

provided by (2.6) or, more precisely, by

(Sﬁi(tl) = 6ﬂi(t2) = 6,6c,lm(t1) = 6ﬂc,lm(t2) = 6ﬂs,lm (tl) = 6ﬂs,lm (tZ) = 6Fi(t1) = 5F(t2)
= 5Fc,lm(tl) = 6Fc,lm (t2) = (SFs,lm(tl) = 5Fs,lm (t2) =0.

Substituting (4.3b) into (2.7) yields the Lagrangian as a function of generalized
coordinates and velocities

1 & Iyl
~5 > D Atchm)ehm) Fiehm) Fem)

I1,l=1my,mp=1

1 [e'e] 11,12
=5 > D Atshm)(shm) Fisim) Fisjoms)

Iy, Io=1 my,my=1
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= l] ,lz

w o I
=D DL Ackmshm Fenm) Fistm) = 25 D) D) Ansim FnF(sim)

I, l,=1 my,mp=1 o |
o @ 1
B Z Z Z Ancim)FnF(cim —TS =0,
n=1 I=1 m=1
where
20 AT AG
An=]  $udQ= f f f pur? sin Odr dO dy,
o o JoJo

27~
Acim = f Pim cos(mey)dQ = J‘ f I Pim cos (mep)r? sin Odr dO dep,
Q) o Jo Jo

2 f A
Asjm = J Pim sin(me)dQ = f J‘ f Pim sin(mep)r? sin Odr dO d,
Q) o Jo Jo

27~
An,k = Ak,n = J (V(i)n . V(i)k)dQ = J‘ J J‘ (Vd)n . vd)k)rz Sin@dr d@ d(/)/
QM) o Jo Jo
Ancim) = Acimyn = IQ( )(V¢n .V [‘i)lm cos m(p] )dQ
t
20 AT 4G
= f f J (Vo - V [pim cos mg| )7 sin 0dr d6 dp,
o JoJo
An(sim) = Asimyn = fQ(t) (V(i)n -V [(i)[m sin m(p] )dQ
2~
=I f j (Vo - V[Pim sin me] ) r? sin 0dr dO dep,
o JoJo
Alelim),(shm) = Als lama) (e imi) = IQ(t) (V[pr,m, cosmip] - V [r,m, sin magp] )dQ
2T AT 4G
= I f I (V [@1ym, cos mip] = V [Prm, sin mogp] )72 sin Odr dO dep,
o JoJo
A(C,l1m1),(c,lzmz) = A(C,lzmz),(c,ﬁmq) = f (V [4)11,"] Ccos ml(P] .V [¢12m2 Cos mz(p] )dQ
Q)

2w AT G
= f J f (V [@1,m, cOs m19p] = V [Prym, cOs maep] )72 sin Odr dO dip,
0 0 /0

(4.9)

(4.10a)

(4.10b)

(4.10c)

(4.11a)

(4.11b)

(4.11¢)

(4.11d)

(4.11e)
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As im) (s loma) = A lyms), (s imr) = I (V[@1m, sinmip] - V [Prym, sin mag] )dQ
Q)
(4.11f)

20 AT A6
= J f I (V[@1m, sinmip] - V [pr,m, sin mog] Yr? sin Odr dO d,
o JoJo

20T AT 2
TS = ds = f f g\/gz +32+ ,g"; sin 0d0d. (4.12)
=(t) 0o Jo sin“6

Performing a variation of independent generalized velocities F;, Fm, Fom, i>1,1>1
in the action (2.5) within the Lagrangian (4.9) leads to the equations

dA,

ar ZAnka+ZZ(An(ckm)Fckm+A skm)Fskm) n2 1; (413&)
k=1 m=1
dAc,lm 0 w k
- Z Actmy kFre + Z Z (Acm), (e kn)Fejn + Acimy,s,kn) Fsjkn) (4.13b)
k=1 k=1 n=1
dAs,lm [eS) w k
T = Z A(s,lm),ka + Z Z (A(s,lm),(c,kn)Fc,kn + A(s,lm),(s,kn)Fs,kn)r (413C)
k=1 k=1 n=1

(I1>1,m=1,...,1). Derivations leading to (4.13a), (4.13b), and (4.13c) are quite tedious but,
under certain circumstances, these are similar to those in [24, 25] for sloshing problems.
The differentiation rule

dA, & 0A,, &<
= ,ﬁi + < ﬂc Im + ,Bs lm> (4148.)
dt ; aﬂi ; mzl aﬂc Im aﬁs Im
dAc Im & aAc Im 2 J <aAc Im aAc Im >
— = —Pi+ n n 4.14b
dt ; aﬁl ﬂ ng nz apc jn ﬁC] ﬁ ﬁs] ( )
dAgim — OAsm , 2 <aAS,fn ; 0As im >
= —hit =5 Pej (4.14c)
a =~ 2 ap P 2o e g,

shows that (4.13a), (4.13b), and (4.13c) is a system of nonlinear ordinary differential equa-
tions with respect to generalized coordinates where the mass-matrix depends on f,. On the
other hand, relations (4.13a), (4.13b), and (4.13c) can be considered as a system of algebraic
equations with respect to generalized velocities F;, Fcm, Fsim, i 2 1,1 > 1, where A, x are
nonlinear functions of generalized coordinates fi, B¢ im, Psim, i > 1,1 > 1 but the left-hand side
dA,/dt, dAcim/dt, dAs 1,/ dt implies expressions with respect to generalized coordinates f;,
Beim, Psim, i > 1,1 > 1 and their first derivative. Equations (4.13a), (4.13b), and (4.13c) are
interpreted as kinematic equations or a nonholonomic constraint.
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The Euler-Lagrange equations follow from the extrema condition of the action with
respect to generalized coordinates B;, Pcim, Psjm, i > 1,1 > 1. They are often called the dynamic
modal equations and take the form

< ¥ OA(cim), (s lama)
+ Z Z clymy Fs jym; F) (4.15a)
I, =1 my,mp=1 ﬁy
1 & & OA (e lmy) (e
23 rap Mtmiem
I lp=1my,mp=1 ﬂy

1 & & oA oTS
) Z Z FS Lymy FS lmy el ) olarms) + = 0/ ."l 2 1/

211,12=1m1,m2:1 , , aﬂﬂ aﬁ,u
& 0A, . & A , OAcim > aAnk
F, + ——F, Fotm ) +=

’ 0A OAn (s
+ F ”(Clm)F n(sm)F
>, < Bor T Py

nl=1m=1

) Il

aA(Cl

Jimy),(s,lamy)

+ Z Z FC,llml Fs,lzmza—
I b=1m1,my=1 ,Bc,;w

1 & Iyl

0A(

Jima),(clama)

35 Z Z Fc,llmch,lzmza—
ll,lzzl m1,m2=1 ﬁC:[’“’

1 & G OA(sfym) (s oTS
Z Z Fsllml s,lamy (hm) s lm) +

+ = =0, u21,n=1,...,4
I, lb=1my,my=1 aﬂc"uv aﬂc'#v
(4.15b)
- aAn & < aAc Im aAc Im aAn k
F, + Fepm + F + ~F,F
; aﬂs,/w n lgl:mz_:l< aﬂs;w clm aﬁs,‘uv c,lm < 1(3‘65,#-,) k
! 0A 0A s
+ F n,(c,lm) F ,(s,lm) F
7;1 el < aﬂs v c, Im + aﬂs v sIm

© Il

0A(,

Jimy),(s,lamy)

+ Z Z FcrllmlFSszz—a
b, b=1my,my=1 :BS/,MV
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1 & Iy, aA( ’ el )
+ E Z Z Fc,l1m1 Pc,lzmz %
I =1 my,my=1 ﬁs,;w
1 & % 0A 1 oTS
t5 Z Z Fs,l1mlFS,lzm2 (ngl),(s, 2172) + 5 = 0/ H > 1, n= 1, ce Y
L, =1 my,my=1 ﬁs,‘uv ,ﬁs,pw

(4.15¢)

The derivative by . is done assuming that (4.6) accounts for the volume conservation
condition so that, for instance,

orS _ (7" (" ) 1 10G] .
By Jo fo (k1 +k2)G [fﬂ ~ 5P Ea_ﬁ#] sin 0d6 dop
4.16a
_I Gk + ko) [f L, 1 663](15 (4.16a)
- KT PR T g Ap Y
50 /2 + & + (¢y/ sin6)? 27" 4z 9P,
oTS (™ (7 ) 1 1 0Gs | .
OPc v - Jo ’[0 (k1 +k2)¢ [f,uv cos(vyp) — Eﬁa/w " i aﬁc,;w] sin 640 dy
(4.16b)
= I {(ki + ko) [fw cos(vy) — ziﬁwv - %;ﬁ] ds,
(1) \/§2 + Cg + (gtp/sine)Z T T ﬁc,‘uv
ars (¥ (" g . a1
Bopw JO fo (k1 +ka)¢ [fw sin(vy) — ﬂﬂs,,uv - aﬂs,,w:I sin 0d6 de
(4.16¢)

:J G(k1+k2)

. 1 1 0G3
»SIN(vY) — —Ps v — — ]dS.
(1) \/CZ 32+ (Qp/sine)z [fl‘ (ve) 27 Ao OBy
In summary, the Lukovsky-Miles modal equations (4.13a), (4.13b), (4.13c), (4.15a),
(4.15b), and (4.15c) constitute an infinite-dimensional system of nonlinear ordinary differen-
tial equations with respect to generalized coordinates and velocities. A direct Runge-Kutta
simulation with this system (Perko-type method [25, 26]) is possible adopting appropriate
initial conditions following from (2.4). However, when the goal consists of analytical studies
and/or description of almost-periodic motions, it would be better to reduce the system to
a simpler approximate form by postulating asymptotic relationships between generalized
coordinates and velocities and neglecting the higher-order terms. The reduced (asymptotic)
modal system may in particular cases possess a finite-dimensional form.

5. Weakly-Nonlinear Modal Equations for
Axisymmetric Drop Motions

For the axisymmetric drop dynamics, the velocity potential takes the form

O(r,0,9,t) = ﬁ:l—“l(t)dn(r,e) (5.1)
-1



12 ISRN Mathematical Physics

and the free-surface equation is as follows:

$(6,9,1) =1- % <§: g+ % i Aff,iﬁ,/s, .+ G5> + i Bi(t) £1(6), (5.2)
i=1 I=1

i,jk=1

where

(2i+1)(2j+1) 2
AD), = 2yrf fif;fmsin0d6 = VW (cuo) (5.3)

and C”’O0 are the Clebsch-Gordan coefficients [38].
Henceforth adopting ideas from [27, 32], we will construct a weakly-nonlinear, third-
order modal equations by postulating the relationships

pi~Fi= O(em), ex1, (5.4)

and neglecting the o(e)-terms in the Lukovsky-Miles modal equations (4.13a), (4.13b),
(4.13¢), (4.15a), (4.15b), and (4.15c¢).
Accounting for (4.14a), kinematic modal equations (4.13a) read as

0 aAn ) ©
> =pi= > AwFr, n>1, (5.5)
i=1 opi k=1

where neglecting the o(e)-terms implies that 0A,/0f; and A,k keep only the second-order
polynomial quantities, that is,

6612 = 6m + (2+n)ZAnl]ﬁ] M Z Am]k‘ﬁ]ﬂk
1 j=1 Jk=1

2+7l [6mZﬂ +2ﬁ1ﬂn] = Opi + ngllz)] Z an]kﬁ]ﬂk’

(5.6)

[oo) k [o.o]
A = by + 21; (ka8 + AGD] B+ 5= Z [nkalh, + LD |86
= pt

5.7
o (1) o (2 67

k+1 ad
O e 5 = o 51101+ S 1108,

j=1 nk,j i,j=1 nk,ij
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Here, Affzi is defined by (5.3) and Aﬁm is also expressed via the Clebsch-Gordan coefficients

A = Zﬁf fifififmsin0d0

\/(21’ +1)(2j+1)(2k +1)(2m + 1)  min(itjkem) 1 o (58)
= 4 m(czolo Ck0mo> :
n=max(|i—j|,|k—m|)
Furthermore,
_ T O0fnOfk .
-2) _ n Ofk _
AL —Zm'L 30 50 sin08d6 = n(n + 1)6,,
afl fn 1 [ii+1)2i+)nn+1)2n+1)
(-3) 1L k0O kO
Amk = 30 66 n6do = 2\/ 72k +1) Cio nOcl( 1),n1”
T O0fiOfn ) 1 :
(-4) ZJt . =
A, pe =21 , 36 00 frfjsin0doO e i(i+1)Ri+)n(n+1)2n+1)
min(i+n,k+j) 1 0 0 0 0
X \/k(k +1)2k+1)j(j+1)(2j +1) Z m+l zrgnoczr? 1) nlckmo]ockm( 1),71°

m=max(|i-n|,|k-j|)
(5.9)

Kinematic equations (5.5) can be considered as linear algebraic equations with respect
to Fi whose asymptotic solution (neglecting o(¢)) should admit the form

Z"z(fiﬂzﬂ] Z Vi BB, 121 (5.10)

i,j=1 i,j,k=1
Substituting (5.10) into (5.5) and gathering all the similar polynomial terms give

() M @) (@) @M
V(2 xnl] Hm]/l V(3) an]k_nm]k _Zl 1‘/lzjnnlk (51])
n,i,j n 4 nijk ~ n

For the axisymmetric drop dynamics, the dynamic modal equations (4.15a), (4.15b),
and (4.15¢) take the form

1 o0
— ' - > 1.
32 g, Pt ap, 0 v 12
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Pursuing the announced weakly-nonlinear theory, we should employ (5.6), (5.7) and expand
(4.16a) up to the third-order polynomial terms, that is,

€2C2 Qz sin 6 00 \/@

[f# 2‘71. 14 4.71' Z Allﬂﬂlﬁ]] do

i,j=1

_2ﬂf 2 sin 2+ (80/9)? 1 0 [ ¢losin®

27 by |

= znf (2+28) [fﬂ Bu— yp Z AWﬁlﬁ]] smGdG+27rI [ge - ge f# n 046

< (2p) < 6w
=(p+2)(p-1)p. + Z:l T ! pip; + % Ti,,',lli PiBiPr,
ij= ij k=1
(5.13)

where

A( 49) 2 aflaf]afkaf/‘ 9d9

(2#) 3) Gu) _ (-40) l . .
T —2A;; T. = A .71'61#6],(, ijkp 0 00 00 00 (39

ijp’ ijk ijkp
(5.14)

Substituting (5.6), (5.7), (5.10), and (5.13) into (5.12) and neglecting the o(e)-terms
yield the following weakly-nonlinear modal equations:

§[6#i+id pi+ Zdukﬂ]ﬁk]ﬂl Z[ +Ztnk m]ﬂ"ﬁk+aﬁﬂﬂ

=1 n,k=1

) (5.15)
+ D [T+ X [T psisc=0, w21,
ij=1 ij k=1
where o, = 00 are the nondimensional frequencies (3.6) and
x(l) X2
Tp _ ) 2 20 _ L, 1 @ 3)
di,j _ﬂ[ i V/ll]] di,j,k_nu[ i +ZlXu‘u]Va1k Vyz]k]’
o
€
IT
Op _ 2) nk,p
by = H [V#Jl/k o ] , (5.16)

@) () 1) 1,2
Lp V(B) an,ym & (1) V(z) Huk ‘uVu wm gy, P‘Va km
tn,k,m =H unkm + nk + Z Xajum ank + k + n :
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We see that the weakly-nonlinear modal equations (5.15) constitute an infinite-dimen-
sional system of ordinary differential equations (with respect to generalized coordinates f,)
that are not resolved relative to the highest derivative. Again, one can use (5.15) for direct
numerical simulations (see, e.g., [32]). However, as in [27] and other analytical papers on
sloshing, the derived weakly-nonlinear modal equations can reduce to a finite-dimensional
form by employing a Duffing-type asymptotics. Using this asymptotics in sloshing problems
implicitly suggests that we look for almost-periodic solutions with the frequency close to the
lowest natural frequency of the mechanical system. For the studied case within no external
excitations, these periodic solutions mean the nonlinear eigenoscillations of a freely-levitating
drop.

6. Nonlinear Axisymmetric Eigenoscillation

We consider almost-periodic oscillations of an axisymmetric drop with the frequency o close
to the lowest linear eigenfrequency (natural frequency) oy subject to the Duffing-type third-
order asymptotics implying the dominant character of the primary generalized coordinate
B2 = O(e'/3). Analyzing the nonzero coefficients in (5.15) shows that this asymptotics yields

p = O<€1/3>, Pu = O<€2/3>, Po=0(), Pi=ole), 1#2,46  (6.1)

so that neglecting the o(e)-terms in (5.15) leads to the finite-dimensional system of nonlinear
modal equations

o+ 0302 + di pofoa + daafa + dsPofs + dafa i + dsfafa + 1153 + t2fpau + £33
+ Clﬁzﬂz + Czﬂg = 0,

Pa + 03P + oo + drf55 + tafs + tsPofs + caPafa + caPafpr = 0, (6.2b)
o + 02P6 + dsfafa + dopuapa + diofafs + d1Pafs + dioffaPa + tefafPa + L5 = 0, (6.2c)

(6.2a)

where 0, = 0y, 04 = 049, 0 = Ogp and

24 15 75 _ 67 585
LI T 1ayn’ T 1ayn 4T 798y’ 5~ T 19’
15 9 _ 105v/65 o = 30V65 g _ 7565
T 7 T N 8~ 2861’ * T 143 x RV
135v/65 13565 44/5 24 76
dll = T Aq 12= "rmm tl i t2 E——— t3 =5 (63)
10017 20027 7T 7T 7
o2 i _160v5 _ 18065 , o 540ve5 o 9V5
YToya T Ty YT a3y’ 7 143w VIV
. 45 75v/5 185+/5
2

B YW - R T- YW

Other modal equations in (5.15) do not include nonlinear terms.
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To construct a periodic asymptotic solution of (6.2a), (6.2b), and (6.2c) we assume, as
usually [26], the asymptotic closeness condition between ¢ and o,:

g ;2"2 = 0(e*?) (6.4)

(the nonlinear eigenfrequency o is unknown). The wanted periodic solution takes then the
form

po = Acos(ot) + A%(E; + E; cos(20t)) + O<A3>,
(6.5)
pi = A%(Es + E4 cos(20t)) + o<A3), B = o(A3>, A= o<e1/3),

where A is the unknown dominant amplitude and substituting (6.5) into (6.2a) and (6.2b)
and accounting for (6.4) give

—t - 2 1+ (c1 - )02
E, - 1+(C12C2)O' _~h ( 12 2) 2+O<A2>, (6.6a)
20, 20,
—t 2t —(c1 + )o?
, = Tt (201 te)et _h-(a 202)02 + O<A2>, (6.6b)
2(o5 —40?) 605
_ — 2ty + (dg — dy) 0>
E,= Tt —don  h ( ° )% +0(4?), (6.6¢)
20} 20y
—t4 + (d6 + 617)0'2 _t4 + (d6 + d7)022 2
Ey= T - 2 +0(4%). (6.6)
2(o7 —407) 2(o; —403)

Gathering the A3-order terms at the first harmonics in (6.2a) and using (6.4) lead to the
secular equation to find the dependence between the normalized nonlinear eigenfrequency
(0 — 02) /02 = O(?/3) and the nondimensional amplitude parameter A% = O(e*/?)

o-0y 6347 5,

6347 . 7
o 7saon 70 (6.7)

Secular equation (6.7) determines the so-called “soft-type” spring behavior suggesting that
amplitude A increases with decreasing frequency o.

Figure 2 compares our asymptotic result (6.7) with experimental data from [12] (see,
also [19]) where dependence between (¢ — 0»)/0, and the maximum ratio (H/W) between
the instant drop height and width were reported. The experimental data for Ry = 0.49 cm
are denoted by e, but o marks measurements made for Ry = 0.62cm. In the lowest-order
approximation, the Legendre polynomials properties deduce that

H _ 1++5/@m)A 68)
W 1-1/2)\5/(@m)A’ '

where A is defined by (6.7).
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Figure 2: Theoretical ((6.8), solid line)) and experimental dependence between (o — 02) /02 (07 is the first
linear eigenfrequency, o is the corresponding nonlinear eigenfrequency) and the maximum ratio between
the drop heights and width (H/W). Experimental values [12] are for Ry =0.49 cm (e) and Ry =0.62cm (o).
Theoretical results do not depend on Ry and T within the framework of an ideal incompressible liquid
model. The figure also shows numerical results from [19] (dashed line), [33] (A) and [34] (A).

Figure 2 shows that (6.8) provides a good agreement with the numerical values
from [19] (dashed line), [33] (A), and [34] (A) in which the studies were also based on
the incompressible ideal liquid model (the results do not depend on Ry). Our theoretical
values are in good agreement with experimental measurements for Ry = 0.63 cm. For lower
drop radius, an qualitative agreement with experimental measurements is established. The
discrepancy can be related to viscous effects discussed, for example, in [19].

7. Concluding Remarks

The present paper gives a generalization of Lukovsky-Miles” multimodal method and derives
the corresponding general nonlinear modal equations describing the nonlinear dynamics of
a levitating drop. The modal equations are a full analogy of the original free-surface problem
and look similar to those known for the nonlinear liquid sloshing problem [24, 25, 31].

The derived nonlinear modal equations are used to construct weakly-nonlinear
modal equations for axisymmetric drop motions. The weakly-nonlinear equations possess
a finite-dimensional form for the case of almost-periodic drop motions with the nonlinear
eigenfrequency close to the lowest linear eigenfrequency. The latter case was studied by
other authors, experimentally and numerically. To compare our analytical asymptotic results
with earlier experimental [11, 12] and numerical [19, 33, 34] results, we constructed periodic
solutions of the finite-dimensional modal system. All the results on periodic solutions from
different sources are in a good agreement.
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