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On Exact Solutions of the Nonlinear Heat
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The symmetry reduction of the equation ug = V [u#*Vu] + du to ordinary differential equa-
tions with respect to all subalgebras of rank three of the invariance algebra of this equation
is performed. Some exact solutions of this equation are obtained.

1 Introduction

Symmetry reduction of nonlinear heat conduction equations without a source is investigated in
references [1-7]. In this paper, we investigate the equation

ou

~ 5 1
D V [utVu] + ou, (1)

where u = u(xg, 1, x2,23), V = (8%1’ 8%27 8%3); i, 0 are real numbers, p # 0 and |0] = 1.

1
The substitution v = v# transforms equation (1) into the equation

1
8650 =vAv + ;(Vu)2 + opv. (2)
Let L be the maximal invariance algebra of equation (2). If pu # —%, then L is the direct sum
of the extended Euclidean algebras AE(1) = (Py, D1) and AE(3) = (P, Jap, Do : a,b=1,2,3),
generated by the vector fields [8]:
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with a,b = 1,2,3. If 4 = —%, then L decomposes [8] into the direct sum of AE(1) and the
conformal algebra AC(3) = (P, Ko, Jap, D2 = a,b = 1,2,3), where Py, P,, Ju, D2 are vector
fields (3), and

K, = (27 + 23 + 23) — 2x,D>, a=1,2,3.

oz,
In this paper, the symmetry reduction of equation (2) is performed with respect to all subal-
gebras of rank three of the algebra L, up to conjugacy with respect to the group Ad L of inner
automorphisms.
Let u = f(z1,72,23) be a solution of equation (1). If p+ 1 # 0, then Auft 4+ 5(pu+1)u = 0,
and if p+1 =0, then Alnwu+ du = 0. Hence, the search for stationary solutions to equation (1)
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is reduced to a search for relevant solutions of the d’Alembert equation or Liouville equation. Let
u = u(xg, 1, T2, z3) be a solution of equation (1) invariant under Py. In this case, if p+ 1 # 0,
1
then u = €°®0p(x1, 29, x3) "1, where Ap = 0. If 4+ 1 = 0, then
u = eaxowm,xm),

where A = 0. In this connection, let us restrict ourselves to those subalgebras of L that do
not contain Py and Dj. The list of I-maximal subalgebras of rank 3 is obtained in [4, 6, 7].

2 Reduction of equation (2) for an arbitrary p
to ordinary differential equations

Up to the conjugacy under the group of inner automorphisms, the algebra AE(1)@® AE(3) has 12
I-maximal subalgebras of rank three, which do not contain Py and D [4, 7]:

Ly = (P, P2, P3, J12, J13, J23);
= (P + P1, P2, P3, Ja3);
(Po, Py, Jo3, D1 + aD3) (a€R, a#0);
(Po+ P1, P3, D1+ Da);
= (P3, J12, D1 + aDs) (a« € R, a # 0);
(Po + P3, J12, D1 + Da);
(
(
(

Py, Jios+aPy,Ds+ fP) (a=1,€Rora=0and f=0,%1);
- P27P37J237D1+P1>;

Lo
Ls
Ly
Ly
Lg
L7
Lg
Ly

Py, Py, Jo3, Dy + aPy) (= 0,%1);

Lo = (P5, D1 + aJi2, D2+ BJi2) (o, € Rand a > 0);
L1y = (J12, J13, J23, D1 + aDs) (a € R, a # 0);

Lo = (J12, )13, J23, Do + aFy) (o = 0,£1).

For each of the subalgebras Li,...,Li2 we indicate the corresponding ansatz v’ = ¢(w)
solved for v, where w and w’ are functionally independent invariants of a subalgebra, as well
as the reduced equation which is obtained by means of this ansatz. In cases when the reduced
equation can be solved, we indicate the corresponding invariant solutions of equation (2).

2.1. L1 :v=9p(w), w=umxp, p=70up.
In this case
v = CedHro,

where C is an arbitrary constant.

1 1
2.2. Ly :v=eM0p(w), w= 5—66““ — 21, pp+—@p* —p=0.

H H
Integrating the reduced equation, we obtain ¢ = C’ or

d
/%ZW—FC/,
p+Cle| »
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where C, C' are arbitrary constants and C' # 0. Corresponding invariant solutions to equation (2)
are of the form

v=C"teT[1 4+ C exp(—0Ce %0 — Cay)], if p= —

_a—1s 0 1 P e
v = Ae 2x°tan<A x°+2A+B),1fM——§,C——m,
v = Ae”29%0 tanh ( ¢~ 3970 —|— + B)
and
v = Ae~ 350 coth | < __6x°+ +B ifuz—1 Czi.
’ 2’ 2A2

2.3. L3 : v = 21%¢(w), w=aduzry — Inx,

Lo 3u+4

. . 2u+4
0P+ <p m —— P — adup + ———

0%+ Sup = 0.
Ifpu=-2 a= —%, then ¢ = —26w + C' is a solution of the reduced equation. By means of
o we obtain the exact solution
v =23 (—2x9 + 26 Inz1 + C)
of equation (2).

Spxy — edrwo
2.4. Ly : v = 22" p(w), w = MIT,

p(p’ + w)pd + 1P + (¢ —w)® + oo = 0.
The function ¢ = Aw + B, where A and B are constants, satisfies this reduced equation if and
only if B2 = —(§A + A?)pu2. The corresponding invariant solution of equation (2) is of the form

v=A ((5,U,x165“x‘) — 625“3”0) + Baxgedheo,

2.5. Ly : v = (2] + 23) p(w), w = aduz — %ln (23 +23),

.o p+1 . . .
9090+T(2¢—s0)2—902—a5w+5us0=0-

1 1
2.6. Lg:v = (m% + m%) 2 M0 (W), w = (Spaxz — eOHT0) (x% + CL’%) 2,

. 2 . w2\ . _ 1
(w2+u2)<pcp— <1+—> wpe + <,u+—> G2 + Sup + <1+—> ©* =0.
I I I
For y = —1, this equation has the solution ¢ = —dw. In this case
v = de 20%0 4 xgef&”’o
is the corresponding solution of (2).

2.7. Ly : v = oHa0 (m% + x%) o(w), w = adparctan no

0
T2 ﬁ2“ In (o +23) +e o,

(a2 + 62) i + (a2 + 67) g — 4B6(1 + phpp — b + 2D 2 g ()
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For a = 8 =0, u # —1, the reduced equation takes the form

. 4Ap+1

It’s general solution is

12

L C—46(p+ 1w’

and the corresponding invariant solution of equation (2) is
v = ,u2 (ac% + x%) edHo [C —46(p + 1)65‘”0]_1.

If 4 = —1, a® 4 %2 # 0, then equation (4) takes the form
(0 + 5%) o — (0% + %) % + 6 = 0.

In this case, ¢ = C’ or

and, therefore,
v=C"e (27 + 23)
or

T
—ad arctan —

_C
042+,62 X9

po 6z
—I—?ln(l‘%-i-l'%)-l-e 50>:|—6},

v = % (w% + x%) e~ 0%0 {C/ exp [

where C, C" are arbitrary constants and C' # 0.
N .
2.8. Lg: v =p(w), w=6uzo — 1, 9P + ;s@z +0u(p —¢) = 0.

For 4 = —1, the reduced equation has the solution ¢ = Ce“, where C is an arbitrary constant.
The corresponding invariant solution of the equation (2) is of the form v = C exp(—dxo — z1).

1
2.9. Ly : v = 22" p(w), w = alnz — 5—65‘”0,
i

.o 4o . 4
Pop+ —¢@* + <3a+) Yo+ e+ <2+> ¢? = 0.
7 [ [
For a = 0, 1 # —2, we obtain ¢ = u[(2u + 4)w 4+ C]~', therefore,
/L2ZL‘%€5“:CO
v= .
C — 5(2u + 4)edro
If a =0, p= -2, then

v = Crle 2070,
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For a # 0, 4 = —2, the reduced equation has the solution ¢ = é + Ce™2°“_ The corresponding
invariant solution of equation (2) is of the form

1

v = a 2% exp(—20z0) + Cexp|—20z¢ — ad exp(—20x0)].

2.10. Lip : v = (2] + 73) p(w), w = arctan g adpuxo + gln (23 +23),
2

2

N . 1 ) . 1
(1+52)<,0g0+ b <p2+4ﬁ<1+;> goap—aé,ucp—l—4(1—|—;> ©* + pudp = 0.

1
2.11. Ly v = (a:% + 22 + ;1:%) o(w), w=aduxy— 5 In (a:% + 22 + $§) ,

4 1 4
P — <5+;) ¢@+;¢2_Q5M¢’+ (64‘;) 902+5N‘P:O‘

For a = %, W= —%, the reduced equation has the solution ¢ = géw + C, and the corresponding
solution of (2) is of the form
2 2 2 2 1 2 2 2
v= (2 +25+a3) |C— 370 = gdln(x1+x2+x3) :

ad
2.12. Lyp 1 v = (2] + 23 + 23) 0 (W), w = edHTo T,u In (2] + 23 + 23)
; : . : 4
1t op — (5u+ 4)adpp + a’up? — Sup + <6 + ;) ©* = 0.

If a =0, then ¢ = p?[C — (6 + 4) dw] ™!, where C # 0 or 6 + 4 # 0. Therefore,

P (af + o + o) e
O — (6p + 4)5ednzo

For = —%, a # 0, the reduced equation has the solution

di =w+C’
Cps — 34 1 '
¥ a&sp—'_a?(s
If C =0, then

1 .
o=—+ Aefﬁw,
3a

where A is an arbitrary constant. In this case,

1 2 2 3 2
v= o (x% + 22 + x%) exp <—§5aco> + Aexp [—g&co — oD <—§6x0>] )
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3 Complementary reduction of equation (2) for pu = —2

5
to ordinary differential equations
Let F be an I-maximal subalgebra of rank three of the algebra AE(1) ® AC(3) and Py, D1 ¢ F.
If a projection of F' onto AC(3) is not conjugate to any subalgebra of the algebra AF(3) under

the group Ad AC(3), then F is conjugate under the group Ad(AE(1) & AC(3)) to one of the
following subalgebras [6, 7]:

Fy = (P + K1, Py + Ko, J12, K3 — P3);
4 Ko, Ju:a,b=1,2,3);
P+ Ky, P+ Ky, J12, K3 — Ps+ aD;) (a € R, a > 0);
P, + Ky, P+ Ko, J12, K3 — P3s + Py);
Ko— PayJuy:a,b=1,2,3).

Fy=

= (Fa
{
{
=

4
3.1. Fi:v= [(m% + 23+ 25 — 1)2 + 43:%] o(w), w=mxg, p=—4p* — 5&0.
The general solution of the reduced equation is ¢ = C§ [6%5“’ — 5C’} - , where C is an arbitrary
constant. The corresponding invariant solution of equation (2) is of the form

v==C0 [(m%—l—az%—i—x%—l)Q—}—llx%] (es —5C> 1

4
3.2. Ih:v= (:13% + m% + azg — 1)2 o(w), w=umg, $ = _12¢2 — 55@

In this case, ¢ = @ { 50w C} , therefore,

s . 1
U:E(m%+x§+x§—1)2(e§60—0) .

2., .2 .2
i +x5+25—1 8

3.3. Fy : :[ 24 221 42 1)° 42] , w=arctan -1 ~2 "3 _ ’

3:0 (21 + a5+ 25 — 1)” + 43| ¢(w), w = arctan 223 505 0

.. . 8
4<pcp—5cp2+5 5@—4@ ——6@—0

5
3.4. Fy:v = e 5% [(x% +ad+al-1)7+ 4%%} p(w),

2 2 2

T x z5—1 56

w = arctan — + 5+ 13 — —e_%‘sxo
2$3 2

do@ — 5p? — 2p — 4p? = 0.
2 2 2 2 . 2 4
3.5. Fs v = (e + 23+ a3+ 1) p(w), w=um0, ¢ =12¢" - =dp.
-1
Integrating this equation, we obtain ¢ = § [15 — Ce%‘sw} , and, therefore,

—1
v="0(a}+ a3+ a3+ 1) (15— Cei®)
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