Proceedings of Institute of Mathematics of NAS of Ukraine 2000, Vol. 30, Part 1, 73-82.
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An approach to construction of exact solutions of nonlinear equations on the basis of sepa-
rated variables is proposed.

1 Introduction

To construct the exact solutions of nonlinear equations in mathematical physics the following
ansatz is commonly used

u(z) = f(z)e(w) +g(z), (1)

where f(z), g(z), w = w(z,u) are certain functions, and functions ¢(w) are undetermined. If
the explicit form of variables w = w(x,u) and functions f(x), g(z) is determined on the basis of
subalgebra of invariance algebra of this equation, then ansatz (1) is called as a symmetry or Lie
one. Not all ansatzes are symmetry ones.

In [1-4] a definition of conditional invariance of this differential equation was introduced.
If the explicit form of new variables w = w(z,u) and functions f(x), g(z) are determined on
the basis of conditional symmetry operators then ansatz (1) is called an arbitrary invariant or
non-Lie one. By means of arbitrary invariant ansatzes new classes (types) of exact solutions of
many nonlinear equations in mathematical physics were constructed. Let us note an effective
algorithm for finding of arbitrary symmetry operators is not found yet.

In this paper an approach to the construction of exact solutions of nonlinear equations is
proposed. It is based on the method of separated variables and has a great advantage in view
of its simplicity and possibility to be unchanged for construction of exact solutions for many-
dimensional equations. We will consider this approach using the Boussinesq equation.

2 Exact solutions of the Boussinesq equation
ug = A(Vu)? + AuAu

Let us consider the Boussinesq equation

uy = AN(Vu)? + AuAu, (2)

where \ is an arbitrary constant, u = u(xg, x1,...,Tn), Up = —

2 2 2 2
(Vu)2:<§7u> ++<%) , Auza—g—l—---—i—@.
1 n
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Certain partial solutions of Eq.(2) for two variables xy, = have been obtained in [5, 6], and
for many variables in [1, 7].
Now let us consider the one-dimensional Boussinesq equation

ou \? 0%u

2.1. We seek for a solution of Eq.(3) in the form u = a(zo)b(z1), where functions a(xg) and
b(x1) are not constants. Substituting into Eq.(3) we have

Aa2bb” + Na?b? — a'b = 0. (4)
It follows from (4) that the functions a?, a’ are linearly dependent. Consequently a’ = aa? for a
real number a and Eq.(3) has the form (Abb” + \b'?)a? — aa®b = 0. We find from this equation
b 4+ \b'2 — ab = 0. Notice that the substitution ¢’ = aa suggests o = 1. Thus we will consider
the equation

AbY" 4+ Ab2 — b = 0. (5)

The general solution of Eq.(5) has the form

bdb 2 (21 + 1) (6)
—~(x1+¢c
Vet 3 gt
where ¢, ¢; are arbitrary constants. If, for example, ¢ = 0, then b = (a:l +¢1)?, and we obtain

the solution of (3)
B (z1 +c1)?
6A(zo + c2)’

which is transformed into

2

6)\1‘0 '

u=—

The solution (7) is a partial case for

J}2

6\xg

+ f(xo, x1).

u = —

Substituting into Eq.(3), we find

2z f1
3(E()

Jo=— ——f11——f+Af1 +Affu (8)

The solution of Eq.(8) can be found in the form f = a(x0)b(z1) and we have
2 ? 1 :
a'b= - <——w1b’ — Sy —b) +a? <)\b2 + Abb”) :
Zo 3

Let o' = oz, where « is a real number. Hence, a = czj. To determine the function b(x1) we
find the system of equations:

22V + 4z b + (2+6a)b =0, Y24+ bb" =0
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Thus, the Boussinesq equation possesses the following solution

2

—5/8 1/2 x7
u=cxy  “xy — —~——.
6Azq

If the function f in (8) depends on xy only, then we obtain fy = —%f. Thus, Eq.(3) has a
solution
2

_ -1/3

U= 6z +cxy .
2.2. Now let us consider Eq.(2) for the case n > 1. We shall look for solution of (2) in
the form u = a(xo)b(x1, ..., x), where the functions a(xo) and b(x1,...,x) are not constant.

Substituting this expression into (2) we find

Aa® [(Vb)? + bAb] — d'b = 0. (9)

2

It follows from (9) that functions a?, a’ are linearly dependent, thus @’ = aa® and Eq.(9) has a

form
(ADAb + A(Vb)?) a® — Aa®b = 0.

It can be obtained from this equation that

AbAD + A\(Vb)? — ab = 0. (10)
The function b = p(w), w = 23 + -+ + x7, b < n satisfies Eq.(10) iff

Awee” + 2kApg’ + 4wy’ — ap = 0. (11)
If o = 2\(k + 2) then a particular solution of Eq.(11) is the function ¢ = w. Since the equation
a’ = aa® possesses the solution a = —o%,m, then Eq.(2) has a solution of the form

2 2
= . 12
“ 2X(k + 2)xg (12)

The solution (12) is a particular case of

R s

Substituting this expression into Eq.(2) we obtain
2x1 f1 2z, fi 2 2, 42 2
e e, 2, T
"=~k 2 Nkt 2ymg TAUT T S St )
P44 a? k 13)
D e L e o ) f.
+ ( 2A(k + 2)0 +f> (Pat ot fon) = gy
Let the function f be independent of x1,...,zg, then
2 2
= (13 2 Y ST ) — ———— f.
fO (fk+1 + +fn) + < 2)\(k+2)$0 +f (fk+1,k+1 + +f ) (k+2)x0f
Thus,
k
(feti k1 + -+ fan) =0, fo=A(feg+-+f2) - I (14)

(k’ + 2)1‘0
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The solution of (14) can be found in the form

[ = ths1Trg1 + -+ pinTn + v,

where g1, ..., tn, ¥ are functions dependent on zy only. Substituting this expression into the
second equation of (14) we have

0 0 ov
Oxg T

=A(ui+1+---+ui)—( (ks 1Thg1 + -+ fnTn + V).

k + 2).@0

LV
(k + 2).110 '

The general solution of (15) has the following form:

a—%=k(ui+1+-~+ui)—

k k
_ T k+2 _ T k+2
MHEk+1 = Ck+1f£0 5 ceey Mn = Cnﬂfo 5

Ak +2) —hi2 —
_ 2 2 k+2 k+2
V—T(Ck+1+"'+cn)$o + cx ,
where ¢, cg11, ..., C, are arbitrary constants.

Thus, we obtain the multiparameter set of solutions of Eq.(2)

2 2 k
a? 4+ ad — s
“= _m+(ck+1wk+1+“‘+cn$n+0) xy " 16)
Mk + 2 —k+3
—l-(i) (Ror+ -+ c2) a2

2

Moreover, if k = 1, n = 3 then solution (16) takes the form

2 _ 3
U= _6230 + (coma + c313) T 13 + 5 (c% + c%) x(l)/g.
If k =2, n = 3 then solution (16) has a form
22 + 3 —1/2
= _éTvoz + 3137 / + 2)\c§.
If the function f in (13) does not depend on z1, ..., xy, then we have
k
o=~ om”
Thus,
__k_
[ =cxy .
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And the Boussinesq equation (2) has also the following solution

2 2 k
I R S
T TNkt 2 O

If, for example, k£ = 2 then we have

2 2
S ~1/2
U= Shzg + cx .
In the case of kK = 3 we have
2 2 2
N _.Z']_ +x2+x3 C:E(;3/5‘
IOAl'O

3 Exact solutions of the Boussinesq equation

ugo + (Vu)? + uAu + A(Au) =0
Let us consider the Boussinesq equation
Ugo + uuy + u% + uq111 = 0, (17)

where
ou 9%u *u

u = u(x), x = (20, 21), U1 = oxy’ uil = 3_33%’ Uil = a—xf

It is invariant with respect to the algebra with operators [8]

:i, P 9 D:2x0i+xli—2u£.
Oxg

P - 0z’ 0z 0x1 ou

Operators Py, P; and D give rise to the one-parameter symmetry group of equations:

GO : (x(),xl,u) - (xo +€,(I}1,’U,),
G1: (z0, 21,u) — (20, 21 + €, 1), (18)
2e

Ga : (o, x1,u) — (e :Uo,eeml,e_%u) .

Eq.(17) is also invariant under the discrete transformations

(1:05 $17u) - (7‘%07%1’ U),
(z0, 21, u) — (20, —21, 1), (19)
(z0, 21, u) = (—T0, =71, 0).

One-parameter subgroups (18) and discrete transformations (19) give rise to the group G of

Eq.(17). Therefore, the most general solution obtained from u = f(xg,z1) by means of the
transformations of the group G has the form

u=a’f (azﬂfo + Bo, ax1 + /31) )

where «, [y, §1 are arbitrary real numbers.

The derivation of exact solutions of Eq.(17) is discussed in [1-4]. A new method of invariant
reduction of the Boussinesq equation is proposed in [2]. Exact solutions of Eq.(17) on the basis
of the conditional symmetry concept are obtained in [3-4].
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3.1. We seek a solution of Eq.(17) in the form u = a(zo) 4 b(x1), where the functions a(zg) and
b(x1) are not constant. Substituting this expression into Eq.(17) we have

a// +ab// + (bb/ + b/2 + b///l) — O (20)

Since b is independent of xy, it is clear from Eq.(20) that a” = a+ fa for real @ and 3. Therefore,
we obtain from (20) that a(8 +b”) + (a +bb" + b2 + ") =0, i.e.

V43=0, b +b2+b0" +a=0. (21)

If 3 = 0 then the system of Eqs.(21) possesses a solution b = yx1 + §, where v2 = —a. The
function b(z1) can be transformed into 2x; by means of a transformation from the group G.
Then o« = —4 and a = —Qx% +y120 + 61, where 1, d1 are real numbers. Since a can be rewritten
as a = —2(zo — 71/2)? + 61 — 73 /4, this solution can be transformed with the help of the group
G to become

u=2 (Il — azg) . (22)

Let us construct another type of solutions to Eq.(17) with partial solution (22) to the Boussinesq
equation. A partial solution of Eq.(17) can be found in the form

u=2(z1 —x3) + f(z0,21). (23)
Ansatz (23) reduces Eq.(17) to the form
foo + ffin+ fi+ funn +2 (w1 — 23) fu + 41 = 0. (24)

Ansatz ¢ = p(w), w = 71 + 23 reduces Eq.(24) to the ordinary differential equation

¢¢//+¢/2+¢////+2w@//+6(p/ = 0. (25)

A partial solution of Eq.(25) we find in the form ¢ = tw®, s # 1. Substituting it into (25) we
obtain s = —2, t = —12. Thus, the function

u=2 (ml — azg) —12 (xl + x%)iQ (26)
is a solution of Eq.(17).

3.2. Now, we look for a solution of Eq.(17) in the form u = a(xo)b(z1), where the functions
a(xp) and b(z1) are not constant. Substituting this expression into (17) we obtain

allb+a2 (bbll+b/2) +ab”// — O (27)

In complete analogy with Subsection 3.1 we see that a” = aa?+ Ba. Substituting a” into Eq.(27)
and taking into account the functions a and a? are linearly independent we obtain the following
system to determine the function b(x1)

V" 4+ 6b =0, by + b2+ ab=0. (28)

It may be easily seen from these equations that = 0 and o # 0. We can always set « = 6
by multiplying the function a by the number «/6 and the function b by 6/a. Since 8 = 0, we
see from the first of equations (28) that b is polynomial in x; of degree not higher than three.
Plugging b in the form of the general polynomial of degree three into the second of equations
(28), we see that in fact b = —z?%. Hence, Eq.(17) possesses the solution

u = —z3P(x0), (29)
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u = —.’L‘%ZEQ, (30)

where P(x0) is the Weierstrass function with invariants go = 0 and g3 = ¢;.
A new class of solutions of Eq.(17) can be constructed using its partial solution (29). We
look for these new solutions in the form

u=—ziP(x0) + f(x0,71). (31)
Ansatz (31) reduces Eq.(17) to

(foo + i1+ f + funn) — P (23 fir + 4w f1 +2f) = 0. (32)

If the function f is independent of x1, then we have fo9 = 2P f. This is the Lamé equation
and its solutions are well-known [11]. Thus, the function

uw=—22P(z0) + Alxo), A" =2PA (33)

is a solution of the Boussinesq equation.
If the function f in (32) does not depend on z(, then we have a system of equations to
determine the function f

eifn+defi+2f=0,  ffu+ff+ fun=0 (34)
The first equation of this system is linear and its complementary function is well-known [11].
Hence, f = —12:1:fz, and Eq.(17) possesses a solution

u = —22P(20) — 1227 > (35)

We obtain simultaneously that the function
u= —12:01_2 (36)

is a solution of the Boussinesq equation too.

Then we find a solution of Eq.(32) which is dependent on z¢ and z;. It can be found in
the form f = a(z)b(x1) + c(zp) where functions a(xg) and c(zp) are linearly independent.
Substituting into Eq.(17) we obtain

" +ad"b+a® (0" + %) + ach” + ab”” + aP (—a 2" — dayb/ — 2b) — 2Pc = 0. (37)

Without going into details let us suppose from the outset that b’ = 0. Then b = azy + 3 and
consequently f = aa(zg)z1 + (Ba(xg) + ¢(xp)). It means that setting « = 1, = 0 in Eq.(37)
we arrive at

' +ad’z) + a® + aP(—4x, — 2x1) — 2Pc = 0.
Thus,
a" — 6Pa =0, ' = —a® + 2Pc. (38)

The equation a” — 6Pa = 0 is the Lamé equation with a solution a = P(zg). Hence the
complementary function of the Lamé equation can be written as a = v1P(xg) + v2A(z0), where
P(xg) and A(xg) are linearly independent. The corresponding solution of Eq.(17) has the form

u=—P(xo)(z1 — 71/2)2 + yox1A(zo) + (c(mo) + 7%/477(330)) )
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Under transformations from the group G it reduces to

u = —x2P(x0) + Yoz1Az0) + d(20), (39)
where the function d(xg) is a solution of the following equation

d" = —43A% 4+ 2Pd.

In a similar manner from (30) a new class of the Boussinesq equation solutions can be con-
structed
u=—x3x? — 12272, (40)
2.2 3 i g 2 1
u = —xpx] + 1T — =4 %0 + cox + c37 . (41)

The solution of Eq.(17) is in the form u = a(xo)b(z1) + ¢(xo), where functions a(xo) and c(zg)
are linearly independent. By substituting in Eq.(17) we obtain

d"b+ ¢+ a® (b + bY") + ach’ + ab™ = 0.
If ¢ = aa?, a”” =0, then

a® (a+ b7 +bb") + ach” + ab™ = 0.
It follows from this equation that

V24 bb" +a =0, b = 0.

The solution of this system up to transformations from the group G is a function b = z; if

a = —1. Then with the requirement that ¢’ = aa?, a” = 0, it is possible to obtain a = o,

¢ = —3x +vxo + 6. Thus the function

= —i4 1)
= X20T1 12$0+7$0+

is the Boussinesq equation solution with arbitrary real numbers 7, §.

3.3. We go now to the construction of exact solutions of the Boussinesq equation for the case
n > 1. The generalization of Eq.(17) for arbitrary number of variables xg,x1,...,x, is the
equation [10]

ugo + (Vu)? 4+ ulu + A(du) = 0, (42)

where

ou\? ou \? 0%u 0%u
2 — N “ e R [ P R
(Vu)™ = <31:1> Tt <3xn> ’ Au Ox? o ox2’

The solution of (42) can be found in the form u = a(zg)b(x1,...,zx), k < n. Substituting this
expression into (42) we have

a’b+ a® [bAb + (Vb)?] + aA(Ab) = 0.

Hence ¢’ = aa® + Ba and as a result we obtain the following system to determine the function
b(xy,...,zK)

A(AbD) +6b=0,  bAb+ (Vb2 +ab=0.
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If b = 0, then « # 0 and it may be considered that « = 6. The system has a solution

b= —,%_2 (x% + -+ xi) for these values b and «. Therefore, the Boussinesq equation solutions
are functions
3
u:—k+2(x%+-~+xi)77(a:0), (43)
u=— 5 (x%—I—---%—xi)xd. (44)
k+2 0

Let us construct another solution of Eq.(42) from (43). We will look for it in the form
3
U= . (ac% + +xi) P(xo) + f(xo,x1,...,Tk). (45)

Ansatz (45) reduces Eq.(42) to

foo+ (VF)? + FAf + A(AS)

] (46)
—P k+2(x%+...+xz)Af+(4x1f1+...+4xkfk>+2kf —0.

If f does not depend on variables x1, ...,z in Eq.(46) then foo = kGTI_“Zf and, therefore, the
function
6k

3
u= (&% 4 +af) Plwo) + Alwo), A==

CE+2
is a solution of Eq.(42).
If the function f depends on variables g, z1, ...,z in (46) then the solution of Eq.(42) can
be obtained in the following form

3
U=t (x% +...4 xi) P(xo) + ax1A(xg) + c(xp), (48)
where P = 6P2 A" = (44 2k)PA, " = —a?A? + 2Pc.
Similarly we find a solution of Eq.(42) from (44):

PA (47)

1+\/25k+2 17\/25k+2
u=— 3 (22 + ...+ 2}) g2 + crxda —ﬂxg—kcx - + c3w -
=52 1t k) To 1ZpT1 5Ok+1120 2L 340 ’
where ¢y, ca, c3, ¢4 are arbitrary real numbers; £k =1,...,n.
A new type of solutions of Eq.(42) can be constructed using
u = —27P(x0) + f (w0, x2, 73). (49)

Substituting anzats (49) into (42) we have
foo +(Vf)? + F(Af) + AAf) = 2¥P(Af) = 2Pf = 0.

Since the function f does not depend on x1, then Af = 0 and we obtain the following system
of equations to determine the function f:

foo+ f3+f3—2Pf=0, Joo + f33 = 0. (50)

We will seek now a solution of Eqs.(50) in the form f = a(x)z2 + b(xo)z3 + c(x0). Substitution
of f into the first equation of (50) gives

a"xo + 0" 13+ "+ a® + b? — 2P(axy + bas + ¢) = 0.
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It follows from this equation that
a" = 2Pa, b't = 2Pb, " = —a? — b + 2Pc. (51)

Solving Eq.(51) we find the explicit form of functions a(xo), b(zo), ¢(xo) and the solution of
Eq.(42) too.
If we use the ansatz

U= —x%x&Q + f(xo, x2,x3),

we construct by analogy with the above the following solution of Eq.(42):
u=—atrg? + (c12§ + cazg ) w2 + (e33F + camy ') 3
2, 2 2, 2
c]tc c1c2 + c3c c;+c
! ng G2 3 4338 + 2 3'
28 2 28
And using the ansatz

u= 3 (& +23) Plao) + (o, z3)

another solution of Eq.(42) can be obtained
1
U = -3 (x% + m%) P(xo) + A(xo)zs + c(x0),

where A" = 2PA, " = —A? + 2Pc.
Making use of

1 _
u=—3 (:1:% —|—a:§) 252 4 flzo, x3)

we find a solution of Eq.(42) in the form

1,9 2\ -2 2 -1 €1 6 CiC2 3 C%
U=—z (:U1+:U2);UO —i—(cl:c0+cz:c0 )x3+—$0——m0+—.
2 28 2 2
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