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Using the self-consistent renormalization (SCR), a careful study of complicated tangle of
problems associated with renormalizations, symmetries conservation, their breaking and
anomalies is performed for some set of UV-divergent Feynman amplitudes (FA’s) connected
with mass-anysotropic AVV- and AAA-triangles in the space-time n = 4. Most general
quantum corrections (QC’s) to the canonical Ward identities (WI’s) and some nontrivial
“daughter reduction identities” (DRI’s) are obtained. The results are new both for a nonde-
generate case and for the chiral case. For a nondegenerate case (my # ma # mg, m; # 0),
the QC’s are the zero degree homogeneous functions of masses and are expressed in terms
of the Appel hypergeometric functions Fy. For the chiral case (m = 0) and the chiral limit
(m — 0) the behaviour of the AVV- and AAA-amplitudes depends crucially on the discrete
symmetry of these amplitudes in the cases m = 0 and m — 0. In the chiral case the QC’s
to “left-handed” WT’s vanish. This may give some insight into why just the left-handed
neutrino exists in Nature.

1. Symmetries of quantum field theories (QFT) often manifest themselves via certain formal
relations between UV-divergent FA’s known as the canonical WI's (CWTI’s). Anomalies of QFT’s
occur as breakdown of the CWT’s at the level of regular (finite) values of FA’s [1-3]. We hope to
clarify some obscure points in these violations by employing the SCR. [4] to spinor triangle FA’s,
as the most important subject in such investigations, and to illustrate possibilities of the SCR.
Recall that the SCR is an effective realization of the Bogoliubov—Parasiuk R-operation [5] which
is complemented with recurrence, compatibility and differential relations fixing a renormalization
arbitrariness of the R-operation in some universal way based on mathematical properties of FA’s
only.

2. The main Feynman amplitude corresponding to the triangle spinor graph of the most
general kind (different masses, arbitrary Clifford structure of vertices, the n-dimensional space-
time with the (g, p)-signature) looks as follows:

r tr[yi(ma + p1)y2(ma + p2)y3(ms + p3)]
P m k) = [ (@) Sk ! . _—
(m.k) = | @0) 0 Ry ™ ey (3 — 52— ie2) (2 — 73 — i)
e (1)

(d"p) := d"p1d"p2d"ps, D1 = Ypips m = (m1, mg, m3), k= (k1, k2, k3),
d(p, k) :=0(—k1 +ps —p1) 6(—ka + p1 — p2) 0(—ks + p2 — p3).

The matrices v;, vy, I4 act in the Ny-dimensional space of the faithful representation m, of lowest
dimension for the Clifford algebra Cl(g)k, K = R or C, with 7, € Ai(g), p = 1,...,n, being
the generating elements of the Cl(g)k-algebra in its matrix representation mg; also v; € Ag(g),
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i = 1,2,3, are some k-degree (k = 0,1,...,n) homogeneous elements of the Cl(g)k-algebra
in the mg-representation; I, is Ny-dimensional unit matrix. The natural analog of the Dirac
yS-matrix is V. := 172 - - Y € An(g), with properties

e = ()" v p=1n, A =e(g)ly, e(g):= (~1)0(=1) VR (2)

3. The UV-divergent FA’s (1) satisfy formally the canonical WI's (CWT’s):
k1 JOF 2 (m k) = DI (m, k) =
= (=)™ P (m, k) — Py (m, k) + (mg — (=1)Tma) 179295 (m, k),
koo MO0V (m, k) = DI (m, k) =
= (=1)™P]"" (m, k) — P/ (m, k) + (my — (—=1)™2mg) I3 (m, k),
k7207 (m, k) = D3 (m, k) =
= (=)™ P (m, k) — Py (my k) + (mg — (=1)™ms) 1727 (m, k).
Here the quantities D]"2" (m, k), DJ*" (m, k), DI (m, k), P/"7?% (m, k) are similar to the
main amplitude 1717273 and differ from it only in polynomials of the integrand:
D2 (m, k) «— (ps — p1)u tr [y#y(ma + p1)v2(ma + p2)ya(ms + ps)],
DI (m, k) «— (p1 — p2)a tr [y1(m1 + p1)7*y(ma + p2)y3(ms + p3)], (4)
DJ(m, k) «— (p2 — p3) s tr [y1(m1 + pr)y2(ma + P2)y v (ms + p3)];
PP (m, k) e tr[y1(m] — pi)ye(ma + p2)ys(ms + p3)];
Py (m, k) e tr [y (ma + pr)v2(m3 — p3)ys(ms + ps)], (5)
PP (m, k) —— tr [yi(ma + p1)v2(ma + p2)yz(m3 — p3)].

In Eqgs.(3) the vector CWTI’s (y = I,;) and the axial-vector CWT’s (7 = ~*) are represented in
the uniform manner. The factors (—1)™ stem from the commutation relations v7vy = (—1)"y77,
s=1,...,n, and are equal: (=1)" =1ify =1, Vn,ory=~"n=2r+1; (-1)™ = —1if
vy =% n=2r.
4. The reduction identities (RI's) is a name given to the obvious identities:
P8 (i, ) = wazva(m(l)7 R, =123 o

ma) = (m2,m3), M) = (m1,mz), M) = (M1, ma),

in which we use the simple idea of cancelling the equal factors in factorized polynomials in
numerators and the denominator of integrands. For example, for [ = 1,

o0 .t B
P k)= [ @) o by gt A ) e e b R b))
S (mi — p? —ier) (m3 — p3 — iez) (M3 — p3 — ies)
n tr [y1y2 (ma + p2) v3 (M3 + p
PR ey k)= [ (@) kO U LI ©
2 2 3 3

The RI’s (6) naturally induce primitive daughter RI’'s (DRI’s) via decompositions involving:
i) the Clifford tensors tr(yiyamaysms), tr(yivemevysye), tr(viv2vsv3ms), tr(yiv2vsv37v-), for
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[ = 1; ii) the symmetric and antisymmetric parts %(pgpg + p7py) of the pJpy; iii) the tensor
structures 1, k7, g°7, (ki, kj)77 = (k7 k] + kTK]), [Ki, k; |77 == (k{k] — k7k]), with independent
external momenta (e.g., k2, ks, or ki, ko, or k1, k3). There are 10 primitive DRI’s, VI = 1,2, 3.
The difference between P 7?7 (m, k) involved in Eqs.(3) and P,’' " (m, k) results from i¢;-terms
in polynomials of numerators.

5. The amplitude 1717273(m, k) has the divergence index v = n — 3, whereas the amplitudes
DI/’YQ’B (m, k), D;/WW?, (m, k), Dgﬂﬂ(m, k), ]3171”/273 (m, k), Plz17273 (m, k), FZZWWIS (m(l)7 k), | =
1,2, 3, have the divergence index v + 1 = n — 2. The regular values for all of them are obtained
according to [4] and are given in [6] in the most general form (for arbitrary Clifford structure
of vertices and for n-dimensional space-time with the (g, p)-signature). It turns out that so
calculated regular values satisfy the identities:

F(R) D020 (m, k) = (RYH1Dy) 7755 (m, )
= ()T (RAIRYT — (RUIP TS + (g — (1)) (R,

koo (RVI) O 0 (m, k) = (RYT1D) M98 (m, k)
= (-1)™ (Ru+1p2)71w-3 — (R”+1P1)71W3 + (m1 — (=1)™2my) (Rlﬂrl_f)vwva7

k(R 2070 (m, k) = (RFID3) 172 (m, k)
= (1SRRI — (R + (i — (—1)mg) (R,
which are referred to as the regular analog (RA) of the CWI’s [6]. It is important to note that
the last terms in the identities (9) are calculated by the renormalization index v + 1, although
their proper divergence index is v. It is this peculiarity that permits the RA of the CWT’s (9)
both to imitate the CWTI’s (3) and to differ from them simultaneously. It is this peculiarity that

permits to obtain some effective formulae for calculating of the quantum corrections (QC’s) to
the CWD’s in the most general nonchiral case [6].

6. The primitive DRI’s stemming from tensors tr(7172707377), tr(1170727377), tr(1170727773),
%(pgpg — pypy), and %[kg, k3]°™ are as follows:

(R Prga)”” (m, k) = (R Prgay)”” (M, k), ab#1 a<b, 1=1,23 (10)

(R Prgapy) " (m, ) = (2n)"6(R)b(g)tr() g ko b5l (<1 (RHPED) (k). (1)

(r om0 )= [ B i) (o417, - L2 (01, »
Q(n _ ~1 ( pr+1 _
+[R(E+1)—1]at (rHiR), ) =0

The zero result in Eq.(12) is due to (R”*lﬁle[mb])w (M), k) = 0, which in turn follows

from the antisymmetry of the %(pgpg —p7py) and from the special external momentum de-

pendence in this case (independent momenta are: ks or ki + ko for [ = 1, etc.). Here-
3

after the integration measure is du(a) = 0 <1 -3 al> dag dag das, the integration region
=1

3
is X2 .= {al\al >0,1=1,2,3 > o= 1}, overall d-function is §(k) = 0(—k1 — ko — k3),
=1

and the metric dependent constant is b(g) := (7"/2iP) /(27)", where p is the number of positive
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squares in the space-time metric g. The basic functions (R**1F),; and the determining numbers

1 31 S .
Vgjs Asj» and w appearing in them are defined as:

” Wi 1+y;‘
(RVVF) ;o= M2Y 2T (A) /T2 + ) oFy (L3 2+ v

I 3]7 8j7

Ze),
(13)
V;j::[(u+1—s)/2]+j, )\;j:zl—i—yij—w—j, w:=mn/2-3

The [(v+1—s5)/2] in Egs.(13) is the integral part of the number (v+1—s)/2. The a-parametric
functions Z,, M., A, A, Y, involved in Egs.(11)—(13) have the form:

Ze = A/M,, M, ::Zag(m%—iq), A= +az +as,

A= A7 on (o + as)ks + as(az + 01)k3 + 20nas(ks - k3)] | (14)
Y, = A_l[(ag + 043)]{}2 + Oégk‘g], Yy = A_l[—()élk‘Q + 013]63],
Y; = Afl[—ale — (Oé1 + 042)]4}3].
7. Now let us consider the AVV (y; = v#y*, 75 = 7, 43 = %) and the AAA (y; = 4",
Yo = ¥, 73 = ¥Py*) spinor amplitudes for n = 4 [7]. There is the relation
IMaﬂ(AAA) (mh m2,ms, k) = E(g)Iuaﬁ(AVV) (mh — m2,ms, k) (15)
between them. Therefore, in the chiral case (m; = 0, ¥ [) they may differ only by the sign.
Using Eqs.(12) and the compatibility relations (R"F) ; = (RTLF) er1; ON€ finds that the

regular values of the main triangle amplitudes (1) after calculating nonzero traces have the
followimg representation (here v =1 and w = —1):

(RYD)"PC) (my, ma, ma, k) = (27)16(k)CC) (g) dMA(QOK)
2

e kyr (BT (m, 0, k) + ks, (RT) (m. 0, k) 16)
+g“°‘”k20k37(R'jl-3)ﬁ(m, «, k) + EM/BJTkQUkBT(RVIZl)a(m? a, k)} )

where integrands (RYZ;)(") (m, o, k), etc., and constants C()(g) are given as follows:

a9+ a3

A

(RVTy)) = — [iQOg A

+ (m3 F mg)mla— + A] (RV]:)

2041(062 + 043) 20&3(0[2 + 041) v
[k S - RS (RF )y
+
(RVIQ)( ) .= [j:mgml @2 Aal + (m1F mg)mg A +u3 A] (RV]:)
(17)
AQ AQ ( )3[)7

» alas aglog + ”
(RVI3)? := — 2 [k:g—Az +k§—( 2 1)} (R*F )30

N a1(a2 + « Qo v .
(RVZ4)" =2 [@ 1 Zz 3)+k’3 izﬂ (R'F)sg, = (mi —ie),
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CAAN(g) == e(g)C WV (g),  CUV)(g) = e(g) tr (Iy) (x*iF) /(2m)*. (18)
The basic functions (R"F),;, along with the determining numbers vg;, Agj, are defined as:

(RVF)sj i= MET ZT (0 ) T2 + 1) oF1 (1, Asjs 2+ vsjs Ze), 19)
vej = [(v —9)/2] + 7, Aej i=14+vg —w—7, w:=mn/2—3.

In Eqgs.(16)—(17), the notation (---) means (AVV) or (AAA). Hereafter the upper signs in (+)
or (F) correspond to the AVV-amplitudes while the lower ones to the AAA-amplitudes. The
relation (15) and its chiral (m; = 0, V1) form are obeyed at the regular level as well.

8. The first and second amplitudes in the first lines of Eqgs.(9) take the form:

ofor 1231\ )
BT 1y bt (10D
kaa(RYFBC) (m, k) | = 2m)48(k)CC) (g) | 61897 kogy ks (Rvﬂpg?f’]) (D (20)

kg (RVT)HBC) (m, k) HOTT e s (R““D?’?’]) (-3)

dpi(a) 2\ ()
v+1 U1 , B
(R D ) w2 A2 (R Dy ) (m, a, k), 1=1,2,3, (21)
[ Q «
(RV+1D23) m Q, k = (m3+m1)méo)+1(€1i+€3§>_ (Ru+1f)20,
[ : ) o a9\ 5
[ : ) « 5
(o > iy o (24420 75
mgd’)(m, a) i= —( miay £ maag +maaz) A
mé’é')(m, a) = —(—mjag £ maag + mgag)A_l, (23)
m;(]) (ma a) = _(imlal + Mmoo F mgag)A_l.

The notations: (:..) := (AVV) or (AAA), (.:.) := (AVV) or (AAA), (..:) := (AVV) or (AAA)
are used in Eqgs.(20)-(23) and further on.
9. The first and second amplitudes in the second lines of Eqs.(9) are as follows:

r RvH1P af(:..) k . M Ru+1p[213} 1
(R ) T oy ta(h) OO (g1 s, ( 1),
(R 183) ) (. ) - ()

i (Ru+1p2)#5(~1-) (m7 k‘) 7 [ ¥ (RI/+1P2[213}) ]

. = (2m)*3(k)C ) (9)e"P7T koo ks, ;
1p, \HB(+) 1512,3]
L (BP)P) (m, k) (R”+ P )

(24)

- RvHp pe(..t) k . i Ru+1P[2,3] -

( 3) . (m ) (27r)45(k)c(m)(g)guaUTkZUk?ﬂ ( ’ >
() (2,3]

L (RTP) Y (m, k) - (R”+1P2’ )
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The (R”HPF’?’}) (m, k) in Eqgs.(24) are almost the same as the (R’j*l]-’l[f’?’}) (m, k) in Eq.(12) in
which the (m? — i¢;) must be replaced by the m? in the braces. Notice that Eq.(12) is the only
nontrivial primitive DRI, VI = 1,2, 3, in the AVV- and AAA-cases, n = 4. Taking into account
the vanishing r.h.s. of Eq.(12), one obtains the important result:

(RPY) (mok) = dpn(a); ot (g [=1,2,3. (25)

52 A2 A 207

Due to properties of the hypergeometric function 9 Fy it follows (for I = 1,2, 3) that

0, if (es 0, s 70 s = 0, Vs);

1/6, if (ms — 0, e, =€ —0, Vs).

10. The third amplitudes in the second lines of Egs.(9) calculated by the renormalization
index v + 1 = 2 are as follows:

(R11)*" (m, k) BT ey g (RH281) )
(R0 (m, k) | = @r)*0(k)CC(g) | ehB97 gy ks, (Rv+1123] )(*) : (27)
(RH) ) (m, k) 10T ko g (RVH28]) )

where

(=) dp(a :
(RV+1I[2,3]> (m, k‘) — /22 :U’< ) m;0)<m7a) (RI/-'Flf)

A2 etc., (28)

207

and the quantities mgd')(m, a), etc., are defined in Eq.(23).
11. As a result the regular analogs of the CWT’s (9) take the form:

(Ru+1D£273})(:“) _ (Ry+1pl[2,3]) I <Ru+1p?£273}) + (g + m1) (Ru+11[2,3])(1--)7
(RV“DQQ’?’})('“) . (R”“PQ[Q’?’]) - (RV“PF’?’}) + (my T my) (RrFR3) ) (29)
(Ru+1D:[))273})(":) _ <Ru+1P3[273]) i (Rl/+lp2[273}) + (ma T ma) (Ru+11[2,3])(-~:) .
Limiting values of quantities in Eqs.(29) depend strongly on the limit employed.
12. Let us first consider a nonchiral case. Here, due to Eqs.(25)—(26), the r.h.s. of Egs.(24)

and terms in Eqgs.(20)—(22) containing ¢; are zero for ¢, — 0,1 = 1,2,3. The quantum corrections
(anomalous contributions) to the CWT’s appear as

aaﬁ(:“) (m7 k) Ea'BUTkQUkBTa(:“) (m17m27m3)
a"BC) (my k) | = 2m)*(R)CC ) (g) | etPoTkagksral) (my, ma,ms) | (30)
a3 (m, k) 1T kyghsral) (m1, ma, ms)

where the mass functions a("')(ml, ma, m3) have the integral representation:

. d :
s ma,ma) = [l m, ) (B4 )~ (RFp] et (31)

[(Ry+1f)20 — (R”}")go] =-—M', asforn=4, vog=—1, Aypo=1 w=-1;
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for a nonchiral nondegenerate case they are expressed in terms of the Appel hypergeometric
functions Fi of two variables (e.g.,  := my/ma, y := mg/ma if ma # 0) [6, 7]:

y+x

a(:")(ml,mg,mg) = [:L’Fl (1,2, 1;4;1 — 22,1 — y2)
2P (L1541 — 221 — ?) +yFy (1,1,2;4;1—:62,1—1/2)},

TF1

at) (my, ma, ms) = [—a:Fl (1,2, 1341 — 22,1 — 32 )

R (1,1,15451 — 22,1 — o) + yFy (1,1,2;4;1—3;2,1—312)},

_ 1
a9 (i, ma,ma) = — L [Ha i (1,2, 1451 - 2%, 1 - )
+ B (1,1,15451 — 221 — o) FyFy (1,1,2;4;1—:02,1—112)]

This confirms the Frampton’s conjecture [8] about a possibility of a mass dependence of the
axial-vector anomaly. But the nature of such a dependence revealed here is strongly different
from the Frampton’s one. Actually it is closely tied with a mass spectrum of fermions and with
flavor current structures producing non-conserved vector currents. The Frampton’s mechanism
appeals to prorerties of the dimensional regularization.

For the degenerate nonchiral case (m1 = mg = mg = m # 0), the Egs.(32) display the famous
mass-independent Adler-Bell-Jackiw result [1, 2]:

a(AVV) (m’ m, m) — ]_’ CL(AVV) (7n7 m, m) — a(AVV) (m’ m, m) = O,

. . . (33)
a(AAA)(m, m,m) = —q(A44) (m,m,m) = q(A44) (m,m,m) =1/3,

about the axial-vector anomaly (trivial QC’s to the CWI’s in our terminology).

13. Now we turn to the chiral behaviour. Let us consider two ways leading to the chiral
state in renormalized amplitudes at hand: (i) the (e, m)-limit, when first ¢ — 0 and then
m;=m — 0,1 =1,2,3; (ii) the (m, €)-limit, when first m; — 0 and then ¢ =€ — 0,1 =1,2,3.
In the (€, m)-limit, all the amplitudes for AVV- and AAA-cases inherit the behaviour of those in
the degenerate nonchiral case considered in [6]; the QC’s to CWT’s are the same as in Eqs.(33).
In the (m, €)-limit all amplitudes for the AVV- and AAA-cases coincide with each other (apart

from the factor e(g) = (—1)? of course). Here the QC’s to CWTI’s are caused by the nonzero

()
contributions of the amplitudes (R“ +1Pl[2’3]) (m, k). The results are summarized in Table 1.

Thus, the chiral limit (m — 0) and the chiral case (m = 0) are equivalent for the AAA-
amplitude and differ for the AVV-amplitude. This reflects the different kind of discrete sym-
metries (DS) of these amplitudes for m # 0 and m = 0. The AAA-amplitude has the DS of
equilaterial triangle both for m # 0 and for m = 0, in contrast to the AVV-amplitude having
the DS of isosceles triangle for m # 0 which at m = 0 enlarges abruptly to the DS of equilaterial
triangle.

14. For the complex Clifford algebra Cl(g)c, the matrix 7, in Eq.(2) may be always redefined
as 7, 1= i1759)/2y,45 .. .5, and, hence, = I,. Therefore, from the Table 1 it follows that
the QC’s to “left-handed” WI’s are zero in the chiral case. This may give some insight into why
just the left-handed neutrino exists in Nature. This also requires a revision of the conventional
viewpoint about an impact of anomalies on the renormalizability of unified field theories in which
gauge fields are coupled to left-handed fermions.

The presence of a mass spectrum of constituent fermions in general QC’s (see Eqgs.(30)—(32))
increases the predictive power of formulas (which involves the axial-vector anomaly) widely
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used in the low energy phenomenological physics, e.g., for describing the elementary particle
decays [1, 2].

Table 1. The chiral behaviour of amplitudes appearing in the regular analogs of the CWTI’s (29) for

AVV- and AAA-cases, n = 4; here (R"HP(EZ?’]) = (R”“Pg’?’]).

Feynman amplitudes (AVV) (AVV) (AVV) | (AAA) (AAA) (AAA)

(e,m)—lim = chiral limit:

(R”“D?’g]) (m, k) = 1 0 0 /3 —1/3  1/3

= (-1 [(R”“Pip’g])( : (m, k)+

) 0 0 0 0 0 0
+ (R”“Pi[f’f]) (m, k)] +
(m3 +my)
+| (my Fma) | (RPN (m) k) 1 0 0 1/3 —-1/3 1/3
(m2 F m3)

(m, €)—lim = chiral case:

(R"“D?’?’]) “ k) = 13  -1/3 1/3 | 1/3 —1/3  1/3

= (=1)i~! [(Ru+1pl_[2’3])( ) (m, k)+

/3 —1/3  1/3 /3 -1/3  1/3
()
+(RHPEY) T mok)]+
(ms +ma)
+ | (my Fma) | (RIS (m, k) 0 0 0 0 0 0
(mg F mg3)
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