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Asymptotic Integration of System
of the Differential Equations of Third Order
Svitlana KONDAKOVA

M. Dragomanov National Pedagogical University, 9 Pyrogov Str., Kyiv, Ukraine

We present the theorems about the asymptotic expansion in ¢ for the solution of the three-

component system & 4 = A(t)x for the case, when 3 x 3 matrix A(t) has multiple roots.

1. Development of asymptotic methods of solution of differential equations with variable
coefficients started in 19 century in Fourier’s, Liouville’s and Sturm’s papers. The systematic
research of the linear differential equations with slowly variable coefficients bigin from fifty yeares
after Feschenko papers were published. However for new, more accurate and rational the serch
methods of solutions such equations and their systems continus. For the systems which roots of
characteristic equations are simple the solutions are easily found by classical Birkhoff method.
The first result in the case of multiple roots of characteristics equations in general case was
obtained in 60-70 years in Shkil’s works.

In my work I suggest a method for reduction of identical multiple roots of characteristic
equations to simple roots of some algebraic equations. It enables one to make use of well-
known formula for the construction of the asymptotic solution of the system under study what
considerably simplifies calculations.

2. Consider the system of first order linear differential equations

dz
e — = A(t)x, 1
A )
where z is three dimensional vector, A(t) = |lai;l|, ¢,7 = 1,2,3 is matrix, whose elements are

infinitely differentiable on the segment [0, L], € > 0 is the small parameter.
Let us build the characteristic equation

det [ A() — AB| =0, @)
(where E' is unit matrix), that is
ai; — A a2 a13
a1 az — A a3 = -\ + M\(a11 + ag2 + asz) — Aaiiass + agzazs
asy azx a3 — A

+ajiae — az1a13 — a32a23 — A12021) + A21A32013 + A12023031
+a11a22a33 — a310130A22 — A12021a33 — A32a23611 = 0.
The substitution

ail + a2 + ass
3

transforms it into the cubic equation of the canonical form

A=v+

V2 4 p(t)y + g(t) = 0,

where p(t), q(t) is linear combination of the matrix A(t) coefficients.
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Let the matrix A(t) be such that
D(t) = =27¢%(t) — 4p*(t) =0,  Vteo,L].

Then equation (1) has multiple roots. There are two possible cases

a) p(t) #0, q(t) # 0 — root of multiplicity two and one root of multiplicity one;

b) p(t) = q(t) = 0 — one root of multiplicity three.

We don’t consider the ase a), since then the methods of [1] allow to split the system under
study into subsystem, for which the characteristic equations has one simple root and one root
of multiplicity two. This case will be considered separately. In case b) we have one elementary
divisor

an(t) + a9 (t) + a33(t) _ tr A(t) ‘

3 3 3)

A1(t) = Aa(t) = A3(t) = No(2)

of multiplicity three.

Then, as it is shown in [2], there exists the nondegenerate matrix of the transformation of
similarity V' (¢) that transforms the matrix A(f) to the quasidiagonal canonical form W (t) =
V-L(t)A(t)V (t), where

dy
— = DI(t 4
Y _ Dty @
where
Xo(t) 1 0 bi1 bz b3
D(t,e) = 0 Xo(t) 1 +e| bar b2 D23 |,
0 0 Ao(t) bs1 b3z b33

bi1 b2 b3
bor by bey | =VIHOV(2).
b31 bza b33

Using Cardano formula, we obtain the eidenvalues of system (4).

eb
plz)\o+?1+ t/e3a + £2b + ec + Ve8dg + e8ds + - - - + e2ds

+</€3a+625+60— Vebds + 3ds + - - - + e2dy Z)\0+O(61/3),

b 1 3
p2:Ao+%+ Veda+ e2b+ ec + \/eSdg + e3ds + - - - + £2dy <—§+z‘§>

1
+\/3a+ 2b + ec — \/eOdg + e5d5 + - - - + €2y (—5 —z?) :)\0+O<£1/3),
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b 1
,03:)\0-1-8?14- V/e3a 4 £2b + ec + \/8dg + e5d5 + - - - + e2dy <_§_i_>

. 1 3
+</€3a +e2b+ ec — \/ebdg + %ds + - - - + £2dy (—5 + z%) =X+0 (51/3) ,
where b1, a,b,c,dg,ds, . .., ds are linear combinations of the coefficient of matrix A(t). Assume
that €8dg + -+ + €2d2 # 0. When p; are different and the eigenvectors p;(t,€), pi(t,e) of the
matrix D(t,e) and conjugate matrix D*(¢,¢) may be chosen in such a way that their scalar
products have the form

e ={ o 12 s (5)
For example take
1
€b31(1 + ebag) — eba1 (Ao + €bss — pi)
pi(te) = | (Ao + ebaz — pi)(Xo + ebsg — p;) — ebsa(1 + €bag)

£2b3aba1 — ebz1 (Ao + ebaa — pi)
(XNo + €bag — pi) (Ao + ebss — pi) — €bsa(1 + eba3)

1

€b31(1 + €b23) — eboy (€b33 -0 (81/3))

== (6522 -0 (51/3)) (€b33 -0 (81/3)) — 6632(1 + Ebzg)
€2b32[)21 — €b31 (6522 -0 (61/3))

(5[)22 -0 (61/3)> (8[)33 -0 (61/3)) — 6b32(1 + 8523)

1
61/3 b31(1 + 6523) — 81/3b21 (82/3b33 -0 (80)) O (60)
= (2/3b32 — O (€9)) (2/3b33 — O (€9)) — el /3b32(1 + eboz) | = | O (e1/3)
2/3 82/3b32b21 — b31 (62/3b22 -0 (50)) 0O (82/3)

(62/3b22 -0 (60)) (82/3533 -0 (60)) — 5%1)32(1 + 6()23)
As we can see, vector u; can be write in form
i = (1,6t 03y (6)

Here and below index a denotes analitical in point € = 0 function. So, it is easy to notice that
for the condition (5) to hold, the coordinates of the vector pf must have the form

pi = (usr e Puss ety ) (6)
The following theorems hold true.

Theorem 1. If the functions a;;(t), 1,7 = 1,2,3 are infinitely differentiable on the segment
[0, L], then system (4) has the formal particular solution

t
1
y(t,e) =Ul(t,e,e) exp g/)\(T,E,E) dr |, (7)
0
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where U(t, e, €) is an 3-component vector, and \(t,e, ) is a scalar function which are represented
by the following formal series

U(t,e,e) = ZssUs(t, £), At,e,e) = Zas)\s(t,a) + pi(t, e). (8)
5=0 s=1

Proof. In order to prove this theorem let us substitute the vector y, given by the relation (7),
into system (4). We have

eU'(t,e,e) = (D(t,e) — \t,e,e)E)U(t,¢,¢€). 9)
The coefficients of series (8) are to be determined from the following system of algebraic equations
(D(t7€) _pl(ta €)E)U0(t,€) =0, (10)

m

(D(t,€) — pr(t,€) E)Un(t,€) = Upy_y(t,€) + > Nj(t,e)Um—j(t,e), m=1,2,....  (11)
j=1

Here ()" denotes the derivative with respect to ¢.
Consider vector equation (10). It is obvious that

Uop(t,e) = ui(t,e). (12)

Let us turn to the system (11). Since det|D(t,e) — p1(t,e)E| = 0, for the existence of
a solution of the inhomogeneous system of algebraic equations of such form it is necessary and
sufficient that the scalar product of the vector on the right hand side with any solution of the
associated system, that is the system

(D<t7€) —p1 (ta 8)E)*y =0,
vanishes [3]. That’s why

<( ;n1<t7e>+iAj<t,e>Um_j<t,e>) ~u’;<t,e>) —0, m=1.2,....
j=1

From this, making use of properties of the scalar product and formulas (5), (12), we obtain

-1
Am(t,€) = _(Uflnfl(tvg) ) ,U,T(t,z’f)) - )‘j(tvg)(Um—j(t7€) ’ :U’T(tvg))? m=1,2,.... (13)
j=1

We shall look for the vector Uy, (t,¢) in the form

3

Um(tu 8) = Cgm) (ta 5) M1 <t7 5) + Cgm) (tv 6) ’ /'LQ(L 6) + Ci(’)m) (t7 E) : Mg(t, E)v (14)

where c,(cm) (t,e), k =1,2,3 are scalar functions. Substituting (14) into (11), we obtain that the
are arbitrary. Let cgm) (t,e) =0. Then

~—

functions cgm) (t,e

(m)

Un(t,e) = ¢, (t,e) - pur(t,e)

NE

i
[}

3 Una(0:2) - i(6:2) 4 30 N (1) Umy2) - p(1:2)
N g pk(ta 6) _Pl(taE) ./’Lk(t’g)‘

[}
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Taking into account (5) and (15), formula (13) can be rewritten in the form

Am(t,e) = —(U,_i(t,e) - ui(t,e)), m=1,2,.... (16)

So, the solution of the system (10), (11) can be written in the form of recurrent formulas
(15), (16). Construction of the formulas for the coefficientes of series (8) completes the proof.

3. Let’s evaluate the coefficients of series (8). Estimate of the Uy(t,e) give in (6). That’s
why, taking into account (12), write

Uo(t,€) - <1,51/3U82(t78)7{52/3U6L3(t78)> : (17)

The diferentiation with respect to ¢t have not an influence on the function’s analitical in €. If
¢ is function’s zero, then we carry out it from the differentiation sign as a const, that is & will
not become a function’s pole. The differentiation differential can increase only the order of the
functions zero in the point € = 0, but it only can improve the rezult. Look for

0 pii(€)
Mte)=| eBUgt,e) |- | e VPuite) | =Xt e). (18)
UGt €) e Pugs(t.e)

3
(Uit t A (t Uo(t,e) - ui(t
ey = 30 G2 B0.E) + M Wolts6) 1),
2 ou(t2) - pilh,)
Proceed from (6’), (17), (18) we can conclude that the numerator of the fraction of this sum
is analitical function. Evaluate the denominator.

: 3 3
p2—p1= </53a+52b+ec+ Vebdg + €5ds + - - - + 2dy <—§—I—i§>

3 3
+ V/e3a+e2b+ ec — \/Sdg + £5d5 + - - - + £2dy (—5 —z%) :O<51/3>,

: 3
p3—p1= </53a+52b+ec+ Vebds + edds + - - - + £2dy (———i£>

3 3

+ /% +e2b+ec— /ebdg + e5ds + -+ + 2dy <_2+i{> =0 (6%> '

So
3 a a
Z f 1 El/SMkQ(t7€>752/3Mk3(t75)) _ (6_1/3Ua 60Ua 51/3[](1 )
1/3 (t 5) (t 5))a - 11> 125 13/ -

k=2 € Pk pP1Y,

Then
e Uy uii
Xo(t,e) = — U | e Bugs | =73t e).

/ —
51/3U{13 € 2/3,“%
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Assume that for all Uj(t,¢€), Aj(t,€), j < m next formulas are true
Ul (t,e) US.(t,e) UL(t,e Us(t,e

Do) = (U9 U6 U0\ Upeo)
5]/3 5(]‘1)/3 g(J—Q)/?’ g]/?’

A3 (t,€)

ei-1/3’

m is some fixed natural number.
Let’s show the correctness this assumption for j = m, m € N. Whis usage of (19), (6'),
formula (16) can be rewritten as

Uy (te) UL \(te) UL (te)
A7?1(75’6)__< (m—-1) (m—-1) ( )/3

S 0f3 0 gm2)3 0 gmd)

(19)

\j(t,e) = i=1,2,...,m—1,

_ _ A (t,e)
ax 1/3 ax 2/3, ax _ 'm\»
X (:u'll(t76)75 / /’L12(t76)76 / /'Ll?)(t?E)) - 5(m—1)/3'

So, Am(t,e) have pole in € and its order is (m — 1)/3, what confirms the correctness of our

assumption for j =m
Likewise, rewrite (15):

3 Ua Ua Ua’
_ m 1 2(m 1) 3(m71) . ax 1/3 a* —2/3 a*
m(t,€) _Z ( (m—1)/3" ~(m— 2)/3’E(m3)/3> (“kl’ Fk2, € NkS)

N Ge) (Ul Yam—y)  Usim—y) e —1/3 ax —2/3. ax
+Z -1/ ( m—3)/3" o(m—j—1)/3’ Z(m—j—2)/3 ’(“’fl’ Puis e /“ki”)

3
(Nzlagl/%%z e2/3 Mk:z Z I (/‘%1751/3%2»52/3%3)

e/3(p, — p1)@ s elm=1)/3 . e3(pp — p1)?

(M Mo prs \ ST Un(te)
em/30 =173 2273 ) " (pp = pr)a i3

So, using the mathematical induction, we conclude that the formulas (19) hold true for all j € N.
Then the following expansions for series (8) take place

Ul(t,e,e) 2525/3U‘1 (t,e) At,e,€) Zs VBN &) + pi(t,e). (20)
s=1

Here U(t, ), A\%(t,¢) are analytical in €.
4. Next Theorem 2 proves the asymptotic property of formal solution in the sense of [4].
Theorem 2. If the conditions of Theorem 1 are fulfilled and
Re (p1(t,e)) <0 for Vtel0,L], 0<e<ep, (21)
on the segment [0, L| m-th approzimations satisfies the diferential system (4) up to O (5(2m+3)/3).

Proof. For the proof, similarly to [1], let us introduce the vector

Ym(t,e,6) = Un(t, e, €) exp

™ | =

¢
/)\mTaa , (22)
0
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where

Un(t.e,e) =Y Us(t,e) = Y 23Ut e),
s=0

s=0

. . (23)
Am(toee) =D eN(t,e) +pit,e) =D e® VBNt e) + pi(te),  m>1.
s=1 s=1
Substitute (22) to the differential expression
dym
L(ym) = 2 — D(t,&)ym (24)
dt
We have
L(ym(t,€)) = [eUp,(t, €,€) — D(t,€)Unl(t,¢€,¢€)
1 (25)
+ Am(t,e,6)Un(t, e, )] exp R /)\m(T,e,s) dr | .
0

The magnitude of the function exp < f Am(T, 6,8 d7'> is limited on the set {K : 0 < & <eq;t €
[0,L]}. In fact

t t
1 1
exp g/)\m(r,s,a) dr || = exp g/am(r,s,e) dr
0 0

(26)

m |

t
/ ao(1,e) +eaq(r,e) + ...+ €(2m+1)/3am(7,5)] dr
0

m
(here auy(T,e,6) = > 5%5+%a5(7, e) is the real part of the function A\, (7,¢,¢), defined by (23),

Ss—=
ap(T,€) is the real part of the function pi(7,¢), as(7,€) are analytical, s = 1,2,...).
Since the functions aq(7,€),. .., am(7,€) according to theorem 1 are infinitely differentiable
on the segment [0, L], (26) can be rewritten as
t . ¢
1
exp —/ao(T g)dr | exp —/ eor(T,e) + - 4+ @ TVBo (7,6 | dr
€ €
0 0

¢ t
1 m

< exp —/ao(T,g) dr | exp /25(252)/3 | as(,e) | dr
0 0o o=t

€
t t
1
< exp B /ao(T,g) dr | exp M/ (1 +e2B 4+ 8(27”72)/3) dr
0 0

1 1—e/?
< exp g/Oé()(T,E)dT exp ]\/.I'Lig/3 ,
0
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here (M = max | as(t,e) |), s = 1,...,m. In virtue of (21) we can state that this value is
limited.

Let’s evaluate the vector which is the multiplier at exp < [ Am(T,e,€ dT) in right hand side

of the equality (25). Since when we determined coeficients of series Uy, (t,e,€), Am(t,€,€) we
compared the coefficientes at the external powers of € parameter up to order including m itself,
it is clear that this vector will have nonzero coefficients only at the powers e™*+1, em+2 27
That is why, taking into account said above on derivative with respect to ¢ of function Uy, (¢, ¢, )

and (19), we obtain
e(Uy(t,e) +eUi(t,e) + - +™U,,(t,€)) — D(t,e)(Uo(t,e) + eUi(t,e) + - + M Upnl(t,€))
+(p1(t,e) + eli(t,e) + -+ M Npn(t,€))(Up(t, e) + eUr(t,e) + -+ - + eMUn(t, €))

m m

m(t,€)

= m+1U/ t 9 +Z5m+JZ)\S t g Um+] S(t 5) _5m+lw
Jj=1 s=j

t,e S j S
N Z —_— Z ( m.;.] s( ) _ (2m+3)/3Ua t, 5 + Z e (2m+25+1)/3 Z st(t7 8)
7j=1

cls— 1/3 e(m+j—s)/3 ‘
s=j

(t,2) = B HIBUL 1, ) 4 CmIDEY JCIDEY Nt )iy jalt2)
Jj=1 5=j

xU?

m-+j—s

g(2m+3)/3 Ua t,e) Z (27-2) /32)\a (t,e)Unyjs(tie) | =0 <5(2m+3)/3> , meN.

The theorem is proved.

5. If system (1) is system of the linear differential equations of the second order, then theorem
likewise Theorem 1, 2 take place. Formulas (20) for n = 2 have form

Ult,e,e) ZES/QU“ t,e) At e,e) = ZE(SH)/Q/\‘;(t,E) + pi(t,e).
s=1

The solution, found by the method of Theorem 1, satisfies the system (4) up to O (6(m+2)/2)

The advantage of this method in contradistinction to well know M.I. Shkil’s method [1], is
the possibility bringing the solution of the equation with multiple roots to the classical theory
of the simple roots.

Let us illustrate it on the example

2
ill ti’ +p(t)y =0,

here p(t) # 0,t € [0, L].

Let us write this equation in the form of system (4). We use here the following notations
y=cy, W=y

Then we obtain the system

S
il 1
dya  d%y

292 29 ot
Tt T S p(t)eyn
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dy (0 1
at ~ \ —ept) 0 )Y

where y is a two dimensional vector.
In this case the roots of the characteristic equation are different.

pl(tv‘g) - —Ep(t), p?(t75) - - _Ep(t)
Then the conditions of Theorem 1 are satisfied. That’s why using the recurrent formulas for
Un(t,€), Am(t,€), we obtain

Up(t,e) = (1, —5p(t)> , Ai(t,e) =—

or

U1 (t, 6) =

( P(t) _p’(t)>
8ve(=p(t)*/2" 8p(t) )’

/2 /!

P20 (AW 5"
S = Sy ey )= <16€p2 - 32ep3T 16E(—p)2 32\/5(—29)5/2)'

Substitute the vector

nitee) = (v +e (g2 ) oo 1/(“‘—]9‘%) o
0

to differential expression (24). We have

t
p// 7])/2 \/&_‘p/l 3 \/Ep/2 1 p/
L(yl(t,e,s))—ef( S T s exp g/ V-l ) ar
0

32(—p 64p?

As you can see, the vector y(t,e,e) satisfies the system of the differential equations up to
0 (3/2).

Likewise

p/ p/ 9 p// 3p/2
= 1.+/— - [ S
Y2 <( 5 €p) +e (8\/_( )3/27 8p> +e <16€p2 325]?37

t

16’“;()117)3/2 . 32\/529:))5/2)) o éo/ <\/Tp_ 5% e 32f(,2 )5/2> )

and asymptotical evaluation

/3 /i ‘2.1 14
Liy) = 2 707 _ 2op vep ' 3Vep
28p1 263 29(—p)9/2  210(—p)11/2’

7p/2 19\/_p/ // 33\/gp/3 \/Ep// EpIQPH 3€pl4 _ O( 2)
2602~ 26(_p)5/2  2T(—p)T/2 | 24(_p)32 ~ 29pt T 210p5 ) T €
holds true.
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