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The irreducible representations of the Dirac algebra for a particle constrained to move on S
are generalized to a system on a manifold diffeomorphic to SP. It is shown that there exists
a one-one correspondence between irreducible representations of two Dirac algebras given
respectively on S and on the manifold diffeomorphic to it. Among diffeomorphic mappings
connecting SP to the manifold the area-preserving one plays a crucial role to derive out
our main result. It is observed that the representation space of the Dirac algebra is kept
unchanged through area-preserving mappings.

1 Dirac algebra

Let us consider a system constrained to move on a D-dimensional manifold embedded in the
(D + 1)-Euclidean space RP*! whose coordinates will be denoted as x1,z2,...,7py1. The
Hamiltonian in RP*! is assumed to be

1 D+1
_ 2
H = 52_:1pa+V(:c) (1.1)

and the D-dimensional smooth manifold on which the system is constrained will be written as

f(z) =0 (1.2)

with f(x) € C°*°. We further assume the manifold to be diffeomorphic to SP.

Equation (1.2) is the so called primary constraint. According to the prescription by Dirac [1]
the consistency of (1.2) under the time development leads us to the secondary constraint that
can be written as

{f,a(l'%pa} = 07 (1'3)

where and in what follows f(z) = Ouf(x), fap(x) = 0.05f(z), {A,B} = AB + BA and
repeated two Greek indices in a single term indicate a summation of such terms in which the
pair of those indices run over 1 to D + 1. The fundamental Dirac brackets [1] for canonical
variables in classical mechanics are seen to be converted to

[l‘aafE,@] =0, (14)

[0, pp] = idap (@), (1.5)

) =~ 5 { gy a1 (0) = £l ) 1 | (16)
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where

R%(z) = fa(x)falz) (1.7)
and

Aaae) =y = L), (18)

With direct calculations one easily finds that Eqgs. (1.4)~(1.6) are compatible with the con-
straints (1.2) and (1.3). The inner product of two wave functions x(z) and ¢(x) is given by

() = [ PP as(p ) @)eto). (19)

We call the algebra described by (1.2)~(1.6) the Dirac algebra on f(z) = 0.

2 Relation between two Dirac algebras

In order to examine the Dirac algebra on f(r) = 0 we introduce another manifold in RP+!
which is also diffeomorphic to SP. We denote it as

g(x) =0. (2.1)
Then we have the following Dirac algebra just corresponding to (1.3)~(1.8):

{9.a(x),pa} =0, (2.2)

[zq, 23] =0, (2.3)

(20, sl = id ap(), (24)

1 1

s3] = =3 { e 00 @0 ) ~ 950 (0) 1 . (25)

where
2 9.a(2)g,5(x)

R, (x) = g,a(x)gva(a:) and A,ozﬂ(x) = (saﬁ — T((L’) (26)
Since the manifold (1.2) is connected with (2.1) through a diffeomorphic mapping

7 =12l (v) (or equivalently z, = x4 (2)), (2.7)

we may write the relation between them as

g9(a) = f(). (2.8)

For the sake of simplicity by applying a scale transformation we will set up the following
normalization condition for the volume of the manifold

/ P26 (f(x) = / a1 25 (g(x)) (2.9)

without loss of generality!.

! Applying the scale transformation o — pTa, Pa — (1/p)pa With p > 0 and introducing g(z) = g(pz) we find
that (2.1)~(2.5) remain unchanged under the replacement g(x) — g(x), and we have

[ a7 tastg(en) = o [ a7 a(g(a))
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Now assuming that there exist operators x, and p, (o« = 1,2,...,D + 1) that satisfy the
Dirac algebra on f(z) = 0 we introduce a transformation such that

xl, =l (x),

(2.10)
= —{ (A'(2")[0z/02))ap, D3},

where A’'(z") and [0x/02'] stand for (D + 1) x (D + 1)-matrices whose («, §)-elements are given
by A'op(z’) and dxg/0x.,, respectively. Similarly the matrices A(x) and [0z/0x] are defined by
(A(7))ap = Aap(x) and [02'/0z]ap = Oxf3/0xq. The equations (2.10) provide us with a variable
transformation (z,p) — (2/,p’) in the operator form. It must be written in the representation
space of x, and p,. Then there holds the following:

Theorem. Given x, and p, that satisfy the Dirac algebra on f(x) = 0 then the operators z.,
and pl, defined by (2.10) satisfy the Dirac algebra on g(x) = 0 for an arbitrary diffeomorphic
mapping described with (2.7) and (2.8).

Before entering a proof of the Theorem we remark the followings:

1. Let A, B and C be operators. If [[C, A], B] = 0, then
{A.{B,C}} = {{4,B},C. }. (2.11)
Thus if further [A, B] = 0, we have
%{A, (B,C}} = {AB,C}. (2.12)
Proof: omitted,
2. There holds true the identity
A(@)[oe /0] A (2') = A(x)[0a' /0], (2.13)

Proof: Inserting A", 3(2"), which is defined by (2.6), into the left hand side (I.h.s.) of the  above
we find

oz!
(o, B)-element of L.h.s. = (A(x)[0x'/0x])ap — R%(x,)/lap(:ﬂ)a—x:gﬁ(ac')gﬁ(x')

= (A(x)[02"/0x])ap — Hz;(x/)/lap(l‘)f,p(in)gﬂ(x/) = (A(x)[02"/0x])ap,

where use has been made of (2.8) together with Aq,(x)f ,(x) = 0. (g.e.d.)

3. We can uniquely solve the second equation of (2.10) with respect p,, to obtain

pa = L (A0 [02]) a3, B3} (214

Proof: Taking symmetrized products of (A(x)[0z'/0x])ya/2 with the both sides of the second
equation of (2.10) and making a sum over a we obtain with help of (2.11) and (2.13)

(A /0], } = 7 {(A@)]08" /0], ()]0 00", p} )
= %{(A(x)[a:c'/a:cwx@[a:c'/a:c]m,m}

= (A0 0x][0w/02")) 0 p5) = 5 {Aro(a). )
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which reduces to
1 T T 1
Py =3 {%@ﬂ)(),m} =Py {éggg,{fﬂ(m),m}} = Py,

where we have used (1.8) together with (2.12) and (1.3). Thus we have proved (2.14).

With these preparations we will give a proof of the Theorem. To this end we first examine
the constraint (2.2) starting with the Dirac algebra on f(z) = 0. Taking the anti-symmetrized
products of ¢ ,(z’) with the both sides of the second equation of (2.10) we find

{ga(e)). 00} = 5 {9.0(2"), {(A'(2")[0/02))ap, ps}}

= {9.0(2") A ay(2")[02/02')5,p5 } = 0,

where use has been made of (2.12) and the identity g (z")A’ay(2’) = 0. Thus the constraint
(2.4) has been derived

Next to derive (2.6) we make a commutator of z;, with pj;. Then from (2.10) we obtain

[ {(A'(2)[02/02']) 5. Py }]
"(2)[02/02") gy [, py] = (A () [0/ 02']) 3y 02" /O] pr A pr ()

RQi(x (A,(x/)[ax/axl])ﬂ’Yfﬂ(x)f,p(l')[al'//al']pa

] = 2
= (4

=il op(2') —

~—

= il o5(a') = g A @0 (&) @10 0] = i (),

which proves (2.4).

Finally we will derive (2.5). To avoid complications we will proceed in the following way: As
seen from (1.5) and (1.6) the commutator [p;,,pj] is linear in p,’s, thereby applying (2.14) we
can write it as

o] = & {9 at), ot} (2.15)

with undetermined functions of z’, which have been denoted as c[yaﬁ ] (2'). Taking the commuta-
tors of 2/, with the both sides of (2.15) we obtain from the left hand side

(27, [P D3]] = ([, Pl ps] + [Pl [27, D3]]

o (9a@Nga) T [a4(2)g (")
— [ ] [Pt

by virtue of (2.6), while from the right hand side
(e (e (03 1 (e
{c[p m(x/)’ [xlv’p;]} _ _Alw(x/)cL ﬂ}(x/) _ —CLY ﬁ](x/) + W977<x/)970(x/)c£) ﬁ](w/).

Since the right hand sides of the above two equations are the same we find

cdedl(a!) = R,gl( 79 (@) g,p(a) el (') + 797%:2)(9;)@/),29/’3] —i[gi’vg,z)(gj)(x),pg :
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Then inserting this relation into the right hand side of (2.15) we find

i1
et = 5 { ey 6700 )5

! ({ {H%Mg,a@f)gv(f),p'ﬁ] ,p;} ~(ao m) ,

where the first term of the right hand side is found to vanish owing to (2.12) and (2.2). On the
other hand, with the aid of (2.4) we have by direct calculation

[R%(x,)g’a(xf)gw(x'), p,ﬂ:| = z’A’pﬁ(:c’)a%;) <R%(:C,)g,a(a:’)gq(x’)>

Z’ / / / / / / 8 1
= gy (90050006) = 0010520, 50 ()

_g,a(x L2 (;,2?5/()‘% okt )> + R/2i(x/)g,a (x/)g,ﬁ’y(xl)

_R/%ﬂfl) (2975,0(%/)9,0[(513/)970(37/) + g7ap(x’)g7p(x')g7g(§c')) 977(5’3/)7

which immediately leads to

R%@,)g,a(ﬂf')gn(x')mb] —(a=p)= Rlzi(x,) (9.0(2")9,8:(2') = 9,5(2) g0y (2"))
_R%(:U/) (g,a(xl)gﬂp(x’)g’p(f) - g,ﬁ(xl)g,ap(fl)g,p(xl)) gﬁ(x').

Then taking the anti-commutators of p’7 with the both sides of the above equation we find the
contribution from the second term of the right hand side turns zero due to (2.12) and (2.2), and
finally obtain

ot = 5 { s (0010 ) = 00 () 5, .

thereby proving (2.5). Thus we have completed the proof of the Theorem.

It is noted that among diffeomorphic mappings satisfying (2.9) there always exist [2] those
which obey the condition

dPTes(f(x)) = dPTa/s(g(2)). (2.16)

We call them area-preserving mappings. Eq.(2.6) is of course equivalent to §(f(x)) = det[0x’/Ox]
x3(f(x)). After normalizing the constraints in a form of (2.9) we will apply this type of mapping?
under which the transformation of the wave function ¢(x) is given by

¢'(a) = p(z). (2.17)
Then we are led to the invariance of the inner product of wave functions under the area-preserving
mapping, i.e.,

[ tas(p @ @) @) = [ as(gla) @)ela). (218)

2Physically the existence of the are-preserving mapping under the condition (2.9) could be understood by
considering an incompressible fluid which uniformly covers the manifold.
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Since, as was mentioned already, the transformation (2.10) has the inverse, the two descriptions
based on the respective Dirac algebras on f(z) = 0 and g(z) = 0 are seen to be equivalent. Thus,
if conversely starting with the canonical variables x,, and p, that satisfy the Dirac algebra on
g(z) = 0 we will then obtain those on f(x) = 0 by applying the inverse transformation of (2.10).
It can be written as

To = o (2),

o / / (2.19)
s = 5 {(A@)[02/02)as, 15}

where the first line stands for an area-preserving mapping from the manifold of g(z) = 0 to that
of f(z) = 0 so that it satisfies f(z') = g(z) together with (2.9). It is noted that as seen from the
process of deriving (2.14) the transformation (2.19) is uniquely given by (2.10). Furthermore it
is also remarkable that owing to (2.18) the irreducible representation space of (x4, pq) is found
to be the same as that of (z,,pl,), that is, in this case the irreducible representation space of
the Dirac algebra is kept unchanged under a smooth deformation of the manifold.

Based on this fact we will determine, in the next section, all possible irreducible representa-
tions of the Dirac algebra on f(z) = 0. To this end we will use S for the manifold g(z) = 0
in (2.19), since the irreducible representations of the Dirac algebra on S have been known
completely [3].

3 Irreducible representations and remarks

The operators pg in the irreducible representation space of the Dirac algebra on SP are given
by [3]

1
p1 = —5{:132, Lio} — axg,

) for D= (3.1)
p2 = 5{331, Lia} + amy
with 0 < a < 1, and
1
g = §{$9’Lpﬁ} for D >2, (3.2)

where, in 2-diagonal representation, Lag (o, 5 =1,2,..., D + 1) are defined by

1 9 B

In (3.1) and (3.2) we have assumed the radius of S” to be 1 for simplicity.

For D = 1 the irreducible representations are uniquely specified by «, while for each of
D > 2 we have one and only one irreducible representation. Furthermore it is known [3] that
the irreducible representations of the Dirac algebra on S are exhausted by the above. Thus
inserting pg in (3.1) and (3.2) into the right hand side of (2.19) we can completely determine all
possible irreducible representations of the Dirac algebra on f(z) = 0. They are expressed as

s %{(A(g:’)[ax’/ﬁx])mxp, Ly} — a(A(2)[02' /0z]) gy p€ oy for D=1 (3.4)

and

vy = LG [0a]) gy, Ly} for D=2 (3:5)
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It is to be noted that for D = 1 there exist an infinite number of inequivalent irreducible
representations corresponding to values of the parameter «, while in the case of D > 2 the
irreducible representation is uniquely given except for unitary equivalent representations.

Finally in concluding the present note we make a few remarks. It has been shown [3] that
each of pg’s in (3.1) and (3.2) is a self-adjoint operator. Hence it is obvious that the operators
Pz given by (3.4) and (3.5) are all symmetric (hermitian) as easily seen from (2.18) and (2.19).
Perhaps, however, they will be self-adjoint as well, although the proof has not yet been known.
Moreover from the arguments made in this note it could be expected that if there exists a
representation space of the Dirac algebra on a given manifold it is uniquely determined only by
the topology of the manifold.

A detailed study on these problems would highly be desired.
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