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In the present paper we consider irreducible representations of Poincaré parasuperalgebra
with central charges for even N and find the internal symmetry group for case F,P* > 0.
The generalization of Wess—Zumino model for N = 1 and arbitrary p is also obtained.

1 Introduction

Supersymmetry (SUSY), introduced in theoretical physics and mathematics, has a lot of in-
teresting applications [1]. One of them consists in mixing fermionic and bosonic states. It has
important consequences in the quantum field theory, namely, this property provides a mechanism
for cancellation of the ultraviolet divergences. Moreover, supersymmetric quantum field theory
(SSQT) allows to unify the space symmetries of the Poincaré group with internal symmetries [2].
It allows to overcome the“no-go” theorem of Coleman and Mandula.

Supersymmetric quantum field theory (SSQFT) induced appearance of supersymmetric quan-
tum mechanics (SSQM) [3]. SSQM stimulated deeper understanding of ordinary quantum me-
chanics and provided new ways for solving some problems [4].

SSQM has been generalized to the parasupersymmetric quantum mechanics (PSSQM) [5].
The latter deals with bosons and p = 2 parafermions having parastatistical properties. Here p
is the so-called paraquantization order [6]. Soon an independent version of PSSQM yielding to
positive defined Hamiltonians was proposed [7].

The crucial step in developing PSSQM was made by Beckers and Debergh [8] who required
Poincaré invariance of the theory and formulated the group-theoretical foundations of the so-
called parasupersymmetric quantum field theory (PSSQFT). This theory is a natural gener-
alization of SSQFT, dealing with the Poincaré parasupergroup (or Poincaré parasuperalgebra
(PPSA)) instead of the Poincaré supergroup (or Poincaré superalgebra (PSA)).

Recently IRs of the PPSA for N = 1 have been described [9] and then IRs for arbitrary N
and internal symmetry group have been found [10, 11].

The present paper consists of two main parts. In the first part we consider the Poincaré
parasuperalgebra with central charges. The second part includes the physical model, which is
invariant under the Poincaré parasuperalgebra.

2 Extended Poincaré parasuperalgebra

Definition of the PPSA and the main Casimir operators. The Poincaré parasuperalgebra
[8-11] is generated by ten generators P,, J,, of the Poincaré group, satisfying the commutation
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relations
[P/u PV] =0, [P,uy Jua] = i(g,uVPa - QWPV),
[J/u/y Jpa] = i(g/uﬂ]l/p + ngJ,LLO' - gupJVU - gl/ajup)u (21)

JMI/:_JV},M v =0,1,2,3

and N parasupercharges Q7, (Q) (o = 1,2, J = 1,2,...,N), which satisfy the following
double commutation relations

[qu [Qé) Q»Iy(']] = 45aﬂZIJQf[y( - 45a7ZIKQé7

[(Q)T Q7)1 ()] = 4eapZ* ! (QF)T — deary 25 (QH)T,
[ gu [Qé7 (Qﬁ)TH = 45a5ZIJ(Q'Iy<)T - 4Qé(au)a'ypua

Q)T [Q4, t(Q)T] = AQE) (04)ap P! — 42apZ* K Q},

where o, are the Pauli matrices, (-)oy stand for the matrix elements. Relations (2.1), (2.2)
include operators Z!7, which we call the central charges. This definition is a direct generalization
of Poincaré superalgebra with central charges.

In analogy with the Poincaré superalgebra the central charges must satisfy the relations

(2.2)

Z7; = ZW, 717 = — 77T and commute with generators of the PPSA. The spinor indices are

risen and dropped using the universal spinor g (511 =1 =2 =69=0,¢%=¢9 =1,
21

et =¢g9 = —1).

In addition, we have the following commutation relations between the generators of the
Poincaré group and the parasupercharges:
1

[Jum Qi] = Y (JHV)aﬁ Qév [P/w Qi] =0,

T (@)= 5 (07),5 @D 1P (@D =0

The PPSA, as well as PSA, can be extended by adding the generators ¥; of the internal
symmetry group, which satisfy the following relations:

QL) =55Q% =L @D =57 (@), 2,5 = 5k (2.4)

By analogy with the PSA, P, and J,,, are called even and Q7, (Qi)T are called odd elements

of the PPSA.
In the papers [8-11] two main Casimir operators were found. They have the form

(2.3)

C, =P,P",  Cy=P,P"B,B" — (B,P") (2.5)

where

1 v o M
B, = §5W/wj PP 4+ (o) s Q,IleIB-

The eigenvalues of C,Cy are used for the classification of irreducible representations (IRs) of
PPSA.

IRs with the central charges. Like the case of the ordinary Poincaré group, IRs of the PPSA
can be divided into three main classes I. P, P* > 0, I. P,P* = 0, III. P,P* < 0. It is known
[8-11] that for classes I and II there exists the additional Casimir operator C5 = FPy/|FPy|, whose
eigenvalues are ¢ = +1. In other words, the classes I and II can be splitted into two subclasses
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corresponding to the fixed values of C3, and we will mark them by I and IIT (for class C3 = 1)
and I7 | II™ (for class C3 = —1).

The IRs for these main classes are described in [8-11]. Here we note that for the Poincaré
superalgebra only classes I™ and II" exist (since the relevant generators Py should be positive
defined).

Now let us consider the IRs of PPSA with central charges (2.1)—(2.3). In the present paper
we shall obtain the IRs for class I". The rest of IRs will be considered in our forthcoming papers.

Thus, for class I we have C3 = 1 and P, = (M,0,0,0) in the rest frame. The central
charges Z!/ have to be equal to the unit matrix multiplied by the numeric coefficients which
are elements of the V x N antisymmetric matrix Z.

By means of the unitary transformation Z — Z = UZUT, any such matrix can be reduced
to the quasidiagonal form

T =vluf ztM, (2.6)
where

7 —=c@D (even N), Z”:(E%D 8) (odd N), (2.7)

D is a diagonal matrix with the positive real entries Z,,, and ¢ is the universal spinor. Relations
(2.2) are invariant under the simultaneous transformation

71 71— gIK LI zKT 0L, — Ol = U'KQK, (2.8)
where all nonzero Z!7 are exhausted by the following ones Z?m~1L2m — _ z2m.2m—1 _ zm
Choosing a new basis

= QTG @ = Q- ),
2m \( 2m 1 2m \{ 52m _ A2m—1 29)
Q1 :E( +Q3™), 2 :ﬁ( =01,
we reduce relations (2.2) in the rest frame P = (M,0,0,0) to the form
Q%1 [Q%" ", QL)) = 6aB0km (2M — Z1) QY
Q% 1Q%" Q21 = 6450k (2M + Z,)Q2 .10

Q% [QE" ", QL = 0an0km(2M — Z,)QZ,

[Q?ka7 [ A%—}’ma Qé‘]] = 6AB(5k:m(2M + Zm)@é‘v

the remaining double commutators of the parasupercharges are equal to zero.
Below we shall restrict ourselves to the case, where all Z,, < 2M. Then, using the analogy
of (2.10) with the formulas from [11], we easily find the general solution of (2.10):

Q4! (—1)A71\/ 2M — Zp (SaN+1,8m—11444 — USAN+1,8m—10+44), 2.11)

QY = (1) /2M + Z,,(San-+1,8m—9+44 — iSAN+1, 8m—8+4A),

where Sy are generators of SO(1,4N + 1) satisfying the commutation relations

[Skis Smn) = —1(GkmSin + 9inSkm — JknSim — JimSkm)-
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Substituting (2.11) into (2.9), we obtain parasupercharges in the rest frame

QY= /M — Zn/2((—1)* N Sun1, 8m—11444 — SAN+1, 8m—10+44)
+ /M + Zp, /2(San+1, 8m—9+44 + i(— )AS4N+1,8m—8+4A)7 (2.12)
Mo = M = Zn/2(=San41,sm-71aa + 1(—1) T Sun i1, sm—6444) |
+ /M + Zy/2((—1) A San1, 8m—5444 + $SIN+1, 8m—d+44)-

In accordance with [11] the IRs of the class I of the PPSA with central charges Z,, < 2M
are labeled by the following sets of numbers (M, j,n1,na,...,non, Z1, Za, . . ., Z{%}), here j label
the IRs of SO(3); n; > ny > ... > ngy label the IRs of SO(1,4N + 1); ny, na, ..., noy are
either integer or half integer. Using the Lorentz transformation, we can find the basis elements
Py, Ju, Qé, Qé in arbitrary frame.

Internal symmetry group. The internal symmetry group for PPSA without central charges
was described in [11]. In paper [11] the authors showed that the internal symmetry group for
IRs of classes I and II* and arbitrary N is SU(N).

Therefore, it is interesting to generalize these results to the case of nontrivial central charges.
In this paper we shall obtain the IRs of class I, Z,, < 2M, Z,, # 0 and even N.

In analogy with SUSY it is easy to see that the internal symmetry group is smaller than
in the case of central charges, equal to zero. Indeed, considering the first of relations (2.2) for

a=p=1,v=2:
@7, (@3, Q)] = 42" Qf (2.13)

and evaluating the commutators of Lh.s. and r.h.s. of (2.13) with ¥; and using (2.4) we come
to the following condition

Sk zIK = sK 771, (2.14)

In other words, the products of generators of the internal group with the matrix of central
charges should be symmetric matrices.

Now let us present the explicit description of internal symmetry algebra for IRs of class I
and even N. In our case the internal symmetry algebra is isomorphic to Sp(/N). The basis
elements have the following form

ARk = 71 (—Ssk—7.85—6 — Ssk—5,8k—4 + Ssk—3,8k—2 + Ssk—1,8k);
B** = 7 (Ssr—5. 8k — Ssk—a,86—1 + Ssk—7,8k—2 — Ssk—6,8k—3)
+ i(Ssk—5,86—1 + Ssk—a, 8k + S8k—7,8k—3 + S8k—6,8k—2),
CFF = (BF)T, (2.15)
ARt = (fo 4 ) Skn + (Fy + fr) Sk2, 2,
FokZkn + oS+ FiSre2ne2 = F5Sha e 1>k,
Ckn = (B, n <k,

where

1 /2MiZk /2MiZ
ko = 7\ oM + 2, oM + 7,
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Ykn = S8k—7,8n—6 — S8k—6,8n—7 — O8k—3,8n—2 + O8k—2,8n—3

i:lcn =

n#k,

— i(Ssk—7,8n—7 + S8k—6,8n—6 + S8k—3,8n—3 + S8k—2 8n—2),

—58k—7,8n—2 + S8k—6,8n—3 T O8k—3,8n—6 — S8k—2,8n—7

— 1(S8k—7,8n—3 + S8k—6,8n—2 + S8k—3,8n—7 + S8k—2,8n+6)s

k,n=1,2,..N/2.

Matrices (2.18) commute with the generators of Poincaré group and satisfy the following
relations

[ARR QA = Z, 1 (6. 9-1 — 6.7,26) Q%
B QI = 22,16 0k-1Q3).,

[
[
[
[
[
[
[
[
[

]
CH*, QA = 27,765, 1Q% ",
AR QA = 0g.0k-1 2y QYT = 0021 2 QYT+ 05,00 25 QY
B QU] = 0j k12, Q¥ + 64,9012, QF,
CH QA = 61,2, " Q% + 05,20 2 QYT
A, AM] = Z=1gkn Aml 71 gmi gnk,
Amn BR = z-1(gnkgmi 4 gni gmk)y,
Amn, M) [cmn M) =0,
B CM] = 7z (g7R AME 4 gk Anl) 4 771 (grLA™E 4 gmE AT

1,2k
— 070k, Q%

Thus the internal symmery group for IRs of class I, Z,,, < 2M, Z,, # 0 and even N is Sp(N).

3 Parasupersymmetric Wess—Zumino model

Now let us consider the PPSA without the central charges in the terms of the paragrassmannian
variables for arbitrary p. Then the generators of PPSA will be of the form [8]:

P,=p,=1i

.0
Oz’

Jig = x1p2 — xap1 + — (9 Q2 — Q20" — 62Q1 + Q16%),

J13
Jo3

Jo1

= xop1 — T1po + —

T1p3 — T3p1 + — (9 Q1 — Q10" — 62Q2 + Q20%),
Top3 — x3p2 + — (9 Q1 — Q10" — 62°Q2 + Q267),

4(Q191 = 0'Q1 — 0°Qx + Qa6?),

Jo2 = xop2 — xapo + (Q291 —0'Q2 + 67Q1 — Q16%),

Jo3 = xop3 — x3po + (9 Q1 — Q16% — 01 Q2 + Q201),

Q=

Q2 =

0"

262’

O Qi) = —2(ps — p0)6" + (on + ip)6?),

0 Q) = 2(ps + p0)? — (1 — ipa)6V),
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where 6, are paragrassmanian variables defined by the Green anzats:

G 0 9 i) (@) i) gl)
=300 = (W) =0 [6] =0

[%a%] :O’ [9((;)7%] :6O¢ﬁ7 [ 8)7%] :Oa [‘98)7%] :07

p is paraquantization order, i # j. It should be noted that 6, are Majorana spinors.

There exists the realization of N = 1 PPSA in terms of four paragrassmanian variables 61,
62, (M), (6®)1. In this case we have

(3.1)

.0
P“ =Pu= Za—x“,
1 0 0
_ _ _ = a Y i ayt
J/W = TuPv — TPy 2 ((Uul’)aﬁ [9 ’895 + (o MV)Oéﬁ (6°) 78(05)T ), (3.2)
Qu = —imo — i0)apO) PP, (Qu)! = i+ i(6%) (7) g PP
(6% aea n)o b « 8(90‘)T 12 (6%
Then we can define the covariant derivatives
0 0
(Do) = g~ @as(@) P, (D)l = 5 + 005 P" (33)

Derivatives (3.3) have important property which will be used below, namely, the operators
L = Do,D% = [Dy,Ds] and (L)! = (Du)"(D*)! = [(D1)T,(D2)"] commute with the PPSA
generators in representation (3.2).

We notice that the representation of PPSA in the terms of paragrassmannian variables can
be found, using the covariant representation for the PPSA [11]. Then we put

V2M (S5, — iS50) — —i% —i(0HTM,  V2M(Ss3 —iS54) — —i% —i(6*)T M,

[ 2 , .0 1 /2 ) .0 12
M(S51+ZS52)—>—’LW—20 M, M(S53+ZS54)—>—ZW—19 M.

Operators (3.2)-(3.3) act on the space of functions ®(z, 6, ()) which depend on space coor-
dinates x, and paragrassmanian variables 6, (6)T. We shall call such functions parasuperfields.
They form the linear space. In general case this space is reducible. In other words, the expansion
®(z,0, (0)) by powers of § and 6 has superficial components. We can eliminate these compo-
nents, if we impose the covariant constraints on ®. But these constraints should not lead to
the differential consequences in the z-space which restrict the dependence of the parasuperfields
on z,. For the case N =1 and arbitrary p these constraints have the following form

Do®(2,0,(0)) =0 or  (Da)'®(z,0,(6)") =0. (3.4)

Constraints (3.4) pick out the invariant subspaces, containing smaller number of component
fields, from the space of the parasuperfields. The fields satisfying conditions (3.4) are called
chiral.

In order to investigate equations (3.4) it is convenient to choose a new representation for the
parasuperfields

1
d* = exp(TG)®,  where G = 5(@)%[(9&)*,9%# (3.5)
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(these representations will be called “+” and “—” representations). The operators AT and A~
in “+” and “—” representations are connected with the operator A in the initial representation
by the formula

A% = exp(FG) Aexp(£G) (3.6)

Using (3.5), we can show that ® doesn’t depend on (6)" and ®* doesn’t depend on 6.
In the case N =1 and p = 2 the invariant spaces, picked out by equations (3.4), will contain
6 independent fields: 3 fields with spin 0, 2 filds with spin % and 1 field with spin 1 (see [8]).
Using the fact that the operator L defined above commutes with the generators Poincaré
parasuperalgebra, we can write down the equation for ®*(z, #) (without interaction), which will
be invariant under the Poincaré parasuperalgebra:

(L)' exp(—2G) @ (z,6) = 0, (3.7)

where (LT)I = [(D)T, (DF)], (D*)! is the covariant derivative in “4” representation. For
p = 2 we find, taking into account (3.3), (3.5), that the equations for the component fields A,
ba, Yas, Aa, B (below we omit the indices“+”) are

(po+SPA =0, divA =0, (3.8)
(po + D) = 0, (3.9)
04 =0, (3.10)
x(x) = B(z) = A1 = Ay =0, (3.11)

where A = (1hag — P11, —i(¥2 + 1), Y12 + 1), X(x) = 12 — a1, the matrices S, have the

form

000 0 0 i 0
Si=({00 =i |, S=[0 00], S=|3
04 0 —i 0 0 0

—i 0
0 0
0 0
It is obvious that (3.8) is the system of Maxwell’s equations for the massless field with spin 1.
System (3.9) is the system of the equations for the massless field with spin 3. Equation (3.10)
is the equation for the massless field with spin 0. In addition, it is obvious from (3.11) that two
scalar fields and spinor field are equal zero.

Now let us consider the equation for ®*(z, #) including the interaction (parasupersymmetric
Wess—Zumino model). In this case parasupersymmetric equation for ®*(x, ) has the form

(LT)1P exp(—2G)®* (,0) = g®2 (,0), (3.12)

where g is interaction constant. For p = 1 we recover supersymmetric Wess—Zumino model. For
p = 2 it yields the model described in [8].
The Lagrangian which corresponds to equation (3.12) has the form

1

L = (2Lexp(2G) P4 ) (o1yp(92)r((61)1)r((62)1)r T g(gq’i)(m)p(eﬂ)p + (c.c.),

(c.c. is complex conjugation). In conclusion of this paper let us note that the Wess—Zumino
model for p > 1 is incompatible with the description of massive particles (see [8]).
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