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Matrix Realizations of Four-Dimensional Lie
Algebras and Corresponding Invariant Spaces

Angela ABRAMENKQO

Pedagogical Institute, Ostrogradsky Street 2, Poltava, Ukraine

We have performed classification of nonequivalent realizations of solvable four-dimensional
Lie algebras. Furthermore, the finite-dimensional invariant spaces are obtained which can be
utilized for construction of exactly solvable matrix models of one-dimensional Schrédinger
equation.

This paper is devoted to the application of realizations of four-dimensional Lie algebras for
the construction of exactly solvable matrix models of one-dimensional Schrodinger equation.

The paper is organized as follows. In first section we perform the construction of realizations
of solvable four-dimensional Lie algebras. Then from the realizations we pick out those for which
we can construct a model. In second section we describe the procedure of obtaining the invariant
spaces admitted by realizations of Lie algebras, which was found in first part of this paper, and
present the invariant spaces.

1 Realizations of four-dimensional Lie algebras

We will construct nonequivalent realizations of four-dimensional real Lie algebras in class of
matrix differential operators

Q = &(x)0x + n(x), (1)

where £(x) is smooth real function, n(z) is a complex matrix. Here and below 0, = %.

Note that the classification of realizations of three-dimensional Lie algebras was done by
R. Zhdanov in [1].

Abstract Lie algebras of dimension n < 5 have been classified by G.M. Mubarakzyanov in [2].
There are twelve algebras L, ; which are not direct sums of algebras of lower dimensions. Let
us consider the algebra L4 with non-zero commutation relations

Lyg: [Q1,Qu4] =aQ1, [Q2,Q4] =bQ2—Q3, [Q3,Q4]=Q2+0bQ3, (a#0,b>0).

From [3] we know that any one of the operators Q; (i = 1,...4) may be equal to 9, or n(z). Let
Q1 = 0, and other of operators have the form (1):

Qi = &(x)0: + i), i=2,3,4.

As [Q1, Q2] = [Q1,Q3] =0, [Q1,Q4] = aQ1 then & = oy, n; = Aj, i = 2,3, au = ax, Ny = Ay,
where «; € R, A; are arbitrary constant matrices r x r. Substituting Q1 = 9, Q2 = 20, + As,
Q3 = 30y + A3, Q4 = axd, + A4 into the commutation relations we obtain (a —b)? = —1. That
is why if Q1 = 0, then there exist no realizations of algebra L4 ¢ in class of operators (1).

Let Q1 = n(z) and other operators have the form (1). Then all ;(z) can not be equal to zero
simultaneously.
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If &3(xz) # 0, then the operator Q2 may be reduced to the operator Q2 = 9,. In this case
from commutation relations it follows that Q3 = a30; + A3, Q4 = (b— ag)x0d, — Asx + A4, where
as € R, A; are arbitrary constant matrices. The check of the relation [@Q3, Q4] = Q2 + bQ3 gives
a% = —1. Hence, in this case algebra L, ¢ has no realizations in the class of operators (1) too.

If &(x) = 0, then or &3(x) # 0 or &(x) = 0 and &4(x) # 0. The checking of commutation
relations shows that in this case algebra the L, ¢ has no realizations in the class of operators (1).

If &o(x) = &3(x) = 0 and &4(x) # 0, then operator Q4 may be reduced to the operator Q4 = 9,
and the checking of commutation relations for the algebra Ly shows that ()1 = Aexp(—az),
Q2 = exp(—bzx)(Bcoszx+Csinzx), Q3 = exp(—bzx)(C cosx— Bsinz), where A, B, C are arbitrary
non-zero r X r matrices which satisfy the commutation relations

[A,B] =[A,C] =[B,C]=0.
Below we give the list of nonequivalent realizations of the four-dimensional Lie algebras Ly ;.
Llll,l : Ql:Av Q2:B7 Q3:aw7 Q4:BQ?+C,

A,B] = [A,C] =0, [B,C]=A.

Li,: Qi=4, Q=-Ar+B, Qs=3A> -Be+C, Qi=0,
[4,B] = [B,C] = [4,C] = 0.

Lis: Qi =0s, Qa=08,+A, Q3=00;+B, Qi=uzd,+C,
[A,B]=0, [A,C]=A, [B,C]=A+B.

Liz: Qi=A, Q=B, Q3=0, Qi=1d,+Br+C,
[A,B]=0, [B,C]=DB, [AC]=dA.

Liz: Q=0; Qx=A4, Q3=B, Qi=10,+C,
[A,B]=[A,C] =0, [B,C]=A.

L?13: Ql:A? QQ:B7 Q3:8z7 Q4:B~T+Cu
[A,B]=[B,C]=0, [AC]=A.

Liz: Q=A™ Q:=B, Q3=-Bz+C, Qi=0,
[A,B] =[B,C]=[A,C] =0.

Lﬁll,4: Ql:A? Q2:B7 Q3:81’7 Q4:1'8x+B$+C7
[A,B] =0, [A,C]=A, [B,C]=A+B.

LZA : Ql = Ae—a:’ Q2 = e_x(Al’ + B)7 Q3 =e " (%AJ;Q — Br + C) ) Q4 = a:(:v
[A,B] =[A,C] =[B,C]=0.

Lis: Q=0 Q:=ad,+A, Q3=00;+B, Qi=u10;+C,
[A,B] =0, [A,C]=A, [B,C]=8B.

L35 Qu=A, Qi=0,+eB, Qs=0,+(1—€B, Qi=(eb+(1—ea)zd,+C,
[A,B] =0, [A,C]=A, [B,C]=(ea+ (1—¢€)b)B.

Lis: Qu=Ae" Qo=e “(ad, +B), Q3=e"(80,+C), Q1=0s,
[A,B] = —aA, [A,C]=-pB, [B,C]=abC —faB, a=b.

Lig: Qi1=Ae ™ Qy=e"(Bcosxz+ Csinz), Q3=e"(Ccosx— Bsinz),
Q4 = Oy, [A’ B} = [Aa C] = [B,C] =0.
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Li;: Qi=A4, Q=-Ax+B, Q3=0,, Qi=120,—1A2>+ Bz +C,
[A,B] =0, [A,C]=2A, [B,C]=B.

L4217 : Ql :A672x, QQ :Beixv Q3:eix(B$_C)7 Q4:az7
[A,B]:[A,C]:(), [B,C]:—A

Lig: Q1=4, Qy=¢€0,+ (e—1)(Axr — B), Q3= (1—¢€)0; +e(Azx + B),
Q1= 2e—1)20,+C, [AB]=[AC]=0, [B,C]=(1-2¢B.

L42178 : Ql :A7 QQ :eim(aax—i_B)v Q3:em(ﬁaﬂﬁ+c)7 Q4:a$7
[A,B]=1[A,C]=0, [B,C]=-pB—-aC+ A, af=0.

Lig: Q=A4, Q=0,—e(Az+B), Q3=0,+(1—¢)(Ax+B), Q4=u1z8,+C,
[A,B] =0, [A,C]=2A, [B,C]=(1-2¢B.

Lig: Qu=Ae (M Q) =e"(ecad, + B), Q3=e"((1-¢)B;+C),
Q1=10:, [A,B]=—-e(l+bAa, [A C]=(e—1)(1+D)BA,
[B,C] = A+ eabC + (e — 1)3B.

Liig: Q1 =A, Qo=Bcoszx+Csinx, @Q3=Ccosx— Bsinr, Q4= 0.,
[A,B]=[A,C] =0, [B,C]=A.

Liii: Q1= Ae 2% Qo =e % (Bcosx + Csinz), Q3=e %(Ccosx— Bsinx),
Qi1=0,, [AB]=[A,C]=0, [B,C]=A.

Lzll 12 ¢ Ql = A€717 QQ = Beim7 Q3 = (91, Q4 = 07
[A,B]=0, [A,C]=-B, [B,C]=A.

Li,: Q1 =Acosz+ Bsinz, Q= Bcosz — Asinz, Q3=ad, +C, Qq=0,,

[A,B]=0, [A,C]=A+aB, [B,C]=B-aA.

Here A, B, C are arbitrary constant r X r matrices, «, § are arbitrary constants, ¢ =0, 1.
In what follows we shall consider only 2 x 2 matrices. It is known [4], that any matrix may

be reduced to one of the forms ( )(\)1 )(\) ) or < ())\ i > After corresponding procedure we
2

conclude that realizations of algebras L, Li,, Lis, LY, Li. L%. Llg Liio, La11, Lis

has no models. Thus we will seek models for realizations of Lie algebras L3, L3,, L35, L3,
2 1 2 73 1 2 2 2

Ly Lags, Lis, Lis, Lags Lygs Ligs Lig, Lo

2 Invariant spaces admitted by four-dimensional Lie algebras

The second step in construction of matrix models is description of invariant spaces for each of
obtained realizations of four-dimensional Lie algebras. This step we will show for an example of
realization of the Lie algebra L4g.

It is known [3], that invariant space corresponding to the operator Q4 = 9, have such form:

=gl = Z exp()\jx)P[mﬂé'l + Zexp()\jx)R["j]é'g,
J J

where Pl R[] are m;, nj-th degree polynomials in x.
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Acting on II by the operator Q1 = Aexp(—ax) we get

Q111 = Aexp(—ax) Z exp()\jaj)P[mﬂ']é'l + Aexp(—ax) Z exp()\j:U)R[”j]é’g
J J

= Z exp((A\; — a)z)PMilxe + Zexp(()\j — a)z)RMI(\e, + &)
J J

= Z exp((A\j — a)z) <)\P[mﬂ'] + R[”j]> e+ Z exp((\j — a)z) RMINE,.
J J

Let A # 0. Fix the minimum A;. Then A; —a < A;. But this inequality is impossible. Hence,
a polynomial near exp(\; — a) must be R' = 0, and respectively P! = 0. Thus all polynomials
are zero, and invariant space is empty. This case is not interesting for us, that is why we do not
consider the case A = 0. So, the result of the action 1 on II has such form:

Q11 = Zexp(()\j —a)z)RMle,.
J

The invariant space will have the form:
I, = Z (exp((/\k — a)z)Pmele; + exp()\k:r)R["’c}éé) , ne < my.
k

We act on IT; by the operator Q2 = exp(—bx)(Bcosz + C'sinx):

Q2H1 = Zexp(()\k —b— Z).’L’)R[nk]<(b2 + iCQ)él + (bl + iCl)ég)
k

+ ) exp((A — (a+b) — i)a)PI™ ] (by +icy)é).
k

Again we fix minimum A;. Then degrees A\ —b—1i < \j, \y — (e +b) — i < Ag. That is why
R' = P! =0 or by +ic; = 0. In the first case the invariant space is empty. Thus we take the
case for which by + ic; = 0. Hence, the invariant space admitted by the operators Q1, Q2, Q4
should have such form:

=3 (exp(()\k — a)z)PI™E) + exp((\y, — b —i)z)SIle; + exp(Akx)R["dgg) ,
k

My, Tk 2> N

Finally, we act on the space Iy by operator Q3 = exp(—bx)(C cosz — Bsinz):

Q=Y (exp(()\k — b+ 0)2) R (by — ica)El + (by — ic1)és)
k

Fexp((h — a— b+ 1)) P (b — icy)&) + exp((O — 2b)a) S+ (b — icl)€1) .

After similar actions we obtain that by — icy = 0. This equality is possible when by = ¢; = 0.
Hence invariant space admitted by the Lie algebra L4 has the following form:

1= Z (eXp(()\k — a)x)P™E) 4+ exp((\p — b —i)z) Sl
k

+ exp(()\k —b+ i)x)T[qk]gl + exp()\kx)R["k]éé) s qQk, Mg, Tk = Nk
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Moreover, matrices A, B, C are of the following form:

(01 (0 b (0
(o) m=(G5) e=(05)

Below we adduce invariant spaces for rest of four-dimensional Lie algebras.

2
Li,

3 .
L473 .

2 .
L4’4 .

3 .
L475 .

L476 .

2 .
L48.

)

1= Z exp(Apz) PMlE; + Zexp()\kx)R[”’“]é’g, mg > ng + 2,
k k

A=0y, B=bygy C=c1E+ cyoy.
II= Zexp p — Dx)Slele + Zexp (Apz)R™lE) + Zexp (Apz)RI™E,,
k k
r.>ng+1, A=o09g, B=byog, C=c1E+ co0y.
II= Z exp((Ag — 1)z)Sle; + Z exp(Apz) R™leE; + Z exp(Apz) RIM @,
k k k
re>ng+2, A=o09, B=byoy, C =ce0yp.

K1 K2
IT= Zexp ((—% +k> m) dper + Zexp ((—% +1 +k) x) d.és,

k=0
Ky > Ky+2, di,d; =const, A=A\E+o09, B=aoy,

C——E—i— ag—ao, a==+1.
BB i

I =) exp((\ — a)r) P& +> " exp((A — b—i)z)SIe
k ks

+ Z exp((\y — b+ i)x) T e + Z exp(\pz) RIMlé,
k

Gk, M Tk > Mgy, A=00, B =bog, C =c00.

K>
1.II= Zexp((———k‘) >dké’1—|—Zexp<<—%—k‘>z>dZé’2,
k=0

1
K> Ko, didi = const, A=y, B=zoy, C=58

K>
2. 11 = Zexp((——+k> >dk€1+ZeXp(<—%+k>:p> €2,

k=0

b 1
K1 > Ky, dy,df = const, A= oy, B_—IE C = ~op
«Q

KQ
l.e=0, II= Zexp <<—— +k> > dié —l—Zexp <<—% +2+k> a:) dj.é,
k=0
1
Ky > Ko, dk,dz =const, A=o0y, B= EUO, C=c1F+cyo0—204.

K>
2.¢e=1,II= Zexp<<+k>x)dk€1+Zexp<<b1+1+b+k)x>d’};é'2,
«

k=0

b bo 1
Ky > Ky, dy,d; =const, A=o09, B= —1E+—Jo—( 1+boy, C=—og
o
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Lin: L= expha)PI™ér + 3 exp((u =)o) sTe
k k

+ > exp((A + 1)) WEHE +3 " exp(\pz) RIME
k k

+> " exp((Ar — 1)) TIWE, + > exp((Ag + i)z) VIle,
k
Niey Ty Qs < My Ty Sk, A=AE, B=a\E, C=c1E+ (ca—c1)o4.

2. 11 = Zexp)\km m’“q%—Zexp A — i)z )S[T’“]é’l

+ Zexp (A + D) Whnley +3 " exp(Aga) RI™IE,
k

+Zexp Ny = )2 T1Z, 47 exp((A + 1))V 42,
k

Nk, te, e < My Ty Sk, A=AE, B=ao)\E, C=vE+o.
3.1 = Z exp()\kx)P[mk]é} + Z exp((Ag — i):L“)S[T’“}é'l
k k

+ Zexp(()\/z€ +i)z)Wkle + Z exp(Apz) RIMlés,
qk, Mk, Tk anm A:UO7 B:bQUO, CzclE+CQUO+U+.

Here Pl Rlnel Sl yylsel Tlael vt are my, ng, ri, sk, qi, te-th degree polynomials in z

correspondingly, og = ( 8 (1) >, o4 = < 8 (1) ),E: ( (1) (1) >, A, a, B, v, by, by, cq, co are

arbitrary constants, «, 8 # 0.

3 Conclusions

The above realizations of Lie algebras and the corresponding invariant spaces will be used for
construction of exactly solvable 2 x 2 matrix Schrodinger models in future works. What is
more, Hermitian models present special interest since they describe physical models with real
eigenvalues of Hamiltonians.

The author would like to thank R.Z. Zhdanov for formulation of the problem and S.V. Spichak
and V.I. Lahno for discussion of some issues of this work.
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