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On Casimir Elements of g-Algebras U, (so,,)
and Their Eigenvalues in Representations

A.M. GAVRILIK and N.Z. IORGOV

Bogolyubov Institute for Theoretical Physics, Metrologichna Street 14b, Kyiv 143, Ukraine

The nonstandard g-deformed algebras U, (s0,,) are known to possess g-analogues of Gel'fand—
Tsetlin type representations. For these g-algebras, all the Casimir elements (corresponding
to basis set of Casimir elements of so,,) are found, and their eigenvalues within irreducible
representations are given explicitly.

1 Introduction

The nonstandard deformation U, (so,), see [1], of the Lie algebra so, admits, in contrast to
standard deformation [2] of Drinfeld and Jimbo, an explicit construction of irreducible represen-
tations [1, 3] corresponding to those of Lie algebra so,, in Gel’fand—Tsetlin formalism. Besides,
as it was shown in [4], Uj(so,) is the proper dual for the standard g-algebra Ug(slz) in the
g-analogue of dual pair (sop,sls).

Let us mention that the algebra Uy (so3) appeared earlier in the papers [5]. As a matter of
interest, this algebra arose naturally as the algebra of observables [6] in 2 + 1 quantum gravity
with 2D space fixed as torus. At n > 3, the algebras Ué(son) are no less important, serving as
intermediate algebras in deriving the algebra of observables in 2+1 quantum gravity with 2D
space of genus g > 1, so that n depends on g, n = 2¢g + 2 [7, 8]. In order to obtain the algebra
of observables, the g-deformed algebra Ué(802g+2) should be quotiented by some ideal generated
by (combinations of) Casimir elements of this algebra. This fact, along with others, motivates
the study of Casimir elements of U, (soy,).

2 The g-deformed agebras U, (so,)

According to [1], the nonstandard g-deformation U (so,) of the Lie algebra so, is given as
a complex associative algebra with n — 1 generating elements Is1, I39,...,I, ,—1 obeying the
defining relations (denote ¢ + ¢~ = [2],)

oL+ Lorj-oli; g — 20 Iijjoalj-1-20 -1 = —Ij-1;-2,

oy ool + Ladi oy oo = 2lg Li—j—oljj-1lj-1-2 = —Ijj-1, (1)

[Il"l',l,[jyjfl] =0 if | 7 —j ‘> 1.

Along with definition in terms of trilinear relations, we also give a ‘bilinear’ presentation. To
this end, one introduces the generators (here k > 1+ 1,1 < k,l <n)

+ _ + — *1/2 + 1/2 7+
IkJ = [Il+1,lalk’l+1]qi1 =q / Il+1,lIk7l+1 —q" / Ik7l+1Il+1,l



On Casimir Elements of ¢-Algebras Uy (s0,,) and Their Eigenvalues in Representations 311

together with T4 = I,;"H w = L1 Then (1) imply

[I;n,fimq = I]jm’ [Ilgvlljm]q = I[jn? [Iljm"[lirn]q == IIQ if k > l > m,
Lo LE =0 if k>1>m>p or k>m>p>1; @)

(Lo L) = (a =g DU L, — Lo L) if k>m>1>p.

Analogous set of relations exists involving I, along with ¢ — ¢! (let us denote this “dual” set
by (2')). If ¢ — 1 (‘classical’ limit), both (2) and (2’) reduce to those of soy,.

Let us give explicitly the two examples, namely n = 3 (the Odesskii—Fairlie algebra [5]) and
n = 4, using the definition [X,Y], = ¢'/2XY — ¢~ '/2Y X:

(

Uy(sos) :  [Io1, I32]q = I, [I32,13]q = Io1, (151, Io1]q = Iso. 3)
[I32, Luslg = Iy, (I, Laslg = Iy, o1, Il = I,

Ug(soa) = [z, I5lg = Is2, [, Ifilg = 13y, [, Ifilq = Ion, (4)
(15, Is2)g = Lus, (11, Iy = Lus, 17, I = L5,
[I43, 1] = 0, [I32, 1] =0, [I}h, 151 = (¢ — ¢ (a1 lus — Iso})). (5)

The first relation in (3) can be viewed as the definition for third generator needed to give
the algebra in terms of g-commutators. Dual copy of the algebra Ué(so;;) involves the generator
I3, = [I21, I32],-1 and the other two relations similar to (3), but with ¢ — gL

In order to describe the basis of U;(son) we introduce a lexicographical ordering for the
elements I,j’l of Ug(son) with respect to their indices, i.e., we suppose that I,:fl < I, if either
k < m, or both ¥k = m and [ < n. We define an ordered monomial as the product of non-
decreasing sequence of elements [ ,:r ; with different k, ! such that 1 <[ < k < n. The following

proposition describes the Poincaré-Birkhoff-Witt basis for the algebra Uy (soy,).

Proposition. The set of all ordered monomials is a basis of Uy(son).
3 Casimir elements of U] (soy,)
As it is well-known, tensor operators of Lie algebras so, are very useful in construction of

invariants of these algebras. With this in mind, let us introduce g-analogues of tensor operators
for the algebras U, (so,) as follows:

+ _ g Z’ + + L TE
Jk17k27~-~,k2'r =4 €q:l:1 <8>Iks(2)7ks(l)Iks(4)’ks(3) Iks(Zr)vks(ZT—l). (6)
SESay,
Here 1 < k1 < ko < --+ < ko < n, and the summation runs over all the permutations s of

indices k1, ko, ..., ko, such that
ks2) > ks(1)s ksay > ks@zys -0 Ks@r) > ks2r—1)s ko2 < sy < -+ < kg

(the last chain of inequalities means that the sum includes only ordered monomials). Symbol
gg1(s) = (—¢*1)*®) stands for a g-analogue of the Levi-Chivita antisymmetric tensor, £(s)
means the length of permutation s. (If ¢ — 1, both sets in (6) reduce to the set of components
of rank 2r antisymmetric tensor operator of the Lie algebra so,,.)

Using g-tensor operators given by (6) we obtain the Casimir elements of Uy (soy,).
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Theorem 1. The elements

(2r) _ k14ko+4Akop—r(nt+1) 7+ —
Gy = > q S T S (7)

1<k <ka<...<k2r<n
where v =1,2,...,|5] (|z] means the integer part of x), are Casimir elements of Ug(son), i.e.,

they belong to the center of this algebra.
In fact, for even n, not only the product (which constitutes Cy(ln)) of elements 07(171)-5- =J/, "

sy

and C’T(Ln)f = Jy .. belongs to the center, but also each of them.

We conjecture that, in the case of ¢ being not a root of 1, the set of Casimir elements C’,(LZT),

r=1,2,...,| %], and the Casimir element cimr (for even n) generates the center of Uy (son),

i.e., any element of the algebra U, é(son) which commutes with all other elements can be presented
as a polynomial of elements from this set of Casimir elements.
Let us give explicitly some of Casimir elements. For Uy (so3) and Uy (so4) we have
2 _ - - _
C?E P+ I Iy + a3y = ql3y + I I3 +q 7' 13,
2 - _ _ . .
O = 213 + By + L3 + ¢ M I gy + alh I + I I,
4 _ - - . - 4)—
CV" = g o Lug — I I + also Ty = alalas — I Iy + q ol = G

For U, (sos5) the fourth order Casimir element is

4 _ —27+ — -1 7+ -
C;7 =¢q J1,2,3,4J1,2,3,4 +t4q J1,2,3,5J1,2,3,5
+ — + — 2 7+ =
+ I 0u57 1045 9 34501345 T 0254572345

+ bt gt + 7+ - T
where Jm.’k’l =q Ijillk _IkiIlj +qujIh. and Ji,j,k,l = quiIlk, —Ik

;Il; + q_IIk_jIl;. For Ué(SOG),
we present only the highest order Casimir element:

O = ¢ 3 LusTos — q I Iy Ios + 4 In Iy Ios — a2 I I Iy + 4 I I I,
— Io I Iy 4 ¢ Mo Isa Iy — LG 5 I + qI b I Iy — I Isadgh + I I I,
— q2I43[;'1]62 + q132[54fg'1 — q2IZEI;éIg'1 + q3I43Ig'2Ig_1.
Finally, let us give explicitly the quadratic Casimir element of Uy (so,),

CV(L2) — Z qi+j*n71]-k]"—

Jitgit
1<i<j<n

This formula coincides with that given in [4], and is a particular case of (7).

4 Irreducible representations of U/(soy,)

Let us give a brief description of irreducible representations (irreps) of U,(so,). More detailed
description of these irreps can be found in [1, 3].

As in the case of Lie algebra so,, finite-dimensional irreps T' of the algebra Ué(son) are
characterized by the set m,, = (m1p, man, ..., ngJ,n) (here |x| means the integer part of =) of
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numbers, which are either all integers or all half-integers, and satisfy the well-known dominance
conditions

M1y = Moy = -

v

A > \m%m\ if n is even,

[NIE]

.. m
o> Ma-1 >0 if n is odd.

M1y = Moy = L

Y

To give the representations in Gel’fand—Tsetlin basis we denote, as in the case of Lie algebra so,,,
the basis vectors |a) of representation spaces by Gel’fand—Tsetlin patterns ce. The representation
operators T, (I2p4+1,2p) and T, (I2p2p—1) act on |a) by the formulae

p

T, (Bpr120)l0) = Y (Ab,(@)lmify) — A, (ma)im3,) )
r=1
p—1

T, (I2p,2p—1)| ) = Z(ng_1(a)|m$f_1> - ng—l(mQ_pT—l)|m2_;—1>) +iCop—1]a).
r=1

Here the matrix elements A5, B3, ;, C2p—1 are obtained from the classical (non-deformed)
ones by replacing each factor (z) with its respective g-number [z] = (¢° — ¢ %)/(¢ — ¢ );
besides, the coefficient % in the ‘classical’ A3, is replaced with the I, 2,-dependent expression

(([Tr2p) [lr2p + 1))/ ([2Lr2p][20r 2p + 2]))1/2> where lyop = myop +p — 7.

5 Casimir operators and their eigenvalues

The Casimir operators (the operators which correspond to the Casimir elements), within irre-
ducible finite-dimensional representations of U, (so,) take diagonal form. To give them explicitly,
we employ the so-called generalized factorial elementary symmetric polynomials (see [9]). Fix

an arbitrary sequence of complex numbers a = (a1, as,...). Then, for each r = 0,1,2,..., N,
introduce the polynomials of IV variables z1, zo,..., zx as follows:
er(z1,22,...,2n]a) = Z (2p1 = ap1 ) (Zpy — Apy—1) - - - (2p, — Ap—r41). (8)

1<p1<pe<-<pr<N

The Casimir operators in the irreducible finite-dimensional representations characterized by
the set (min, Man,..., myy), N = 5], by the Schur Lemma, are presentable as (here 1
denotes the unit operator):

T, (C7) = X501,

n

Theorem 2. The eigenvalue of the operator T, (Cﬁf”)) 18

X = (=1 er ([l loml?, - - - [Ivn) @)

where a = ([¢e]*, [e+ 1%, [e+2]2,...), lyn =My + N —k+e. Heree =0 forn=2N and ¢ = §
forn=2N + 1.
In the case of even n, i.e., n = 2N,

Ton., (C,Q"H) — T, (qgn)—) = (V=) Y [lillizm] - - vl

The eigenvalues of Casimir operators are important for physical applications. Let us quote
some of Casimir operators together with their eigenvalues. For Ué (so3),

Timyg) (C?(,Q)) = —[mqs][mis + 1]1.
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For U, (s04) we have
T(m147m24) (Cf)) = - ([m14 + 1]2 + [m24]2 — 1) 1,

4 4)—
T(m14,m24) (CZE )+> - T(m14,m24) (Ci ) ) = _[m14 + 1] [m24]1'

Finally, for U,(sos) the Casimir operators are
2
Timsomany (C) = = ([mas +3/2)% + [mas + 1/212 = [1/2]? - [3/2%) 1,

Timasmasy (CL7) = (s +3/212 = [1/21%) ([mas + 1/2)% = [1/21?) 1.

6 Concluding remarks

In this note, for the nonstandard g¢-algebras Ué(son) we have presented explicit formulae for
all the Casimir operators corresponding to basis set of Casimirs of so,. Their eigenvalues in
irreducible finite-dimensional representations are also given. We believe that the described
Casimir elements generate the whole center of the algebra Uy (soy,) (of course, for ¢ being not a
root of unity).

As mentioned, the algebras U; (so,,) for n > 4 are of importance in the construction of algebra
of observables for 24+1 quantum gravity (with 2D space of genus g > 1) serving as certain
intermediate algebras. For that reason, the results concerning Casimir operators and their
eigenvalues will be useful in the process of construction of the desired algebra of independent
quantum observables for the case of higher genus surfaces, in the important and interesting case
of anti-De Sitter gravity (corresponding to negative cosmological constant).
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