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Some difficulties of the construction of quantum group gauge field theory on the classical and
quantum spacetime are clarified. The classical geometric interpretation of the ghost field is
generalized to case of the quantum group gauge field theory.

1 Introduction

The notation of a generalized Lie group as a noncommutative and noncocommutative Hopf
algebra was done by Drinfeld [1], Jimbo [2], Woronowicz [3]. The first step in the construction
of noncommutative dynamics was undertaken by I.G. Biedenharn [4] and McFarlane [5] in their
study of the quantum noncommutative harmonic oscillator. From this period attempts were
undertaken to construct deformed dynamical theories [6, 7, 8, 9], in particular, the deformed
gauge theory named the quantum group gauge field theory with the quantum group playing the
role of the gauge group. The conceptual problems concerning of the definition of the gauge field
theory where the quantum group is considered as object of the gauge symmetry, i.e. the quantum
group gauge field theory are not settled. Such theories investigated by Bernard [10], Aref’eva and
Volovich [11], Hietarinta [12], Isaev and Popowicz [13], Bernard [10], Watamura [15], Brzezinski,
Majid [16, 17], Hajac [18], Sudbery [19]. The deformed gauge field theory is interesting from
various points of view. The enlargement of the rigid frameworks of the gauge theory would
help to solve the fundamental theoretical problems of the spontaneos symmetry breaking and
the quark confinement. In particular, in the quantized deformed gravity theory the spacetime
becomes noncommutative and could possible provide the regularization mechanism. In the
quantized gauge theory the deformation could be interpreted as a kind of the symmetry breaking,
which does not reduce the symmetry but deforms it. This mechanism could give the masses to
some vector bosons without the necessity to consider Higgs fields. There are two approaches in
the construction of ¢-deformed dynamical field theory. The spacetime in one of them is assumed
to be the usual manifold and it deforms only the structure of the dynamical variables. In the
second approach the spacetime becomes the quantum (noncommutative) manifold.

2 The quantum group gauge field theory on the classical spaces

2.1. The classical gauge field theory. Let 7% a = 1,2,..., N be generators of the Lie
algebra of some compact Lie group G satisfying the relations

[Ta, Th) = f*°T°, (1)
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where ¢ are structure constants of this algebra. The basic objects of nonabelian gauge theory
are the gauge fields — the Yang—Mills potentials. These are the set of vector fields AZ(.T),
a=1,2,...,N, n=0,1,2,3. The matrix gauge potentials

Ap(x) =T Ay () (2)
define the matrix strength tensor

Fu = 0,A, —0,A, +[Au, A, (3)
or in component form

Fuy =T FS,,  Fu = 0,AL — 00A, + f*°Ab A (4)

The Lagrangian density of the theory
L= —1/4F;, F"™" (5)
is invariant under the gauge transformation

A — g(@) " Aug(x) + g(2) " g (), (6)

where g(z) = exp{e®(z)T*}, and €%(x) are real functions. The transformation (6) can be written
in the infinitesimal form as

DAY, = [ (@) AG () = D), GF(x) = [ ). (@)

In the following we shall review the several approaches in the construction of the g-deformed
gauge field theory.

2.2. The construction based on the differential extension of the quantum group
G4 [13, 11]. The main efforts in this approach were directed to keep the classical form of the
gauge transformation for the gauge potentials. The problem is in the following. Let A be an
element of some extension of the quantum group Gy. What differential calculus on this group
should be considered and from what extension of this group should be taken the potential A to
guarantee that the gauge transformed element A’ also belongs to that extension. In some cases
this problem were solved [13, 11].

2.3. The construction based on the bicovariant differential calculus on the quantum
group [14]. There are many methods to deform a Lie algebra. The one of them is the method
of the bicovariant differential calculus on the quantum groups.

Definition 2.1. A bicovariant bimodule over Hopf algebra A is a triplet (T, A, Ar) bimodule T
over A and of linear mappings

Ap:T'—- AT, Ap: T —-T®A4

such that diagrams

r Ar, A@T r 24,  A®T

1. ALl 1@ AL, N le®id
AT 2% AgAeT kT
r Ar reA r 28  reA

2. Ap| 11® AR, N lid®e

red @2 rodeA Lok
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r Lz, reA
3. ALl LA, ®id
id®AR
AT B ART® A

commute and

4. Ap(awb) = Ap(a)AwApL(b), Ag(awb) = Ar(a)AwAR(b).

Definition 2.2. A first order differential calculus over Hopf algebra A is a pair (I',d), where T’
is bimodule over A, and the liner mapping d : A — T such that d(ab) = dab+ adb and T' =
{adb : a,b e A}.

Definition 2.3. A first order differential calculus is called bicovariant differential calculus
on the quantum group if (I';Ar,AR) is a bicovariant bimodule and Ar(da) = (id ® d)A(a),
Apr(da) = (d ® id)A(a).

Definition 2.4. A first order differential calculus is called universal if T = kerm, m : AQ A —
A is multiplication map in algebra A, andd =1® a —a® 1.

It easy to see that d : A — I is linear map satisfying the Leibnitz rule, I' has the bimodule
structure ¢ (Z a ® bk> =" ca ® by, <Z ap ® bk> ¢ =Y ar ®byc and every element of I" has
k k k k
the form ) axdby.
k

Definition 2.5. A Zy-graded complex differential algebra (2, d) is Zy-graded complex algebra
Q = QY + Q ,equipped with the graded derivation d which is odd and of square zero dQT~ C
Q—t, d?=0.

Every first order differential calculus (I',d) generate Zs-graded complex differential algebra
(Q(A),d). A complex differential algebra generated by universal calculus is called a differential
envelop of A and is denoted as (24, d). The space dual to the left-invariant subspace I'j,y can
be introduced as a linear subspace of A’ whose basis elements y; € A’ are defined by

da = x; * aw’ for all a € A. (8)

The analogue of the ordinary permutation operator is a bimodule automorphism A in I' ® I’
defined by

A(wi®nj) =1 @, 9)

ie. A(ar) = aA(7), A(Th) = A(7)b, where a € A, 7 € T®T. With the help of braiding operator A
the exterior product of the elements p, p’ € T is given

p\P =pep —Ap®p), (10)
wi/\wj:wi@)wj—Ag (wk®wl>. (11)
The exterior product of two left invariant forms satisfies the relation

wi/\wj = q2+71q_2 [AZJZ + (A_l)Z] wk/\wl. (12)
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There exists an adjoint representation M J’ of the quantum group defined by the right action on
the left invariant w’

Ap (W) =w'®@Mj, MjeA (13)

The bicovariant calculus on a G|, is characterized by the functionals x; and f]z on A satisfying

Xix; — Mxixi = Chixe, (14)
N N (15)
Chon ] fit = Mixp fa+ Clfy, (16)
X = Aﬁfﬁxm (17)
where Akl M ) = xx(M ;) In adjoint representation these conditions have the form

C,C;; — RiICP.Cs) = CFC3y, (18)
AARALS = ATFAT AT, (19)
Cl, A'ASCy, = AL C; 4+ CTLAL (20)

AT = A”A"’”CS (21)

In this case the Lie algebra (1) of the gauge group of the classical gauge theory, taking into
account of (14), is replaced by the quantum Lie algebra

T, T, — AT, T, = C, T, (22)

As in the classical case (2) the gauge field is defined by the same formula A, = A7T,, but now
the gauge potentials are noncommutative and satisfy the commutation relations

a 1
Iz AV] - q2 + (A+ A” ) [,qu/] (23)
The field strength can be represented in the form

where C}, = C};, — AZC’Z The deformed gauge transformations are assumed to have the form
0A = —de — Ae + €A, e =¢eT,. (25)

The gauge parameters ¢ are g-numbers and are assumed to have the following commutation
relations

€A, = AP " (26)

Then F is transformed as 0F = ¢F — Fe and the deformed Lagrangian density £ = Fﬁnyngab
is invariant under transformations (25) if

A:'lgc'r%ngab + Cgsgmb = O (27)
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2.4. The construction based on the quantum deformation of the BRST algebra
[6, 15, 9]. One of the alternative formulations of the gauge field theory is the BRST method.
In this approach the BRST transformation s is defined and parameter e(x) is replaced by the
ghost field C(x). If we restrict ourselves by the pure Yang—Mills field theory, then BRST
transformations are reduced to the form

1
sAj = 00" + [.A70C, sC =~ fLCvCe. (28)

The gauge field strength F* is transformed covariantly sF'* = fi' ' bCe. As was noted in [17]
if we use the gauge symmetry of the Hopf algebra then it is necessary to formulate all theory
in the algebraic frameworks. The gauge transformations should be represented in the abstract
language. As we saw at (26) it is not known to what algebra belongs the set of the parameters.
The idea of [6] is as follows: replace local gauge parameters of the theory by the ghost fields
which now placed at same level as the gauge and matter fields. The formulation of all theory is
algebraic.

3 The quantum group gauge field theory on the quantum spaces

3.1. The geometrical meaning of the gauge field potentials [21]. Let P and M be
smooth manifolds, a Lie group G smooth acting on P and the differentiable principal fiber
bundle P(M,G) over M with the group G. A global (local) cross-section of a principal fiber
bundle is a map o from the base space (neighbourhood U,) to the bundle space P such that
w(o(x)) =z, Vo € M (noy(z) = x, Vo € U,) Let wy be a 1-form in U,. It can be written in
terms of its components (Lie-algebra valued functions) A% (z)

w=Y_ Al(z)dx,. (29)
I

Suppose we transform o, into o/, by the action of some g € G. If ¢/, (x) = o,(2z)g(x), then
wp, = opw = A'Mdzx,, where

A, =g Aug + g g (30)

This reproduces the gauge transformation formula for gauge potentials (6). The connection form
w describes at the same time both the Yang—Mills potential and ghost fields. It is split into two
components of the gauge field ¢ which is horisontal and the ghost field x which is normal to the
section o. From the Cartan—Maurer theorem the equations follow:

sx +1/2,x] =0,  s¢+ Bx =0, (31)
which are the same as BRST transformation (28).

3.2. The construction based on the quantum group generalization of the fiber bundle
[17, 18]. The quantum group gauge field theory is constructed also in the framework of the fiber
bundle with the quantum structure group [17]. The Cartan-Maurer equation obtained by the
universal bicovariant differential calculus on quantum group is the same as BRST transformation
ghost fields of the quantum group gauge field theory. But for general quantum fiber bundle this
problem is open.
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