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We present the complete analysis of classical Lie symmetries of systems of two nonlinear
diffusion equations with 1 +m independent variables t, x1, . . . , xm, whose nonlinearities do
not depend on t and x.

1 Introduction

Coupled systems of nonlinear diffusion equations have many important applications in mathe-
matical physics, chemistry and biology. These systems are very complex in nature and admit
fundamental particular solutions (for example, traveling waves and spiral waves) which have
a clear group-theoretical interpretation and which can be obtained using the classical Lie ap-
proach. The existence of such solutions predetermines an important role for the group theoretical
approach in the analysis of systems of reaction diffusion equations. However, to the best of our
knowledge, a comprehensive group analysis has not been undertaken previously although anal-
yses of some special cases do exist.
In the present paper we investigate Lie symmetries of equations in the general form

∂u

∂t
− Λ

∑
i

∂2u

∂x2
i

− f(u) = 0, (1.1)

where the dependent variable u = column(u1, u2, . . . , un) is a n-component vector-function,
dependent on m+ 1 variables t, x1, x2, . . . , xm. Also, f = column(f1, f2, . . . , fn) is an arbitrary
vector-function of u and Λ is a n× n constant matrix which is non-singular.
Classical Lie symmetries of equation (1.1) with, n = m = 1, were investigated by Ovsian-

nikov [1] whose results were completed by Dorodnitsyn [2]. The related conditional (nonclassical)
symmetries were described by Fushchych and Serov [3] and Clarkson and Mansfield [4]. Sym-
metries of equation (1.1) with m > 1 and (or) n > 0 were partly investigated in papers [5–7].
We notice that it was equation (1.1) for m = n = 1, f ≡ 0, was the subject of a group analysis
by Sophus Lie [8].
An investigation of the symmetries of the general equation (1.1) can be undertaken within the

framework of the classical Lie algorithm (see, for example, [9, 10]) which reduces the problem of
determining symmetry to the solution the systems of linear over-determined equations for the
coefficients of the symmetry operators. We will show that when applied to systems (1.1), this
algorithm admits a rather simple formulation which may also be applied to an extended class
of partial differential equations.
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2 Determining equations for symmetries of the system (1.1)

We require form-invariance of the system of reaction diffusion equations (1.1) with respect to
the one-parameter group of transformations:

t→ t′(t, x, ε), x→ x′(t, x, ε), u→ u′(t′, x′, ε), (2.1)

where ε is a group parameter. In other words, we require that u′(t′, x′, ε) satisfies the same
equation, as u(t, x):

L′u′ = f(u′), L′ =
∂

∂t′
− ∂2

∂x′2
. (2.2)

From the infinitesimal transformations:

t→ t′ = t+∆t = t+ εη, xa → x′a = xa +∆xa = xa + εξa,

ua → u′a = ua +∆ua = ua + επa

(2.3)

we obtain the following representation for the operator L′.

L′ =
[
1 + ε

(
η
∂

∂t
+ ξa

∂

∂xa

)]
L

[
1− ε

(
η
∂

∂t
+ ξa

∂

∂xa

)]
+O

(
ε2

)
. (2.4)

Using the classical Lie algorithm, it is possible to find the determining equations for the
functions η, ξa and πa, which specify the generator X of the symmetry group:

X = η
∂

∂t
+ ξa

∂

∂xa
− πa ∂

∂ua
, (2.5)

where a summation from 1 to m is assumed over repeated indices. This system will not be
reproduced here but we note that three of the equations are:

∂η

∂ua
= 0,

∂ξa

∂ub
= 0,

∂2πa

∂uc∂ub
= 0. (2.6)

So from (2.6), η and ξa are functions of t and xa and πa is linear in ua. Thus:

πa = −πabub − ωa, (2.7)

where πab and ωa are functions of t and x = (x1, x2, . . . xm).
From (2.6) it is possible to deduce all the remaining determining equations. Indeed, substi-

tuting (2.3), (2.7) into (2.4), using (1.1) and neglecting the terms of order ε2, we find that

[Q,L]u+ Lω = πf +
∂f

∂ua

(
−πabub − ωa

)
, Q = η

∂

∂t
+ ξa

∂

∂xa
+ π, (2.8)

and π is a matrix whose elements πab are defined by the relation (2.7).
To guarantee that equation (2.8) is compatible with (1.1) and does not impose new nontrivial

conditions for u in addition to (1.1), it is necessary to suppose that the commutator [Q,L] admits
the representation:

[Q,L] = ΛL+ ϕ(t, x), (2.9)

where Λ and ϕ are n× n matrices dependent on (t, xa).
Substituting (2.9) into (2.8) the following determining equations for f are obtained:(

Λkb − πkb
)
f b + ϕkbub + Lωk = −

(
ωa + πabub

) ∂fk

∂ua
. (2.10)
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Thus, to find all nonlinearities fk generating Lie symmetries for equation (1.1) it is necessary
to solve the operator equation (2.9) for L, Q given in (2.2), (2.8) and determine the corresponding
matrices Λ, π, ϕ and functions η and ξ. In the second step the nonlinearities fa may be found
by solving the system of first order equations (2.10) with their known coefficients.
Equation (2.9) is a straight forward generalization of the invariance condition for the linear

system of diffusion equations (1.1) with f (u) = 0, so that:

[Q,L] = ΛL

which may readily be solved. By means of this “linearization” the problem of investigating sym-
metries of systems of nonlinear diffusion equations is reduced to the, rather simple, application
of elements of matrix calculus in order to classify non-equivalent solutions of the determining
equations.
We note also that calculations of the conditional (nonclassical) symmetries for the sys-

tem (1.1) may be reduced to the solution of the determining equations (2.10) where now Λ,
π, ϕ, η and ξ are defined as solutions of the following relationship:

[Q,L] = ΛL+ ϕ(t, x) + µ(t, x)Q, (2.11)

where µ(t, x) is an unknown function of the independent variables.

3 General form of symmetry operators

We now determine the general solutions for matrices Λ, ϕ, π and also the functions ξ, η, π
which satisfy (2.10), (2.9). Evaluating the commutator in (2.9) and equating the coefficients for
linearly independent differential operators, we obtain the determining equations:

2Aξab = −δab(ΛA+ [A, π]), (3.1)

η̇a = 0, η̇ = Λ, (3.2)

ξ̇a − 2Aπa −Aξann = 0, (3.3)

ϕ = Aπnn − π̇. (3.4)

Here the dots denotes derivatives with respect to t and subscripts denote derivatives with
respect to the spatial variables, so for example, ηa = ∂η

∂xa
.

From (3.2) Λ is proportional to the unit matrix, Λ = λI. Moreover, it follows from (3.1) that
[A, π] ≡ 0. Indeed, choosing in (3.1) a = b we obtain

π −A−1πA = (2ξaa − λ)I. (3.5)

The trace of the left hand side of (3.5) is equal to zero, and so 2ξaa −λ ≡ 0 and Aπ−πA = 0.
Equations (3.1)–(3.4) contain matrices which commute, and so they may easily be integrated

using, for example, the method of characteristics. The general solution of (3.1)–(3.4) is:

ξa = C [ab]xb + ḋxa + ga, η = −2d,

π =
1
2
A−1

(
d̈

2
x2 + ġaxa

)
+ C, Λ = −2ḋI,

ϕ =
m

2
d̈− Ċ − 1

2
A−1

( ...
d

2
x2 + g̈axa

)
,

(3.6)

where d, ga are arbitrary functions of t and C is a t-dependent matrix commuting with A.
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By considering the x-dependence of functions (3.6) it is convenient to represent a still un-
known function ω, occuring in (2.10), as:

ωa = ωa
2x

2 + ωab
1 xb + ωa

0 + µ
a, (3.7)

where ωa
2 , ω

ab
1 , ω

a
0 are functions of t, and µ

a is a function of t and x, x2 = x2
1 + x

2
2 + · · · + x2

m.
Without loss of generality we suppose that all terms in the right hand side of (3.7) are linearly
independent. Then comparing with (2.10), (3.6) the functions µk have to satisfy:

Lµk = λkbµb + ξk0 + ξ
kb
1 xb + ξk2x

2, (3.8)

where λkb are constants and ξk0 , ξ
kb
1 , ξ

k
2 are functions of t.

The final step is to substitute (3.5), (3.7) into (2.10) and equate coefficients for all different
powers of xa. As a result we obtain the system of equations:

d̈
(
A−1

)kb
f b +

...
d(A−1)kbub − d̈ (

A−1
)ab
ub∂f

k

∂ua
= 4

(
ω̇k

2 + ξ
k
2 − ωb

2

∂fk

∂ub

)
= 0, (3.9)

ġa
(
A−1

)kb
f b + g̈a

(
A−1

)kb
ub − ġa

(
A−1

)kb
ub∂f

k

∂ua
= 2

(
ω̇ka

1 + ξk1a− ωba
1

∂fk

∂ua

)
= 0, (3.10)

(
2ḋδkb+Ckb

)
f b+

(
Ċkb−m

2
d̈δkb

)
ub−

(
ωa

0+C
abub

)∂fk

∂xa
= ωk

0 − 2mAkbωb
2 − ωb

0

∂fk

∂ub
, (3.11)

∂fk

∂ub
µb = λkbµb. (3.12)

Thus, the general form of symmetry group generators for equation (1.1) is given by relations
(2.5), (3.6), (3.7), where d, ga, Cab, ωk

0 , ω
kb
1 , ω

a
2 , µ

a are functions of t to be specified using
equations (3.9)–(3.12).

4 Nonlinearities and symmetries

We will not give the detailed calculations but present the general solution of relations (3.9)–(3.12)
in the form of the following Tables 1–3.
In Table 1 the Greek letters denote arbitrary coefficients while Dµ, Gi

a and Ḡ
i
a, XA, Ya, F̂ ,

B̂ are various types of dilatation, Galilei and special transformation generators as follows:

D0 = 2t
∂

∂t
+ xa

∂

∂xa
, D1 = D0 − 2

k
F̂ , D2 = D0 − 2s√

k2 + s2

(
u
∂

∂u1
+

∂

∂u2

)
,

D3 = D0 − 2
k

(
∂

∂u1
− 2nu1

∂

∂u1

)
, D4 = D0 − 2

k
ωa

∂

∂ua
,

Ga = t
∂

∂xa
− 1
2
xa

(
A−1

1

)nb
ub

∂

∂un
, Ĝa = exp (nt)

(
∂

∂xa
− 1
2
nxa

(
A−1

1

)nb
ub

∂

∂un

)
,

X0 = α
∂

∂t
+ βa

∂

∂xa
+ ν[a,b]xa

∂

∂xb
, ν[a,b] = −ν[b,a], Y1 = ntF̂ − B̂,

Y2 = exp(st)
(
u1

∂

∂u1
+ n

∂

∂u2

)
, Y2 = u1

∂

∂u2
− n ∂

∂u1
, Y3 = u1

∂

∂u2
− 2n ∂

∂u2
,

Y4 = exp(kt)
(
u1

∂

∂u2
+
nx2

2m
∂

∂u2

)
,

(4.1)
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where k, n, s are parameters used in the definitions of the nonlinear terms,

F̂ = F abub
∂

∂ua
, B̂ = Babub

∂

∂ua
, F =

(
0 0
1 1

)
(4.2)

and B is one of the matrices:

I. B =
(
1 0
0 d

)
; II. B =

(
d −1
1 d

)
;

IIIa. B =
(
0 0
1 0

)
; IIIb. B =

(
1 0
d 1

)
.

(4.3)

In Tables 2 and 3 we form a two-dimensional Lie algebra based upon the matrices, F and B,
classified the categories:

I. F =
(
1 0
0 d

)
, B =

(
0 0
0 1

)
;

IIa. F =
(
1 0
0 1

)
, B =

(
0 −1
1 0

)
;

IIb. F =
(
d −1
1 d

)
, B =

(
1 0
0 1

)
;

IIIa. F =
(
0 0
1 0

)
, B =

(
1 0
0 d

)
;

IIIb. F =
(
1 0
d 1

)
, B =

(
0 0
1 0

)
.

(4.4)

Here, κ = const, ∆ = k0n1 − n0k1, δ = 1
4(k0 − n1)2 + k1n0 and:(

∂

∂t
−

m∑
i=1

∂2

∂x2
i

)
ψn = nψn, n = 0, b. (4.5)

The generators Dµ, Âα, Ga, Ĝa, Xν , Ys when not specified in (4.1) are given by:

Â0 = t2
∂

∂t
+ txa

∂

∂xa
− 1
4
x2

(
A−1

)ab
ub

∂

∂ua
− m

2
+

(
u1

∂

∂u1
+ u2

∂

∂u2

)
,

Â1 = Â0 + nt2F̂ − m

2
B̂, D5 = D0 − m

2

(
u1

∂

∂u1
+ u2

∂

∂u2

)
,

D6 = D0 − 2tnF̂ − 2
k
B̂, D7 = D0 +

2
r

(
kst

r
− 1

)
u1

∂

∂u1
− 2st
r

∂

∂u2
,

D8 = D0 − 2st(u2 − 1) ∂
∂u1

− 2 ∂
∂u2

, D9 = D0 −
( p
m
x2 + 2qt

) ∂

∂u1
− 2 ∂

∂u2
,

D10 = D0 − 1
n

(
u1

∂

∂u1
+ 2u2

∂

∂u2

)
+

t

2sn
∂

∂u1
− t

s
u1

∂

∂u2
,

D11 = D0 − 1
k

(
u1

∂

∂u1
+ u2

∂

∂u2
− s(2k + 1)x2 ∂

∂u1

)
,
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X1 = µ exp(λ+t)F̂1 + ν exp(λ−t)F̂2, F1 =
[
1
2
(ko − n1) +

√
δ

]
F + n0B, n = λ+,

F2 = k1F −
[
1
2
(ko − n1) +

√
δ

]
B, n = λ−, λ± =

1
2
(k0 + n1)± δ,

X2 = µ exp(nt)F̂3 + νF̂4, n = k0 + n1, F3 = k0F + n0B, F4 = k0B − k1F ;

X3 = µ exp(nt)F̂5 + νF̂6, n = k0 + n1, F5 = k1F + n0B, F6 = n1F − n0B,

X4 = exp(nt)F̂7, n =
1
2
(k0 + n1), F7 = µF + νB,

X5 = exp(nt)
[
µ(k1tF̂ + B̂) + νF̂

]
,

X6 = exp(nt)
[
µ

(
F̂ + n0tB̂

)
+ νB̂

]
, n =

1
2
(k0 + n1),

X7 = exp(nt)µ
[(√

−n0k1t+ 1
)
F̂ + n0tB̂

]
+ ν

[(
k1F̂ −

√
−n0k1B̂

)
t+ B̂

]
,

n =
1
2
(k0 + n1),

X8 = ν
[
k1tF̂ + (1− k0t)B̂ + µ

(
k1F̂ − k0B̂

)]
,

X9 = exp(nt)
[
1
2
(n1 − k0) cos(ωt) + ω sin(ωt)

]
F̂ − n0 cos(ωt)B̂,

X10 = exp(nt)
[
ω sin(ωt) +

1
2
(k0 − n1) cosωt

]
B̂ − k1 cos(ωt)F̂ , n =

1
2
(k0 − n1),

Y5 = exp(nt)
(
u1

∂

∂u2
− q

2p

(
sx2

2m
∂

∂u2
− ∂

∂u1

))
, Y6 = exp(nt)

(
u1

∂

∂u2
− ∂

∂u1

)
,

Y7 = u1
∂

∂u1
+ nt

∂

∂u2
, Y8 = exp(kt)

(
u1

∂

∂u1
+ nt

∂

∂u2

)
,

Y9 = exp(kt)
(
u1

∂

∂u1
+

n

k − b
∂

∂u2

)
, Y10 = ku1

∂

∂u1
− r ∂

∂u2
,

Y11 = exp(nt)
(
sin(pt)u1

∂

∂u1
+ cos(pt)

∂

∂u2

)
,

Y12 = exp(nt)
(
cos(pt)u1

∂

∂u1
− sin(pt) ∂

∂u2

)
,

Y13 = exp(nt)
(
ptu1

∂

∂u1
+

∂

∂u2

)
, Y14 = exp(nt)u1

∂

∂u1
.
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Table 1. Nonlinearities with arbitrary functions

No Nonlinear terms
Type of

matrix B (4.3)
Arguments
of ϕ1, ϕ2

Conditions
for parametrs

Symmetries
A−1 �= κB

Symmetries
A−1 = κB

1.
f1 = uk+1

1 ϕ1

f2 = uk+d
1 ϕ2

I u2

ud
1

k �= 0 X0 + νD1 X0 + νD1

2.
f1 = exp(kθ)[ϕ1u2 + ϕ2u1]
f2 = exp(kθ)[ϕ1u1 − ϕ2u2]

II R e−dθ k �= 0 X0 + νD1 X0 + νD1

3.
f1 = ϕ1u

k+1
1

f2 = (ϕ1 lnu1 + ϕ2)uk+1
IIIb, d = 1 u1e

−u2
u1 k �= 0 X0 + νD1 X0 + νD1

4.
f1 = exp

(
k u2

u1

)
ϕ1u1

f2 = exp
(
k u2

u1

)
(ϕ1u2 + ϕ2)

IIIa u1 k �= 0 X0 + νD1

5.
f1 = u1(n lnu1 + ϕ1)
f2 = u2(n lnu2 + ϕ2)

I u2

ud
1

n �= 0 X0 + µentB̂ X0 + νaG̃a + µentB̂

n = 0 X0 + µB̂ X0 + µB̂ + νaGa

6.

f1 = ϕ1u2 + ϕ2u1

+n
2

(
1
d lnR+ θ

)
(du1 − u2)

f2 = ϕ1u1 − ϕ2u2

+n
2

(
1
d lnR+ θ

)
(du2 + u1)

R2 = u2
1 + u

2
2, θ = arctan

(
u2
u1

)
II, d �= 0 Re−dθ

n �= 0 X0 + µentB̂ X0 + νaĜa + µentB̂

n = 0 X0 + µB̂ X0 + µB̂ + λaGa

7.
f1 = (ϕ1 − nθ)u2 + ϕ2u1

f2 = ϕ1u1 − ϕ2u2
II, d = 0 R

n �= 0 X0 + µentB̂ X0 + νaĜa + µentB̂

n = 0 X0 + µB̂ X0 + µB̂ + λaGa

8.
f1 = ϕ1u1 + nu2

f2 = (ϕ1u2 + u1ϕ2) + nu2

(
1 + u2

u1

) IIIb, d = 1 u2
u1

− lnu1

n �= 0 X0 + µentB̂ X0 + νaĜa + µentB̂

n = 0 X0 + µB̂ X0 + µB̂ + λaGa
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Table 1 (continued). Nonlinearities with arbitrary functions

No Nonlinear terms
Type of

matrix B (4.3)
Arguments
of ϕ1, ϕ2

Conditions
for parametrs

Symmetries
A−1 �= κB

Symmetries
A−1 = κB

9.
f1 = ϕu1

f2 = ϕu2 − nu1
IIIa, d = 0 u1 X0 + µB̂ + νY1

10.
f1 = ϕu1

f2 = ϕ1u2 + ϕ2u1 + nu2
IIIa u1 X0 + µentB̂

11.
f1 = u

(
k+ k2√

k2+s2

)
1

× exp
[(
s+ sk√

k2+s2
u2

)]
ϕ1

f2 = uk
1 exp(su2)ϕ2

I, d = 0 s lnu1 + ku2 X0 + νD2

12.
f1 = ϕ1 exp

(
nu2

n2+1

)
u

1
n2+1

1

+ s
n2+1

u1 (nu2 + lnu1)
f2 = ϕ2 + ns

n2+1
(nu2 + lnu1)

I, d = 0 u2 − n lnu1 X0 + νY2

13.
f1 = exp(ku1)ϕ1

f2 = exp(ku1)(ϕ2 − 2nϕ1 lnu1)
IIIa nu2

1 + u2 k �= 0 X0 + λD3

14.
f1 = ϕ1 + su1

f2 = ϕ2 − 2nϕ1u1 + 2su2
IIIa nu2

1 + u2 X0 + λY3

15.
f1 = n
f2 = ku2 + ϕ2

IIIa u1 X0 + λY4 + ψk
∂

∂u2

16.
fα = exp

[
k
ω (ω1u1 + ω2u2)

]
ϕα

α = 1, 2, ω2 = ω2
1 + ω

2
2

any ω1u2 − ω2u1 k �= 0 X0 + νD4 X0 + νD4

17.
f1 = ϕ1

f2 = ϕ2
any (u1, u2) X0 X0
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Table 2. Non-linearities with arbitrary parameters which generate symmetry with respect to dilatation

No Nonlinear terms
Conditions

for parameters
Symmetries,
A−1 �= κF

Symmetries,
A−1 = κF

Matrix class
and symmetry
generator
parameters

1
f1 = (guq

1u
r
2 − s)u1

f2 =
(
puq

1u
r
2 − rs

q

)
u2

s = 0, q �= 0
q + r = 4

m

X0 + µF̂ + νD5 X0 + µF̂ + νD5 + σaGa + λA0 I, d = − q
r

s = 0, q �= 0, r �= 0
0 �= q + r �= 4

m

X0 + νF̂ + µD5 X0 + νF̂ + µD5 + σaGa
I, k = r + q
d = − q

r

s �= 0, q �= 0 X0 + νF̂ + µD6 X0 + νF̂ + µD6 + σaGa
I, k = r
d = − q

s

2

f1 = eqθRr (gu1 − pu2)
+su2 − lu1

f2 = eqθRr (gu2 + pu1)
−su1 − lu2

R2 = u2
1 + u

2
2

θ = tan−1
(

u2
u1

)

s = l = 0
r = 4

m

X0 + νF̂ + µD5 X0 + νF̂ + µD5 + σaGa + λA0
IIb, k = r
d = − q

r

r �= 4
m , r �= 0

s = l = 0
X0 + νF̂ + µD5 X0 + νF̂ + µD5 + σaGa

IIb, k = 4
m

d = − q
r

l = sq
(
1 + 1

r

)
s �= 0, r �= 0 X0 + νF̂ + µD6 X0 + νF̂ + µD6 + σaGa

IIb, k = r
n = sq

d = q
(
1 + 1

r

)
s = 0, l �= 0
q �= 0, r = 0 X0 + νF̂ + µD6 X0 + νF̂ + µD6 + σaGa

IIa, k = q
n = lq

3

f1 =
(
pur

1e
q

u2
u1 − s

)
u1

f2 = eq
u2
u1 (pu2 + gu1)ur

1

−s
(
u2 − r

qu1

)

r = −q = 4
m

l = s = 0
X0 + νF̂ + µD5 X0 + νF̂ + µD5 + αaGa + λA1

IIIb, d = 1
k = 4

m

−q = r �= 4
m

l = s = 0, r �= 0 X0 + νF̂ + µD5 X0 + νF̂ + µD5 + αaGa
IIIb, d = 1
k = r

q �= 0, s �= 0 X0 + νF̂ + µD6 X0 + νF̂ + µD6 + σaGa
IIIb, k = q

n = sq, d = −n
q
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Table 2 (continued). Non-linearities with arbitrary parameters which generate symmetry with respect to dilatation

No Nonlinear terms
Conditions

for parameters
Symmetries,
A−1 �= κF

Symmetries,
A−1 = κF

Matrix class
and symmetry
generator
parameters

4
f1 = puk+1

1

f2 = uk
1

(
pu2 + qud

1

) − n
d+k−1u1

d+ k �= 1
k �= 0, q �= 0 X0 + νF̂ + µD6 IIIa

k �= 0, n = 0
q = 0

X0 + νF̂ + µD5 + λB̂ IIIa, d = 0

k �= 0, n = 0
q = 0

X0 + νF̂ + µD5 + λY1 IIIa, d = 0

5
f1 = puk+1

1

f2 = puk
1u2 + qu1 + nu1 lnu1

k �= 0, n �= 0 X0 + νF̂ + µD6 IIIa, d = 1− k

6
f1 = qur+1

1 eku2 + ks
r2u1

f2 = pur
1e

ku2 + r
s

r �= 0,−1 p �= 0 X0 + νD7 + µY7 I

7
f1 = eu2 + su2 + q
f2 = n

q = 0 X0 + νD7 + µY7 + ψn
∂

∂u1
I, k = −r = 1

s = 0, q �= 0
n �= 0

X0 + νD1

+µ
(
Y7 − qt ∂

∂u1

)
+ ψ0

∂
∂u1

I, d = 0, k = 1

q = n = 0
s �= 0 X0 + νD8 + µF̂ + ψ0

∂
∂u1

IIIa

8
f1 = k1e

u2 − pA21

f2 = k2e
u2 − pA11 + q

X0 + λD9 + ψ0
∂

∂u1
X0 + νD9 + ψ0

∂
∂u1

any

9

f1 = p
(
u2 + nu2

1

)s+ 1
2 + 1

2n(2s+1)

f2 = q
(
u2 + nu2

1

)s+1 − 1
2s+1u1

−2npu1

(
u2 + nu2

1

)s+ 1
2

s �= 0, s �= 1
2

p �= 0, n �= 0 X0 + νD10 I

10
f1 = pu2k+1

1 − 2msA11

f2 = qu2k+1
1 − 2msA21

k �= 0 X0 + νD11 + ψ0
∂

∂u2
any
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Table 3. Further non-linearities with arbitrary parameters

No Nonlinear terms
Matrix

Class (4.4)
Conditions

for parameters
Symmetries,
A−1 �= κF

Symmetries,
A−1 = κF

1
f1 = (k0 lnu1 + k1 lnu2 + q)u1

f2 = (n0 lnu1 + n1 lnu2 + p)u2
I, d = 0

δ > 0, ∆ �= 0
F = F1,F2

X0 + νX1 X0 + λX1 + σaĜa

δ > 0, ∆ = 0
n1 = 0, k1 �= 0, F = F3

X0 + λX2 X0 + λX2 + σaĜa

2

f1 = (k0u1 − n0u2) lnR
+θ (k1u1 − n1u2) + pu1 − qu2

f2 = (k0u2 + n0u1) lnR
+θ (n1u1 + k1u2) + qu1 + pu2

IIa

δ > 0, ∆ = 0
n1 = 0, k1 �= 0, F = F4

X0 + λX2 X0 + λX2 + σaGa

δ > 0, ∆ = 0
n1 �= 0, F = F5

X0 + λX3 X0 + λX3 + σaĜa

δ > 0, ∆ = 0
n1 �= 0, F = F6

X0 + λX3 X0 + λX3 + σaGa

3

f1 = (k0 lnu1 + q)u1 + k1u2

f2 = (n0u1 + k0u2) lnu1

+k1
u2
2

u1
+ pu1 + (n1 + q)u2

IIIa

δ = 0, ∆ �= 0
k1 = n0 = 0, F = F7

X0 + λX4 X0 + λX4 + σaĜa

δ = 0, ∆ �= 0
n0 = 0, k1 �= 0, F = F

X0 + λX5 X0 + λX5 + σaĜa

δ = 0, ∆ �= 0
k1 = 0, n0 �= 0, F = B

X0 + λX6 X0 + λX6 + σaĜa

δ = 0, ∆ �= 0
n0k1 < 0

X0 + λX7

δ = 0 = ∆
k1 = 0, n0 = 0
F = αF + µB

X0 + νF̂ + µB̂ X0 + νF̂ + µB̂ + σaGa

δ = 0 = ∆
k1 = 0, n0 �= 0, F = B

X0 + νB̂
+µ

(
F̂ + n0tB̂

) X0 + νB̂
+µ

(
F̂ + n0tB̂

)
+ σaGa

δ = 0,∆ = 0
k1 �= 0, n0 = 0, F = F

X0 + νF̂
+µ

(
B̂ + k1tF̂

) X0 + νF̂
+µ

(
B̂ + k1tF̂

)
+ σaGa

δ = 0,∆ = 0, n0k1 �= 0
F = k1F − k0B

X0 + νX8 X0 + νX8 + σaGa

δ = −ω2 < 0 X0 + νX9 + µX10
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Table 3 (continued). Further non-linearities with arbitrary parameters

No Nonlinear terms
Matrix

Class (4.4)
Conditions

for parameters
Symmetries,
A−1 �= κF

Symmetries,
A−1 = κF

4
f1 = qu1

f2 = nu2 + pud
1su1 + k

IIIa

d �= 1, 2, k = 0
s = 0, n �= q, F = B

X0 + νB̂ + ψn
∂

∂u2
X0 + νB̂ + ψn

∂
∂u2

+ σaGa

d �= 0, 2, n = 0
s = 0,F = B

X0 + ψ0
∂

∂u2
+ ν

(
B̂ − dkt ∂

∂u2

) X0 + ψ0
∂

∂u2

+ν
(
B̂ − dkt ∂

∂u2

)
+ σaGa

d �= 0, 1, 2, n = q
k = 0, s = 1

1−d

F = B
X0 + νF̂ + µB̂ + ψn

∂
∂u2

X0 + νF̂ + µB̂
+ψn

∂
∂u2

+ σaGa

d = 2, n = q
k = 0, s �= 0 X0 + µY5 + ψn

∂
∂u2

d = 2, n = q
k = s = 0, F = B

X0 + νB̂ + ψ0
∂

∂u2

X0 + νB̂ + entF̂

+ψ0
∂

∂u2
+ σaGa

n = 2 (q + p) , d = 2
k = s = 0, F = B

X0 + νY6 + µB̂ + ψ0
∂

∂u2

X0 + νY6 + µB̂
+ψ0

∂
∂u2

+ σaGa

d = 2, p = −q
n = s = 0

X0 + νY6 + ψ0
∂

∂u2

+µ
(
B̂ − dkt ∂

∂u2

)

5
f1 = ku1 lnu1 + pu1

f2 = bu2 + n lnu1 + q
I

b = k = q = 0
p �= 0 X0 + νY7 + ψ0

∂
∂u2

q = p = 0
b = k

X0 + νY8 + ψb
∂

∂u2

q = p = 0
b �= k, b �= 0 X0 + νY9 + ψb

∂
∂u2

k �= 0, b = p = 0 X0 + νY9 + ψ0
∂

∂u2

6
f1 = pu1u2 + nu1 lnu1

f2 = nu2 − q lnu1
I

q = p X0 + νY11 + µY12

q = 0 X0 + νY13 + µY14
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5 Discussion

Thus we have found all possible versions of systems of diffusion equations which admit a non-
trivial Lie symmetry. These results can be used to construct mathematical models with required
symmetry properties in, for example, physics, biology, chemistry. On the other hand, our re-
sults give ad hoc solution of problems of group analysis of all models using systems of diffusion
equations. As an example consider the nonlinear Schrödinger equation in m-dimensional space(

i
∂

∂t
−

m∑
i=1

∂2

∂x2
i

)
ψ = F (ψ,ψ∗)ψ (5.6)

which is also is a particular case of (1.1). If we denote

u1 =
1
2
(ψ + ψ∗), u2 =

1
2i
(ψ − ψ∗) (5.7)

then (5.6) reduces to the form (1.1) with A = iσ2, and

f1 =
1
2
(F ∗ + F )u2 +

1
2i
(F − F ∗)u1,

f2 =
1
2i
(F − F ∗)u2 − 1

2
(F + F ∗)u1.

In other words, any solution given in Tables 2, 3 with matrices belonging to Classes I, II give
rise to the nonlinearity

F =
1
R2

[(
u2f

1 − u1f
2
)
+ i

(
u2f

2 + f1u1
)]

for the nonlinear Schrödinger equation (5.6) which admits a nontrivial Lie symmetry. We see
that the number of nonlinearities which guarantee a non-trivial symmetry for the non-linear
Schödinger equation is very extended and exceeds one hundred.
We notice that the nonlinear Schrödinger equations with ad hoc required symmetry with

respect to the (extended) Galilei group where described in [11, 12].

The authors wish to thank the Royal Society fot their support with this research.
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