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We communicate some recent results on variable separation in the (14-3)-dimensional Fokker—
Planck equations with a constant diagonal diffusion matrix.

The principal object of the study is a problem of separation of variables in the Fokker—Planck
equation (FPE) with a constant diagonal diffusion matrix

za = 05 (1)

where B(Z) = (B1(Z), B2(F), Bs(&)) is the drift velocity vector. Here u = u(t, %) and B;(%),
i = 1,2,3 are smooth real-valued functions. Hereafter, summation over the repeated Latin
indices from 1 to 3 is understood.

FPE (1) is a basic equation in the theory of continuous Markov processes. Therefore, it is
widely used in different fields of physics, chemistry and biology [1], where stochastic methods
are utilized.

We solve the problem of variable separation in FPE (1) into second-order ordinary differ-
ential equations in a sense that we obtain possible forms of the drift coefficients By (%), B2(%),
Bs(Z) providing separability of (1). Furthermore, we construct inequivalent coordinate systems
enabling to separate variables in the corresponding FPEs.

Our analysis is based on the direct approach to variable separation in linear PDEs suggested
in [3, 4]. It has been successfully applied to solving variable separation problem the Schrédinger
equations [3, 4, 5] with variable coefficients.

For an alternative (symmetry) approach to separation of variables in FPE, see [2].

We say that FPE (1) is separable in a coordinate system t, w, = wy(t,Z), a = 1,2,3 if the
separation Ansatz

ur + Au + (Ba(f)u)

3
u(t 7) = po(t) [T v (walt 7). %) (2)
a=1

reduces PDE (1) to four ordinary differential equations for the functions ¢,, (x=0,1,2,3)

¢o = Uo (t,m; A) , o Pa=U, (wa,soa,%; A) : (3)
Here Uy, ...,Us are some smooth functions of the indicated variables, )= (A1, A2, A3) € A =
{an open domain in R3} are separation constants (spectral parameters, eigenvalues) and, what
is more,
3 3
rank H E =3. (4)
a)‘a pn=0a=1

For more details, see our paper [5].
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Next, we introduce an equivalence relation £ on the set of all coordinate systems providing
separability of FPE. We say that two coordinate systems ¢, wy, wo, w3 and £, &1, &g, @3 are
equivalent if the corresponding Ansatzes (2) are transformed one into another by the invertible
transformations of the form

t—t=folt), w; = @ = fi(ws), (5)

where fy,..., f3 are some smooth functions and ¢ = 1,2,3. These equivalent coordinate sys-

tems give rise to the same solution with separated variables, therefore we shall not distinguish

between them. The equivalence relation (5) splits the set of all possible coordinate systems into

equivalence classes. In a sequel, when presenting the lists of coordinate systems enabling us to

separate variables in FPE we will give only one representative for each equivalence class.
Following [5] we choose the reduced equations (3) to be

w0 = (To(t) = Ti(H)Ai) po, ¢4 = (Fao(wa) + Fai(wa) i) Pa; (6)

where Ty, T;, Fao, Fy; are some smooth functions of the indicated variables, a = 1,2,3. With
this remark the system of nonlinear PDEs for unknown functions wi, ws, ws takes the form

&ui 8w i

61'(1 6ZUCL = 07 ? 7& T )= 1a2a3; (7)
§3 Fo@) 2% _pgy o123, (8)
‘ a KA amj 6LE] - a bl - ) ) b))
=1

ow ow
Bj—= © 4+ Aw, = =1,2,3;

Jaxj + B + Aw, =0, a ,2,3; (9)
3 Ow; Ow; 0B
EFi i) — —— 4+ Tp(t 2=0. 10
izl O(W )8CU]‘ 8xj + 0( >+ axa ( )

The system of equations (7), (8) has been integrated in [5]. Its general solution & = &(t, Z)
is given implicitly by the following formulae:

T=Tt)H(t) Z(J) + w(t). (11)
Here 7 (t) is the time-dependent 3 x 3 orthogonal matrix:

cosacosf —sinasin fcosy —cosasinf —sinacosFcosy  sinasiny
T(t) = sinacos B+ cosasinFcosy —sinasinf + cosacosFcosy —cosasiny |, (12)
sin @ sin «y cos 3 sin~y CoS 7y

—,

«, 3, v being arbitrary smooth functions of t; 2= 2
1. Cartesian coordinate system,

() is given by one of the eleven formulae

21 = wq, 29 = Wo, 23 = w3, w1, w2, ws € R.
2. Cylindrical coordinate system,

z1 = e“! coswo, 29 = e“! sin wo, Z3 = ws, 0 <wy < 2m, wi,w3 € R.
3. Parabolic cylindrical coordinate system,

2 2
z1 = (W] —w3)/2, 29 = Wiwa, 23 = ws, wi >0, wo,w3€R.
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4. Elliptic cylindrical coordinate system,

z1 = a cosh wy cosws, z9 = a sinh wq sin wo, z3 = ws,

wy > 0, - <wy <, ws € R, a > 0.
5. Spherical coordinate system,

z21 = wl_l sech wy cos ws, Z9 = wl_l sech ws sin ws, 23 = wl_l tanh ws,
w1 >0, wo € R, 0 <wsg<2m.

6. Prolate spheroidal coordinate system,

z1 = acschwy sechwy cosws, a > 0, 29 = a csch wq sech wo sin ws,
z3 = a coth wy tanh wo, w1 >0, w2 € R, 0<wy < 2m.

7. Oblate spheroidal coordinate system,

z1 = acscwi sechwy cosws, a > 0, 29 = a cscwq sech wo sin ws,

23 = a cot wi tanh wo, 0<w <m/2, wy € R, 0 <ws < 2.
8. Parabolic coordinate system,

21 = e¥1T%2 cosws, 29 = e¥1T%2 gin wg, 23 = (e2¥1 — e22) /2,
wl,UJQER, 0 <wsg < 2m.

9. Paraboloidal coordinate system,

z1 = 2a cosh wq cosws sinhwsg, a > 0, 29 = 2a sinh w sin wy cosh ws,

z3 = a(cosh 2w + cos 2wy — cosh 2ws) /2, wi,w3 € R, 0 <wy <.

10. Ellipsoidal coordinate system,

1
z1=a o 1) dn(ws, K)sn(ws, k), a>0, k>+k?=1,
d k
29 =a 31111((;‘)11: k:)) en(ws, K )en(ws, k), 0< kK <1,
cn(wy, k) ,
= k') d k
23 T sn(we, k') dn(ws, k),
O<W1<K, —K/§WQ§K/, OSW3§4K

11. Conical coordinate system,
21 = wy tdn(we, K)sn(ws, k), K2 +E%2=1, 0<kk <1,
29 = wy ten(we, k') en(ws, k), 23 = wy ‘sn(wg, k') dn(ws, k),
w1 >0, —K' <w <K', 0<uws<A4K.
H(t) is the 3 x 3 diagonal matrix
hi(t) 0 0
H(t) = 0 ho(t) O , (14)
0 0  hs(t)
where

(a) hi(t), ha(t), hs(t) are arbitrary smooth functions for the completely split coordinate system
(case 1 from (13)),
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(b) hi(t) = ha(t), hi(t), hs(t) being arbitrary smooth functions, for the partially split coordi-
nate systems (cases 24 from (13)),
(¢) hi(t) = ha(t) = hs(t), h1(t) being an arbitrary smooth function, for non-split coordinate
systems (cases 5-11 from (13))
and w(t) stands for the vector-column whose entries wi(t), wa(t), ws(t) are arbitrary smooth

functions of t.
Note that we have chosen the coordinate systems wi, wa, wg with the use of the equivalence

relation & (5) in such a way that the relations

Aw, = 0, a=1,2,3 (15)
hold for all the cases 1-11 in (13). Solving (9) with respect to B;(Z), i = 1,2,3 we get (see,
also [5])

B(&) = M(t)(Z — ) + . (16)
Here we use the designation

M) =TOT 1)+ THHGH ()T (1), (17)

where 7 (t), H(t) are variable 3 x 3 matrices defined by formulae (12) and (14), correspondingly,
W = (wy(t), wa(t), ws(t))T and the dot over a symbol means differentiation with respect to t.
As the functions By, Bs, Bs are independent of ¢, it follows from (16) that

—

B(Z%) = MZ + 7, U = const, (18)
M = const, (19)
W= M+ 7. (20)

Taking into account that 77! is antisymmetric and 7THH 17! is symmetric part of
M (17), correspondingly, we get from (19)

T(t)T 1(t) = const, (21)
T(t)H(t)H*(t)T 1(t) = const. (22)
Relation (21) yields the system of three ordinary differential equations for the functions a(t),
B(t), ()
&+ Beosy = Ch,
Beosasiny —ysina = Cy, (23)
Bsin asiny 4 4 cosa = C3,

where C, Cy, Cs are arbitrary real constants. Integrating the above system we obtain the
following form of the matrix 7 (¢):

T(t) = C1TCy, (24)
where C1, Co are arbitrary constant 3 x 3 orthogonal matrices and

—cosscosbt sins cosssinbt
T = sin bt 0 cos bt (25)
sinscosbt coss —sinssinbt

with arbitrary constants b and s.
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The substitution of equality (24) into (22) with subsequent differentiation of the obtained
equation with respect to ¢ yields

CoMT T L+ L+ L (T-1TCy =0, (26)
where L = HH ™', i.e. l; = hi/hs, i = 1,2, 3. From (26) we have

l; = const, 1=1,2,3;
b(ly —l2) cosagy sinyy = 0, (27)
b(l; — I3)(—sin ay sin By + cos ay cos P2 cosyz) = 0,
b(lag — I3)(sin ag cos P2 + cos g sin B2 cosy2) = 0,
where g, (32, 2 are the Euler angles for the orthogonal matrix Co. Thus we obtain the following
forms of h;:

h; = ¢; exp(l;t), c; = const, [l; =const, 7=1,2 3. (28)
From (27) we get the possible forms of b, I; and Cs:

(i) b=0, l,l9,13 are arbitrary constants,
Cs is an arbitrary constant orthogonal matrix;

(i) b#0, Iy =Iy=1Is,

Cq is an arbitrary constant orthogonal matrix; (29)
g1cosf) —eqsind 0
(iii) b#0, li=1la#Il3, Co= 0 0 —E1E2 ,
€98inf e cosh 0

where €1, €2 = £+1, and 0 is arbitrary constant. We do not adduce cases b # 0, I # lo = I3 and
b # 0, lo # 11 = I3 because they are equivalent to case (ii7).

Finally, we give a list of the drift velocity vectors B(Z) providing separability of the corre-
sponding FPEs. They have the following form:

B(Z) = Mi + 7,

where ¥ is arbitrary constant vector and M is constant matrix given by one of the following

formulae:
i 0 0
1. M=TLT ' whereL=| 0 Iy 0 |,I,l,I3areconstants and 7 is an arbitrary con-
0 0 I3

stant 3 x 3 orthogonal matrix, i.e. M is a real symmetric matrix with eigenvalues [y, lo, l3.
(a) I, lo, I3 are all distinct. The new coordinates wi, wa, w3 are given implicitly by formula
F=TH(t) Z(&) + (1), (30)

where Z(&) is given by formula 1 from (13), @(t) is solution of system of ordinary
differential equations (20) and

cqelrt 0 0
H(t) = 0 coelt 0 (31)
0 0 caelst

with arbitrary constants ci, co, c3.
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(b) I3 =lo # l3. The new coordinates w1, we, w3 are given implicitly by (30), where Z(&J)
is given by one of the formulae 1-4 from (13) and H(t) is given by (31) with arbitrary
constant ¢y, co, cg satisfying the condition ¢; = ¢y for the partially split coordinates
2-4 from (13).

(¢) Iy =lp =13, i.e. M =111, where I is unit matrix. The new coordinates w1, wa, w3
are given implicitly by formula (30), where Z(&) is given by one of the eleven formu-
lae (13) and H(t) is given by (31) with arbitrary constants ci, ca, c3 satisfying the
condition ¢; = ¢y for the partially split coordinates 2—4 from (13) and the condition
c1 = ¢2 = c3 for the non-split coordinates 5-11 from (13).

0 CoS S 0

2. M =bCy | —coss 0 sin s Cfl + 111, where I is the unit matrix and C; is an

0 —sins O

arbitrary constant 3 x 3 orthogonal matrix, b, s, [ are arbitrary constants and b # 0.

The new coordinates w1, wa, w3 are given implicitly by formula (11), where Z(&) is given

by one of the eleven formulae (13), 7 (¢) is given by (24)—(25), w(t) is solution of system
C1 0 0

of ordinary differential equations (20) and H(t) = exp(l1t) | 0 ¢ 0 | with arbitrary
0 0 c3

constants ¢y, co, c3 satisfying the condition ¢; = ¢o for the partially split coordinates 2—4

from (13) and the condition ¢; = ¢3 = ¢3 for non-split coordinates 5-11 from (13).

(i +13+ (I —I3) cos2s)  bceoss 2(l3 — 1) sin2s

.M =C —bcoss Iy bsin s C;', where

(I3 — 1) sin2s —bsins (I + 13— (I1 — I3) cos 2s)
Cy is an arbitrary constant 3 x 3 orthogonal matrix, b, s, Iy, lo are arbitrary constants,
l1 # l3 and b # 0. The new coordinates w;, wy, w3 are given implicitly by formula (11),
where Z(dJ) is given by one of the formulae 1-4 from (13), 7 (¢) is given by (24), (25) and
(797) from (29), w(t) is solution of system of ordinary differential equations (20) and

cpelt 0 0
H(t) = 0 coeltt 0
0 0 cselst

with arbitrary constants ci, ca, c3 satisfying the condition ¢; = ¢y for the partially split
coordinates 2-4 from (13).

Acknowledgments

I would like to thank Renat Zhdanov for his time, suggestions, and encouragement.

References

S

1

)

)

o

]

Gardiner C.W., Handbook of Stochastic Methods, Berlin, Springer, 1985.
Sukhomlin N.B., Izvestiya Vuzov. Fizika, 1976, N 11, 46.

Zhdanov R.Z., Revenko I.V. and Fushchych W.I., J. Math. Phys., 1995, V.36, 5506.
Zhdanov R.Z., J. Math. Phys., 1997, V.38, 1197.

Zhdanov R. and Zhalij A., J. Math. Phys., 1999, V.40, 6319.



