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We consider different types of symmetries of partial differential equations. Using symmetry
operators we construct corresponding ansatzes, reducing initial equations to the system with
fewer independent variables.

It is well known that invariance of system of partial differential equations with respect to
a Lie group of point transformations of independent and dependent variables is a sufficient
condition of reduction of the system under study to a system of equations with fewer number of
independent variables with help of a corresponding ansatz. This property is sucessfully exploited
in constructing of exact solutions for many linear and nonlinear equatlons of mathematical
physics [1]. By using the results of [2] we construct an ansatz for D, B, E, H, which reduces
the nonlinear Maxwell equations
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divD = 0, divB = 0,

D = M(I,L)E + N(I1,I,)B, H = M(I,1,)B — N(I1, I,)E, (2)

where M, N € C'(R?, R'), to the system of ordinary differential equations.
The ansatz invariant with respect to the 3-dimensional subalgebra (—Jo1 — Ji3, Jos, P2) of
the Poincaré algebra has the form
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where F,, B,, D,, H, are unknown functions of the variable w = :c% — x% — x%, =19 — x3.

Substituting (3)—(6) in (1) we obtain the reduced system
(éi+§é>w+§i — Ey+ By + By =0,
(By— BY)w+By+ B +2(By— Br) =0, (7)
B} =0, B3 =0,
(ﬁ{+l~)§)w—f[{+5’2+2<ﬁ1+ﬁ2) =0,
(f{rg_f)'l)w_(ﬁ5+53)+1§2—51:o, (8)

—

D=ME+NB, H=MB-NE, (9)

where M, N are functions of I = E? — §2, I, = BE , “” designates differentiation.

To construct invariant solutions it is necessary to the integrate nonlinear system of differential
equations (7)—(9). We obtained a partial solution of the system, when N =0, M = M(I;) in
the form

BEi=C (w2 —w2), B=o (o hw?) By=o, (10)
Bi=-C (w2 =w™?), By=Cy (w72 40™2), By—o, (11)
Dy =mCy (w2 =) Dy=mCy (w2 w ), Dy=o, (12)
Hy=-mCy (072 —w™2) Hy=mC (0724 0™?), =0, (13)

where m = M (0).
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Substituting the solution in (3)-(6), we obtain an exact solution of the nonlinear Maxwell
equations

2C 2C 2C
E1 _ : 21563 7 E2 _ : 21370 75 E3 _ . 21$1 7
(370 -7 _953) (950 - I _373) (550 -7 _333)
2C 2C 2C
Bl _ . 21303 7 B2 _ . 21£U0 STEL B3 _ . 21x1 7
(2§ — 27 — 23) (28 — 2F — 23) (2§ — 27 — 23)
2C 2C 2C
D' = 2 ;m$32 3/27 D* = 2 ;meQ 3/2° D’ = - 2 ;mxlz 3/27
(xo — X7 $3) (5'30 -7 1‘3) (Io -7~ 5’33)
H — _ 2 QC;mxgz 7 52— 2 2C;m$02 - 73— 2 QC’;me -
(2§ — 2§ — 23) (2§ — 27 — 23) (2§ — 7 — 23)

In analogous way we construct solutions invariant under the following subalgebras of Poincaré
algebra: (Jo3, P1, Po), (Jia+aPy, P1, Py), (Jos+adia, P, Py), (Py—Jo1 — Ji3, Po+ Ps, P»), where
« = const.

The existence of the operator of the classical symmetry is not a necessary condition for
reduction of partial differential equations, as it is shown in [3, 4, 5]. It was proved in [6] that the
conditional symmetry under involutive set of operators is the necessary and sufficient condition
for reduction of partial differential equations by means of a corresponding ansatz.

Operators of nonpoint symmetry can be used to reduction of differential equations too. For
simplicity we consider a second order equation of the form

F(:Ula L2, Uy Ugyy Ugys Uz 1) Uz u12$2) = 0. (14)

We search for a solution of (14) as a solution of system

ou ou o
e v (21, 22, u), 92y v (21, T2, U). (15)

Denote u = x3 and consider v', v? as a functions of variables z1, z2, z3; v',v* € C! (R3, Rl).

Then the compability condition of the system (15) takes the form
vy +viv? =0} + ol (16)
Any solution of (15) satisfies (14), if the following equality holds

1

F (21,72, 23,01 + v30", v3 + v3v°, 03 + v30%) = 0. (17)

Thus the problem of construction of an ansatz of type (15) is reduced to the problem of finding
of operators of classical and conditional symmetry of the system (16), (17).

Let us consider the infinitesimal operator of one—parametrical group of transfomations of
independent and dependent variables

Q = gl(xh z2, U)aﬂm + 52($15 z2, u)axg + T](l’l, x2, u)@u (18)
and first prolongation of @)

612 = Q+ (m +muur —ur (& + Equr) —ug (67 + Eun)) oy

(19)
+ (m2 + muug — ur (& + Ehua) —u2 (6 + Erua)) Duy,
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where lower indices designate differentiation of €7, n (p = 1, 2) with respect to the corresponding
variables. We associate the operator @’

Q' = Y (@1, w9, 23)0p, + E2(w1, T2, 13) 0y, + €3 (21, T2, 73) Dy
+ (& + &t =o' (¢ +&0") —0* (§ +&v')) On
+ (6 + &0° =o' (& +&30%) —0? (& + €30%)) e,

n(w1, 2, x3) = (21, 2, T3)

(20)

with operator Q.

Theorem. Let equation (14) be invariant with respect to one-parameter group generator Q (18).
Then the operator Q" belongs to the invariance algebra of system (16), (17).

Proof. Acting by the operator Q" on the manifold (16), we obtain
1

&y + &t — v (G + &) — 0P (o + Ev") g (6 - & — 07 - 20')
—v3 (&8 + &v') — oy — vy —v3&3 +v? (€5 + 30! — v (&l + E350)
—v (&5 + E5v!) + 3 (65 — & — 2015 — §50°) —vF (& + &)
—v1&y — 0388 — w&3) + (6 + Go? — vl (& + §0?) — v (8 + E507)) vg
=& + &0’ — vt (& +E&1v7) —v? (6 + E5v?) ot (6 — &8 — vt - 20%])
—vf (& +&v?) — &of — §fvs — viE] + vt (&5 + EGpv” — v' (65 + E330%)
—v? (&3 + &53v%) + 03 (65 — & — 20°€5 — o) — vy (& + &30°) — i
—v383 — vigd) + (& + &vt — o (&1 + Got) —0? (€ + &v')) 3

It is easy to verify, that this equality is fulfilled identically on the manifold (16). Thus we obtain

?’ (v% + v%vz — v% — vgvl)

0. (21)

vi+viv2=v24020!

It is necessary to prove that the equation (17) admits operator Q' to prove the theorem. One

property of coordinates of prolonged operators @, Q' is used for this purpose, where
2 1

Cg = CiQ + "0y, + 1200, + 22 0uyy, (22)

ghaeb = Nab T UbNau + UMby T UaUpNuy + UabNu — Uc (fgb + Ubfgu)
— UagUc (ggu + up€y) — Uac (fg +upyy) — uep (§5 + ualyy) — uapucsy,

a,b,c=1,2, we mean summation over the index c.

Making the substitution v = x3, u; = vl us = 0%, ung = U% + v%vl, U1y = v% + 1131,1)2,
u2e = v3 + v3v? in (23), we obtain coefficients £%12, £/“22 associated with g“11, ¢12, g%22, Then
the following equalities

gt = 612’ (v +v30t), &2 = Ci2’ (v +v3v?), &2 = 612' (v3 + v3v?) (24)
are fulfilled. The correctness of (24) is verified by direct calculations. Thus, derivatives ui1, u12,
uge are transformed in the same way as the combinations v{ + vivt, v +viv? v3 + v3v? under
the group transformations. From this it follows that the system (16), (17) is invariant under the
group G| provided G is the invariance group of equation (14). [
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Thus, we conclude that the group of transformations admissible by equation (14) is not wider
than the symmetry group of the system (16), (17). In the general case the symmetry group of
system (16), (17) contains the invariance group of (14) as a subgroup. There is a possibility of
expansion of this group by studying the symmetry properties of the system, as it is shown in
[7, 8]. To obtain new solutions it is necessary to use the symmetry operators of system (16),
(17), which are not prolongated operators of point symmetry of equation (14), as well as the
operators of conditional symmetry of the system. By using this approach we constructed ansatzes
reducing nonlinear equations to the system of ordinary differential equations. Integrating the
reduced system we obtained new solutions of nonlinear heat and wave equations.

The method of conditional symmetry is generalised to the Lie-Bécklund operators (see for
example [9])

X =n(z,u,...,u)d,. (25)
T
Let us consider differential equations

U, w) =0, (26)

where v € CF (R”,Rl), r € R™
Definition. Equation (26) is conditionaly invariant with respect to operator (25), if the follo-
wing condition is satisfied

XU ) = M, (27)
k ["7:0]00

where M # 0, M‘[U o 0, [n = 0]loo is a set of all differential consequences of the equation
n =0, [U=0], is a set of all differential consequences of r-th order of the equation U = 0.

The corresponding ansatz, which is a solution of the equation
n(x,u,...,y) =0,

reduces equation (26) to the system of equations with smaller number of independent variables.
Using this property we can construct exact solutions of partial differential equations.
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