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New class of exact solutions of multidimensional complex nonlinear d’Alembert equation is
constructed. These solutions in principle can not be obtained within the frame work of the
traditional Lie approach.

In paper [1] the symmetry reduction of multidimensional complex non-linear d’Alembert
equation was carried out

✷u = F (|u|)u (1)

to ordinary differential equations. In (1) ✷ = ∂2/∂x2
0 − ∆ is the d’Alembert operator, u =

u(x0, x1, x2, x3) is a complex twice continuously differentiable function, F (|u|) is a continuous
arbitrary function.

Amongst the obtained reduced equations there appear not only ordinary differential equa-
tions, but also purely algebraical ones.

For example, if we take the Ansatz

u(x) = exp (−i(σx1 + γx2 + σx2(x0 + x3)))ϕ(x0 + x3),

where σ, γ are real constants, so that |γ|+ |σ| �= 0.
Substituting this Ansatz into (1), we obtain(

σ2 + γ2 + 2γσω + σω2
)
ϕ = F (|ϕ|)ϕ.

Hence, we find that |ϕ| is given implicitly:

F (|ϕ|) = σ2 + γ2 + 2γσω + σω2.

So, this procedure gives a class of solutions of equation (1) with the only real function
Φ(x0 + x3):

ϕ = F−1
(
σ2 + γ2 + 2γσω + σω2

)
exp(iΦ(x0 + x3)).

Our aim is to describe all possible Ansätze of the type:

u(x) = exp(ia(x))ϕ(ω(x)), (2)

which reduce equation (1) to algebraic one.
The full solution of this task is given by the following theorem.

Theorem. Ansatz (2) reduces equation (1) to algebraic one if and only if

1) Aµ(ω)xµ + B(ω) = 0, Aµ(ω)Aµ(ω) = 0, axµωxµ = 0,

✷a = 0, axµaxµ = −w2
1(ω), a(x) =

w1(ω)(
−ȦνȦν

)Ȧµxµ + w2(ω),
(3)
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where ν = 0, 1, 2, 3; Aµ(ω), B(ω), w1(ω), w2(ω) are arbitrary functions; the point above the
symbol means derivative by ω; by the repeated indexes ment summing up (raising and low-
ering of the index is carried out with the help of the metrical tensor of the Minkowski space
gµν = diag (1,−1,−1,−1)).

2) ω(x) = w0 (θµxµ) ,

a(x) = w1 (θµxµ) aνx
ν + w2 (θµxµ) bνx

ν + w3 (θµxµ) ,

where w0, w1, w2, w3 are arbitrary functions of their arguments; θµ, aµ, bµ are arbitrary real
parameters, which satisfy the following orthogonal relations

aµaµ = bµbµ = −1, aµbµ = aµθµ = bµθµ = θµθµ = 0.

We omit the proof, which bases on the results of papers [2–3].
The result of substituting Ansatz (2), where a(x), ω(x) are given by formulas (3), into

equation (1) will give the following algebraic equation:

w2
1(ω)ϕ = F (|ϕ|)ϕ.

Hence, we obtain the following class of solutions of the complex non-linear d’Alembert equa-
tion (1)

u(x) = ρ(ω) exp{ia(x)},
where a(x), ω(x) are given by the formulas (3), and ρ(ω) > 0 is determined in implicit way:

F (ρ(ω)) = w2
1(ω).

Let us mention that the obtained class of solutions is non-Lie and thus can not be derived
with the help of the method of symmetry reduction.

Consider the example, where the exact solution of d’Alembert equation with the cubical
non-linearity

✷u = λ|u|2u (4)

is constructed in explicit way. Substituting A0 = 1, A1 = ω, A2 =
√
1− ω2, A3 = B = 0 into (3)

we obtain that

ω =
(
x2

1 + x2
2

)−1
(

x0x1 ± x2

√
x2

1 + x2
2 − x2

0

)
.

Hence, we find

a(x) = iw1(ω)x3 + iw2(ω).

So, we obtain the following class of solutions

u(x) =
1√
λ

w1(ω) exp{iw1(ω)x3 + iw2(ω)}

of the equation (4). We emphasize that this solution has singularity at the point λ = 0, so it
can not be obtained by the methods of the perturbation theory by a small parameter λ.
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