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Realizations of the Euclidean Algebra
within the Class of Complex Lie Vector Fields

Maxim LUTFULLIN

Poltava Pedagogical Institute, 2 Ostrogradsky Street, 314003, Poltava, Ukraine

We obtained a complete description of inequivalent realizations of the Euclidean algebra in
the class of Lie vector fields with three independent and n dependent variables. In particular,
principally new nonlinear realizations of the above algebra are constructed. We also construct
functional bases of differential invariants for one realization of the Euclidean algebra and one
realization of the extended Euclidean algebra.

As is well known, the problem of classifying linear and nonlinear partial differential equations
(PDEs) admitting some Lie transformation group G is closely connected to that of describing
inequivalent realizations of its Lie algebra AG in the class of differential operators of the first
order or Lie vector fields (LVFs) [1-3]. Having realizations of the Lie algebra AG, we can to
construct all PDEs admitting the group G by means of the Lie infinitesimal method [1, 2].
Fushchych and Yehorchenko found the complette set of first- and second-order differential in-
variants for the standard realizations of the Poincaré group P(1,n), Euclidean group E(n) [4]
and for nonlinear realization of P(1,n) [10, 11].

Rideau, Winternitz [5] and Zhdanov, Fushchych [6] have done complete description of in-
equivalent realizations of the Galilean group and its natural extensions in the class of LVFs with
two independent and two dependent variables. Results are used in constructing of the general
evolution equation of the second order

\I/t + F(t, Z, \Ija \Ij*a \Ijxa \I/::v \Ij:mm ‘Ifaknx) = 07

invariant under the Galilean, Galilean-similitude, and Schrodinger groups. All second-order
PDEs, invariant under the Poincaré group, extended Poincaré group and conformal group in a
two-dimensional space are constructed in [7, 8].

In this paper we study realizations of the Lie algebra AE(3) of the Euclidean group E(3) on
the space X ® U of complex variables z = (x1, 22, x3) and v = (uy,...,uy).

1. Consider a problem of constructing realizations of the Lie algebra AFE(3) in the class of
Lie vector fields (LVF realizations) of the form

Qu = gab(x’ U)aﬂﬁb + 77aj ($7 u)auj7 (1)

Here €%, n% are some sufficiently smooth complex functions on the space X ® U. We use the

notation 0., = a%b, Ou; = % and we sum over repeated indices (a,b=1,2,3, j=1,2,...,n).

Definition 1. We say that operators P,, Jy (a,b,c = 1,2,3) of the form (1) compose a realiza-
tion of the Euclidean algebra AE(3) in the class of Lie vector fields if

e they are linearly independent,

e they satisfy the following commutation relations:
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[Pm Pb] - 07 [Pm Jb] = Z‘Eabcpm (2)
[Jm Jb] = ieachc- (3)

In the above formulae [Q1, Q2] = Q1Q2 — Q2Q1 is the commutator; a,b,c = 1,2,3; e4pe is
third order antisymmetic tensor with €193 = 1; ¢ is imaginary unit: i = —1.

Let us note that linearly independent differential operators J;, satisfying commutation rela-
tions (3), compose a realization of the Lie algebra AO(3) of the rotations group.

Algebra AE(3) is a semi-direct sum of the Lie algebra of the rotation group O(3) and the
commutative ideal I = (Py, Py, Ps).

Here we study LVF realizations of the Euclidean algebra AF(3), where translation generators
P, are of the form

P, =i0,,, a=1,23 (4)

Precisely these LVF realizations of the Euclidean algebra AF(3) are important in different
problems of theoretical and mathematical physics (see, e.g., [9]).

Therefore, the problem of studying all LVF realizations of the Euclidean algebra AFE(3)
is reduced to solving of relations (2) and (3) within the class of linear first-order differential
operators, where P, are of the form (4) and .J, are of the form (1). It is known [2] that
commutation relations do not change after an arbitrary nondegenerate change of variables =, u

T = falz,u), a=1,2,3, (5)

ug = gp(z,u), B=1,...,n, (6)

where f,, gg are sufficiently smooth complex functions defined on the space X ® U. Invert-
ible transformations (5), (6) form a transformation group (a group of diffeomorphisms) and
determine a natural equivalence relations of LVF realizations of the algebra AFE(3). Two real-
izations of the Euclidean algebra are called equivalent if the corresponding basis operators can
be transformed one into another by a change of variables (5) and (6).

Let Py, Jp (a,b =1,2,3) be differential operator of the form (4) and (1) respectively. From
the commutation relations (2) we find that

Jo = —i€abe®p0z, + Cap(1)0s, + Aq, a=1,2,3, (7)
where A, are operators of the form

Ag = 7aj () Du, (8)
which are satisfing the commutation relations

[Aq, Ap] = iapeAcy a,b,c=1,2,3. (9)

In (7), (8) (4 and 7)4; are some smooth functions.

Therefore, we begin the classification of LVF realizations of Euclidean algebra from con-
struction of inequivalent realizations of the Lie algebra of the rotation group in the class of
operators (8).

Theorem 1. Let differential operators A, (a = 1,2,3) of the form (8) satisfy commutation
relations (9). Then there exist changes of variables (6), reducing these operators to one of the
following triplets of operators:

A, =0, a=1,2,3; (10)
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Ay = sinu10y,, Ag = cosui0y,, Az = i0y,; (11)
. sin u
Aj; = —sinwuj cothug0y, + cosu10,, + 6_418%,
sinh ug
CoS U
Ay = —cosuy cothugdy,, —sinu;0,, + 5_71(%3, (12)
sinh ug

Agziaul, 520,1;

Ay = sinuj 0y, + cosuiOy,,
Ag = cosu10y, — sinuj0y,, (13)
A3 = i&ul;

Ay = sinug 0y, + uz cosu10,, + ug sin u10y,
Ag = cosu10y, — ug sin w10y, + ug coS U1 Oy;, (14)
Az =10y,
It follows from the theorem 1 and definition of LVF realization of Euclidean algebra that the
following statement is valid

Corollary. The algebra AO(3) possesses five nonequivalent LVF realizations presented by for-
mulae (11)-(14).

2. Now, using the results of Theorem 1, we shall construct inequivalent LVF realizations of
the Euclidean algebra where P, (a = 1,2,3) are of the form (4) and J, (b = 1,2,3) are of the
form (7). We will call these realizations of the Lie algebra AE(3) covariant realizations.

Theorem 2. Any covariant LVF realization of the Fuclidean algebra AE(3) is equivalent to
one of the following realizations:

1. Pa = iaxaa Ja = _igabcxbal‘m a, b7 C, = 17 27 37 (15)

2. P,=i0,, a=1,2,3,

J1 = i(230z, — x2053,) +sinu10y,,

16
Jo = i(l‘laxs — .Tgaxl) + cosulc’*)ul, ( )
J3 = Z'(wanl — 33‘16352) + i&ul;
3. P,=1i0,,, a=1,2,3,
. . of .
J1 = i(2305, — x203,) + [0y, —isinug a—wam — sinu; coth ug0,, + cos u10,,,
iy a7)
Jo = i(21045 — x303,) + fOr, — i cOsuy 8—@8,,33 — cosuy cothug0y, — sinu10,,,
JS = Z‘($28x1 - xlaccg) + iauﬁ
4. P, =10,,, a=1,23,
J1 = i(x30z, — £205,) + g0z, — i | sinu 99 _ coswy Og
1= M3 2023) T 9921 L ous ~ sinh g Ous 3 (18)

. sin uq
— sinug coth u20,, + cosu10,, + Ous,

sinh uo
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) ) 0 sinu; 0O
Jo = i(210z5 — x303,) + g0z, — 1 (cos ula—qu + ok u12 8—53) 3

CoSs U1

— cosuy coth ug0y, — sinuy 0y, + s s

sinh us
J3 = i(ZL'anl — IElamQ) + i@ul;
5. Pa:iaxa, a=1,2,3,

. . oh .
J1 = i(2304, — x204,) + hOy, —isinug 8—1128363 + sin w10y, + cosuiOy,,

9 (19)
Jo = i(10z5 — 304, ) + hOy, — i cOsuy 8—8353 + cosuiOy, — Sinu10y,,
U2
J3 = 7:(3328]}1 - $1ax2) + Zaula
6. P,=id,, a=123,
0 0
J1 = (1305, — x205,) + 10y, — ius <cos ula—;ﬂ2 + sinug a—;) Ozy
+ sin w10y, + u2 cosuiOy, + uz sinugOy,,
(20)
. . . or or
Jo = i(210g5 — x305,) + 10z, — ius | sin ula—u2 — cos ul(?—u;), Ozy
+ cosu10y, — Uz Sin w10y, + Uz oS U1y,
J3 = 7;(.7}2611 — x18$2) -+ iaul.
Here f = f(ug,...,un) and h = h(ug,...,u,) are given by the formulae
f = ficoshus + fo (COShUQ In ‘tanh %‘ — 1) ,
and
h=hie " + hye*?
respectively, where f1, fa, h1, he are arbitrary function of ug,...,un; g = g(ug,...,uy) is a

solution of differential equation
sinh ™2 Uaguyus + Gusu + cOthuzgy, — 29 =0
and r =r(ug,...,u,) is a solution of the equation
U3 (Tugus + Tuguy) — 27 = 0.

3. Now, we use the obtained realizations to construct PDEs, invariant under the Euclidean

group.
Let X, (a = 1,2,...,6) be basis operators of Lie algebra AF(3) of the Euclidean group in
the space of X ® U. A differential equation

F(z,u, 11L) =0,

where u is a set of the first derivatives of w, is invariant under group E(3) if the function F'

satisfies the following relations [1, 2]

prY X, F b, =0 a=12...6 (21)

Here pr) X, are first prolongations of the operators X.
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Solving the system (21) we obtain the complete set of elementary differential invariants
Ir(:v,u,llt), r=1,2,...,4n — 3,

and the invariant equation has the form
O(11,Is, ..., Iyn-3) = 0. (22)

Hence to describe the general form of PDEs admitting Euclidean group, we must find a
complete set of elementary differential invariants.

Let the basis operators of Lie algebra of Euclidean group be of the form (16). The prolonga-
tions of translation operators are equal to the P, of (4) and prolongations of rotation operators
read

W gy = i(230p, — £204,) + sinu'dy1 + ul cosu'd,1 + (ud cosu' + iul)d,
pr 1 305 20z3 u 1 u} 2 3/%u3 (23)
+ (u3 cosul — zu%)@ué + z(ulgc‘)uzg - ugﬁu;g),
Mg, — _ 1 ol 1 a1
priJa = i(x10z; — 230,) + cosu On — (upsinu + iug)0,, )
— ulsin ulau% + (iut — udsin ul)aué + z(u’f&u;g — ufgau;f), (

prVJs = i{(208,, — 2184,)+ O + u%ﬁu% - u%@u%—i— u’gau,f — u’fﬁug}, k=23,....,n. (25)

Here and below we use the notation

8 a
0

8.73b Up Bug
Functions I, are invariant under operators P, = i0,,, (a = 1,2,3), consequently they do not
depend on x explictly.

Next, solving the system (21) for operator (23)—(25) we obtain the following elementary
invariants:

u = ug, uy

z( %sinul—i—u%cosul)—u% k_i( Ifsinu1+u’§cosu1)—u§

() + @)+ 5 T ) () + ()

I =

B ub (u% sinu! — ui cos ul) + ud (u’f cosu! — uk sin ul) +1 (u%ug — u’fu%)

2 2 2
(uh)” + (u5)” + (uf)
k k k k)2 k)2 k)2

The general form of the first order differential equation admitting the Euclidean group is given
by (22).

4. The results of Theorem 2 can also be used for construction of inequivalent realization of
the Lie algebra of the extended Euclidean group E(3).
Definition 2. We say that operators P,, Jy, D (a,b = 1,2,3) of the form (1) compose a

realization of the extended Fuclidean algebra AE(3) in the class of Lie vector fields if
e they are linearly independent,

Iy

)

e they satisfy the commutation relations (2), (3) and the following ones
[Py, D] = Py, [Jp, D] = 0.

It is not difficult to make sure that operators (16) and the dilatation operator
D = i(m@m + 562612 + xgaxs) + 681,, (26)

where € = 0 or € = 1, compose realization of algebra AFE(3).



156 M. Lutfullin

Let us consider the problem of construction of the general form of PDEs, admitting this
realization of the extended Euclidean group.

The prolongation of operators P, and J, (a,b = 1,2,3) are of the form (4) and (23)—(25)
respectively. Prolongation of operators D reads

D = i(w10s, + 200, + 30s,) + 0, — i (w0, + b0, + 0, ), j=1,.n

Obviously, differential invariants of algebra AF (3) are invariant with respect to the correspon-
ding algebra AE(3), hence, they are functions of I, I}, I?’f, I¥, Ig.
Taking into account all the above, instead of the operator D we can consider an operator
0

0
+ 11— — 2’Lj5—

D=2 .
“ork "o, ol

Solving system (21), corresponding to above operator we construct the following differential
invariant of extended Euclidean group

If +ielnly, Iy, 1Y, (I,)%IF, k=23,...,n.
The general form of invariant equations reads
o <L’f Vielnly, IF, IF, (11)215) = 0.

Also we use results of Theorem 1 to construct inequivalent LVF realizations of the Lie algebra
of the Poincaré group P(1,3).
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